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DECAY ESTIMATES FOR 1-D PARABOLIC PDES WITH
BOUNDARY DISTURBANCES

1ASSON KARAFYLLISY* AND MIROSLAV KRSTIC?

Abstract. In this work, decay estimates are derived for the solutions of 1-D linear parabolic PDEs
with disturbances at both boundaries and distributed disturbances. The decay estimates are given in the
L? and H' norms of the solution and discontinuous disturbances are allowed. Although an eigenfunction
expansion for the solution is exploited for the proof of the decay estimates, the estimates do not require
knowledge of the eigenvalues and the eigenfunctions of the corresponding Sturm-Liouville operator.
Examples show that the obtained results can be applied for the stability analysis of parabolic PDEs
with nonlocal terms.
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1. INTRODUCTION

The derivation of decay estimates for the solution of parabolic partial differential equations (PDEs) is a
challenging topic, which has attracted the interest of many researchers (see [10, 14, 15, 36, 39-42, 44, 48]). The
main tool for the derivation of decay estimates is the combination of maximum principles and the so-called
“energy” method, i.e., the use of an appropriate functional, which satisfies certain differential inequalities that
allow the estimation of the decay rate of the solution. Usually, decay estimates are obtained for systems which
do not include time-varying disturbances in the PDE problem.

Recently, the derivation of decay estimates for parabolic PDEs with disturbances was studied by many
researchers working mostly in mathematical control theory. Decay estimates for systems with disturbances are
related to the input-to-state stability (ISS) property (first developed by Sontag in [47] for systems described by
ordinary differential equations-ODEs). The intense interest of researchers in control theory in ISS is justified
because: (a) control systems are systems with inputs, and (b) because ISS can be used for the stability analysis
by means of small-gain theorems (see Chap. 5 in [19] and references therein). The extension of ISS to systems
described by PDEs required novel mathematical tools and approaches (see for example [1, 4-7, 16-18, 20, 26,
29-32, 43]).

In particular, for PDE systems there are two qualitatively distinct locations, where a disturbance can
appear: the domain (a distributed disturbance appearing in the PDE) and the boundary (a disturbance
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that appears in the boundary conditions-BCs). Most of the existing results in the literature deal with dis-
tributed disturbances. Boundary disturbances present a major challenge, because the transformation of the
boundary disturbance to a distributed disturbance leads to decay estimates involving the boundary distur-
bance and some of its time derivatives (see for example [1]). This is explained by the use of unbounded
operators for the expression of the effect of the boundary disturbance (see the relevant discussion in [30]
for inputs in infinite-dimensional systems that are expressed by means of unbounded linear operators).
Moreover, although the construction of Lyapunov and “energy” functionals for PDEs has progressed sig-
nificantly during the last years (see for example [2, 27, 28, 31, 33, 39-41, 43, 44]), none of the proposed
Lyapunov functionals can be used for the derivation of the ISS property w.r.t. Dirichlet boundary distur-
bances. Therefore, the “energy” method cannot provide decay estimates for parabolic PDEs with Dirichlet
boundary disturbances (but see [49] for boundary disturbances in boundary conditions of Robin type). On
the other hand, it should be noted that Reaction-Diffusion PDEs with boundary disturbances arise naturally
when studying heat and mass transfer phenomena, where flux disturbances appear at the boundaries and
the reaction terms are the result of chemical reactions. Parabolic PDEs with boundary disturbances appear
also in fluid dynamics (e.g., Navier—Stokes) where boundary/wall disturbances occur naturally in various flow
problems.

The recent articles [21-23] suggested methodologies for the derivation of decay estimates for 1-D parabolic
PDEs with boundary and domain disturbances. Two different methodologies were used in [21-23]: the eigen-
function expansion of the solution and the approximation of the solution by means of finite-difference schemes.
The obtained ISS estimates were expressed in weighted L', L? and L> norms for the solution under strict
regularity requirements for the disturbances (C? regularity for boundary disturbances and C! regularity for
distributed disturbances) and it was shown that such estimates can be used in a straightforward way for the
derivation of decay estimates for parabolic PDEs with nonlocal terms. The interest for the stability analysis
of parabolic PDEs with nonlocal terms is strong, both from the PDE literature as well as from the numerical
analysis literature (see [8, 9, 11-13, 25, 37, 38]). However, recent advances in feedback control of PDEs have
forced the control literature to deal with PDEs containing nonlocal terms. This happened because the feedback
law itself is a functional of the solution of the PDE and appears as a nonlocal term either in the BC or in the
PDE (see [24, 45, 46] and references therein).

This paper focuses on 1-D parabolic PDEs with disturbances acting on both boundary sides and distributed
disturbances. The contribution of the paper is threefold:

e the derivation of decay estimates in the L? norm for discontinuous disturbances,

e the derivation of decay estimates in the H' norm for certain cases, and

e the application of the obtained decay estimates to the stability analysis of parabolic PDEs with nonlocal
terms.

More specifically, our first main result (Thm. 2.4) extends recent results (in [21-23]) to various directions:
discontinuous boundary and domain disturbances can be handled and the obtained decay estimate is less
conservative from the corresponding estimates in [21-23]. The derivation of decay estimates in the H' norm
(Thms. 3.1 and 3.3) is achieved for two cases: (a) the case of Dirichlet BCs at both ends, and (b) the case of
Dirichlet BC on the one end and Robin (or Neumann) BC on the other end. The obtained decay estimates
involve the estimation of the principal eigenvalue of a Sturm-Liouville (SL) operator. To this purpose, we
develop tools which allow the estimation of the principal eigenvalue (Prop. 2.6).

The structure of the paper is as follows. Sections 2 and 3 are devoted to the presentation of the problem
and the statement of the main results which allow the derivation of decay estimates in various norms (Thms.
2.4, 3.1 and 3.3). The application of the obtained decay estimates to the stability analysis of parabolic PDEs
with nonlocal terms is illustrated in Section 4. The examples show the exploitation of the decay estimates for
the derivation of small-gain conditions for global exponential stability of the zero solution. Section 5 of the
present work contains the proofs of all (main and auxiliary) results. The conclusions of the paper are provided
in Section 6.

Notation. Throughout this paper, we adopt the following notation.
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* Ry := 1[0, +00).

% Let A C R™ be an open set and let 2 C R and A C U C A be given sets. By C%(U )(or C°(U ; 2)), we
denote the class of continuous mappings on U (which take values in £2). By C¥(U) (or C*(U ; £2)), where
k > 1, we denote the class of continuous functions on U, which have continuous derivatives of order k& on
U (and also take values in {2).

* Let I C R be an interval. A function f : I — R is called right continuous on [ if for every t € I and € > 0
there exists d(e,t) > 0 such that for all 7 € I with ¢t <7 < ¢+ d(e, t) it holds that |f(7) — f(t)] < €. A con-
tinuous function f : [0,1] — R is called piecewise C* on [0, 1] and we write f € PC1([0, 1]), if the following
properties hold: (i) for every = € [0,1) the limit hlir{)l+ (R (f(z + h) — f(z))) exists and is finite, (ii) for

every x € (0,1] the limit hlirg (R (f(x + h) — f(z))) exists and is finite, (iii) there exists a set J C (0,1)
-
of finite cardinality, where f'(z) = hlim (R (fz+h) — f(x)) = hlim+ (R™Y (f(z 4+ h) — f(z))) holds
—0~ —0

for z € (0,1)\J, and (iv) the mapping (0,1)\J > x — f'(z) € R is continuous, i.e., f'(x) is continuous for
every = € (0,1)\J. Notice that here a piecewise C! function is assumed to be continuous on [0, 1] (this is
not assumed in many textbooks).

x Let r € C°([0,1];(0,+00)) be given. L2(0,1) denotes the equivalence class of measurable functions f :

1/2
[0,1] = R for which || f]|,. = (fol r(x) | f ()] dx) < +o00. L2(0,1) is a Hilbert space with inner product
(f,g) = fol r(x) f(x)g(x)dr. When r(x) = 1, we use the notation L?(0, 1) for the standard space of square-

1/2
integrable functions and || f|| = (fol |f () dx) < 4oo for f € L?(0,1).

x Let u: Ry x [0,1] — R be given. We use the notation u[t] to denote the profile at certain ¢ > 0, i.e.,
(u[t])(z) = u(t,z) for all x € [0,1]. When u(¢,z) is differentiable with respect to x € [0,1], we use the
notation u’(¢, x) for the derivative of u with respect to « € [0,1], i.e., v/(¢,x) = %(t,z). For an interval
I C R, the space C°(I; L2(0,1)) is the space of continuous mappings I > t — u[t] € L2(0,1).

% For an integer k > 1, H*(0, 1) denotes the Sobolev space of functions in L2(0, 1) with all its weak derivatives
up to order k > 1 in L?(0,1).

2. MAIN RESULTS FOR THE L? NORM
Consider the SL operator A : D — L2(0,1) defined by

= —Li X % X @ X or a. ana xr
(D) =~ (s ) + 40 () foratl e Dand o € (0,1) (2.)

where p € C1([0,1]; (0, +0)), 7 € C°([0,1]; (0, +00)), ¢ € C°([0,1];R) and D C H?(0,1) is the set of all functions
f:0,1] = R for which

b1f(0) + b2 f'(0) = a1 f(1) + a2 f'(1) = 0, (2.2)

where a1, ag, by, by are real constants with |ai| 4 |az| > 0, |b1] + |b2] > 0. It is well-known (Chap. 11 in [3] and

pages 498-505 in [34]) that all eigenvalues of the SL operator A : D — L2?(0,1), defined by (2.1) and (2.2) are

real. The eigenvalues form an infinite, increasing sequence A\; < Ag < -+ < A, < ---with lim (\,) = 400 and
n—oo

to each eigenvalue \, € R (n = 1,2,...) corresponds exactly one eigenfunction ¢,, € C?([0,1];R) that satisfies
App = Moy, and b16,,(0) +bal, (0) = a1¢,(1) +azd), (1) = 0. Moreover, the eigenfunctions form an orthonormal
basis of LZ(0,1).

In the present work, we use the following assumption for the SL operator A : D — L2(0,1) defined by (2.1)
and (2.2), where ay, as, by, by are real constants with |a1| + |az| > 0, |b1| + |b2| > 0.
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(H): The SL operator A : D — L2(0,1) defined by (2.1) and (2.2), where a1, aa, by, ba are real constants with
la1| + |az| > 0, |b1] + |b2| > 0, satisfies

Z At max (|pn(x)]) < 400, for certain N > 0 with Ay > 0. (2.3)
n=N =T

It is important to notice that the validity of assumption (H) can be verified without knowledge of eigenvalues
and the eigenfunctions of the SL operator A (see [35]).
We next consider the following system

ou 1 0 ou q(x) B
Gi0.0) — 2 ()G ) + Tt a) = flta), € 0,1), (2.4
du du
bfu,(t, O) + b2%(t’ 0) - do(t) = 0,1’[1,(157 1) + GQ%(t, 1) - dl (t) == 0, (25)

where u[t] is the state and f(t,x), do(t), d1(t) are disturbance inputs. The following definition clarifies the notion
of solution that is used throughout the paper.

Definition 2.1. Consider the SL operator A : D — L2(0,1) defined by (2.1) and (2.2), where ay, az, b1, by are
real constants with |a;| + |az| > 0, |b1| + |b2| > 0, under assumption (H). For every ug € L2(0,1) let ®(A;uq)
be the set of all functions f: R4 x [0,1] = R, do,d; : Ry — R for which the following implication holds:

“If (f,do,d1) € ®(A;up) then do,d; : Ry — R are locally bounded functions, f[t] € C°([0,1]),

sup (|[f[s]ll,) < 4oo for all £ > 0, the left limits lim (f(s,z)) exist and are finite for all ¢ > 0 and there exists

0<s<t s—t—

an increasing sequence of times {7; >0,7=0,1,2,...} with 70 =0, lim (7;) = 400 and a unique mapping
i—

+oo
u € CO(Ry; L2(0,1)) with uw € CH(I x [0,1]) satisfying u[t] € C?([0,1]) for all ¢ > 0, lim (u(t,z)) = u(r, ),
=T

lim (2%(t,2)) = —(Au[r;])(z) + lm (f(t,2)), lim (%%t z)) = 3%(r, @) for all i > 1, u(0, ) = ug(z) for all
t=7; =T =T
x € [0,1], and

ou 1 0 du q(x) B

W(t,x) RORE (p(x)am(t,m)) + @u(t,x) = f(t,z), for all (¢t,z) € I x (0,1) (2.6)

ou ou
blu(t, O) + b2%(t’ 0) — do(t) = alu(t, 1) + aga(t, 1) — dl(t) =0, forallt eI, (27)

where T =R\ {r >0,:=0,1,2,...}

Remark 2.2. The class of allowable disturbances ¢(A;ug) in Definition 2.1 allows disturbances which are not
bounded on Ry, i.e., we may have sup (|| f[s]||,) = +o0o and/or sup (|d;(t)|) = +oo for i = 0,1. The notion of
s>0 t>0

solution that is described by Definition 2.1 also allows us to consider discontinuous distributed and boundary
disturbances. Indeed, using a methodology similar to that followed in [22], it can be shown that:

o if f: R, x[0,1] > R is a real function for which there exists an increasing sequence of times

{>0,i=0,1,2,...} with 70 =0, lir+n (1) = 400 and the following property: for every i > 1 there
11— 400

exist functions f17i7 fgﬁi eCY ((7-14177'1‘) X [0, 1]), i € PCt ([O, 1}), 0; € o ([0, 1]), ci €D ﬂC2([O, 1]), with

fl,i[t] € Pcl([071])a f2,l[t] € DHCQ([071])7 f[t] = fl[t} + fQ[t] for t € (Ti—177—i)5 sup (”fl,z[t]Hr) +

te(Ti—1,7i)
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sup  ([[f2q8ll,) + sup  (JAf2ilt]ll,) < 400, (Tic1, ) x [0,1] 5 (¢, x) — afl #(t,x) is continuous,

te(Ti—1,7:) te(ri—1,7;

lm (f1:(t,2)) = ¢i(r), lim (afl L (t, m)) =0,(x), im (f2,(t,z)) = ¢;(x) for all z € [0,1] (notice that

t—T1, t—T1, t—T,

the bounds for  sup  (||fi:[tl,) + sup  (IIf2:ltll,) + sup  (||Af2,[t]]l,) are not uniform with
te(Ti—1,7T:) te(Ti—1,73) te(Ti—1,7;)

respect to ¢ > 1),

o if di,dp : Ry — R are right continuous functions for which there exists an increasing sequence of
times {7, >0,i¢=0,1,2,...} with 70 = 0, 'liin (1;) = +oo such that: (i) di,dy € C?(I), where
1—>+00

IT=R\{7>0,i=0,1,2,...}, (i) for every 7; > 0 the left limits of d; (t), dy(t),dy(t),do(t), do(t), do(t)

when ¢ tends to 7; are finite, and (iii) sup (‘dl (t)D + sup (‘d(](t)‘) < 4oofori=0,1,2,... are
te€(T1,Tit1) te(T1,Tit1)
finite,

then (f,do,d1) € P(A;up). However, Definition 2.1 does not allow arbitrary functions to be considered as inputs
for (2.4) and (2.5): the boundary inputs do, d; must be (at least) piecewise continuous functions on R . Notice
that if (f,do,d1) € $(A;u) and (f, a[md}) € B(A;u) for certain u, @ € L2(0,1) then (A f,Ado, Ady) € B(A; Au)
for every A € R and (f + f,do + do,d1 + do) € @(A;u + @). In what follows, for any given uy € L2(0,1),
(f,do,d1) € ®(A;up), the mapping u € CO(Ry; L2(0,1)) with u € CY(I x [0, 1]) satisfying u[t] € C*([0,1]) for
allt >0, lim (u(t,z)) = u(r,z), lm (9%(t,2)) = —(Au[r])(z) + lim (f(t,2)), lim (Z%(t2)) = 2%(ry, @)
- t—)‘r; t—>7'; t—T1,

—T; i
for all ¢ > 1, u(0,z) = ug(x) for all x € [0,1], and (2.6), (2.7), is called the (unique) solution of the evolution
equation (2.4) with (2.5) and initial condition ug € L2(0,1) corresponding to inputs (f,do,d;) € ®(A;up).

Definition 2.3. Consider the SL operator A : D — L2(0,1) defined by (2.1) and (2.2), where ay, as, by, by are
real constants with |ai| + |az| > 0, |by| + |b2| > 0, under assumption (H). The operator A : D — L2(0,1) is
called exponentially stable (ES) if A; > 0.

Our first main result provides decay estimates of the solution of (2.4) and (2.5) in the norm of L2(0,1).
Theorem 2.4. Suppose that the SL operator A : D — L2(0,1) defined by (2.1) and (2.2) is ES. Then for every
ug € L2(0,1), (f,do,d1) € P(A;up), the unique solution u € CO(Ry;L2(0,1)) of the evolution equation (2.4)
with (2.5) and initial condition uy € L2(0, 1) satisfies the following estimate for all o € [0,\1) and t > 0:

[ult]ll, < exp (=M1 ) [luoll, + 575 Co S (|do(s)lexp (ot = 5)))

+325Cy sup (Jdi(s)|exp (—o (t—S)))JrAll,,, sup (| f[s]ll, exp (—o(t — 5))), (2:8)
0<s<t 0<s<t
where
_ o p(0) |~ 1|, dgn g
Co = b%+b% ;E le( )_b2¢n( ) \/WH ||r7 (29)
_ o) |1 doén >
Cy = P ;E a2¢n(1)_alﬁ(l) = \/a%—H all,., (2.10)

@ € C%([0,1]) is the unique solution of the boundary value problem (p(z)ﬂ’(x)), —q(x)a(z) =0 for x € [0,1] with
b1a(0) + b’ (0) = \/b + b3, a1i(1) +ag@’' (1) = 0 and u € C%([0,1]) is the unique solution of the boundary value

problem (p(x)ﬂ’(z)) —q(x)u(x) =0 for z € [0,1] with b1u(0) + bawt'(0) = 0 and a1u(1) + ax@’(1) = \/a? + a3.
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Remark 2.5. Theorem 2.4 generalizes in many ways the result of Theorem 2.3 in [23]. Since Theorem 2.3
in [23] considers inputs for which the solution u is continuous on Ry x [0,1] and C' on (0,+oc0) x [0, 1],
it follows that no discontinuous inputs are allowed. On the other hand, Theorem 2.4 allows discontin-
uous inputs. Another difference between Theorem 2.3 in [23] and Theorem 2.4 is the obtained decay
estimate. While Theorem 2.3 in [23] provides an decay estimate which involves only terms of the form
sup (|do(s)|exp (—a(t—s))), sup (|di(s)|exp(—c(t —s))) with o = 0, Theorem 2.4 allows positive values
0<s<t 0<s<t

for o. The difference is important, because Theorem 2.4 provides a “fading memory estimate” (see [19]), which
can be directly used for small-gain analysis. The term describing the effect of the initial condition in (2.8), namely
the term exp (—A1 t) ||ugl|,., is less conservative than the one used in Theorem 2.3 in [23]. Finally, Theorem 2.3
in [23] used the infinity norm of the distributed input f, while Theorem 2.4 uses the weighted 2-norm of the
distributed input f. The proofs of Theorem 2.3 in [23] and Theorem 2.4 are very different (due to the fact that
Theorem 2.4 does not impose the demanding regularity requirements for the solution of (2.4) and (2.5) in [23]).

It is clear that formulas (2.9) and (2.10) allow us to calculate the gain coefficients in (2.8) without requiring
knowledge of the eigenvalues and the eigenfunctions of the SL operator A : D — L2(0,1). However, we still need
to know a positive lower bound of the principal eigenvalue A;. The following proposition provides the means
to avoid the calculation of \;, as well as the means to verify that the SL operator A : D — L2(0,1) defined by
(2.1) and (2.2) is ES. It deals with the special case p(z) = p, r(z) = 1, because, when p € C?([0, 1]; (0, +00)),
r € C%([0,1]; (0, +00)), using a so-called gauge transformation, it is possible to convert system (2.4) and (2.5)
into one with constant diffusion and zero advection terms. More specifically, this is achieved by the coordinate

change:
= ’ 1/ pi(s) s, where ¢ = 1 77’(5) S h an = (r(z)p(x))"* u(t, z

Proposition 2.6. Consider the SL operator A : D — L*(0,1) defined by (2.1) and (2.2), where ai,as, by, by
are real constants with |a1| + |ag| > 0, |b1| + |b2| > 0, with p(z) = p, r(z) = 1, under assumption (H). Suppose
that there exist constants 1,62 > 0, X € [0,1] and a function g € C? ([0, 1]; (0, +o0)) such that:

g'(1) —2¢1g(1) —=2R~Y (1 = \)(1 +¢1) > 0

2¢0g(0) — ¢'(0) = 2R™'A(1 +9) > 0 (2.11)

and
2R~ + 2ptg(z)q(x) > ¢" (), for all x € [0,1], (2.12)

where
R:= /01 (A(1+aol)/ozgc(l‘:)+(1—/\)(1+511)/Z1 g(i)) dz (2.13)

qo = “+00 if b2 =0 and qo = 7b1/b2 if b2 # 0 (214)

g1 =-—o0if ap=0and ¢ = —ay/as if ay #0 (2.15)



DECAY ESTIMATES FOR 1-D PARABOLIC PDES WITH BOUNDARY DISTURBANCES 1517
Then the operator A : D — L?(0,1) is ES. Moreover,

>min{2g( ()+2pR1—pg”(sc)::E€[071]}

12 2max {g(z) : € [0,1]] > 0.

Conditions (2.11) involve the coefficients al,ag,bl,bg in the boundary conditions and guarantee that the
level of dissipation of the “energy” functional V' (u) = 3 fo z)dz induced by the boundary conditions is
sufficient large. Inequality (2.12) is an inequality for the functlon q( ) that is involved in the reaction term of the
operator A and consequently, inequality (2.12) is a bound on the strength of the reaction term. The selection
of the function g € C? ([0, 1]; (0, +00)) should be made with caution: an inappropriate selection may give very
demanding conditions for the operator A to be ES, while an appropriate selection for g € C? ([0, 1]; (0, +o0))
may give a very accurate lower bound for the principal eigenvalue \;. The following example illustrates the use
of Proposition 2.6 to cases where analytical expressions for the eigenvalues of A cannot be obtained.

Example 2.7. Consider the SL operator A : D — L?(0,1) defined by (2.1) and (2.2), with p(z) = p, r(2) = 1,
by =az =1, by < —1and a; > 1. Conditions (2.11), (2.13), (2.14), and (2.15) hold with g =1 =1, g(2) =1,
R =1, A = 1/2. Consequently, Proposition 2.6 implies that A is ES if the inequality ¢(z) > —p holds for
all z € [0,1]; this is inequality (2.12) for the aforementioned selection of constants. Moreover, the principal
eigenvalue A; of operator A satisfies the inequality Ay > p+ min{¢(z) : z € [0,1] }. Notice that for such cases
it is very difficult (if not impossible) to obtain analytical expressions for the eigenvalues of A. For this example,
less restrictive conditions for the function ¢(z) that guarantee that the operator A is ES can be obtained if more
complicated functions g(z) are used (e.g., g(z) = exp(c z) or g(z) =1+ o z, where o € R is a parameter to be
chosen appropriately).

3. MAIN RESULTS FOR THE H! NORM

In order to obtain decay estimates in the H! norm we need to focus our attention to more specific cases. The
following result provides decay estimates for the Dirichlet case in the L? norm of the solution as well as in the
L? norm of the spatial derivative of the solution.

Theorem 3.1 (Dirichlet BCs-no boundary disturbances). Consider the SL operator A : D — L*(0,1), defined
by (2.1) and (2.2) with p(x) =p, r(z) =1, q(x) = q, ag = by =0, a3 = by = 1, where ¢ > —pr?. Con-
sider also the SL operator A’ : D' — L?(0,1) defined by (A'g)(x) = —pg”(z) + qg(x) for all z € [0,1]
and g € D' € {ve H*0,1) : v/(0) =v'(1) =0}. Then for every ug € H'(0,1) with uo(0) = uo(1) = 0 and
(f,O 0) € &(A;up) with f[t] € C*([0,1]) for all t > 0, (f',do,d1) € ®(A';u)) where di(t) = —p~Lf(t,1),
do(t) = —p‘lf(t 0) fort > 0, the unique solution u € CO(R+, L?(0,1)) of the evolution equation (2.4) with (2.5),
do(t di(t) = 0 and initial condition uy € H'(0,1) satisfies the following estimates for all o € [0,pr? + q),
>

) =
t>0:

p ([f[slllexp (—o(t — s))) (3.1)

1
ult]| < exp (= (pr* +q) ) [Juol + —5——— su
lult)ll < exp (= (o + q) ) lluoll + 5= — sup.

p* +4q
pri4+qg—o

o161 < exp (- (o +.0) ) 6l + Vool sw (IFsllexp (ol —9), G2
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where

\Jexp(2v/5) —exp(—2v/5) ~4v/5
20 (o (V3)-exp(~V3))
h(s) = 6/6 ifs=0 . (3.3)
4y/=5—2sin(2v/=5)
4(—s)1/4 sin(\/TS)

ifs>0

if —m2<s<0

In order to obtain decay estimates in the H' norm for the case with Dirichlet BC at 0 and Robin (or
Neumann) BC at 1 we need the following definition.

Definition 3.2. Consider the SL operator A : D — L2(0,1) defined by (2.1) and (2.2), where a1, ag, b1, by are

real constants with ¢ € C2([0,1]; (0, +00)), by = 0, by = as = 1, p(x) = p, r(x) = 1, under assumption (H). The
“derived operator” of A is the SL operator A’ : D' — L?(0, 1) defined by

(A'f)(@) = —pf"(z) + (a(x) + 2a1p) f(z), for all f € D" and z € (0,1), (3.4)
where D’ C H?(0,1) is the set of all functions f : [0,1] — R for which
7(0) = F(1) = 0. (35)

Theorem 3.3 (Dirichlet BC at 0 with no boundary disturbance-Robin BC at 1 with boundary disturbance).
Suppose that the SL operator A : D — L*(0,1) with ¢ € C%([0,1]; (0, +00)), p(z) = p, r(z) =1, by =0, by =
az = 1 and its derived operator A’ : D' — L?(0,1) defined by (3.4) and (3.5) are ES. Then there exist constants
M, 01,02,03,%,71,72,0 > 0 such that for every ug € HY(0,1) with ug(0) =0, (f,0,d1) € D(A;ug) with f[t] €
CL([0,1]) for allt >0, (f,do,dy) € ®(A’, Pug) , where (Pu)(x) = v/ (x) + ayzu(x) for all x € [0,1], f[t] = Pf[t],
do(t) = —p~ 1 f(t,0) fort > 0, the unique solutionu € C°(R,; L*(0,1)) of the evolution equation (2.4) with (2.5),
do(t) = 0 and initial condition ug € H*(0,1) satisfies the following estimates for all t > 0:

Io/[81 < (o 0]+ M [0l exp (<o)
+01 sup (1]l exp (<o (t =) + 62 sup (| [s]] exp (<o (t =)

+0 sup, (If(s,0)[exp (=0 (t = 5))) + ™ S (Idi(s)|exp (=0 (t = 5))) (3.6)

[l < exp (~ert) ol + € sup (Iflslllexp (<ot = 5))) + 92 sup (ds(s) exp (~o(t = 5) (37

Remark 3.4. The proof of Theorem 3.3 provides explicit estimates for all constants M, 01,602, v9,v1,0 > 0
appearing in the right hand side of (3.6). More specifically, we get

max (|¢'(z) — 2a3pz|)

0<z<1 -
M:2\a1\—|— — , Yo = H1 Copl
p1—0 H1— 0
max (|¢'(z) - 2aipa])
~ A 0<z<1 A
Y1 = H1 C1+)\ 1 01 — +|C(,1| R 1 01
e 1= H1—0 )\1—0
) — 902
I I e SR S
T N T Ty v R Il S v
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where o € [0, min (1, A1)) is arbitrary, Cp := ||, C1 := @ € C?([0,1]) is the unique solution of the

\/ﬁ l[all,

boundary value problem pi”’(z) — g(z)i(z) = 0 for z € [0,1] with @(0) = 1, a1a(1) +@'(1) = 0, u € C?([0,1])

is the unique solution of the boundary value problem pa’(z) — ¢(x)a(z) = 0 for « € [0,1] with @(0) = 0 and

aru(l) + @' (1) = /a2 +1,0 < pg < pg < -+ < pi, < ---with lim (u,) = +o0 are the eigenvalues of the SL
n—oo

operator A’, Co := ||0||, Cy := ||8]|, & € C?([0,1]) is the solution of the boundary value problem pi”(x) —
(q(x) + 2a1p) v(x) = 0 for z € [0,1] with ©/(0) = 1, 9(1) = 0 and v € C?([0,1]) is the solution of the boundary
value problem pv” (z) — (q(z) + 2a1p) 9(x) = 0 for = € [0,1] with ¥'(0) =0 and 5(1) = 1.

The proofs of Theorems 3.1 and 3.3 rely on the following technical results, which are of independent inter-
est. Both results show that the spatial derivative of the solution of the evolution equation (2.4) with (2.5)
is determined by solving a specific evolution equation with specific boundary disturbances (even if boundary
disturbances were absent in the original evolution Egs. (2.4) and (2.5)).

Proposition 3.5. Consider the SL operator A : D — L?(0,1) defined by (2.1) and (2.2) with p(z) = p, r(z) = 1,
q(x) = q, ag = by =0, a1 = by = 1. Consider also the SL operator A’ : D' — L?(0,1) defined by (A'g)(x) =
—pg"(z) + qg(z) for all x € [0,1] and g € D’ € {v e H?*(0,1) : v'(0) =v'(1) =0}. Let up € H*(0,1) with
uo(0) = ug(1) = 0 and (f,0,0) € B(A;ug) be given functions with f[t] € C1([0,1]) for all t >0, (f,dy,dy) €
B(A';up) where dy(t) = —p~ L f(t,1), do(t) = —p~ 1 f(£,0) for t > 0. Consider the solution u € C°(R; L?(0,1))
of the evolution equation (2.4) with (2.5), do(t) = d1(t) = 0 and initial condition ug € H*(0,1) with ug(0) =
ug(1) = 0, corresponding to input f. Consider also the solution v € CO(Ry; L?(0,1)) of the initial-boundary
value problem

094 2y = 022 (4,2)  qult.a) + £ (1) (3.8)
8t ’x _pax2 717 qv ’x 7:r .
0 0

o (L0)+ P f(8,0) = Fo(t.1) +p (1) =0 (3.9)

with initial condition vo = ug. Then the following equations hold for all (t,x) € Ry x [0,1]:

v(t,x) = %(Lm) (3.10)
/1 v(t, z)dz = 0. (3.11)
0

Proposition 3.6. Consider the SL operator A : D — L?(0,1) defined by (2.1) and (2.2) with p(z) = p, r(z) = 1,
by = 0, ag = by = 1. Suppose that the SL operator A’ : D' — L?(0,1) defined by (3.4) and (3.5), satisfies
assumption (H). Let ug € H*(0,1) with ug(0) = 0, (f,0,d1) € ®(A;uo) with f[t] € C1([0,1]) for all t > 0,
(f,do,d1) € P(A’, Pug), where (Pu)(x) = u/(x) + arzu(z) for all x € [0,1], f[t] = Pf[t], do(t) = —p~1f(¢,0)
for t >0, be given functions. Consider the solution u € C°(Ry; L*(0,1)) of the evolution equation (2.4) with
(2.5), do(t) = 0 and initial condition uy € H*(0,1), corresponding to inputs f, di. Consider also the solution
v € CYR,; L(0,1)) of the initial-boundary value problem

00 ) = p 2 (1,2) — (ala) + 201p) vt 2) — (/) — 20pw) u(t,2) + (1, 0) + e f(t7)  (312)

%(t, 0) +p 1 f(,0) =v(t, 1) —di(t) =0 (3.13)
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with initial condition vo(x) = ul(x) + arxug(z) for x € [0,1]. Then the following equation holds for all (t,x) €
Ry x [0,1]:

v(t,x) = %(t,x) + ajzu(t, x). (3.14)

The following example shows how easily the obtained results can be applied to the study of heat transfer
phenomena.

Example 3.7. Consider a solid bar of length L > 0 and its temperature T'(t,z) at time ¢ > 0 and position
z € [0, L]. The temperature of the bar is kept constant at z = 0, i.e.,

T(t,0) =T, , fort >0 (3.15)

while at z = L the bar is in contact with air. The air temperature T,;,(t) is subject to variation around a nominal
temperature Thom, I.e€.,

Tair(t) = Tnom + d(¢) for t >0 (3.16)
Applying Newton’s law of cooling and Fourier’s law of heat conduction, we get

or
— kﬁ—(t, L)=nhT(t, L) — Tair(t)) for t >0 (3.17)

z
where h > 0 is the heat transfer coefficient of air and k& > 0 is the thermal conductivity of the solid. Taking into
account (3.15)—(3.17) and using the dimensionless position & = z/L, we obtain the following evolution problem:

oT 0*T
oT
T(t, O) —1Tp = %(t, 1) + a1 T(t, 1) — a1 pom — a1 d(t) =0, (319)

where p,a; > 0 are constants. Using the dimensionless deviation variable u(t,x) around the equilibrium
temperature profile T'(z) = Ty + 11—;1 (Thom — To) z, i.e., defining

T(t, 1’) ai Thom
tx) = 1 1 2
ultr) = T S ( TO ) . (3.20)

we get the following evolution problem:

ou 0 u
ou
ult, 0) = S4(t,1) + avu(t, 1) - du(t) = 0, (3.22)

where d (t) = a1d(t)/Tp.
The goal is the estimation of the effect of the disturbance d;(t) to the temperature profile of the bar. The
evolution of u may be studied using the results in [21-23]. In this case, we obtain estimates for initial conditions
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up € C%([0,1]) and disturbances dy € C?(R) with ug(0) = u((1) + ag uo(1) — d1(0) = 0. Let 6 € (3,7) be the
unique solution of the equation tan(f) = —a;j '6. It follows from Theorem 2.3 in [23] or Theorem 2.2 in [22] (by
performing all relevant computations) that the following estimate holds for all ¢ > 0:

il < \/ SO B (). (3.23)

—exp (—pb?t) (14 ay) 0<s<t

Pick 0y € (5,6), ¢ € (0,6 — 6y) and notice that assumption (H4) in [23] holds with n(z) = sin (6pz + ¢). It
follows from Theorem 2.2 in [23] that the following estimate holds for all t > 0, 6y € (g, 0) and ¢ € (0,0 — 6p):

max (|ds(s)])

ma (lu(tw)l> < max [exp (Cpf ) max ( Juo ()| ) 025
0<z<1 \ sin (Gpz + ¢) ) — 0% o<a<1 \sin (Gpz + @) ) 7 aysin (6 + ) + 0o cos (§y + )
(3.24)
Applying the results of the present work, we obtain different results. Theorem 2.4 can be applied to initial
conditions ug € L?(0,1) and boundary disturbances d; such as those described in Remark 2.2 and provides the
following estimate which holds for all ¢ > 0 and ¢ € [0, p92):

T 3(1\@1) 2, (I (s)|exp (~o(t = 5))). (3.25)

[ult]]| < exp (—pb? t) uoll +

Estimate (3.25) should be compared with estimate (3.23): estimate (3.25) is sharper and more flexible than
estimate (3.23). Moreover, by performing all relevant computations, we can verify that Theorem 3.3 can be
also applied. Using Theorem 3.3 and Remark 3.4, we are in a position to conclude that for initial conditions
up € H1(0,1) with uo(0) = 0 and disturbances d; such as those described in Remark 2.2, the following estimate

which holds for all £ > 0 and o € [0, min (p%, p92)>:

lu [l < (lu'[0]]] + M [[u[0]]) exp (—ot) + 1 sup (|di(s)|exp (=0 (t = 5))), (3.26)

0<s<t

where

o 8aip
M :=2a71 + T p—p

. pm>+8pa; é + pb? V3a;  pr’+16pa; —4o

7= pr2+8pa;—do —'1 pb2—o 3(1+a1) pr2+8pa;—4do
Ch = 1 24 cxp(2\/2a1)fcxp(72\/2a1)
L= exp(\/2a1)+exp(—\/2a1) 2+/2a4 .

Estimates (3.24)-(3.26) may be used in a straightforward way in order to obtain quantitative results for the
temperature of the bar.

4. APPLICATIONS TO 1-D NONLOCAL PARABOLIC PDESs

This section provides two examples of 1-D parabolic PDEs with nonlocal terms. The nonlocal terms may
appear either in the BCs or in the PDE. We are not dealing with existence/uniqueness issues for the PDEs;
instead we show how the main results of the present work can be used directly in order to derive exponential
stability estimates for the solution.
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Example 4.1. Let p > 0, ¢ € R with ¢ > —pn?/4 and consider the system

U 0%u
E(tvx) :pﬁ(tax) _qu(tax)v (41)

with nonlocal BCs

u(t,0) = u'(t,1) /ﬁo tsds—/ﬁl =0, (4.2)

where (g, 1 € L?(0,1) are given functions. Here we are not concerned with existence/uniqueness questions for
problem (4.1), (4.2) but rather we assume that £y, 31 € L?(0,1) satisfy appropriate conditions so that there
exists a set D C H'(0,1) with the following property:

“For every ug € D with uo(0) = 0, the initial-boundary value problem (4.1) and (4.2) with u[0] = ug has

a unique solution u[t] for ¢t > 0 and the initial boundary value problem M(t x) = p‘g;ﬁ’ (t,x) — qu(t, z) with

w[0] = uf, w'(t,0) = 0 and w(t,1) fo Bo(s)u(t,s)ds — fo B1(s)u/(t,s)ds = 0 has a unique solution wlt] for
t>0."

Our aim is to provide conditions for exponential stability of system (4.1) and (4.2). More specifically, we
show that if

1Boll h(a/p) + 1Bl hla/p) < 1, (4.3)
where
\/exp(Qf) ( 2\/§) . \/exp(2\/§)7exp(72\/§)+4\/§ .
(o (V3) Fon (= \/g))f , if s>0 ) NTORE , ifs>0
h(s) := ?, if s=0 Jh(s) =<1, if s=0
\/2v/=s—sin(2v/=s . 2 ,/2\/?s+sin(2\/?s) . 2
2COS(\/TS)((—S)3/4)7 if — 4 <s<0 2(—s)1/4 cos(\/js) ’ if — 4 <s<0

(4.4)

then there exist constants M, o > 0 such that for every ug € D with u(0) = 0 the unique solution u[t] of system
(4.1), (4.2) with initial condition u[0] = ug satisfies the following decay estimate for all ¢ > 0:

[ult]l] + [t} < M exp (=0 t) ([luoll + [lugll) - (4.5)

In order to prove the decay estimate (4. 5) we ﬁrst study an auxiliary problem. We consider the solution u[t]
of (4.1) with dy (¢ fo Bo(s)u(t, s)ds + fo B1(s)u'(t, s)ds, for t > 0 and

u(t,0) = u'(t,1) — di(t) = 0. (4.6)
The corresponding SL operator A : D — L2(0,1) is defined by
(Af)(z) = —p f"(z) + ¢ f(x), for all f € D and x € (0,1), (4.7)

where D C H?(0, 1) is the set of all functions f : [0,1] — R for which f(0) = f’(1) = 0. This operator has eigen-
functions ¢, (z) = v/2sin (m), forn=1,2,3,... and eigenvalues A\, = M[)‘F q, forn=1,2,3,....
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Assumption (H) holds for A : D — L?(0,1) and since ¢ > —p“;, it follows that A\; > 0 and consequently,
A:D — L*(0,1) is an ES operator. Its derived operator A’ : D' — L?(0,1) is defined by

(A f)(x) =—pf'(z) +q f(x), forall f € D" and z € (0,1), (4.8)

where D’ C H?(0,1) is the set of all functions f : [0,1] — R for which f’(0) = f(1) = 0. This operator has eigen-
functions 1, () = v/2 cos (m), forn=1,2,3,... and eigenvalues fn = Mp—i— q,forn=1,2,3,....
Assumption (H) holds for A’ : D’ — L?(0,1) and since q > —p7, it follows that p; > 0 and consequently,

A": D' — L?(0,1) is an ES operator. It follows from Theorem 3.3 and Remark 3.4 that for every ug € H(0, 1)
with ug(0) =0, (0,0,d1) € P(A’,uy) [ P(A, ug), the unique solution u : Ry x [0, 1] — R of the evolution equation

(4.1) with (4.6) and initial condition ug € H'(0, 1) satisfies the following estimates for all o € [O ~p+ q) and
t>0:

2
pr“ + 4q
[ult]l| < exp(—at)||uoll + Sy Cy sup (|di(s)|exp(—o(t —s))), (4.9)
+4q 0<s<t
pr? +4q

— - C —o(t - 4.1
pwz+4q_400108<1igt(|d1(8)|exp( o(t=s)), (4.10)

[W'[t]]] < exp (=0 t) Jugll +

where Oy := |||, @ € C?([0,1]) is the unique solution of the boundary value problem pu”(z) — qii(z) = 0 for

€ [0,1] with @(0) = 0 and @' (1) = 1, C; := ||5||, o € C?([0,1]) is the solution of the boundary value problem

pt”(z) — qo(x) = 0 for x € [0,1] with #/(0) = 0 and ©(1) = 1. A direct computation of the solutions of the

aforementioned boundary value problems in conjunction with definition (4.4) shows that C; = h(g/p) and
C1 = h(q/p). Moreover, if (4.3) holds, then there exists o > 0 sufficiently small so that

pr? + 4q
pr2 4+ 4q — 4o

pr? + 4q

— C < 1. 4.11
o LBl (4.11)

Cy | Boll +

Next we notice that the solution of (4.1) and (4.2) coincides with the solution of (4.1) and (4.6) when
fo Bo(s)u(t, s)ds + fo B1(s)u'(t, s)ds. Consequently, estimates (4.9) and (4 10) hold for all ¢ > 0 and for
the spe(nﬁc o> O for which (4. 11) holds with d; (¢ fo Bo(s)u(t,s)ds + fo B1(s)u/(t, s)ds. Tt follows from the

Cauchy—Schwarz inequality that
ldi(®)] < [1Boll Nult]ll + 1Bl lW[E]]] , for all ¢ > 0. (4.12)

Combining (4.9), (4.10), and (4.12), we get for all ¢ > 0:

214
[ut]]| exp (o t) < [luol| + 55524 Cr || Boll S, (lu[s][lexp (o 5))
S

rzmsie ] sup (sl exp (o'5)). (#13)
pritdg—do 0<s<t
2 ~
[/ [t]| exp (o) < [lupll + 5B24=Ch [|Bol| sup (J|uls]]| exp (o s))
0<s<t (414)

w244 2
oGl sup ([[o/[s]]lexp (05)) .
0<s<t
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Since (4.11) holds, we get from (4.13) for all ¢ > 0:

sup ([uls]|| exp (o s))
0<s<t

< (1 el (ol + R0 1A s (Widlew@s).
Combining (4.14), (4.15), and using (4.11), we get for all ¢ > 0:
S, (Ilu'[s]]l exp (o 5))
< (1- oy o] - S Cua) (1 - e O ol g (4.16)

24 214 = -1 244 A
+ (1 HE O 8ol - SO 1B ) 5B O lBoll full.

The decay estimate (4.5) with appropriate constant M > 0 is a direct consequence of estimates (4.15) and
(4.16).

Example 4.2. Let p > 0, ¢ € R with ¢ > —pr? and consider the nonlocal PDE

u 2 U !
Gt =)~ quteo) + [ Al o), (117)

where 3 € L?(0,1) is a given function with Dirichlet BCs

u(t,0) =wu(t,1) =0. (4.18)

Here, again, we are not concerned with existence/uniqueness questions for problem (4.17) and (4.18) but
rather we assume that 3 € L?(0, 1) satisfies appropriate conditions so that there exists a set D C H'(0,1) with
the following property:

“For every ug € D with uo(0) = ug(1) = 0, the initial-boundary value problem (4.17) and (4.18) with u[0] = ug
has a unique solution ult] for all ¢ > 0 and the initial-boundary value problem %—i’(t, x) = pgzﬁ (t,z) — qu(t,x)
with w(t,0) = w(t,1) = —p~! fol B(s)u'(t, s)ds, w[0] = uf, has a unique solution w[t] for all ¢ > 0.”

Our aim is to provide sufficient conditions for exponential stability of system (4.17) and (4.18). More
specifically, we show that if

p~'hla/p) 18] <1, (4.19)
where h is defined by (3.3), then there exist constants M, o > 0 such that for every ug € D with u(0) = ug(1) =
0 the unique solution u[t] of system (4.17) and (4.18) with initial condition u[0] = u satisfies the following decay
estimate for all ¢ > 0:

lult]] + 11u' [t < Mexp (=ot) ([luoll + llugll) - (4.20)
The corresponding SL operator A : D — L?(0,1) is defined by

(Af)(z) =—pf"(z) +q f(x), for all f € D and x € (0,1), (4.21)
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where D C H?(0,1) is the set of all functions f : [0,1] — R for which f(0) = f(1) = 0. We also consider
the SL operator A’ : D' — L?(0,1) defined by (A’g)(z) = —pg”(z) + qg(z) for all z € [0,1] and g € D' €
{veH?(0,1) : v/(0) =2'(1)=0}.

In order to prove the decay estimate (4.20), we first study an auxiliary problem. We consider the solution
ult] of

2
O 1) = po 4 (t,0) — qult, ) + [ (1), (1.22)

with (4.18), (f,0,0) € &(A;uo) with f[t] € C([0,1]) for all ¢ > 0, (f',do,d1) € P(A’;u)) where di(t) =
—p~Lf(t,1), do(t) = —p~1f(t,0) for t > 0. It follows from Theorem 3.1 that for every ug € H*(0,1) with
up(0) = up(1l) = 0, the unique solution u : Ry x [0,1] — R of the evolution equation (4.22) with (4.18) and
initial condition ug € H'(0,1) satisfies estimates (3.1) and (3.2) for all o € [0, p7? + ¢) and ¢ > 0. Moreover, if
(4.19) holds, then there exists o > 0 sufficiently small so that

2
(M) p~th(a/p) |18l < 1. (4.23)

Next we notice that the solution of (4.17) and (4.18) coincides with the solution of (4.22) and (4.18) when

fo '(t, s)ds. Consequently, estimates (3.1) and (3.2) hold for all ¢ > 0 and for the specific ¢ > 0
for Wthh (4. 23) holds with f(¢,z) fo '(t, s)ds. It follows from the Cauchy—Schwarz inequality that
LI < 1181 [l'[E]]], for all ¢ > 0. (4.24)

Combining (3.2) and (4.24), we get for all ¢ > 0:

2
Pt
lu [l exp (o t) < [lug A —— h(a/p) H5||Oigl<>t(|\U'[S]||eXp (05)). (4.25)

Since (4.23) holds, we get from (4.25) for all ¢ > 0:

2 _1
s (e (o) < (1= Ly nia/m) 191) il (1.26)

The decay estimate (4.20) with appropriate constant M > 0 is a direct consequence of estimates (3.1) and
(4.26).

5. PROOFS OF MAIN RESULTS

We first provide the proofs of Theorem 2.4 and Proposition 2.6.
Proof of Theorem 2.4. First, we prove the following Claim.

Claim: For every solution u : Ry x [0,1] — R of the evolution equation (2.4) with (2.5), initial condi-
tion uy € L2(0,1) and corresponding to inputs (f,do,d1) € ®(A;up), the following equations hold for all
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t>0andn=12,...

ealt) = exp (—Ant) e (0) + 5 (am( ) — ay L ( )) JEexp (= An (t — 5)) dy (s)ds

5% (019 (0) = b2 (0)) fo exp (~An (t=5)) do(s)ds + fy exp (A (t=5)) (Jy r(@)f (s, 2)6n(w)dr ) ds,
(5.1)

where

cn(t) = /o r(z)u(t, z)pn (z)dz, forn=1,2,... (5.2)

Proof of Claim. Let {7, >0,i=0,1,2,...} be the increasing sequence of times with 79 =0, liin (1:) = 400
1—>+00

involved in Definition 2.1. The mappings Ry 3 ¢ — ¢, (t) are continuous for n = 1,2, . ... Moreover, the mappings
I>t—cy(t), where [ =R \{7;,>0,i=0,1,2,...}, are C! on I. By virtue of (2.6), it follows from repeated
integration by parts, that the following equalities hold for allt € I and n =1,2,...:

1
alt) = [ @) (0216 (a)da
= (1) (Gt Do) = 0D 52 1) +900) (201t 0) — G 0.0)6,(0))

1

~ [ r@ultn) (40,) @ds + [ (@)t 2060 (0)ds
0 0

Thus we get forallt € [ and n=1,2,...:

énlt) = 1) (G2 Don(D) = u(t. ) (1)) +000) (2 0u(t.0) - 5 0.0)6,(0))
1 1
- [ r@utt.a) (40n) @do + [ o) (62000, (53)
0 0

It follows from (5.3), the fact that (A¢y)(z) = A\pén(x) and definition (5.2) that the following equation holds
foralltel andn=1,2,...

() + Anca(t) = p(1) (2—“@ (1) = u(t, 1)(1% <1>)

5.4
+p(o)(d¢n (0)u(t, 0) — 2 (£,0)p (0 )+ S b (2)dz. (54)

Proceeding exactly as in the proof of Theorem 2.3 in [23], it can be shown that for all t € [ and n = 1,2,. ..
the following equalities hold:

W0 0) = 52(0.0)00(0) = 52 (1520 = 10, 0)) (5.5

¢n(1)%(t, 1) — u(t, 1)dd¢;"(1) = ;W)Q (a2¢n(1) —a ddt"u)) ) (5.6)

ay + a3
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Using (5.4)—(5.6), we obtain for allt € ] and n = 1,2, .. .:

en(t) + Anca(t) = BRI (a5, (1) - aldf; )

p(0)do(t) (} do (5.7)
R (blT;()—bzﬁbn )+f0 f(t,z)pp(z)d

Integrating the differential equations (5.7), we obtain (5.1) for all ¢ > 0 and n = 1,2,.... The proof of the
claim is complete.

Next, we recognize that the solution u : Ry x [0,1] — R of the evolution equation (2.4) with (2.5), initial
condition uy € L2(0,1) and corresponding to inputs (f,do,d1) € P(A;ug) satisfies the following equation:

ult] = up[t] + ualt] + us[t] + uqft], for all t >0, (5.8)

where the above equality should be seen as an equality of functions in L2(0, 1) with

Zexp “Ant) en(0)gn(z), for (t,z) € Ry x (0,1) (5.9)

2(6) = 3 60 s (0G0 = 0200 ©) [ exm (A (1= ) du5)ds, for () € Ry x (0.1
(5.10)

Z bn(z %p <a2¢n (1) —a ddQZL (1)> /0 exp (=, (t — 8))dy(s)ds, for (t,x) € Ry x (0,1)
(5.11)

T) = ;Q%(x)/o exp (= (t —s)) (/0 r(z)f(s,z)gi),b(z)dz) ds, for (t,z) € Ry x (0,1). (5.12)

Next, we estimate each component of v : Ry x [0, 1] — R separately.

(1) Estimate for uq : Ry x [0,1] — R.
Since the eigenfunctions {¢, },-, of the SL operator A : D — L2(0,1) defined by (2.1) and (2.2) form an
orthonormal basis of L2(0, 1), it follows that Parseval’s identity holds, i.e.,

lua[t] Z A2(t), for all t > 0, (5.13)
where A, ( fo 2)uy (t, 2)¢n(2)dz. Using (5.9), (5.13) and the fact that A\, > Ay for alln =1,2,...,
we get for all t>0:

lua[t]ll, < exp (=Art) [|uoll,. - (5.14)

(2) Estimate for ug : Ry x [0,1] — R.
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Again, Parseval’s identity holds, i.e.,
[ uat] Z B2(t), for all t > 0, (5.15)

where

B,(t) = b%pf)b% <b1d¢z" (0) — baoh, (O)> /0 exp (— A (t — 8)) do(s)ds, (5.16)

(a consequence of (5.10)). Using (5.16), we get all 0 € [0, A1), t >0and n=1,2,...:

d o, ?

b
Ydz

(0) = b2¢, (0)

s (|d0(s)\2 exp (—20(t — s))) . (5.17)

2 1 p(0)
o < i ()

Therefore, by virtue of (5.15) and (5.17), the following estimate holds for all o € [0, A1), ¢ > O:

Juslel, < Ko sup (|do(s)]exp (~o(t ~ 5))). (5.18)

where

2

. by don ba

Equation (2.9) is a direct consequence of Theorem 2.3 in [23]. Moreover, definitions (2.9), (5.19) imply
that Ky < )\l’\jaCo. Consequently, the following estimate holds for all o € [0, A1), t > O:

[uzlt]ll, < s——Co sup (|do(s)|exp (=o(t —s))). (5.20)
11— 0<s<t
(3) Estimate for us : Ry x [0,1] = R.
Again, Parseval’s identity holds, i.e.,
|luz[t] Z G2 , for all ¢ > 0, (5.21)
where
p(1) don K
Gn(t) = m <a2¢n (1) —ay 1z (1) ; exp (—An (t — 8)) di(s)ds. (5.22)

Using (5.22), we get all 0 € [0, A1), t >0and n=1,2,...

d ¢ ?

Ydz

(0) — az¢n (0)

s (|d1(s)\ exp (—20(t — 5))) . (5.23)

o0 < o (F) I
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Therefore, by virtue of (5.21), (5.23), the following estimate holds for all o € [0, A1), t > 0:

lusftlll, < Ky sup (jdi(s)[exp (=o(t = 5))), (5.24)
where
a do ’
= \/WJ Z; af + a2 ﬂ O] 529)

Equation (2.10) is a direct consequence of Theorem 2.3 in [23]. Moreover, definitions (2.10), (5.25) imply
that K7 < /\;\iUCl. Consequently, the following estimate holds for all o € [0, A1), ¢ > 0:

lust]ll, < 5——=—C1 sup (|di(s)lexp (=a(t ~s))) (5.26)
1— 0<s<t
Estimate for uq : Ry x [0,1] = R.
Again, Parseval’s identity holds, i.e.,
||z [t] Z D2 (t), for all t >0, (5.27)
where
t
D,(t) = / exp (=, (t — ) fn(s)ds (5.28)
0
and f,(t) fO f(t,2)¢n(2)dz. Since the eigenfunctions {¢,} -, of the SL operator A : D — L?(0,1)

defined by (2.1) and (2 2) form an orthonormal basis of L2(0,1), it follows that Parseval’s identity holds,
i.€.,

I1£1t] Z FA(t), for all t > 0. (5.29)
It follows from (5.28) that the following inequality holds for all ¢ € [0, A1), ¢ >0 and n =1,2,...

[Dn(t)] < /0 exp (=An (t = 5)) | fu(s)[ds < /O exp (—=(A1 —0) (t = 5)) [ fu(s)| exp (o (t — 5)) ds. (5.30)

Using the Cauchy—Schwarz inequality and (5.30), we obtain for all ¢ € [0,\1), ¢ >0 and n =1,2,...

1 " , 1/2
D,01 = e [ o0 (=00 = 0) (¢ 8 )P exp (200~ 5)) s
which directly implies
|D. (1)) < pop— /0 exp (—(A\1 — 0) (t — ) | fu(s)|* exp (=20 (t — 5)) ds. (5.31)
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Combining (5.28), (5.29), and (5.31), we obtain for all o € [0, A1), t > 0:

lua[£]]7 <

D Vi /0 exp (—(A\1 — o) (t — ) || fs]])? exp (=20 (t — 5)) ds

which directly implies

st < gz s, (701 exp (<200 - ). (532)

Therefore, we conclude that the following inequality holds for all o € [0, A1), t > 0:

fuafll, < 5 sup, (5], exp (~ore = 5)). (5.33)

Equation (5.8) implies that
[ult]ll, < [luale]ll, + llua[ll, + llusftlll, + [lualt]ll,., for all £ > 0. (5.34)

Using (5.34), (5.14), (5.20), (5.26), and (5.33), we get estimate (2.8). The proof is complete.

O
Proof of Proposition 2.6. It suffices to show that there exists a constant u > 0
1 1
/ g(@) f(z)(Af)(x)dx > u/ f2(z)dz, for all f € D. (5.35)
0 0
Since p(z) = p, r(x) = 1, we obtain from (2.1) for all f € D:
Jy 9(@)F@)(Af)(@)dz = pg(1) (;’g(i;f( )= 1'(1) £(1) +pg(0) (1(0) ~ $357(0)) S(0) (5.36)
+pfo g(@) (f'(@)* dz + [y (9(x)a(x) = Bg" (@) f*(x)da
Since f(z) )+ Jo f'(s)ds for all z € [0,1] and since g9 > 0, we get for all = € [0, 1]:
@ <0 ero 0z ([ o) (537

Using the Cauchy—Schwarz inequality, which gives

( I f’(S)ds)2 < ( [ gf)) ( [ sy ds) < ( I gc(l)) ( / (s (f’(S))2d8> , for all 2 € [0,1]

we get from (5.37) for all z € [0, 1]:

P < e+ 0t (5 (| (5) (7 (5))? as). (5.39)

q(s)
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Inequality (5.38) implies the following inequality:

/f2 Ydz < (14 &) £%(0) <1+50 // dS )(/ s)(f’(s))2d5>. (5.39)

Moreover, since f(x) f f'(s)ds for all z € [0,1] and since 1 > 0, we get for all = € [0,1]:

1 2
P@) < (e PO+ (1) ( / f’(s)ds) | (5.40)

Using again the Cauchy—Schwarz inequality, which gives

( / 1 f’(S)ds)2 < ( / 1 gf)) ( / g9 (f’(S))2d8> < ( / 1 gf)) ( / e <f'<s>>2ds) forall 2 € [0,1

we get from (5.40) for all z € [0, 1]:

Pl e+ e ( 1 (] e (/)" as). (5.41)

Inequality (5.41) implies the following inequality:
2 ds ’ 2
f Ydo < (14¢e1)f(1 (1+erh) g(s) (f'(s))"ds ] . (5.42)
Multiplying (5.39) by A and (5.42) by 1 — A and adding, we get from (2.13):

| P <20+ £0)+ (1= +e)20)+ R ( [ o6 ds) | (5.43)
0 0

Combining (5.36) and (5.43), we get for all f € D:

Jy 9@)F@) (AN @)dz > pg(1) (L8 £(1) - /(1) - & é)q“ﬁ“)f( ) (1) s
+pg()(f’() LOL1(0) = 2552 1(0)) £(0) + [ (9(@)alw) = Bg"(x) + pR7Y) f2(w)de '

Using (2.2), (2.11), (2.14), and (2.15), it follows that for all f € D the following inequalities hold:

(£33 7(1) — (1) - S0 (1)) (1) > 0
(1/0) = £55£(0) = 28 7(0)) £(0) = 0.

The above inequalities in conjunction with (5.44) imply that (5.35) holds for all f € D with

p

L'(@)+pR").

p= min (g(x)fJ(w)
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Inequality (2.12) implies that g > 0. Inequality (5.35) with f = ¢ gives

min { 2g(z)q(z) + 2pR™ — pg" () : = € [0,1] }

AL 2 2max{g(z) : z € [0,1]}

The proof is complete. O
Since the proof of Theorem 3.1 requires Proposition 3.5, we first prove Proposition 3.5.

Proof of Proposition 3.5. Since the SL operator A’ : D' — L?(0,1) satisfies assumption (H) and since

(f',do,dy) € ®(A';up), where di(t) = —p~L1f(t,1), do(t) = —p~1f(t,0) for ¢t > 0, it follows from Definition

2.1 that there exists an increasing sequence of times {7, >0,7=0,1,2,...} with 7p = 0, ‘ligrn (1;) = 400
1—>+00

and a unique function v : Ry x [0,1] — R for which the mapping Ry > ¢t — v[t] € L?(0,1) is continuous,
with v € C'(I x [0,1]) satisfying v[t] € C*([0,1]) for all ¢ > 0, lim (v(t,z)) = v(7;,x), lim (%(t,a:)) =

—; —;
—(Av[r])(z) + lim (f'(t,z)), lim (22(¢,z)) = 22 (m, x), v(0,2) = vo(x) = u)(x) for all z € [0,1], and
ox ox 0
t—7, t—1,
2
%(t,x) = p%(t,a‘) —qu(t,z) + f'(t,x), for all (¢,x) € I x (0,1) (5.45)
ov 1 ov 1
S (0) + P (80) = S (6 1) +pT (8 1) =0, forall € 1, (5.46)

where I = R4\ {7, >0,i=0,1,2,...}. It follows from (5.45) and (5.46) that

d 1 1
— [ v(t,z)dr = —q/ v(t,x)dx, for all ¢ € I. (5.47)
dt Jo 0

Since vy = uf, with uo(0) = up(1) = 0 and since the mapping ¢ — fol v(t, z)dz is continuous, it follows that
(3.11) holds. Define:

a(t,x) = /: v(t,s)ds, for (t,z) € Ry x [0,1]. (5.48)

It is straightforward (using (3.11), (5.45), (5.46), and definition (5.48)) to verify that

Oy 2y = Py - a(t,z) + f(t,x), for all (t,z) € I x (0,1) (5.49)
91 , T _p8x2 ,x) —qu(t,z ,x), for a , X , .

u(t,0) = a(t,1) =0, for all ¢ > 0. (5.50)

Moreover, since vy = u(), we obtain from definition (5.48) that @(0,z) = up(z) for all x € [0,1]. Uniqueness
of the evolution problem (5.49), (5.50) implies that & = u. Equation (3.10) is a direct consequence of definition
(5.48) and the fact that @ = u. The proof is complete.

O

Proof of Theorem 3.1. The SL operator A : D — L?(0,1) defined by (2.1) and (2.2) with p(z) = p, 7(z) =
az = by =0, a; = by = 1, q(x) = ¢, has eigenvalues )\, = pn?m? + ¢ for n > 1 and eigenfunctions ¢, (z)
V/2sin (nx) for n > 1. Therefore, A satisfies assumption (H) and is ES since A\; = pr? + ¢ > 0. Theorem 2.4

L,
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implies that for every ug € L?(0,1), (f,0,0) € ®(A;ug), the unique solution u : Ry x [0,1] — R of the evolution
equation (2.4) with (2.5), do(t) = d1(t) = 0 and initial condition ug € L?(0,1) satisfies estimate (3.1) for all
o €[0,pr? +q) and t > 0. Moreover, Theorem 2.4, definition (3.3) and direct computation of the functions i, @
involved in (2.9) and (2.10) gives

Z @ o 5 =0 'h(a/p). (5.51)

TL27T2 + q

The SL operator A’ : D' — L?(0,1) defined by (A'f)(z) = —p f"(x) + q f(z), for all f € D’ and = € (0,1)
with D’ C H?(0,1) being the set of all functions f : [0,1] — R for which f’(0) = /(1) = 0, has eigenvalues
Ao = ¢, A\, = pn®m? + ¢ for n > 1 and eigenfunctions vy (z) = 1, ¢, (z) = V2 cos (nmz) for n > 1. Therefore, A’
satisfies assumption (H) but it is not necessarily an ES operator. Consequently, we cannot use Theorem 2.4 to
system (3.8) and (3.9). However, we are in a position to prove (exactly as in the proof of Thm. 2.4) the following
claim. Its proof is omitted, since it is identical to that in the proof of Theorem 2.4 and the only additional thing
is the use of (3.11).

Claim: For every solution v : Ry x [0,1] — R of the evolution equation (3.8) with (3.9), initial condition
vo = ufy, where ug € H'(0,1) with ug(0) = ug(1) = 0, the following equations hold for all t > 0 and n = 1,2,...:

cn(t) = exp (= (pr®m? + q) t) ¢, (0) — (—1)" \/ﬁfg exp (— (pn®n? ) t—s)) f(
—l—\/ifg exp (— (pn®a? +q) (t —s)) f(s,0)ds + \/ﬁfot exp (— (pn?7?+q) (t—s ) (fo (s,2 cos(mrz)dz) ds

(5.52)
co(t) =0, (5.53)
where
1 1
co(t) ::/O v(t,z)dx | c,(t) := \6/0 v(t,x) cos(nmz)dx , forn=1,2,... (5.54)

Next, we recognize that the solution v : Ry X [0,1] — R of the evolution equation (3.8) with (3.9), initial
condition vy = uf, where ug € H'(0,1) with uy(0) = ug(1) = 0 satisfies the following equation:

v[t] = v1[t] + ve[t], for all t >0, (5.55)

where the above equality should be seen as an equality of functions in L?(0,1) with

Z z)exp (— (pn®m® +q) t) cn(0) (5.56)

talt.) = V2D 0(0) [ exp (- (4 0) (1= 9) (706,00 = (17 1)+ [ (5,5)costum)a: ) ds

(5.57)
for (t,xz) € Ry x (0,1). Next, we estimate each component of v : Ry x [0,1] — R separately.

(1) Estimate for v1 : Ry x [0,1] — R.

Since the eigenfunctions {1, }.—, of the SL operator A’ : D’ — L?(0, 1) defined by (A’ f)(z) = —p f"(z) +
q f(z), for all f € D' and = € (0,1) with D’ C H?(0,1) being the set of all functions f : [0,1] — R for
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which f/(0) = f/(1) = 0, form an orthonormal basis of L?(0,1), it follows that Parseval’s identity holds,
i.e.,

i)l = > AZ(t), for all t > 0, (5.58)

where (5.56) implies for all ¢t > 0 and n = 1,2, ... that
Ay (t) = exp (= (pn®m® + q) t) ca(0). (5.59)
Using (5.58), (5.59), and the fact that vy = ug, we get for all ¢ > 0:
lorfflll, < exp (— (prn? +q) £) [l (5.60)

(2) Estimate for vg : Ry x [0,1] — R.
Using integration by parts, we obtain from (5.57) for allt >0 and n=1,2,...:

¢
B,(t) = mr/ exp (—(pn®m® 4+ q) (t — s)) fa(s)ds, (5.61)
0
where B, ( \[fo va(t, ) cos(nmz)dz, frn(t) \[fo f(t, z) sin(nrz)dz. Since {¢,} g, {dn} o, are
orthonormal babes of L?(0,1), it follows that Parseval’s identity holds, i.e.,
lvalt)ll; = > B2(t), for all t > 0 (5.62)
11113 = Zf , for all t > 0. (5.63)

It follows from (5.61) that the following inequality holds for all o € [0,p7? +¢), t >0 and n=1,2,...:

|B,(t)| < nm fot exp (— (pn27r2 + q) (t— s)) |frn(s)|ds
i A (5.64)

< [y exp (= (prn? +q—0) (t —s)) | fu(s)| exp (—o(t — s)) ds.
Using the Cauchy—Schwarz inequality and (5.64), we obtain for all o € [0,p7? +¢), t >0 and n =1,2,...:

1/2
nm /

N (/0 exp (— (pn®m? +q—0) (t—s)) | fal(s)| exp (—20(t — 5)) ds)

which directly implies

|Bn(t)] <

n?n?

|Bu(t)|* <

S ot g—o /0 exp (— (pn2ﬂ'2 +q—0) (t—s)) | £ (3)|? exp (=20 (t — 5)) ds. (5.65)
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Equation (5.63) implies that || f[t] ||§ > f2(t) for allt > 0 and n = 1,2, .... Combining the previous inequality
with (5.65) we obtain for all o € [0,p7? +¢), t >0and n=1,2,...:

n?n?

t
|Bn(t)|2 < W/o exp (— (PTLQWQ +q- U) (t— 5)) ||f[3]||§ exp (—20(t — s))ds (5.66)
from which we get for all o € [0,pm2 +¢q),t>0andn =1,2,...:

n?m?

a0 < s oy 2, (sl exp (<20t = )

The above inequality in conjunction with (5.62) gives for all o € [0, pr2 + q), t > 0:

Il = (3 Gy ) g, (o2t )
>0 2,2 2 272
< (S (Eirts) e o, (00 oot2ee )

p772—|—q 2 0o 7’},27(2 .
= <p7r2+q—o> (; W) Oiggt(llf[s]ll exp(—2a(t—s)))

which combined with (5.51) directly implies that

i ta N\
Josill < (S5 ) 7 tnt/a) s (Uflllexp (<o 5)). (567
Equation (5.55) implies that
o[t < flos[t]] + [lo2[t]]], for all ¢ > 0. (5.68)
Using (3.10), (5.68), (5.67), and (5.60) we get estimate (3.2). The proof is complete. O

The proof of Theorem 3.3 requires Proposition 3.6 and the following technical proposition, which we prove
next.

Proposition 5.1. Let T > 0, p > 0, a1,a2,b1,be be real constants with |a1| + |az| > 0, |b1] + |b2| > 0 and let
q € C°([0,1]), B € C°([0,1]2) be given functions. Let w: [0,T] x [0,1] = R be a function for which the mapping
[0,T] >t — ult] € L?(0,1) is continuous and for which there exists a finite set {; € (0,T),i=0,1,2,...,N}
such that u € CY(I x [0,1]), where I = (0,T)\ {7 € (0,T),i=0,1,2,..., N }. Finally, suppose that u[0] =0,
ult] € C%([0,1]) for all t € I and that

2 x

g—?(t,g:) :p%(t,x) —q(z) u(t,x)—!—/ Bz, s)u(t, s)ds, for z € (0,1) and t € T (5.69)
0

by O (,0) + bru(t, 0) = as 2 (8.1 t,1) =0 tel 5.70

2% 3 1“(’)*042%(7)4»0‘1“(7)* ,fOT €l ( )

Then ult] =0 for all t € [0,T].
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Proof. Let k € C?([0,1]; (0, +00)) be a positive function that satisfies

k/(l) al/ag Zf a2 75 0 k/(O) bl/bg Zf bg 75 0
— < — > .
2k(1) = { too ifay=0 " 20) | —oo ifbs=0. (5.71)
Consider the mapping
1
5/ k(z)u?(t, z)dz, for t € [0,T). (5.72)
0

Notice that continuity of the mapping [0,7] >t — u[t] € L?(0, 1) implies continuity of the mapping [0,7] >
t — V(t) € R. The fact that u € C1(I x [0,1]) implies that V(¢) is C* on I and satisfies
1

k(x (t x)dx, for t € I. (5.73)
0

Using (5.73), (5.69), (5.70), and (5.72) the Cauchy—Schwarz inequality, repeated integration by parts and
(5.71) we obtain for all ¢ € I

pfo a“(txdx—fo x)q(x)u(t, x dx—i—fo u(t,z) (fy Blx, s)u(t,s)ds) dz
< max (= fo 2(t, z)dx + pk(1) (%( 1) - (t 1)) u(t,1)
_pk(o)( % (1,0) — 2k<(0>) (£,0)) ult,0) + & Jy K" (w)u? (t,x)dx

by k(@) (32t 0)" de + (J ke <t,x>dx)/( o) (i >

< (o, Cato >>+012aza( 9)+ <fo (5 Segas) an) ") 1

k(1) (528, 1) — S u(t ) )(8%0) o) (t,0)
B8

<2 (0213%(1 (—q(x)) + 0?3%(1 ( e ) (fo (fO»L k((ﬂg s)d ) dx) 1/2 > V(t).

It follows that there exists a constant L > 0 such that V() < LV (t) for all ¢t € I. Continuity of the mapping
[0,T7] 2t — V(¢) € R in conjunction with the differential inequality V(¢t) < LV (t) for ¢ € I and the fact that
u[0] = 0 implies that

(t,s)ds) (foz Bk((‘z)s)ds) dx) 2

x)dx

t

V)<L | V(s)ds, forall t €[0,T]. (5.74)
0

Using Gronwall’s inequality Lemma and (5.74), we get V(¢) < 0, for all ¢ € [0,T], which combined with
definition (5.72) gives u[t] = 0 for all ¢t € [0,T]. The proof is complete. O

Proof of Proposition 3.6. Since (f,0,d;) € ®(A;up) it follows from Definition 2.1 that there exist an increas-
ing sequence of times {7, >0,7=0,1,2,...} with 7o = 0, _liT (1:) = 400 and a unique function w :
1—r+00

Ry x [0,1] — R for which the mapping Ry >t — u[t] € L?(0,1) is continuous, with u € C1(I x [0,1]) satis-
fying u[t] € C%([0,1]) for all t > 0, lLm (u(t,z)) = u(m,z), lim (2%(t,z)) = —(Au[r;])(z) + lim (f(t2)),
t—T. t—T1,

t~>‘ri_ .
lim: (%(t,z)) = g—:(ﬂ-,x), u(0,z) = up(z) for all = € [0,1], and equations (2.6) and (2.7) hold, where

—T;

I=R\{r>0,i=0,1,2,...}.
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It follows from the above regularity properties, that the function w(t,z) := — (q' (z) — 2a§px) u(t,z) for
(t,z) € Ry x [0,1] satisfies (w,0,0) € S(A’;0). Since (f,do,d1) € P(A’, Pug), where f[t] = Pf[t], do(t) =
—p~Lf(t,0) for t > 0, it follows that (f +w, do,d1) € P(A’, Pug). Notice that the SL operator A’ : D' — L3(0,1)
defined by (3.4) and (3.5) satisfies assumption (H). Consequently, there exists an increasing sequence of times
{7/ >0,i=0,1,2,...} with 7§ = 0, z_l:gloo (t]) = +o00 (possibly different from {7; >0,i=0,1,2,...}) and

a unique function v : Ry x [0,1] — R for which the mapping R, > ¢t — v[t] € L?(0,1) is continuous, with
v e CHI" x [0,1]) satisfying v[t] € C%([0,1]) for all ¢ > 0, v[0] = vy = Puyg, and

v 2v
09 1,2 = p2 2 t2) ~ (ala) + 21p) o(t.2) + (PI)(@) + (k. ), (5.75)
for all (¢,x) € I’ x (0,1),
%(t, 0) +p ' £(t,0) =v(t,1) —di(t) =0, forall t € I’ (5.76)

where I' =R\ {7/ >0,:=0,1,2,... }.
Define

a(t,x) = /Ow exp <f%(x2 - 52)> v(t, s)ds, for (t,z) € Ry x [0,1]. (5.77)

Using repeated integration by parts, (5.75)—(5.77) and the facts that v(0,z) = vo(z) = ug(z) + arzue(z),
uo(0) = 0, we show that:

U 2 U z aq ’ -
Gt =pg(ta) —a@yittn) + [ e (<G =) ((5) ~ 2alps) @lt,9) — u(t5)) ds + F(t.0),
(5.78)
for all (t,x) € I’ x (0,1) and
a(t,0) = %(t, 1)+ ara(t,1) —di(t) =0, forallt € I’ (5.79)
v(t,x) = %(t, x) + ayzi(t, x), for all (¢,x) € (0,400) x [0,1] (5.80)
(0, x) = ug(x), for all € [0, 1]. (5.81)

Notice that definition (5.77) and continuity of the mapping Ry >t — v[t] € L?(0, 1) implies that the mapping
R, >t — @t] € L?(0,1) is continuous. Applying Proposition 5.1 to the function 4 = % — u and using (2.6),
(2.7), (5.78), (5.79), and (5.81) we get u[t] = a[t] for t > 0. Equation (3.14) is a direct consequence of (5.80),
the fact that u[t] = a[t] for ¢ > 0 and the fact that v(0, z) = vo(z) = uj(z) + arzue(z).

The proof is complete. O

We are now in a position to prove Theorem 3.3.

Proof of Theorem 3.3. Theorem 2.4 implies that for every ug € L?(0,1), (f,0,d1) € ¢(A;ug) the unique solution
u: Ry x [0,1] — R of the evolution equation (2.4) with (2.5) and initial condition ug € H'(0,1) satisfies the
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following estimate for all o € [0, A1) and ¢ > 0:

A 1
[ult]]| < exp (—at) uoll + —=—=C1 sup (|di(s)|exp (—o(t — 5))) + sup (|| f[s]llexp (—o(t —s))),
A —0 0<s<t A1 — 0 o<s<t
(5.82)
where
- 1 _
Co := |u||,C1 := ————= 1| (5.83)

Vai+1

@ € C?(]0,1]) is the unique solution of the boundary value problem p@”(x) — q(x)a(x) = 0 for z € [0,1] with
@(0) =1, aya(1) + @ (1) = 0 and @ € C%([0,1]) is the unique solution of the boundary value problem pii’(x) —
q(z)u(x) =0 for z € [0,1] with @(0) =0 and aju(1) + @' (1) = \/a? + 1.

Let 0 < iy < prg < -+ < ppy, < ---with ”11_>Irolo (tn) = 400 be the eigenvalues of the SL operator A’. Then it
follows from Proposition 3.6 and Theorem 2.4 that the unique solution v : Ry x [0,1] — R of the evolution
equation (3.12) with (3.13) and initial condition vo(z) = ugy(x) + arzue(z) for x € [0, 1] satisfies the following
estimate for all o € [0, 1) and ¢ > 0:

o1, < exp (=0 1) ol + ——— sup (IPfls] +wlsll exp (~o(t =)

0<s

+ 'ui (C'Op_l sup (|f(s,0)|exp (—o(t —5))) + C1 sup (dl(s)|exp(—a(t—s)))), (5.84)
H1—0 0<s<t 0<s<t

where w(t,z) := — (¢(z) — 2a3pz) u(t, ) for (t,z) € Ry x [0,1] and

Co == |lall, C1 = ||all, (5.85)

¥ € C?([0,1]) is the unique solution of the boundary value problem pt” (x) — (¢(x) + 2a1p) (z) = 0 for x € [0,1]
with 9/(0) = 1, 9(1) = 0 and v € C?([0,1]) is the unique solution of the boundary value problem pv”(z) —
(¢(z) 4+ 2a1p) v(z) = 0 for = € [0,1] with ¥'(0) = 0 and ©(1) = 1. Using (3.14) and the facts that v[0] = vy = Puy,
w(t,z) == — (¢'(x) — 2aipz) u(t,z), (Pf[t])(z) = f'(t,x) + a1z f(t,z) for (t,x) € Ry x [0,1], we obtain the
following inequalities:

1P£lE] +wlt]ll, < max (|d'(z) = 2aip2]) fultllly + £ [#)ll, + laa] [ £E]ll;, for all £ >0 (5.86)
[ [ < vl + laa] luf]l], for all £>0 (5.87)
llvoll < llug |l + aa | fluoll- (5.88)

It follows from (5.82), (5.84), (5.86), (5.87), and (5.88) that the following inequalities hold for o €
[0, min (1, A1)) and ¢ > 0:

oz, (I¢'@) - 2atpe)

[W[E]]l < exp (=ot) lugll + exp (=o't) | 2]as] + [[uol|

H1—0O

5 Cor g (150 exp (ot =)

+
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max (|¢'(z) — 2aipz|)
~ A p
+ M1 Cy+ 1 o) 0<z<1
H1—0O Al—o p1—o

ol | | s (i ()| exp (ot - )

o o, (17 [l exp (=t =)

max_(|¢'(z) — 2a3pz|)

|a| lai] 0<z<1

+ A su s]||lexp (—o(t —s))) - 5.89
S N s | s (e (ot - ) (589)
Estimates (3.6) and (3.7) are consequences of (5.82) and (5.89). The proof is complete. O

6. CONCLUSIONS

In this work ISS estimates were derived for the solutions of 1-D linear parabolic PDEs with disturbances at
both boundaries and distributed disturbances. The decay estimates were expressed in the L? and H! norms of
the solution and discontinuous disturbances are allowed. The obtained estimates do not require knowledge of
the eigenvalues and the eigenfunctions of the corresponding SL operator and can be applied in a straightforward
way for the stability analysis of parabolic PDEs with nonlocal terms.

Future work may include the study of necessary conditions for ISS in the H' norm of the state. While
Theorem 3.1 provides necessary and sufficient conditions for ISS, this is not the case with Theorem 3.3, where
only sufficient conditions for ISS are provided. Finally, novel results will be needed for the derivation of ISS
estimates in the H? norm of the state.
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