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FINITE ELEMENT APPROXIMATION OF AN INCOMPRESSIBLE
CHEMICALLY REACTING NON-NEWTONIAN FLUID

SEUNGCHAN Ko!*, PETRA PUSTEJOVSKA? AND ENDRE SULI!

Abstract. We consider a system of nonlinear partial differential equations modelling the steady motion
of an incompressible non-Newtonian fluid, which is chemically reacting. The governing system consists
of a steady convection-diffusion equation for the concentration and the generalized steady Navier—
Stokes equations, where the viscosity coefficient is a power-law type function of the shear-rate, and the
coupling between the equations results from the concentration-dependence of the power-law index. This
system of nonlinear partial differential equations arises in mathematical models of the synovial fluid
found in the cavities of moving joints. We construct a finite element approximation of the model and
perform the mathematical analysis of the numerical method in the case of two space dimensions. Key
technical tools include discrete counterparts of the Bogovskii operator, De Giorgi’s regularity theorem
in two dimensions, and the Acerbi-Fusco Lipschitz truncation of Sobolev functions, in function spaces
with variable integrability exponents.
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1. INTRODUCTION

During the past decade the mathematical study of non-Newtonian fluids has become an active field of re-
search, stimulated by the wide range of scientific and industrial problems in which they arise. Examples of
non-Newtonian fluids include biological fluids (such as mucus, blood, and various polymeric solutions), as well
as numerous fluids of significance in engineering, food industry, cosmetics, and agriculture. In this paper, we
shall investigate a system of nonlinear partial differential equations (PDEs) modelling the motion of the synovial
fluid (a biological fluid found in the cavities of moving joints) in a steady shear experiment. From the rheo-
logical viewpoint, the synovial fluid consists of ultrafiltrated blood plasma diluting a particular polysaccharide,
called hyaluronan. Though one could model the solution using mixture theory, we shall restrict ourselves to the
situation where the solution can be described as a single-constituent fluid. This perspective is fairly reasonable
because the mass concentration of hyaluronan is negligible, and even if molecules of hyaluronan are accumulated
locally, the mass concentration does not exceed 2%. Nevertheless, we still need to consider the experimentally
observed chemical properties of the fluid. In fact, it was already observed in viscosimetric experiments performed
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in the early 1950 s that the synovial fluid has a strong shear-thinning property, depending on the concentration
of hyaluronan in the solution. Explicitly, the viscosity of the fluid is a function of the concentration as well as
of the shear rate. Therefore, from the viewpoint of mathematical modelling a power-law-like model, where the
power-law index is concentration-dependent, seems reasonable.

Denoting by ¢ the concentration of hyaluronan in the solution and by Du := $(Vu+ (Vu)T), the symmetric
gradient of the velocity field u, it was observed in laboratory experiments (see [23]) that the effect of concentra-
tion and the shear rate on the viscosity are not separated (as, for instance, v(c, | Du|?) ~ f(c)7(|Dwu|?)), but that
the concentration of hyaluronan affects the level of shear-thinning. For zero concentration, the viscosity becomes
constant, corresponding to the fact that the fluid is composed only of ultrafiltrated blood plasma, exhibiting
properties of a Newtonian fluid. If the concentration of hyaluronan increases, the fluid displays higher apparent
viscosity and, in fact, it thins the shear more markedly. Therefore a new power-law-like model of the synovial
fluid was proposed in [19], where the power-law index was considered to be a function of the concentration.
This new model describes the viscous properties of the synovial fluid more accurately, and it naturally reflects
the fact that non-Newtonian effects diminish as the concentration of hyaluronan decreases.

Based on the discussion above, we shall investigate a system of equations describing the motion of a shear-
thinning fluid with a nonstandard growth condition on the viscosity. More precisely, we shall consider the
incompressible generalized Navier—Stokes equations with a power-law-like viscosity where the power-law index
is not fixed, but depends on the concentration. To close the system, we shall assume that the concentration
satisfies a convection-diffusion equation. The resulting system of partial differential equations is therefore fully
coupled.

In other words, we consider the following system of PDEs:

dive =0 in 0, (1.1)
div(u ® u) — div S(c, Du) = —Vp+ f in 2, (1.2)
div (cu) — divq,.(c, Ve, Du) =0 in 2, (1.3)

in a bounded open Lipschitz domain 2 C R% d € {2,3}, whereu : 2 - R4 p: 2 - R, c: 2 — Rx
are the velocity, pressure and concentration fields, respectively. In the present context, f : £2 — R¢ denotes a
given external force, Du denotes the symmetric velocity gradient, i.e., Du = %(Vu + (Vu)1), and S(c, Du)
and g,.(c, Ve, Du) are the extra stress tensor and the diffusive flux respectively. To complete the problem, we
prescribe the following Dirichlet boundary conditions

u =0, c=cq on 0f2, (1.4)

where ¢, € W14(£2) for some ¢ > d and ¢q > 0 a.e. on 2. Thanks to the Sobolev embedding W14(2) — C(£2),
we can therefore define
¢ :=mincg and ¢’ = maxcy.
zen zef?

We shall assume that the stress tensor S : R>¢ X ngxn‘f — ngxn‘f is a continuous function satisfying the following
growth, strict monotonicity and coercivity conditions, respectively: there exist positive constants C7, Cy and Cs

such that

1S(¢, B)| < C1(|B["©~1 1), (1.5)
(S(§,B1) — S(§,B2)) - (B1 — Bz2) > 0 for By # B, (1.6)
S(¢,B)- B > Cy(|B["® +[S|"®)) - C3, (1.7)

where 7 : Rsg — R>¢ is a Holder-continuous function with 1 < r= < r(§) < 7t < oo and

r’(£) is defined as its Holder conjugate, % We further assume that the concentration flux vector
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q.(£,9,B) : Rxg x R4 x RZx4 5 R? is a continuous function, which is linear with respect to g, and additionally

sym
satisfies the following inequalities: there exist positive constants Cy and Cs such that
4.(¢.9.B) g > Cslg[*. (1.9)

The prototypical examples we have in mind are of the following form:
S(¢, Du) = v(c, | Du|)Du, q.(¢, Ve, Du) = K (c,|Dul|)Ve,

where the viscosity v(c, |Dul), depending on the concentration and on the shear-rate, is of the form:

r(c)—2

v(e, | Du|) ~ vo(k1 + n2|Du|2) 7,

where 1, k1, ko are positive constants.

The coupled system of generalized Navier—Stokes equations and a convection-diffusion-reaction equation
with diffusion coefficient depending on both the shear rate and the concentration was first studied in [7], where,
however, the shear-thinning index was a fixed constant and the influences of the concentration and the shear
rate were separated. There, the authors considered the unsteady model and established the long-time existence
of weak solutions subject to large initial data with a constant r > % exploiting an L°°-truncation method.

Here we are faced with a model where the shear-thinning index is not a fixed constant or a fixed function,
but is concentration-dependent. The mathematical analysis of the model (1.1)—(1.9), where the power-law index
depends on the concentration, was initiated in [8] by using generalized monotone operator theory for r— > %.
Recently, in [9], the authors succeeded in lowering the bound on r~ to % and proved the Holder-continuity of the
concentration. It was emphasized in [9] that the bound r~ > % > % ensures that one can guarantee Holder-
continuity of ¢ by using De Giorgi’s method. In fact, according to the results in [15], in the framework of variable-
exponent spaces, at least some regularity of the power-law exponent is required, not only for the Lipschitz
truncation method, which strongly relies on the continuity of the exponent, but also for the purpose of extending
classical Sobolev embedding theorems, various functional inequalities, and the boundedness of the maximal
operator, to variable-order counterparts of classical function spaces; see the next section for more details.

As for the finite element approximation of the model (1.1)-(1.9), no results have been established so far. We
mention, however, some related developments: recently, in [14], using various weak compactness techniques, such
as Chacon’s biting lemma, Young measures, and a new finite element counterpart of the Lipschitz truncation
method, Diening et al. proved the convergence of the finite element approximation of a general class of steady
incompressible non-Newtonian fluid flow models (not coupled to a convection-diffusion equation, though,) where
the viscous stress tensor and the rate-of-strain tensor were related through a, possibly discontinuous, maximal
monotone graph. In [26], Ruzicka considered electro-rheological models with a fixed power-law exponent; a
fully-implicit time discretization was developed and an error estimate was obtained. Concerning PDEs with
nonlinearities involving a variable exponent, in [17], Duque et al. focused on a porous medium equation with
a variable exponent, which was a given function, and they established the convergence of a sequence of finite
element approximations to the problem. Furthermore, in [4], electro-rheological fluids were studied, where the
stress tensor was of power-law type with a variable power-law exponent; a discretization of the problem was
constructed and the convergence of the sequence of discrete solutions to a weak solution was shown.

In this paper we consider the construction of a finite element approximation of the system of nonlinear
partial differential equations (1.1)—(1.9) and, motivated by the ideas in [9], we develop the convergence analysis
of this numerical method in the case of variable-exponent spaces in a two-dimensional domain. We note that
the extension of the results of this paper to the case of three space dimensions is beyond the reach of the
analysis developed here, because there is currently no finite element counterpart of De Giorgi’s estimate for the
three-dimensional nonlinear convection-diffusion equation satisfied by the concentration c. Nevertheless, at least
initially, we shall admit d € {2,3}. Subsequently we shall restrict ourselves to the case of d = 2. Also, as no
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uniqueness result is currently available for weak solutions of the problem under consideration, we can only show
that a subsequence of the sequence of numerical approximations converges to a weak solution of the problem.
The focus of this paper is on theoretical questions; for extensive numerical simulations in two dimensions, based
on a (Qa, P*°) mixed finite element approximation of the velocity and the pressure and a Q- finite element
approximation of the concentration, the reader is referred to Chapters 8 to 10 in [25]. The extension of our
analysis to the case of d = 3, circumventing the use of a discrete De Giorgi estimate, is contained in [22].

2. NOTATION AND AUXILIARY RESULTS

In this section, we introduce some function spaces and preliminaries, which will be used throughout. Let P
be the set of all measurable functions r : {2 — [1, co]; we shall call the function r € P({2) a variable exponent.

We also define r~ := ess inf,eqr(z), r™ = ess sup,cq r(z) and for simplicity, we only consider the case
1<r™ <rt < oo, (2.1)
as r~ = 1 and »T = oo are of no physical relevance in the PDE model under consideration here.

Since we are considering the case of a power-law index depending on concentration, we need to work in
Lebesgue and Sobolev spaces with variable exponents. To be more precise, we introduce the following variable-
exponent, Lebesgue spaces, equipped with the corresponding Luxembourg norms:

@)= {ue L@ [ o)l as < oo

r(z)
lull ey = lull.(y = inf {)\ >0: /Q de < 1} .

In the same way, we introduce the following variable-exponent Sobolev spaces

ule)

WLrO)(0) = {u e WEHQ) N L") - [Vu| € LT’(‘)} ,

r@) () 1@
el = lully oy = inf{)\ >0: /Q +' u@) ] dr < 1}.

A
It is easy to show that all of the above spaces are Banach spaces, and because of (2.1), they are all separable
and reflexive; see [13]. We also define the dual space L") (£2)* = L™ ()(£2) where the dual exponent 7’ € P(£2)
is defined by le) + Tlx) = 1. Regarding duality, we have the following analogue of the Riesz representation

theorem in variable-exponent Lebesgue spaces, see [20].

A

Theorem 2.1. Suppose that 1 < r~ < rt < co. Then, for any linear functional F € L"C)(2)*, there exists a
unique function f € L ()(2) such that

F(u) = /Q f(@)u(z)dz VYue L'O(0).

Additionally, we introduce some function spaces that are frequently used in connection with mathematical
models of incompressible fluids. Henceforth, X (£2)? will denote the space of d-component vector-valued functions
with components from X (£2). We also define the space of tensor-valued functions X (£2)?*¢. Finally, we define
the following spaces:

WOI,T(-)(_Q) — {u c WLT(')(_Q) cu=20 on 89} ,

Wol,’gi(\;)(g)d = {u € Wol’r(‘)(Q)d cdive = 0} ,

LiY(Q) = {f e L") : /ﬂ fz)de = o} .
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Throughout the paper, we shall denote the duality pairing between f € X and g € X* by (g, f), and for
two vectors, a and b, a - b denotes their scalar product; and, similarly, for two tensors, A and B, A - B signifies
their scalar product. Also, for any Lebesgue measurable set @ C R, |Q| denotes the Lebesgue measure of the
set ), and C and c¢, possibly with subscripts, signify generic positive constants that are independent of the
discretization parameter (denoted below by n, where n € N,) and which may change at each appearance.

Next we define some technical tools required in this paper. First we introduce the subset P°8(£2) C P(£2): it
will denote the set of all log-Ho6lder-continuous functions defined on {2, that is the set of all functions r defined

on {2 such that Con(r)
log\T"

r(x)—r < —

Ir(z) (y)l_flogh:fy|

It is obvious that classical Holder-continuous functions on {2 automatically belong to this class. Also we define,
for any v € L'(R?), the Hardy-Littlewood maximal operator by

1
V:L‘,yEQ:O<|:E—y|§§- (2.2)

1
(Mu)(z) :=sup ——— lu(y)| dy, z € RY
>0 |Br(2)| J B, ()

where B,.(z) is the open ball in R? of radius r centred at = € R%. Similarly, for any u € W!(R%)? we define
M(Vu) := M(|Vul).

Keeping in mind the above definition, we state the following lemma, which summarizes basic properties of
Lebesgue and Sobolev spaces with a log-Hélder-continuous variable exponent. For a proof, we refer to [13],
which is also an extensive source of information about variable-exponent spaces.

Lemma 2.2. Let 2 C R? be a bounded open Lipschitz domain and let r € P°8(2) satisfy (2.1). Then, the
following properties hold:

e Density theorem, i.e.,

OT(TQ)H'HLT(-) _ Wlﬂ‘()(f})

Embedding theorem, i.e., if 1 <r~ <rt <d then

W) (2) < L0 (2) provided that 1 < g(z) <

7(?(36) =:r*(x) Ve

d—r(z)

The embedding is compact whenever q(z) < r*(z) for all x € 0.
Holder’s inequality, i.e.,

1£9llsy < 21 gl > with 1.g,5 € P(2), —— = ——+ —— e

e Poincaré’s inequality, i.e.,
lullrcy < Cd, Ciog(r) diam(D)|[Vull,;)  VueWy"(2).
o Korn’s inequality, 1.e.,
[Vull,() < C(2.Ciog(r)) |1 Dull,, Ve Wo" (@)1,
where Clog(r) is the constant appearing in the definition of the class of log-Hélder-continuous functions.

Next, we recall the following generalization of McShane’s extension theorem (c¢f. Cor. 1 in [24]) to variable-
exponent spaces and the boundedness of the maximal operator in the variable-exponent context.
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Lemma 2.3. (Variable-exponent extension [11]) Let £2 C R be an bounded open Lipschitz domain and suppose
that r € P'°8(£2) is arbitrary with r= > 1. Then, there exists an extension q € P'°8(R?) such that ¢~ = r~ and
gt =rt, and the Hardy-Littlewood mazimal operator M is bounded from L1C)(R?) to L1C)(R?),

Another relevant auxiliary result concerns the Bogovskii operator. The following result guarantees the exis-
tence of the Bogovskil operator in the variable-exponent setting, (see [13]).

Theorem 2.4. Let 2 C R? be a bounded open Lipschitz domain and suppose that r € P8(§2) with 1 < r~ <

r* < co. Then, there exists a bounded linear operator B : LT( )(Q) — W&’T(')(Q)d such that for all f € Lg(')(())
we have

div(Bf) = f and |[Bfllirc) < Cllfll)
where C' depends on 2, r=, r*, and Ciog(r).

Using this notation, the weak formulation of the problem (1.1)—(1.9), with the nonlinear terms satisfying the
assumptions above, is as follows.

Problem (Q). For f € (W, (2)4)*, ca € WH9(2), ¢ > d, and a Holder-continuous function 7, with
1 <7 <r(e) <rt < ooforall ¢ € [¢,¢t], find (¢ — ¢g) € Wy (£2) N CO*(12), for some o € (0,1),
ue W), p e L) () such that

/ S(c, Du) -V — (u®u) - Vpdz — (divep, p) = (f, ) Vap € Wol’oo(ﬂ)d,
(7
/qdivudx:() Vge LD 9(),
(9

/ q.(c,Ve,Du) - Vo —cu-Vodr =0 Vo € Wy2(9).
0

Let us now state the “continuous” inf-sup condition, which has an important role in the mathematical analysis
of incompressible flow problems.

Proposition 2.5. Let 2 C R? be a bounded open Lipschitz domain and r € P8(82) with 1 < r~ < rt < oo.
Then, there exists a constant o, > 0 such that

sup (dive,q) > ol Vae L ).
0£veW, " (2)4, [[vll1,r(o <1

This is a direct consequence of Theorem 2.4 and the following norm—conjugate formula.

Lemma 2.6. Let r € P°8({2) be a variable exponent with 1 < r~ * < oo; then we have that
L / 7l
geL™ O (2), llgllr(y<1

for all measurable functions f € L") (£2).

Thanks to the above ‘continuous’ inf-sup condition, we can restate Problem (Q) in the following (equivalent)
divergence-free setting.

Problem (P). For f € (Wy" (2))*, ¢qg € WH(R2), ¢ > d, and a Hélder-continuous function r, with 1 <

r~ <r(e) <rt <ooforall ce e, ct], find (¢ —cq) € CON(R2)NWy2(2), u € Wolgl(f)(ﬁ)d, such that

/ S(c,Du) -V — (u®@u) - Vepdz = (f, ) Vap € Wy ()4,
2

/ q.(c,Ve,Du) - Vo —cu-Vodr =0 Vo€ Wy2(9).
I7;
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The existence of a weak solution to problem (P) was proved in [9] in the case when the variable exponent
x + r(x) is bounded below by r~ > %. As it will be made clear later, here we can only perform the convergence
analysis of a finite element approximation of this problem when d = 2; see [22], however, for the case of d = 3.

3. FINITE ELEMENT APPROXIMATION

In this section, we will construct finite element spaces, which we shall use in this paper and state the
Galerkin approximation of the problem (1.1)—(1.9). The existence of a finite element solution in the discretely
divergence-free setting will be established by using Brouwer’s fixed point theorem. Next, we shall prove a
discrete inf-sup condition to ensure the existence of a discrete pressure. Finally we will state and prove discrete
counterparts of some well-known theorems, which will be key tools in the convergence analysis of the finite
element approximation of the problem under consideration.

3.1. Finite element spaces

Let {G, }nen be a shape-regular family of partitions of {2 into closed elements E, satisfying the following
properties:

e Affine equivalence: For every element E € G,,, there exists a nonsingular affine mapping
Fp:E—E,

where FE is the standard reference d-simplex in R?.
e Shape-regularity: For any element E € G, the ratio of diam(FE) to the radius of the inscribed ball is
bounded below uniformly by a positive constant, with respect to all G,, and n € N.

For a given partition G,,, the finite element spaces are defined by
V' =V(G,) ={V € C()*: V|goFy' €Py,E€g,and V y, =0},
Q"=Q(G,) ={Q e L®(): Qro F' € Pg,E € Gy},
Z" =7(Gn) ={Z € C(2): Zip o F' € Pz, E € G, and Zpp = 0},

where Py ¢ WL (E)4, Py ¢ L>®°(E) and P; ¢ W>°(E) are finite-dimensional subspaces.
V™ and Z" are assumed to have finite and locally supported bases; for example, in the case of V”, for each
n € N, there exists an N,, € N such that
V"= span{V?,...7 ;{[n},
and for each basis function V', i = 1,..., N,, we have that if there exists an E € G,, with V' # 0 on F, then
supp V' C U{E’ €G,: EENE#0}=: Sg.

We shall assume that, for each n € N and for each (closed) element E € G,,, either the (closed) patch of elements
SE has empty intersection with 02, or, if the intersection of Sg with 02 is nonempty, then SgNA2 has positive
(d — 1)-dimensional surface measure.

For the pressure space Q", we assume that Q™ has a basis consisting of discontinuous piecewise polynomials;
i.e., for each n € N, there exists an N,, € N such that

Qn = Spa’n{Q?,"'7QnNn} )
and for each basis function Q7" we have that

supp @ = E for some F € G,.
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We assume further that V™ contains continuous piecewise linear functions and Q" contains piecewise constant
functions.
Note further, by shape-regularity, that

dm e N:|Sg| <m|E| for all E € G,,

where m is independent of n. We denote by hg the diameter of E.
We also introduce the subspace V7, of discretely divergence-free functions. More precisely, we define

by ={V evh:({divV,Q)=0 VvQeQ"},

and the subspace of Q" consisting of vanishing integral mean-value approximations:

Qg:{QeQ":/ﬂdeO}.

Throughout this paper, we assume that all finite element spaces introduced above have the following prop-
erties.

Assumption 3.1 (Approximability). For all s € [1, 00),

inf [[v—-V],,—0 Yo e W, (2)?  asn — oo,
VEV’!L )
inf — —0 Vqe L(f2 as n — oo,
Juf, lg — QIl q (£2)
inf [|[z—Z|,,—0 VzeWys(R2) asn— .
zezn .

For this, a necessary condition is that the maximal mesh size vanishes, i.e., we have maxgeg, hg — 0 as n — oo.

Assumption 3.2 (Existence of a projection operator IIJ; ). For each n € N, there exists a linear projection
operator IT% : Wy (£2)4 — V™ such that:
e I}, preserves the divergence structure in the dual of the discrete pressure space, in other words, for any
v e W, (), we have
(dive, Q) = (div I}, v, Q) V@ eQm.

o I, is locally Whl_stable, i.e., there exists a constant ¢; > 0, independent of n, such that
][ |13 v| + hp|VITE v dz < 01][ lv| 4+ hp|Vo|de  Voe W' (2)% and VE € G,. (3.1)
E Sk
We claim that (3.1) implies the following inequality: there exists a constant ¢ > 0, independent of n, such that

vlde <c v|dx v E ’ an [SYO 3.2
VI v|d Vo|d Voe W' ()Y and VE € G
E Sg

The proof of (3.2) proceeds as follows. As, by hypothesis, V" contains the set of all d-component continuous
piecewise linear functions on G, that vanish on 02, for any (closed) element E € G, for which the (closed)
patch of elements Sg has empty intersection with 042, any d-component vector function ¢ whose components
are constant on Sg can be extended to a d-component continuous piecewise linear function on G,,, contained
in V”. Thus we have, using (3.1) with v —c € V", that

][ hg|VII} v|dr = ][ hg|VII}, (v —c)|dz < c][ |v —c| + hg|Vv|dz.
B B s

E
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With ¢ = fSE v dz, Poincaré’s inequality gives

][ v —¢|dz < c][ his| Vo) da.
SE SE

Combining the last two inequalities and cancelling the factor hg then yields (3.2) for elements E € G,, for which
SE has empty intersection with 0f2.

If, on the other hand, F € G, is such that Sg has nonempty intersection with 92, then, since by hypothesis
the intersection of Sg with 02 has, for such E, positive (d — 1)-dimensional surface measure, we have, this time
by Friedrichs’ inequality, that

][ wldz < c 4 hp|Vo|da.
SE SE

Using this on the right-hand side of (3.1) directly yields (3.2) for any such E. Thus we have shown that (3.1)
implies (3.2).

Note further that the local Wh1(£2)%-stability of 17, implies its local and global Wh*(2)%-stability for
s € [1,00]. In other words, for any s € [1, 0], we have

7 1,s
HHdLival,s < Cs Hle,s Vo e WO (Q)d’ (33)

with a constant ¢, > 0 independent of n > 0. Note further that the approximability (Ass. 1) and inequality (3.3)
imply the convergence of II}; v in the sense that

lv— I vllis = 0 Vo e W (2) as n — oo, (3.4)

Assumption 3.3 (Existence of a projection operator H&) For each n € N, there exists a linear projection
operator 11 : L'(02) — Q" such that I is locally L'-stable; i.e., there exists a constant ¢ > 0, independent
of n, such that

f imala < o f lalas (35
E Sp
for all ¢ € L'(£2) and all E € G,,.

Note that with the same argument as above, we have
/ [13q)* dz < c/ gl dz VE€G,, VqeL® (), Vs e(l,00), (3.6)
E Sk

and summing over all E € G,, yields
HIgdlls <csllalls Vg€ L¥(2), Vs €(1,00). (3.7)
Also, the stability of Il and Assumption 1 imply that 11 satisfies

llg — gqlls — 0, as n — oo for all ¢ € L* (2) and " € (1,00). (3.8)

Remark 3.4. According to [3], the following pairs of velocity-pressure finite element spaces satisfy Assump-
tions 1, 2 and 3, for example:

e The conforming Crouzeix—Raviart Stokes element, i.e., continuous piecewise quadratic plus cubic bubble
velocity and discontinuous piecewise linear pressure approximation (compare e.g. with [6]);

e The space of continuous piecewise quadratic polynomials for the velocity and piecewise constant pressure
approximation; see, [6].

Our final assumption is the existence of a projection operator for the concentration space.
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Assumption 3.5 (Existence of a projection operator IT}). For each n € N, there exists a linear projection
operator ITj : W' (£2) — Z" such that

fu@AHmNWAM§%f|A+@qu VzeWy'(R2) and VE € G,
E SE

where c3 does not depend on n.

Similarly as above, the projection operator II7 is globally W!*-stable for s € [1,00], and thus, by approx-
imability,
[T}z — 2|1 =0 YVze Wi (). (3.9)

3.2. Stability of projection operators in variable-exponent spaces

In this subsection, we shall state and prove some important auxiliary results regarding projection operators
in the variable-exponent context. The first key step is to prove stability of the projection operator II7,,. The
main difficulty lies in the fact that we are dealing with variable-exponent spaces, so several classical results are
not applicable.

To overcome this problem, we need a technical tool concerning variable-exponent spaces, which is also called
the key estimate. We begin with a brief introduction to the key estimate.

In recent years, the field of variable-exponent spaces L™() has been the subject of active research. A major
breakthrough was the identification of the condition on the exponent r, which guarantees boundedness of the
Hardy-Littlewood maximal operator M on L"(): log-Hélder-continuity, which then enables the use of tools from
harmonic analysis. The motivation for the key estimate comes from the integral version of Jensen’s inequality,
which states that, for every real-valued convex function 1 defined on [0, 00), and every cube @, we have

" (]é |f<y>dy) < ]é $(F ) dy.

Therefore, we need to identify a suitable substitute for Jensen’s inequality in the context of variable-exponent
spaces, which is called the key estimate, and is stated in the next theorem; see [16].

Theorem 3.6. (Key estimate). Let r € P°8(R?) with r+ < co. Then, for every m > 0, there exists a constant
c1 > 0, which depends only on m, Clog(r) and v, such that

r(x)
(f1ela) <o f rwroaaler (3.10)
Q Q
for every cube (or ball) Q C R™ with |Q| <1, all z € Q and all f € L1 (Q) with
il <iar
Q

As a next step, we shall prove the stability of the projection operator /13, in the variable-exponent context.
Proposition 3.7. Let r € P°8(R?) with r+ < co. Then, there exists a constant C > 0, which depends on (2,
Ciog(r) and r*, such that, for all v € Wol’r(')(ﬂ)d,

/ \VITE () |"® da < C’/ |Vo(z)["® da + C’]{Jnax R
7 o

€Gn



FEM FOR CHEMICALLY REACTING FLUIDS 519

Proof. For E € G,, by equivalence of norms in finite-dimensional spaces and a standard scaling argument,

r(x) r(z)
/ |VHZ{1VU|T(””) deC/ (f Vﬂéﬁvv(yﬂdy) deC/ (][ |Vv(y)|dy) dz
E E\JE E \Jsg

gc/ <][ |Vv(y)|’"(y)dy+th+l> dz
E SE

< C/ ][ IVo(y)["™ dy dz 4 C |E| max h%H
EJSE Eeg,

=C |Vo(y)|"® dy + C'|E| max h&™,
Sk Eegn,

where we have used (3.2) in the second inequality and (3.10) in the third inequality. Summing up the above
inequalities over E € G,,, we have

/ VTG o(x)"@ de < c/ |Vo(z)|"® dz + C |2] max hE™.
N 0 EegG,

That completes the proof. ([l

Next, we shall investigate the stability of the projection operator Il in variable-exponent Lebesgue spaces.
To this end we shall first present some auxiliary results. The first of these is referred to as the local-to-global
result, which is a generalization of an analogous result in classical L" spaces. We begin with the following
definition, which is quoted from Definition 4.4.2 in [13].

Definition 3.8. For N € N, a family Q of measurable sets Q C R? is called locally N -finite if

ZXQSN

QEQ
almost everywhere in R?, where x¢o denotes the characteristic function of Q.

Let us now state the local-to-global result precisely; for its proof, see Chapter 7 in [13].

Theorem 3.9. Let r € P°8(RY) and let Q be a locally N-finite family of cubes or balls Q C R™. Then,

Z xof ~ Z N ||XQf||r(-)

Q

r(-

forall f € Llro(g (R™). The constants, not explicitly indicated in this norm-equivalence (henceforth referred to as
“implicit constants’), only depend on Ciog(r), d and N.

To be able to make use of the formula appearing on the right-hand side of the norm-equivalence stated in
Theorem 3.9, we need to compute the variable-exponent norm ||xq||-(.) of the characteristic function x¢. Some
related results are presented in Chapter 4 of [13]; what we need here is the following theorem stated therein.

Theorem 3.10. Let r € P'°8(R%). Then, for every cube or ball Q C R?,

1 .
Ixellry = QI if Q<2 and z € Q.

The implicit constants only depend on Ciog(r).
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Finally, we need the next lemma, which will be useful for computing a variable-exponent norm locally. To
state it, we define a piecewise constant approximation of a given exponent r(-) by

Tloc = Z 7A(xE)XE = Z TEXE,
Eeg, Eeg,

where zp 1= argmingr, i.e., rg := r(zg) < r(z) for all x € E. What we need here is the fact that the norms
|- llr¢y and || - [|,,.() are equivalent. To this end, we quote the following result from [4].

Lemma 3.11. The norms || - ||,y and || - ||y are equivalent on Q™.

Now we are ready to prove the stability of /I in the variable-exponent context. The precise statement of the
stability property is encapsulated in the following proposition.

Proposition 3.12. For a sequence of exponents {r"},en, assume that v — r in C%*(2) as n — oo for
some « € (0,1). Then, there exists a constant C, independent of n, such that

”ng”?“”(') < CHqH,,‘n(_) Vqe LT"L(')(Q)_
Proof. Let g € L™ ()(£2). Then, by Theorem 3.9 and Lemma 3.11,

Z xellgq

Eecgn

Z e Ixegallr

<C
= IxEllrm )

’I‘"(')

<C

n IXEGqllrm (.
T3 q] () = R e

IXEllrm(y

Eegn () ()

By the definition of the variable-exponent norm, one has that ||x ellgq
Therefore, by (3.6),

() S HXEHijHTE for each E € G".

<C

IxeIlgqlly
Q
Z E

||XE||7""(~)

Z X ”XSEQHT;’E'

|1234]ln () < C 5
et = sl

Eecgn rn(s) ro ()

Here the constant C' might depend on 7%, but since 1 < r~ < r(z) < r* < oo, we can choose a uniform
constant C, independent of n and FE.
At this stage, we claim that

Ixspallr < lIxssallrn ()

Indeed, if this were not the case, then, by the definition of the Luxembourg norm, we would have that

J,

However, by writing Sg = FU E; U...U E;, we have that

Tioc () s J
XSgd
do = / dr+3 / _Xspd
/_Q E 3 /E n

HXSEq TE
which is a contradiction. Hence, together with Lemma 3.11 again, the above claim implies that

X554l
> el

Ex el
Ecgn XE I ()

Tloc (®)

XSgd

_ASpd dz < 1.
Ix5zallrm

Tloc(2)
XSed dx > ].7

Ixssqll

e

XSg4
”XSEQHTE'

1115qlmey < C

()

Next we claim that

Ixsgllrmy < ClXErm (-
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By Theorem 3.10, for any = € F,

1

1 1 e
s > C|Sp|"™® > C|Se|™er > Cllxsg (),

1
Ixellme = ClE["™™® > C|E

and hence the claim is proved. Therefore, together with Theorem 3.9 again, we have

Z s ||XSEq||’I"n(') Z X5uq
E E
Begn [PEREYS Eed,

[ ggllm) <C <C < Clgllen,)

rn(.)

by the finite overlap property of the patches. Note that the constant C' above depends on Clog(r™), and therefore
also on n. However, since ™ — r in C%%({2), this constant can be bounded uniformly by a new constant, which
is independent of n. Thus the proof is complete. O

()

3.3. Discrete inf-sup condition

The aim of this subsection is to state and prove a discrete inf-sup condition, which plays an important role
in our proof of the existence of the discrete pressure and the analysis of its approximation properties. The key
technical tools required in the proof of the discrete inf-sup condition are the existence of a Bogovskii operator,
stated in Theorem 2.4, and the stability property of II}; shown in the previous subsection.

Proposition 3.13. Assume that 1 < r~ <rt < oo and r™ — r in C%%(0) for some a € (0,1). Then, there
exists a constant > 0, independent of n, such that

, 1
sup (divV,Q) > ZlIQllny ()  VQE€Qp, neN.
0AVEV™, |Vl ()<1 B

Proof. The assertion follows from the isomorphism between (Lj" (£2))* and Lg"n), (with the norm-equivalence
constants bounded from above by 2 and from below by 1/2). In fact, it follows from Lemma 2.6 and Theorem 2.4
that we have

QI rmyr(y <2 sup / Qudx
veLy" O Jo|ln <1V 2
=2 sup / Q div (Bv) dzx
veLy" O, JJofln <1V 2
=2 sup / Q div (1T}, Bv) dz.
weLd" O o)l <1V 2

Now, by Theorem 2.4 and Proposition 3.7,
HU”Tn(.) <1 implies HVH(?NBUHM,(.) < (.

The constant C; depends on Clog(r™), and therefore also on n. However, since 7™ — 7 in C%“(§2), the constant C;
can be bounded uniformly by a new constant, still denoted by C7, which is independent of n. Therefore,

1@y (y <2 sup / Q div (11}, Bv) dz
(113, Boll1,mmy<C1 J 2
=204 sup / Q div (Hgivlgi) dz
”HZlLivBCLlHI,r"(.)Sl N Ch
<p sup (divV, Q).

VeV [[V]im)<1

That completes the proof of the proposition. O
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3.4. Discrete Bogovskii operator

In this subsection, we construct a discrete counterpart of the Bogovskii operator in the variable-exponent
setting and explore its properties.

Suppose that 1 <7~ <7t < oo and r™ — r in C%(£2) for some « € (0,1). For H € div V", define the linear
functional £ : L)' () (2) — R by

£r(g) = /QHH&qu, g€ LO0),

Then, thanks to Proposition 3.12, £™ is a bounded linear functional on L(T")l(')(()). Hence, by Theorem 2.1,
there exists a unique K(H) € L") (£2) such that

E"(q)z/ﬂHU&qu:/QlC(H)qu.

Note that since H € Lgn(')(()) and I1{jc = c for all constants ¢, we have K(H) € LS’L(‘)(Q).
Now we define the discrete Bogovskii operator. For n € N, we consider the linear operator B™ : div V™ — V™ by
B"H = II},,BK(H) e V" for H € divV", (3.11)

where B is defined in Theorem 2.4.
For later use, we require the following bound on K(H) in a variable-exponent norm:

IIC(H)[n(y <2 sup / K(H)qdx
q€L™ O (2), llgllrnyr (<17 2
=2 sup / H Ilgqdx
geLU™ (), llall(pny () S1/ 2
<C sup / HQdz. (3.12)
QeQ™, [|Ql(rnyr(y<1J 02

Next, we will show a relevant convergence property of the discrete Bogovskii operator. To this end, we need
the following lemma, which is quoted from [14].

Lemma 3.14. Let {v, }nen C Wy*(£2)%, s € (1,00), such that v, — v weakly in Wy '*(2)¢ as n — oo. Then,
I v, = v weakly in Wy *(2)? as n — occ.
Now we are ready to prove the desired convergence property of the discrete Bogovskii operator.

Proposition 3.15. Suppose that V" € V*, n € N, and V" — V weakly in Wol’S(Q)d as n — o0o. Then, we
have that
B*divV"™ — BdivV weakly in Wy *(2)? as n — occ.

Proof. Let us define A™ := divV"; then, A" — A := divV weakly in L§({2) as n — oo. Therefore, thanks
to (3.8), we have, for all ¢ € L* (£2) by the classical Riesz representation theorem (here we shall use the same
notation K as above, but in this case the constructed K(A™) lies in a fixed-exponent space L§({2)), and since
I5q — q strongly in L (£2) by (3.8), that

/lC(A”)quz/A"H&qu%/ Aqgdzx as nm — oo.
o) I?) Q
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In other words, we have that K(A") — A weakly in L§(f2) as n — oo. The Bogovskil operator defined in
Theorem 2.4 is linear and continuous, and hence it is also continuous with respect to the weak topologies of the
respective spaces. Therefore, we have BK(A™) — BA weakly in Wy *(2)% as n — oo. Hence, by Lemma 3.14,
BrA™ = II% BK(A™) — BA weakly in W, *(2)? as n — co. As A" := divV"™ and A := divV the proof is
complete. O

3.5. The finite element approximation

We are now ready to construct the finite element approximation of the problem (1.1)—(1.9) and prove that
the approximate problem has a solution.

An essential property of the problem (1.1)—(1.9) is that, thanks to the fact that the velocity field w is
divergence-free, the convective terms appearing in the equations are skew-symmetric. It is important to ensure
that this skew-symmetry is preserved under discretization, even though the finite element approximations to the
velocity field are now only discretely (rather than pointwise) divergence-free. We therefore define the following
trilinear forms:

B,[v,w,h] = %/{2((v®h)~wa (v®@w) - Vh)dx,

B.[b,v,z] = %/ (zv-Vb—bv - Vz)dx,
2

for all v,w,h € Wy ()%, b,z € Wh>°(£2). These trilinear forms then coincide with the trilinear forms
associated with the corresponding convection terms if we are considering pointwise divergence-free functions
and also, thanks to their skew-symmetry, they now also vanish when w = h and b = z, respectively. Furthermore,

the trilinear form B,[-, -] is also bounded in a sense to be discussed below in more detail. Observe that for
dST(-iz < r~ <r* <d, we have the Sobolev embedding

Wl,r(-)(ﬁ)d N L2r’(»)(9)d.
Then, Holder’s inequality yields that
/Q(v ®@w) - Vhdz < [[vllop ) [[wll2r ) [Pl

<|vll1reyllwllro ikl

1,r().
In the same way, we have
[ @eon)-Vwds < ookl o

Lr():

Thus we obtain the bound
|Bu[v, w, h]| < |[v][1-¢) w10 [Pl (3.13)

Now, for n € N, we call a triple of functions (U", P™,C") € V" xQp X (Z™+c4) a finite element approximation
to a solution of the problem (Q) if it satisfies

/ S(C™, DU™) - DV dz + B,JU", U™, V] — (divV, P") = (£, V) YV eV, (3.14)
0
/ QdivU"dz =0 V@ eQr, (3.15)
Q
/ q.(C*,VC",DU™)-VZdx + B.,[C",U",Z] =0 VZ eZ", (3.16)
o)

where ¢q € WH4(£2) with ¢ > d and f € (W™ (£2)%)*.
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If we restrict the test-functions to V7, ., the above problem reduces to finding (U",C™) € Vi, x (Z™ + cq)
such that

S(C",DU™)- DV dz + B,[U",U", V]| = (£,V) VYV eVL, (3.17)
2

/ q,(C",VC™,DU") -VZdx + B.[C", U™, Z] =0 VZ ez (3.18)
2

The existence of a solution to the discrete problem (3.17), (3.18) follows by a standard fixed point argument
combined with an iteration scheme that alternates between the two equations. For the details of the proof we
refer to the extended version of this paper [21]. The existence of a solution triple to (3.14)—(3.16) then follows
by the discrete inf-sup condition from Proposition 3.13.

Our objective is now to pass to the limit n — oco. To this end we require two technical tools: a finite element
counterpart of the Acerbi—Fusco Lipschitz truncation method in variable-exponent Sobolev spaces, and a finite
element counterpart of De Giorgi’s regularity theorem for elliptic problems. We shall discuss these in the next
two subsections, respectively. The finite element De Giorgi estimate considered here is restricted to the case
of two space dimensions (d = 2), as our proof rests on a discrete version of Meyers’ regularity estimate in
conjunction with Morrey’s embedding theorem, which, by the nature of the argument, is limited to the case of
d = 2. A direct proof of a discrete De Giorgi estimate in the case of d > 2, for Poisson’s equation with a source
term in W~1P(£2) and p > d, is contained in [2], subject to a restriction on the finite element stiffness matrix,
analogous to the assumption that is usually made to ensure that the discrete maximum principle holds. It is
stated there, without proof, that more general operators may be covered with little or no change, including, for
instance, “any uniformly elliptic operator in divergence form with bounded measurable coefficients”. Indeed,
Casado-Diaz et al. [10] consider linear elliptic problems of the form —div(AVu) = f with A € L>(£2)4xd
uniformly elliptic and f € L!(§2), and assume diagonal dominance of the associated finite element stiffness
matrix, a condition, which now also involves the bounded measurable matrix function A (cf. (1.17) there). As in
our setting the concentration equation is nonlinear, and the diffusion coefficient is a nonlinear function of both
the concentration and the Frobenius norm of the velocity gradient, it is unclear how exactly such a diagonal
dominance condition on the associated stiffness matrix would translate into a practically verifiable restriction
on the sequence of triangulations. We have therefore confined ourselves here to the case of d = 2.

3.6. Discrete Lipschitz truncation

The Lipschitz truncation method has a crucial role in the proof of our main result, which will be stated in the
next section. In this section, we shall introduce a discrete Lipschitz truncation, acting on finite element spaces,
following the ideas by Diening et al. in [14], as the composition of a “continuous” Lipschitz truncation and the
projection defined in Assumption 2. For this reason, as a starting point for the construction, we shall first recall
a result by Diening et al. [15] concerning Lipschitz truncation in VVO1 ’1(Q)d, which refines the original estimates
by Acerbi and Fusco [1]. Note that in the following theorem the no-slip boundary condition on 92 is preserved
under Lipschitz truncation.

Let v € Wy (2)%. We can then assume that v € WHH(R?)? by extending v by zero outside 2. For fixed
A > 0, we define

Un(v) :={M(Vv) > A}

and
Ha(v) =R\ (Un(v) N 2) = {M(Vv) < AU R\ 02).

As M (Vv) is lower-semicontinuous, the set Ux(v) is open and the set Hy(v) is closed.
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Theorem 3.16. Let A > 0 and v € W, (2)%. Then there exists a Lipschitz truncation vy € Wy ™ (£2)?
satisfying the following properties:

(a) vy =v on Hy(v), ie, {v#vr} C{M(Vv)> A} N2;

(b) |lvalls < Clvlls for all s € [1,00], provided that v € L*(£2)%;

(c) IVoalls < C|| Vs for all s € [1,00], provided that v € W'*(£2)%;
(d) IVoallee < CX almost everywhere in RY.

The constant C in the inequalities stated in parts (b), (¢) and (d) depends on 2 and d. In (b) and (c), the
constant C' additionally depends on s.

Next, following Diening et al. [14], we modify the “continuous” Lipschitz truncation so that the resulting
truncation is again a finite element function.

Since V" C WO1 ’1((2)d for all n € N, we can apply Theorem 3.16 with arbitrary A > 0. Note however that
the Lipschitz truncation V', of V' € V™ is not contained in V™ in general. Thus we define the discrete Lipschitz
truncation by

Ni=1IIF, 0V, eV (3.19)

According to the next lemma, which we quote from [14] (¢f. Lem. 14 in [14]), the projection operator II7,,
modifies V') in a neighborhood of Uy (V') only.

Lemma 3.17. Let V € V™, then, we have that
(Vi#VEc (V) i=imterior (| J{Sp: E€ Gy with  ENty(V) £0}).

The set 2} (v) from Lemma 3.17 is clearly larger than Uy (V') N {2. However, according to the following result,
we can still control the increase of the set. This is the most important step in the construction of the discrete
Lipschitz truncation; Lemma 3.18 is, again, quoted from [14].

Lemma 3.18. Forn € N, V. € V* and A > 0, let 23(V) be defined as in Lemma 3.17. Then, there exists a
constant k € (0,1), only depending on Py and the shape-regularity of the family {G,}, such that

U\V)NN C V) CUNV)N L.

Now we are ready to state and prove the discrete Lipschitz truncation theorem, which has a suitable form
for our problem. Let the couple (V" C™) denote the nth entry in the a sequence of approximate solutions, and
define the associated variable Lebesgue exponent ™ by

r*(z) := (roC")(x) for all z € 2.

The following theorem is a generalization of the result stated in Theorem 3.16. Here, however, we have the
added difficulty that the variable exponent changes with the given sequence.

Theorem 3.19. Let 2 C R? be a bounded open Lipschitz domain and suppose that {V™ r"} is a sequence
satisfying 1 <r~ <r"(x) <rt < oo for allx € 2 and

V" =~V weakly in Wy ()4, (3.20)
rt—=r strongly in c%(02) (3.21)

for some o € (0,1). Assume further that, for all n € N,

/ VvV @ dz < C. (3.22)
2
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Then, for each j € N, there exists a sequence {)\?}nEN such that

(@)Y <Xp < @)PT (3.23)
and a sequence of Lipschitz truncations {V'} jnen C V" C W ()% such that, for alln,j € N,
IVV7lee < OX} < C2TH)PT (3.24)
In addition, we can extract a (not relabelled) subsequence with respect to n such that, for each j € N,
ViV strongly in Lo (02)¢ for all o€ (1,00), (3.25)
ViV weakly in whe ()4 for all o€ (1,00), (3.26)
vV =*VV; weakly* in L (0)4xd, (3.27)
where V; € WH*(2)1. Moreover,
IVl < C, (3.28)
and we can extract a (not relabelled) subsequence so that
V, =~V  weakly in WO (0)d, (3.29)
Furthermore, if we extend V" outside 2 by zero, we have
{reR: V£V C{x e 2: M(VV") > k] }, (3.30)
where K is defined in Lemma 3.18, and for all n,j,
A "@ar <o | I\ " gy < & 3.31
Q| jX{V;P;ﬁV"}| L= Q\ jX{V;‘;ﬁV"}| T > BYR (3.31)

Proof. We first extend each V" outside {2 by zero and we extend each r" defined as in Lemma 2.3. Then we
have

Vvt~V weakly in Wt (R4,
= strongly in Cco%(RY).

By boundedness of the maximal operator for r”(x) > 1, we have that

[M(VV) ) < C)[VVT

’r"(-)'

Note that the constant C(n) depends on Ciog(r™), but by the assumption 7 — r in C%%(£2), C(n) can be
bounded by some uniform constant C' independent of n € N. Thus directly from (3.22), we have

/ IM(VV™)|™" @ 4z < C. (3.32)
Rd
. i129t1 -1
Now, for each j € N, define the sequence {0}}:_,," " by
0: = (2",
i 129t -1
and a sequence of subsets {U} , }7_,,7" as

Uj’n ={z € RY 592 <M(VV™)(z) < /{92“}.
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Note that U ]’n are mutually disjoint bounded sets, and thus

|
> / MYV @ d:c</ IM(VV™Y[™" @ dz < C.

i=27

By the pigeon hole principle, there exists an i* € {27,...,2/71 — 1} such that

C’
ny|r (x ~
/ M(VV™) <5

J,n

Then, for this ¢*, we set

A= 01 = (20)7

and thus (3.23) follows. Therefore we have

MV @) de < C. 3.33
| M (

/{n)\;<M(VV”)<;<;2J' Ay 2

Having such a A7, we can use (3.19) with A = A7 applied to V" and thus we introduce

V5= A
Then, by Theorem 3.16, part (d), and the W1:>°(§2)%-stability of I}, , we have (3.24). Additionally, combining
Lemma 3.17 and Lemma 3.18 yields (3.30). To prove (3.31), we use (3.24) and (3.33), and thus

/ VvV dr < © / [KAPT ) de < C [kA?["
(ViV} (ViV} {RAF <M (VV™)}

— c/ AR () dx+C/ [kAZ™) da
Ui, {r29IAT<M(VV™)}

nyy\ ()
M
<C (M(VV™)™" @ dz + C ((VV)> dz
Ui, Rd 29

<c, ¢
2 ()

C

/ (M(VV™)™" @ dz < =
R 27

By compact embedding, (3.24), and the fact that the functions V'} are compactly supported in R¢, we can,
for arbitrarily fixed j € N, extract a subsequence satisfying (3.25)—(3.27). Furthermore, by using a diago-
nal process, we can extract a further subsequence in n such that (3.25)—(3.27) hold for each j € N. Finally,
from (3.20), (3.25), (3.30) and Hoélder’s inequality, we obtain

IV,= V| < lim [ |V, =V?de+ lim [ [V?=V"|dz+ lim [ [V"—V]|de

— lim / VT~ V7| dz < Climsup [{V? £ V"}|[T 7
n—oo

n—oo

1 M(VV™) o
< Climsup [{M(VV™) > gA7}H D < Climsup /
n—oo J n—o00 Ii)\"
< lim sup ¢ — < Czj < 9 for sufficiently large j € N.
n—o0o ()\;l) (r—)’ (2j) SR 27
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Consequently, we have that for a (not relabelled) subsequence, V; — V a.e. in {2 as j — co. So if we prove (3.28),
by the uniqueness of the weak limit, (3.29) follows. To prove (3.28), we note that

n—oo n—oo n—oo

liminf/ |VV"\Tn(I x = hmmf/ VvV @) g 4 hmmf/ |VV"|T Jdz < C
vi=vr) vpEvey

which, by weak lower-semicontinuity (for the details, see the argument leading to (4.12)) implies the bound
/ IVV;["® dz < C.
e

That completes the proof of the theorem. (Il

3.7. Uniform Hélder norm bound in two space dimensions

When studying numerical approximations to nonlinear partial differential equations, it is often the case that,
in order to prove convergence of the sequence of numerical approximations to a solution of the original problem,
some a priori knowledge about the regularity of the discrete solution is helpful. The aim of this section is to
summarize some results of this type, whose continuous counterparts are well-known in the context of PDE
analysis thanks to, primarily, the work of De Giorgi, Nash and Moser, and which will be required here in order
to complete the convergence analysis of the numerical method under consideration. In [5], the authors formulate
a Meyers type regularity estimate for the sequence of approximate solutions to a second-order linear elliptic
equation obtained by a finite element method. As a corollary, by Morrey’s embedding theorem, in two space
dimensions at least, we will obtain a uniform bound on a Hélder norm of the sequence of approximate solutions.
We shall discuss the approximation scheme and the associated discrete De Giorgi theorem in more detail.

From the definition of the finite element space we have constructed, we know that Z" C VVO1 °°(£2). So we can
consider a conforming finite element approximation from Z" to the weak solution ¢ € VVO1 ’2((2) of the problem
~V - (AVe) =V -F +h, for F € LP(2)% h e L#DP(Q), p>d, and A € L>(0)?4 uniformly elliptic, with the
approximation W™ € Z" defined by:

/A(m)VW"( )-VZ"(x /F VZ"dx—l—/ Wz)ZM(z)dz  VZ" €T (3.34)
2

An application of the Lax—Milgram theorem implies the existence of a unique solution to equation (3.34). More-
over, as a direct consequence of Proposition 8.6.2 in [5] and Theorem 5.1 in [18] (for d = 2) and Corollary 3.12
n [12] (for d = 3), we have the following result.

Theorem 3.20. Assume that 2 C R%, d € {2,3}, is a bounded open convex polytopal domain and A €
L>®(02)%%? s uniformly elliptic. Then, there exist constants C > 0, ng > 1 and € > 0, such that, for all
n>ng, p € (2,2+¢) and all F € LP(2)¢, the solution W™ € Z™ of (3.34) satisfies

W™ lwiecoy < C ||| F| e bl _ap .
W iy < € (1Plancar + 10, g, )
In particular, if d =2, by Morrey’s embedding theorem, we have
n — ; —-1_2
||W ||Co,a(_Q) S O (”F”LP(Q) + |h||defp(_Q)) U)Zth o = 1 P S (0, 1)

Since we need the second inequality stated in the above theorem in the subsequent analysis, we shall henceforth
restrict ourselves to the case of d = 2, and will assume that {2 is a bounded open convex polygonal domain in
R2. Obtaining a De Giorgi type regularity result for the sequence of finite element approximations to (3.34) is
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a challenging open problem in the case of d = 3. We refer the reader to [22] for the convergence analysis, in the
case of d = 3, of a slightly different numerical method, which avoids the use of a discrete De Giorgi estimate.

Once we have the above result, by a standard boundary reduction argument, we can obtain a similar result
for the equation (3.34) with nonhomogeneous Dirichlet boundary datum c; € W14(£2) where ¢ > 2. We choose
q such that d =2 < p < ¢ < 2+ € where ¢ is as in Theorem 3.20. Then, we have the following corollary, which
will be used in the subsequent analysis.

Corollary 3.21. Assume that 2 C R? is a bounded open convex polygonal domain and that A € L°°(§2)?*2
is uniformly elliptic with ellipticity constant A > 0. Then, there exists a q > 2 such that the following holds:

for any G € LY(2)*, h € Lq%(Q) and any cq € WH4(02), there exists a unique W™ € Z" + ¢4 such that
W —cq € Z" N C%%(82) for some o € (0,1), satisfying

/ A(x)VW"™(z) - VZ"(x)dx = —/ G(z) -VZ"(x)dx +/ hZ™dx vZ" eZ",
7 2 Ie)
and fulfilling the uniform bound

W™ lyraganooe@ < € (220, 140, 1G g, I18]] 20, llcallq) -

4. THE MAIN THEOREM

We are now ready to state and prove our main theorem. Note that because of the restriction d = 2 in
Corollary 3.21, we only consider a two-dimensional convex polygonal domain 2. Also, we need a stronger
condition on r(z).

Theorem 4.1. Assume that 2 C R? is a convex polygonal domain, and cq € WH4(£2) for some q > 2. Let us
assume that v : R>g — R>¢ is a Holder-continuous function with % <r~<r(c)<rt <2 forallcelc,ct]

and let f € (Wol’ri(ﬁ)z)*. Let {V™, Q" , Z"},en be the sequence of finite element space triples from Section
4.1 and let {U", P",C"} en be a sequence of discrete solution triples defined by the finite element approxi-
mation (3.14)—(3.16). Then, there exists a (not relabelled) subsequence {U™, P™ C™},en, which converges to a
weak solution {u,p,c} of (1.1)=(1.3) defined in Problem (Q) as n € N tends to 0o in the following sense:

Ur—u weakly in Wy (92)%

P"—p weakly in L((JTJr)/(Q)7

c"—c weakly in wt2(0),

C"—=c strongly in C%* () for some a € (0,1).
4.1. Convergence of the sequence of finite element approximations

As a first step in the proof of our main theorem, we pass to the limit in the sequence of solution triples and
show the existence of a weak limits for the sequences in question. First we test with U™ in (3.14) to deduce that

/ S(C™,DU™) - DU" dx + B, [U",U",U"] — (divU", P") = (f,U™).
(7]

Note that by the skew-symmetry of B, and (3.15) the second and third terms on the left-hand side vanish.
Also, by (1.7) and Korn’s inequality, we obtain

/WWWm+wwuwmmmmgvﬂw
2
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Finally, by using the definition of the duality pairing, together with Young’s inequality, we deduce that
/ VU™ "€ 4 |S(C", DU (M) dz < Oy, (4.1)
2

where C is independent of n.
Next, we test with C™ — ¢4 in (3.16), and deduce that

/ g (C™",VC", DU") -VC" dz = / q.(C™",VC", DU") - Vegdz + B[C™,U", ¢q).
Q Q
Thanks to (1.8), (1.9), Holder’s inequality and Young’s inequality,

[ver |3 < C/QWC"\ |Veq|dz 4+ B.[C™, U™, c4)
<e|VC™|3+ C(e)||Veall3 + Be[C™, U™, cq).

By integration by parts, Sobolev embedding, Holder’s inequality and Young’s inequality,

Bc[Cm7 Un7 cd]

1 1
7/ ch"-VC"dx—f/ C"U" -Vecgdx
2 /o 2 /o

1
:/ U™ -VC*dx + - | C™(divU")cqdx
02 2 2
n n Cdlloo | ~n : n
< Neallol U™V C s + 18y javrn,-

< OO - IVC™ 2 + CIU |1, IV O™ 2=

< CEIUE, +e| Ve
Therefore, by (1.8) and (4.1), we have
/ VO 4 [q,(C", VO™, DU de < C(1+ [U™[2, ) < Co, (4.2)
(9]

where Cs is independent of n.

Now, by Sobolev embedding and the uniform estimates (4.1) and (4.2), we have, for sufficiently large ¢ > 0
and for g > 2 sufficiently close to 2, that

IC"T™ |7 < IC™IEIU" % < CIUC™ITLIU™ T, < C.
t—q

2q
q+2’

Ve - U5 < [VCEIU" 2. < IC™[5 21U g < CIC MU - < C.

2s
2—s

Also if we set s := for ¢ > 2 sufficiently close to 2, we have that

Then we can apply Corollary 3.21 with G = C"U" and h = VC™ - U". Hence for some a € (0,1), we obtain
the following uniform bound, independent of n € N:

||Cn||co=a(ﬁ) < Cs. (4.3)
Since C%%(£2) is compactly embedded in C%%(£2) for all & € (0, ), we have that

C" —c strongly in C%%(02),
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which implies that

roC™ = roc  strongly in C%?(12)
for some 8 € (0,1). We can therefore apply Proposition 3.13 with r™(z) := r o C"™(z). By (3.14), (3.13) and
Holder’s inequality,

[P |rnyry < C sup

< (divVv,P™)
0AVEV™, [V l1,pm()<1

<C sup
0AVEV™, |V |1 pn (<1

/ S(C™, DU™) - DV dz + Bu[U™, U™, V] — (£, V)
(9]

<C sup

> 1,rm(-)
0AVEV™ [[V|l1,mm (<1

<||5(C", DUy ) IDV [y + U o ) IV

* |f|(W&’T(0)2)*”VH1”“"(‘))'

Therefore, by (4.1), we have
1P| (rnyr(y < Ca, (4.4)

where Cy is independent of n € N.
Using the bounds (4.1)-(4.4), thanks to their independence of n € N, reflexivity of the relevant spaces and
compact Sobolev embedding, we can extract (not relabelled) subsequences such that

Ur—u weakly in Wy (2)?, (4.5)

U" > u strongly in L2+ ()2 (e > 0), (4.6)

c"—c¢ weakly in Wh2(92), (4.7

C" —c strongly in c%% (), (4.8)

P" —p weakly in L(TJr)l(.Q)7 (4.9)

s(c™,DU") — 8§ weakly in L(’"Jr)l(Q)QXZ7 (4.10)
q.(C™,VC",DU™) — g, weakly in L?(02)?. (4.11)

Before proceeding, we shall prove that the limit function w is contained in the desired space VVO1 ’T(c)(Q)d.
Since C™ — ¢ in C%%(£2), and by the continuity of r,

Ve >0, 3N € N such that n > N implies |[r(C") —r(c)| < %,

where 6§ > 1 is large enough to satisfy r(c) — 9%5 > 1. We can then deduce from the estimate above that

C Z/ |VU77/‘T(C”) dz Z/ |VUn|T(C") dz > / |VUn|r(c)790#s de.
2 VU™ |>1 VU™ |>1

641

Then, after adding to the inequality the term f\VU"\<1 |VU"\T(C)— o ¢ dx, which is bounded by some constant

C < |02|, we obtain

6+1

C+Cz/ VU™ |7~ d.
2

Again, we can extract a (not relabelled) subsequence such that

1,r(c)— 4L

1
U" — u weakly in Wy’ ()%
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Thus by using the weak lower-semicontinuity of the norm function, we see that
/ V| (=% de < C,
[0
and consequently, Fatou’s lemma with ¢ — 0 leads us to

/ Vau|" dz < C, (4.12)
2

which implies that u € VVO1 ’7"(0)((2)2 by Poincaré’s inequality. With the same argument as above we can also
show that

/Q 15" © 4 |p|” @ dz < C. (4.13)

Next, we prove that the limit w is also exactly divergence-free. Let us consider an arbitrary but fixed g €
C§°(£2). Then, by (3.15),

0= / (Ilgq) divU™ dx
[0}

:/(H(Sqfq)divU”der/
2

q(diVU”fdivu)dz+/ g divudz.
7

2
Asn — oo, the first term tends to zero by (3.8), (4.1), and the second term converges to zero by (4.5). Therefore,

/ gdivudx =0 for any ¢ € C5°(£2),
Q

which implies that divw = 0 a.e. on {2. In this case, we can identify the limit of the convective term B,][-, -, ]
as follows. Let us choose an arbitrary function v € Wy >°(§2)? for which we define V" := IT% v € V™. Then,
by (3.4), we have

V' s strongly in W,7(2)? for o € [1,00). (4.14)

Also, by the restriction r~ > 1, we have the continuous embedding I/Vol’rn(‘)(Q)2 < L2(+9)(2)2. Therefore,
by (4.1) and (4.6),
U'@U" »u®u  strongly in L'¢(02)%

This then enables us to identify the second part of the convective term
—/(U"®U")-VV"dm—>—/(u®u)-V'vdx as nm — oo.
0 Q

On the other hand, for 7= > 4, we have the continuous embedding Wol’rn(')(ﬂ)2 — LU +e(2)2; thus
U™ V" = u- v strongly in L)' (£2)2. Indeed,
[U"- V™ —u-vfo-y < [[(V" =0)U" + (U" —uw)v|-y
<V =ol[slU =y e + 10" = ull - yge[v]]s
<V =ol[slU lpn ) + 10" = ul| 2= __[o]ls

o
2—r—

for some s € (1,00). The first term tends to zero thanks to (3.4), (4.1) and the second term converges to zero
by (4.5) in conjunction with a compact embedding theorem. Therefore, together with divu = 0, we have

/(U"@V")VU"dx:f/(U”®U”)oVV"dz+/(divU")U”'V"da:
2 (7 2

Hf/(u®u)~V'vdx as n — oo.
7
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Collecting these limits, we then deduce that

lim B,[U",U", V"] = —/ (u®u) - Vodz. (4.15)
7

n—oo

Now, we are ready to pass to the limit in the first equation. By linearity of the projection operator I}, and
by noting (3.14), we obtain that

(divo, Py = (divV", P") + (div (v — V"), P™)
= [ S(C",DU")-DV"™dz — (f, V") + B,[U", U™, V"]
+Q<div (v=V"),P")
— /QS’ -Dv +diviu®@u) -vdr — (f,v),
where we have used (4.9), (4.10), (4.14) and (4.15). Also, by (4.9) again,
(divv, Py — (div v, p).

Altogether, we have
/(QS'Dandiv(u@u)~vdxf(divv,p>:(j",v> Vo e W, (2)2 (4.16)
We note that by using the same argument as above we have that
/QS'-Dv—i—div(uG@u)mdm:(f,w VUGW&’;&(Q)Q. (4.17)

Now, let us investigate the limit of the equation for the concentration, (3.16). We fix an arbitrary z € WO1 2(0)
and define Z" := Iz € Z™. Thanks to (4.6) and (4.8),

[C"U™ = culls < [[(C" = )U" |2 + [[c(U" — u)|l2
<O = elloolU™ l2146) + llelloc[U™ — ull2(14¢) — 0.
Also, by (3.9), (4.6) and Sobolev embedding,
270" — zull2 < [[(Z" = 2)U" |2 + [|2(U" — )2

<NZ™ = 2ll2040 1U" l2146) + 2] 2020 [[U™ — wfl2146)
<C||Z" - 2|

1.20lU l214e) + Cllz[l12[lU™ = ull2(146) — 0.

In other words,

C'U™ = cu strongly in L*(02)?, (4.18)
Z"U"™ = zu strongly in L?(02)?. (4.19)

By (4.7) and (4.19),

‘/ Z”U"~VC"dzf/ zu'Vcde/ |Z"U”zu||VC’”|d:z:+‘/ zu - (VC"™ — Ve)dz| — 0.
2 I7; 7 7
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Hence, because divu = 0 a.e. on {2, we have that
/Z"U”-VC’”dx—>/zu-Vedx:—/cu-Vzda: as m — oo.
0 Q 2
Additionally, by (3.9) and (4.18),

’ / cru"-vzZtdx — / cu - Vzdz| < ||CMU"||2)|1 2" — 2||1,2 + ||C"U™ — cul|2]|z]|1,2 — 0.
Q 2

Altogether, we have
lim B, [C™",U",Z"] = —/ cu - Vzdr.
Q

n— 00

Finally, from (3.9) and (4.11), we have
/Qqc(C”,VC”,DU") -VZ"dx — /Q(_]C~Vzda? as n — oo.
By collecting the limits of the two terms, we then have that
/Q(_]c~Vz—cu-Vzdx:0 VZEWOI’2(Q). (4.20)

We see from (4.16) and (4.20) that all that remains to be shown is the identification of the limits:

S =S8(c,Du) and q.=q.(c, Ve, Du).

4.2. Compactness of DU™
Our proof of the identification of the limits begins by showing the compactness of DU™ in the sense that

lim [ ((S(C",DU™) - S(C™, Duw)) - (DU" — Du))* dz = 0.

n— oo N

By (1.5), (1.6), (4.1), (4.12) and Hoélder’s inequality, we see that

0< limsup/ (s(c,bu") - S(C" Du)) - (DU™ — Du))% dz =L < oo. (4.21)
7

n—oo

Hence, it is enough to show that L = 0. For arbitrary fixed x > 0, define
2, :={x € 2:|Du| > x}.

Then by (4.12), we have
D C
|!2X|§/ D g, < €.
2 X X

Now we decompose the integral

/Q ((S(C™, DU™) — 8(C™, Du)) - (DU™ — Duw))* dz = A(n,x) + B(n, x), (4.22)
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where

Ann) = [ (S(C",DU") = S(C", Dw) - (DU" - Du))* do.

X

lﬂmxrl%ﬁ(ﬁmﬁiﬂﬂ)ﬂCﬂDunmpU"Du»imx

First, by (1.5), (4.1), (4.12) and Hélder’s inequality,

Nl=

Bl

< .

A(n, x) < C[£2y|

Next, we introduce a matrix-truncation function 7}, : R?*? — R?*? as

M for |M| <y,

TX(M) = { M
— fi M .
XTar1] or  [M]|>x

Since Ty (Du) = Du on 2\ {2, and the integrand is positive, we can rewrite B(n, x) as
B(n,x) = /Q\Q (s, pDum) - S(C", Ty (Dw))) - (DU™ — TX(Du)))% dz
< [ (S(c".DU™) = S(C" T (Du)) - (DU” - T,(Dw))* do.
o)

Since r is a Holder-continuous function and C™ satisfies (4.8), we can apply Theorem 3.19. Therefore, for any
j €N, we can find U} € V" C W&’OO(Q)2. Then, by Holder’s inequality,

Bl

B(n,x) < < [y, (8(C7DU) = S(C" T (Du)) - (DU" T, (Dw) dx> ek

1
2

+ ( / ((S(C™,DU") — §(C", T\ (Du))) - (DU" — T} (Du)))? dx) U #£ U}
{uy#Ur}
= (B;(n,x) 7|25 + (Bj(n, X)) KU} #U"}|>.
First, by (3.23), (3.30) and (3.32), we have

o M(DU™) c
3 £ 0} = Iiwg sl < || S50 de < g

and thus it follows from (4.1), (4.12) and Holder’s inequality that

2| o

(B;(n,x))* {U} # U"}|* <
Next, we can rewrite Bj(n, x) as
Bj(n,x) = /Q(S(C”,DU") - 8(C", Ty(Duw))) - (DU} — T(Du)) dz

- / (S(C", DU™) — §(C", T,(Du))) - (DU — T(Du)) dz. (4.23)
[UrAUny
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By (1.5), (3.24), (3.31), Holder’s inequality and Young’s inequality, we can analyze the second term, appearing
in (4.23):

‘ / (S(C", DU™) — 8(C", Ty (Du))) - (DU — Ty (Du)) dar
{UyUm)

S/ |S(C",DU")-DU?|dx+C(X)/ (IS(C™, DU™)| + DU | + 1) da
{Ur#Un} (Ur AU
= C/ VU@ dg 4 C) {UT £ U™ + )
{ur#Un} 27
(rt) {ur£un} rT Junruny 2J 23

Now, to analyze the first term (4.23) above, we have to use the weak formulation. Here, however, we cannot
use the Lipschitz truncation U? as a test function, as it is not guaranteed to be discretely divergence-free. To
overcome this difficulty, we shall define discretely divergence-free approximations with zero trace with the help
of the discrete Bogovskii operator; more precisely, let

v? = B"(divUj),

& =U; -V}

It is then clear that 45? has a zero trace on 92 and, by construction, 45? € V3. Moreover, from the compact
embedding W, 7 (£2) << L7(£2), (3.26) and Lemma 3.15, we have
&' ~U; - B(divU,) =: &, weakly in W, (2)2, (4.24)
o — b strongly in L7 (2)?, (4.25)

as n — 0o, where o € (1,00) is arbitrary. We can then rewrite the first term in (4.23) above in terms of this
approximation to obtain

/ (8(C",DU™) - S(C", T (Du))) - (DU} — Ty (Du))dx
Q

— [ S(c",DU™)- (D& + D) dz
(]

- / S(C", DU™) - Ty(Du)dz — | S(C",Ty(Du)) - (DU — Ty(Duw)) dx
2 2
_. pn,l n,2 n,3
=By = By — Byjs-
Now we use (3.17) with V' = & € Vi, and pass to the limit with (4.6), (4.10), and (4.24); thus we have,
by (4.17), that

lim [ S(C",DU")-D#"dz = — lim B,[U",U",®"] + lim (f, &7
n—oo .Q n—oo n—oo

:/(u®u).v¢jdx+<f,<ﬁj>
2

:/S~D@jdx.
2
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Let us now consider the second integral in B;ljl Using the boundedness of S(C™, DU™) in L" (€")(£2)?*2,
we can estimate it by Holder’s inequality as follows:

/ S(C", DU™) - DB dz < C|DE? () < O[T B (div U™ 1.
2

By (3.12), and Theorem 2.4,

I1BK(divU ) [1,mm(y < CIK(divUT)[|pn(y < C sup (divU7 Q).
QeQ™, [|Qll(rnyr(<1

We deduce, by Holder’s inequality, that

divU},Q) = Y (divU"xzQ+ > (divU}.xzQ)

Ec{Ur=U"} EN{U7 AU }£0

< ‘ dv U5 Xswnpom | > xe
T () Em{U;L;éUn};é@ (Tn)/()
< HVU?XS{U;L#ﬂl} n Z XeQ ’
rn(-) EN{U?£U"}#0 o
where XS unruny is the characteristic function of the set
J

Stunguny = U {SE :E €@, such that EN{U} #U"} # @} .

Then, by Lemma 3.18 and (3.31),
C

VUi iy = 2

XSunzuny

Also, by Theorem 3.9,

> xe@ <C Y IxeQllemy )

E
En{U}AU"}#0 EN{U?£U™}#£0 ||XE||(»,~n)/(.)

( ‘n’),(.)
||XE ;H (-
<’ g X IXERNr) ()

Exellny
Bed, XE|l(rm) ()

() ()

<C ZXEQ

E€G,
< 1@l rny (-

(GONQ)

Therefore, we have

R C
1By U1y < 57

which implies, together with Proposition 3.7, that

o i n ¢ d+1 !
12, B (div U 3 ) < (2/ 40 1

for some v = ~y(r=,r%) > 0.
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Now, note further that by weak lower-semicontinuity and boundedness of S in Lrl(c),

.
/ $ - DB(ivU;) de < BV U)o < Climsup B (div U)o < <2ji+) . (4.26)

For the last two integrals B” 2 and B:’], we use (3.26), (4.8), (4.10) and the boundedness of the truncation T},
to get

lim (B;;J?+B;;§) = /ﬂ ST, (Du)dz + /{2 S(c, Ty (Du)) - (DU; — T (Du)) dz.

n—oo

Altogether, we have

C vy
. n,l n,2 n,3 . n,2 n,3
lim (B - BYY - By _/ 5. D&;dx + (2 ~ +> ~ lim (B2 + BY)

n—oo n—oo
_ — . C K . n,2 n,3
= [ 5-pUar— | 5 DBivD)dr - ( G —nlir{:o(BX7J BX’]>
— C vy
< [(8- ster(Dw) - (OU; - 1w ds+ (55)

Going back to (4.22), we finally let x, 7 — oo and n — oo, and estimate

lim lim lim (A(n,x) + B(n,x))

X—+00 j—00 N—00

< lim lim lim <C (B;j ~BM2_ By C@) 12/% + Q n C)

X—+00 j—00 N—00 2]

. ra % C J—
< XILH;OC <(/Q(S = 8(c, Ty(Dw))) - (Du — Ty (Du)) d:v) + \/Y) =0,

where we have used (3.29) for j — oo and the pointwise convergence of Ty (Du) — Dw on {2 with the dominated
convergence theorem for y — oo. We have thereby completed the proof of the desired compactness of DU™.

4.3. Identification of S = S(c, Du) and G, = q.(c, Ve, Du)

In the previous section we showed that

lim [ ((S(C",DU™) - S(C", Du)) - (DU" — Du))* dz = 0. (4.27)

n—oo o)
Since the integrand is nonnegative, (4.27) also holds for a set @, C {2 where
Qy:={r € 2:[Du| <~},

with an arbitrarily fixed constant v > 0. From the sequence of integrands of (4.27), we can extract a subsequence
(again not relabelled), which converges to zero almost everywhere in Q.. Then, by Egoroff’s theorem, for
arbitrary € > 0, we can find a set Q5 C {2 such that |Q, \ Q5| < &, where the sequence of integrands converges
uniformly. It is obvious that, thanks to the choice of ()5, we have

lim lim [\ Q5| =0,

y—o0 e—0

and furthermore, from the uniform convergence, we have

lim [ (S(C",DU™) - 8(C", Du))- (DU" — Du)dz = 0. (4.28)

n— 00 c
Qs
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Thanks to the boundedness of Du on ()5, by the dominated convergence theorem, we have S (C™, Du) —
S(c, Du) strongly in L%(£2)?*2 for any ¢ € [1,00). Thus, together with the above Li-convergence and weak
convergence (4.5), from (4.28), we have

lim [ S(C",DU").(DU" — Du)dz = 0.

n—o0 c
Q5

Hence, by the boundedness of Du on @7 and the convergence result (4.9), we have
lim S(C™,DU™)- DU" dx = S - Dudx. (4.29)
n—oo
Q: Qs
Now, let B € L°°(Q§)2X2 be arbitrarily fixed. By the monotonicity assumption (1.6),
0< / (s(ct,pu™)-S(C", B))- (DU™ — B)dx. (4.30)
Q5

Thus, from (4.29), the L?-convergence of S(C™, B) — S(c, B) and the weak convergence (4.5), we have

0< lim [ (S(C",DU")—S(C",B))-(DU" — B)dx

n— oo
Qs

_/Q S~(Du—B)dx—/Q S(c,B) - (Du — B)d

5 5
il Y

- / (§— S(c,B)) - (Du— B)da.
Q5
Now we use Minty’s trick. First, choose B = Du + AA(z) with A > 0 and A € L“(ny)zxz. Then, passing to
the limit A — 0, the continuity of S gives us
/ (5 — S(c, Dw)) - A()dz = 0.
Q5

Therefore, we have B

S = S(c, Du) a.e. on Q:.

So now we let € — 0 and then v — oo to conclude that
S = S(c, Du) a.e. on 0.
Finally, since S is strictly monotonic and C™ — ¢ in C%%(2), from (4.27) we have
DU™ — Du a.e. on {2. (4.31)

As a continuous linear operator preserves weak convergence, by the dominated convergence theorem
with (4.7), (4.8) and (4.31), we can deduce that

qg.(C",vC",DU"™) — q.(c,Vec, Du) weakly in L?(£2)2.
Therefore, by the uniqueness of the weak limit, we can identify
QC = q(j(c) VC) Du)’

thus completing the proof of the convergence of the finite element method under consideration to a weak solution
of the problem.
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5. CONCLUSION

We have established the convergence of finite element approximations to a chemically reacting incompress-
ible non-Newtonian fluid flow model in a two-dimensional convex polygonal domain. The model consists of a
convection-diffusion equation for the concentration and a generalized Navier—Stokes equation, where the viscos-
ity depends on the shear-rate and the concentration. Our key technical tools included discrete counterparts of
the Bogovskii operator, De Giorgi’s regularity theorem and the Acerbi—Fusco Lipschitz truncation of Sobolev
functions, which were used in combination with a variety of results in variable-exponent Lebesgue and Sobolev
spaces.

An interesting direction for future research is the extension of the results obtained herein to unsteady models,
including both the proof of the existence of a weak solution to the unsteady model, and the convergence of a
fully discrete approximation to the model. A nontrivial open problem is the extension of the two-dimensional
discrete De Giorgi estimate to three space dimensions. The argument used here in two space dimensions relied
on a discrete counterpart of Meyers’ regularity theorem in conjunction with Morrey’s embedding theorem. This
kind of argument for deriving a uniform Holder norm bound on the sequence of approximate solutions to the
concentration equation is specific to the case of d = 2. The extension of the analysis developed here to the case
of d = 3, for a slightly different numerical method, is discussed in [22], avoiding discrete De Giorgi estimates.
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