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It is well known that nonsynchronous harmonics of RF field (RF undulator) are focusing the particles [1, 2].

In low-energy linear accelerators the periodic sequence of electrostatic lenses (electrostatic undulator) can be used for
the ion beams focusing too. The conditions of the beam stability were found and analyzed for two undulator types.

PACS: 41.75.Lx; 41.85.Ne

1. INTRODUCTION

The problem of the effective low-energy linac de-
sign is of interest to many fields of science, industry and
medicine (e.g. nuclear physics, surface hardening, ion
implantation, hadron therapy). The most significant
problem for low-energy high-current beams of charged
particles is the question of the transverse stability
through Coulomb repelling forces influence. Low-ener-
gy heavy-ion beams transport is known to be realized by
means of the periodic sequence of electrostatic lenses
(electrostatic undulator) [3]. It offers to constructively
join a periodic RF cavity and the electrostatic undulator
(ESU) in the same device. To accelerate the low-energy
ion beams one of the following RF focusing types can
be used: alternating phase focusing (APF), radio fre-
quency quadrupoles (RFQ), focusing by means of the
nonsynchronous wave field as well as the undulator RF
focusing. The main principles of APF were described in
Refs. [4, 5]. The modification of APF was suggested in
later studies [6]. A reached threshold beam current in
RFQ [7] is about 100...150 mA and the further current
rise leads to severe difficulties. A particle focusing with
the use of the nonsynchronous wave in the two-wave
approach was considered in Ref. [8]. The methods were
used to describe RF focusing in reference mentioned
above have a number of shortcomings. For example,
there is no correct relationship between longitudinal and
transverse beam motion, the averaging method which
was used is not quite valid. Detailed analysis of the fo-
cusing by means of nonsynchronous waves of RF field
shows that the focusing by the slow harmonic field in
periodical ordinary Widerde type and Alvarez type
structures is not effective since the acceleration rate is
very small. Increasing the fast harmonic amplitude leads
to appearance of the longitudinal beam instability,
which quickly disrupts the resonant conditions. The RF
focusing by the nonsynchronous harmonics was studied
in [2] particularly.

Alternatively, the acceleration and the focusing can
be realized by means of the electromagnetic waves
which are nonsynchronous with beam (the so-called un-
dulator focusing) [9]. Systems without synchronous
wave are effective only for the light ion beams. For the
low-energy heavy-ion beams to be accelerated it is nec-
essary to have the synchronous wave with the particles.
In the case of RF focusing, in the bunch frame the slow
wave affects the particles similar to the electrostatic un-
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dulator. The goal of this work is the analysis and the
comparison of the RF focusing and the electrostatic one.

2. MOTION EQUATION

The analytical investigation of the beam dynamics in
a polyharmonical field is a difficult problem. The rapid
longitudinal and transverse oscillations as well as the
strong dependence of the field components on the trans-
verse coordinates does not allow us to use the linear ap-
proximation in the paraxial region for a field series. Af-
ter all, the analytical beam dynamics investigation can
be carried out by means of the averaging method over
the rapid oscillations period (the so-called smooth ap-
proximation) in the oscillating fields, which was sug-
gested by P.L. Kapitsa [10] for the first time. Let us ex-
press RF field in an axisymmetric periodic resonant
structure and ESU field as an expansion by the standing
wave spatial harmonics assuming that the structure peri-
od is a slowly varying function of the longitudinal coor-
dinate z
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where E,, E! are the nth RF and ESU fields harmonic
amplitude on the axis; &, = (8 + 21n)/D is the propaga-
tion wave number for the nth RF field spatial harmonic,
k= 8" + 21n)/D" is the factor of the nth ESU field

harmonic; D, D" are the geometric periods of the reso-
nant structure and ESU; 0, 0" are the phase advances per
period D, D" respectively; ® is the angular frequency;
Iy, I are modified Bessel functions of the first kind.

We shall assume the beam velocity (the one-particle
approximation) v does not equal one of the spatial har-
monic phase-velocities v, = w/k, except the synchronous
harmonic of RF field, the geometric period of RF struc-
ture being defined as D= (S + 9/271) , where s is the
synchronous harmonic number, B is the relative veloci-
ty of the synchronous particle, A denotes RF wave-
length. Thus, the solution of the motion equation (the
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particle path) in the rapidly oscillating field (1) we shall
search as a sum of a slowly varying beam radius-vector
component and a rapidly oscillating one. We assume
that the amplitude of the rapid velocity oscillations is
much smaller than the slowly varying velocity compo-
nent for the smooth approximation to be employed.
With the aid of the averaging over the rapid oscillations
(as it was done in Ref. [1]) we obtain the motion equa-
tion, in the bunch frame, in the form

d’R/dt* = - gradU ®))

where R = (E- zS,F), U, is the effective potential

function (EPF) which describes the tridimensional low-
energy beam interaction with the polyharmonical field
of the system and determines the beam-wave system

Hamiltonian H = O.S(a’R/a’t)2 +U,; . The EPF depends

only on the slowly varying (in comparison with the
rapid oscillation period) transverse coordinate » and
the phase difference of the particle in the synchronous

harmonic wave ¢ = I k,dz- wt and the quasi-equilibri-
um (synchronous) particle ;.
3. EPF FOR DIFFERENT STRUCTURES
3.1. WIDEROE TYPE STRUCTURE
If we put 8“=0=m, D= D and take point (=p=0
as the reference point of normalized EPF (
Uy=Uy, / B2 ), then EPF for Widerde type structure

can be written as U:; =U)+ Ul + U}, where
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Here e, = eE,\ /2nB mc*, e = eE') /2np ,mc?,
E=2nz/Ap,, U=8-8¢,, p=2nF/AB,, T=Wt are
the normalized values; s,n,p=0,1,2 ...,

= k- k) k= (k)R

tions of the dimensionless transverse coordinate are de-
fined as

and the func-
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From these expressions we can see that the term
U, of EPF is responsible for both the beam accelera-

tion and its transverse defocusing. The term U,” influ-
ences only on the transverse motion, always focusing
the beam in the transverse direction. The term U) has
an influence not only on the longitudinal motion but on

the transverse one. The extreme point of U} as well as

U. is a saddle point. Therefore, the necessary condi-

tion for simultaneous transverse and longitudinal focus-
ing is the existence of the total minimum of EPF. If

ESU is absent (i.e. ¢ = 0) the term U,”

this case the transverse stability is achieved only by us-
ing nonsynchronous harmonics of RF field. For the am-
plitudes of the nonsynchronous harmonics to be in-
creased we should include additional electrodes. There-
by, the utilization of ESU allows us to achieve the trans-
verse stability without the complication channel geome-
try if the equal in absolute value d-c potentials are sup-
plied on the same electrodes which are used to excite
RF field, i.e. we can constructively join the periodic RF
system and ESU in the same device.

At first we analyze EPF in the paraxial region. The

is reduced. In

EPF U, nyf is expanded in Maclaurin’s series
U= 007 /2+0p [2460p 2 24 80° /6+o( ),
“

where the expansion coefficients are given by
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It is necessary that the parameters of the channel will
be chosen in terms of the conditions UJZZ > 0,&); >0

(for the simultaneous transverse and longitudinal focus-
ing). Furthermore, if we take into account the third-or-
der terms in the anharmonic potential (4) it may lead to
appearance of internal parametric resonances. It can de-
stroy the stable beam dynamics due to beam-wave sys-
tem energy transfer between two degrees of freedom. In
this case the small oscillations frequencies satisfy the re-
lation ®y/@¢ =1/2, where /=1,2,3 ... . Another impor-
tant restriction on the choice of the spatial harmonic am-
plitudes can be obtained from the condition of nonover-
lapping for different waves resonances in the phase

space |(,{]. On the one hand, this restriction defines

limits of the applicability of the averaging method. On
the other hand, it is the necessary condition of the longi-
tudinal (phase) stability.

The effective separatrix for the axial particles can be
found analytically in terms of the system Hamiltonian.
For the saddle point to be defined we are using the

equation x*+ gx’ + gx’ + cx+ d = 0, where the coeffi-
cients are certain functions of the harmonic amplitudes
and ¢,. Using Decartes — Euler or Ferrari’s solution we
have ( lefi = Zarctg(xi) -0, , where x; is a real root of the

quartic equation, which is chosen so that {i.; < 0. Know-
ing the position of the effective separatrix saddle point
the bucket boundary is determined by the equation
; 1/2
(=2l t,.0- 205 0" ©
The capture region of ESU in approach of the basic
harmonic can be expressed as:

s“/ﬁszlz 14 sin(¢"+¢))]l/z, %

where y=0,if ¢; > 0 ory=m,if ¢; < 0.

u
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As it was said the condition which determines the
bottom limit of the spatial harmonic amplitudes is the
existence of the absolute minimum of EPF. When we
are using the channel with a simple period (one elec-
trode per period D) we can take into account only

. w . .
ey, e, in U because the higher harmonics are smaller

than written above. Therefore, the condition wpz >0

may be represented as
let e, > 2sinlp )3, - 1/16. )
3.2. ALVAREZ TYPE STRUCTURE

A
The EPF for Alvarez type structure U,

(06=0,0"=n; D'=D) has a view similar to U:; . The
most important feature is the existence of an additional
term in U; , where superscript 4 denotes values of the

structure at hand. Thus, the additional term in U;' and

the term U;" become
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where s, n, p>0 and m >0 unlike the system consid-
ered above. The harmonic amplitude of RF field e, for
Alvarez type structure is not equal to Widerde type
structure one. Moreover, in this case the basic harmonic
is e;, and e is the dimensionless average field value.

The existence of the additional term in U;' leads to the
next serious result. The additional term may be compa-
rable with U;' and essentially increases the acceleration

rate since the average field value is large. One can as-
sume that an Alvarez type structure, which is commonly
used for acceleration of medium-beta particles, may be
used for the low-energy beam acceleration. In this case
the transverse stability can be achieved by using ESU in
view of the period smallness. The resume made about

the each term of U f; in previous subsection is valid for

U :f'f in this subsection too.

4. NUMERICAL SIMULATION

The computer simulation of high-intensity proton
beam dynamics in the discussed Widerée type structure
with the basic spatial harmonic (eo) of the RF field was
carried out by means of the specialized computer code
BEAMDULAC — ARF3 [2]. In the case of RF focusing
only the first nonsynchronous harmonic was taken into
account. We examined only the basic spatial harmonic

of ESU (i.e. e;) studying the electrostatic focusing.

Simulation parameters are the following: beam injection
energy Wi, is 80 keV; input current /;, = 0.1 A; beam ra-
dius 7, =2 mm; y=m; longitudinal/transverse input
beam emittance &,/g, = 3.2n keV-rad/20m mm-mrad; RF
wave-length A = 1.5 m; input (E;,) and output (E,,) val-
ues of the synchronous harmonic field strength are
1.7 kV/cm and 18.4 kV/cm respectively. The lengths of
the accelerator (L), amplitude rise (L.) and the equilibri-
um phase decay (Lg) are 2.5m, 2.325m and 1.8 m;
channel aperture @ =4 mm; relative energy spread is
2%; longitudinal/transverse input channel acceptance
Ay/A, =33n keV-rad/40mr mm-mrad. The amplitude ratio
is ei/es = ey'/eo =~ 10, the law of the synchronous har-
monic amplitude variation along L. is given by

i sn oz [0
E,= E,,00.093+1.676sin’2—-—0]. (10
0 ‘A Ew Le% (19)

The synchronous harmonic amplitude equals to E,.
for z > L.. The quasi-equilibrium particle phase is linear-
ly reduced from value m/2 to /4 at the length L, and
equals to m/4 for z > L.

The output longitudinal and transverse phase spaces
are shown in Fig.1 (for the RF focusing) and Fig.2 (for
the electrostatic focusing). As we can see in Fig.1,a the
beam has uniform phase and velocity distributions in-
side the effective separatrix at the end of structure. In
Fig.2,a it is shown that the beam has nonuniform phase
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and velocity distributions. Moreover, beam periodically
traverses the synchronous harmonic separatrix boundary
because the strong ESU field has an effect on the longi-
tudinal particle motion. Particles remain inside of the
separatrix in the case of the averaged motion. The out-
put transmission, energy, longitudinal and transverse
emittances are about 66%, 0.71 MeV, 100x keV-rad,
54n mm-mrad for two structure types respectively. The
particle loss is observed in the longitudinal direction in
both cases. It is the result of an interaction with the non-
synchronous harmonic which leads to increase of the
beam amplitude oscillations. Note that the law of the
synchronous harmonic amplitude variation (10) is not
optimal to obtain the maximal output energy under the
high transmission. The numerical simulation results
confirmed similarity between RF focusing and the elec-
trostatic one. All results obtained in the smooth approxi-
mation coincide up to 10%.
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Fig. 1. The output beam emittances fo;f RF focusing:
a — longitudinal; b — transverse
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Fig.2. The output beam emittances for ESU focusing:
a — longitudinal; b — transverse

5. CHANNEL GEOMETRY CHOICE

For Widerde type structures with a simple period the
spatial harmonic amplitudes are a rapidly decreasing
function of its number which proportional to

E,1;' [k, a)sinly, )y

., where E,. is the maximal
field strength at the aperture a in the electrode-gap,
Y, =mnng/D, g—the inter-electrode gap width. For the
amplitude e to be increased up to 10e it is necessary to
set three electrodes on the period D and either provide
the adjacent electrodes (which have equal apertures)
with different potentials or periodically vary the internal
radius of the adjacent electrodes. Only the latter way
can be practically realized in the RF cavity. In this case
the additional electrodes with internal radius » must be
shifted to the position D/3 + A and 2D/3 — A respective-

ly, where A = ¢,D / 21 \/gel . By varying the length and
corner radii of electrodes one can depress the higher
harmonics and obtain only two waves in the structure.

The ratio between internal radii b/a versus a/D for dif-
ferent values of ei/e is shown in Fig.3.
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Fig.3. Values of b/a vs a/D for different ratio e\/eo a linear accelerator // Zhurnal Tekhnicheskoi Fiziki.
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CPABHEHMUE /IBYX CIIOCOBOB ®OKYCHUPOBKHN HOHOB B .JIPIHEFI!:IOM YCKOPUTEJIE
HA MAJIYIO QHEPI'UIO C IOMOIIBIO JIEKTPUYECKHUX ITOJIEU OHAYJIATOPOB

3.C. Macynos, B.C. [Jiookoe

W3BecTHO, 4YTO HECUHXPOHHBIE TApMOHHMKH BbICOKOYacTOTHOTO noutst (BU-onnymsrop) goxycupyrot yactunsl. B
JUHEWHBIX YCKOPUTENSAX Ha Malyl0 DHEPrHI0 IEepHOJMYEcKas IOCIEJOBATEIBHOCTh AICKTPOCTATHUECKUX JIFH3
(371eKTpOCTATUYECKUIT OHAYJISITOP) TOXKE MOMKET HMCIONB30BAThCS s (POKYCHPOBKH HOHHBIX IYYKOB. YCIOBUS
YCTOMYMBOCTH ITy4Ka HaiIeHBI ¥ IPOAHAIU3UPOBAHBI UIS IBYX TUIIOB OHIYJIATOPA.

MOPIBHAHHSA JIBOX CITIOCOBIB ®OKYCYBAHHS IOHIB ¥ JITHIMHOMY ITPUCKOPIOBAYI
HA MAJIY EHEPTTIO 3A JOIIOMOI'OIO EJIEKTPUYHUX ITOJIIB OHAYJATOPIB
E.C. Macynoes, B.C. [Jiookos

BinoMo, 110 HECHMHXPOHHI T'apMOHIKM BHCOKO4YacTOoTHOTro moisi (BU-onmynstop) ¢okycyloTh 4acTHHKH. Y
JHIHHUX  TPUCKOPIOBAYaX Ha Mally €HEprilo IepioJuyHa IOCJIJOBHICTh  €JIEKTPOCTATHMYHUX  JIH3
(enmexTpocTaTHYHUI OHIYNSATOP) TEX MOXKE BHKOpHCTATUCS Uit (OKYCYBaHHS 10HHMX ITy4YKiB. YMOBH CTIHKOCTI
My4Ka 3HaiJIeHi 1 MpoaHani3oBaHi Uit ABOX THUIIIB OHIYJISTOPA.
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