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ABSTRACT

Given a partial action of a topological group G on a topological space X
we determine properties P which can be extended from X to its global-
ization. We treat the cases when P is any of the following: Hausdorff,
regular, metrizable, second countable and having invariant metric. Fur-
ther, for a normal subgroup H, we introduce and study a partial action
of G/H on the orbit space X/ ~m, applications to invariant metrics
and inverse limits are presented.
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1. INTRODUCTION

Given an action a : G XY — Y of a group G on a space Y and an invariant
subset X of Y (i.e. a(g,x) € X, for any g € G, x € X), the restriction of
a to G x X is an action of G over X. If X is not invariant, we get what is
called a partial action on X, that is a collection of partial maps {n, : g € G},
on X satisfying 71 = idx and gy o, C ngn, for each g,h € G. The notion
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of partial group action appeared in the context of C*-algebras in [8], there
C*-algebraic crossed products by partial automorphisms played an important
role to analyze and characterize their internal structure. After the work [8],
partial actions have been spreading in several branches of mathematics, for
a detailed account on partial actions the interested reader may consult [5] or
[9]. A relevant question is if a partial action can be obtained by restriction
of a corresponding collection of maps on some superspace. In the topological
context, this is known as the globalization problem and was studied in [1]
and independently in [12]. It was proven that for any partial action 7 of a
topological group G on a topological space X there is a topological superspace
Y of X and a continuous action p of G on Y such that the restriction of u to
X is n. Such a space is called a globalization of X. It is also shown that there
is a minimal globalization X called the enveloping space of X.

We shall mainly work with partial actions for which the partial maps have
clopen domains, that is closed and open, this kind of partial actions were
considered in [6] where the authors studied the ideal structure of the algebraic
partial crossed product L£.(X) x G, being L.(X) the algebra consisting of all
locally constant, compactly supported functions on X, while in [10] the authors
showed that partial actions on the Cantor set by clopen subsets are exactly the
ones for which the enveloping space is Hausdorff, also in [3] partial actions with
clopen domains were relevant to introduce and study topological entropy for a
partial action of Z on metric spaces, and in [11] the authors studied topological
dynamics arising from partial actions on clopen subsets of a compact space.

Our work is organized in the following way: After the introduction, in Sec-
tion 2 we present some notions, examples and results that will be useful during
the work, especially Proposition 2.8 gives conditions for the enveloping space to
be T7, while Theorem 2.12 establishes that the globalization of a partial action
is actually an orbit space. At the beginning of Section 3, we treat the question
if a structural property P of a space X endowed with a partial action of a group
G is inherited by the spaces X/~¢g and X¢ (see equations (2.6) and (2.2) for
the proper definitions of X/ ~¢ and X¢, respectively). To do that, we first
show in Lemma 3.1 that the quotient map 7g defined in (2.7) is perfect, this
allows us to present in Theorem 3.2 sufficient conditions in which an affirmative
answer holds for when P is any properties of being Hausdorff, regular, metriz-
able and second countable. The second part of Section 3 deals with invariant
metrics, there we give in Theorem 3.10 a condition for a space X with a partial
action of a compact group so that it admits an invariant metric. It is important
to remark that, in the classical case, the problem of finding characterizations of
G-spaces having invariant metrics have been extensively studied, in particular
it is known that if a space X with a global action admits an invariant metric,
then the orbit space X/ ~¢ is metrizable provided that is 7). However, this
result does not hold for partial actions, where one needs to impose regularity
conditions (see Remark 3.11 and Proposition 3.12, respectively). In Section
4 we take a partial action 1 of G on a space X, a normal subgroup H of G
and we show in Theorem 4.1 how to construct a partial action g,y of G/H
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on the orbit space X/ ~p, moreover, in the same theorem is shown that the
orbit spaces (X/~g)/~q g and X/~¢ are homeomorphic. The structure of
the partial action ng, i as well as its globalization are presented in Theorem
4.2. As an application for the construction of 1,y we treat in Proposition
4.9 partial actions on inverse limits, where we provide suitable conditions for
which a space X is G-equivalent to an inverse limit {El X, and such that the
partial action on X satisfies a compatibility relation with the partial actions
associated to Xj;.

Throughout the work, several examples are shown to clarify the notions and
results.

2. PRELIMINARIES

Let G be a group with identity element 1, X be a set, and n: G x X — X,
(g,x) — g-x be a partially defined function, that is, a function whose domain,
denoted by G * X, is contained in G x X. We shall write g -  to mean that
(g,x) belongs to G x X. We say that n is a partial action of G on X if for each
g,h € G and = € X the following assertions hold:

(PA1) If 3g - @, then 3g~! - (¢- ) and g7 - (g - x) = =;

(PA2) If 3g - (h - x), then 3(gh) -z and g- (h-z) = (gh) - ;

(PA3) 31 -z and 1-x = =.

For g € G, weset X, = {x € X | 3g~!-x}. Then n induces a family of bijections
{ng: Xg-1 22— g-2 € Xy} geq. We also denote this family by 7. Notice that
n acts (globally) on X if 3¢ -z, for all (g,x) € G x X, or equivalently, X, = X,
for any g € G. The following result characterizes partial actions in terms of a
family of bijections:

Proposition 2.1 ([16, Lemma 1.2]). A partial action n of G on X is a family
n=1{ng: Xg-1 = Xg}gea, where Xy C X, ny: Xy-1 — X is bijective, for all
g € G, and:

(i) X1 =X and n =idy;
(ll) ’/]g(ngl n Xh) = Xg ﬁXgh;
(iii) ngnn: Xp-1NXp-19-1 = XgNXgp, and ngnp, = ngn in Xp-1 NXp-14-13
forall g,h € G.

g

Definition 2.2. Let G be a topological group and X be a topological space. A
topological partial action of G on X is a partial action n = {n,: X;-1 — Xg}sea
on the underlying set X such that X, is open and 7, is a homeomorphism, for
any g € G. Moreover, we say that 7 is continuous if n : Gx X — X is continuous,
where G x X has the product topology and G * X is endowed with the relative
topology.

Throughout this paper G will denote a Hausdorff topological group, X a
topological space and all partial actions will be topological.
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Now we present an example of a continuous and topological partial action
that will be useful in Section 3. We endow Z with the p-adic topology T, where
p is a prime number. For the reader’s convenience we recall its construction
here. See [17, Example 1.18] for details. The family V = {p*Z},cz+ satisfies the
conditions given in [17, Theorem 1.13], then B = {m +p*Z :m € Z, k € ZT}
is a basis for the topology 7, and (Z,+,7,) is a topological group.

Example 2.3. Let X be a disconnected topological space, U C X be a proper
clopen set, f : U — U be a homeomorphism and n € Z. We set f° = idy,
if n € Z* we write f* as n-times the composition of f with itself, and if
n < 0 then f* = (f~1)~". We define a partial action 7 of Z on X by setting
ZxX =(ZxU)U(({0} x X) and

f*(a), if a € U,

a, if n=0and a € U. (2.1)

n:ZxX — X (n,a) l—){
Suppose there is a prime number p such that fP = idy, and consider Z with
the p-adic topology. Since U is open, then 7 is a topological partial action. To
show that 7 is continuous, take (n,z) € Z * X and let V' C X be an open set
such that n(n,z) € V. There are two cases to consider:

Case 1: If x € U, then n(n,z) = f*(z) € V. Since VNU is open in U, there
is an open set Z C U such that f*(Z) C V NU. First, we suppose that p does
not divide |n|, then we affirm that the open set W = [(n+pZ) x Z|N(Z* X) C
Z x X satisfies n(W) C V. Indeed, given (¢t,y) € W we have y € Z C U and
there is m € Z such that t = n + pm. Note that t # 0 since p does not divide
|n|. Further, since y € U we get (n,y) € Z « X, and (pm, f"(y)) € Z * X, then
the following equalities are valid:

n(ty) = f'y) = (W) =y e V.

Now, if p divides |n| we let i = max{k € Z* : p* divides |n|}. Consider
the open set W = [(n + p'™Z) x Z] N (Z * X). Then for (t,y) € W, by the
maximality of i there is m € Z such that t = n+p*t'm, y € Z C U, and t # 0.
Since y € U, we get the following:

n(ty) = 77 ) = ) = 1) € V.
We conclude that n(W) C V.

Case 2: If x ¢ U, by (2.1) we have n = 0 and n(n,2) =z € V. Since U is
closed, then Z = V N (X \ U) is an open subset of X containing x. Observe
that (n,z) = (0,2) € W = (pZ x Z) N (Z x X ). Moreover, n(W) C V because,
if (t,y) € W, then y ¢ U and t = 0, from this we get n(t,y) =n(0,y) =y €V,
showing that 7 is continuous.

2.1. On the enveloping space. Partial actions can be induced from global
ones as the following example shows:

Example 2.4. (Induced partial action) Let u: G x Y — Y be a continuous
action of G on a topological space Y and X C Y an open set. For each g € G,
set Xy = X Nuy(X) andlet ny = ug [ Xy-1. Then n: G+ X > (g,2) —
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ng(x) € X is a continuous and topological partial action of G on X. In this
case we say that 7 is induced by u.

Remark 2.5. Given a continuous global action 77 of G on X, its induced partial
action on an open (resp. closed) subset Y of X has open (resp. closed) domain
inGxY.

An important problem on partial actions is whether they can be induced by
global actions. In the topological sense, this turns out to be affirmative and a
proof was presented in [1, Theorem 1.1] and independently in [12, Section 3.1].
For the reader’s convenience, we recall their construction. Let 1 be a partial
action of G on X. Define an equivalence relation on G x X as follows:

(9, 2)R(h,y) <=z € Xy, and 1n,-14(2) =y, (22)
and denote by [g, x] the equivalence class of (g, ). Consider X¢ = (G x X)/R
with the quotient topology, then the following map:
p: G x Xa 3 (g,[h,z]) — [gh,z] € Xg, (2.3)
is a well defined action, and the map
t: X3z —[l,z] € Xg, (2.4)
is injective.

Definition 2.6. Let 1 be a partial action of G on X. The action p defined
in (2.3) is called the enveloping action of  and X is the enveloping space or
globalization of X.

In the next result we summarize some basic results about the enveloping
space and the enveloping action. See [1, Theorem 1.1], [12, Theorem 3.13] and
[12, Proposition 3.9].

Proposition 2.7. Let n be a partial action of G on X. Then the following
assertions hold:
(i) The maps u and ¢ are continuous,
(ii) If n is continuous and G x X is open in G x X, then ¢ is an open map,
(iii) The quotient map
qg:Gx X > (g,z)—[g,2] € Xg, (2.5)
s continuous and open.
Now we provide conditions for X to be T7.
Proposition 2.8. Let n be a continuous partial action of G on X. Consider

the following assertions:

(i) G* X 1is closed;
(ii) For any x € X the set G* = {g € G| 3g -z} is closed;
(ifl) X¢ is 7).
Then (i)= (ii), and (ii)= (iii) provided that X is Hausdorff.
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Proof. ()= (ii): Let € X and (gx)xea be a net in G* such that lim gy = g,
for some g € G. Then (gx,2)rea — (9,2) € G*x X = G * X, thus g € G* and
G?® is closed.

For the rest of the proof we assume that X is Hausdorff.

(if)= (iii): Take (g,2z) € G x X, and let g be the quotient map defined in (2.5),
then the following equalities are valid:

¢ ' ({lg: =) = Lol xm{a} N Xps) = {9l 1) [ 1€ G}

leG

We prove that ¢~ ({[g,z]}) is closed. For this let (h,y) € ¢~1({[g,]}), then
there exists a net {/;};c; in G® such that (gl;',1; - ) — (h,y), in particular
l; - h7lg € G®. We set n* : G* > g — ¢g-x € X, using the fact that n® is
continuous one gets ;- x — (h™1g)-x, and y = (h~1g) -z due to the uniqueness
of limits in Hausdorff spaces. From this we obtain the next valid assertion:

(hyy) = (g(h"g)~", (" "g) - 2) € ¢ ({lg, 2]}),
thus Xq is Ty. O

Remark 2.9. With respect to Proposition 2.8 we have the following comments:

e The space X is 17 when G is discrete and X is Hausdorff.

e Part (ii) = (i) does not necessarily hold. Indeed, for the partial action
of Zy = {1,—1} on X = [0,1] presented in [1, Example 1.4.] that is
ap = idx and a_; = idy, where V' = (0, 1]. One has that Z3 is closed
for any x € [0, 1] while Zy % [0,1] = {(1,0)} U (Z2 x V) is not closed in
Zoy X [0, 1]

e Also part (iii) = (ii) does not hold in general, for this let G = GL(2;R)
be the general linear group of degree 2 acting partially on R as follows:

For g = Z) € G, set Ry-1 = {x € R: cx +d# 0} and consider
b
ng : Rgm1 3 o = % € Ry. There is a homeomorphism from

R¢g to the space C of complex numbers, then Rg is Hausdorff but

GO:{(Z Z) EG:d;«éO} is not closed in G.

Definition 2.10. Let X,Y be topological spaces and n : G * X — X,p :
G +Y — Y be partial actions. A continuous map f : X — Y is called a G-map

if (9, f(x)) € G*Y and f(n(g,z)) = p(g, f(2)), for every (g,2) € G+ X. If f is
a homeomorphism and f~! is a G-map, then X and Y are called G-equivalent.

Proposition 2.11. The following assertions hold:

(i) Let X and 'Y be topological spaces equipped with partial actions of G.
If X and Y are G-equivalent, then Xg and Yo are homeomorphic, as
well as G* X and G Y,

(ii) Let B : G XY — Y be a continuous action of G on a space Y. Let
X CY be an open set such that G- X =Y andn: Gx X — X be the
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induced partial action of 8 on X (see Example 2.4). Then the spaces
Xg and 'Y are G-equivalent.

Proof. Part (i) is clear. For (ii), let i : G x X — G X Y be the inclusion and
a:Xg 3 g,x] — B(g,z) €Y, then the following diagram:

GxX—i>GxY

| |s

XGT-Y,

is commutative. By [12, Proposition 3.5] the map « is a well defined bijection,
moreover, it is continuous because the map «oq is continuous. Since (5 is open,
then the map « is a homeomorphism. Finally, notice that « is a G-map. O

2.2. The orbit equivalence relation. Given a partial action n of G on X
the orbit equivalence relation ~g on X is:

T ~g Yy <= dg € G* such that gz =y, (2.6)

for each z,y € X. The orbit space of X is X/~¢g endowed with the quotient
topology. The elements of X/~ are the orbits G* - x, for each x € X. It was
shown in [15, Lemma 3.2] that the projection map

ﬁthBIEl—)GI'l‘GX/NG, (27)

is continuous and open.

It is known that globalizations of topological spaces endowed with a partial
action can be seen as orbit spaces. Indeed, the following result was shown in
[15, Theorem 3.3]:

Theorem 2.12. Let 7 be a topological partial action of G on X, then the family
=1y : (G xX)g-1 = (GxX)g}seq, where (G x X)g =G x X, and

flg: G x X1 3 (h,x) = (hg™ ' ny(z)) € G x X,

is a topological partial action of G on G x X, and the enveloping space X¢g of
n is the orbit space of G x X by 7.

Let n be a partial action of G on X, and H be a subgroup of G, then
the family ng : {nn: Xp-1 = Xplthen is a partial action of H on X. The
corresponding orbit equivalence relation of 1y is denoted by ~ .

For convenience, the orbits in the space X/ ~pg will be denoted by H|g, 2],
for any [g, 2] € X. We finish this section with the next lemma:

Lemma 2.13. Let n be a continuous partial action of G on X with G x X
open. Then for each subgroup H of G, the next map:

QDZX/NHB Hw~$'—>H[1,$]€Xg/NH, (28)

is continuous, open and injective, hence ¢ is an embedding.
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Proof. Observe that ¢ is well defined. Indeed, take x,y € X such that x ~g y

and let h € H® such that n,(x) = y. Thus, [1,y] 22 [h, x] 23) ([l z)),

therefore [1,y] ~p [1,z], then ¢ is well defined. It is easy to check that ¢ is
injective. To prove that ¢ is continuous, consider the corresponding projection
maps 7y : X = X/~pg and Iy : Xg — Xg/~pg. Since the map ¢ defined
in (2.4) is continuous and ¢ o gy = Iy o ¢, we conclude that ¢ is continuous.
It remains to check that ¢ is open. Let U C X/ ~p be an open set, then
@(U) = Ty (u(r;* (U))) is open because 7' (U) is open in X and the maps ¢
and Iy are open thanks to Proposition 2.7 and [15, Lemma 3.2], respectively.
Therefore ¢ is an open map. O

3. PROPERTIES PRESERVED BY THE ENVELOPING SPACE

We recall that a continuous surjection f : X — Y is perfect if it is closed
and f~1({y}) is compact, for all y € Y.
We proceed with the next lemma:

Lemma 3.1. Letn: Gx X — X be a continuous partial action such that Gx X
is closed in G x X and G is compact, then the following assertions hold:
(i) n is closed;
(ii) The maps ¢ and g are perfect, being Te the quotient map induced
by the partial action 71, defined in Theorem 2.12.

Proof. (i) Let C' be a nonempty closed subset of G * X and y € n(C), then
there is a directed set A and a net (g, zx)xrea in C such that limgy - ) = y.
Since G is compact, we can suppose that lim gy = g, for some g € G. Notice
that (g{l,g)\ ~Zx)reA Is a net in G x X and lim(g)fl,gk ~z)) = (g7, ), then
(971, y) € G* X because G * X is a closed subset of G x X. Now consider the
net (g, x)rea = (g,\,g;1 - (gx - xx))rea in C, then the next assertion is true:

1

(9.9 " - y) =lim(gx, 95 "~ (ga - 2x)) = lim(g, 2x) € C,

soy=g¢g-(g7'-y) =n(g,97-y) € n(C), which implies that 7 is a closed map.
(ii) The map 7 is closed because of (i) above and the equality 75" (1c(F)) =
n((GxF)N(G*X)), for any closed subset F' of X. To prove our assertion we need
to check that 7751(71'6*(1’)) is compact, for any = € X. By Proposition 2.8 we
have that G¥ is a compact subset G, then 75 (1¢(z)) = G®-x = n(G*x{z}) isa
compact subset of X. To show that #¢ is closed we have by [14, Proposition 2.6]
that 7 is continuous, moreover, from [14, Corollary 3.3] we get that G* (G x X)
is closed in G X (G x X), then the result follows. O

Theorem 3.2. Let G be a compact group and n: G*x X — X be a continuous
partial action such that G x X is closed in G x X. Let P be any of the proper-
ties: Hausdorff, reqular, metrizable and second countable. Then the following
statements hold:

(i) If X is P, then X/ ~q is P,

(ii) If G x X is P, then Xqg is P.
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Proof. (i): This follows from {tem (ii) in Lemma 3.1 and [7, Theorem 5.2],
while (ii) is a consequence of item (ii) in Lemma 3.1, item (i) above, and the
last assertion in Theorem 2.12. g

Remark 3.3. We remark the following facts:

(i) In general the assumption that G x X is closed in G x X cannot be
removed in part (i) of Theorem 3.2. Indeed, for the Abadie’s partial
action of Zg = {1,—1} on X = [0, 1] presented in Remark 2.9, we have
by Proposition 2.8 that the space Xz, is 71 but not Hausdorff.

(ii) Also, the fact that X is Hausdorff does not imply that G is compact,
for instance, in [10, Proposition 2.1] a characterization for X¢ to be
Hausdorff is presented in the case when G is countable and discrete.

We illustrate the previous theorem with some examples.

Example 3.4. Consider X = R\ {0} as a subspace of R. A partial action of
Zsz on X is defined as follows: Let X; = (—00,0) and X5 = (0, 00). Note that
X; and X5 are clopen subsets of X such that X = X7 U X5. Set 19 = idy,
Ny: X13x— —x € Xy and 1 = n;l, moreover, let

Zz*x X = ({0} x X)U ({1} x X2) U ({2} x X3),

then 7 : Z3 * X — X is a partial action of Zz on X such that Zs % X is clopen
in Zs x X, thus by Theorem 3.2 the enveloping space Xz, is metrizable.

Example 3.5. Let X be a disconnected space and U C X be a non-empty
clopen subset of X with U # X. Then 1 : Zo x X — X is a partial action of Zs
on X, where Zo x* X = ({0} x X)U ({1} x U), and n(1,u) = u for any u € U.
Since Zsy * X is closed in Za x X we conclude that Xz, is metrizable.

In view of (ii) in Remark 3.3 we give the next proposition:

Proposition 3.6. Let G be a compact group, X be a compact Hausdorff space
and n : Gx X — X be a partial action. If Xg is Hausdorff, then G * X 1is
closed.

Proof. Let {(gx,xx)}rea be a net in G % X such that lim(gx,z)) = (g,2) €
G x X. Since X¢ is Hausdorff, we have by [1, Proposition 1.2] that the space
Graph(n) = {(g,z,y) €e G x X x X : (g,x) € Gx X, g-x = y} is a closed
subset of G x X x X, and thus compact. Therefore we may assume that
(gx, Tx, g * TA)aca converges to (g,z,p) € Graph(n), for some p € X. In
particular, (g,2) € G * X and G x X is closed. ([l

Having at hand Proposition 3.6 one may ask if its assumptions imply that
if the orbit space X/~¢ is Hausdorff then G * X is closed in G x X. But this
is not the case as Example 3.7 below shows:

Example 3.7. Consider again the partial action 7 of Zs on X = [0, 1] given in
[1, Example 1.4.]. We observed in Remark 2.9 that Zy* X is not closed in Zg x X.
Moreover, since n(1,z) = « for any « € (0, 1], we have nz, : X — X/ ~yg, is
injective and thus a homeomorphism and X/~z, is Hausdorff.
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3.1. Invariant metrics. Let n: Gx X > (g,2) — ¢-x € X be a partial action
of G on the metric space (X, p). We say that p is n-invariant if for any g € G

and T,y € Xg_lv p(g "Z,g- y) = P(x,y)

Example 3.8. Let 7 be as in equation (2.1). Suppose that X is a metrizable
space and p is a compatible metric on X. If f is an isometry, then p is a
n-invariant metric in any of the following cases:

(i) Z is considered as a discrete space,
(ii) Z is endowed with the p-adic topology and f? = idy, for some prime
number p.

In the context of hyperspaces endowed with partial actions we give the next
example:

Example 3.9. Let n : G+ X > (g,2) — ¢ -2z € X be a continuous partial
action of G on a compact metric space (X,d). Denote by 2% the hyperspace of
nonempty compact subsets of X endowed with the Hausdorff metric dg, which
is defined by the next rule:

dp(A,B) =inf{e >0: AC N(B,e) and BC N(A,e)},

where A, B € 2% and N(A,¢) = |J Ba(a,e). It follows by [13, Theorem 3.2
acA

that 27 : G x 2% 3 (g, A) = n4(A) € 2%, is a continuous partial action of G on
2% where

G*2% ={(9,A) € G x2% :(g,a) €G*X (Vac A)}.

Suppose that d is n-invariant. We observe that dy is 2"-invariant. For this
take g € G and A, B € 2% for which (g, A), (g, B) € G *2X. Let € > 0 with
A C N(B,¢) and B C N(A,e). Now, given a € A there exists b € B such
that a € Bgy(b,¢), then d(g - a,g - b) = d(a,b) < € and we have proven that
ng(A) € N(ng(B),e). In a similar way one shows that n4(B) C N(n4(A),¢),
therefore, dp(ng(A),ng(B)) <€, and dg(ng(A),ng(B)) < du(A, B).

On the other hand, take € > 0 such that 7,(A) € N(ny(B),¢) and 14(B) C
N(ng(A),e). For a € A choose b € B such that g-a € By(g - b,¢), then
d(a,b) =d(g-a,g-b) < eand A C N(B,¢), again one verifies B C N(A,¢) which
implies dyr (A, B) < dgz(ny(A),7y(B)), hence dyz(A, B) = dir(1,(4), n,(B)), as
desired.

It follows from [2, Proposition 5] that there is a compatible n-invariant metric
for X provided that n is global and G is countably compact. The following
theorem is a version of this result for partial actions:

Theorem 3.10. Letn: Gx X — X be a continuous partial action, then X and
X¢g are metrizable by an invariant metric under any of the following conditions:

(i) G is countably compact and X is metrizable,
(ii) G is compact and first countable, X is metrizable and G x X is closed.

Moreover if (i) holds and Xg/ ~ G is Ty, then X/ ~¢ is metrizable.
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Proof. In both cases it is enough to prove that X has a compatible p-invariant
metric p, where p is given by (2.3). Indeed, since 7 is continuous we have by
[12, Proposition 3.12] that ¢ : X — ¢(X) is a homeomorphism, where ¢ is given
by (2.4), thus one obtains an n-invariant metric for X by restricting p to ¢(X).

(1) Since p is continuous, the result follows from [2, Proposition 5].

(ii) In this case the space G x X is metrizable, thus X is metrizable thanks
to Theorem 3.2 and again the result follows from [2, Proposition 5]. To show
the last assertion, we observe that X4 admits an invariant metric, then the
result follows from [4, Theorem 2.16] and Lemma 2.13. O

Remark 3.11. Tt is known that when G acts globally on a space X that admits
an invariant metric, then the space X/~¢ is metrizable provided that it is 77,
however this does not hold for partial actions. For a concrete example take the
partial action given in Remark 2.9 and use Theorem 2.12 and Remark 3.3.

The following result tells us that one needs to impose the regularity condition
on X/ ~g:

Proposition 3.12. Let X be a second countable space endowed with a partial
action of G, then the following assertions are equivalent:

(i) X/~q is metrizable;

(il) X/~q is regular and T;.

Proof. Clearly (i) implies (ii). To see (ii) implies (i), notice that X/ ~¢ is sec-
ond countable because the quotient map 7w is open. Therefore, by Urysohn’s
metrization Theorem, the space X/ ~¢ is metrizable. (I

4. PARTIAL ACTIONS ON ORBIT SPACES

Let n be a partial action of G on X and H be a normal subgroup of G. We
shall construct a partial action of G/H on X/~p . If 5 is a global action, then
G/H acts globally on X/~g via

neu(H -x2)=H-(g9- ), (4.1)
for any g € G and = € X.

For the case of partial action, we notice that mimicking the construction
above does not yield to a partial action of G/H on X/ ~p because it is not
natural how to define the set G/H * (X/~p). Indeed, the construction of such

partial action is essentially more laborious than the global one, as we shall see
in the next result:

Theorem 4.1. Let n be a continuous partial action of G on X and H be
a normal subgroup of G. Then there is a continuous partial action ng g of
G/H on X/ ~pg, such that the orbit spaces (X/ ~u)/ ~a/u and X/ ~q are
homeomorphic.

Proof. Let p be the globalization of . Then p is continuous and by (4.1) it
induces a continuous action pg,z on Xg/~pg as follows:

por : Xa/~u> H[t,x] — H(gt,z] € X/ ~m,
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for each gH € G/H. Now, let ¢ be defined by (2.8). By Example 2.4 and
Lemma 2.13 the map pi¢ /5 induces a continuous partial action g, JH of G/H on

the open set Im(y) of X¢/~mu, where 1,y = {ngy : Xg-10 = Xgr}tonec/n,

Xon = pgn(Im(p)) NIm(p) and 7ngg = pgn [ Xg-14. (4.2)
Let Q := X/ ~p, then one obtains a partial action ng,/g of G/H on Q by
setting Qg = ¢ 1 (Xym),9 € G and

Mg+ Qg-1p D @ = @~ (0 (9(x))) € Up. (4.3)
Then

ngr () = (™1 o pgn 0 ) (), (4.4)
for each x € Q-1 and g € G. The fact that ng /g is continuous is straight-
forward.

Let ~q,pu be the orbit equivalence relation in € induced by 7,/ 5. To finish
the proof we show that the spaces 2/ ~¢ i and X/ ~¢ are homeomorphic.
Consider the next diagram:

X =X/ ~q

1T

Q o Q/~c/n,

where ) satisfies

U(ra/u(ma(2))) = m6 (@), (4.5)
for each z € X. Let us prove that v is well defined. Take x,y € X such that
mq/a(Tr(x)) = 7q/a (7 (y)). Then there is g € G with

4.4) _ _
T (y) = ngr (71 (2)) "= 0~ (ugn (p(ru () = ¢~ (Hlg, z]),

which implies Hlg,z] = HI[1l,y] and there is h € H such that [hg,z] = [1,y],
thus npe(z) = y and 7g(z) = mg(y), which shows that ¢ is well defined.
Moreover, notice that 1 is continuous and surjective.

Let us prove that v is injective. Let 21,20 € Q/ ~g /g such that ¥(z1) =
Y(22), and let z,y € X with ng/py(mg(x)) = 21 and 7q/u(Ta(Yy)) = 2.
Since mg(x) = me(y), there is g € G* satistying n,(z) = y. To prove that
z1 = z2 we need to find ¢ € G for which ng(7g(2)) = 7y (y). We claim that
ngr (T (x)) = 7r(y). In fact, by (4.4) we get

Ngr (Ta (7)) = ¢~ (g (p(mu(x)))) = ¢~ (Hlg, x]),

and ¢(mg(y)) = H[l,y| = Hlg, ], then ngr(7x(2)) = 7u(y) and ¢ is injec-
tive. Let U C Q/~¢ g be an open set. Since 7 is open, 7g (w,}l(wg}H(U))) -
X/ ~g is open. Thus ¥ (U) is open and 1 : Q/ ~g/g— Xa/~¢g is a homeo-
morphism. ([l
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The following result describes explicitly the partial action 7,5 and its glob-
alization:

Theorem 4.2. Let n be a continuous partial action of G on X, H be a normal
subgroup of G and ng, g be the partial action of G/H on X/~py defined above.
Then the following assertions hold:

(i) For g € G we have
(X/~m)gn = {mu(z) | 3h € H such that (hg™*,x) € G * X},
(ii) The domain of ng/u is
{(9H, 7 (x)) : (9,z) € Gx X A Th € H such that (hg,z) € G x X},
(iii) We have
ne/u 2 G/H « X/ ~p> (gH,7u(x)) = 71 ((hg) - x) € X/ ~m, (4.6)
where h € H is such that (hg,z) € G* X,

(iv) The globalization of ng,pu is (G/H)-equivalent to X/ ~p, where G/H
acts on Xq/~u via pig/H-

Proof. (i) Take ¢ € G and = € X such that ny(z) € (X/ ~g)gu. By
(4.3) ¢(ru(x)) = H[1l,z] € Xy and (4.2) gives an element y € X such
that pou(H[1,y]) = H[1,z], that is, H[g,y] = H[1,z] and [ho,z] = [g,y] for
some hg € H, therefore (g~'hg,z) € G * X. Since H is normal in G we have
g tho = hg~! for some h € H and (hg~!,2) € G * X. Conversely, if z € X
verifies (hog~!,7) € G * X for some hg € H, then hog~! = g~'h for some
h € H and we have [h,z] = [g,y], where y = (g7 *h) - x and

plru(@)) = H{1,2] = H[1, (h~1g)-y] ) H[h"1g,y] = Hlg,y] = por (H[1,3)),

thus p(mr(x)) € pgr(Imp) and 7y (z) € (X/~p)ya thanks to equations (4.2)
and (4.3).

(ii) This is a consequence of part (i) and the fact that (¢H, 7y (z)) € G/H
X/~pg if and only if 7y (x) € (X/~ng)g-14-

(iii) Take (gH, 7y (z)) € G/H * X/ ~p. There exists h € H such that
(hg,x) € G * X, then [hg,z] = [1, (hg) - ] and o(wg((hg) - x)) = H[hg,z] =
H|g,z]. Then follows by (4.4) that:

ne/u(gH, 7 (x)) = ¢~ (Hlg, z]) = 7 ((hg) - x),
as desired.
(iv) Observe that Imyp = {H[l,z] | € X}, then pug/p[lmy] = Xg/ ~q,
thus by (ii) of Proposition 2.11 the spaces (Imy)g,y and Xg/~p are home-
omorphic. Now we must show that the spaces Imyp and X/ ~py are G/H-

equivalent, but by (i) in Proposition 2.11 it is enough to show that ¢ is a
(G/H)-map, and this follows from (4.3). O

Example 4.3. Consider the partial action n : Z * X — X of Example 3.8
and let m € Z* be the least integer such that f™ = idy. If H = mZ, then
the induced quotient morphism 7y satisfies 7 (z) = {2}, for any = € X, thus
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the spaces X and X/ ~p are homeomorphic. Now we determine 7z, . Take
(k+ H,7mg(x)) € Z/H x X/ ~g, then, if k € H, by (4.6) we get

Nz a(k+ H, 7y (x)) =0z (H, 7 (2)) = 7y ().
Suppose k ¢ H. By (ii) of Theorem 4.2, there is h € H such that (h + k,z) €
Z x X and nz g(k + H,mg(x)) = mg(n(h + k,x)), thanks to (4.6). Since
(h+ k,x) € Zx X and k ¢ H, the equality (2.1) implies © € U. Then, (h,z)
and (k+h, z) belong to Zx X, which gives n(h+k,z) = n(k+h,z) = fF(z) =
f¥(z). We have shown that if k ¢ H with (k+ H,7ng(x)) € Z/H * X/ ~p, one
gets

nzyu(k+ H,r(2)) = np(n(h+ k, ) = 7 (f4(2)) = 7 (n(k, ).

Corollary 4.4. Let G be a compact group, H be a closed normal subgroup of G,
andn: GxX — X be a continuous partial action on a compact Hausdorff space
X. If Gx X is closed in G x X, then G/H x X/ ~p is closed in G/H X X/ ~p.

Proof. Let 17, JH be the partial action defined (4.2). By construction we get
that ng/y and 7, /H 8Te G/H-equivalent, and thus it is enough to show that
G/H xIm(yp) is closed in G/H x Im(y). Having at hand Remark 2.5 we only
need to see that Im(yp) is closed in X¢/~p . Now, by (ii) in Theorem 3.2 the
enveloping space X is Hausdorff and since H is compact then the first item
of Theorem 3.2 implies that X/ ~pg is Hausdorff. Also X/ ~p is compact
which implies that ¢ is a closed map, then Im(p) is closed in Xg/ ~py and
G/H xIm(yp) is closed in G/H x Im(¢) which finishes the proof. O

The following lemma is clear:

Lemma 4.5. Let G and H be topological groups and ¢ : G — H be a group
homomorphism. If {ny: Xp-1+ = Xn}nen is a partial action of H on X, then
the family {ng(g): Ug—1 — Ug}tgea, where Uy = Xo(q), 9 € G, is a partial action
of G on X such that

GxX = (pxidy) " (H+X) and G+ X 3 (g9,2) = n(¢(9),z) € X. (4.7
Remark 4.6. Using g ,p and the canonical homomorphism pg : G — G/H, it

follows by Theorem 4.1 and Lemma 4.5 that there is a partial action nP# of G
on X/~p which by (4.7) has domain

G * (X/NH) = {(gvﬂH(‘x)) ‘g € Gv T € Xa (gHa’/TH(:L')) € G/H*X/Nfg}a )
4.8
and

" (g, 7 (2) = ne/u(9H, 7r(x)). (4.9)
From now on we always consider G acting partially on X/~p via nPH=.

Let Hy, H; be subgroups of G such that Hy C Hs. We define 7y, g, :
X/r~pg,— X/~n, as the only map such that

TH, = TH,,H, © THy» (4.10)

in particular, for a subgroup H of G the map 7y g is the identity on X/~ .
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Proposition 4.7. Let H, H; and Hs be normal subgroups of G with Hy C Hs.
Then g and TH, g, are G-maps.

Proof. First we show that my is a G-map. Take (g,z) € G * X, by (ii) of
Theorem (4.2) the pair (¢H, 7y (z)) belongs to G/H % X/ ~p and follows by
(4.6) that 71 (n(g,)) = ng/u(9H, 7g(x)). Hence (g,7h(x)) € G * X/ ~g
and nPH (g, 7w (x)) = 7 (n(g,z)) which shows that 7p is a G-map. Now we
show that 7g, g, is a G-map. Suppose (g,7m, (x)) € G * X/ ~g,. We need
to show that (g,7m,(z)) € G * X/ ~pg, and 7y, m,(Ne/u, (9H1, 7H, (2))) =
nayH,(9Hz2, mr, (). We have (gHy,7h, (z)) € G/Hy x X/ ~p, . Using (ii)
of Theorem 4.2 there exists h € H; C Hj such that (hg,z) € G = X, thus
(9Ho,7h,(x)) € G/Ho % X/ ~p, and (g, 7H,(z)) € Gx X/ ~p,. It follows from
(4.6) that

(g, 7w, (2) = nayu, (9H1, Tr, (7)) = 71, (n(hg, 7)),

in a similar way 77 (g, 711, (2)) = 1/ s, (9Ho, 711, (2)) = 7z, (n(hg, ). There-
fore

TH,,Ho (g " TH,y (3’3)) = TH,,H, (7TH1 (hg ) .1‘)) = TH, (hg : m) =9 TH, (CIL‘),

and we conclude that 7y, g, is a G-map. g

4.1. Inverse limits. As an application of Theorem 4.1 we extend [2, Theorem
9] to the context of partial actions. Let G be a compact group, let (I, <) be
a directed set and consider an inverse system {Gi;pg ; I} in the category of
topological groups such that G = 1(21 G, where {p; : G — G, }icy is the family

of projections such that pf op; =p; for 4,5 € I and 7 < j. Take 7 € I, then
H; = ker(p;) = p;*({e;}) is a closed normal subgroup of G thus is compact
and H; < H;, for every i,j € I with i < j. Let n be a continuous partial action
of G on X. Now, for i € I the group H; acts partially on X via restriction,
setting X; = X/ ~p, we denote by 7rf =7y, H, P X; = X, 1 < g, the G-map
defined in (4.10) and m; = 7p, : X — X;, the orbit equivalence map.

We proceed with the next lemma:

Lemma 4.8. Following the notations above consider i,5 € I with ¢ < j. Let
n:Gx*x X — X be a continuous partial action such that G x X is closed, then
the family {m; : X — X, }icr separates points of closed sets in X.

Proof. The proof follows the lines of [2, Lemma 3], where it is shown that
mi(x) ¢ m(C) for any x € X and C C X a closed subset such that z ¢ C.
On the other hand, the fact that G * X is closed is used to guarantee that
HxX =(G+xX)N(H; x X), is closed in H; x X, which implies that =; is
closed, for any ¢ € I. Then the family {m; : X — X,},cs separates points of
closed sets in X, as desired. O

Take 4,5,k € I such that i < j < k. For z € X, we have nf(HY - z) =

(n) o ﬂf)(H,f -x), then X = {X;, 77, I} is an inverse system of spaces endowed
with continuous partial actions of G.

We finish this work with the next result:
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Proposition 4.9. Under the assumptions above, let X = {p; : {iLnXi —
X, }tier be the family of projections associated to {iLnXZ-. If X is Hausdorff and
G x X is closed in G x X, then the following assertions hold:
(i) There is a partial action 6 of G on l}LnXi such that X is G-equivalent
to limX;.
—

(ii) The following diagram is commutative for any j € I

G * limX; —2 > limX;
— —

idcx%‘l i%’

G*Xj Xj

ij
where nPMi is the partial action of G on X; given by (4.9).

Proof. (i) It is not difficult to see that the family IT = {m; : X — X;}ier is

compatible with X then by the universal property of the inverse limit there

exists a continuous map A : X — limXj;, such that ¢; o A\ = m;, for any i € I.
pa

We shall prove that A is a homeomorphism. First, by Lemma 4.8, the family

IT separates points of closed sets in X, further, by (i) in Theorem 3.2 each

orbit space X; is Ty, then the map A is an embedding. Let (z;);c; € limX;,
—

since H; * X is closed in H; x X and by Lemma 3.1 the map m; is perfect,

we have A; = m; '(z;) is a compact subset of X, for all i € I. Now write

A = {A;}icr and take ¢, € I such that ¢ < j. For y € A; we have m;(y) =

7} (mj(y)) = 7 (z;) = x;, and A; C A;, from this one concludes that A has

the finite intersection property, therefore (| A; # &. Finally, if y € () 4,
iel iel

then m;(y) = x;, that is (x;);cr = A(y), therefore limX; = A(X) and ) is a

—

homeomorphism. To define a partial action of G on limX; we set
—

G*l{iﬂlX,’: {(g,x) 6G><l(i£1Xi | (g, A7 (x)) GG*X},

and
0:Gx*1limX; 2 (g,2) = Mg - A"(z)) € limX;,
— —

thus A is a G—map which shows the first item.
(ii) Take j € I. We first check that the map idg X ¢; is well defined, that
is for (g,z) € G *lim X; one has that (g,z;) € G * X;, where = (z;)ier.
—

Indeed, if (g,z) € G x lim X; we get that (g, \"(z)) € G x X which by item
—

(ii) in Theorem 4.2 implies (gH;, m;(A~*(z))) € G/H; * X; and thus (g,z;) =
(g,mj(A"(z))) € G* X thanks to (4.8), and idg x ¢; is well defined. To check
that the diagram commutes observe that

W’ o (ide x 9;)(g,2) = 16/, (9H;, (A (2))) = m;((hg) - A7 (x)),
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where by (ii) of Theorem 4.2 the element h € H; is such that (hg, A\7'(z)) €
GxX. Since \™!(z) € Xj-1,-1NX -1 we get by {tem (ii) of Proposition 2.1 that
g A" (2) € Xys thus (hg) - A" (z) = h- (g A~ (x)) and m;((hg) - A~ (z))
7;(g-A71(z)). On the other hand ¢;06(g,z) = p;A(g-A"(z)) = mj(g- A" (2)).
Then n”"i o (idg X ¢;) = ¢; o 6 which ends the proof.

O~ |l
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