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Abstract: The problem of solving a nonlinear equation is considered to be one of the significant
domain. Motivated by the requirement to achieve more optimal derivative-free schemes, we present
an eighth-order optimal derivative-free method to find multiple zeros of the nonlinear equation by
weight function approach in this paper. This family of methods requires four functional evaluations.
The technique is based on a three-step method including the first step as a Traub-Steffensen iteration
and the next two as Traub-Steffensen-like iterations. Our proposed scheme is optimal in the sense
of Kung-Traub conjecture. The applicability of the proposed schemes is shown by using different
nonlinear functions that verify the robust convergence behavior. Convergence of the presented family
of methods is demonstrated through the graphical regions by drawing basins of attraction.
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1. Introduction

Many practical problems are nonlinear in nature, therefore, the problem of solving a nonlinear
equation is considered to be one of the significant domain. In addition, the construction of higher
order optimal iterative methods for multiple roots having prior knowledge of multiplicity (o > 1) has
remained one of the most important and challenging tasks in computational mathematics.

Modified Newton’s method is a one-point scheme used to find multiple roots w of a nonlinear
equation f(x) = 0, with known multiplicity o. Its iterative expression is
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where f is an analytic function in a neighborhood of the zero w. Sometimes, the derivative f’(x) may be
expensive to calculate or may indeed be unavailable. To overcome this problem, Traub—Steffensen [18]
replaced the derivative of the function in the modified Newton’s method by the divided difference

— f(0
F ~ fl 6] = L40=C)

i — Ok
where ;= 0 + v f(6r). Therefore, the modified Newton’s method becomes

G
f[/“lka Qk]

In the literature, there exist many iterative procedures to find the multiple roots of f(x) = 0 with
derivatives (see, for example [2—4, 12, 13, 15]). The motivation for constructing high-order methods
is closely related to the Kung—Traub conjecture [10]. It establishes an upper bound for the order
of convergence p < 297!, where p is the order of convergence and d is the number of functional
evaluations. Any iterative method without memory attaining the maximum bound of the Kung-Traub
conjecture is called optimal method. However, there are few optimal derivative-free schemes [1, 14,
16, 17], the iterative expression of some of them will be used in the numerical section and are shown
below.

In 2019, Sharma et al. [16] proposed multiple root finding method with known multiplicity o > 1
given as

Or+1 = 6 k=0,1,2...

W = 6 +vyf(6), wherey € R—{0},
v = Bi-0 S0
f 100 mi]’
_ 3 S ()
& = u UrkV(rk)—f[ek’ﬂk],
7
s = fk—O'skL(rk,tk)%,k:0,1,2,... (1.1)
being
- f(Uk))‘l’
‘ o)
o = f(fk))"
¢ @)’
- f(fk))“
¢ S ’

where 6, is the initial estimation and V : C — C and L : C* — C are analytic in the neighborhood of 0
and (0, 0) respectively such that, conditions on V and L are as follows:

VO) = 1, V0 =2 V' (©0=-2 and |V (0)]<oco
L(Oa O) = 1’ LIO (Oa O) = 2’ LOI (09 0) = la L2O (Oa 0) =0
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and |L11

i+j

0,0)| < oo, where L;:(0,0) = ——
(0,0)| < oo, where L;;(0,0) i

L(r, 1) for i, j € N.
0,0),

Furthermore in 2019, Sharma et al. designed in [17] an optimal eighth order scheme to find the
multiple root of the nonlinear equation with known multiplicity o > 1:

Hi

Uk

&

9k+1

where

Oy +vf (6, where y € R—{0},
RG]
f 100 ]’

Uy — O']’lk (al + a’zhk)

gk—O'

f(6)

f 6> i)’

f(6)
- k=0,1,2,...
I 16k, 1]

1

)0‘
k)

1

)0‘
’

& — orsiL (g, si) (1.2)

S
RG]

S (&
S W)

;

1+7‘k,

Sk

hye

and L : C? - Cis analytic in the neighborhood of (0, 0) such that, conditions on a, @, and L are given

as:

(03]
Lo,
Lsg

where L;;

I, ap =3, Ly =1,

= 1’ LlO = 2’ L20 = _49 Lll = 4'9
= —72, | L02 |< oo and | L21 |< 0o,
o h 0,1,2,3,4
= . ‘L b b ‘, ] e b b b b .
EYAr (e, s1) AVAS }

0,0

Recently, Sharma and Kumar [14] presented another eighth order derivative-free multiple root
finding scheme with multiplicity o > 1. This three-step iterative scheme is described as follows:

Mk

Uk

&

Or+1

= O +vf(6), where y € R—{0},
_ . NACH)
¢ f[ek’ :uk] ’
o f (6
RGO
7]
= & — wH(ry, st tk)]%,

where, G : C> —» Cand H : C* — C are holomorphic in the neighborhood of (0,0) and (0,0, 0)

respectively. Here,
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o - f(m))i
f6y)
. f(fk))"
¢ fwp)
T f(fk))"
BACH)

A drawback of this scheme is that the conditions on weight functions G and H varies with the changing
value of multiplicity o

Based on the requirement to develop efficient derivative-free multiple root schemes, we give a
derivative-free optimal eighth order convergent scheme to find the repeated roots with multiplicity
o > 1 (Section 2). This proposed scheme has four functional evaluations and is based on the first-order
divided differences and involvement of two weight functions. We compare our methods in Section 3
with two of the recent derivative free methods of seventh [16] and eighth order [17] using physical
problems of chemistry, physics and biology [6, 8]. The performance of our family of methods along
with the demonstration of their basins of attraction is also discussed in Section 4.

2. Construction of optimal eighth-order scheme
Let us give a three-step derivative free scheme to find multiple zeros of the nonlinear equations,

having a positive integer multiplicity oo > 1. If this multiplicity is unknown, it can be estimated by
different techniques that appear in [11].

M = 6O +vf (), wherey € R—{0},
v = G — S
A |
_ B JACH)
& = u O-rkv(rk)f[ek,,uk]’
¢
Or1 = fk—O'SkP(I"k, Sks l‘k)%, k=0,1,2,... 2.1

1 1
where r, = (?EZ"))) , Sp = (f(‘c’;;)” and t;, = (;ES‘)) LetV:C — Cand P : C* — C be analytic
functions in the neighborhood of 0 and (0, 0, 0) respectively.

The investigation on the convergence analysis of the proposed family (2.1) and the conditions on

weight functions V(ry) and P(ry, sk, t;) are apparent from the following result.

2.1. Convergence analysis

Theorem 1. Let function f : C — C be analytic in a region that contains the multiple root w of f with
known multiplicity o. Let 6y be an initial guess which is sufficiently close to the repeated root. Then,
scheme (2.1) possess eighth order of convergence in case it satisfies the following conditions:

V) = 1, V©0)=2, V'(0)=-2and V" (0) =36
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Poo = 1, Pioo =2, Poor =1, Pio1 =4 - Poio,
[Pi1o] < o0, |Pypa| < oo,
ai+j+l

arasign’ s

(0,0,0)

where, Pjj

The error equation of the proposed scheme is given by:

(c1((11 + o)t — 20ea)(—24(1 + o‘)zc? +

ek+1 = - 7
480

(3Pyo2(11 + 0)* + 2(—=665 — 840 + 507 + 6P 1o(11 + 0)))cy

120 (Pooa(11 + ) + 2(=10 + Py1g + 40))c3cy + 12(=2 + Pogo)o*ch

+12007¢ic3))e; + O (e}).

where

oS

Tl fOw)

(2.2)

(2.3)

Proof. Let w be the multiple root of f(x) = 0 and e, = 6; — w be error in the kth iteration. Considering
that f™ (w) =0,m =0,1,2,...,0 — 1 and f(w) # 0, the Taylor’s expansion of f around w, gives:

[PW) , [T [TPW) G fT(W) L

6,) =
7 ol KT o T a2t T oy &
LIV as STV s [T g ST iy
(o +4) * (c+5)! * (c+6) * (c+7!*
f(o-+8) (w) o+8 o+9
+m€k + O(ek ),
which can be written as:
f(tr) (w) "
f6) = = ey (1 + crex + cze,% +...+ c7ez + C3e,§ + O(ez)) ,
where,
. ol fO(w)
o+ ) [
fori e N.

Next let us consider y; = 6, + vf (6;) and e, = 6, — w, given as:
Mi—w =0 —w+yf(),
M — w = e+ v f(O),

such that from (2.5),

2 w)
Hie = €+ ——

ey (1 + e + cze,f +...+ c7e,z + Cge,f + O(ek9)).
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Expanding f (u;) around w, we have

(o)
P = Lo o (1 e =)+ ea =+

o7 (e = ) + ¢ (i~ w)°). (2.8)
Upon substituting the values from (2.5) and (2.7) in the first step of (2.1) and simplifying yields:
¢ , 20c,—(0+1)c]
v = ;ek + = e,
1
+; ((0' +1)2ci+0 (@ +30)cicy - 30'2c3) e+ Z aiei™ + 0 (62) , (2.9)
i=1
where, a; = a;(o, ¢y, ..., Cg).
Next, the expansion of f (v;) around w is:
a1 20c-0+0)c? 1
f) = (eiﬁ) — 2 ( )< ex + QU +0)c
o) \o! olc; 2003
+(0' +ol-o+ 1)c1 +20'(6+30' 20 )c c+4 (o - 1)0'2 2
—607cic3)e; + Z diel’* + 0 (62) ,
i=1
which can also be written as,
©) (a)) c 2c,0 -2 (o0 +1) 1
fap = L (=) 2“( 1 e+ —
C1 20¢cy
((3 +30+30% + 0 )cl —20Q2 + 30+ 20'2)c%cz
6 .
+4 (=1 + o) 0?3 + 607 ¢cic3)e; + Z diei* + 0 (ez) , (2.10)
i=1
where, d; = d; (o, cy, ..., cg).
S
Using (2.5) and (2.10) in r; = ( f(ek)) :
2000, — (2 + 0)c?
o= ey BTRTCHDD 5, (2(1+0‘)
o o
(5 +30)c} +20(1 + 30)c1c, — 60 ¢3)e + Z hel* +0(ey) (2.11)
i=1
where, h; = h; (0, ¢y, ..., cg) are given in the terms of o and c}s, j=1,...,8.
Developing the expansion of the weight function V (r) in the neighbourhood of 0 implies,
1 1
V(ry) = V(0)+rV (0)+ Er,fV" 0) + gr,fvw )+ .... (2.12)
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So, using (2.9)—(2.12) in the second step of the method,

(V(0) - l)clei 1+VO0)+o0-VO)Q3+ O'))C% +2(V(0) — 1)0‘6‘2)62
N - 2

T
g g

+2%3(—2(V (0) = (1 + )’ = (V7 (0) = 2V (0) (5 + 207)
+V(0) (11 + 7o)c; + 20(4 = 4V (0) = 3V (0) (0 — 1) + 30)ci02

4
+6(V (0) = Docy)ef + D wiel™ +0(e), (2.13)

i=1
where, w; = w; (0, ¢y, ..., cg) . If we choose the values of V (0) and V’ (0), given as:
ViO)y=1, V' (0) =2, (2.14)
then we achieve fourth order for the second step as:

((9-V"(0)+ O')C? - 20c1c2)ei

& = =
1
= 60+ o)ei + (119 + V7 (0) + 120
g
+0? =3V (0) (7 + 30))c} + 12073 — 2407 ¢y ¢ (2.15)
3
+6(=20+ 3V (0) + 20)orcter)ef + ) wiey" + O (e}), (2.16)

i=1

where, w! = w! (0, ¢y, ..., cg). Subsequently, f(&) around w results in:

(277 (Al + o)l = 20100\
f&) = 6’2 (—,( . )
o!
1 (AL +0)c] =20¢ic;
3(o30))
+(161 + V" (0) + 900 + o?)c] + 12(0 — 13)ocic,
7

+1207%¢5 — 240’2C1€3))€k) + Z wie, " + 0 (ez) , 2.17)
i=1

o3

—1+0
) 6(1 + o)*c;

o3

where, u; = u; (o, cy,...,cg). By using (2.5) and (2.17), s, = (%); it becomes:

((9 -V"0)+0)c; - 20'0102) e 1
_ 23
Sy = 753 - 60_4(6(1 +0)°c;

+(194 + V"7 (0) + 930 + 02)c| + 60 (=27 + 207) ¢icy + 1207 ¢

4
—240?%cc3)e; + Z ue™ + 0 (ek9), (2.18)
i=1
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1
where u} = u! (o, ci,...,cg) and from (2.10) and (2.17) # = (}%)”, implies:
((9 - V") +0) c% - 20'62) ei

_ 2 2
L = 752 + 60_3(—6(1+0') cy

—(128 + V"7 (0) + 540 — 20%)c} + 12(7 - 20) o¢ ¢

5
+240%cs)ey + » viei +0(er’), (2.19)

i=1

where, v; = v; (0, cy,...,cg). The expansion of the weight function P (r, s, ¢) in the neighborhood of
(0,0,0) is given by,

es1 = & — Ssi(Pooo + rePioo + tPooi + siPoio + ritiPiot
2
i
+riskPrio + skt Porn + EPooz)(ek - Up). (2.20)

Applying the values of ry, s; and #; from (2.11), (2.18) and (2.19) in (2.20), we obtain:
1 144
Cr+y1 = —F((—l +P000)C1 ((9—V (0)+O’)C%-20’C2))€i

1
+Q(6 (1 +0)* (=1 + Pooo) €3 + (=161 + V"7 (0) (=1 + Poop)

+07 (=1 + Pggo) + 227Pgg0 + 0 (=90 + 96Poy — 3P100) — 33P10)C}
+60 (26 + 20 (=1 + Pooo) — 28Pooo + P1oo) ¢z + 1207 (=1 + Pogo) €5

3
=240 (1 + Pop) cic3)ef + ) vier" + 0 (e’), (2.21)
i=1

where, v = V! (0, ¢y, ..., cg) . To remove the lower order terms, we use the values of V"’ (0), Pooo, Pioo,
Pyot1, Piop as:

VI0) = -2, (2.22)
Pooo = 1, Pigo =2, (2.23)
Poor = 1, Py =4 — Py, (2.24)

so that (2.22) and (2.23) yields:

€r+1 =

2
- ((—1 + Py ey (11 +0) ¢ = 207,) )e,i
1
1206
+(259 + V" (0) + 0 (=1 + Pog1) — 355Pg1 — 2V"” (0) Poo1 + 33Po10
+33P1g; + 30 (46 — 50Pgg; + Poio + Pio1))ct — 60(38

+60’(—1 + POOI) - 42P001 + P010 + PlOl)c%CZ - 120’2 (—1 + POOI)Cg

(A1 + o) cf = 20¢2) (=121 + o) (=1 + Pooy) ]

2
+4807 (=1 + Poo) cr63)) €] + > kie] + O (&), (2.25)

i=1

AIMS Mathematics Volume 8, Issue 4, 8478—-8503.
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where, k; = k; (0, ¢y, ...,cg). and (2.24) gives:

1
il = 5g (=36 + V" (0)) ¢} ((11 +0o)ct — 20'c2) el

~ T (@41 + ) (V7 (0) =323 + @))€} + 4V (0))’

+4V" (0) (323 +2070 + 1002) +3(=31862 + 3993Pyp, + o= (10 + 3Py»)

+1452P19 + 0'2 (=538 + 99Pypo + 12P;1p) + 0 (—13114 + 1089Pyy, + 264P1]0)))C?
—60(=12010 + 4V" (0) (65 + 40) + 1089Py, + 0 (58 + 9Pygp) + 264P
+607 (=56 + 33Poa + 4P 110))c{c2)) + O (). (2.26)

If V"7(0) = 36 in (2.26), the required eighth order of convergence is achieved and the error equation
1s:

(c1((11 + ) = 20¢2)(=24(1 + )¢y

et = 4807
+(3Pona(11 + 0)* + 2(—665 — 840 + 50 + 6P 15(11 + 0)))c}

120 (Pooa(11 + ) + 2(=10 + Py1g + 407))ciey + 12(=2 + Pogy)o>cs
+12007cic3))ef + O e}). (2.27)

O

We can observe that from Theorem 1, several repeated root-finding schemes can be obtained by
merely changing the cases of V(r;) and P(ry, sk, t;) according to the condition set (2.2). It is noteworthy
that the selection of specific values of parameter y can be made under the point of view of improvement
in the stability of the scheme and a widening of the set of converging initial estimations.

2.2. PFarticular cases of weight functions

As mentioned earlier, we can generate many cases of scheme (2.1) by using different kind of weight
functions V (r) and P(r, s, t) that satisfy the conditions stated in Theorem 1. The discussion of some of
these special cases is given as follows:

Case 1. Let the weight function be the polynomial of degree three satisfying the condition set (2.2)
and is defined as,

V(r)=a+br+cr’+dr.

From the described conditions on V, the expression for V(r) is:
Vi) =142r—r*+6r.
Let us take another weight function P(r, s, t), to be a linear polynomial:
P(r,s,t) =a+ br + cs + dt.
Upon applying the conditions described in Theorem 1, we get,

P(r,s,t) =1+2r+4s+t.

AIMS Mathematics Volume 8, Issue 4, 8478—-8503.
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Therefore,

Mr = Hk + ’}/f (Hk) , where Y € R- {0} s

Uy = e — O f(ek)
f10k e’
0
b = weond oo L0
6
Oi1 = & —osi(1+2r + 4sp + tk)%.

Case 2. Here, we take V(r) as an improper rational function as:

1 —9s2

V=150

and taking P(r, s,t) as a polynomial function:

P(r,s,t) =1+2r+1t+4rt

where both of them are satisfying the conditions of Theorem 1. Consequently, we get the following:

M = 6O +vf(6), wherey € R—{0},

Uk — gk _ 0_ f(gk)
f[gk,,uk]’
& = v—or ( -9 ) £(00)
r = Uk Ory 1 _ 2rk _ 4}"’% f[gk,ﬂk],
9
Ot = &= oL+ 2r + 1 + 4rktk)%'

Case 3. Further, let V(r) has the improper rational form as,

1 +ar+br*+cr’
1+dr

V(r) =

Applying the conditions to this function results in:

1+3r+r2+58-

Vi = 1+r

and P(r, s,t) is same as that of Case 1,
P(r,s,t) =1+ 2r+4s +1,

so that, the family of methods presented in (2.1) becomes:

W = 6 +vyf(6), wherey € R—{0},
v = b-0 S(0)
S0k )’

AIMS Mathematics
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6 = - o_rk(l +3rc+ 17+ Sr,f) £
1 +ry Fl6k, i’
(6k)
9k+1 = fk—O'Sk(l +2rk+4Sk+lk)f[f9k,I;1k].

Case 4. Similarly, let V be given by,

1+8r+ 11/

Vin = 1+6r

where the weight function P is the same as that of Case 2,
P(r,s,t) =1+ 2r+1t+4rt.
Then, it results in the following new scheme:

M = O +yf(6), where y € R—{0},

w = O—0 NACH,
f[gk,,uk]’
¢ (1+8”k+11"i) £
= U — 0, :
k k= 0T o YIS
0
Or1 = &= osi(l+2r+ 1 + 4rktk)f[];i,2k]'

3. Numerical results

We investigate the performance and convergence behavior of our proposed eighth order methods
given by Cases 1-4, we denote the cases as DZ1, DZ2, DZ3, and DZ4, respectively. Our test functions
involve some physical problems of physics, chemistry and biology. We compare the methods with the
recent derivative-free methods of seventh order of Sharma et al. [16] (Case I(a), Case I(b), Case II(c))
denoted by S H1, S H2 and eighth order schemes of Sharma et al. [17] (M-1, M-4) denoted as S H3,
S H4. We take the value of y = 0.001.

For numerical tests, all computations have been performed in computer algebra software Maple 16
using 300 significant digits of precision. Tables show per step numerical errors of approximating real
root |6, — 6,_;| of the first three iterations, the absolute residual error of the test function at the third
iteration and the computational order of convergence [9] defined as:

10 G2)/f G|
O Ml G If @1

Let us explicitly give the schemes SH1, SH2, S H3 and S H4. First consider the seventh order
scheme of Sharma et al. [16] as stated in (1.1). The special cases of the scheme denoted by S H1 and
S H2, are given as,

k=1,2,..

SH1 :u, = 6+vf(6), wherey € R—{0},
v = G—0 J(6)
F 10k ]

AIMS Mathematics Volume 8, Issue 4, 8478—-8503.
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6 + - f - g 7 6

and

SH2 : iy = 6c+vf(6), where y € R—{0},

v = OG-0 £ (6
e
o (2+57’k) J ()
& = w—ory 25 ) T loomd
[?)
Oe1 = fk—ask(1+2rk+tk+t,%)%,

The performance of this newly presented optimal eighth order family of methods can also be
compared with the eighth order methods (see [17], M-1, M-4) given by (1.2) The special cases denoted
by S H3 and S H4 are:

SH3:w = 6c+vyf(6), wherey € R—{0},

U = gk_o_ f(ek)
106 m]’
16
= vy —oh (1+3h) ————,
G = mem e S
(@)
et = &= e (14 2+ 1= 20 + 4t = 121}) ‘f{ak,Lk]’

and

SH4 :u, = 6 +vf(6), where y € R—{0},

v = G—0 ECH)
f 16 i)’
£ (6o
= —ohi (1 +3h) —"—,
&k v —oh (1 + k)f[gk,ﬂk]

1+ 3h + 21, + 8ty — 14h,§) JACH)
f

Ot = 5"_(’””( 1+ ) (L + 1) [0 1]

Next, we have considered the following physical problems.

Example 1. Continuous stirred tank reactor.

Consider an isothermal CST reactor. Let U and I" be the components taken in the reactor then the
following reaction scheme develops in the reactor (see [5]):

U+T —» W
W+ - X
X+ - Y

AIMS Mathematics Volume 8, Issue 4, 8478-8503.
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Y+I' - Z
Douglas (see [6]) described this phenomena as a simple feedback control system. For the transfer

function of the reactor, the following equation was considered:

2.98(6 + 2.25) _
6* + 11.506° + 47.496> + 83.0632560 + 51.23266875)

Ke X
(

where «, 1s the gain of proportional controller. For the stability of the control system, we have to take
the values of «, that result in the zeros of the transfer function possessing a negative real part. Let us
consider that k. = 0, then the roots of the nonlinear equation are obtained from the singularities of the
open-loop transfer function:

fi(0) = (6* + 11.500° + 47.496° + 83.063250 + 51.23266875),

where, w = —1.45, w = -2.85, w = -2.85 and w = —4.35. We take w = —2.85 with multiplicity o = 2.
Taking the initial guess 6y = —3.13 gives the numerical calculations presented in Table 1.

Table 1. Comparison of multiple root finding methods for f; (6).

S cheme 61 — 6l 6> — 01 |05 — 65| 1f1(0)] coc
SHI1 0.4506 0.22799 5.7457 x 1072 3.4471 x 1078 5.65
SH2 0.4506 0.22800 5.7461 x 1072 3.4527 x 1078 5.65
SH3 0.3670 0.09130 42327 x 1073 0.9881 x 10777 8.22
S H4 0.3351 0.05596 8.4514 x 107 1.3030 x 10?7 5.80
DZ1 0.3676 0.09191 43049 x 1073 3.5910 x 10?7 8.43
DZ2 0.3676 0.09191 4.3050 x 1073 3.5772 x 107% 8.43
DZ3 0.3676 0.09191 4.3048 x 1073 3.5996 x 10?7 8.43
Dz4 0.3676 0.09191 4.3046 x 10777 3.6355 x 1077 8.42

Example 2. Isentropic supersonic flow.

Hoffman and Zucrow [17] derived a relation between the Mach number, before and after the corner,
represented by m; and m, respectively. Then along a sharp extension corner, the isentropic supersonic
flow is given by .

2 (\2 2 1\3 .
¢ =a? [tan‘1 (mz 1) —tan! (mla 1) ) — ((tan™! (m% - 1)2) — (tan™! (m% - 1) ),

D=

a

B+

=5 T

where £ is the specific heat ratio of the gas. For specific values of 8 = 1.4, m; = 1.5 and ¢ = 10°, we
solve the equation for m, = 6 and get,

a

o) = ! [ - (V1) V6

tan_l[m)—tan_l(l 5)] 11
6

2Ve6)| 63
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This yields the simple root w = —1.8411 with multiplicity o = 1. Taking the initial guess 6y = —0.315
gives the computational results as shown in Table 2.

Table 2. Comparison of multiple root finding methods for f, (6).

S cheme 161 — ol 16, — 64 |65 — 65| 1/2(0)] coc
SHI 4.3699 39.13936 3.7074 x 10° 1.8937 0.14
SH2 3.8452 18.03197 6.5655 x 10? 1.8932 0.75
SH3 3.8043 16.11592 5.3614 x 10? 1.8858 -0.46
SH4 1.8896 1.77053 0.8179 1.1978 x 107* 4.23
DZ1 1.8607 1.84020 0.0707 1.6545 x 10713 7.06
D72 2.7685 0.98545 4.1725 x 1073 2.0833 x 107% 8.07
DZ3 1.2552 1.05743 1.3499 x 102 3.8592 x 107" 8.31
DZz4 2.9098 0.92201 2.0697 x 1073 3.0161 x 107 7.87

Example 3. Van Der Waals equation of state.
The Van Der Waals equation of state [19], is defined as:

RT a
v—>b v?’

p:

where p is the pressure, v is the volume, R is the gas constant, 7 is the temperature, a is the force of
attraction between the molecules and b is the molecular size. The alternate form the Van Der Waals
equation of state is given as,

an’®
(p + 7) (v —nb) = nRT,

that explains the behavior of a real gas, by introducing two parameters, a and b specific for each gas in
the ideal gas equation, where n is the number of moles. Determination of the volume V of the gas in
terms of the remaining parameters requires the solution of the nonlinear equation in terms of V.

pv’ — (nbp + nRTWV* + an®v = abn’.
Let us suppose that n = 0.1807 mole of gas has a pressure of 1 atmospheres and a temperature of 313K.

For this gas, a = 278.3atm - L*/mol? and b = 3.2104L/mol. The universal gas constant has the value
R = 0.08206atm - L/mol - K. Hence, we obtain following equation, which is cubic in v:

f3(0) = 6° — 5.226° + 9.08256 — 5.2675,

where 6§ = v, yielding the multiple roots w = 1.75 with multiplicity oo = 2. Taking the initial guess
6y = 2.05 implies the analytical results of Table 3.
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Table 3. Comparison of multiple root finding methods for f; (6).

S cheme 61 — 6ol 6, — 6] |63 — 65| 1/5(0) ] coc
SHI1 0.2828 1.7129 x 1072 1.8135 x 1073 9.5468 x 107 6.18
SH2 0.2828 1.7124 x 1072 1.8216 x 1073 1.0675 x 107% 6.18
SH3 0.2820 1.7951 x 1072 2.0742 x 1073 8.1167 x 107> 6.94
S H4 0.2795 2.0368 x 1072 5.3306 x 1073 1.1791 x 10746 6.65
DZ1 0.2847 1.5319 x 1072 5.7302 x 107° 6.6723 x 10793 7.13
D72 0.2847 1.5293 x 1072 6.1453 x 107° 1.9309 x 10762 7.13
DZ3 0.2847 1.5319 x 1072 5.5644 x 107 4.1702 x 10793 7.13
DZ4 0.2847 1.5311 x 1072 5.0567 x 107° 8.2275 x 107% 7.13

Example 4. Kepler’s equation.

In celestial mechanics, Kepler’s equation possesses a fundamental importance. As it is a

transcendental equation, it cannot be inverted directly into simpler form of the function to determine
the position of the planet at a certain time. Therefore, considering its importance, many algorithms
were generated to solve this equation. The relation between the polar coordinates of the celestial
body and the time taken from the initial point is described by the Kepler’s equation. Here, for an
orbiting body about an ellipse having eccentricity E, 6 represents the “eccentric anomaly” (polar angle
parametrization) and M represents the mean anomaly (time parametrization). Let us consider the
conventional form of the Kepler’s equation, given as f(f) = 6 — Esin(d) — M. In [7], Danby et al.
described the behaviour of this equation on many specific values of the parameters £ and M. In
particular, let the value of £ = }f and M = Z, that gives f(6) = 6 — # — %. Taking four times the
Kepler’s equation on the same values of the parameters, implies,

This gives us the multiple root w =~ 1.833 with multiplicity o = 4 and taking the initial guess 6 = 1,
results in the numerical computations that are presented in Table 4.

Table 4. Comparison of multiple root finding methods for f; (6).

S cheme 61 — 6ol 6, — 61 165 — 65| /2 (0) coc
SHI1 0.2879 7.8645 x 1072 8.7165 x 10713 1.2881 x 10736 7.01
SH2 0.2879 7.8645 x 1072 9.2896 x 10713 1.0363 x 1073% 7.01
SH3 0.2488 3.9591 x 1072 2.6372 x 10716 2.5232 x 107" 8.00
S H4 0.2346 2.5389 x 1072 2.3460 x 1077 8.0997 x 107>% 8.00
DZ1 0.2489 3.9693 x 1072 4.6641 x 1077 1.2535 x 1074 8.00
DZz2 0.2489 3.9693 x 1072 7.9380 x 1077 3.2987 x 10736 8.00
DZ3 0.2489 3.9693 x 1072 2.2725 x 107V 3.0380 x 107> 8.01
Dz4 0.2489 3.9693 x 1072 9.3809 x 1077 1.6458 x 1071%° 1.09
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Example S. Predator prey model.

Let us consider the predator-prey model with ladybugs as predators and aphids as prey. Let 6 be the
number of aphids eaten by the ladybugs per unit time per unit area, called the predation rate denoted
by J(6) (see [20]). Usually, prey density is the factor on which the predation rate relies:

10 = k(55|

0"+ a"

fora, K > 0 where K is the predation constant. Let the growth of the aphids is controlled by Malthusian
Model; therefore, the growth rate G of the aphids per hour is:

G(0) = Os

for s > 0 where s is the growth constant per hour. The problem is to find aphid density 6 for which
J(0) = G(0) gives,
—s0™' + KO" — sa"6 = 0.

Let for n = 2, s = 0.5 per hour, K = 20 aphids eaten per hour and a = 20 aphids, we get
f5(0) = =0.56° + 206> — 2000.

This gives us the roots {0, 20, 20}. We take the multiple roots w = 20 with multiplicity o = 2 and the
initial approximation 6, = 20.07, that yields the computations presented in Table 5.

Table 5. Comparison of multiple root finding methods for fs (6).

S cheme 16, — 6ol 16, — 64 65 — 65| 15 (0| coc
SHI 0.0699 5.4694 x 10714 - 2.1561 x 107147 5.00
SH2 0.0699 54741 x 1071 - 2.1747 x 107147 5.00
SH3 0.0700 1.2586 x 1071 2.5346 x 107% 2 x 1072 8.14
SH4 0.0700 7.3348 x 1071 5.7386 x 10730 1 x 1072 7.89
DZ1 0.0700 1.2530 x 1071 25121 x 107% 1 x107%° 8.15
D72 0.0700 1.2529 x 10714 2.5116 x 107% 2 x 1072 8.14
DZ3 0.0700 1.2530 x 10714 2.5124 x 107% 1 x 1072 8.15
D74 0.0700 1.2534 x 1071 2.5139 x 107% 2 x 1072 8.14

4. Dynamical analysis

The complex dynamical analysis of the presented eighth order family of methods to solve the
multiple zeros of the nonlinear equations, is discussed in this section. The analysis entirely depends
on the graphical representations called basins of attraction. Here, we elaborate that to which intensity
the functional convergence towards the exact root depends on the choice of the initial estimate. The
basic idea about the convergence and divergence region of the iterative schemes is presented by this
dynamical behavior of the function.
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4.1. Attraction basins

Consider a function f; (6) such that # € C and the root of the function is wy. The schemes DZ1-
DZ4 and the existing methods named S H1-S H4 are compared in terms of the attraction basins of
the test functions on which the corresponding methods are applied. The attraction basins are drawn
in MATLAB. Considering the parameter 8 = 0.001, grid points of 1000 x 1000 in the complex plane
[a, b] X [c, d] where the values of a, b, ¢ and d are selected based on the zero of the function. The
maximum value of the number of iterations is taken as 15 with tolerance value 107>. ‘Hot’ is the
selected color-map and black color is allocated to the divergence region. The hues are interpreted
based on the number of iterations taken by the family of iterative methods.

In this example, we assume the function

11 () = (6* + 11.506° + 47.496* + 83.063250 + 51.23266875)

having zeros at {—2.85, —1.45, —4.35}. We observe the root —2.85 having multiplicity two. The basins
of attraction obtained for the methods S H1-S H4 and DZ1-DZ4 are shown in Figures 1 and 2. Upon
observing the dynamical view for the region [—4, 0]x[—1, 1], we notice that S H1-S H4 take a minimum
of 2 iterations to converge to the root and use a maximum of 15 iterations, DZ1-DZ4 take a minimum
of 2 iterations and use a maximum 10 iterations to converge to the root. Furthermore, if we compare
Figures 1 and 2 of § H4 and DZ4 respectively, the convergence regions for § H4 are as follows:

[-3.93,-1.85] x [0.359, 1], [-3.65,-2.09] x [-0.247,0.359], [-3.78,-1.93] x [-0.351,-0.247],
[-4,-1.84] x [-1,-0.351], [-1.76,-0.89] x [-1,—0.236].
Similarly, the convergence regions for DZ4 are:

[-0.40,-0.394] x [0.452, 1], [-3.74,-2.14] x [0.24,0.452], [-1.41,-1.26] x [0.24,0.452],

[-1.03,-0.042]x[0.24,0.452], [-1.48,-0.855]%[-0.24,0.24], [-0.508, —0.0991]x[-0.247,0.247].

In this example, we assume the function

2 _ 1 1
£ (0) = tan™! ? —tan™" V@2 -1+ V6|tan™ 86 —tan”! (5 2]]

having a zero at w ~ —1.8411 of multiplicity one. The basins of attraction obtained for the methods
SH1-SH4 and DZ1-DZ4 are shown in Figures 3 and 4. For the region [—4, 0] X [—1, 1], we notice that
SH1-SH4 take a minimum of 1 iteration to converge to the root and use a maximum of 6 iterations,
while DZ1-DZ4 take a minimum of 1 iteration and use a maximum 6 iterations to converge to the root.
Also, we compare Figures 3 and 4 of S H3 and DZ3 respectively, to locate the convergence regions for
S H3 which are as follows:

[-2.89,-1.12] x [-1, 1], [-3.23,-2.89] x [0.459,0.697], [-3.23,-2.89] x [-0.459,-0.697],
[-3.05, -2.89] x [-0.459,-0.0911], [-3.19,-2.89] x [-0.0911,0.0911].

The convergence regions for DZ3 are as follows:

[-3.09,-1.09] x [-1, 1], [-3.23,-3.09] x [0.723,0.898], [-3.35,-3.09] x [0.723,0.541],
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[-3.25,-3.09] x [0.541,0.0911], [-3.34,-3.09] x [-0.0911,0.0911],
[-3.25,-3.09] x [-0.541,—-0.0911].

In this example, we assume function
£ (6) = 6° — 5.226* + 9.08250 — 5.2675

possessing the multiple root w = 1.75 having multiplicity two. The basins of attraction obtained for
the methods SH1-SH4 and DZ1-DZ4 are shown in Figures 5 and 6. By drawing the attraction basins
in the region [1, 3] X [-0.5,0.5], we notice that SHI-SH4 take a minimum of 1 iteration to converge
to the root and use a maximum of 7 iterations. On the other hand, DZ1-DZ4 take a minimum of 1
iteration and use a maximum of 6 iterations with darker hues to converge to the root. To further check
the performance of our newly proposed method, we compare the convergence regions. Let us compare
Figures 5 and 6 of S H3 and DZ3 respectively, the convergence regions for S H3 are:

[1,1.74] x [-0.5,0.5], [1.73,3]x[-0.5,0.5],

[1.73,1.74] x [-0.5,—-0.00418], [1.73,1.74] x [0.5,0.00418]

and the regions of convergence of DZ3 are:
[1,1.72] x [-0.5,0.5], [1.74,3]x[-0.5,0.5],

[1.72,1.74] x [-0.5,-0.0079], [1.72,1.74] x [0.5,0.0079].
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Figure 1. Attraction basins of SHI-SH4 of f; ().

AIMS Mathematics Volume 8, Issue 4, 8478—-8503.



8496

1 15

08

06

04

02

0

-0.2

-0.4

-06

-0.8

Kl 4
-4 -36 -32 -28 -24 -2 -16 -12 -08 -04 O

15
‘ . Q.
5
- 0

-4 -36 -32 -28 -24 -2 -16 -12 -08 -04 0

-36 -32 -28 -24

-3.6

-3.2 -28 -24

-2

-2

-1.6

-1.6

-1.2 -0.8 -0.4

-1.2 -08 -0

Figure 2. Attraction basins of DZ1-DZ4 of f; (6).

~

)

o

=

1 8
-0. N
. wz

1

-1 [}

-4 -36 -32 -28 24 -2 -16 -12 -08 -04 O

9
. 7
.QE
2
X 1
0

T4 36 -32 28 24 -2 -16 -12 -08 -04 O

©

o

~

o

E
4

B
-4

-3.6

-36 -32 -28 -24

-3.2 -28 -24

-2

-2

-1.6

-1.6

-1.2 -08 -04

-12 -08 -04

Figure 3. Attraction basins of SHI-SH4 of £, (6).

AIMS Mathematics

0

0

15

10

Volume 8, Issue 4, 8478—-8503.



8497

"4 36 -32 28 24 -2 16 -12 -08 04 0 -4 -36 -32 -28 -24 -2 16 -12 -08 -04 O

8
‘ . w7
6
5
4
) 3
2
1
"4 36 32 28 24 -2 -16 -12 -08 04 0 0 "4 36 32 28 24 -2 -16 -12 -08 04 0

Figure 4. Attraction basins of DZ1-DZ4 of f, ().

1 12 14 16 18 2 22 24 26 28 3 e 12 14 16 18 2 22 24 26 28 3

1 12 14 16 18 2 22 24 26 28 3 "1 12 14 16 18 2 22 24 26 28 3

Figure 5. Attraction Basins of SHI-SH4 of f; (6).

w

N

AIMS Mathematics Volume 8, Issue 4, 8478—-8503.



8498

. 15 . 15
10 10
N . N .

112 14 16 18 2 22 24 26 28 3 112 14 16 18 2 22 24 26 28 3

0.5 14
: 12

y 10

: 8
6

0. .
2

0

T°1 12 14 16 18 2 22 24 26 28 3

05 -
1 12 14 16 18 2 22 24 26 28 3

Figure 6. Attraction basins of DZ1-DZ4 of f; ().

Let us consider the nonlinear function

sin(8) 71)4
4 5

f4(9)=(9—

which has a multiple root w ~ 1.833 with multiplicity four. The basins of attraction for the methods
SH1-SH4 and DZ1-DZ4 are shown in Figures 7 and 8. On observing the dynamical view in the region
[0,2] x [-1, 1], we notice that HI-SH4 take a minimum of 1 iteration to converge to the root and
use a maximum of 11 iterations, DZ1-DZ4 take a minimum of 1 iteration and use a maximum of 10
iterations to converge to the root. To check further, we compare the convergence regions. Let us take
Figures 7 and 8 of S H4 and DZ3, the convergence regions for S H4 are as follows:

[0.561,2] x [-1,1], [0.43,0.561] x [-0.946,0.946], [0,0.43] x [-0.794,0.794],

[0,0.225] x [-0.794, —1], [0,0.225] x [0.794, 1].

The regions of convergence of DZ3 are as follows:
[1.26,2]x[-1, 1], [0.96,1.26]x[-0.872,0.872], [0.842,0.96]x[—1, 1], [0.79,0.842]x[-0.831,0.831],

[0.7,0.79] x [-0.92,0.92], [0.45,0.7] x [-0.857,0.857], [0.381,0.45] x [-1,-0.757].

In this example we take the function

f5(6) = —0.56° + 206> — 2000
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yielding the roots {20, 20, 0}. We take the root w = 20 having multiplicity two. The basins of attraction
obtained for the methods SHI-SH4 and DZ1-DZ4 are shown in Figures 9 and 10. Observing the
dynamical view in the region [10,30] x [-10, 10], we notice that SHI-SH4 take a minimum of 1
iteration to converge to the root and use a maximum of 15 iterations, DZ1-DZ4 take a minimum of 1
iteration and use a maximum of 11 iterations to converge to the root. To further check the performance
of our newly proposed method, we compare the convergence regions. Let us take Figures 9 and 10 of
S H3 and DZ]1 respectively. The convergence regions for S H3 are as follows:

[17,30] x [-10, 10], [12.8,17] x [-10,-4.63], [11.5,12.8] x [-8.16,—-5.63],

[10,12.8] x [-8.35,-10], [15.2,17] x[-3.1,3.1], [13,15.2] X [0.836,2.29].

and the convergence regions for DZ1 are as follows:

[17,30] x [-10, 10], [10,17] % [-10,-4.55], [13.8,17] % [-3.18,—-4.55],

[12.6,13.8] x [-4,—1.84], [15.7,17] x [-3.84,3.84],

[14.7,15.7] x [-0.502, -2.62], [14.7,15.7] x [0.502,2.62].
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5. Conclusions

There are many high order numerical root-solvers established in the past, which are used to compute
multiple roots, and evaluations of the derivative are mandatory in them. But, the high order derivative-
free root-finders for multiple roots are hard to accomplish. These kinds of methods are infrequent and
therefore, it is necessary to explore them. The current paper describes the newly introduced derivative-
free approximate iterative methods having eighth order of convergence to find multiple zeros with a
known multiplicity of the nonlinear equations. It includes two weighted functions, one of which is
univariate, and the other is multivariate. The basins of attractions present the dynamical behaviour of
the schemes.
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