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Abstract: In recent years, some Newton-type schemes with noninteger derivatives have been pro-
posed for solving nonlinear transcendental equations by using fractional derivatives (Caputo and
Riemann-Liouville) and conformable derivatives. It has also been shown that the methods with
conformable derivatives improve the performance of classical schemes. In this manuscript, we
design point-to-point higher-order conformable Newton-type and multipoint procedures for solving
nonlinear equations and propose a general technique to deduce the conformable version of any
classical iterative method with integer derivatives. A convergence analysis is given and the expected
orders of convergence are obtained. As far as we know, these are the first optimal conformable
schemes, beyond the conformable Newton procedure, that have been developed. The numerical
results support the theory and show that the new schemes improve the performance of the original
methods in some aspects. Additionally, the dependence on initial guesses is analyzed, and these
schemes show good stability properties.
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1. Introduction

Fractional calculus dates back to shortly after the appearance of the classical one,
when Leibniz and 1"'Hopital came up with the concept of the half-derivative in 1695. Since
then, some definitions of fractional and non fractional derivatives which preserve many
properties of classical calculus have been introduced, and many real problems can be
modeled by using these derivatives [1-3].

In recent papers, some fractional Newton-type iterative procedures with Caputo and
Riemann-Liouville derivatives (see [4-9]), and fractal Newton-type iterative methods
(see [10]), have been designed in order to find the solution ¥ € R of a nonlinear function
f(x), where f:I C R — Ris a continuous function in I C R, but the theoretical order of
convergence is neither preserved nor held in practice. Additionally, optimal conformable
Newton-type schemes were proposed in [11,12] (in scalar and vectorial versions, respec-
tively) by using the conformable derivative/Jacobian, and the order of convergence was
obtained in theory and in practice too. As far as we know, there are no optimal conformable
multipoint iterative methods in the literature. In using the conformable derivative in this
work, we have three targets: obtain high-order optimal conformable Newton-type proce-
dures (in the sense of Kung—Traub’s conjecture [13]) based on the method in [11], devise a
general technique to obtain the conformable version of any classical scheme, and compare
each one of these procedures with its classical version. With the proposed technique, we
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are able to generate optimal conformable multipoint methods with an arbitrary order of
convergence starting with any non-conformable optimal iterative scheme.

First, let us introduce some concepts related to conformable calculus. The left con-
formable derivative of a function f : [4,00) — R starting from a of order « € (0,1],
w,a,x €R,a < x,is defined as [14,15]

(T8 ) (x) = lim LEFEE =0T = f2)

e—=0 &

M

If the limit in (1) exists, f is said to be a-differentiable. If f is differentiable, (T f)(x) = (x —
a)'=%f'(x). If f is a-differentiable in (a,b), for some b € R, (T?f)(a) = lim,_,,+ (T4 f)(x).

The left conformable derivative holds the property of the nonfractional derivative,
TiK = 0, where K is a constant. This derivative does not require the evaluation of special
functions, as Gamma or Mittag-Leffler functions do, as it uses fractional derivatives, as in
Riemann-Liouville or Caputo functions.

The next result provides a suitable Taylor power series of a function f(x), where
the conformal derivatives start from a point 4, distinct from another point a; where they
are evaluated.

Theorem 1 (Theorem 4.1, [16]). Let f(x) be an infinitely a-differentiable function (0 < a < 1),
at the neighborhood of ay, whose conformable derivative starts from a. The conformable power series

for f(x)is

a£) (g a£Y(2) (g
f(x) :f(al) + (Taf)of 1)51 + (Taf)zaz( 1)‘52 +R2(x,a1,a), (2)

where &, = H* — L%, 6, = H** — L2 —21%5;,...,and H=x—a,L = a; — a.

It can be shown that §, = 5%, 03 = 5{’, etc. Now, the conformable Taylor power series
(2) can be written as

f(x) = fm

a a a£)(2) a
)+ (Taf)of 1)01 + (Ttxf)ziz( 1)5% + Ry (x,a1,a). 3)

The following result states the quadratic order of convergence obtained in [11] by
using the Taylor power series (3) for simple roots (multiplicity m = 1).

Theorem 2 (see [11]). Let f : I € R — R be a continuous function in the interval I € R
containing the zero % of f(x). Let (T%f)(x) be the conformable derivative of f(x) starting from a,
of order o, & € (0,1]. Let us suppose that (Tg f)(x) is continuous and not null at X. If an initial
approximation xg is sufficiently close to %, then the local order of convergence of the conformable
Newton-type method

1/a
xk+1—ﬂ+((xk—a)"‘—oc(7,{](‘_y)c"(l]()> , k=0,12,..., 4)

is at least 2, where 0 < o < 1, and the error equation is

i1 = (X — a)"‘*lcgoei + O(ez), ®)

jlai=1 (Tef)(

In [12], it is shown that the asymptotic error constant of the error equation in (5) may
be expressed as

@ £)(7) (2
being CE0 = L_(%f) J(Z’)C),jzz,3,4,...

11—«
w(x —a)*1CS50 = C2+§f—a'

(6)
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Ck+1

(Cz—i—z

+ <3c3 —7CyC3 +4C5 +

+0(ef).

1 f)(z
where C; = — fi(_JC), j =2,3,4,..., with this being the classical asymptotic error constant.
L)
Morover, it is also shown in [12] that the error equation of scheme (4), by using the
classical Taylor series, is

11—« ) 3
e =1|C —— |e O (e ), 7
k+1 <2+2f_a>k+ k @)
concluding that error equations in (5) and (7) are equivalents, no matter if the Taylor power
series (3) or the classical one are used in convergence analysis. So, we are going to use
classical Taylor expansions in convergence analysis later. Moreover, when & = 1, the
classical Newton procedure is obtained in (4), as well as its error equation in (5) and (7).
Knowing that the asymptotic error constant C of an iterative method ¢(x) of order p
is defined as (see [17])
. xX)—Xx
C = lim M, (8)
x—=x (x — X)P
the following result allows us to calculate the asymptotic error constant of an iterative
scheme of order p if we know the asymptotic error constant of another iterative procedure
of order p.

Theorem 3 (Theorem 2-8, [17]). Let ¢1(x), ¢p2(x) be of order p whose solution X is of multiplicity
m > 1. Let

_ p)—¢i1lx) :
G(.X) - (x _ JZ)F’ ’ X # X. (9)
Let Cy, Cy be the asymptotic error constants of ¢ and ¢, respectively. Then,
Cy = C1 + lim G(x). (10)
xX—X

We also confirm Theorem 3 for the conformable version of multipoint methods given
later. In all our methods, we consider multiplicity m = 1.

In the next section, we derive three higher-order Newton-type schemes. We also
provide a technique to obtain the conformable version of any classical method, and it is
applied to derive some conformable multipoint schemes. The convergence analysis of all
the proposed conformable methods is presented in Section 3; the numerical results and
numerical stability are discussed in Section 4, showing good numerical performance and
improving the original methods in some aspects of both convergence and stability; and
some conclusions are given in Section 5.

2. From One-Point to Multipoint Conformable Methods

In order to deduce higher-order schemes by means of a modification of the con-
formable Newton scheme (4), we need its error equation in (7), but up to order four. Let us
remark that this expression depends on 4 and «,

R e e L
(1-a)(5C3—C3) (22 -5a+3)C; (1—a)(2a> —7a+7)\ 4
2(x—a) 2@—aZ 8(x—ay “

(11)
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In a first approximation, we want to find a value of « that nulls the quadratic term

in (11), so
a = 1+2(x—-a)C
Y it
1+(x—a) .
N6
By considering ay and iterate xj as approximations of « and the solution ¥, respectively,
[ (x)
ap =1+ (xp—a , k=0,12,... (12)
O )

Therefore, we can define a new iterative scheme that can improve the performance of
the conformable Newton scheme, which we denote by NeL3:

fo) )
X1 =a+ <(xk_a)ak_“k(Taf)k(xk)> , k=0,1,2,..., (13)

where «y is described by (12).
In a second approximation, we use a to improve the order of convergence, so

a = X+ L-a
N 2C,
. f'(x)
= 1-— .
G
Then, an estimation of a is obtained by means of the expression
f'(xx)
ar=x+(1—a , k=0,1,2,... (14
k k ( )f,/(xk) )
Replacing a in (4) by (14) we obtain a new procedure, and we denote it as NeA3:
yas
fo) !
Xk 1:ak+((xkak)"‘oc , k=0,12,... (15)
: (T ) ()

where gy, is described by (14).

However, we can consider simultaneously how to define a and « in order to cancel not
only the quadratic but also the cubic term of the error equation of the conformable Newton
scheme. Solving the resulting nonlinear system generated, for « and a as unknowns,
we obtain

2C3
2C32 —3C3
1 (7)\2
I ilc)
f1(x)? = f1(2) f (%)
Considering ay and iterate x as approximations of « and the solution ¥, respectively,
ay can be estimated at each iteration by

£ (x)?
S a)? = f/ () f" (k)

a = 1+

ae =1+ k=0,1,2,... (16)
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Moreover, a is
_ G
36 a2
f1(x)f" (%)
fr®) (=) - f(%)*

So, using x; as an estimation of ¥, an iterative estimation of a can be calculated as

= ¥+

_ £ f" () _
R O Iy I U 17

Replacing « and a in (4) by (16) and (17), respectively, we obtain a new scheme, which
we denote by NeLA4:

fy )
Xk
X1 = ap + | (o0 — ap)™ — ap——— , k=0,12,..., (18)
" ( (Tak ) (xx)

where «; and a; correspond to (16) and (17), respectively.

So, we have designed one-point procedures that improve the order of convergence
of (4), although they use derivatives of the nonlinear function up to order four.

In [17], Traub proves that any one-point method of order p depends on the first
p — 1 derivatives of f. So, in addition to the computational complexity of NeL3, NeA3,
and NeLA4, another drawback is the evaluation of higher-order derivatives in their itera-
tive schemes; this is reason why multipoint procedures are widely used in the literature
(see [17,18]).

So, in order to devise a general technique to obtain the conformable version of any
method, we start from the assumption that any fixed-point function coming from an
iterative scheme not using conformable derivatives can be written as (see [17])

¢(x) = x = f(x)g(x), (19)

where g(%) is finite and not null, and * is a fixed point of ¢. If g(x) in (19) is 1/ f'(x), the
classical Newton procedure is obtained.
From (19) we can obtain a general representation of classical Taylor series of f about ¥

up to order one, as
1
X) ~
ey

Considering the conformable Taylor power series (3), we can obtain the conformable
version of (20) as

(x — ¢(x)). (20)

1
fx) ~ xga(X)

If the analytical expression of g(x) includes classical derivatives of f(x), then the
analytical expression of g,(x) includes conformable derivatives of f(x). Now, isolating
¢(x) from (21), we have

[(x —a)* = (¢(x) —a)*]. (21)

¢(x) ~a+ ((x —a)" — af(x)ga(x)) "™ (22)

As x is considered an estimation of ¥, we finally obtain the conformable version of (19) as

¢(x) =a+ ((x—a)* — af(x)ga(x))"". (23)

In (23), if gu(x) = 1/(Tif)(x), then it corresponds to the fixed point of the con-
formable Newton scheme (4). So, by using (23), we can obtain the conformable version of
any procedure.
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Therefore, to transfer an iterative scheme to its conformable version, it is necessary to
identify its analytical expression of g(x) in the given classical method. In [11], we can see
that the theoretical order of convergence of the classical version of Newton’s procedure is
held when its conformable version is analyzed. Furthermore, sometimes it presents some
numerical advantages versus the classical version. By using the conformable version of
Newton’s scheme in [11], we have observed that

*  We can find the solution when classical method fails (with & # 1).

* Sometimes, the conformable method requires fewer iterations than the classical
scheme, and the computational order of convergence can be slightly greater.

¢ Itis possible to obtain a different root by choosing distinct values of index a, with the
same initial estimation.

e Complex roots can be found by starting from real initial estimates.

Now, we use the procedure defined in (23) to derive the conformable version of some
classical multipoint schemes. Let us consider the third-order Traub scheme [17,18]

flgn ()]
frx)

P1(x) = ¢1(x) — (24)

where the predictor step is

(25)

In this case, from (24), we deduce that g(x) = . Hence,

1

)
1

) = TRy

As the conformable version of predictor (25) is (4), the conformable version of Traub’s
procedure is

_ w Sl (@]
() =+ () —0)* —a L) 26)
being
1/a
Po(x) =a+ ((x—a)”‘—a(:é]((%) , (27)
which we denote by TeCO.

On the other hand, let us consider now Chun—-Kim's third-order method [18,19]

_ ()] f(x)
3 }ﬁur

()
WA
F ﬂ&>}ﬂwfs’

%(x)—x—i[

(28)

f(x)
f'(x)

where ¢1(x) = x — . From (28), we deduce that g(x) = %

1, (TPle@)] 1
8u(x) = > [3 (Tef)(x) ] (Taf)(x)’

and the conformable version of Chun—Kim’s scheme denoted by CKeCO is

O —ai ((xoap &[5 DDl _f@) \"
Pa(x) = +(< ) 2[3 (T2f) () thf)(x)) ’ @)

being ¢, (x) as in (27).
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Now, let us consider Ostrowski’s optimal fourth-order procedure [17,18] (according to
Kung-Traub’s conjecture [13]),

i [ F) Tfn)
1(s) =010 - [ L 0

where ¢ (x) is the fixed-point function of the classical Newton method. In this case, we

deduce from (30) that x)
o) — flx 1
)= | L5 7

N 1
509 = | s L s e

and the conformable version of Ostrowski’s scheme, denoted by OeCO, is

_ @) flga(x)] )"
"Jé(x"”(("”(x) ) b(x)Zf[@(x)ﬂ(Tﬁf) x)> ' G1)

Therefore,

being ¢, (x) described by (27).
Finally, let us consider another fourth-order optimal procedure, Chun’s method de-

signed in [18],
Pr(x) = () — {f(X) +f%£)[¢1(X)]] f[1f1(g)], (32)

where ¢1(x) is the iteration function of the classical Newton scheme. In this case, we

deduce from (32), @ o)
[ f(x) +2f[p(x 1
sto) = |

hence,

@2l 1
g“(")‘[ ) ](T&‘f)(x)’

and the conformable version of Chun’s scheme, denoted by CeCO, is described by

1/
) s <( () — i — {f(x) : %ﬁ)[ﬁbz(x)]} {T[q);gx)]) > .

being ¢, (x) defined by (27).
In the next section, the convergence analysis of these procedures, both point-to-point
and multipoint, is performed.

3. Convergence Analysis

First, let us remember that we are going to use classical Taylor expansions in conver-
gence analysis, due to the direct relation between classical and conformable expansions.
The requirements guaranteeing the convergence of point-to-point scheme NeL3 are stated
in the following result.

Theorem 4. Let f : I C R — R be a continuous function in the interval I containing the zero %
of f(x). Let (Tg, f)(x) be the conformable derivative of f(x) starting from a, with order ay. Let us
suppose that (Ty, f)(x) is continuous and not null at x. If an initial approximation xq is sufficiently
close to %, then the local order of convergence of the conformable Newton-type scheme (NeL3)

1/
xk+1=ﬂ+<(xk—ﬂ)“k—vék(:rg§,%> , k=0,1,2,...,
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where (50)
Xk

, k=0,1,2,
f(xx)

“ey

ap =14+ (x —a)

is at least 3, and its error equation is

1 C,
€1 = 3(2C% —3C3 — x_ﬂ)Eiﬁ“O(Eé),

being C f) forj > 2, such that a < xy, Vk
i = T = = & ks .
T
Proof. This scheme has been designed by replacing « in the conformable Newton scheme
by ay. Then, the error equation of NeL3 can be obtained by just replacing « in the error
equation given in (11) by the Taylor expansion of &y, defined in (12).
The Taylor expansions of f'(x) and f”(x) around ¥ can be expressed as

F(xe) = (%) [1 +2Coey +3C3e2 + 4c4e,%} +0 (eﬁ),

and
' (xx) = f(%) [ZCz +6Cser + 12C4eﬂ + O(ei),

co— f(j)(x)

. " (xk)
respectively, where C; ()

f'(xx)

, for j > 2. The expansion of the quotient is then

calculated as

f" (%) _ _ h2 3 2 3
iy =20+ 2(3c3 2C2>ek +2 (4(:2 9C>Cs + 6C4)ek + O(ek).
1!
The expansion of the product (x; — a) j} ; ((;Ck)) results in
k
f" () - £ ()
X —4a = =(X—a+te
ity T Ty
= 2(3? - LI)C2 + 2((3? — Ll) (3C3 - ZC%) + Cz)ek
+2((% — a) (4C3 — 9C2Cs +6C4 ) +3Cs —2C )t +O(e}).
Hence,
b = 1+ (- 1oz _ac+ 2((;2 —a) (3c3 . 2C§) + Cz)ek
f'(xe)

+2((% — a) (4C3 — 9C,Cs + 6C4 ) +3C3 —2C3 ) e} + O(ef ).

Replacing « in (11) by the Taylor expansion of a, we finally have

1 Co

This completes the proof. [

Now, let us prove the third-order convergence of NeA3 under the conditions stated in
the next result.

Theorem 5. Let f : I C R — R be a continuous function in the interval I containing the zero
% of f(x). Let (Ty*f)(x) be the conformable derivative of f(x) starting from ay, with order «,
for any o € (0,1). Let us suppose that (Ty* f)(x) is continuous and not null at %. If an initial
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(1-a)

f' (%)

approximation xg is sufficiently close to %, then the local order of convergence of the conformable
Newton-type scheme (NeA3)

_ o f) N
xk+1—ak+((xk—ak) —IXW> , k=0,1,2,...,

where

ak:xk+(1a)}{,l,((’;’;)), k=0,1,2,...,

is at least 3 for 0 < a < 1, and the error equation is

2(2—a)C3
Cr+1 = <3( 1_2{ . C3>€2+O(€%),

0 (x
being C; = wforj > 2.

(%)
.. . . . f/(xk) .
Proof. In a similar way as in Theorem 4, the expansion of the quotient (xy) is calculated as
k
f/(xk) o L _ ég § 3C§ - C%Cg —2CC4 )\ » 3
Then,
1—ua

7 3G, 3 3C2—C3C3—2CCy \ 3
f//(xk)—QCz+(1—Dé)<1— >€k+2(1—ﬂé)< €k+O(6k>.

2¢C2 C3

So, the expansion of a; can be expressed as

!
X
ar = Xk + (1 — oc)j:”ix’;))
i} flie)  _ 1—uw 3(1—a)Cs
= X+te+(1—a =X+ +(2—a——5—|¢
e O 2G 2 g )"
3 3C2 - C3C3 —2CCy \ 3
+2(1oc)< a ek+O(ek).

Replacing a in (11) by the Taylor expansion of a;, we have

2(2—a)C3
Ck+1 = <3( 1_2{ = —C3>6i+0<e;(1),

where & # 1. This completes the proof. [

Let us remark that when « = 1 in NeA3, we obtain the classical Newton scheme.
Analogously, the convergence hypothesis of NeLA4 are stated in the following result.

Theorem 6. Let f : I C R — R be a continuous function in the interval I containing the zero X of
f(x). Let (TX f)(x) be the conformable derivative of f(x) starting from ay, with order ay. Let us
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suppose that (TZ;: )(x) is continuous and not null at . If an initial approximation x is sufficiently
close to %, then the local order of convergence of the conformable Newton-type procedure (NeLA4)

fa) )

X

Xpp1 = g + ((xk—ﬂk)“k—“k(rfuk)k(xk)> ., k=012,...,
93

where //( )2
f (xx
ap =1+ , k=0,1,2,...,
¢ Fr ) = F (o) 7 (i)
and , Y
0y = x4+ - (%) k=0,1,2,...,

fr(x) " () = £ (xi)*

is at least 4, and the error equation is

2

C
eppq =2 <c2c3 —33 4 2c4> et + o(eg),
G

being C; = ]f'(j]f)’g; forj>2.

Proof. The Taylor expansions of f/(xi), f”(xx) and f"'(x;) around the root & allow us to
calculate the expansion of the following products:

) f" () = f1(%)? [zcz +2(2C3 + 3C3)ey + 6(3C2C3 + 2C4)e? +2(9C2 + 16C,Cy + 1oc5)eg] +0 (e;f),

£ (6 f" (i) = f'(%)2 [6C5 +12(CaCs + 2Cy ey + 6(3C3 + 8CoCa +10Cs ) et | +O(e])
and
F'(x0)? = f(%)? [4c§ + 24C,Caer + 12(3C2 + 4C,Cy)e2 + 16(9C5Cy + 5c2c5)eﬂ +0 (eﬁ) .

Hence, for ay it results that

o 1s £ () . 2C2 12C, (C3C3 — 3C5 4 2C,Cy) .
£ )2 = (ki) £ (x) 2C3 - G5 (2C2 - 3C5)?

(6(27(:3L + 16C5Cy — 48C5C3Cy — 36C,C3Cy + C5 (20C5 — 6C3) + C3(9C3 + 48C% — 30C3Cs) ) ) )
e

(2C2 —3G3)° k
+ O(e,%),
and for a; we have
"(xe) f (x C 6C3C5 —4C5 +9C3 — 12G,C
% o= - f/(//k)f(k?/ N S S 2Cs 4G, +9G; —12GoGa)
fr (o) £ (xic) — £ (xk) 3C3 — 2G5 (2C3 - 3G3)

6(2C5C3 + 12C5Cy — 36C3C3Cy — 9C5C4 — 5C3(3C3 — 2Cs) + 3C2(9C5 4 8C3 — 5C3Cs)) 2
(2¢2 —3G3)° ¢

+ 0(e).
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Replacing « and a in (11) by the Taylor expansions of «j and a4y, respectively, we have

C% 4 5
e =2 CoCs =322 +2C, et + O(ek).
G

This completes the proof of the fourth-order of convergence. [

Let us notice that, although NeLA4 has an order of convergence of four, it uses four
functional evaluations per iteration, so it is not an optimal method. We proceed now
with the convergence analysis of those multipoint conformable methods defined in the
previous section.

Theorem 7. Let f : I C R — R be a continuous function in the interval I containing the
zero % of f(x). Let (T2 f)(x) be the conformable derivative of f(x) starting from a, with order w,
for any o € (0,1]. Let us suppose that (T2 f)(x) is continuous and not null at x. If an initial
approximation xg is sufficiently close to %, then the local order of convergence of the conformable
Traub-type procedure (TeCO)

1/«
Xpp1 =4+ <(yk—a)"‘ —a%) , k=0,12,...,
where

_ oo fe) O\
yk—a+((xk—a) _“(TO‘U‘)]EJ%)) , k=0,12,...,

is at least 3, and the error equation is

1—a)C  1(1—a)?
ersy = (2C§+2( X_Zl 2+—(x_a) )e£+o(e§),

2(x—a)?
being C; = f() for j > 2, such that a < xi, Vk
IO .
Proof. The generalized binomial Theorem for noninteger powers is given by [20]
r — (7 r—k. k
(x+y) = Z (k)x y', ke {0}UN,
k=0

being the generalized binomial coefficient [21]

N _  Tr+1)
(k>_k!1"(r—k+1)’ ke {0}UN,

where I'(-) is the Gamma function. Thus, the Taylor expansion of (Tg f)(xy) is

(Tif) () = (—a)'"*f (x) = f/(%) {(f @) (T a) (1 a4 2(T - a)Co)ey
2 (E ) (- D+ 41— ) (7~ a)Ca + 6(F — 0)C)el
+ %(f —a) 7 %@® —a+6(1—a)a(x—a)Cy —18(1 —a)(% —a)®Cs

+24(a® — 3a°% + 3a%* — 323)C4)e£] + O(e%).

The Taylor expansion of yx up to order three is given by the error equation in (11) as

Yp— X = (Cz + 2(136_‘2))@3 + <2C3 —2C5 + (“;_121(?2 L 3(5)_(”;)2 2>>e£ + o(eﬁ).
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So, the expansion of f(yy) is

f) = £ |(Cat s )+ (2ca -2+ L C L LB a4 o).

x
Then,
f(yr) R Na=201 o ale 2
ai(Tgf)(xk) = 2(x a)* “(1—a—2(x—a)Cy)e;
+%(f a)* 3 ((a—1)(5a — 7) + 18(1 — &) (% — a)Cp + 24(% — a)*C3 — 12(% — 2)*C3)e}
+0 (e%).
By using again the generalized binomial theorem, the expansion of (y; — )" results in
(e—a)* = (F—a)+3(F-0) 21 -a—2(x—a)Co)e}
+§<x —a) 3((a—1)(a —2) +3(1 — a)(% — a)Cy + 6(% — a)2C2 — 6(% — a)2C3)ed + o(e;*),
therefore,
1/a 2
e fw) e 2 L(1-a)C  1(1—a)™) 5 4
a+<(yk a) a(Tg}f)(xk)> —x+<2C2+2 Py +2(9€—a)2 ek+O(ek>.

Finally, as X1 = X + )41, the error equation is

1-a)C  1(1—a)?
ek+1_<2C§+2 — +§(f—a)2 e2+o(e§).

This completes the proof. [

Let us now prove the convergence condition for the CKeCO scheme.

Theorem 8. Let f : I C R — R be a continuous function in the interval I containing the zero X
of f(x). Let (Tg f)(x) be the conformable derivative of f(x) starting from a, with order «, for any
« € (0,1]. Let us suppose that (Tj f)(x) is continuous and not null at X. If an initial approximation
x is sufficiently close to X, then the local order of convergence of the conformable Chun—Kim-type
scheme (CKeCO)

T P P (71079 ) I ACT B
X1 = +<(k ) 2{3 (Tgf)(xk)}(Tgf)(ku , k=012,

where

_ o fla) \NYU
yk—a+((xka) aW) , k=0,12,...,

is at least 3, and the error equation is

1 5 (1 — QC)CZ 1 (1 — 0()(7— 80() 3 4
= (2C2 4+ = R Sl I S A S 4
G+l (C2+2C3+2 Fa 12 (1_ap it +0(ct).

0) (%
being C; = ;!f,gg,forj > 2, such that a < xy, k.

Proof. Let us use the Taylor expansions calculated in the proof of Theorem 7. So, the
expansion of (Tg f) (y) is
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(Taf)ye) =

f(x)
(T2 f) (xx)

(ye =)' f' (i) = f(%) [(f —a) T (T a) T T (e - 1-2(2 - a)Co) e

N —

+ g(f —a) 7w —1-2(x —a)C)((a —1)(a —2) = 3(% —a)(Co(x — 1 —2(% — a)C2)
+2(% — )C3))ef| +0(et),

and

= F-a)"lg—-(F-a)"2(1-a+(F—a)C)el

+%(f —a)* 3w —1)(x—2) —2(F —a)(Ca(a — 1 = 2(% — a)Cp) +2(F — 2)C3))e}
+O<e;(1).

Therefore,

af,  (Taf)(vk)
2 [3 <Tzf><xk>]

11—«
a[1+<CZ+2f—a>ek
a(5-2a)—3 2(a—1)C
+< G- | 14

z_ 3(:% + ;Cg) e,%

1 (84(1—a)Cs 3 (x —1)(17a — 22)
+5 (H +96C5 +2C, &) — 48C3

N (1 —a)(a(6x —17) + 13 — 30(% — a)?C3)

(x—a)®
+0 (ezl)

+ 24c4) eﬁ]

and

WF_(T,?ZJ()(J/:()} f(x)
(T ) (xie) | (TES) (k)

2

Using the generalized binomial Theorem again,

(5~ @) = (£ —0)* +a(F @) e+ 2ala—1)( —a)* 2 + %zx(a ~1)(-2)(x—a)* 2 +0(e}),

a+((xk—a)"‘—g

5 (T

and

flg) \* _
<Tzf><xk>}<mf><xk>> -

1
+<2c§+ 5Ca+

+0(ef).

5(1-a)C  1(1 —zx)(7—81x))e3
(x —a)? k

2 x—a 12
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ek_H = (Cg - C2C3 + E

f ()
(Taf)(xx)

N~

+

Finally, the error equation is

1. 5(1-a)C 1 (1—a)(7—8)
_ 2 < 2 3 4
er1 = <2c2 R R e R L S o(et),

and this completes the proof. O

Since the error equation of the classical Traub and Chun-Kim procedures are,
respectively,

epi1 = 2C3e; + 0 (e;f),

and .
er1 = (2C§ + 2(:3)(;2 + o(e;f),

Theorem 3 is confirmed for conformable iterative schemes, and our procedure’s ability
to transform these non-optimal integer procedures to conformable ones is also supported.

Theorem 9. Let f : I C R — R be a continuous function in the interval I containing the zero %
of f(x). Let (T2f)(x) be the conformable derivative of f(x) starting from a, with order a, for any
a € (0,1]. Let us suppose that (Tj f)(x) is continuous and not null at X. If an initial approximation
x is sufficiently close to X, then the local order of convergence of the conformable Ostrowski-type
method (OeCO)

_ e few) fl) \
""“‘”*(W" ) [f(xk>—2f<yk>}<mf><xk>> P k=012

where

_ oo f) N
yka+<(xk—a) —aW) , k=0,12,...,

is at least 4, and the error equation is

—a 12 (x—a)? 24 (x—a

1(1—a;(C%—C3) L 10 1 (1_“)(1;,“2)>621+O<31§)f

() (5
being C]- = {!f,g;,forj > 2, such that a < xj, Vk.

Proof. Taking profit of the previous expansion, up to order four, we can expand the
different factors that compose the iterative expression of the OeCO scheme. Then,

(—a)"?(1—a—2(x—a)C)es

%(f —a)* 3 ((a—1)(5a — 7) +18(1 — &) (¥ — a)Ca + 24(% — a)?C3 — 12(% — a)*C3)e}

1
o (T - a)~4 ((oc —1)(5a — 7) (4a — 7) +2(53a% — 126 + 73) (% — a)Cy
+(1 — &) (% — a)?(276C3 — 132C3) + (% — a)3(312C5 — 336C,C3)

—~72(a® - 375 + 3072 — ©)Cy )t + O (<),

and
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f(x) B 1—a e, 1=a)G a?—1 5

[f(xo—zﬂyk)] = 1+<2C2+x—a>e"+<4c3 SER a2>e'<
a —1)(3C; — 2C2 1—a2)C -1 1)(2a +1
*(‘4C2C3_( )3(2—351 2)_(2(3?“2)22 = ig)((;igBH)

6(a® — 3a%% 4 3ax2 — 73)C
_ 8 + ) 4)6;4—0(6%).

T—a)
Hence,
f(xx) f (k) _ T a2 oie 2
”‘b(xk)—zf(yk)}(mf)(xk) - "‘{2(" A
3= (= 1) —2)+3(1 — @) (7 — )y +6(5 — 0 — C3))e}
1

+og(F—a) ((a —1)(40% — 150 + 17) + 36(a — 1)(% — a)*(C3 — C3)
—72(x —a)>C5 +2(a — 1) (7a — 11) (% — a)Cy + 144(% — a)>C,C3
+ 72(a® — 3a?% + 3a%* — 3?3)C4)eﬂ + O(e,?),

Using the generalized binomial theorem, the expansion of (yx — a)* results in

(e—a)* = (F—a)+5(F—a)* 21— 25— a)C2)e}
+%(f—ﬂ)"“3((fx—1)( —2) +3(1—a)(x - a)Ca +6(% — a)’C; — 6(T — a)’C3)e}
—%(f—a)“"*((«x—l)( —2)(a—3) +16(ax — 1)(% — a)2C3 — 32(x — 2)3C3

+16(1 — zx)(x —a)?C3 — 4(a® — 30 +2)(x — a)Cy + 56(% — a)3CyC3
+24(a® — 302% + 3072 — % )C4)ek—|—O(ek).

Therefore,

) o Flxw) fle)
Xkr1 = a+<(yk a) “[f(xk)_zf(yk)}(Tg}f)(xk))

—a)(C3 — —a?)? —a)(1—a?
— x4 (cg—c2c3+;(l J)C(_Cil ) 112(1()2_3)2(:2 - 21—4“ (X)_(la)g, )>e§+o(e2).
Finally,
= (-co UGG, S Ue LA 00D bo(d)

This completes the proof. [

Now, we analyze the convergence of the conformable Chun method in the following
result.

Theorem 10. Let f : I C R — R be a continuous function in the interval 1 containing the
zero % of f(x). Let (T2 f)(x) be the conformable derivative of f(x) starting from a, with order w,
for any « € (0,1]. Let us suppose that (Tif)(x) is continuous and not null at x. If an initial
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approximation xg is sufficiently close to %, then the local order of convergence of the conformable
Chun-type method (CeCO)

=a ) —a F)+2f] f) \VY*
Xp41 =a+ ((J/k ) [ Flx0) } (T,,’ff)(xk)> , k=012,...,

where

_ oo f) N
yk—a+((xka) aW) , k=0,12,...,

is at least 4, and the error equation is

— 3 _
et = <5C2 e N e 12(% — a)? 24(x—ap )%

+ O(ei),

(1—a)(13C3 — G3) N (24(1 — )%+ (1 — &) (13 — 11a))C N (1—a)?(13 - 1loc)> 4

() (%

being Cj = f' ,(35)

jUf (%)

Proof. We can make use of the Taylor expansions presented in Theorem 9 so that the
calculations of some elements of the iterative expressions are the same. So,

, for j > 2, such that a < xy, Vk.

PRI 14 (a0 + =% )t (40 -6 - 20200 e D2 g
+ <16C§’ —20C,C5 4 6C4 + («—1) (;%a— 1063) (;Ex—_llc)?zz
_ ((X_1)4((7;0‘;)23“_7)))6%0(6’%)’
and
fO)+2f )] flw) (1 a2 e )
[ ey e[ae a2 -aed
- %(x—a)H((a—n(a—z)w(l—a)(x—a)c2+6(x_a)2(c§_c3))e,§
+ 21—4(3? —a)"* (Soﬁ — 170 +4a +5+ (« — 1) (% — a)*(108C3 — 36C3)

— 24(x —a)3C5 —2(29a* — 54a + 25) (% — a)Cy — 144(% — a)3CrC3
— 72(a® — 3a%% + 3ax? — J?3)C4)eﬂ + O(ei),

Using the generalized binomial theorem again,

X1 = a+((yk—a)"‘—a[f(xk)+2f(yk)}( f(yk) ))1/“23?

f(x) T3 f) (xk
—a 2 _ AV _ _ 2(13
+<5 G oo 2)((;3_%) ), (2401-w) : 2((132_0;))(213 1)C; |, (1 20;)(32(1_361)311«))e;(1

—i—O(eg),

and finally,
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eyl = <5c§—c2c3+

+ 0fef).

(1-a)(13C3 —C3)  (24(1—a)®>+ (1 —a)(13—11a))Cy (1 —a)?>(13 —11a) \ 4
26—a) 2(x—a) Tz —ap )%

This completes the proof. [

Since the error equations of the classical Ostrowski and Chun schemes are

and
e = (5C3— oG )et +0(e}),

respectively, Theorem 3 and our proposed technique are again confirmed for these fourth-
order conformable schemes. Moreover, let us remark that OeCO and CeCO are the first
optimal multipoint conformable procedures, according to Kung and Traub’s conjecture [13].

In next section, we perform some numerical tests with some nonlinear equations, and
we study the stability of these methods proposed; in the case of multipoint methods, a
comparison with the classical version (when a = 1) is made.

4. Numerical Tests

The following results were obtained by using Matlab R2020a with the double-precision
arithmetic, |f(xy1)| < 1078 or x5 — xx| < 1078, as the stopping criterion, and at most
500 iterations. We also used the Approximated Computational Order of Convergence
(ACOC), denoted by p,

In(|xeq1 — x|/ [xk — x-1])

— , k=23,...,
In(|xx — xx_q|/[xx-1 — xx_2])

and defined in [22], in order to check that the theoretical order of convergence is attained
in practice.

We are going to test four nonlinear functions to draw a comparison between one-point
and multipoint procedures; we also compare these results with the Matlab Toolbox fsolve.
In the case of methods whose a is not computed in each iteration (NeL3, TeCO, CKeCO,
0eCO, and CeCO) we choose a = —10 to ensure that a < x; Vk.

For each test function, we calculate, in addition to its respective conformable derivative,
its classical derivatives of orders one, two, and three because they are necessary for schemes
NeL3, NeA3, and NeLA4.

For each test function we show two tables: first, the results of one-point procedures
(NeA3, NeL3, and NeLA4) and fsolve, then, the results of multipoint methods (TeCO,
CKeCO, OeCO, and CeCO). We remark that « is not used by fsolve, and this tool provides
%, | f(x¢11)| and the number of iterations (iter). For each pair of tables, the same initial
estimate x is used, as well as equispaced values of & € (0, 1] for schemes whose « is not
computed in each iteration (NeA3, TeCO, CKeCO, OeCO, and CeCO).

Our first test function is fi(x) = —12.84x% — 25.6x° + 16.55x* — 2.21x3 + 26.71x? —
4.29x — 15.21, with real and complex roots ¥; = 0.82366 + 0.24769i, X, = 0.82366 — 0.24769i,
¥3 = —2.62297, x4 = —0.584, x5 = —0.21705 + 0.99911i, and x¢ = —0.21705 — 0.99911i. The
necessary derivatives for this function are
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fi(x) = —77.04x° —128x* + 66.2x> — 6.63x> 4 53.42x — 4.29,
7(x) = —385.2x* —512x% +198.6x> — 13.26x + 53.42,
f"(x) = —1540.8x% —1536x2 + 397.2x — 13.26,
(TiA)(x) = (x =)' *fi(x).

In Table 1, NeA3 can require fewer (but also more) iterations when a # 1 than in
the case that « = 1, and the computational order of convergence is around the theoretical
third-order of convergence. It may be slightly greater for low values of a. When a =1,
p is close to 2 as in this case the scheme is reduced to the classical Newton procedure (see
Theorem 5). We also see that NeL3 and NeLA4 improve the classical Newton method as
well in the number of iterations required and in the computational order of convergence.

In Table 2, TeCO requires fewer iterations than the classical Traub scheme (when
« = 0.8 and « = 0.9 regarding the case that « = 1). p is around 3 in most of cases, although
it reaches the maximum number of iterations for low values of &. We also observe that the
classical Chun-Kim procedure does not find any solution, whereas CKeCO converges for
some values of &, and the computational order of convergence is around 3 in most cases.
No results are shown when « = 0.1 because it converges to a point which is not a solution
of f1(x). OeCO presents a similar behavior compared to the classical Ostrowski method,
even though p is not expected. CeCO can require fewer iterations than the classical Chun
scheme, and the computational order of convergence tends to be 4; again, no results are
shown when a = 0.1 because it converges to a point which is not a solution of f(x).

Table 1. Results of one-point methods and fsolve for fi(x), with initial estimate xg = 1.

NeA3 Method
w x |f (xi41) | k41 — x| Iter p
1 T4 436 x 10°1 6.85 x 1077 13 2.01
0.9 T4 3.55 x 10715 1.02 x 10~? 7 2.92
0.8 T3 391 x 10718 3.58 x 10~8 15 2.89
0.7 T6 5.33 x 10715 5.35 x 10710 38 3.01
0.6 T4 1.71 x 10713 8.73 x 107° 22 3.37
0.5 T3 6.18 x 10713 6.70 x 10710 54 2.96
0.4 T3 391 x 10713 1.69 x 1077 31 291
0.3 T4 1.03 x 10~? 1.88 x 1074 19 3.57
0.2 T3 4.02 x 107° 8.18 x 1072 35 2.81
0.1 T4 9.07 x 10710 1.94 x 1074 168 3.53
NeL3 Method
o x | f (x41) | |xk1 — xi| Iter P
- T3 413 x 10713 410 x 107° 11 2.89
NeLA4 Method
o x | f(x41) | k1 — k| Iter P
- T 6.53 x 10715 151 x 1077 3 4.00
fsolve
- x |f (xig1) X1 — Xk iter o
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Table 2. Results of multipoint methods for fi(x), with initial estimate xy = 1.

TeCO Method CKeCO Method

e % |f(xey1)| |xggn — x| Tter p & |f(ag)|  lwkga— x| Tter p
1 % 618x10713 449x1077 115 289 - - - >500 -
09 % 404x10° 243x10°* 69 280 - - - >500 -
08 % 530x10711 573x10°° 61 283 & 995x10°™ 991x10°1 190  3.00
07 % 116x1078  357x107°¢ 329 000 - - - >500 -
06 & 107x1071# 112x10°° 119 290 - - - >500 -
05 % 324x10710 1.05x10°* 213 282 - - - >500 -

04 x4 117x1078  731x107° 104 295 & 141x10711  1.88x 107 484  2.80

03 - >500 Fy 211x1078  1.11x10°° 490  0.00
02 - - - >500 - - - - >500 -
01 - - - >500 - - - - - -
0eCO Method CeCO Method

® X [f(xkg1)]  |¥kg1 —xx|  Tter P x [f(xk41) |%g41 —xk|  Tter p
1 & 107x107™%  277x10°° 3 241 % 618x1071 476 x107° 47 3.73
09 % 995x107# 197x1075 3 243 % 311x10710  276x10°* 75 3.21
08 & 995x107# 136x1075 3 244 x5 618x1071B 977 x107° 66 3.28
07 & 117x10713 914x10°° 3 246 x5 226x10712 1.89x 1010 87 3.81
06 % 995x107* 593x10°° 3 248 % 181x10710  242x10°* 108 322
05 % 117x10718 368x10°° 3 249 % 492x101 176 x10°* 87 3.24
04 1 117x107B 216x10°° 3 251 % 117x1078  1.08x 1077 212 3.68
03 % 107x107% 118x10°° 3 253 % 1.07x107%  1.75x1077 53 3.67
02 %y 224x107B 590x1077 3 255 % 224x1071  713x1077 45 3.61
01 %y 421x10718 258x1077 3 257 - - - - -

We can see that in Tables 1 and 2 a solution is found in most of cases, whereas fsolve
does not find any solution with this initial estimate. Of course, if we change the initial
estimation to a complex one, fsolve will find any root.

The second test function is f5(x) = ix!® — x0% — 16, with complex roots %, = 2.90807 —
4.24908i, and ¥, = —3.85126 + 1.74602i. The necessary derivatives for this function are

fi(x) = 1.8ix"8 —0.9x701,

f(x) = 1.44x7%240.09x7 11,

Alx) = —0288x 12 —0.099x 21,
(Tif)(x) = (x—a)' *f(x).

In Table 3, NeA3 can require fewer iterations when a # 1, p is around 3, and the
computational order of convergence is 2 when & = 1, supporting the theory. We can
observe that NeL3 and NeLA4 improve the classical Newton procedure in the number of
iterations required and the estimated order of convergence p.

In Table 4, TeCO and CKeCO require fewer iterations than the classical Traub method
and Chun-Kim’s scheme, respectively (in some cases), and the computational order of
convergence is around 3 for any « in both procedures. OeCO does not improve the classical
Ostrowski method in terms of the number of iterations and p. CeCO presents a similar
behavior compared to the classical Chun scheme in some cases, and in other cases the
computational order of convergence can be slightly greater.

We can observe that in Tables 3 and 4 our methods converge in fewer iterations than
fsolve in many cases.

Our third test function is f3(x) = e* — 1, with real root ¥; = 0. The necessary
derivatives for this function are

filx) = flx)=f"(x) =,
(Tifs)(x) = (x—a)' " f3(x).
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Table 3. Results of one-point methods and fsolve for f,(x), with initial estimate xg = 0.5.

NeA3 Method
o x | f (%iet1) | k1 — x| Iter p
%1 3.31 x 10714 2.63 x 1077 8 2.00
0.9 T 7.16 x 10715 479 x 1078 8 3.01
0.8 T 222 x 10715 2.36 x 1072 8 2.93
0.7 ) 3.70 x 10~° 0.003 7 2.46
0.6 bl 7.16 x 10715 1.97 x 107 8 2.89
0.5 T 3.11 x 10715 1.13 x 1077 10 2.90
0.4 T 7.23 x 10715 2.63 x 1077 9 3.02
0.3 T 496 x 10713 1.84 x 10~* 10 2.72
0.2 T 7.12 x 10715 459 x 108 13 2.93
0.1 T 7.89 x 10714 1.97 x 10~ 13 3.34
NeL3 Method
g x |f (k1) |xk+1 — xk] Iter P
- T 544 x 10710 0.0021 4 2.76
NeLA4 Method
9% x |f (xk+1) k1 — xk] Iter P
- T 1.07 x 104 1.09 x 10~8 4 3.01
fsolve
- x |f (g1 | |1 — iter P
- b3 7.58 x 1078 - 7 -

Table 4. Results of multipoint methods for f,(x), with initial estimate xy = 0.5.

TeCo Method CKeCO Method
« X [f(xg1)|  |xkg1— x| Tter  p x [f(xk41)|  |xgqg1—2xx| Tter  p
1 % 716x107% 643 x1077 7 318 ® 222x107%  234x10°8 7 3.09
09 ® 242x107% 619%x107> 11 346 % 1.14x10711 494 x10°* 8 276
08 X 957x107 249x1077 10 290 % 840x107? 0.005 7 387
07 X 472x1071  402x10°° 7 275 % 397x1071  237x107° 8 2.76
06 X 145x1071 137x107* 8 295 X 397x1071° 555x10°° 9 322
05 & 178x107% 641x10°8 7 28 % 366x10715  249x107° 6 294
04 % 126x107# 359x10°° 6 297 & 927x1071%  486x10°° 5 2.97
03 & 533x107% 310x1077 5 307 % 165x107%  151x1077 7 29
02 & 165x107™ 247x10°° 5 303 % 165x107™ 519x10° 19  3.00
01 % 214x107% 453x107° 30 298 & 231x1071 661 x107% 9 2.97
0eCO Method CeCO Method

o« % |f(xge)| kg —w| Tter  p & [f(xrga)| |wkga— x| Tter  p
1 % 204x107° 0.026 4 551 & 289x1071 0.002 7 274
09 & 429x1071% 834x107° 5 372 % 1l61x107¥  234x10°* 8 3.77
08 % 139x107#  205x1077 5 365 % 190x107¥ 293x1077 13 431
07 & 331x1071¥ 474x10°° 5 357 X 331x107° 0.0227 8  3.06
06 % 330x107™ 949 x107° 5 352 % 6.03x10°1 0.0087 9 285
05 # 225x10°14 0.0015 5 359 % 199x107% 490x108 10 3.80
04 x© 100x107° 0.0206 5 407 x 652x10710 0.0118 12 267
03 & 222x1071 559x10°° 6 343 % 111x107% 565x107* 12 419
02 i 138x10°° 0.0219 6 347 X 480x107% 566x10° 95 3.89
01 & 190x107# 194x108 8 427 X, 842x107# 583x1077 383 4.04

In Table 5, NeA3 requires fewer iterations when a # 1, and p is around 3. Whena =1,
the computational order of convergence is 2, as expected. We observe that NeL3 improves
NeA3 in the number of iterations required, with p being around 3. NeLA4 does not work
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for this function because f}(x) = f5'(x) = f3’(x), and this involves singularities in (16)

and (17).

In Table 6, TeCO, CKeCO, OeCO, and CeCO present a very similar behaviors compared
to their classical versions, respectively, and the computational order of convergence is as
expected in each case.

Table 5. Results of one-point methods and fsolve for f3(x), with initial estimate xg = 1.5.

NeA3 Method
w x |f (xie41) | k-1 — x| Iter p
1 Eel 2.22 x 10716 2.08 x 10~8 6 2.00
0.9 Eel 1.23 x 10~? 9.05 x 10~* 4 2.70
0.8 % 1.65 x 10712 1.25 x 1074 4 2.83
0.7 ) 9.55 x 1015 257 x 107° 4 2.89
0.6 £ 1.39 x 10717 6.67 x 107° 4 2.93
0.5 %1 1.11 x 1016 2.05x 107° 4 2.95
0.4 ) 2.78 x 10716 7.13 x 1077 4 2.96
0.3 %1 3.34 x 10716 2.74 x 1077 4 2.97
0.2 % 4.00 x 10716 1.14 x 1077 4 2.98
0.1 % 1.24 x 10716 5.06 x 108 4 2.99
NeL3 Method
g x |f (xiet1) | k41 — x| Iter p
- kel 0 121 x107° 3 3.11
NeLA4 Method
Xk x |f (xk+1)| k41 — x| Iter p
fsolve
- % |f (xkq1)] X1 — Xk iter P
- %1 2.08 x 1078 - 5 -
Table 6. Results of multipoint methods for f3(x), with initial estimate xg = 1.5.
TeCO Method CKeCO Method
v % |f(xg)| lxkpa—ax| Tter p 0  |f(xpga)l |%pp1— x| Tter  p
1 % 533x10715 220x10°° 4 292 % 817x10°™ 518x107° 4 290
09 x 888x107° 246x107° 4 292 % 119x1078  580x107° 4 290
08 % 124x107% 274x107° 4 291 % 167x10718  648x107° 4 290
07 % 160x107"% 306x10°° 4 291 x 231x1078  722x10°° 4 290
06 % 213x1071¥  341x10°° 4 291 % 329x10718  8.04x107° 4 2.90
05 % 284x1071¥ 378 x10°° 4 291 x 458x10718  893x107° 4 290
04 x 444x10™  420%x10°° 4 291 % 641x10718  990x107° 4 289
03 % 586 x1071¥  465x107° 4 291 % 886x1071B 1.10x107* 4 289
02 x 817x107"% 514x107° 4 290 % 122x10712  121x10°* 4 289
01 % 112x1071  568x10°° 4 290 % 166x10712 134 x107¢ 4 2.89
0eCO Method CeCO Method
@ X [f(xkg1)|  |xkqr— x| Tter  p ® [f(xkg1) |%k41—xx| Tter p
1 5 0 7.53 x 1070 3 391 % 154x10°10 0.0041 3 358
09 % 118x1071 776x10°° 3 391 % 197x10°10 0.0043 3 358
08 % 178x1071 799 x10°° 3 391 i 252x10710 0.0046 3 358
07 % 178x1071 822x10°° 3 390 % 320x10°10 0.0048 3 357
06 0 8.44 x 107° 3 390 % 4.05x10°10 0.0051 3 357
05 % 178x107 867 x10°° 3 390 % 511x10°10 0.0054 3 357
04 x 0 8.89 x 10~° 3 390 % 642x10°10 0.0056 3 357
03 ® 0 9.10 x 10~° 3 390 % 8.04x10°10 0.0059 3 356
02 % 355x1071® 931x10°° 3 38 % 100x107? 0.0062 3 356
01 % 533x1071 952x10°° 3 38 1 125x107? 0.0065 3 356
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We can note that in Tables 5 and 6 our methods converge in fewer iterations than fsolve
in all cases.

Finally, the fourth test function is f4(x) = sin(10x) — 0.5x + 0.2, with real roots ¥; =
—1.4523, ¥, = —1.3647, 3 = —0.87345, ¥, = —0.6857, ¥5 = —0.27949, % = —0.021219,
X7 = 0.31824, xg = 0.64036, X9 = 0.91636, X190 = 1.3035, 11 = 1.5118, ¥1» = 1.9756, and
%13 = 2.0977. The necessary derivatives for this function are

fa(x) 10 cos(10x) — 0.5,
fi(x) = —100sin(10x),
f'(x) = —1000cos(10x),

(Tifa)(x) = (x—a)' " fi(x).

In Table 7, NeA3 requires fewer iterations for most of values when « # 1, and p is
around 3 or greater. When & = 1, the computational order of convergence is around 2. We
observe that NeLA4 improves the classical Newton procedure as well in the number of
iterations and in terms of the computational order of convergence, p. No results are shown
for NeL3 because it converges to a point which is not solution of f(x).

In Table 8, TeCO, CKeCO, OeCO, and CeCO present very similar behavior compared
to their classical versions, respectively, and the computational order of convergence is
greater than expected by using TeCO, CKeCO, and CeCO. p cannot be provided when
using OeCO because at least three iterations are needed to compute it.

We can see that in Tables 7 and 8 our methods converge in fewer iterations than fsolve
in most of cases.

Table 7. Results of one-point methods and fsolve for f4(x), with initial estimate xg = 2.

NeA3 Method
o x |f (xk41) | |2tk +1 — x| Iter p
1 %12 1.94 x 10~ 11 7.01 x 1077 4 1.99
0.9 F12 2.78 x 10~16 231 x10°8 4 2.80
0.8 T2 2.78 x 10716 5.39 x 1078 4 2.92
0.7 F12 2.78 x 10716 5.32 x 1078 4 3.14
0.6 T2 3.01 x 107 1.59 x 10~* 3 7.91
0.5 T2 8.16 x 10712 232 x 1075 3 438
0.4 F12 4.60 x 10713 9.21 x 10 3 3.93
0.3 T2 6.80 x 10714 497 x 1076 3 3.74
0.2 T2 1.58 x 10~14 3.15 x 10~° 3 3.63
0.1 T2 3.61 x 1071 220 x 107° 3 3.55
NeL3 Method
ok x |f (xk41) | |2tk 1 — x| Iter p
NeLA4 Method
o x |f (xk41) | |tk 1 — x| Iter p
- %13 1.72 x 10715 1.15 x 107 3 433
fsolve
- x |f (xks1)| |1 — x| iter o
- F12 1.85 x 10~ 11 - 4 -
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Table 8. Results of multipoint methods for f4(x), with initial estimate x5 = 2.

TeCO Method CKeCO Method
o x |f (xkg1)] |1 —xx| Tter p x | f (xk41)] |xx 1 —xx| TIter p
1 & 113x10712 127 x107° 3 418 xp 337x1078  877x10°° 3 407
09 xp 113x10712 127x10°° 3 418 xp 337x1078  872x10°° 3 407
08 fp 111x1072 126x107° 3 418 xp 327x1078  866x10°° 3 407
07 xp 1.06x10712 125x107° 3 418 xp 297x10718  860x10°° 3 407
06 fp 1.06x10712 125x10°° 3 417 xp 317x10718  854x10°° 3 407
05 fp 1.04x10712 124x10°° 3 417 xp 3.07x1078 849 x10°° 3 407
04 xp 1.04x1072 124x107° 3 417 xpp 317x10718 843 x10°° 3 4.06
03 fp 1.02x10712 123x107° 3 417 xpp 3.07x1078  837x10°° 3 4.06
02 fp 1.01x10712 122x10°° 3 417 xpp 277x10718  832x10°° 3 4.06
01 &, 981x1071B 122x107° 3 417 xp 277x10718  826x107° 3 4.06
0eCO Method CeCO Method

o x [f(x¥k41)] [¥kgpr— x| Tter  p x [f(xrq1)]  [¥kgpr— x| Tter  p

F1p 7.85x107H1 417 x107* 2 - F2  427x1071%5  500x1077 3 481
09 ®, 783x1071  417x107* 2 - F2 158 %107 496 %1077 3 481
08 ®p 7.80x107M  417x107* 2 - F12 158 %107  492x1077 3 481
07 ®p 779%x107H 417 x107* 2 - Fp 427 %1071 489 %1077 3 481
06 Fp 776x1071 417 x107* 2 - Fi2 427 %1071 485x1077 3 481
05 ®p 774x1071  416x107* 2 - Fp 427 %1071 481 x1077 3 481
04 ®p 772x1071  416x107* 2 - Fp 144 %107 477 x 1077 3 481
03 &p 770x1071  416x107* 2 - Fp 258 %107 474 %1077 3 481
02 & 767x1071  416x107* 2 - F1p  5.72x10°1 470 x 1077 3 481
01 &, 7.66x1071  415x107* 2 - Fio 459 %107 467 x1077 3 481

Numerical Stability

We are now going to analyze the dependence on the initial estimates of the methods
proposed in this work. For NeA3, TeCO, CKeCO, OeCO, and CeCO, whose « is fixed
in each iteration, we use convergence planes, defined in [23]. In these planes, we use a
400 x 400 grid, where the horizontal axis corresponds to initial estimate x(, and the vertical
axis corresponds to « € (0,1]. Each color represents a different solution found with a
tolerance of 1073, and it is painted in black when no solution is found in 500 iterations.
Moreover, for each convergence plane, we calculate the percentage of converging pairs
(xp, ) in order to compare the efficiency of the schemes.

In Figure 1, we observe that NeA3 and OeCO almost reach a 100% convergence, TeCO
and CeCO attain around 94% convergence, and CKeCO obtains around 77% convergence;
all roots are found in each plane.

In Figure 2, we see that every procedure almost reaches 100% convergence, and all
roots are found in each plane. In Figure 3, we note that NeA3, TeCO, CKeCO, and CeCO
attain between 53% and 59% convergence, whereas OeCO obtains around 74% convergence.
In this case, considering that —10 < xg < 10, and a = —10, we point out that stability could
be slightly improved if we choose a < —10.

In Figure 4, we can see that NeA3 and CKeCO reach between 42% and 48% conver-
gence, TeCO and CeCO attain between 62% and 66% convergence, and OeCO obtains
around 74% convergence; again, all roots are found in each plane.
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(e) CeCO, 94.04% convergence

Figure 1. Convergence planes for f(x).
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(c) CKeCO, 99.01% convergence

(e) CeCO, 98.72% convergence

Figure 2. Convergence planes for f,(x).

(a) NeA3, 59.26% convergence

1
0.8
0.6
0.4

0.2

-10 -5 0 5 10

(c) CKeCO, 53.50% convergence

Figure 3. Cont.

(d) OeCO, 99.75% convergence

-10 -5 0 5 10
Zo

(b) TeCO, 53.88% convergence

1
0.8
0.6
0.4

0.2

-10 -5 0 5 10
xo

(d) OeCO, 74.04% convergence



Mathematics 2023, 11, 2568 26 of 29

-10 -5 0 5 10
Zo

(e) CeCO, 56.31% convergence

Figure 3. Convergence planes for f3(x).
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(d) OeCO, 73.67% convergence

(e) CeCO, 62.55% convergence
Figure 4. Convergence planes for fy(x).
In order to visualize the dependence on the initial estimates of NeL3 and NeLA4, with

a calculated in each iteration, we use dynamical planes. These planes are constructed with
the real part of the initial estimate x( in the horizontal axis, and the imaginary part in the
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vertical axis. As in convergence planes, we use a 400 x 400 grid, a tolerance of 1073, and at
most 500 iterations. In these cases, we use real and complex polynomials whose roots are
known, which are represented with “white crosses” on each plane.
Our polynomials with their respective roots are
e pi(z)=2z>—1,withz; = —land 2, = 1.
e pm(z)=2—1,withz; =1,2 = —1/2+ (v/3/2)iand 23 = —1/2 — (1/3/2)i.
o p3(z) =22 —i,withz; = v2/2+ (v2/2)iand 2 = —v/2/2 — (v/2/2)i.
o py(z) = 2% +42% — 10, with 2; ~ 1.3652, 2, ~ —2.6826 + 0.3583i and z3 ~ —2.6826 —
0.3583i.
In general, we observe that NeL3 and NeL A4 tend to converge to one root in most
planes. NeL3 converges to both roots in Figure 5, but convergence is not guaranteed in most
planes because it obtains many nonconverging complex initial estimations (Re(xg), Im(x)),

whereas in NeL A4 most initial guesses converge to one root. Performance of methods NeL.3
and NeLA4 on p;(z), i = 2,3,4 is similar (see Figures 6-8).

-2 0 2
Re Re
(a) NeL3 (b) NeLA4

Figure 5. Dynamical planes for p; (z).

Re Re
(a) NeL3 (b) NeLA4

Figure 6. Dynamical planes for p,(z).
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Re Re
(a) NeL3 (b) NeLA4

Figure 7. Dynamical planes for p3(z).

-3
2 0 2 -2 0 2
Re Re
(a) NeL3 (b) NeLA4

Figure 8. Dynamical planes for p4(z).

5. Conclusions

In this manuscript, three one-point conformable Newton-type methods have been
designed (NeL3, NeA3, and NeLA4), and their convergence analysis has been performed,
improving the quadratic order of the starting scheme. None of these procedures are
optimal because they require the evaluation of higher-order derivatives. On the other
hand, a general technique has been provided so as to obtain the conformable version of any
iterative method; later, this technique was used to derive the conformable version of four
multipoint classical schemes (TeCO, CKeCO, OeCO, and CeCO), where two of them are
the first optimal multipoint conformable procedures in the literature (OeCO and CeCO),
holding an order of convergence equal to that of the classical case. So, the technique is
supported by the results obtained. Numerical tests were performed, and the dependence
on initial estimates was analyzed by visualizing convergence and dynamical planes. We
observed that, in general, these methods can converge when the classical ones fail, or
in fewer iterations in some cases. Additionally, the theoretical order of convergence is
obtained in practice, tending to equal or improve that of classical multipoint schemes.
We also see that it is possible to obtain real or complex roots with real initial estimates,
and that we can obtain different roots by choosing a different value of « and the same
initial estimation. These methods found a solution when fsolve failed, and required fewer
iterations than the Matlab Toolbox in most cases. Finally, most of the planes in this work
confirm that these procedures have, in general, good stability properties in terms of the
wideness of basins of attraction of the roots, and all roots are found in most of such planes.
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