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Abstract

The dominant electroweak two-loop corrections to the precision observables My,
and sin® G are calculated in the MSSM. They are obtained by evaluating the two-
loop Yukawa contributions of O(ac,) and O(a?), O(aas), O(a?) to the quantity
Ap. A review of the one-loop Standard Model calculation is given in the large
Top-Yukawa coupling limit.

The O(of), O(aya), O(a) result, involving the contributions from Standard
Model fermions, sfermions, Higgs bosons and higgsinos, is derived in the gauge-
less limit for arbitrary values of the lightest CP-even Higgs boson mass. A thorough
discussion of the parameter relations enforced by supersymmetry is given. Two
different renormalisation schemes are applied. Compared to the previously known
result for the quark-loop contribution we find a shift of up to +8 MeV in My and
—4 % 107% in sin? f.g. Detailed numerical estimates of the remaining uncertainties
of My and sin?#f.s from unknown higher-order contributions are obtained for
different values of the supersymmetric mass scale.

The calculations are preceded by a review of EWPO and supersymmetry. The elec-
troweak precision variable Ap is defined. We renormalise using both dimensional
regularisation and dimensional reduction.
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Chapter 1

Introduction

If you want to make an apple pie from scratch, you must first create

the universe.

Carl Sagan (1934 - 1996)

The Standard Model (SM) [1] of particle physics, developed over the last fifty years,
has been hugely successful in describing observed natural phenomena at the current
energy scale. It agrees with all confirmed experimental data from accelerators but
is theoretically very unsatisfactory. It fails to explain a large number of phenomena
observed in nature such as the quantum numbers electric charge Q, weak isospin
I, hypercharge Y and colour. It contains at least 19 free parameters in the form
of masses, mixing angles, vector boson couplings and CP-violating phases. It also
requires the existence of a scalar (Higgs) boson whose coupling to the other SM
particles is proportional their masses but no elementary scalar bosons have yet

been observed.

Despite its success it is clear that the SM is incomplete and cannot be the full

description of nature, not least because gravity is completely omitted. In addition




Chapter 1: Introduction

the Standard Model suffers from quadratic divergences [2]. Consider, for example,
the contribution of the heavy fermion loops to the two-point function of the SM
Higgs as shown in Fig.1.1. The SM Higgs mass, My, must be < 1 TeV to preserve

unitary of the WW scattering amplitudes [3]. Here we see that if the H-F-F cou-

F
R H__

H
F

Figure 1.1: Fermion-Antifermion contribution to the self energy of the Higgs Boson
in the Standard Model

pling is A and N(F) is a multiplicity factor (eg. N(b) = 3 for bottom quarks from

the colour summation) then the correction is given by [2]

5 = - illk— (2 i i !
W50 = ~N(P) [ st =) =]
- —4N(F))\2/(g7rl;4[k2_lm% + (k22_m72})2] (1.1)

The first term in the last line above is quadratically divergent. We could regulate
the divergence by imposing a cut-off, A. To do this we must assume that the SM
is valid up to the scale A. If the SM is valid up to the plank scale, My, then the
cut-off is O(My,). If the divergence is replaced by M3, it one would expect that

My ~ My, otherwise huge fine-tuning is necessary.

The question that now arises is what new physics might we expect to discover
in future experiments. Clearly one could formulate all kinds of new theories so

it would be helpful if we could use the current experimental data to restrict or
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guide our ideas. With this in mind we shall review some theoretical contributions
to precisely measured observables. In this thesis we limit the discussion to Elec-
troweak Precision Observables (EWPQO) and in particular the contributions to the

rho parameter, p.

1.1 The search for new Physics

Restrictions on new physics can be imposed using both direct and indirect con-
straints. The unsuccessful direct search for the Higgs Boson at LEP places a lower

bound on the SM Higgs mass of My 2

e

114 GeV [4]. Indirect constraints are
imposed by the measurement to very high precision of known processes and com-
paring the result with the theoretical prediction. This analysis of precision physics
was successfully used to predict the mass of the Top quark to within 10% of the

direct measurement at the Tevatron [5] of
my = 172.7+2.9GeV (1.2)
which agrees well with the value derived from precision electroweak data [4] of

m; = 172.378%GeV (1.3)

Current experimental high-precision measurements agree well with SM. This puts
an upper bound on effects from extensions of the SM. Thus corrections from any
proposed extension must be relatively small in order to maintain good agreement

with experimental data.

High precision experimental results require equally precise theoretical predictions

in order for comparisons to be made. It is insufficient to just use tree level results

3



Chapter 1: Introduction 1.2 Thesis Outline

for SM processes when performing this type of analysis as both 1- and 2- loop
corrections will produce measurable effects. Whilst this makes the theoretical cal-
culations more involved, it also gives the possibility of observing the effects of new
phenomena. Since both 1- and 2-loop SM contributions have been calculated and
provide small corrections to the tree-level result, it is plausible that contributions
from new models in further loop corrections will give rise to equally small but no-
ticeable effect, and may even provide a better description of data than the SM. We
will therefore proceed by taking our favoured theory of new physics and calculate
higher order corrections to precision observables in that theory to constrain (or

even exclude) the parameter space of that model.

1.2 Thesis Outline

This thesis is in two parts: Chapters 2 - 4 contain a brief introduction to the
physics used in later calculations and serves to define our notation. Chapters 5 -

7 give details of three calculations performed by the author.

In the next chapter we review the p parameter and discuss the leading order result
for Ap. We justify the need to renormalise the calculations presented later and

outline our calculational method and choice of regulator.

In the following chapter will introduce supersymmetry and define our notation
for later chapters. Chapter 4 introduces renormalisation using counterterms gives

describes their implementation in our calculations.

In chapter 5 we present the leading QCD corrections to scalar quark contributions.
Leading two-loop electroweak corrections are presented in chapter 6 in the heavy

supersymmetric limit. Both these results have been published previously but are
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reproduced here independently both to introduce the calculational method in a

more simple framework and to verify the previous results.

Leading Squark Yukawa corrections are presented in chapter 7. This chapter con-
tains some new results, as well as giving explanation for many of the observations

made in the original publications of the work presented in chapter 6.

In the final chapter we conclude.



Chapter 2

Electroweak precision observables

and calculation of loop corrections

A vacuum is a hell of a lot better than some of the stuff that nature

replaces it with.

Tennessee Williams, “Cat on a Hot Tin Roof (1955)”

Electroweak precision observables (EWPQO), like the masses of the W and Z bo-
son My, z or the effective leptonic weak mixing angle sin? f¢, are highly sensitive
probes of the quantum structure of the electroweak interactions. The standard
model (SM) and any extension or alternative predicts certain relations between
these observables that can be tested against the corresponding experimental val-
ues. The experimental resolution is better than the per-mille level, and thus the
measurements can be sensitive to even two-loop effects. Hence the EWPO are
very powerful for discriminating between different models of electroweak interac-
tions and for deriving indirect constraints on unknown parameters such as the

masses of the SM Higgs boson or supersymmetric particles.
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An important part of the theoretical predictions of all EWPO both in the SM and
in extensions of it is contained in Ap (see section 2.4). The follow section gives a

brief explanation as to why.

2.1 Muon decay and Ar

The muon lifetime,7,, is a very precisely know experimental value. It can also be

calculated theoretically from first principles [6]

1 Gm  m? 3Im?
—=—+r_LEF(—)1 EY1+ A 2.1

with F(z) = 1 — 8z — 12z%log(z) + 8z — z* and where m,, m,, are the electron
and muon masses respectively and Aq represents QED corrections from the Fermi
model. Equation 2.1 can be used to define the Fermi constant G,,. By comparing
the theoretical prediction for the muon lifetime within a given model with Eq. 2.1 a
relation between G, and the parameters of the model can be derived. This relation
receives radiative corrections from vertex, box and self-energies diagrams (see, for

example, fig 2.2), which, at first order, can be parameterised by the quantity Ar:

Yige}
G, = —"% _(1+Ar), 2.2
u ﬂsgngv( ") (2:2)

where s2 = 1 — MZ /M}% and « is the electromagnetic coupling constant. For
Ar = 0 this relation corresponds to the lowest-order SM prediction. In accordance
with the definition of G, in Eq. 2.1, the contribution corresponding to the QED
correction in the Fermi model has to be extracted from Ar

At one-loop order of the SM, Ar is a finite combination of one-loop diagrams and
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counterterms(see chapter 4). It can be decomposed in the following way:

2

C
Arl—loop = Aa - s—gAp + A"”t~emainde1r(1\4H) (23)
oM ~mi o~ log(My)
~6% ~3.3% ~ 1%

where Aa is the correction from the running of «, Ap is the leading top mass
(my) contribution to EWPO entering quadratically and A7 emainder(Mpy) are the
remaining one-loop contributions. This later term contains the leading My de-
pendence (~ log(Mpy)). Since the correction from A« is ~ log An’{—f it is shielded
from the effect of heavier fermions and thus makes it a poor choice to examine
new physics (where one typically expects masses to be larger than those of SM
particles). Ap, however, can provide corrections O(m'%) (or possibly even larger
for new physics models), proportional to the mass splitting of isodoublets, allowing

one to calculate measurable corrections to EWPO.

2.2 The p parameter

The p parameter [7] is defined as the ratio of the neutral current to the charged

current in processes such as those in Fig.2.1

Ve

Figure 2.1: Electron - Neutrino scattering via neutral and charged currents
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At tree level p is given by

2
M,
2 /2
ci, M7

W

where Mz w are the masses of the Z and W boson respectively and c,, is cos(6y ), O
the weak mixing angle. In equation 2.4, p = 1 at tree level is a manifestation of
the custodial symmetry in the SM [8]. At higher orders, p receives corrections
from vertex loops, box loops and propagator loops (see figure 2.2). In this thesis
we will only be concerned with leading corrections to the internal propagators (ie.

the third diagram in fig. 2.2).

Ve F Ve
1% 1%
e F e

Figure 2.2: Examples of Vertex, Box and Propagator loop corrections to p . V is
either a Z or W boson; F is an electron or neutrino

Loop diagrams such as those shown in fig.2.2 give rise to integrals such as those
seen earlier in chapter 1 (equation 1.1). Before proceeding we briefly discuss the

problems of evaluating such expressions.
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2.3 Loop calculations: Regularisation + Compu-

tation

The integral expressions for loop diagrams are formally infinite in the limit ¥ — oo
(ultra-violet divergent) [9]. That is, the ‘bare’ parameters that appear in the
Lagrangian (eg. mass, charge) are infinite and cannot be physical parameters. In
order to overcome this problem one must regulate these divergences away to leave
only renormalised (finite), physical values.

This could be be done by imposing a cut-off on the integral, introducing some
(arbitrary) upper bound and taking the limit as the cut-off — oo in the final
result. In practice, however, it turns out to be more convenient to use dimensional
regularisation [10] [11], that is to shift the integral from 4 to D = 4—2¢ dimensions,
working in the limit of ¢ — 0. The divergences then show up as poles in e.
Dimensional regularisation has the advantage of respecting gauge invariance, as
well as regularising infra-red (k — 0) divergences.

Dimensional regularisation is not without problems, however. The 5 matrix is not
well defined in dimension D # 4 [12], since it is intrinsically a 4-dimension object.
The problems arise when trying to evaluate the trace of four or more v matrices.
Fortunately in the calculations presented in this thesis we will only be concerned
with two-loop self-energies where there will be maximum of three independent
momentum parameters, and consequently a maximum of three v matrices. Thus
we never meet these problems here.

In later chapters we will be performing calculations in supersymmetry (SUSY),
where extending dimensions to D > 4 is not straight forward. SUSY is a symmetry
between fermions and bosons. Changing the dimension from 4toD chan_gps thQ ]

number of degrees of freedom of vector bosons, as they are D-dimensional objects.

10
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The number of degrees of freedom of the fermions remains unchanged. This leads
to a contradiction in SUSY and therefore in supersymmetric calculations we work
in the analogue of dimensional regularisation: dimensional reduction [13]. The
most notable difference between the two schemes is that g%, = 4 in dimensional

reduction (ie.not D as in dimension regularisation) to avoid potential conflicts.

All Feynman diagrams in this thesis, unless explicitly stated, have been calculated
using the following procedure: The amplitudes for each diagram are produced with
the Mathematica package FeynArts [14], making use of the MSSM model file [15]
where appropriate. Unless stated otherwise, we work in the Feynman gauge.
Dirac algebra and traces have been evaluated using the program Twocalc [16]. The
reduction to scalar integrals has been performed also using the routines built into
Twocalc, Which performs the integrals using dimensional regularisation (for SM
diagrams) or dimensional reduction (for Supersymmetric diagrams).

As a result we obtained the analytical expression for Ap in terms of the one-loop
integral functions Ay and By [17] and on the two-loop integral function T}34 [16,18].
For the further evaluation the analytical expressions for Ay, By and T}34 have been
inserted. The scalar integrals are given in Appendix A. Both infra-red and ultra-
violet divergences show up as poles in ¢, in the limit as ¢ — 0. Summing all
diagrams for a physical process and series-expanding! in € gives a finite result in

the limit ¢ — 0. Finally, numerical analysis is performed.

2.4 Ap at one loop

To calculate the rho parameter at a given order one has to calculate the full neutral

_ current (Z-exchange) and charged current (W-exchange) processes at this order (ie.

IBecause of problems discovered with some of the numerical routines in Mathematica, the
series expansion and algebraic manipulation is performed in Maple.

11
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all possible diagrams in fig. 2.2) and take their ratio. Performing this calculation
gives (amongst others) a term from the renormalisation of the weak-mixing angle
of the form

222 (Mz?)  Zhw(Mw?)

(L ), 25)

This term contains the leading top/bottom contribution in the SM. In the low
energy limit this contribution can be obtained in the approximation of evaluating

the Z/W self-energies at zero momentum. This quantity is what one usually calls

Ap:

=p — p+Ap (2.6)
Y%z Syw

where £ ,(0), %,,,,(0) denote the transverse parts of the unrenormalized Z and W
boson self-energies, respectively, at zero momentum transfer. Here the transverse
(and longitudinal) self-energy parts are defined by decomposing the self-energy

Yvv(¢?) into Lorentz tensors and scalar parts as follows:

Qudy Qv
Svvw(@?) = —(gu + ’;—2)2%((12) — ;—22€v(q2) (2.8)

The term on the right of Eq.2.7 is a finite correction to p.

Historically the p parameter was a precision observable measured in experiments.
In more recent experiments observables measured to high precision include My,
and sin? f.g. The quantity Ap is a useful parameter to calculate as it parametrises

the leading universal cor‘r“ectiv_ons from vector b}oﬁson‘ §glf energies induced by the

mass splitting between fields in an isospin doublet [7]. Any contribution to Ap

12
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induces the following shifts to My and sin? f.4:

MW C2
My =~ ——=—2-A 2.9
W 2 -2 " (2.9)

2 .2

tn 2 ~ CwSw
d sin geff ~ —HAP (210)

Experimentally p is very close to one. It turns out that any model with only
Higgs doublets (and singlets) will automatically give p = 1 at tree level (with
small corrections at higher orders). Thus Ap is a very useful quantity exactly to

calculate for constraining new physics through higher order corrections.

For reference we now present the dominant one loop correction to Ap in the SM. As
previously stated the dominant contribution in the SM arises from the top/bottom
sector due to the large mass splitting in the quark doublet. To obtain this contri-

bution one must calculate the Feynman diagrams show in Fig 2.3

t b b
Z Zz w
z Z W
t b t

Figure 2.3: Leading corrections to Z and W self-energies within the SM entering
Ap

The divergent parts of the one-loop SM result for the Z and W self-energies in fig

2.3 are:

3 (mf +mH))MZ M3
" 32m%e (M3, — M2) MY,

(2.11)

. 3¢® (mp + mi) M7
" 3272 (MR, — M2)

(2.12)

13



Chapter 2: Electroweak precision observables 2.4 Ap at one loop

where m;; are the mass of the bottom, top quark respectively.

One may now calculate the correction to Ap using equation 2.7. From equations
(2.11) and (2.12) it is manifest that at one-loop the top/bottom contribution to
Ap is finite without renormalisation. This is not just by chance. Since p = 1
at tree level, there are no parameters to renormalise at the one-loop level. For
higher orders in general, however, corrections to Ap will not be finite and we will
need to renormalise the calculation. This is one of the more appealing aspects of
the Ap calculation as all renormalisation scheme dependence is suppressed to the
two-loop level. The method of renormalisation is described in chapter 4 and exact

renormalisation schemes will be defined as required.

The finite one-loop SM result for the diagrams in fig. 2.3 is:

—3¢*(mj — m{ + 2mim(log|24]))
64n2(MF, — M3)(mZ — m3)
0.00986 (2.14)

5p = (2.13)

12

where e is the electron charge and m; = 178 GeV, m;, = 4 GeV. Thus the leading
SM result gives a small but measurable contribution of about 1%, which corre-
sponds to (using Eq. 2.3) a 3.3% correction to Ar.

The result can be rewritten in the compact form

3G,

ApM = Fo(m2,mb), 2.15
A = 22 Fyfmdym}) (2.15)

where
Fo(z,y)=z+y— u;logg. (2.16)

Fp has the properties Fo(m?,m3) = Fo(m3, m?), Fo(m?,m?) =0, Fy(m?,0) = m2.

14



Chapter 2: Electroweak precision observables 2.4 Ap at one loop

One therefore obtains Fo(m?, m?) =~ m?, giving rise to the well-known quadratic
dependence of the one-loop corrections to the EWPO on the top-quark mass. In
this form it is manifest that the largest contribution to Ap at one-loop comes from

the t/b-isodoublet due the large mass-splitting.

15



Chapter 3

Supersymmetry

‘Supersymmetry must exist in order to solve the problem of what to give

graduate students to calculate...’

Conversation with Nick Evans, Spring 2003

Supersymmetry! [20] (SUSY) is regarded by many theorists as the most attractive
extension of the SM. Proponents of SUSY highlight the following as evidence of
the model’s appeal: It is the only non-trivial extension of the Poincaré group; con-
sistent with the unification of the gauge couplings beyond the TeV scale; provides
a natural solution to the dark matter problem; can incorporate a description of

gravity; solves the Hierarchy problem.

Here we do not attempt to justify SUSY from a theoretical point of view but
take a more pragmatic approach. We take the model and ask what, if any, region
of the parameter space allows us to make predictions consistent with the current
experimental evidence. By restricting the parameter space we hope to narrow the

_._search for supersymmetric particles at the next generation of colliders. Conversely,

"Much of the information in this chapter appears in ref. [19] but is reproduced here to define
notation
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Chapter 3: Supersymmetry 3.1 The MSSM particle spectrum

we may also hope to find regions of the parameter space that provide contributions
to EWPO giving better agreement with current data than the SM.
Supersymmetry, as the name suggests, is a symmetry in nature between bosons

and fermions. The fermionic operator Q generates the transformations:

Q|Boson > = |Fermion > (3.1)

Q|Fermion > = |Boson > (3.2)

SUSY predicts that every particle within the SM has a supersymmetric partner.
The superpartner will have identical quantum numbers with the corresponding
SM particle with the exception of spin. The spin is a half integer difference, hence

SUSY maps bosons to fermions and vice-versa.

There is an obvious problem with SUSY: no superpartners have yet been observed
in nature so immediately we see that the symmetry must be broken. This is
not the disaster that it might at first seem. The success of the SM illustrates
the usefulness of broken symmetries. In general SUSY breaking leads to 105 free
parameters. For simplicity however, many of these can be restricted by assuming a
breaking mechanism, although full understanding of the breaking mechanism will

require the discovery and measurement of several key SUSY parameters.

3.1 The MSSM particle spectrum

The Minimal Supersymmetric Standard Model (MSSM) is the simplest supersym-
metric extension of the SM. It contains only those particles necessary to build a
_consistent theory. The quarks and leptons have superpartners squarks and slep-

tons, respectively. The photon, Z and W bosons have superpartners: the photino,

17



Chapter 3: Supersymmetry 3.1 The MSSM particle spectrum

zino and wino, all with spin % These are not physical states however, as they

mix with the SUSY partners from the Higgs sector, the higgsinos, to form physical

mixing states: neutralinos and charginos. The full particle spectrum of the MSSM

can be seen in table 3.1,

Spin % Spin 0
(S)Quarks [u,d,c,s8,t,0], 5 [@,d, ¢, §,t, bR
(S)Leptons e, i, Tl gy Wewrly | (€8, 7] Ry [PeprlL

Spin 1 Spin 0 | Spin 5
Neutral Bosons (Bosinos) v Z hO HY A | 0,544
Charged Bosons (Bosinos) - WE H* =
Gluon (gluino) g - g

Table 3.1: The Particle Spectrum of the MSSM

3.1.1 The Higgs Sector of the MSSM

The most noticeable difference between the MSSM and the SM can be seen in
the Higgs sector. In SUSY at least two Higgs doublet superfields are required.
A supersymmetric model with only a single Higgs doublet superfield suffers from
quadratic divergences, has non-vanishing gauge anomalies and cannot give masses
to the both the up- and down-type fermions [2]. The MSSM thus contains two
Higgs doublet superfields, H; and H,, where the first doublet, H;, gives mass to
the d-type fermions (with weak isospin I = —1) and the second, Ha, gives mass to
the u-type fermions (I = +3).

The introduction of a two Higgs doublet to the MSSM gives rise to five? physical

Higgs bosons. In contrast to the SM, where the Higgs boson mass is a free param-

eter, the quartic couplings.of the Higgs potential in the MSSM are fixed by the -

2The Goldstone Bosons, G° and G* in the MSSM are ‘eaten’ by the Z and W# in the same
way as in the SM.
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Chapter 3: Supersymmetry 3.1 The MSSM particle spectrum

gauge couplings as a consequence of SUSY. So in the MSSM one parameter, pu,
replaces two parameters in the Higgs sector of SM. Unfortunately SUSY breaking
in general leads to the introduction of many more free parameters.

The Higgs masses can all be predicted from two free parameters at tree level (along
with other SM parameters), conventionally chosen to be M, the mass of the CP-
odd Higgs boson and tan(3) = vy/v, the ratio of the vacuum expectation values

of the Higgs doublets.

The two Higgs doublets form the Higgs potential [21]

Visd = (m3+ [u)Ha® + (m3 + [uf?) [ Hal® — miy (e MSHS + hoc)

1 1
+§(9f + gD Ha? + Mo + §9§|HJ{H2|2 (3.3)

where m;, my, myy are soft SUSY breaking parameters and p is the Higgsino mass
parameter. g; and g, are the U(1) and SU(2) gauge couplings and €35 = —1. The
Higgs doublet fields H; and H; are given a vacuum expectation value (vev) in the

following way:

[} [ me-an) "
" ) o
a )

e = | T2 | = %z (3.5)
H3 ) vz + 75(68 — ix3)

The potential, Eq (3.3) can be re-parameterised in terms of M40 and tan(8) and
SM parameters (M7z). This can be achieved by substituting equations 3.4 and 3.5

into 3.3 and making use of the minimum conditions, i.e. the first order terms in

‘the neutral fields must vanish.

Diagonalisation of the bilinear part of the Higgs potential, i.e. the Higgs mass
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Chapter 3: Supersymmetry 3.1 The MSSM particle spectrum

matrices, is performed via the orthogonal transformations:

o\ _ [ cosa sina \ [ (3.6)
w ) ~sin o cos a | \ ¢
¢\ [ ess sng) [ (3.7)
) \ —sin B cos B ) \ X
ot \ _ ( cos f sin 3 ) I (3.8)

Hi) \—sinﬂ cosﬁ} 5
where the mixing angle « is defined through

M2q + M2
Pt M5 T caco (3.9)

tan 2 = tan 2 ,
an 2« anﬂMio—M% 5

and the masses of the gauge bosons are given in analogy with the SM:

1 1
My, = 593(1)? +vi);  Mi= 5(9? +93)(wi+v3);  M,=0  (3.10)

At tree level the mass matrix of the CP-even Higgs bosons in the ¢; — ¢, basis is
given by
2 2
M2,t'ree _ ( My M1,
Higgs,even 9 9
\ M9, Mgy
[ MBS+ MECE —(M3+ M2)Ss G

_ (3.11)
\ —(M3o+ M2)S5 G M3Ch+ M3S}

where Cp, Ss = cos(f),sin(#). The mass matrix for the CP-odd Higgs boson

20



Chapter 3: Supersymmetry 3.1 The MSSM particle spectrum

is [22)3:
2 2
M2,tree — mxl mX1X2
Higgs,odd
m2 m2
X1X2 X2

= (3.12)

M3 Ss Cs M2%.C3

Similarly the mass matrix for the charged Higgs bosons is:

2 2
M}2{tree areed = ( m¢'it m¢:1t¢§t
iggs,charge m2 m2
\ Mot ™

( (Mio + M3)S5 (Mo + M) Ss Cp (3.13)

\ (M3 + M%)Ss Cs (M2 + ME,)C3

‘The CP-even Higgs mass matrix, Eq.(3.11), can be diagonalised using Eq.(3.6 )to

give the tree level Higgs boson masses

o
MY e 0
My en — | (3.14)
O m%,tree
The results for the tree level neutral Higgs bosons masses are
1
my, = 5 [Mjo + MZ + \/(Mjo + M2)? — AMZ M2 cos220| , (3.15)

which yields an upper bound of m ree < Mz for the lightest CP-even Higgs boson

mass. Such a value for the mass has already been experlmentally excluded [23],

" 3For the benefit of the reader who is cross—referencmg with ref. [22] in thls ‘thesis we work—
only in the real (CP-conserving) MSSM so 7, the possible phase between the two Higgs doublets
in ref. [22], is set to zero and hence My« (= My + Mw in [22])= M 40
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Chapter 3: Supersymmetry 3.1 The MSSM particle spectrum

but because of large higher order corrections the MSSM prediction for the light-
est Higgs mass is not excluded. In fact the combined effect of 1st and 2nd order
corrections increases the theoretical bound to m;, < 135 GeV. [24]

The CP-odd and charged Higgs boson masses can be deduced similarly by diagonal-
ising the mass-matrices 3.12 and 3.13 using equations (3.7) and (3.8) respectively.

For reference the Higgs boson masses are given by:

1 |
My - 1 {Mi + ML+ (M3 + MEY — AMAME 0?26 | (3.16)

M} = M3+ M (3.17)
MZ = M2 (3.18)
Mi, = M2, (3.19)

3.1.2 The Squark Sector of the MSSM

The Squark mass term of the MSSM Lagrangian is

| T fr
['mf- = _é(fzvflfi)z - (320)
f
R
where Z = M{2ﬁ i the mass matrices for the {u,d} type squarks. In this thesis

we will be only concerned with the dominant corrections from the squark sector.
At the one-loop level the dominant contribution is from the stop/sbottom sector
due to the large mass-splitting between the top and bottom quarks. At two-loops,
diagrams containing, for example, a squark-squark-Higgs vertex are enhanced by
a factor (Mguerk/Mw ). Since the top mass is so much greater than the other quark
_masses contributions from the other squarks is usually negligible. The off-diagonal

terms in the sbottom sector, however, are multiplied by a factor tan 8 and so for
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Chapter 3: Supersymmetry 3.1 The MSSM particle spectrum

large values of tan  the sbottom sector produces measurable effects. The sbottom
sector is also required for SU(2) gauge invariance. We therefore restrict further

discussion of the squark sector to only the stop and sbottom squarks.

The mass matrices for the stop and sbottom squarks are

M - { Msz +cos 20(; — 253, ) M2 me Xy (3.21)
i - :
\ my X, M} + 3s}y cos26M3
M = / MBQL +cos 26(—1 + 3, ) M2 meXp (3.22)
\ mpXp Ml-fR — 354y cos 20M2
Here M2 = M? + m2, where M2 are the left- and right-handed squark
q{L;R} A L;R) q q{L;R}
masses. Also
Xi = Ay — u cotp (3.23)
Xy = Ap — p tanf (3.24)

where A, are the soft-SUSY breaking trilinear couplings. Furthermore, SU(2)
gauge invariance at tree level requires

M;

= M; (3.25)

L

In order to diagonalise the mass matrices and determine the physical mass eigen-

states the following rotation is performed:

f cosf; sinf;
Jil - f d /e (3.26)
fa —sin 9f- cos 0f~ fr
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Chapter 3: Supersymmetry 3.1 The MSSM particle spectrum

Ay can then be written as follows

sinfzcosf;(m% —m?2)
Af = ! 7fn A 27 4 j{cot B; tan B} (3.27)
f

where {cot §;tan 3} correspond to the t,b-type squarks.

3.1.3 Charginos and Neutralinos

The chargino and neutralino part of the MSSM Lagrangian is given in ref. [25].
Here it will suffice to define their masses through the diagonalisation of the fol-
lowing matrices. First for charginos, the mass matrix, X is given by

M V2My sin
X — 2 wsin 5 (3.28)

V2Myy cos B M

and for neutralinos, the mass matrix Y is given by

/ M, 0 —Mzswcosf3 Mzswsinf \
0 M Mzcw cos —Mzew sin
v - 2 zCw cos 3 zCw sin 3 (3.29)
—MzswcosfB  Mgzcw cos 3 0 —u
\ Mzswsin3 —Mzew sin 8 — U 0 )
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Chapter 4

Renormalisation

I don’t do this for my health, you understand. I do it for the pain. |
*LOVE* the pain!

Professor Hugh D. Young, quoted out of context.

As explained in earlier chapters, when performing loop calculations infinities do
not generally cancel and divergences have to be regularised (see section 2.3).
Renormalisation is required in order to achieve a finite (physically meaningful)
result. Renormalisation of many hundreds of diagrams is both technically chal-
lenging and computationally demanding and so must be done in a systematic way.
Here we renormalise using counterterms and illustrate our method in the following
schematic example. We use dimensional regularisation {11] for SM calculations

and dimensional reduction [13] for calculations involving SUSY.
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Chapter 4: Renormalisation 4.1 Renormalisation of higher order terms

4.1 Renormalisation of higher order terms
Consider the Lagrangian
L=A(P* - M)A (4.1)

where A is some field with mass M4. All parameters in the Lagrangian need to
be renormalised [9] in order to be finite (physically meaningful). The field A is

renormalised by

A AL+ %52,4) (4.2)
and the mass M4 by
My% — Mp? + 6M 42 (4.3)
So the Lagrangian becomes
L—L =L+ AP*— Ms*)A6Z, — ASM4%A (4.4)

in first order of the counterterms 624, § M 42.

In the on-shell scheme the mass and field renormalisation constants are given by

SMp? = ZTa(p* = M4?) (4.5)
d¥ 4(p?
824 = ——:i‘%h,zzw (4.6)

where ¥ 4(p?) represents the self-energy of the A field.

A;;S‘:i_r;icé”t‘he caléuiations prééenté(i in tﬁis theéié arefor ph'ys‘i_c_asl (I—neasurablé) p”a':'
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Chapter 4: Renormalisation 4.1 Renormalisation of higher order terms

rameters, the field renormalisation parameters, 674, must all cancel in the final
result. For simplicity (and to save computer time) these renormalisation constants

are often set to zero at an early stage.

The additional mass term A§M4?A in the renormalised Lagrangian, Eq. 4.4, yields
a new counterterm propagator which has to be added to the ordinary Feynman
rules and leads to a counterterm graph (see fig 4.1). For a given particle, the
addition of the counterterm to the one-loop self-energy renormalises the mass.
Renormalisation of a more general Lagrangian, eg. the MSSM Lagrangian, will
also require vertex renormalisation and hence vertex counterterms (and vertex

counterterms graphs). The renormalisation scheme and exact definition of dm? is

Figure 4.1: Example of mass renormalisation: Self-energy + Counterterm yielding a
finite mass

given as required in later chapters.

Renormalisation of two-loop self-energy diagrams, such as the example shown in

figure 4.2, is performed using a similar but increasingly laborious method.

Figure 4.2: Two-loop Z Self-enérgy
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Chapter 4: Renormalisation 4.2 Implementation of Counterterms

The two-loop Z and W self-energies, such as that shown here and which will
be encountered often in later chapters, can be renormalised by five counterterm

diagrams as shown in figure 4.3.

t ¢
Z{ }Z Z( }Z
¢ t t t
Z

’\NV\/\-@’\/\/VW

VA
t t
< > z ( > z
z z
t t
Figure 4.3: Z counterterms contributions to the two-loop self-energy

Recall that the one-loop result is finite without renormalisation. As a consequence
at the renormalisation at the two-loop level only requires one-loop counterterms.

The two-loop counterterm, shown on the left of figure 4.3 is not required.

4.2 Implementation of Counterterms

As explained in section 2.3, the amplitude for all diagrams are produced using
FeynArts. Whilst the Feynman rules for SM counterterms have already been pro-
grammed in the FeynArts model files, the Feynman rules for SUSY counterterms
have not been introduced. They have therefore been calculated explicitly and

appended to the MSSM model file. We now briefly describe our approach.
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Chapter 4: Renormalisation 4.2 Implementation of Counterterms

4.2.1 Squark sector counterterms

Consider first the squark sector of the MSSM. We begin by renormalising the Vec-
tor boson-Squark-Squark vertices. In principle all parameters appearing in the
vertex should be renormalised. Calculations presented in this thesis, however,
can be of many hundreds or thousands of Feynman diagrams and expressions can
be large and cumbersome. To reduce calculational complexity we systematically
group the diagrams in to classes that give a contribution of a given order and
consider only those class of diagrams that give a contribution of dominant or-
der. It follows that only those parameters that give a contribution of the same
order when renormalised need to be included in the renormalisation procedure.

To demonstrate this we take, as an example, the Z-Stop-Stop vertex coupling,

C[Es], Esg, Z] in the MSSM:

(=3 + 453V)U§I,1Ust2,1 + 453VU;I,2U;2,2
CwSw

Cltsi, ts2, Z) = (4.7)

where t~[1,2] represents the 1, {5 squark and Uz‘,y is the Stop mixing matrix:

. cosf; sinb;
Uty = (48)
—sinf; cosf;
for 6; the Stop mixing angle.
In the calculation of O(aw,) and O(a?) yukawa contributions to Ap presented
in this thesis only the renormalisation of the squark masses and mixing angles

produce corrections of the same order. Since these are the dominant effects the

renormalisation of the electric charge, e, and Weak mixing angle, Sy, can be

_omitted. In the example above only the Stop mixing matrix requires renormalising. . . .
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Chapter 4: Renormalisation 4.2 Implementation of Counterterms

Thus the renormalised vertex is given by

Cltsi,t, Z) = ggw ((=3+4S5)(0U5 1 Usy + Ug 16U )

+ 4S5, (60U 2Usz2 + Usy 26Us2,2)) (4.9)
where (5U;,y represents the renormalisation of the Stop mixing angle given by !
0; — 0; + 60; (4.10)
which leads directly to
cos 0y — cosf; — sin0;60;,  sinf; — sin 6; + cos 6;06; (4.11)

and thus

—sinf; cosb;
oU;, = 60; (4.12)

—cosf; —sinf;

Equation 4.9 should also contain field renormalisation parameters but these have

been omitted here for simplicity.

The squark mass-matrix renormalisation is performed in analogy with equation
4.3. In FeynArts 3 however, Feynman rules are expressed in terms of the physical
masses M 1.0 DO the parameters M Fir which appear in the Lagrangian. The
mass-matrix has therefore to be diagonalised, in accordance with Eq.(3.26), be-
fore renormalising. As a result the squark mixing renormalisation parameter 06

appears in the mass-counterterms along with the mass renormalisation constants.

1The renormalisation of the Sbottom mixing angle is defined in an analogous way
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Chapter 4: Renormalisation 4.2 Implementation of Counterterms

In this diagonal basis the squark mass-matrices become:

Mfl,Z - Mf1,2 + 6Mf1,2 (4’13)
with
M: 0
Mj,, = ‘ (4.14)
’ 0 M~2
and
OM; M? — M2)60;
My, , = ;i (M}, = M5, )%6, (4.15)
(MJ%1 — M}Z)éﬂq 5Mf~2

where field renormalisation constants have again been ignored.

4.2.2 Higgs sector counterterms

Recall from section 3.1.1 that the Higgs sector of the MSSM depends on two SM
parameters, Mz and My, and two free MSSM parameters: M 40, tan 3. To renor-
malise the Higgs sector in principle all these parameters should be renormalised.
Fortunately, once again the calculation can be simplified: The quantity Ap is only
well define in the gauge-less limit®. In this limit the vector boson masses, M, and
My, are set to zero (whilst keeping the ratio Mz/My, fixed). Therefore the W
and Z boson masses do not require renormalisation and we are left with only M 4
and tan 3. In fact the renormalisation of tan 3 does not produce contributions
of O(aa;) or O(af), O(auap), O(a?) and can therefore be omitted from further

“diseussion.

2A full discussion of the gauge-less limit is given, as required, in later chapters
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Chapter 4: Renormalisation 4.2 Implementation of Counterterms

There is, however, one further complication. In section 3.1.1 it was noted that in
order to reparameterise the Higgs sector in terms of M40 and tan 3 one had to
make use of the minimum conditions (ie. linear terms in the neutral Higgs fields
must vanish). At higher orders these linear terms are in fact the tadpole terms and
must be included in the mass-matrices and thus appear in the Higgs counterterms.
The full derivation of the resulting Higgs mass-matrices can be found in ref. [22].

Here we state the results, first for the neutral CP-even Higgs boson:

Moo= M, (casa — casp)? spca(sa — €a) + SaCalch — s5)
spcp(s2 — c2) + SaCa(Ch — 53) (cpta + Sa85)*
i —CpSpSE + 254Cash + cgci(1 + s3) s3(ca — 82) — aCacp(l + 253)
s3(ch — 83) — SaCacp(1 +255)  —2caSash + ca(—cish + s2(1+ s3))
4, 2casaCh — chchsp +5psa(14+¢5)  cB(cE — %) + Sacasp(l + 2c3)

ch(ch — %) + sacasp(1+2ch)  —2¢asach + sp(ci(1+ c}) — s2c2)

(4.16)

where ¢, = cosqa, s, = sina, ¢g = cosf and s = sin3. Also (5Mf10 is the

renormalisation constant for Mio and t, = t-’”ﬁ;i\/!—w are the tadpole terms.

The neutral CP-odd Higgs boson mass-matrix now follows:

cgty + spta  spty — caty
Mo 4o = S (4.17)

Sgt_l — Cﬂfz ME‘O
And the charged Higgs boson mass-matrix is given by:

. . Cgfl +-83t—2 +Sg£1 —_ Cgfg :
Mes s = ) } : (4.18)
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Chapter 4: Renormalisation 4.3 Summary

4.3 Summary

All the mathematical tools and conventions required for the calculations presented
in this thesis have been illustrated in this and the previous chapters. In the follow-
ing three chapters we present three independently performed calculations. Each
of the calculations forms a well defined and separately renormalisable subset of
the dominant two-loop contributions to Ap. For all calculations presented the re-
quired counterterm propagators and vertices have been derived using the methods
illustrated in this chapter and appended to the MSSM model file in FeynArts.
The renormalisation scheme and renormalisation parameters are defined in later

chapters.
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Chapter 5

Leading QCD Corrections to

Squark Contributions to dp

It is a good morning exercise for a research scientist to discard a pet

hypothesis every day before breakfast. It keeps him young.
Konrad Lorenz (1903 - 1989)

In the MSSM [26], the theoretical evaluation of the EWPO is not as advanced
as in the SM. In order to fully exploit the experimental precision for testing the
MSSM and deriving constraints on the supersymmetric parameters, it is desirable
to reduce the theoretical uncertainty of the MSSM predictions to the same level as
the SM uncertainties. So far, the one-loop SM contributions to Ar and sin? 6.4 have
been evaluated completely [27,28]. In the case of non-minimal flavour violation the
leading one-loop contributions are known [29]. At the two-loop level, the leading
O(aq;) corrections to Ap [30] and the gluonic two-loop corrections to Ar [19,31]

are known, see Ref. [19] for a review.
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Chapter 5: Leading QCD Corrections 5.1 One-loop result

The dominant gluonic O(aa,) correction [30] is now reproduced here to provide
an independent verification of the previous result and to check our calculational

method! and numerical routines.

5.1 One-loop result

To begin, the one-loop result is presented for reference. Within the MSSM the
dominant correction to Ap from SUSY particles at the one-loop level arises from
the scalar top and bottom contribution, shown in fig. 5.1. Even at the one-loop
level the number of MSSM diagrams to be calculated is significantly greater than in
the SM as a consequence of the larger particle spectrum and possible combinations

of sparticles within loops.

q ~1,2
/*‘\ q
i >
' ' TN ZW
N ’ ’ \ N
ANAAATBAAANAAA [ Yo
zZW rAY ZW N
~--
~1,2
q

Figure 5.1: One-loop Z,W Vector Boson self Energies in the MSSM. Here V represents
a Z or W boson, ¢ represents a stop or sbottom squark.

5.1.1 Analytical result

As in the SM, the result is finite without renormalisation as a consequence of the

same custodial symmetry. We have explicitly checked that the result is analytically

'In ref. (30] the amplitudes were generated using FeynArts 2.0 [14] (FA2), which performs
calculatlons in the gr g basis in the squark sector (ie. using Lagrangian parameters). Here we
use FA3 where the Feynman rules are written in terms of the mass eigenstates. The calculation
presented here also provides a consistency check between the two versions.
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Chapter 5: Leading QCD Corrections 5.1 One-loop result

identical to that in ref. [32] and is given by equation (5.1). The behaviour of this

result is now examined for some common SUSY scenarios.

2
t2

3G
SUSY _ [
ApOne—Loop - 8 \/57_(_2

) — sin® §; cos? 95F0(m%1 , m%z)

[ — sin? ; cos? 9t~17‘0(m?1 ,m
2 29 2 2 29 29 2 .2
+ cos” 6 cos® 0 Fo(mj,, m;, ) + cos® f; sin OpFo(m;,, m; )
2 2 2,2 C2p 20 2 2
+sin® 0; cos® 0y Fo(m;,, m; ) + sin® f; sin <9bF0(mt-2,m52)]

(5.1)

Here m;,, m; (i = 1,2) denote the stop and sbottom masses; 6z, 6; are the mixing
angles in the stop and in the sbottom sector. G, is the Fermi constant. Fy was
defined in chapter 2.

Yet to be enforced is the SU(2) gauge relation, Eq.3.25, which reduces the number
of free SUSY parameters from 6 (4 masses and 2 mixing angles) to 5 by setting

t=by, = Mg,.

We analyse the result for different mass and mixing scenarios. In principle those
scenarios which show the greatest contrast in results (ie. those scenarios that give
the extreme values for Ap) are of most interest since they show the limits of the
Ap corrections from the MSSM. As we shall now see, however, it is not always
trivial to infer these values of the SUSY parameters.

To begin we look at the Squark mass matrices given in chapter 2. There are three
free parameters in the stop sector, which may be chosen as M;,,M;, and X;. Using

equations 3.23 and 3.27 we can rewrite X; as

sin 0; cos 0;(m%2 — m2
Xt _ t t( 1 tz) (52)

my

By forming a rotation matrix from the normalised eigenvectors of the stop-mass

matrix (3.21) and equating with the rotation matrix (3.26) X, can conveniently
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Chapter 5: Leading QCD Corrections 5.1 One-loop result

be rewritten in terms of M7 , M? and sin 6;

¥ sin 6; cos 6; (6M£2R - 6M£2L + (—=3 + 8S%,) M2 cos(20)) 53
a 6m;(1 — 2sin® ;) (5:3)

The behaviour of X, against sin 6; is shown in fig. 5.2 for the case when M? = M
(a commonly used simplification when performing numerical analysis). Notice that
X, diverges as sin ; approaches % This is the region referred to as ‘maximal mix-
ing’ in ref [30]. Here we will consider the same scenario to allow direct comparison
of our result, thus verifying our numerical routines before analysing the (more

complex) two-loop contribution.

100

50

-50

-100}

sin 6;

Figure 5.2: X; (GeV) against sinf; for M;, = my = 175 GeV and tan8 = 1.6

fR’
Evaluating the Ap result at sin 6; = % is not straight forward. From equation 5.3
we see the the divergence of X only disappears if the numerator is equal to zero,
ie. the off diagonal terms in the squark mass-matrix are zero and thus the mixing

angle is § (sinf; — %)2 Therefore, where appropriate, X; is used as an input

" 2In fact the mass-matrix will -only produce a rotation matrix with sin 95 = % if it is diagonal

and the diagonal elements are equal.
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Chapter 5: Leading QCD Corrections 5.1 One-loop result

parameter rather than sin;. The (arbitrary) value of X; = 200 GeV, chosen in

ref [30], gives an approximation in the region where sin 8; — \/Li

5.1.2 Numerical analysis at one-loop

In Figures 5.3 and 5.5 we display the one-loop correction to p from the £, b isodou-
blet. For comparison with ref. [30] we plot the result against Mg (defined below)
and sin 07 in the same scenarios. The scalar squark masses are assumed to be equal
for simplicity: M;, = M, = M; = M;, = Mg. In this limit equation 5.3 implies
sin §; # % unless Mz = 0. Here, however, we have set M to its experimental
value of 91.187 GeV. As we will show, deviations from this M choice can be large.
For illustration in ref. [30] tan 3 is set equal to 1.6 but since X* (not A; and pu)
is used as the input parameter, analysis depends only marginally on tan. For
large values tan 8 ~ m;/m;, the mixing in the sbottom sector should be taken into
account. It was observed in ref. [30] that due to the comparatively small b-quark
mass the effect from large tan # and large off-diagonal (X}) terms in the sbottom
sector on the one-loop result is barely noticeable. We have checked that varying
the value of tan 8 produces almost indistinguishable results. Here and throughout

this chapter we use m; = 175 GeV and m;, = 4 GeV.

Figure 5.3 shows the one-loop correction against Mg for X; = 0 and 200 GeV.
As the value of X; = 200 GeV is only an arbitrary approximation in the limit as
sin ; — % we also give the correction for X; = 500 GeV. The corrections grow
rather large for small values of My, exceeding the current level of experimental
sensitivity of approximately Ap < 2 x 1073 [19]3. Conversely the corrections

become small for large values of the SUSY parameters as SUSY decouples from

3The experimental results for Ap are not given in [19] but bounds on My and 6 sin? feg
appear. Bounds on Ap can be inferred using Eq.2.10.
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Figure 5.3: Ap at one-loop against Mg = M;, = M;, = MBL = M(-)R, my = 175 GeV
and tan = 1.6. The correction is given for X; = 0,200 and 500 GeV.
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Figure 5.4: M; against Mg in the same scenario as fig 5.3. The correction is given for
X; = 0,200 and 500 GeV

the SM.
The correction for X; = 500 GeV in fig. 5.3 stops abruptly at Mg ~ 250 GeV.

This can be explained by looking at fig. 5.4, which shows the how the #; mass

=+ varies with Mg in the same scenario. At Mg ~ 250 GeV for X, = 500 ‘GeV

the ¢, mass falls to zero (all other squark masses stay above 100 GeV in this
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Chapter 5: Leading QCD Corrections 5.1 One-loop result

region of the parameter space). Since the experimental lower bound for SUSY
particles is O(100) GeV, the X; = 500 GeV correction has already been excluded
for Mg < 300 GeV. In fact the correction for X, = 200 GeV is also excluded for
Mg < 150 GeV. Thus when the simplification Mo(= M;, = Mz, = M;, = M;_)
is used as an input variable, care must be taken to avoid regions of the parameter
space that produce experimentally excluded physical parameters.

The behaviour of Ap against sin ;, shown in figure 5.5 for three values of Mg =
150,250 and 500 GeV, is practically flat except in the region sin §; ~ \_/—%, where
the off-diagonal terms in the stop-mass matrix become large. In this region the
behaviour is less clear so the same result is replotted in figure 5.6 against X; (in
this scenario figure 5.6 is merely just a rescaling of the x-axis in the region of
sind; — %) The latter plot shows that for My = 500 GeV and large off-diagonal
elements in the Stop-mass matrix, the corrections to Ap become very large and
again are experimentally excluded. This is in contrast to fig. 5.3 where for large
Mg (but not quite so large X;) the SUSY contributions decouple. As a final
remark we note that for small values of My in figure 5.6 the curve showing the
contribution to Ap again abruptly stop as M; — 0 in the corresponding region of

X
Both figures 5.3 and 5.5 agree* with those published in ref. {30)].

We now briefly examine the case when we allow the left and right squark masses
to be different. As stated in chapter 3, the SU(2) gauge symmetry enforces the
relation M} = MB2L = M},. For convenience we also use M = Mi)zn = M.
We set Mg, = 500 GeV. Here again tan = 1.6 so sbottom mixing produces
negligible effects (sin 8} set to zero). The result is plotted in figure 5.7. Note that

throughout the parameter space considered here, with the choice of Mg, # Mg,

4The small numerical differences with [30] are due to slight differences in the values of My,
Mz, and a, used here.
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Figure 5.5: Ap at one-loop against sinf; for m; = 175 GeV and tan3 = 1.6 The
correction is given for Mg = 0,250 and 500 GeV
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Figure 5.6: Ap at one-loop against X; for the same parameters as in fig.5.5 . This is
merely a rescaling of fig.5.5, enlarging the region around sin 6; ~ _Tfll

all physical squark masses are > (100 GeV) (ie. above the lower experimental

bound).
One complication that arises when Mg, # Mg, is in the definition of the squark

rotation matrices (Eq.3.26). The problem is most clearly evident in the limit
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Figure 5.7: Ap at one-loop against Mg, = M;, = M;_for M; = M; = 500 GeV
tan 3 = 1.6

Xip — 0 (referred to as the ‘no mixing’ case in ref. [30]), where the squark mass-
matrices are diagonal. One has a choice as to how to define the rotation matrices,

since both

and (5.4)

will diagonalise the squark mass-matrices in the no-mixing limit (the former cor-
responds to a mixing angle = 0, the latter to <F). The latter matrix has the effect
of swapping f; and f,. One could redefine f,(f) such that fi(f2) has the greater
(smaller) mass. Given our derivation of equation 5.3 however, it is more convenient
to rewrite sin ;, sin §; in terms of X, everywhere in the result for Ap. Whilst the
freedom to choose sinf;, sinf; etc. as free parameters is lost, the ordering of fi

and f, is automatically taken care of. The implication for the squark masses is

that Mj, > Mj,.

Figure 5.7 can be directly compared with 5.3. The results manifestly coincide at
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Chapter 5: Leading QCD Corrections 5.2 Two-loop calculation

Mg, = Mg, = 500 GeV. The behaviour is not significantly different except for
the case where Mg, is small and X, is large (ie. the lowest curve in fig 5.7). In
this scenario lowest stop mass, M;,, stays well above zero and curve shows smooth
behaviour (unlike the abrupt stop already discussed in fig. 5.3). This is reassuring

since without moderate fine-tuning, it is likely that Mg, # Mg,.

5.2 'Two-loop calculation

Having reviewed the one-loop result we now discuss the two-loop calculation. The
dominant two-loop correction within the SM of O(aa;) is given by [33]

SM,aas __ SM 2 O
Ap2—loop - _Apl—loopg?

(1+7%/3). (5.5)

It screens the one-loop result by approximately 10%.

In the MSSM at the two-loop level there are many thousands of diagrams making
a full calculation too laborious and (computer-) time consuming. To overcome
this problem we split the calculation into separately renormalisable classes; each
class giving a contribution of a given order. We then concentrate on those classes
that will give dominant contributions. To begin we calculate the contribution
from the squark-gluon loops, of O{aas). A complete and detailed analysis of this

contribution can be found in ref. [30].

5.2.1 Renormalisation

The diagrams that contribute are shown in figure 5.8.> The counterterm diagrams

and insertions required-in-order to renormalise these-two-loop-diagrams are shown

>Two-loop diagrams containing a squark, a quark and a gluino as internal particles will also
give a contribution of O{a,) as shown in ref. [30]. The gluino contribution yields a finite result
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Figure 5.8: Two-loop Z,W self-energy diagrams for the contribution of squark loops to
Ap at O(aas). §92 = t~1,2/b1,2 squark.

in figure 5.9. For gluon exchange contributions only squark loops are included
here, since gluon exchange in quark loops is just the SM contribution, yielding the
result in Eq.5.5. Before calculating these diagrams in full there are a number of

simplifications that can be made:

(i) To isolate the contributions of O(aq,) the yukawa and electroweak couplings

are set to zero in the four squark vertex.

separately and is not reproducéd here (although full numerical analysis of the O(aq,) result
should include the gluino contribution).
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Figure 5.9: Z,W Counterterm diagrams of O(aa,) for Ap. §-? = 42 or p12.
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Figure 5.10: Counterterm insertions of O(aaq;) for Ap. §92 = {12 or p12

(ii) Diagram 1 in figure 5.8 only gives rise to longitudinal modes, which do not
contribute to the transverse self-energy.

(iii) Two-loop self-energy diagrams 2 and 4 contain a squark loop sitting on top
of another squark loop. Contributions from these two classes of diagram will
be cancelled by the counterterm diagrams 1 and 2 (figure 5.9) with squark-loop
insertion diagram 1 (figure 5.10). This is because contributions from the ‘upper’
loop must be independent of the incoming momentum at the four-squark vertex
in order to satisfy momentum conservation at this vertex. The counterterm will
give rise to exactly the same expression but with the incoming momentum set (eg.
in the OnShell scheme) to p? = qu. But having argued that the contribution is
independent of the incoming momentum the cancellation is manifest. Since we
are, however, performing this calculation in part to verify our method, this result

has been explicitly checked.®

_ 6T}1§_ squark loop insertion into the vertex counterterms are part of the gluino renormalisation,
so do not appear here.
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(iv) Diagrams 3 and 5 would not contribute for exactly the same reason as for
diagrams 2 and 4 given above were it not for the fact that they both contain a
massless gluon loop, giving rise to a scaleless integral. They are manifestly zero

and thus we do not include them in the counterterm insertions.

(v) It has been argued that only the second counterterm insertion in figure 5.10
will contribute. Note that there is no ¢ — gz — gluon (squark-mixing) vertex giving
rise to the counterterm insertion required for renormalising the mixing angle. It
is manifest that renormalisation of the squark-mixing angles do not appear in this
calculation. A final simplification can then be made by noticing that the vertex
counterterms (diagrams 3 and 4 in figure 5.9) only renormalise the squark mixing
angles” (as opposed to the masses). As there is no renormalisation of the mixing
angles, these vertex-counterterm diagrams also do not contribute and need not be

calculated.

The results presented here are precisely the same in dimensional regularisation
and dimensional reduction, although intermediate unphysical results can (and do)
differ. The renormalisation procedure is as follows. We work in the on-shell scheme
where the squark masses are defined as the real part of the pole of the corresponding
propagators:

bmy = Sj(my)  for fi=t12,b12. (5.6)

This definition of the renormalisation constants breaks the SUSY relation Eq.3.25,
which requires one of the renormalisation constants to be expressed in terms of the
other three (and top and bottom renormalisation constants). The definition above
was used initially in ref. [30], however, and will suffice to check our calculation

without unnecessary comb'l-iicavti—oh of intfdduciﬁg further relations and renormali-

"We omit the field renormalisation constants (see later)
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sation constants.
In addition, a prescription for the renormalisation of the squark mixing angle is

required:

1

805(p*) = mg—"—g—nqup (»*) (5.7)
71

The renormalisation of the mixing angle is defined to vanish at a given momentum-
transfer, p>. Here we choose p* = MZ to allow comparison with ref. [30]. This
means that for this value of p? the squark masses do not mix but propagate in-
dependently. One could choose set p? to equal the G, mass but in practise the

numerical result differs only slightly with p?.

Finally, one ought to include definitions of the field renormalisation constants.
However, since none of the internal fields exist in the final state, all these param-
eters must drop out in the final calculation. This was verified in ref. [30]. Here,
to save computing-time, the field renormalisation constants are omitted from the

start.

5.2.2 Numerical Analysis

The full result for the gluon contribution has been calculated and is analytically

identical to the result given in ref [32]

mwon _ Gu Qs .2 29 2 2 .2 2. 2 .2
APy Toop = W — sin® 6y cos” 6z F1(m; , m;,) — sin® 6 cos GbFl(mT;l’mBz)

20 24 2 2 29 290 2 2
+ cos” 0 cos® O Fy (mg,, m; ) + cos® f; sin OpF1(mz, m; )

S 2p 20 2 2 L2 s 2g 2 2
+sin® 6; cos” 03 Fy (m;,, m; ) + sin® f; sin 9,,F1(mt~2,m52)]
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with

— N P P
Filz,y) = z+y—2 logy[Z—f—yln ]

r—y Y
(z +y)z? 2 or —NLio(1 = %
HERDR 00" ae g1 - D) 59)

where F} has the following properties: Fi(m2, m2) = Fy(m?,m?), Fi(m? m?) =0,

Fy(m?,0) = m?(1 + %1) Li, is defined in appendix A.
Figures 5.11, 5.12 and 5.13 show the two-loop gluon result for Ap.

Figure 5.11 shows the result against the common squark mass Mg for the same
scenario as the one-loop result shown in 5.3. This plot is shown in ref. [30] and is
reproduced here again as a check. The behaviour is similar to the one-loop result
and the two-loop result increase the one-loop contribution by up to 35% . This is

certainly a measurable effect and justifies further analysis at the two-loop level.

Figure 5.12 shows the two-loop result plotted against Mg, (the right-handed
squark mass) with Mg, = 500 GeV, ie. the same scenario as for the one-loop
result in figure 5.7. In figure 5.13 we show the behaviour for large tan 3 = 40
where effects from the sbottom-mixing are most noticeable (X, = 2000 GeV). In
fact the result barely changes from that shown in figure 5.12, justifying the decision

to ignore the sbottom mixing until now.

Figure 5.14 shows the two-loop result against X, in the same scenario as the one-
loop result in figure 5.6 Once again the behaviour is similar to the one-loop result

and increases the contribution by around 10%.

Finally, we now go beyond the scenario considered in [30] and examine the be-
haviour of Ap against X, for large tan 3 = 40. The result is shown in figure 5.16
for common squark mass Mg = 250 GeV. The result has been plotted over a much

larger range than for X, (fig. 5.14) in order to show a significant change in Ap.
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For small X, the result for Ap seems to diverge for large X, (much larger than
required for X; in fig. 5.14) but falls to zero for X, = 500 GeV, although the curve
may diverge for even larger X, than is plotted here. To examine the behaviour
further we rewrite X, ; using equations 3.23 and 3.23 and re-plot the result against
tan g for A; = Ay = 500 GeV and for three values of y (equivalent to varying both
X and X, together).

The curves in fig. 5.16 show a marked difference for each value of u. For larger i
the result diverges. One would expect similar behaviour for 1 = 200 GeV in the

very large tan 3 range (going beyond the experimental bounds on tan 3).

5.3 Chapter summary

In this chapter we have independently verified the dominant gluon contributions
to Ap in the MSSM. The result is the same as that given in ref. [30]. This agree-
ment not only confirms the previous result but serves as a check for our squark
counterterm additions to the FeynArts code. Contrary to the SM case, these cor-
rections can enter with the same sign as the one-loop result, therefore enhancing
the sensitivity to the squark effects. The behaviour of the result is examined for
several new scenarios.

In the next two chapters dominant quark and squark Yukawa contributions are

presented.
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Chapter 6

Leading Electroweak corrections

to Ap (part I)

What we call ‘Progress’ is the exchange of one nuisance for another

nuisance

Havelock Ellis (1859 - 1939)

In this and the following chapter we calculate the two-loop MSSM corrections to
the EWPO that enter via Ap at O(a?), O(awap), O(a2). These are the leading two-
loop contributions involving the top and bottom Yukawa couplings and come from
three classes of diagrams with quark/squark loop and additional Higgs or Higgsino
exchange (sample diagrams for the three classes are shown in Fig. 6.1). These
contributions are of particular interest, since they involve corrections proportional
to m; and bottom loop corrections enhanced by tan 8, the ratio of the vacuum
expectation values of the two Higgs doublets of the MSSM.

“"As a first step, in Ref. [32] the O(a2), O(ewas), O(a?) corrections were calculated

in the limit where the scalar quarks are heavy, corresponding to taking into account
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t,b t,b th e

(9) (@) (H)

Figure 6.1: Sample diagrams for the three classes of contributions to Ap considered
in this thesis: (gq) quark loop with Higgs exchange, (§) squark loop with
Higgs exchange, (I:I ) quark/squark loop with Higgsino exchange. ¢ denotes
Higgs and Goldstone boson exchange.

quark/Higgs diagrams (class (q)) only. This result is once again reproduced here
for several reasons: To verify the result given in [32]; to check our addition to the
FeynArts model file of the Higgs-sector counterterms; to give explanation for some
of the observations in [32] and prepare the reader for the result presented in the
following chapter.

While this class of corrections turned out to be well approximated by the SM
contribution (setting the Higgs-boson mass of the SM to the value of the CP-even
Higgs-boson mass of the MSSM), a potentially larger effect can be expected from
diagrams with squarks and higgsinos, classes (§), (H) in Fig. 6.1, which do not

possess 8 SM counterpart. This latter result is presented in chapter 7.

6.1 Electroweak two-loop corrections to Ap: the

gauge-less limit

The Yukawa contributions of O(a3}) form a set of leading two-loop contributions
entering the EWPO only via Ap, where ay = yf/ (47r) and y; is the Yukawa

couphng of fermlon f. For the top and bottom quarks the Yukawa couphngs are
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given by

V2m V2m,

= = 6.1
vsinf’ Yo veosf ' (6.1)

Yt

where v = /v +v3. In the SM another subset of leading electroweak two-
loop corrections to Ap is given by the corrections for large Higgs-boson masses

of O(GZME M3,) [38]). We will focus on the Yukawa corrections in the following.

In order to evaluate the leading Yukawa contributions of (’)(a%) the gauge-less limit
has to be applied. It consists of neglecting the electroweak gauge couplings g; o — 0
and thus also M3, = g3v?/2 — 0 and M2 = (g? + g2)v*/2 — 0, while keeping the
ratio ¢, = My /M7 and the vacuum expectation value v fixed. Accordingly, = W
in eq. (2.5) need to be evaluated at O(g?,) in order to obtain a finite contribution
of (’)(g?,Q) to Ap in the gauge-less limit. In this limit only diagrams with fermions

and scalars contribute to Ap, while no gauge bosons appear in the loop diagrams.

At the one-loop level the only non-vanishing contributions to Ap in the gauge-less
limit of the MSSM are the fermion-loop and sfermion-loop contributions as given
in egs. (2.15), (5.1). While the Higgs sector of a general two-Higgs-doublet model
yields a contribution to Ap in the gauge-less limit, the contribution vanishes once
the symmetry relations of the MSSM are imposed (see the discussion in Sect. 7.2.1

below).

At the two-loop level the gauge-less limit results in the desired Yukawa contribu-
tions of O(af,). For the quarks and squarks of the third generation this yields in
particular terms of O(m;}/v*) and O(m} tan? B/v*). It is easy to see that no other
contribution to My and sin® feg besides the gauge-less limit of Ap yields terms of

this order.

-In order to extract the contributions of-O(a?), O(ay), Ofa?) from the diagrams

involving quark and Higgs bosons, the coefficients of y?2, ¥,ys, y2 have been ex-
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tracted. The coeflicients of these terms were then evaluated in the gauge-less
limit, ie. for Mw, Mz — 0, keeping cw = Mw /M7 fixed. For the Higgs masses
appearing in the two-loop diagrams we use the same gauge-less limit relations as

those adopted in ref. [32].

m%{;t = Mﬁo
méo =0
mée = 0 (6.2)

Applying the gauge-less limit in the neutral CP-even Higgs sector also gives

Mo =0 (6.3)
as well as
m%,o = Mio
sina = —cosf
cosa = sinf. (6.4)

In the SM the two-loop result for Ap in the gauge-less limit was first obtained for

the special case Mysm = 0 [39),

2

A SM,a? 3 u
P 12874

2—loop|My=0 =

my (19 — 27?) . (6.5)

This result was then extended to the case of arbitrary values of Mpysu [40]. The
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corresponding result is given by

2 G? z%(10 — 622 + z* 1—w
Apgﬁfgp(MHsm) = 3 128:r4 mi {—3 ( — )'wlog2 (————) (6.6)

+3:2(:v2—4)w10 1—w
2 g\1 +w
r%(10 — 632 + %)

4
- (6 + 62°% — _a:_) log (z%) + 3 2@ — 1) wlog® (z?)

2
+8 — 622 + z* — 10wz* + 6wz’ — was
9 __42 2
+25 -4z 4+ 222(22 — 4)
10 — 622 + z* 1-—w
2 .
+ 6wz = L12( 5 )

3(2? — 1)2(z? - 2)

- Li; (1 —:1:2)},

T2

where £ = Mpysm/my, and w = \/m The effect of going beyond the ap-
proximation Mysm = 0 turned out to be numerically very significant. While the
numerical value of the result in eq. (6.5) is rather small due to the accidental can-
cellation of the two terms in the last factor of eq. (6.5), the result is about an
order of magnitude larger for values of Mysm in the experimentally preferred re-
gion. As a consequence, the result for the O(a?) corrections to Ap with arbitrary
Higgs-boson mass as given in eq. (6.6) provides a much better approximation of the
full electroweak two-loop corrections to the EWPO [34-37] than the limiting case
where Mpysw = 0, eq. (6.5). As an example, for Mysu = 120 GeV the resulting

shifts in My, and sin? 0.4 are —10 MeV and +5 x 1078, respectively.

Within the MSSM also the contributions involving the bottom Yukawa coupling
can be relevant at large tan 3. The corresponding contributions of O(a?), O(asas),
and O(o}) to Ap have been obtained in Ref. [32] in the limit of heavy scalar
quarks. In this limit only the top and bottom quarks and the Higgs bosons (and
Goldstone bosons) 6f the"MSSM appear in the loops. The results tirfied out to

be numerically relevant, leading to shifts in My, and sin® f.g of up to 12 MeV and
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6 x 1075, respectively. Since in the gauge-less limit the couplings of the light CP-
even Higgs boson of the MSSM to fermions become SM-like, the O(a?) correction
in the MSSM can be well approximated by the corresponding correction in the SM,
as given in eq. (6.6). Potentially larger effects compared to the SM case can be
expected from the contribution of supersymmetric particles (with not too heavy

masses), since these corrections do not have a SM counterpart.

Because in the SM case the limit M f,M — 0 turns out to be a poor approximation
to the result for arbitrary MM [40], it is desirable to keep Mo nonzero in the
calculation here (formally a higher order effect). Keeping o arbitrary is also nec-
essary to retain non SM-like couplings of the lightest CP-even Higgs boson to the
fermions and gauge bosons. It is not possible, however, to keep all parameters in
the Higgs sector completely arbitrary as the underlying symmetry of the MSSM
Lagrangian must be exploited in order to achieve UV-finiteness of the two-loop
corrections to Ap.

It was observed in ref. [32] that in the limit y, = 0, where only the O(a?) contribu-
tion was considered, only the relations in Eq. 6.2 are required for UV-divergences
to cancel. For the full O(a?), O(a;a), O(a?) contributions however, the relations
in both 6.2 and 6.4 are required but Mo can be kept arbitrary (an explanation
for this observation is given in the following chapter).

Here we have reproduced the full O(a?), O(awap), O(a?) calculation in the quark
sector, applying the full gauge-less limit relations 6.2 and 6.4. Mo is kept a free
parameter but the coupling of the lightest CP-even Higgs boson to gauge bosons

and fermions become SM-like.

In order to calculate the O(a?), O(ayaw), O(a}), corrections to Ap, the generic
Feynman diagrams shown in figure 6.2 have to be evaluated. All possible diagrams

involving the t/b doublet and the full MSSM Higgs sector have been included here
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in direct analogy with ref. [32] and corresponding to the limit where all SUSY
masses are heavy. Absent are the diagrams from the £/b doublet and Higgsino

sector (which are presented in next chapter).

q
q q q_o. ¢
1% V ./ 1% 1%
q q q b2 v

q
Y eX:

~ne [ e
V\\ ,’V AAAAARAPr AN

1% 4
b2

Figure 6.2: Two-loop vector boson self-energies contain t/b quark plus the full MSSM
Higgs sector. V = W,Z boson, ¢, 2 = physical Higgs or Goldstone boson,
q = t,b quark

The two-loop diagrams in figure 6.2 are supplemented with their corresponding
one-loop counterterms and insertions. The Counterterms are shown in figure 6.3.
The counterterms from the quark sector enter via the top/bottom mass coun-

terterms dmy, 0my. Recall from chapter 3 the Higgs sector of the MSSM is pa-

? o2 t ol
|4 Vv v/ NV 1% AL
1% 1% v

g% q ¢1 "* ¢y t

Figure 6.3: Vector boson counterterms to supplement the self-energies shown in fig. 6.2.
V = W,Z boson, ¢1,2 = Higgs or Goldstone boson, q = t,b quark
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rameterised in terms of two variables: Mo and tan. Thus the Higgs sector
renormalisation enters via the the counterterms 5Mﬁo, dtan [ and the tadpoles
0T}, and 6Ty. Wave-function renormalisation entering via the diagrams in fig. 6.3
once again must drop out so are omitted from the start (A check of wave-function

renormalisation was done in ref. [32]).

6.1.1 Renormalisation

A renormalisation prescription for the Higgs sector is not required since it was
observed that all renormalisation parameters drop out when all the second and
fourth diagrams in fig. 6.3 are summed (an explanation for this observation is

given in the following chapter).

In order to define the renormalisation constants one has to choose a renormalisation
scheme. For the SM fermion masses m.; we always choose the on-shell scheme.

This yields for the top mass counterterm
1
(5mt = Emt [Re th (m?) + R,e EtR(m?) + 2Re Ets (m?)] y (67)

with the scalar coefficients of the unrenormalized top-quark self-energy, ;(p), in

the Lorentz decomposition

Zt(p) = ﬁw—EtL (p2) + ¢w+2ta (p2) + mtzts(pz) ’ (6'8)

and analogously for the bottom mass counterterm.

The result calculated is analytical identical to the rather lengthy expression given

in ref. [32]! for the full O(df), O(awa), O(ad) qﬁafk result.

!The result was actually compared with an expression obtained from the authors of [32]. A
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b
/" \\\ q
T\,
q

Figure 6.4: Quark self-energy insertion. q = t/b quark, ¢; = Higgs or Goldstone boson.

6.1.2 Numerical analysis O(o?), O(atw), O(af) quark result

Since a full numerical analysis is presented in ref. [32], here we briefly show the
behaviour of the result calculated above. Our numerical routine differs from that
used in [32]. We use the program FeynHiggs [41-44] to calculate the mass of the
lightest CP-even Higgs boson, Mo in terms of M40, which allows the inclusion
of (large) higher order effects in the Higgs sector. In order for FeynHiggs to do
this we need to specify the parameters in the Higgs sector: A; = A, = 2000 GeV,
Msysy = 1000 GeV, p = 200 GeV?. In addition, the SM parameters used here
are my = 174.3 GeV, my = 4.25 GeV, My = 80.45 GeV and Mz = 91.187 GeV.

The O(a?), O(ayop), O(al) quark result contains parameters from the SM and
the Higgs sector of the MSSM. Since the SM parameters are known, the result is
shown against the two free parameters in the MSSM Higgs sector, M40 (which is

reparameterised in terms of Mo and tan (.

Figure 6.5 shows the result against Myo for small and large tan 8. Since Mo is
a dependent parameter we have varied M o from 80 GeV to around 600 GeV. In
the large M40 region, large changes to Mo cause only small changes in Mo, thus
Mo does not extend much beyond 130 GeV. Both results converge to a (different)

point -as M o is increased.

direct comparison with the result in [32] has not been performed.
2This represents a marginally different scenario to that examined in ref. [32]
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Ap
-0.00014.,

-0.00016

-0.00018

90 100 110 120 130

-0.00022

...............

Figure 6.5: Ap against Mjo for tan 3 = 3 (dashed line) and tan 8 = 40 (solid line).

Figure 6.6 shows the result plotted against tan 8 for M40 = 300 and 500 GeV.
Ap

-0.00019

-0.00021

-0.00022

-0.00023

Figure 6.6: Ap against tan 3 for M40 = 300 GeV (solid line) and M40 = 500 GeV
(dashed line).

The behaviour shown in both figure 6.5 and 6.6 qualitatively agrees with that
shown in ref. [32]. The absolute value of the result varies by ~10% because higher
order corrections have been included within the Higgs sector (from using FeynHiggs

to calculate MSSM parameters).
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6.2 Chapter summary

The dominant quark-Yukawa contributions to Ap in the MSSM have been calcu-
lated and the result is analytically the same as that given in ref. [32]. We confirm
the observations made in {32] that the result is finite for arbitrary M}, and the
Higgs sector renormalisation parameters all drop out. In the following chapter we
present the dominant squark-Yukawa contributions to Ap and give an explanation

for the observations made here.
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Chapter 7

Leading Electroweak corrections

to Ap (part II)

‘There comes a time in every man’s life and I've had many of them.’

Casey Stengel (1890 - 1975)

In this chapter new results at O(a?), O(was), O(af) are presented in the light
squark limit!. In particular, diagrams of the class § and H in figure 6.1 have been
calculated. In this chapter we complete the discussion of the O(a?), O(aa),O(a?)

results that began in chapter 6.

For the two-loop Yukawa corrections in the SM it turned out that the dependence
on the Higgs-boson mass is numerically important. While the Higgs-boson mass is
a free parameter in the SM, the masses of the CP-even Higgs bosons of the MSSM
are given in terms of the other parameters of the model. In the gauge-less limit

that has to be applied in order to extract the leading two-loop Yukawa. corrections,

IThe material presented in this chapter is original work produced by the author in collabo-
ration with the authors of [45], where some results have also been published.
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the mass of the lighter CP-even Higgs boson, M}, formally has to be put to zero. In
the previous chapter it was observed for the calculation of the diagrams of class (q)
of fig. 6.1 that M, can be set to its true value instead of zero in a consistent way.
In this chapter we provide a detailed discussion of the gauge-less limit, yielding an
explanation of this observation. We will analyse the Higgs-mass dependence also

for the other classes of diagrams in Fig. 6.1.

We analyse the numerical effects of the new corrections for various scenarios in
the unconstrained MSSM and for SPS benchmark scenarios [52]. We study two
different renormalisation schemes and investigate the possible effects of unknown

higher-order corrections for My, and sin® f.g.

7.1 The O(a?), O(aiap), O(a?) contributions to

Ap

The purpose of this chapter is to perform a complete calculation of the O(a?),
O(aap), and O(a}) contributions to Ap in the MSSM, including the contributions
of supersymmetric particles. This means that all diagrams have to be evaluated
(applying the gauge-less limit) that contain top and bottom quarks (as given in
chapter 6), their scalar superpartners stop and sbottom, and Higgs bosons or

higgsinos.
The contributions to Ap at O(of), O(a0p), O(af) can be grouped into three

classes (see Fig. 6.1):

(g) diagrams involving t/b quarks and Higgs bosons (see also Ref. [32]),

(§) diagrams with /b squarks and Higgs bosons (see Fig.' 7.1 for generic dia-

grams),
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(H) diagrams with higgsinos (containing also quarks and squarks) (see Fig. 7.2
for generic diagrams).
The generic diagrams shown in Figs. 7.1, 7.2 have to be evaluated for the Z boson

and the W boson self-energy.

q ¢
- ¥ - ~ -
S i os e X -+ 4 q,.+. 49
¢’.‘<}“¢ q,‘.‘-‘}\q . '~\ 14 e : A V
V \\ /, V V \\ // V V Q;\ : (’ V \ : (/
S S ~eo-V ~ - ~
" q q
X F 1
¢ -, - 2
I,"j\\ =) ¢ o o s
o RN N RN
V V V \\ /I V V \\ // V V \\ // V
\T/ S \._”/
g X q
/‘(Z“\ /,g\‘ /’2‘ /’Eb\\
Sq N o o o
¢¢\'—_>-_,.¢ - :*’\ . :*,\ ~ :*/\ .
AR 1Y 39X 18X
ANANAAITBANNANANE  ANANATBARANAANAANAL  AANAAANABAAAAA
4 4 Vv 1% 1 v 1 %

Figure 7.1: Generic Feynman diagrams of class (§). V denotes either W or Z, § is
either a t or a b, and ¢, x denote Higgs and Goldstone bosons.

In the following sections we describe the necessary ingredients for the evaluation

of these contributions, starting with the relevant sectors of the MSSM.
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An~e ] e~~~ g\ ' q

V ‘\ H S V ’WVMNW
bl |4 |4
q

Figure 7.2: Generic Feynman diagrams of class (H). _V denotes either W or Z, § is
either a f or a b, while g is a t or a b, and H denotes a higgsino (neutral or

charged).
q (j q (j
1% v v/ NV 1% SN
oY 1% V o
¢~ g *7g ; ;
q R
‘._\ - r'd \ -
O AGESY
\ / ~ ’,
1% 1% |4 \%

Figure 7.3: Generic Feynman diagrams for the vector boson self-energies with counter-
term insertion. V' denotes either W or Z, § is either a £ or a b, while ¢ is
atorab

7.1.1 The relevant MSSM sectors

Here we specify the MSSM contributions that are relevant for the O(a?), O(a;as),

O(a}) corrections. As explained above, the calculation involves the gauge-less
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limit where My, Mz — 0 (keeping ¢, = Mw /M7 fixed). Accordingly, we discuss

the implications of the gauge-less limit for the different sectors of the MSSM.

The scalar top and bottom sector

The squark mass-matrices were defined in chapter 3. Recall, as a consequence of
Eq. 3.25, there are only five independent parameters in the ¢/ b sector. The masses

and mixing angles are connected via the relation

Z |Ui51|2mt"2>,~ = Z |Ufl|2 mt?i +m2 —m? — M2c? cos28. (7.1)

i=1,2 i=1,2

In the gauge-less limit the terms proportional to M2 in the diagonal entries of the

mass matrices and in eq. (7.1) vanish.

Except where stated otherwise, we will assume universality of all three soft supersymmetry-

breaking parameters in the diagonal entries of the stop/sbottom mass matrices,

MSUSY = M{L = MfR = ME (72)

R -

The common squark mass scale is denoted as Msygy.

The Higgs sector

In the gauge-less limit the Higgs sector parameters satisfy the relations 6.2 and

6.4, as well as Eq 6.3: Mo = 0. These are restated (re-ordered) here for later
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convenience:

M, = M3 =M, (7.3a)
sima = —cosf, cosa =sinf, (7.3b)
MZ = MZ:=0. | (7.3c)

Because of the accidental cancellation in the SM result for Mysm = 0, see eq. (6.5),
it is desirable to retain the dependence on M} as much as possible in the MSSM
result. In this way the numerical impact of the Mj-dependence can be studied,
which within the MSSM is formally a higher-order effect. This is particularly
interesting in view of the fact that higher-order corrections to the masses and
mixing angles in the MSSM Higgs sector are sizable, see e.g. Ref. [46] for recent

reviews.

We will therefore discuss the implementation of the gauge-less limit in some detail.
In particular, we will investigate in how far a consistent result for Ap can be
obtained without imposing eq. (6.3). We will also briefly discuss the case where
eq. (7.3b) is relaxed, see Sect. 7.2 below. For higher-order corrections in the Higgs

sector we use the results as implemented into the code FeynHiggs [41-44].

Higgsinos

In the gauge-less limit the contributions from the chargino and neutralino sector

reduce to those of the higgsinos. The Diagonalisation matrices for the chargino
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and neutralino sectors (defined in chapter 3) in this limit are given by

(000 0\

11000 O
01 V2| 001 -1

\0 01 1 /

where N is the diagonalising matrix for the neutralinos and U*.X. VT forms the

(7.4)

diagonal matrix for the charginos [25,47].

The corresponding elements of the diagonalised mass matrices are
mgx = (0,+4), mgo = (0,0,+4, —p). (7.5)

All entries corresponding to gauginos are zero since the gaugino couplings vanish
in the gauge-less limit. Note that the negative sign in mgo has to be taken into
account; the physical masses of the charged and neutral higgsinos are all equal to

+|u| in the gauge-less limit.

7.1.2 Evaluation of the Feynman diagrams

In addition to the two-loop diagrams, one-loop counterterms corresponding to the
renormalisation of divergent one-loop sub-diagrams have to be taken into account.
The whole calculation can be performed both in dimensional regularisation [11]
as well as in dimensional reduction [13]. The Yukawa extraction is performed
using the method illustrated in chapter 6. Since no gauge bosons appear in the
loops, both regularisation schemes preserve gauge invariance and supersymmetry
-for the present calculation. ‘Therefore-the necessary counterterms correspond to-

multiplicative renormalisation of the parameters in the MSSM Lagrangian.
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7.1.3 Counterterms

The renormalisation constants that are relevant in the gauge-less limit are

2 2 2 2
omy, omy, 6mt-1, 5m£2, 0;, 5m51, 5m52, 66;,

M3, 6tan B, 8ty u, Ou, (7.6)

corresponding to the renormalisation of the fermion masses, the parameters of
the £/ b sector, the Higgs sector parameters and tadpoles, and the y-parameter.
It is not necessary to introduce wave function renormalisation constants for the

fermions and scalar fields since they drop out in the sum over all diagrams.

There are two possible ways to obtain the counterterm contributions:

1. Generate and evaluate one-loop diagrams with insertions of counterterm ver-
tices, as depicted generically in Fig. 7.3. In order to generate these diagrams,
the required counterterm Feynman rules had to be added to the FeynArts
MSSM model file. In the explicit evaluation of the counterterm diagrams
it turned out that the renormalisation constants M3, dtan 3, 8tnm, Ou,
corresponding to the Higgs/higgsino sector, drop out. Only the quark and

squark mass and mixing renormalisation constants contribute.

2. The renormalisation transformation ¢ — ¢+d3 for each parameter ¢ appearing

in eq. (7.6) is performed directly in the one-loop result Apf’i’ﬂjffsy(i). The

counterterm contribution for the two-loop calculation is then obtained by

SM+SUSY

expanding Apy Y170

(24 61) to first order in the 6i, where the contributions

to A p§M+SUSY

~loop

have been given in egs. (2.15), (5.1). In this setup it is obvious
that the retiormislisation coristatits M2, 8tan §; 6t 7, 614 do tiot contribute,

since the one-loop result in the gauge-less limit consists only of the quark and
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squark loop contributions and therefore does not depend on the Higgs-sector
parameters. Accordingly, the counterterm contributions for the two-loop

calculation, Ap, can be written as

= 3 (i, + 3 oo + 5 60l ) RS (07

f=tb i=1,2 i,j=1,2

In order to have a non-trivial check of the counterterm contributions, we imple-

mented them using both approaches and found agreement in the final result.

Due to supersymmetry and SU(2) gauge invariance, see eq. (3.25), there are only
five independent parameters in the £/b sector, leading to eq. (7.1). As a conse-
quence, not all the parameters appearing in eq. (7.1) can be renormalised inde-
pendently. Choosing mgl as the dependent parameter, its counterterm 5m§1 can be
expressed in terms of the other counterterms. In the gauge-less limit the relation

reads

1 . ; - s - -
2 _ § : t |2 2 b |2 2 t 2 2
6m51 = |U§1l2 (._1 . IUil (5mt~! - |U21| (5m52 + 2 UnUél(mfl - mt'z)(sUth

—2Un U (m? — ml-i)cSU{.’2 — 2my 6my + 2my 6mb) , (7.8)

where the renormalisation transformation of the mixing matrix is defined in chap-
ter 4. Note that the above relation was not used in our analysis of the QCD
contributions in chapter 5, since the earlier calculation was performed using the

same relations as enforced in [30] in order to provide a full analytical check.

In order to define the renormalisation constants one has to choose a renormalisation

scheme. For the SM fermion masses m;; we always choose the on-shell scheme, as
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in the previous chapter. This yields for the top mass counterterm
1
(5mt = th [Re EtL (mf) + Re Eta(mf) + 2Re Ets(m?)] . (79)

and analogously for the bottom mass counterterm (in order to take higher-order
QCD corrections into account, we use an effective bottom quark mass value of
mp = 3 GeV). For the five independent /b sector parameters we choose either
the on-shell [48,49] or the DR scheme. The precise definitions will be given in the

following section.

7.2 Renormalisation prescriptions and result for

Ap

As explained above, the strict implementation of the gauge-less limit in the eval-
uation of the O(a?), O(arap), O(al) contributions to Ap would imply that the
mass of the lightest C’P-even Higgs boson has to be set to zero, see eq. (6.3). In
the SM case, where Mysm is a free parameter, it turned out that the two-loop
Yukawa contribution to Ap yields a much better approximation of the full elec-
troweak two-loop corrections to the EWPO for (realistic) non-zero values of Mysm
than in the limit Mysu = 0. It is therefore of interest to investigate the impact of
non-zero values of M, also for the MSSM, where M}, is a dependent quantity that

is determined by the other supersymmetric parameters.

It has been observed already in Ref. [32] that the pure fermion contributions of

class (¢) (see Fig. 6.1) may consistently be obtained even if eq. (6.3) is not em-

-ployed. In this section we-disciss this issue in detail and explaifi the physical

origin of this behaviour. Based on this result we show how the calculation of all
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three classes of contributions to Ap, i.e. (¢), (§), and (H), can be organised in
such a way that M} can be set to its true MSSM value essentially everywhere. We
will use the resulting expression in order to study the numerical effect of non-zero
M, values for the new corrections calculated in this chapter, namely the squark

contribution (¢) and the higgsino contribution (H).

7.2.1 Higgs sector

In order to discuss the implementation of the gauge-less limit it is useful to com-
pare the MSSM case with the one of a general two-Higgs-doublet model (2HDM).
In the following “2HDM” is to be understood as a two-Higgs-doublet model in-
cluding squarks and higgsinos, but without any supersymmetric relations imposed
on them. The MSSM can be regarded as a special case of a 2HDM, with supersym-
metric relations for couplings and masses. In the 2HDM without these coupling
relations, Ap is also well-defined and can be calculated at O(a?), O(aa), O(a?)
in the gauge-less limit. The corresponding two-loop diagrams are identical to the
diagrams of the classes (q), (§), (H) in the MSSM. However, in contrast to the
MSSM, the Higgs-boson masses in the 2HDM are independent parameters and do

not have to obey Egs. 6.2, 6.4, ( and 6.3) in the gauge-less limit.

The essential difference between the MSSM and the 2HDM case concerns the
renormalisation and counterterm contributions. Restricting ourselves in a first

step to class (g), these contributions can be decomposed in the MSSM and the

2HDM as
Apl(\;qI?SSM = Apggloop + Apglb])—ct (710)
Apg{;DM = Apgq—)loop + Apgz)—ct + Apg)—ct ) (711)

73

A



Chapter 7: EW Corrections 11 7.2 Renormalisation

(9)

59— loop and the counterterm con-

respectively. Here the two-loop contribution Ap
tributions from the ¢/b doublet Apgg)_ct are identical in the two models, while the

Higgs sector counterterm contribution Apg)_ct appears only in the 2HDM result.

As mentioned above, in the MSSM there are no one-loop contributions from the
Higgs sector and correspondingly no Higgs sector counterterm contributions at

O(a}), O(ayan), O(a?). In the 2HDM, the Higgs sector one-loop contribution to

Ap reads
2HDM 92 2 2
APy oo = 18n2 02, [FO(MHi; M3)

+ sin?(8 — ) (Fo(M?{i; ME) — Fo(M3, Mlzi))

+ cos?(8 — a) (Fo(MPe, M) — Fo(M3, M) ] (7.12)

in the gauge-less limit. Note that this contribution indeed vanishes if the MSSM
gauge-less limit relations (6.2, 6.4) hold. The counterterm contribution from the

Higgs sector at the two-loop level can be obtained from this expression as

Apﬁé{)_ct = Z ‘ 5M(§ 8M§ + §tan B Oiang + 0 8in 0 Osin Apfl_{}?)ﬁ{).
¢=h,H,A H*
(7.13)

Since Fy(z,y) and 8,Fy(z,y) vanish in the limit 2 = y, we find that Apg)_ct

vanishes if
My = Mys+ = My, cos(f—a)=0, M,= arbitrary (7.14)

or

Mys = My, 6MZi. =6M%, M, My, o = arbitrary. (7.15)
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The relations in eq. (7.14) are the same as the constraints imposed by the gauge-
less limit in the MSSM except for the fact that M, = 0 is not necessary. The
observation made in Ref. [32] that the class (¢) contributions to Ap can be evalu-
ated in the MSSM in a meaningful way for non-zero values of M}, can be understood
from eq. (7.14). For class (g) the two-loop diagrams and the fermion sector coun-
terterms are identical in the MSSM and the 2HDM. If the relations in eq. (7.14)
hold, Apg)_ct = 01in eq. (7.11), so that eq. (7.10) and eq. (7.11) become identical.
Thus, the calculations in the MSSM and the 2HDM are the same in this case. This
means that the result of class (g) derived in the MSSM for non-zero M, is well-
defined and consistent, as it corresponds to a certain special case of the general

2HDM result.

7.2.2 Inclusion of the /b sector in the on-shell scheme

For the full set of contributions to Ap, also the sfermion diagrams of class (§)
and the higgsino diagrams of class (I:I ) have to be taken into account. In the
following, as explained above, we consider a 2HDM including also stops, sbottoms
and higgsinos (although without any supersymmetric relations). The analogy of

the calculation in the MSSM and the 2HDM does no longer hold, since the sfermion

sector renormalisation differs in the two models.

As discussed above, supersymmetry and SU(2) gauge invariance imply that not all
parameters in the squark sector can be renormalised independently in the MSSM.
Choosing m; as the dependent mass in the MSSM, its renormalisation constant
5m§1 is given by eq. (7.8), and no independent renormalisation condition can be
imposed on it. We will refer to the expression for ‘5m§, in terms of the other coun-
terterms of the fermion and sfermion sector as given in eq. (7.8) as the “symmetric”

renormalisation, §m? I .
by {symm
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In the on-shell scheme [48], the three other squark masses mg, , 5, are defined as

pole masses, and the mixing angle counterterms can be defined via on-shell mixing

self-energies:

5mf;'_ = Re Xy, (m;) for f; = t12, by; (7.16)
:  ReXjz:(mi)+ReXj;(m%) .
8U{, = ¥A h) A fa for f =1t,b. (7.17)

2 _ 2
2(m —m3)

In a 2HDM with squarks, on the other hand, an on-shell renormalisation can be
applied for all four squark masses. In this case (5m§1 is given by

5m§1 |os = Re X (mgl), (7.18)

where X is the by self-energy. Hence there is a mass shift

Am?1 = ém?

2
b b 'symm 5m5

. |os (7.19)

at the one-loop level between the mass parameter m%l as given by the “symmetric”

renormalisation and the physical pole mass.

For the class (¢, H) the decomposition of Ap in the two models is given by

G, .11 5,0 5.0
Apl(\ZSS%VI = Apgq—loz)p + Apgg—cz + Apg_cz’ symm (720)
(4,H) G, H §,H G, H G, H
Ap2‘%-IDM = Apgq—loz)p + Apgg—cz + Apg_cz, full OS + Apg—ci ’ (721)
Here Ap@'m corresponds to the “symmetric” renormalisation of the squark
tb—ct, symm
sector in the MSSM described above. Ap@’H) denotes the contribution from
tb—ct, full OS

the full on-shell renormalisation of all squarks. As ene can see from egs. (7.20)

and (7.21) the MSSM result differs from the 2HDM result even for the case where
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Apg)_ct = 0. The MSSM result therefore does not correspond to a special case of

the 2HDM expression.

7.2.3 Result for Ap in the on-shell scheme

The total result for Ap at O(c?, arap, o) in the MSSM is given by the sum of
egs. (7.10) and (7.20),

Ap @ = Apifie + Apllssn - (7.22)

As discussed above, in ApMSSM the “symmetric” renormalisation in the sfermion
sector has to be applied, leading to the relations (7.1), (7.8) for mgl and 5m§1. The
contribution of class (g, H ) can be rewritten by using the mass shift as defined in
eq. (7.19) (see also Ref. [30]), leading to the expression

Wil
A,O(q Gl — AIOMSSM + Apl(\?lss%vl, fall 0s T Am%l am,?,l Apﬁgﬁ,‘gp ’ (7.23)

where ApMSSM full OS 1S given by

(§,H) (4,H G,H (@
A'01\%SSM full OS — Ap2q lozap + Apg—cg + Aptz ct, full OS ° (724)

Ap{lay is the result for the fermion-loop contributions as obtained in Ref. [32]
(employing an on-shell renormalisation of the fermion masses and inserting non-
zero values for M},). Ap&slgfw full 0g 1S the contribution of the squark and higgsino
diagrams obtained by normalising all sfermion masses, i.e. including mgl, on-shell,

while the last term in eq. (7.23) is a symmetry-restoring contribution involving

AmZ . The one-loop sfermion contribution ApfUSY. has been defined in eq. (5.1).
Comparing eqgs. (7.24) and (7.21) shows that the “full OS” contribution in eq. (7.24)
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is UV-finite already for the partial gauge-less limit of eq. (7.14), according to the

discussion of the previous two subsections.

Consistency requires that the mass shift in eq. (7.19) has to be UV-finite as well.
One can easily check that this requires taking into account both squark/Higgs and
quark/higgsino loops. Correspondingly, because of the necessity of this shift only

the sum of the (§) and (H) contributions to Ap is physically meaningful in the
MSSM.

Moreover, the mass shift Amg1 is only finite in the gauge-less limit, i.e. it can
only consistently be evaluated if all the gauge-less limit relations (7.3a)—(7.3c) and
My, = 0, eq. (6.3), are used. The last term in eq. (7.23) can therefore only be

obtained in the approximation where M, = 0.

The expression in eq. (7.23) represents the main result of this Thesis. For the first
term on the right-hand side of eq. (7.23), Apg{)SSM, we keep the full dependence
on M. As explained above, this is possible because this term is not affected by
the renormalisation in the sfermion sector. For the second term, Apg’sés[l)w, full OS»
we will keep the Mj,-dependence as well and compare to the strict gauge-less limit
case where M; = 0. The mass shift Aml%l entering the last term in eq. (7.23) is

evaluated for M, = 0.

The last term in eq. (7.23) can be expressed using egs. (7.20) and (7.21) as

(4.H)

2 SUSY __ A (@.H) _
Amal amfl Apl‘IOOP B Apﬁ)—ct, symmth=0 pfl;—ct, full OS|Mh:0 ) (725)
Correspondingly the full result can be rewritten as
GH) (9) (¢,H) (¢.H) (g,H)
Ap(q o) = Apl\;}[SSM + Ap2q—loé>p + Aptgéét + Api%_ct, full OS
(¢.H) (@.H)
+ [A’Oﬁw—ct, symm|Mh=0 - Apfﬁ—ct, full OS Mh=0] ’ (726)
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All contributions in the first line of eq. (7.26) can be evaluated by keeping the
full M}, dependence. For the other parameters of the Higgs sector we impose the
gauge-less limit as specified in (7.3a)—(7.3c).

As a result of eq. (7.15), the gauge-less limit can be relaxed in another way. If
the sum of all contributions (g, g, H ) is considered, the relation §M?%, = M2 in
eq. (7.15) is valid. As a consequence, in the evaluation of the first line of eq. (7.26)
it is not even necessary to use the gauge-less limit for sin o and M. Instead, sin o

and My can be set to their true MSSM values. We will discuss the case where the

gauge-less limit is relaxed also for these two parameters below.

7.2.4 Renormalisation in the DR scheme

As an alternative to the on-shell scheme in the squark sector, we also consider the
DR scheme. In this scheme the counterterms of the soft supersymmetry-breaking
parameters are defined to be pure divergences. The squark mass and mixing angle
counterterms receive finite contributions corresponding to m;, in the squark mass

matrices (3.21), (3.22):

5mf§ fin (UféM?U”)“ for ﬁ = t~1,2, 51,2; (7.27)
; (UféM}Uff)
5“12 fin = mg_ _ m2~ 127 (728)
h f2
2mf Xf
Mg = Smylg, : (7.29)
Xf me

The result for Ap@®™) in the DR scheme follows from eq. (7.26) by replacing

(4,H)

Pi5 . full O by the corresponding counterterm resulting from egs. (7.27)-(7.29).

As a consequence, the terms in the second line of eq. (7.26) vanish. The results in
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the DR scheme depend on the renormalisation scale uﬁﬁ.

7.3 Numerical analysis

In this section the numerical effect of the electroweak two-loop correction eq. (7.23),
or equivalently eq. (7.26), is analysed, using the formulae in eq. (2.10) to obtain
the corresponding shift in My, and sin? 6. In addition to the full MSSM correc-
tion resulting from Ap(‘l"iﬂ ), we also present the effective change compared to the
SM result (where the SM Higgs boson mass has been set to M}). This effective
change can be decomposed into the contribution from class (¢) and from classes

(¢, H). The contribution from class (g), which was studied in Ref. [32]; reads

SM,af
2—loop

APD(MSSM — SM) = AplQe — Apa % (Mysw = My), (7.30)

where Apgﬂ’oofp has been given in eq. (6.6). The contribution from classes (§, H)
is given by

5.H) _ 3,0 SUS
AP = Aplfshe fanos + Am?, Oz AV (7.31)

where M, = 0 is used in the second term. Here and in the following we drop the

subscript “MSSM” for simplicity.

As SM input parameters we use the values m; = 178.0 GeV, m, = 3 GeV. The
bottom quark mass is to be understood as an effective bottom quark mass, taking

into account higher-order QCD corrections.
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7.3.1 Impact of relaxing the gauge-less limit for M, and

sin «

In the first step we study the impact of evaluating Apg}g%\,{, rul1 o5 (See eq. (7.31)) for
the true value of the lightest MSSM Higgs-boson mass M}, rather than for M, = 0.
Accordingly, we compare the effect on the EWPO resulting from Ap@(M,) +
Ap@H(M,) and Ap@(My) + Ap@H)(0).

We have investigated the numerical effect of keeping the dependence on M, in
the squark and higgsino contributions for various MSSM scenarios. Fig. 7.4 shows
an example where the numerical impact on the prediction of My and sin®f.q is
quite sizable. The EWPO are given as a function of M4 with Mgysy = —A;p =
400 GeV, p = 800 GeV and tanf = 50. The effect of keeping a non-vanishing
value of M}, in the squark and higgsino contributions amounts to about +5 MeV
in My and —3 x 1073 to sin® f.g for all considered M, values. The effects for other
MSSM scenarios are typically smaller than for the example shown in Fig. 7.4. Un-
less otherwise stated, we will always keep the full M} dependence in the results
shown below. The difference between the result with and without the M} depen-
dence can be employed for estimating the residual theoretical uncertainties from

unknown higher-order corrections, see the discussion in Sect. 7.3.4 below.

Fig. 7.5 illustrates the numerical effect of relaxing the gauge-less limit on sin . As
discussed at the end of Sect. 7.2.3, the sum of the contributions of classes (q, §, H)
can be evaluated in a meaningful way even if sin@ and My are set to their true
values in the MSSM instead of their values in the gauge-less limit. Since the
corresponding shift in M} is usually quite small [41] we do not analyse the effects

arising from different choices for My and use its gauge-less value throughout the

paper. The situation is different for the Higgs mixing angle o. Here the full tree-
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Figure 7.4: AMy and Asin? 6.5 are shown as a function for My for the case where
the full dependence on the mass of the light CP-even Higgs boson is kept,
ApD(My) + Ap@H) (M), and for the case where the strict gauge-less

limit for M} has been applied in the squark and higgsino contributions,
8D (Mp) + 2pH(0).

full

level value sin o'"" as given in eq. (3.9) can significantly deviate from its gauge-less

value, sin a8 = — cos 3. Fig. 7.5 shows the results for AMy, and A sin® 6.4 based

full

on sin ! and sin a®. The parameters are chosen in such a way as to maximise

fall ys. sina®. The value tan 3 = 6 is rather small, and e.g.

the influence of sin«
together with M4 = 150 GeV it leads to sin o™ = —0.31 and sin a8 = —0.16. For
Msysy = p = 400 GeV and A;, = —800 this parameter set is in agreement with
all experimental constraints from Higgs boson searches [50,51] and b-physics [4].
Fig. 7.5 shows that even in this scenario the numerical effect of relaxing the gauge-
less limit on sin « is negligible. We have checked that this holds in general. In

particular for larger tan 8 and/or M4 the effect is even smaller. Therefore we will

always set sin a to sin a8 in the following.
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Figure 7.5: AMy and Asin? 6. are shown for the case where the Higgs mixing angle
a obeys either the full tree-level relation, eq. (3.9), or is fixed by the gauge-
less limit, eq. (7.3b).

7.3.2 Dependence on supersymmetric parameters

In Figs. 7.6, 7.7 and 7.9 we explore the numerical impact of Ap(q"i’m on Mw
and sin? .4 for various MSSM parameter choices. The values are chosen such
that experimental constraints are fulfilled for most parts of the parameter space.
Fig. 7.6 shows a scenario with large tan 3, tanf = 50, and Mgysy = My =
300 GeV and p = 500 GeV. The results are plotted as functions of the stop-
mixing parameter X, = A — p/tanf (see eq. (3.21)), and we chose A, = A.

The two-loop contributions AMy and Asin®?f.s are decomposed into the SM

SM,a?

2 loas(Mpsm = M), as given in eq. (6.6) (shown with reversed sign for

result, Ap
better visibility), Ap®(MSSM — SM) as given in eq. (7.30), and Ap@H) a5 given
in eq. (7.31). For the latter contribution both the result with the correct MSSM
value for M, and with M, = 0 is shown. We find that Ap(dﬁ) induces shifts

in My and sin?f.¢ of up to +8 MeV in My and —4 x 1075 in sin?6.5. The
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corrections are significantly larger than the effective change compared to the SM
arising from class (g), Ap'? (MSSM — SM). The impact of relaxing the gauge-less
limit on M}, in Ap(q*ﬁ ) is clearly visible, although not as pronounced as in Fig. 7.4.
It should be noted that small mixing in the stop sector (in this scenario values
of | X;| S 350 GeV) is disfavoured by the LEP Higgs searches [50, 51|, i.e. the
dependence on M, is largest where its value is already experimentally excluded.

For small values of |X;| the supersymmetric contribution Ap@(MSSM — SM) +

SM,af
2—loop

Ap@H) is almost as large as the SM result, Ap (Mysm = My), and largely

compensates it. For large values of | X;| the supersymmetric contribution reduces

the SM result by about 40%.
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Figure 7.6: AMyy and Asin? g are shown as a function of X; in a scenario with large
tan 3. The two-loop contribution involving squarks and higgsinos, Ap(@H)
is shown for the correct MSSM value of M}, and for M} = 0. For the class
(g) the effective change from the SM to the MSSM is shown and compared
with the pure SM contribution (with the sign reversed for better visibility).

In Fig. 7.7 we show a similar plot for a parameter scenario with small Higgsino

mass, 4 = 200 GeV, and tan = 6, Mgysy = 400 GeV, M, = 300 GeV. The
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Figure 7.7: AMy and Asin? f.g are shown as a function of X; in a scenario with small
w4 and tan 8. The two-loop contribution involving squarks and higgsinos,
Ap@H) is shown for the correct MSSM value of M), and for Mj, = 0. For
the class (g) the effective change from the SM to the MSSM is shown and
compared with the pure SM contribution (with the sign reversed for better
visibility).

contribution of Ap@H) amounts to about 1-2 MeV in My and —1 x 1075 in
sin? @y in this case. The fermion loop contribution Ap@(MSSM — SM) is very
small here because the small value of tan 8 does not lead to an enhancement of ay

in the MSSM with respect to the SM.

SUSY

Fig. 7.8 shows the one-loop results, Apy -},

corresponding to the scenarios of
Figs. 7.6, 7.7. Due to the larger value of Mgysy and the small value of tan 3 the
one-loop contributions for the second scenario are relatively small. The region of
small | X;| is again ruled out by LEP Higgs searches. The largest effects visible in
Fig. 7.8 are thus experimentally excluded. Comparing the one-loop with the two-

loop results, one can see that the two-loop contributions. from Ap(‘i'ﬁ ) amounts to

about 10% of the one-loop supersymmetric contributions.
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Figure 7.8: One-loop SUSY contributions to AMyy and A sin? feg are shown as a func-
tion of X;. The parameters correspond to the two scenarios analysed in
Figs. 7.6 and 7.7.

A common feature of the two scenarios, visible in Figs. 7.6, 7.7, 7.8, is that both
the one- and two-loop supersymmetric contributions first decrease for increasing
| X¢| until a minimum is reached in the vicinity of X; ~ —2Mgygy. For even larger
mixing one stop mass becomes very small and the supersymmetric contributions

increase again.

7.3.3 Results in SPS scenarios and renormalisation scheme

dependence

Fig. 7.9 shows the results for Ap@H) in the SPS la benchmark scenario [52] for a

moderate value of tan # = 10 and four different combinations for & and My,

(1/GeV, M4/GeV) = (200, 200), (200, 1000), (500, 500), (500, 1000).  (7.32)
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In order to display the dependence on the scale of supersymmetry, we start from
the nominal values of the MSSM parameters corresponding to the SPS 1a point [52]
(besides u and M, that are chosen as specified in eq. (7.32)) and vary the param-
eters Mgusy and A;; using a common scale factor; the results are then shown as
functions of Msygy.? The range of Mgygy values shown in Fig. 7.9 has been chosen
such that compatibility with Higgs-boson mass [51] and b-physics [4] constraints
is ensured for most parts of the parameter space. For small values of Mgsysy the
corrections differ by up to 4 MeV depending on the choice of M4 and p. Smaller
values of M, and p result in larger corrections to My and sin?f.q. In all cases

the result decreases with increasing Msysy as expected. The corresponding su-

SUSY

I-loop ar€ shown in Fig. 7.10

persymmetric one-loop contributions induced by Ap
for comparison. The two-loop correction from Ap(‘i’ﬁ ) amounts up to 25% of the

MSSM one-loop result.

We now study the renormalisation scheme dependence of the one-loop and two-
loop results for three benchmark SPS scenarios. Besides the “standard” scenario
SPS 1a, we also investigate the SPS 1b scenario, which is characterised by a larger
tan 8 value, tan 3 = 30, and SPS 5, which involves a relatively light £ [52]. Fig. 7.11
shows the one-loop results for the three scenarios, while Figs. 7.12, 7.13, 7.14
display the two-loop results. As above, the results are shown as functions of Mgygy.
We have started from the nominal values of the MSSM parameters for the three
benchmark points and varied the parameters Msysy, Asp, ¢ (for the DR results
also the scale uPF) using a common scale factor. The actual SPS la, SPS 1b
and SPS 5 benchmark points correspond to Msysy = 495.9, 762.5, 535.2 GeV,

respectively [52].

For a meaningful comparison of the results in the on-shell and the DR renormal-

2More precisely, for the SPS points the soft supersymmetry-breaking parameters M;, i

for the left- and right-handed £, b are all slightly different. Mgysy is identified with M, .
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Figure 7.9: The shifts AMy and A sin? 8¢z induced by Ap(‘?’f{ ) are shown as a function
of Mgysy in the SPS 1la scenario for four combinations of and My =
200, 500 GeV and p = 200, 500, 1000 GeV.
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Figure 7.10: The shifts AMyy and A sin? .5 induced by the supersymmetric one-loop
contributions are shown as a function of Mgygy in the SPS la scenario
for 1 = 200, 500,1000 GeV and tan 8 = 10.
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Figure 7.11: The shifts AMy and Asin?f.g induced by the supersymmetric one-

loop contribution Ap?Eﬁ}gp are shown for the three benchmark scenarios

SPS 1a, SPS 1b and SPS 5 as a function of Mgysy. The parameters of
the squark sector correspond to the on-shell scheme.

isation schemes, the input parameters in the two schemes have to be physically
equivalent, which implies that they are numerically different. Since the parameters
in the SPS scenarios are defined as DR parameters, they can directly be used as
input parameters in the DR scheme. The corresponding input parameters for the
calculation in the on-shell scheme are obtained by requiring

(m2-i + Jmf;i)os = (mi-l + <5mf;i)ﬁ (7.33)

for the squark masses and similarly for the mixing angles.

SUSY

In the one-loop results A,01_100p

for the three SPS scenarios shown in Fig. 7.11
the squark sector parameters correspond to the on-shell scheme. The shift in the
precision observables induced by Aprﬁ,‘gp is found to be particularly large for the

SPS 5 scenario, as a consequence of the large splitting between the squark masses
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in this scenario.

In Figs. 7.12-7.14 we show the one-loop result parametrised in terms of on-shell
parameters (dotted line) and the two-loop (g, H) results obtained in the DR (full
line) and the OS scheme (dot-dashed line), in all cases relative to the one-loop
result parametrised in terms of the DR parameters. Accordingly, the three lines

in each plot correspond to

.
SUSY,08S
Ap 1-loop

N - iy T SUSY,DR
) Ap?l_JlSOYOl,)DR + Ap@IDR 4 — AGUPOR, (7.34)

SUSY,08 . H
L Apl—loop +Ap(q,H),OS )

The pure two-loop correction in the DR scheme is given by the full line, while the
two-loop correction in the on-shell scheme corresponds to the difference between

the dot-dashed and the dashed line.

The numerical impact of the two-loop correction Ap(‘i".{ ) in the scenarios SPS 1a, 1b
amounts to about 5-6 MeV in My and —3 x 1072 in sin® 8¢ for small Msygy and
decreases to about 1 MeV in My (—0.5 x 107° in sin® ) for larger values of
Mgysy. For SPS 5 the corrections are slightly smaller. While in the scenarios
SPS 1a, 1b the two-loop results in the two schemes are very close to each other, a
larger deviation is visible in the SPS 5 scenario. In the latter scenario the two-loop
corrections in the on-shell scheme are less than 1 MeV, while in the DR scheme
they are more than twice as large. Comparison with the one-loop results given

in Fig. 7.11 shows that the two-loop corrections amount to about 10% one-loop

MSSM contribution.

The comparison of the renormalisation schemes shows that the scheme dependence

is strongly reduced by going from the one-loop to the two-loop level. At the
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Figure 7.12: AMw and Asin? 6.4 are shown in the SPS 1a scenario as a function of
Msgysy. The results for the one-loop contribution expressed in terms of

on-shell parameters and for the two-loop result Ap?HlSO%p + Ap(‘“—{ ) in

the on-shell and the DR scheme are given relative to the one-loop result
expressed in terms of DR parameters, see eq. (7.34).

one-loop level, where the scheme difference is entirely due to the different input
parameters for the squark masses and mixing angles, the difference between the
on-shell and the DR scheme is of O(1 MeV) in My,. Taking into account the
two-loop corrections reduces the difference below 0.1 MeV for SPS 1a,b and about

0.2 MeV for SPS 5.

The size of the two-loop corrections for SPS 1a,b is found to be much larger than
the difference between the two schemes at the one-loop level, which is only about
1 MeV for these scenarios. This indicates that the difference between the results
in two renormalisation schemes, if taken as the only measure for estimating the
theoretical uncertainties from unknown higher-order corrections, may result in a
significant underestimate of the actual theoretical uncertainty. The SPS-5 scenario,

on the other hand, is an example where the two-loop corrections turn out to be
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Figure 7.13: AMy and Asin?f.g are shown in the SPS 1b scenario as a function
of Msusy. The results for the one-loop contribution expressed in terms
of on-shell parameters and for the two-loop result A,;?Eﬁ,‘gp + Apl@H) i

the on-shell and the DR scheme are given relative to the one-loop result
expressed in terms of DR parameters, see eq. (7.34).

smaller than the scheme difference at one-loop order.

Finally we compare the two-loop results for the (¢, H) contributions obtained in
this paper with the two-loop QCD corrections of O(a;) as obtained in Ref. [30].
In Fig. 7.15 we show the results in the on-shell scheme for the three SPS scenarios
as a function of Mgygy (as explained above). For SPS 1a and 1b both corrections
are roughly of the same size and compensate each other to a large extent. Only for
the case of SPS 5 the QCD corrections are significantly larger than the two-loop
Yukawa corrections. Both the QCD and the Yukawa corrections are non-negligible
in view of the anticipated future experimental accuracies and are larger than the

current theoretical uncertainties in the SM.
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Figure 7.14: AMy and Asin? 6.5 are shown in the SPS 5 scenario as a function of
Msuysy. The results for the one-loop contribution expressed in terms of
on-shell parameters and for the two-loop result Ap?ljlsggp + Ap@H) i

the on-shell and the DR scheme are given relative to the one-loop result
expressed in terms of DR parameters, see eq. (7.34).

7.3.4 Estimate of unknown higher-order corrections

As discussed above, the theoretical evaluation of the EWPO in the SM is signifi-
cantly more advanced than in the MSSM. In order to obtain an accurate prediction
for the EWPO within the MSSM it is therefore useful to take all known SM cor-
rections into account. This can be done by writing the MSSM prediction for the

observable O (O = My, sin®fqg,...) as

Owmssm = Osm + Omssm—-su (7.35)

where Ogy is the prediction in the SM including all known corrections, and

Owmssm-sum is the difference between the MSSM and the SM predictions, evalu-
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Figure 7.15: The effect of the two-loop Yukawa corrections from squark and higgsino
loops is compared with the squark-loop corrections of O(aas). AMy and
Asin® O are shown in the three SPS scenarios as a function of Msysy
in the on-shell scheme.

ated at the level of precision of the known MSSM corrections. The expression
given in eq. (7.35) contains higher-order contributions that are only known for SM
particles in the loop but not for their superpartners (e.g. two-loop electroweak
corrections beyond the leading Yukawa contributions calculated in this thesis and
three-loop corrections of O(aqa?)). In the decoupling limit where all superpartners
are heavy and the Higgs sector becomes SM-like, the result of eq. (7.35) obviously
yields a more precise prediction than a result based on only those corrections which
are known in the full MSSM. In this case the second term in eq. (7.35) goes to
zero, so that the MSSM result approaches the SM result with Mysm = M,. For
lower values of the scale of supersymmetry the contribution from supersymmetric
particles in the the loop may be of comparable size as the known SM corrections.
In view of the experimental bounds on the masses of the supersymmetric particles

(and the fact that supersymmetry has to be broken), however, a complete can-
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cellation between the SM and supersymmetric contributions is not expected. It

therefore seems appropriate to apply eq. (7.35) also in this case.

Expressing the predictions for the EWPO as in eq. (7.35) implies that the theo-
retical uncertainties from unknown higher-order corrections reduce to those in the
SM in the decoupling limit. In the SM, based on all higher-order contributions
that are currently known, the remaining uncertainties in My, [35] and sin® 6. [36]

have been estimated to be
SMpM =4 MeV, 6sin?65M =5 x 1075 . (7.36)

Below the decoupling limit an additional theoretical uncertainty arises from higher-
order corrections involving supersymmetric particles in the loops. In the following
we will estimate this additional theoretical uncertainty in the prediction of My,
and sin? .5 depending on the supersymmetric parameters. We will provide esti-
mates for the uncertainty for three values of the squark mass scale, Mgygy = 200,
500, 1000 GeV. A similar approach of estimating the remaining uncertainties
from unknown higher-order corrections with dependence on the supersymmetric
parameters has recently been applied to the Higgs sector and implemented in the

program FeynHiggs2.2, see Ref. [44] for details.

The remaining uncertainties from unknown higher-order corrections involving su-

persymmetric particles mainly arise from the following sources:

o Electroweak two-loop corrections beyond the leading Yukawa corrections
evaluated in this paper:
We estimate the numerical effect of these corrections by assuming that the
ratio of the sub-lea&ingm electroweak two-loop corrections to the two-loop

Yukawa corrections is the same in the SM as in the MSSM. Inserting the
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known SM corrections [34,35] we infer an estimate of the possible size of the

missing supersymmetric electroweak two-loop contributions.

e O(aay) corrections beyond the Ap approximation:
We estimate the size of these corrections by assuming that the ratio of the
contribution entering via Ap to the full result is the same as for the known

SM result [53].

e O(aa?) corrections:
We use three different methods for estimating the possible size of these cor-
rections. The unknown ratio of the O(aa?) supersymmetric contributions
to the O(a,) supersymmetric contributions can be estimated by assuming
that it is the same as for the corresponding corrections in the SM [54] (esti-
mate (a)) and, using geometric progression from lower orders, by assuming
that it is the same as the ratio of the O(aa;) supersymmetric contributions
and the O(a) supersymmetric contributions (estimate (b)). As a further

indication of the possible size of unknown corrections of O(aa?) we vary

™)

the renormalisation scale of (") entering the O(aaq;) result according to

m./2 < PR < 2m, (estimate (c)). It should be noted that this variation of
%)

as(p corresponds to only a part of the higher-order corrections, so that

estimates (a) and (b) should be regarded as more conservative.

e O(a’ay) corrections:

Similarly as for the O(aa?) corrections, we again use three different meth-
ods for estimating these corrections. The unknown ratio of the O(a%a;,)
supersymmetric contributions to the O(a?) (leading Yukawa) supersymmet-
ric contributions can be estimated by assuming that it is the same as for the
corresponding corrections in the SM [55] (estimate (a)) and by assuming that

it is the same as the ratio of the O(aa,) supersymmetric contributions and
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the O(«) supersymmetric contributions (estimate (b)). As a further indica-
tion of possible corrections of O(a?a,) we change the value of m, in the result
for the two-loop supersymmetric Yukawa corrections from the on-shell value,
mPS, to the running mass my(m;), where m;(m;) = mP3/(1+4/(37) as(m,))
(estimate (c)). The latter replacement accounts only for a subset of the

unknown O(a’a;) corrections.

e Electroweak three-loop corrections:
As an indication of the possible size of these corrections we use the renor-
malisation scheme dependence of our result for the supersymmetric two-loop

Yukawa corrections, see Figs. 7.12-7.14.

We have evaluated the above estimates for the three scenarios SPS 1a, SPS 1b,
and SPS 5, each for Mgysy = 1000 GeV, 500 GeV, and for Msygy < 500 GeV 3
(as above we have varied Mgsysy, Aip and u using a common scale factor). The
estimated theoretical uncertainties for My, arising from the different classes of
unknown higher-order corrections are shown in Tab. 7.1. The result given in each
entry corresponds to the largest value obtained in the three considered SPS scenar-
ios. The three numbers given for the O(aa?) and O(aa,) corrections correspond

to the estimates (a), (b) and (c) described above.

As expected, the estimated uncertainties associated with the supersymmetric higher-
order contributions decrease for increasing Msysy. For the O(aa?) and O(a’a;)
corrections, method (c) that accounts only for a part of the higher-order correc-
tions yields in both cases the most optimistic estimate. As discussed earlier, by

taking into account the true MSSM-value of M}, certain parts of the electroweak

3The lowest values considered for Msgysy are 200, 300, 400 GeV for SPSla, SPS1b, SPS5,
respectively. These are the lowest values shown in Flgs 7.12, 7. 13, 7.14. For lower values the
parameter points are excluded by Higgs mass constraints.
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Msusy <500 GeV 500 GeV 1000 GeV
O(a?) sub-leading 6.0 2.0 0.8
O(aa;) sub-leading 1.8 0.9 0.5

O(aa?) 30, 53, 15|14, 1.1, 07]0.9, 22, 05

O(a2ay) 15, 22, 14|06, 08, 04|02 02 02

O(a?) 0.3 0.3 0.3

Table 7.1: Estimated uncertainties for My in MeV for different classes of unknown
higher-order corrections involving supersymmetric particles are given for
three values of Mgygsy. The estimates have been obtained using the results
for the SPS 1a, SPS 1b, and SPS 5 scenarios. The three entries for the
O(aa?) and O(a?a;) corrections correspond to three different methods for
estimating the uncertainties (see text).

corrections, beyond the leading two-loop Yukawa corrections, are included in our
result. The difference between Ap@™)(M,) and Ap@H) (0) may be interpreted as
an estimate of the size of further, not included higher-order electroweak correc-
tions. The numerical analysis in Sects. 7.3.1 and 7.3.2 shows that this estimate is

typically smaller than the estimated total uncertainty in Tab. 7.1.

We now combine the values given in Tab. 7.1 into our total estimate of the re-
maining theoretical uncertainties from unknown higher-order corrections involving
supersymmetric particles. Adopting the largest of the three values for the O(aa?)
and O(a’as) as a conservative error estimate and adding the different estimates

in quadrature we obtain

5MW = 8.5 MeV for MSUSY < 500 GeV,
(SMw = 2.7 MeV for MSUSY = 500 GeV, (737)

6]\/[W = 2.4 MeV for MSUSY = 1000 GeV.
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An analogous analysis of the remaining higher-order uncertainties can also be
carried out for sin?f.g. Since parts of the missing higher-order corrections to
sin? B4 and My are related to each other, we employ eq. (2.10) to infer estimates

for sin? G4 from our results for My,. This yields

0sin®feg = 4.7 x 107° for Mgysy < 500 GeV,
§sin®f.g = 1.5 x 107° for Msysy = 500 GeV, (7.38)

dsin®fp = 1.3 x 107° for Mgysy = 1000 GeV.

The full theory uncertainty in the MSSM can be obtained by adding in quadrature
the SM uncertainties from eq. (7.36) and the SUSY uncertainties from eqgs. (7.37)-
(7.38). This yields My = (4.7 — 9.4) MeV and §sin®fq = (5.2 — 6.7) x 107°

depending on the SUSY mass scale.

The estimated uncertainties are smaller than the estimates in Ref. [19] (where
an overall estimate has been given without analysing the dependence on the su-
persymmetric parameters), reflecting the improvement associated with the new

corrections calculated in this paper.

The other source of theoretical uncertainties besides the one from unknown higher-
order corrections is the parametric uncertainty induced by the experimental errors
of the input parameters. The current experimental error of the top-quark mass [5]

induces the following parametric uncertainties in My, and sin? 6.4

omy® =29 GeV = SME™™ =175 MeV, &sin®05g™™ =94 x 107°.
(7.39)
This uncertainty will decrease during the next years as a consequence of a further

improvement of the accuracy on m; at the Tevatron and the LHC. Ultimately
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v

it will be reduced by more than an order of magnitude at the ILC [56). The
accuracy of the theoretical predictions for My, and sin?f.g will then be limited
by the uncertainty from unknown higher-order corrections (for a discussion of the
parametric uncertainties induced by the other SM input parameters see Ref. [19]).
A further reduction of the uncertainties from higher-order SM-type corrections
(see eq. (7.36)) and corrections involving supersymmetric particles (see egs. (7.37)-
(7.38)) therefore seems to be required in order to fully exploit the prospective
experimental accuracies on My, sin? 6.4 and m, reachable at the next generation

of colliders [56,57].

7.4 Chapter summary

In this chapter we have calculated the two-loop corrections of O(a?), O(a;ap),
O(a?) to the electroweak precision observables My, and sin®f.g in the MSSM.
These are the leading, Yukawa-enhanced electroweak two-loop contributions; they
enter via Ap and arise from diagrams involving SM quarks, squarks, Higgs bosons
and higgsinos. While previously only the contribution from the diagrams with
quarks and Higgs bosons had been known (corresponding to the limiting case where
all supersymmetric particles are infinitely heavy), we have evaluated the complete

set of Yukawa corrections including the effects of supersymmetric particles.

We have given a detailed account of the theoretical basis of the calculation, focusing
on the implications of the parameter relations enforced by supersymmetry. In the
gauge-less limit that needs to be employed to extract the Yukawa corrections of
O(a?), O(ayap), O(a?) the lightest MSSM Higgs boson mass M), vanishes. We
have studied in how far the true MSSM value for M}, can be-taken into account

in a consistent way. We have shown that the result can be expressed in such
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a way that the Mj-dependence, being formally a sub-leading effect, can be kept
essentially everywhere and we have compared this result with the case where the

gauge-less limit is strictly imposed.

In our numerical analysis we have put the main emphasis on the new supersymmet-
ric contributions involving squarks and higgsinos. We have analyzed the results of
the new contributions as functions of the squark mass scale Mgygy, the stop mix-
ing X; and the higgsino and Higgs boson mass parameters y and M,. For squark
masses of about 300 GeV we find corrections of typically +4 MeV in My and
—2 x 1075 in sin® f.g. In certain parameter regions, in particular slightly smaller
values of Mgygy or small mixing in the stop sector, we find shifts up to +8 MeV
in My and —4 x 1073 in sin? f.¢. For a wide range of parameters, the squark and
higgsino two-loop corrections increase the corresponding one-loop contributions by

about 10%.

We have derived our result in two renormalization schemes, the on-shell scheme
and the DR scheme for the squark sector parameters. Comparing the two-loop
results with the one-loop result expressed in terms of the parameters of the two

schemes shows a significant reduction of the scheme dependence.
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Conclusion

‘After all is said and done, a lot more will be said than done.’

Unknown

In the first four chapters we introduced and motivated the calculation of EWPO
and in particular Ap. We justify the need to renormalise the calculation and give
details of the procedure used. We give a brief introduction to supersymmetry,

defining our notation and conventions as required.

We give explicit details of three large two-loop calculations in chapters 5 — 7. These
are the dominant O(aa,) and O(a?), O(aas), O(a}) results. In chapters 5 and
6 we verify two previously published results, the O(aa,) and the quark O(a?),
O(azap), O(a?) result and find complete analytical agreement. In chapter 7 we
complete the discussion of the O(a?), O(ayas), O(af) by including all dominant

squark and higgsino loops.

The class of diagrams with squarks and higgsinos, which has no SM counterpart,

gives rise to significant deviations from the SM predictions. This is in contrast
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with the contribution of the diagrams involving quarks and Higgs bosons, which
can be well approximated by the corresponding SM contribution (setting the SM
Higgs-boson mass equal to the mass of the lightest CP-even Higgs boson of the
MSSM). We have compared our result for the two-loop Yukawa correction of O(«a}),
O(azap), O(a}) to My and sin? f.q with the O(aq;) correction, which is the only
other genuine two-loop contribution to My, and sin? 6. known in the full MSSM.
We find that the two corrections are of comparable size and can largely compensate
each other for small values of Msysy (depending on the other supersymmetric

parameters).

We have shown how the known corrections to the electroweak precision observables
in the SM and the MSSM can be combined such that the currently most accurate
prediction in the MSSM is obtained. In the decoupling limit, where all supersym-
metric particles are heavy, the theoretical uncertainty from unknown higher-order
corrections reduces to the uncertainty of the SM contribution. For non-vanishing
contributions of the supersymmetric particles an additional theoretical uncertainty

arises from unknown higher-order corrections involving supersymmetric particles.

We have estimated the current uncertainty from unknown higher-order correc-
tions involving supersymmetric particles for different values of the squark mass
scale Mgysy. This has been done using geometric progression from lower orders,
employing known results for corresponding SM corrections, investigating the renor-
malisation scheme dependence, varying the renormalisation scale, and taking into
account formally sub-leading Mj-dependent contributions. For a squark mass scale
below 500 GeV we obtain an estimated uncertainty of about 8.5 MeV in My, and
4.5 x 1075 in sin?6.4. These uncertainties reduce to about 2.5 MeV in My and
1.5 x 107° in sin®6feg for Msysy = 1 TeV. They can be combined quadratically

with the theory uncertainty from unknown higher-order SM contributions to ob-
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tain the full MSSM theory uncertainties. While currently these uncertainties (for
Mgysy < 500 GeV) are about a factor of two smaller than the parametric theoret-
ical uncertainties induced by the experimental error of the top-quark mass, their
impact will become more pronounced with the expected improvement of the ex-
perimental precision of m;. The new two-loop corrections evaluated in this thesis
have been important to reduce the theoretical uncertainties to the present level.
Further efforts on higher-order corrections in the MSSM will be necessary in or-
der to reduce the theoretical uncertainties from unknown higher order corrections

within the MSSM to the level that has been reached for the SM.
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Appendix A

Scalar Integrals

The By, Ap and Tiss integrals used through-out calculations presented in this
thesis are defined here. Each integral is given as an expansion in € (g; in the
case of By). The parameters vg and ﬁ have been absorbed into the divergences.
The renormalisation scale, p, must drop out of all the calculations of physical
parameters calculated in this thesis, hence u is set to 1 (ie. logu = 0) in all the

definitions.

The By integral is given by

1
Bo[Pz,ml,mz] = ;—+BO,finite[p2,m1,m2]+51B0,51[p2,m1am2] (A-l)
1
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(m} — m3) Log[ma/m,]

By, finite[p®, m1,ma] = 2+ 2 — Log[mim,)]
1 ( 2 imimg
——mm
pr eyt mI 4 mE — pt 4 A
_—i52+mf+m§—p2+/\)
2m1m2 '
—igg +m? +mi —p? + A
Lo A2
gt oy, (A2

(m? — p?) Log[m?]
?
(m? — p?)Log[—ieq + m? — p?]
+ p2

By, fim'te[p2: 0, m] = 2- Log[mz] -

(A.3)

BO,f’inite[m270,m] = 2—L0g[m2] (A4)

where A = \/—4m¥m2 + (ie; — m? — m2 + p2)2. It is not necessary to define the
function By, since all coefficients of such functions drop out in the results in this
thesis.

The Ay integral is given by

Ag[m] = ém?' + Ao, finite[m] + € Ao [m] (A.5)
Ao finitelm] = m?*(1 — Log[m®]) (A.6)
Aoelm] = mA(1+ 5C2) + L (Logn®))? - Loglm?) (A7)

and ((2) = n%/6.
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The Ti34 integral is given by:

T134[ma, ms, my

Tdiv,134 [ml, ma, m4]

Tfinite,134 [ml, ms, m4]

where Alz,y] = /1 + 22 + y2 — 2z — 2y — 2zy, L|z] = Log[z] and

Taiv,134[m1, ma, mMa] + Tinite,134[M1, M3, M) (A.8)
m? + m2 + m?
22
+3(mf +m2 +m2) — 2(m2L[m?] — mv32L[m§] — m4?L[m?])
2e
(A.9)
1.1, 4 2 2 2
Z{g(ml + m3 +my)(42 + 7°)
> (4mi (=3 + L{mI])L[m]])
i=1,3,4
m? +mj — m§)L[m3/m3]?
(m3 — mj + m3)L[m?/mi]
(m? — m3 — m§)L{m}/m})?
1 m2 m?
Z(2m? AL 2538,
3( m4 [mi’ mi])
(7 — 3L[m}/m3]L{m3/m}]
m? —m3 +m} — m2 A[%4, 4]
+6L[——— mi’ miy.
2m?
2 m2
-+ i+ AL )
2m?
2 2 2,2 armE md
—6Lip[ T 2m4 M #4]]
2mj
IO i i B A2, %}]D}
& 2m?
(A.10)
k=1
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