
Durham E-Theses

Smooth supergravity solutions and string states

Madden, Owen Francis

How to cite:

Madden, Owen Francis (2005) Smooth supergravity solutions and string states, Durham theses, Durham
University. Available at Durham E-Theses Online: http://etheses.dur.ac.uk/2359/

Use policy

The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-pro�t purposes provided that:

• a full bibliographic reference is made to the original source

• a link is made to the metadata record in Durham E-Theses

• the full-text is not changed in any way

The full-text must not be sold in any format or medium without the formal permission of the copyright holders.

Please consult the full Durham E-Theses policy for further details.

Academic Support O�ce, Durham University, University O�ce, Old Elvet, Durham DH1 3HP
e-mail: e-theses.admin@dur.ac.uk Tel: +44 0191 334 6107

http://etheses.dur.ac.uk

http://www.dur.ac.uk
http://etheses.dur.ac.uk/2359/
 http://etheses.dur.ac.uk/2359/ 
htt://etheses.dur.ac.uk/policies/
http://etheses.dur.ac.uk


Smooth Supergravity Solutions 
and String States 

Owen Francis Madden 

A copyright of this thesis rests 
with the author. No quotation 
from it should be published 
without his prior written consent 
and information derived from it 
should be acknowledged. 

A Thesis presented for the degree of 

Doctor of Philosophy 

Centre for Particle Theory 
Departmeut of Mathematical Science::; 

University of Durham 
England Jo5 

~ 6 JAN 2006 



Dedicated to 
Mum and Dad 



Smooth Supergravity Solutions and String States 

Owen Francis Madden 

Submitted for the degree of Doctor of Philosophy 

July 2005 

Abstract 

In this thesis we study smooth supergravity solutions and their relation to string 

theory in two different contexts; quotient spaces and asymptotically fiat solitonic 

solutions. 

We classify discrete cyclic quotients of p + 1-dimensional anti-de Sitter space. 

These provide interesting models for string propagation where a non-perturbative 

rh~sr:ription is available. WP. establish which quotiP.nts have well-bP.havP.o causal 

structures, and of those containing closed timelike curves, which have interpretations 

as black holes. We explain the relation to previous investigations of quotients of 

asymptotically fiat spacetimes and plane waves, and of black holes in AdS. 

VIe construct smooth nou-supersymrnetric soliton. solutions with Dl-brane, D5-

brane and momentum charges in type liB supergravity compactified on T 4 x 5 1
. 

Such solutions have been conjectured to be related to black hole microstates. The 

solutions are obtained by considering a known family of U ( 1) x U ( 1) invariant met­

rics, and studying the conditions imposed by requiring smoothness. We discuss the 

relation of our solutions to states in the CFT describing the D 1-D5 system, and 

describe various interesting features of the geometry. 

vVe show that the solutions describing charged rotating black holes in five­

dimensional gauged supergravities found recently by Cvetic, Lii and Pope [1, 2] are 

completely specified by the mass, charges and angular momentum, demonstrating 

that an apparent non-uniqueness is a cooroinate artc~fact. 
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Chapter 1 

Introduction 

Einstein's general theory of relativity is one of the most elegant mathematical de­

scriptions of natural phenomena ever produced. The fundamental tenet of relativity 

is that the distribution of matter actually determines the geometry of space-time, 

gravity is then a manifestation of this space-time curvature. Relativity is capable 

of describing with great accuracy and precision almost every aspect of observed 

gravitational physics. 

Nevertheless, relativity seems iucornplete from a theoretical perspective. Iu the 

1960's Penrose, Hawking and Geroch used global methods of analysis to establish a 

number of theorems which showed that singularities are a generic feature of classical 

general relativity [7 ~9]. If certain reasonable assumptions hold then tlwse singular­

ities are expected to arise in two situations of physical relevance. First, sufficiently 

massive objects such as large stars can undergo gravitational collapse to form a black 

hole. The matter is condensed into a singularity which is conjectured to be censored 

from external observers behind an event horizon. Secoml, by rmmiug the collapse 

argument backwards in time relativity predicts that our expanding universe has an 

initial 'big bang' singularity. 

These predictions signal the breakdown of relativity as a physical theory. To 

elaborate, a space-time is defined to be singular if it is geodesically incomplete [10]. 

This implies that in finite proper time observers can reach boundaries of space-time 

beyond which we cannot evolve the dynamical equations of the theory. Usually we 

encounter additional problems as we approach these singularities such as divergent 
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curvature, energy densities and tidal forces. Our current belief is that iu the neigh­

bourhood of a potential singularity quantum gravitational effects step in to resolve 

these difficulties. 

At present, string theory provides the most developed, though still far from com­

plete, description of gravitational quantum phenomena (See [11-14] for an introduc­

tion). String theory is based on the deceptively simple premise that at Planckian 

scales where the quantum effects of gravity are conjectured to be important, particles 

are actually one-dimensional extended objects. The usual particles emerge a.'> string 

excitations and the known forces are described by the geometric splitting and joining 

of these strings. Unlike theories of point particles, consistent quantization severely 

constrains the properties of potential string theories. At the perturbative level, this 

demands supersymmetric theories that live in ten space-time dimensions. In the 

low energy limit supergravity is recovered which is the supersymmetric extension of 

standard general relativity. 

Once one goes beyond perturbation theory one finds that the spectrum con­

tains extended objects called D-branes [15]. Through the open strings, which have 

their endpoints confined to the branes, the D-branes realize gauge theories on their 

worldvolume. On the other hand, they have another low energy interpretation as a 

gravitational background for closed string propagation. The relation between these 

two descriptions has motivated conjectured dualities which connect gauge fields and 

gravitational theories. 

The most developed example of such a duality ·is the AdS /CFT correspon­

dence [16]. This conjecture relates string theory in a spacetime where the non­

compact part is asymptotically anti-de Sitter space (AdS), a space of constant neg­

ative curvature, to a couformal field theory (CFT) defined on a space isomorphic 

to the boundary of AdS. The relation between the two theories is a "duality'' in 

the sense that there is a parameter such that in the region where it is small one 

description is in the perturbative regime (weakly coupled) aud the other is strongly 

coupled, while the opposite is true when this parameter is large. The original ex­

ample proposed by Maldacena was an equivalence between type liB string theory 

compactified on AdS;, X S 5 and four-dimensional N = 4 super y <1Ug-Mills theory [ 17]. 
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In short, this equivalence includes a precise map between the states (and fields) on 

the string side and the local gauge invariant operators on the N = 4 Yang Mills 

side, as well as a correspondence between the cmTelators in both theories [18, 19]. 

Since, as of yet, we do not have a reliable definition of non-perturbativc type liB 

string theory, it is difficult to prove this correspondence directly. Perhaps a more 

appropriate viewpoint is to actually take N = 4 super Yang-Mills theory as the 

definition of non-perturbative type liB string theory on the AdS5 xS5 background. 

To gain insight into the stringy resolution of singularities localized in time such 

as those that occur inside black holes and at the big bang we need a better un­

derstanding of string theory in time-dependent settings. Lorentzian orbifolds of 

flat space are simple time-dependent solutions that provide (at least to leading 

order) consistent time-dependent backgrounds for s~ring theory. Thus these can 

provide good toy models to study cosmological singularities in a controlled setting. 

Although some progress has bem achieved [23-38], the indications arc that per­

turbative string theory breaks down on space-times which include space-like and 

null singularities. To capture the physics of such singularities, a complete non­

perturbative description of string theory appears to be necessary. A classification of 

smooth quotients of Minkowski spacetime was given in [39] recovering previous re­

sults on fluxbranes [40-44jland uncovering the existence of an interesting non-static 

smooth quotient-the nullbrane--which can be understood as a desingularisation of 

the parabolic orbifold [54], the supersymmet.ric toy model for a Big Crunch-Big Bang 

transition singularity, by the introduction of a new scale (modulus) that smoothes 

the singularity. 

Since the AdS/CFT correspondence is conjectured to provide a fundamental, 

non-perturbative description of string theory with asymptotically AdS boundary 

conditions, it could be employed to relate the time-dependence to the dual field the­

ory. Thus it is natural to wish to extend these investigations to consider strings on 

orbifolds of AdSp+ 1 X sq. Since AdS, like Minkowski space, is a maxirnally symmetric 

space, it has a large isometry group which can lead to interesting examples of quo-

1 Related work on the physics of fiuxbranes can be found in [45-53]. 
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ticnts. In addition, it is well-known that a black hole geometry can Le constructed 

from a quotient of AdS3 [55, 56]. Such an extension was initiated in [57], where an 

AdS version of the isometry involved in the null brarre quotient was constructed2
. 

In this thesis we take a systematic approach to this question, classifying all the 

physically distinct quotients of AdSp+l by one-parameter subgroups of its isometry 

group. The classification of quotients of AdS3 was thoroughly explored in [56]. This 

was extended to AdS4 in [68]. In chapter 3 we extend this to general dimensions, and 

in particular address the case of AdS5 , of great interest for string theory. (This ques­

tion has also been explored independently by Figueroa-O'Farrill and Sim6n [69]). 

Vve focus on the causal structure of the quotients and the symmetry preserved under 

quotieutiug. As AdSp+l X sq Lackgrouudt> are maximally t>Upersyrrnnetric, it is also 

natural to study the question of how much supersymmetry was preserved by the 

quotient and in [69] there is a detailed analysis of this question and the related issue 

of the existence of a spin st.rndnn~ on the quotient. 

Many of the quotients classified in chapter 3 contain closed timelike curves and 

while there may be some interest in studying such -quotients, we shall neverthe­

less concentrate our attention on those quotients for which there is a well-founded 

expectation that they will provide good backgrounds for striug propagation. We 

therefore study in detail quotients that can be given a simple physical interpreta­

tion: smooth quotients with a well-behaved causal structure. We take a conservative 

definition of well-behaw~d ran:-ml strnctuw, aiming to find spare-times that are sta­

bly causal. This means the spacetime admits no closed timelike curves even when 

the light cones are perturbed slightly (as they presumably are when quantum effects 

are switched on). The causally regular quotients fall into two categories; there are 

quotieuts where au actiou on AdS alone is well behaved and there are quotients 

where we need to add a suitable action on the transverse sphere to avoid closed null 

curves. Since smooth quotients are free of orbifold fixed points we can learn much 

nbont their geometry and physical interpretation by choosing a good global coonli­

nate system. We systematically construct such coordinates by demanding that the 

2Some other work concerning orbifolds of AdS can be found in [.)8-67]. 
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cau~al ~tructurc, preserved ~ymmctrics and action of the quotient arc made explicit. 

Disappointingly, all such causally regular quotients have a causal Killing vector 8v 

thus do not provide models for the study of time-dependence. We also briefly study 

thos~ qnotimts which can h~ giv~n a black holE! intcrpr~tation following [55, 56]. 

Smooth supergravity solutions may also be relevant in another context. Beken­

stein and Hawking showed that in order for black holes to be consistent with the 

laws of thermodynamics they should be viewed as thermodynamical systems with 

a temperature and an entropy [70-72]. The temperature is directly related to the 

black body radiation emitted by the black hole, whereas the entropy is given by 

A 
SsH = 

40 
(1.1) 

with G Newton's constant and A the area of the black hole horizon. The usual 

principles of statistical mechanics then suggest that there should be e5 microstates 

of the black hole for given macroscopic parameters. This is puzzling because in four 

dimensions the geometry of a black hole is uniquely determined by just its mass, 

charge and angular momentum. Early attempts to find the black hole microstates 

were based on looking for small perturbations in the metric and other fields while 

demanding smootlnwss at the horizon. No snch pcrtnrbations were found; black 

holes have 'no hair' [73]. There was, however, a suggestion that pure states would 

be dual to geometries which were not smooth at the event horizon [7 4]. 

ThP. fact that thesP. differences are not visible in the classical description might 

not seem a problem as it ~eems reasonable that the e58
H microstates only differ 

within a Planck sized neighbourhood of the singularity. However this leads to an­

other potential difficulty, the so-called information paradox [75]. By taking a semi-

classical approach Hawking showed that vacuum modes near the horizon evolve into 

particle pairs; one member of the pair falls into the hole and reduces its mass, while 

the other escapes to infinity as 'Hawking radiation'. If the information about the 

microstatc r~sidcs 'near' th~ singularity th~n the outgoing radiation is unable to en-

code the details of the microstate, and when the hole has completely evaporated we 

cannot recover the information contained in the matter which went in to make the 

hole. This is a violation of the unitarity of quantum mechanics, and thus a severe 

coutradictiou with the way we understand evolution equations iu physics. 
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String theory has made tremendous advances in understanding the microscopic 

origins of this black hole entropy [76, 77]. In the original calculations, two differ­

ent dual descriptions of a supersymmetric object were considered: a weakly-coupled 

desfTiption in termo; of perturbative strings and D-hranes, and a strongly-coupled 

description as a classical black hole solution. The picture of this black hole, as a 

background for the perturbative string, is essentially the same as in semiclassical 

general relativity. We have a singularity in spacetime that is shielded by a horizon 

with essentially empty space in between them. The entropy was successfully repro­

duced by counting the degenerate supersymmetric vacua in the dual perturbative 

D-brane description. This picture did not provide any understanding of where the 

microstates were in the strong-coupling black hole picture. 

The AdS / C FT correspondence provided a deeper understanding of the counting 

of black hole entropy in string theory. Placing black holes in AdS space amounts 

to a study of the boundary theory at finite temperatun\ the black holes were iden­

tified with the thermal ensemble in the dual CFT [18, 19]. The microstates were 

fundamentally thought of as states in the CFT, and it did not appear that they 

could be thought of as living somewhere in the black hole geometry. The evolution 

of the states in the CFT is unitary. Certain states can be identified with classical 

geometries, but as has been emphasised in e.g. [18, 78], the CFT provides a fully 

quantised description, and reproducing the behaviour of the CFT from a spacetime 

point of view will in general involve a sum over bulk geometries. 

In a series of papers, Mathur and his collaborators have challenged this conven­

tional picture of a black hole in string theory (see [79] for a review). They argue that 

the black hole geometry is merely a coarse grained description of the spacetime, and 

that each of the e88
H microstates can be identified with a perfectly regular geome­

try with neither horizon nor singularity [80, 81]. The black hole entropy is a result 

of averaging over these different geometries, which produces an 'effective horizon', 

which describes the scale at which the e88
H individual geometries start to difi"er 

from each other. They further argue that if a system in an initial pure state under­

goes gravitational collapse, it will produce one of these smooth geometries, and the 

real space-time does not have a global event horizon, thus avoiding the information 
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paradox. Thus the idea is that stringy effects modify the geometry of spacetime 

at the event horizon, rather than being confined to Planck or string distances from 

the singularity. In this picture the black hole interior is radically different from the 

naive pidure suggested by classical gravity. There arc similarities with the com­

plementarity ideas [82], but unlike that picture, there is no obvious sense in which 

the spacetime as seen by an infalling observer will be different. It is difficult to see 

how the singularity behind the black hole's event horizon can arise from a coarse 

graining over non-t>ingular geometries. :3 

Evidence for this proposal comes from studying a bound system of Dl and D5 

branes, which is the simplest string theoretic object with entropy. Smooth asymp-

totically flat geometries in this Dl-D5 system have been constructed that can be 

identified with individual microstates in the CFT on the worldvolume of the branes. 

The degeneracy of R.amond-Ramond (R.R.) ground states in this theory gives ami­

croscopic entropy which scales as ~; this was fmmd to match a suitable counting 

in a supertube description in [83, 84]. However, this entropy is not large enough to 

correspond to a black hole with a macroscopic horizon. It is therefore important to 

extend the identification to states that carry a third charge np, momentum along the 

string. These states have a microscopic degeneracy Jn 1 n 5np, and were used in [77] 

in the calculation of the black hole entropy. Recently, Giusto, Mathur, and Saxena 

have identified smooth geometries corresponding to some of these states [85, 86], 

although the geomdrics constructed so far correspond to very special states, the 

spectral flows of the R.R. groundstates studied earlier. 4 The overall evidence for the 

picture of black holes advanced by these authors is interesting but not yet com­

pelling. 

In chapter 4 we will extend these investigations to find more general solitouic 

solutions in supergravity, and to identify corresponding CFT states. Whether or not 

3 Although it may be that most measurements in the dual CFT find it difficult to distinguish 

between regular geometries and the conventional semi-classical picture of a black hole [87]. 

'1Three-charge states were previously studied in the supertube description [88,89]in [90, 91]. 

Other supersymmetric three-charge solutions have been found in [92-96], but the regular solutions 

have not yet bee11 identified or related to CFT states. 
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the picture of black holet> advauced by Mathur aud collaborators proves to be correct, 

these solitonic solutions can be viewed as interesting supergravity backgrounds in 

their own right. It is particularly interesting that we can find completely smooth 

non-supersymmetric solitons. 

\Ve find these solutions by generalising an analysis previously carried out for 

special cases in [85, 86, 97, 98]. We start with the nonextremal rotating three-charge 

black holes given in [99], and systematically search for values of the parameters for 

which the solution is smooth and free of singularities. \Ve find that if we allow 

non-supersymmetric solutions, there are two integers m, n labelling the soli ton so­

lutions. Thus, we find new non-supersymmetric solitons. Further solutions, some of 

which are smooth, can be constructed by orbifolds of this basic family. Some of the 

supersymmetric orbifolds have not been previously studied. 

The AdS / C FT correspondence provides an incentive to study AdS supergravity 

solutions in the hope they can furnish information on the dual gauge thmry. Sev­

eral gauge field theory phenomena such as confinement, confinement/deconfinement 

phase transitions, and conformal anomalies, have qeen shown to be encoded in 

the semi-classical physics of asymptotically AdS black holes [18]. Solutions of five­

dimeusional gauged supergravity play <:m important role in thit> context. If we have 

liB supergravity on AdS5 x 5 5 then rotation on the five sphere has three independent 

angular velocities, corresponding to the Cartan sub algebra of S0(6). On dimen­

sionctl reduction to D = 5 gauged snpergravity this Cartan sub algebra corresponds 

to three U ( 1) gauge fields. This reduction is believed to be a consistent truncation, 

meaning that all classical solutions of the five-dimensional theory can be uplifted to 

liB solutions. The U(1) charges correspond to three R-charges in the dual N = 4 

CFT. 

Recently Cvetic, Lii and Pope found asymptotically AdS non-extremal black 

hole solutions in five dimensional gauged supergravity. They began with the three 

U(1) charges set equal [1] theu ext<~uded this to the ca.se of distinct charges [2]. The 

arresting property of these solutions is that they seen~ to violate the spirit of the no 

hair theorem, i.e. they carry an additional parameter besides the mass, charges and 

angnbr momentum. In chapter 5 we show that this parameter can be removed by a 
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coordinate tran::~fonnatiou and redefiuitiou of parameters. Thus, the apparent hair 

in these solutions is unphysical. 



Chapter 2 

Preliminaries 

In this chapter we survey some results and concepts that will be useful in chapter 3. 

In section 2.1 we introduce the concept of a discrete quotient, reviewing the parabolic 

orhifold as an example. Jn section 2.2 we outline the properties of Anti-de Sitter 

space. In section 2.3 we discuss the BTZ black hole and describe how it originates 

as a quotient of AdS. 

2.1 Orbifolds of flat space 

When we talk about an orbifold, we mean a quotient space obtained by identifying 

poiuts iu a mauifolJ uudcr some discrete symmetry group. To be more precise, if we 

have a manifold with a metric defined on it, the isometries of the metric define some 

Lie group G with associated Lie algebra g. An element X E g of this Lie algebra 

defines a one pammeter subgroup r of G hy 

r = { exp(tX)It E IR}. (2.1) 

X also defines a Killing vector ~x whose orbits are the integral curves of r. The 

topology of r is either !R or S1
, depending on whether or not exp(tX) is the identity 

clerneut in G for some nonzero /,. 

Every one-parameter subgroup r g1ves nse to an infinite family (indexed by 

the subgroup itself) of discrete cyclic subgroups f~' generated by an element-yE f. 

Qnoticnting a manifold 1\11 on which G acts by the action of r 1' consists of identifying 

10 
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points of M which are related by the action of f. Since"(= exp(lX), quotienting by 

r 1 consists of identifying points in M which are related by flowing along the integral 

curve of the Killing vector ~x corresponding to X for a time l. That is, the curves 

joining two points on IV[ that arc on the same orbit will be closed in the quotient 

space. Immediately we see that if ~x is timelike the resulting geometry will have 

closed timelike curves. 

We say that r, acts freely if for all X E M and 1 E r ,, 1X = X implies that 

"( = 1. Free actions have no fixed points, points for which "(X = X' for any "( E r, 
where 1 i- 1. If r, acts freely on M then the quotient space M /f 1 will be a 

manifold. If r, does not act freely (i.e. some elements in r, have fixed points) then 

!\If will fail to be a manifold at precisely the fixed points of r 1 . Such points arc 

called orbifold singularities. It is these singularities which distinguish orbifolds from 

ordinary manifolds. 

Thus taking a quotient hy a discrd.e cyclic suhgrm~p we obtain an orbifold AI /f 1 

which is locally isometric to IV! but can have very different global properties. Orb­

ifolds in which some Euclidean directions are quotient.ed by a discrete subgroup of 

the isometry group have been extensively studied [100-103]. String theory defined 

on such orbifolds has new light states (the so called twisted sectors) which arc con­

fined to the orbifold fixed points. These twisted sector states resolve the conical 

singularities in many cases. 

In this thesis we focus on quotients genemted hy the action of some vector 

field acting non-trivially in time. As a warm-up for the work of chapter 3 we will 

briefly survey an interesting time-dependent background that can be constructed 

as a Lorentzian orbifold of Minkowski spacetime; the so called parabolic orbifold 

studied in [27, 28,30, 31]. Since this spacetime is locally flat, it is an exact classical 

solution to string theory and string propagation is relatively easy to study. The 

Killing vector generating this quotient is a null rotati.on 

(2.2) 

it consists of a boost in the x 2 direction plus a rotation in the 23-plane such that 

the rapidity of the boost and the angle of the rotation have the same norm. If we 

choose coordinates for IR 1 
•
2 such that :r:± = :r 1 ± .r3 the actiou of the generator of the 
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orbifold is: 

(
x+) (x+ + 2t:r2 

+ t
2x-) 

x 2 ~----> x2 + tx-

x- x-

(2.3) 

where t is the affill<~ parameter of the orbit. This action has a line of fixc~d points 

at :C = x2 = 0. Since 11~11 2 = (x-) 2
, the quotient does not introduce closed 

timelike curves into the geometry. However, there will be closed lightlike curves 

corresponding to x- = 0. The orbifold action leaves one spinor invariant and thus 

preserves one half of the spacetime supersymmetries. A more illuminating set of 

coordinates is 

(2.4) 

in terms of which the metric becomes 

(2.5) 

;\'otice that the transformation (2.4) breaks clown at y- = x- = 0 corresponding 

to the fixccl points of the action. These coordiucttes are useful because they are 

adapted to the action of the quotient, that is ~ = By. The orbifolcl identification is 

then simply y ~ y + t which makes the physical interpretation of the orbifold clear. 

The spacetime (2.5), may he visualized as two cones (parametrized hy y- and y) 

with a common tip at y- = 0, crossed with the real line (for y+). y plays the role of 

an 'angular variable' and the null coordinate y- plays the role of a 'radial variable.' 

As a function of the 'light-cone time' y- we have a big crunch of the y circle at 

y- = 0 which is followed by a big bang. Thus we have a supersymmetric toy model 

of a cosmological singularity in which string propagation is under some control. 

A natural next step is to embed such a scenario in string theory and analyse 

whdher the twisted sectors located at x- = 0 manage to resolve such a singularity. 

Unfortunately, unlike in Euclidean orbifolds, it turns out that this singular geometry 

suffers from an instability. The addition of even a single particle causes the entire 

universe to collapse into a spacelike singularity. Therefore the resolution of the 

singularities is not accessible in perturbation theory [29-32]. 
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A clo::;ely related. smooth quotient is the uullbranc introduced in [39]. As a 

byproduct of our investigations of the quotients of Anti-de Sitter space, we were led 

to realise that there is a rich structure of symmetries in the nullbrane which has not 

hcen fully exploited in previous work on these solutions. We address this issue in 

Appendix A. 

2.2 Anti-de Sitter space 

Anti-de Sitter space is the unique maximally symmetric solution of Einstein's equa­

tion with constant uegative curvature. (p + 1 )-dimensional anti-de Sitter space 

AdSp+I can be represented as the hyperboloid 

p 

- T2 - x2 + "'"' x2 = -l2 ·1 2 L 1 , (2.6) 
i=l 

embedded in the fiat (p + 2)-dimensional space with metric 

p 

2 2 2 "'"' 2 ds = -dx1 - dx 2 + Ldx;. (2.7) 
i=l 

l2 is known as the radius of curvature of AdS and is related to the cosmological 

constant by A = - p(~P 1) . 1 The quaclric ( 2. 6) has the isometry group 0 ( 2, p) by 

constrnrtion. When we embed AdSP+ 1 in string theory, the presence of finxes means 

we have to specify its orientation which restricts this isometry group to SO( 2, p). 

Any Killing vector,~' in .so(2,p) can be written in terms of a basis lab of .so(2,p) as 

~ = wab la/, where wab = -wba and 

A convenient global coordinate system on AclSp+ 1 is defined in terms of the embed­

cling coordinates by 

x 1 =cosh X sin T, 

x2 = cosh x cosT, (2.9) 

Xm = sinh X Xm, m. = 3, ... , p + 2, 

l For the rcmaiudcr of thi;; chapter and iu chapter 3 we set l = L 
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where the .f:m arc embedding coordinates for an sp-l, I:: m x;, 
this coordinate system is 

l. The metric in 

The explicit symmetries of this form of the metric arc the time-translation 

and the 80(p) symmetries of the sphere, 

The other basis Killing vectors are 

Jl m = cosT tanh xi"' i)T + sin T:i:nJ)x + sin T coth X ( 611111 - :i:m:i:,) D.i:n' 

hm = -sin T tanh XXmOT +cos TXmOx +cosT coth x(6m, - XmXn)Dxn> 

where 1n, n = 3, ... , p + 2. 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

With X 2:. 0 and 0 ::=; T < 2n the solution (2.9) covers the hyperboloid once. 

The hyperboloid is not simply connected: it has topology S 1 x fRP+l, with the S 1 

representing closed tirudikc curves in the T direction. To obtain a causal spacetimc 

we unwrap the circle S 1 (i.e. take -oo < T < oo with no identifications) and obtain 

the universal covering of the hyperboloid without closed timelike curves. In this 

t.hesis, when we n~fer to Ad8p+ 1 , we refer to this universal covering space. 

What is the symmetry group of this simply connected AdSp+I? The isometry 

group of the quadric (2.6), S0(2,p), has a maximal connected compact subgroup 

80(2) x SO(p). The S0(2) factor is generated by. the Killing vector 112 whose 

orbits arc the closed timelike curves on the hyperboloid. In AdSp+l these curves 

are not closed hence the Killing vector does not generate a circle subgroup but an 

IR subgroup. Therefore the symmetry group of AdSp+l is the infinite cover 80(2, p) 

of 80(2, p), in which the above 80(2) subgroup is unwrapped to an IR subgroup. 

As explained in chapter 3, this technical point does not alter the classification of 

discrete cyclic quotients of AdS. 

In the context of the AdS/CFT correspondence we are interested in the conformal 

structure of AdS. If we introduce a coordinate(} related to x by tan(} = siuh x where 
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(O<:;(}<~) 

(2.14) 

Conformally rescaling the metric by 1/cos2B it becomes 

(2.15) 

This is the metric of the Einstein static universe. However the coordinate () runs 

(0 <::: e < ~) rather than (0 <::: e < 1f). Namely AdSp+l can be conformally mapped 

into one half of the Einstein static universe. The confonnal compactification is a 

r.onwmient way t.o describe the asymptotic regions of AdS. The striking feature of 

AdS is that it has a time-like boundary at e = ~' with topology SP X IR. On this 

boundary the isometrics of AdS act like the conformal group acts in p dimensions. 

2.2.1 Poincare coordinates 

Another useful set of AdS coordinates are Poincare coordinates, let us define {y11 , z} 

[L = 2, ... , p + 1 in terms of the flat embedding coordinates in IR2·P introduced in 

(2.6) by 
1 

xll = - yll fl = 2, ... 'p + 1 
z 

1 _ 1 [ 2 ( 1 J1 I/)] X - - Z + + 1]1w Y Y 
2z 
1 

xP+2 =- [z2- (1-1]JlvYJ1Yl/)] 
2z 

In these coordinates, the AdSp+l metric is 

-
1 

( d· 1'd 1/ + d 2
) g - 2 1]JI.l/ y y z . 

z 

(2.16) 

(2.17) 

The explicit synnnctrics in this form of the metric arc the Poincare syrnmetrics 

acting on the slices of constant z. Using the identities 

(J-rll 1 _··_ = -f/J. 
Byv z v 

xl- xp+2 = ~ 
z 

we see that these are related to the usual so(2, p) basis by 

(2.18) 
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Timelikc translations in the Poincare patch correspond to a timelike null rotation 

in global AdS. On the other hand, spacelike translations in the Poincare patch 

correspond to a spacelike null rotation. Finally, Lorentz transformations in the 

Poincar8 patch are mappwl to Lorrnt7: transformations in IR 2·P. 

The other symmetries in so(2, p) are realised as conformal symmetries acting on 

the slices of constant z together with a suitable az component: 

(2.19) 

(2.20) 

These coordinates will be useful for understanding the relation between certain 

global AdS quotients and the near horizon limit of the corresponding discrete quo-

tients of brane geometries in supergravity. 

2.3 The BTZ black hole 

2 + 1 dimensional Einstein gravity has no local degrees of freedom, consequently all 

vacuum solutions of Einstein's equations in 2 + 1 dimensions have constant curva­

ture. It was therefore surprising when Baiiados, Teitelboim and Zanelli discovered 

2 + 1 dimensional solutions with a negative cosmological constant that could be 

interpreted as black holes [55]. These solutions are given by 

2 __ (r2
- 1'~)(r2 - r~) 2 r 2dr2 

2 [ _ r_r+ J 2 

ds - r 2 dt + (r2 _ r~)(r2 _ r:) + r d</J r 2 dt (2.21) 

where 0 :S <P < 2n. This describes a rotating black hole with inner and outer 

horizons r± given by 

(2.22) 

Then~ is a singularity at r = 0 in tlw sense that timelike geodesics end there. 

Since this space is locally isometric to AdS this is not a curvature singularity. The 

curvature tensor is everywhere regular. For these solutions to describe black holes, 

we need 

M > 0 J.!J :S Ill. (2.23) 
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As 111 grows negative one encounters unphysical solutious with a naked conical 

singularity. There is an important exceptional case. When one reaches !vi = -1 

and J = 0 the singularity disappears. This is global AdS3 which is seperated from 

the continuous black hole sp<'ctrnm by a mass gap of one unit. This state can not 

be continuously deformed into the vacuum, because the deformation would require 

going through a sequence of naked singularities not included in configuration space. 

The fact that (2.21) only differs from AdS3 in its global properties suggests it can 

be obtained as a quotient of AdS3 . These solutions v.Tere extensively studied in [56] 

where the identifications corresponding to the black hole and its extremal limits 

were explicitly identified. The Killing vector which generates the non-extremal (i.e 

M > IJI > 0) BTZ black hole solution is 

(2.24) 

This has norm 

(2.25) 

Since f. is timelike in some regions of AdS3 the quotient of global AdS3 generated 

by this Killing vector will have closed timelike curves. The way to construct the 

black hole is to excise the regions where lf.l 2 < 0, and consider the quotient just 

of the remaining portion of AdS3 . The resulting geometry will be causally regular 

by construction, but will clearly not be geodesically complete, having a 'singularity' 

corresponding to the boundary of the excised region. In [56] the authors explicitly 

constructed coordinates covering the regions of AdS3 with lf.l 2 > 0 corresponding 

to (2.21) with -oo < rjJ < oo. The surface r = 0 corresponds to lf.l 2 = 0. It is the 

identification rjJ "' rjJ + 2rr that makes the black hole. If rjJ is not a compact variable, 

one simply has a portion of Anti-de Sitter space and the horizon is just that of 

an accdemted observer. On the other hand after the identification extending the 

spacetime beyond the surface r = 0 would produce closed tirnelike curves. 

One limit of the BTZ solution that we will study in chapter 3 is M = J = 0 

(2.26) 
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The Killing vector generating this spacetime is a null rotation 

The norm 1.;1 2 = (x 1 - x4 )
2 is positive semi-definite being zero at xi = x~ corre­

sponding to T = 'r+ = 0 in the coordinates of equation (2.26). Thus this spacetime 

has closed null curves on the horizon. In section 3.4.1 we show that by adding a suit­

able action on a transverse sphere to ~ we can generate a causally regular spacetime 

as a quotient of AdSP+ 1 x SP. 



Chapter 3 

Quotients of anti-de Sitter space 

In this chapter we study the quotients of p + 1-dimensional anti-de Sitter space by 

one-parameter subgroups of its isometry group. We initiate this task by classifying 

the possible physically distinct quotients. Having identified t.he potentially interest­

ing quotients we examine their properties paying close attention to causal structure. 

Since we are particularly interested in smooth quotients we develop a formalism for 

discussing their geometry and physical interpretation. 

An important ancillary result of [56] relevant to our work is the classification 

of the one-parameter subgroups of S0(2, 2), this provides a menu of the possible 

discrete cyclic quotients of AdS3 . This classification was extended to S0(2. 3) by 

Hoist and Pcldan [ 68] in an attempt t.o extend the BTZ type solutions to AdS4 . 

In section 3.1 we show that the classification of physically distinct one-parameter 

subgroups of S0(2, p) extends very naturally from the case p = 2 to higher p. 

The subgroups considered in [56] all have higher-dimensional generalisations, whose 

analysis is directly related to the analysis in the case of AdS3 . There are only two 

further physically distinct possibilities, one of which appears for all p ~ 3, and 

the other of which appears for all p ~ 4. The prototype example of the former 

was discussed in [68], and the latter contains the null brane-like quotient discussed 

in [57]. We discuss the Killing vectors on the sphere in section 3.2. 

In Section 3.4 we study in detail causally well-behaved quotients. We find that 

there are two types of quotients with well-behaved causal structures. First, there are 

quotients where an action on AdS alone is well behaved. These are generalisations 

19 
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of the two cases studied previously: 

1. self-dual orbifolds of AdS3 [104, 105] and their higher-dimensional generalisa­

tions, haviug no mutlogue in asymptotically flat configurations; aud 

11. the AdS analogue of the flat nullbrane construction [57], consisting of a double 

null rotation action on S0(2,p) p ~ 4. This is th0. near horizon geometry of a 

stack of D3-branes in the nullbrane vacuum for p = 4 and a stack of M5-branes 

in the same vacuum for p = 6. 

We give a comprehensive discussion of the structure of these quotients, extending 

previous results. For the double null rotation, we construct a new symmetry-adapted 

coordinate system, and find interesting relations to compactified plane waves. We 

comment on related issues in the nullbranes in appendix A. 

Secondly, there are quotients where the norm of the AdS isometry is non­

negative, but not always positive, so the pure AdS action would have singularities 

or closed null curves. These can be removed by a suitable action on the transverse 

sphere if the latter is odd-dimensional. This second type is qualitatively new. These 

non-trivial actions on AdS can be divided into three categories: 

1. discrete quotients by rotations in AdS, the higher-dimensional analogues of 

the AdS3 conical defects; 

11. discrete quotients by a null rotation, whose description in the Poincan§ patch 

corresponds to a spacelike translation (in pure AdS3 , these would give rise to 

the massless BTZ black hole [56]) and whose sphere deformations are the near 

horizon limit of brane configurations in fluxbrane vacua classified in [106, 107]; 

and 

111. discrete quotients defined by an everywhere null vector field in AdSP (p ~ 3), 

whose description in the Poincare patch corresponds to a 'translation' along 

a lightlike direction. Once more, when deformed by a non-trivial action on 

a transverse sphere, this corresponds to the near horizon counterpart of the 

corresponding quotients classified in [106, 107]. 
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lu gcueral our quotieut spaces preserve ::;ome symmctries of Ad8p+l· A quotient 

of Ad8p+l inherits all Killing vectors in so(2, p) which commute with the Killing 

vector generating the quotient. Thus, there is the possibility that we can construct 

interesting hackgrmmds by taking a further discrete quotient along one of these 

preserved Killing vectors. In section 3.5 we consider this issue and uncover the 

existence of a smooth causally regular quotient generated by two commuting double 

null rotations. 

It is important to stres::; that any of these string theory backgrounds are related 

to many others through U-duality and by Kaluza-Klein reductions from or liftings 

to M-theory. We shall not pursue this possibility in this thesis, even though it is 

natural to wonder about the dual iucaruations of our backgrounds. 

Our emphasis differs from [56, 68] in that we are more interested in quotients 

which are causally regular. However in section 3.6 we turn our attention to BTZ 

type quotients. We confirm and elucidate the conclusion of [68], that for p > 2, the 

only locally Ad8p+l black hole solution is the higher-dimensional generalisation of 

the non-rotating BTZ black hole, discussed previously in [118, 119]. We explain the 

origin of this restriction in general. We discuss the relation to other recent work and 

conuneut ou the proper iuterpretation of auother solution preseuted iu [119]. 

3.1 One parameter subgroups of S0(2,p) 

\Ve wish to classify physically distinct quotients of Ad8p+l by one~parameter sub­

groups of 80(2, p) .1 Annoyingly, it cannot be embedded in a matrix group; that is, 

it does not admit any finite-dimensional faithful linear representations. Crncially, 

however, 80(2, p) has two features in common with its quotient 80(2, p). First of 

all, they share the same Lie algebra so(2,p) and furthermore, since conjugation by 

central elements is trivial, the adjoint action of 80(2, p) on so(2, p) factors through 

1 vVe will generally have in mill(} the quotient by a discrete subgroup, to construct another p -1- l­

dimmsional spacdime: the prototypical example is the BTZ black hole [5!i,!'iG]. It is also interesting 

to consider tlw Kalmm-Klein rednction along such a direction t.o constrnct an p-dimcnsional space­

t.ime. For the purposes of dassificat.ion, we can t.reat these two kinds of qnoticnt.s LogeLher. 



3.1. One parameter subgroups of S0(2,p) 22 

S0(2, p). Similarly, the action of the spin cover Spin(2, p) of S0(2, p) on the spinor 

repn~sentations factors through Spin(2, p). These happy facts allow a complete anal­

ysis of one-parameter subgroups and also the determination of the supersymmetry 

preserved by a quotient. 

As explained, for example, in [39], if r and f' are conjugate subgroups of isome­

trics of a space !v!, then their quotients 111 /f and 111 jf' are isometric, the isometry 

being induced from the isometry of M which conjugates r into f'. Therefore to 

classify such quotients /1/[ /f. it is enough to classify subgroups up to conjugation. 

A one parameter subgroup is determined by a Killing vector ~ in the Lie algebra 

so(2, p). Since ~ = wab lab, the classification of physically distinct ~ is equivalent to 

classifying antisymmetric matrices wab up to conjugation by elements of S0(2, p), 

that is, 

iff (3.1) 

for some yac E 50(2, p). As explained in [56,68], if we slightly extend the equivalence 

relation, so that w' ,...._ w for T~, E 0(2, p), then the problem is equivalent to the 

familiar problem of classifying the matrices up to similarity. The distinct matrices 

are then classified by their eigenvalues and the dimensions of the irreducible invariant 

subspaces associated with them. This extension of the equivalence relation implies 

that we will not distinguish between Killing vectors which differ by a sign reversal 

of some of the embedding coordinates, that is Killing vectors that have different 

orientations. Since the metric in AdSp+l is invariant under orientation reversing 

transformations, the geometrical interpretation of these different discrete quotients 

will he identical. However a distinction will arise in the sign of the flnxcs that 

stabilise the classical configurations. This fact can certainly have consequences 

concerning the supersymmetry preserved by the discrete quotients. 

Since the classification reduces to the study of the eigenvalues and eigenspaces of 

the matrix wab, we can 'build up' the general matrix from the different eigenspaces. 

We will therefore first consider the different possibilities for invariant subspaces 

consistent with the signature of spacetime, and then use these possible invariant 

subspaces as building blocks to construct all the possible iuequivaleut matrices Wab: 

and hence classify the different quotients. In the following we shall say that the 
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matrix Wab is of type k if its highest dimensional irreducible invariant subspace is of 

dimension k. 

The calculations are simplified by observing that as a consequence of the fact that 

Wnb is real and antisymmetric, its cigcnvahws come in groups: if>. is an eigcnvaluc 

of wab then - >. is an eigenvalue of wab, and similarly if >. is an eigenvalue then so is 

>. *. Another useful fact is that if va and ua are eigenvectors of wab with respective 

eigenvalues >. and f..i, so that 

(3.2) 

then vaua = 0 unless >. + f.1. = 0. Note that va etc. are vectors in IR2
,P; the indices 

on w"'" va etc are raised and lowered with the metric T}ab on IR2
,P. Thus, we see that 

IR2 ·P decomposes into a product of orthogonal eigenspaces, but each such subspace 

is associated not with a single eigenvalue >. but with the pair of eigenvalues ..\. - >.. 

We will now study the properties of these orthogonal eigenspaces. 

Let us first discuss the cases with non-degenerate eigenvalues. The simplest 

case is when the eigenvalue is zero; then there is a single eigenvector va, which is 

orthogonal to all other eigenvectors, and by the non-degeneracy of the metric must 

then have vav11 -::f. 0. We can rescale va to set vava = 1, which we will refer to as ).(O,l), 

or v"va = -1, which we will refer to as ).{l,O)_ These cases correspond physically to 

a direction in IR2,P which is not affected by the identification. 

The next possibility is a pair of real eigenvalues, a, -a, a ?: 0. Then we have 

(3.3) 

The only non-zero inner product is lama = 1. To construct an orthonormal basis, 

we take 

(3.4) 

\Ve then have v 1 • v 1 = 1, v2 · v2 = -1, so this subspace has signature ( -+ ). We 

denote this by >. ( 1 ' 1); it corresponds physically to a boost in some IR 1.
1 subs pace of 

IR2,p 

If we have a pair of imaginary eigenvalues, 

(3.5) 
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b 2: 0, the only non-zero inner yroduct is kak*" = l. Now we need to construct the 

orthonormal basis in a slightly different way, because we need to respect the fact 

that the action of Wab on IR2 ·P is real-valued. We can set 

V = -
1 

(k + k*) 
1 vf:2 . ' v2 = ~(k- k*). (3.6) 

Vve then have w"bvr = bv2' w"bv~ = -bvr. We have VJ . V] = 1, V2 . V2 = 1, so this 

subspace has signature ( + +), which we denote by A (o,2). On the other hand, we 

could have chosen 

(3.7) 

This also gives a real action, but now v1 · v1 = -1, v2 · v2 = -1, so this subspace has 

signature (--), which we denote by A (2•0). These two cases correspond physically 

to rotations in IR2 subspaces of IR2·P. 

The final possibility is a complex eigenvalue, which gives us the four eigenvalues 

A, -A, A*, -A* (so we can take A= a+ ib for a, b 2: 0). We have 

(3.8) 

[*'' '*l* Wab = /\ a' (3.9) 

The non-vanishing inner products arc l·m = 1 and l*·m* = 1, sol, 1n and l*, m.* span 

two orthogonal two-dimensional spaces; however, we need to mix them to obtain a 

real basis. If we define 

·v1 = }r(l + l*) + (rn +m*)], 

v3 = ~[(l-l*) +(m- m*)], 

v 2 = ~[(L + l*)- (m+ m*)]. 
2 

v4 = ~[(l -l*)- (m- m*)], 

(3.10) 

(3.11) 

Then we will see that Wab acts on the vi with real coefficients, and they span a space 

of signature (- - ++ ), which we denote AF'2). 

Now we turn to the higher-dimensional irreducible invariant subspaces. If we 

have a k-dimensional subspace associated to the eigenvalue zero, then we can pick 

a basis of vectors mi, i = 1. ... , k such that 

. b 0 
Waf,17Ll = ' Wabm~ = m(i-l)a for i f. 1. (3.12) 
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\,Ve eau then observe that m'im(i-l)a = m}wabm~ = 0 fori = 1, ... , k. We theu need. 

m'imka i- 0 for consistency with the non-degenerate metric. \,Ve can also use (3.12) 

to show 

(3.13) 

and 

(3.14) 

by antisymmetry of Wab· Now imagine k is even. Then these two relations taken 

togethPr imply that 

(3.15) 

in contradiction with the non-degeneracy of the metric. Hence there cannot be k­

dimensional invariant subspaces associated with a zero eigenvalue for k even. For k 

o<.l<.l, (3.13) implies 

(3.16) 

for i + j = k + 1. We can also set all other inner products to zero by a suitable 

redefinition of the basis mf. We can then define an orthonormal basis by 

1 k - 1 
v 2; = ,j'i(rn;- 711-k+l-;) for-i= 1, ... , -

2
-, (3.17) 

and Vk = mk+l/2· We then have v2i-l · v2i-l = -v2; · v2;, and we can choose Vk · Vk 

to be ±1, so the subspace spanned by these vectors has either (k- 1)/2 negative 

signature directions and ( k + 1) /2 positive signature ones, or ( k + 1) /2 negative 

signature directions and (k- 1)/2 positive signature ones. The only possibilities 

which are consistent with embedding as a subspace in IR2,P are )..IIl(l,2) and ).. 111(2,1), 

and ).. V( 2,3l with signature (- - + + +). 

If WP havP a k-dimcnsional invariant suhspace with a real eigenvalue, we must 

have a pair of them; we can define a basis such that the action of Wab is 

(3.18) 

and 

(3.19) 
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By repeatedly using these relations, we can show that l; · l1 = 0 and m; · mj = 0 

for all i, j. We can also show m 1 · l; = 0 for i =/- k; we then need m 1 · lk =/- 0 for 

non-degeneracy. As in the case of a zero eigenvalue, we learn that 

(3.20) 

for i + j = k + 1, and we can set all other inner products to zero by a suitable 

redefinition of the basis. An orthonormal basis is then formed by taking 

1 
v2; = J2(l;- mk+I-i) fori= 1, ... 1 k. (3.21) 

We then have v2i-l · v2i-l = -v2; • v2;, so the subspace spanned by these vectors has 

an equal number of negative and positive signature directions. The only possibility 

consistent with being a subspace of IR 2
'P is .\:!('2,2

), which has signature (- - ++ ). 

If we have a k-dimensional invariant subspace with an imaginary eigenvalue, we 

must again have a pair of them; we can define a basis such that the action of Wab is 

(3.22) 

and 

k*b 'bk* Wab 1 = -?. 'la> Wabk7b = -ibk7a + k(i-l)a for i = 2, ... 1 k. (3.23) 

By repeatedly using these relations, we can show that k; · kj = 0 and k; · kj = 0 

for all i, j. We can also show k 1 • k; = 0 for i =/- k; we tlH'\n need k 1 • k'k =/- 0 for 

non-degeneracy. As in the case of a zero eigenvalue, we learn that 

k k* - ( 1)i+lk k* i'j-- l'k (3.24) 

for i + j = k + 1, and we can set all other inner products to zero by a suitable 

redefinition of the basis. The action of w becomes real if we define new vectors 

w; = ~(k; + k;) and .7:; = )2(k;- k;). There is then ·a technical difference between 

even and odd dimensions: in even dimensions, the non-zero inner products are w; · x j 

for i + j = k + 1, and an orthonormal basis is formed by taking 

1 
v2; = J2(w;- Xk+J-i) fori= 1, ... , k, (3.25) 

We then have v2i-l · v 2;_1 = -v2; · v2;. Thus, in even dimensions, we have a subspace 

with an equal number of positive and 11egative directions, and the only possibility 
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in !R2·P is J\[ !(2
,
2
), which has signature (- - ++). In odd dimensions, the non-zero 

inner products are w; · Wj = x; · Xj for i + j = k + 1, and an orthonormal basis is 

formed by 

1 k- 1 
v2; = J2(w;- Wk+I-i) fori= 1, ... , 

2 
(3.26) 

(3.27) 

1 . k+3 
v2; = J2(x;- Xk+l-i) for z = -

2
-, ... , k. (3.28) 

We then have V2;-1 · v2i-1 = -v2; · v2; except fori= k~ 1 ; vk · vk = Vk+l · Vk+l· The 

subspace thus either has k-1 positive and k+1 negative directions or vice-versa. The 

only possibility in !R2·P is )\ 11 1(2•4), which has signature (- - + + ++). In the special 

case b = 0, which will be important later, J\ 111(2 ,4) reduces to a pair of J\111(1,2l-that 

is, to a pair of null rotations in independent subspaces. Finally, we could consider 

invariant subspaces of dimension k associated with complex eigenvalues. We will 

not give the details here, as it does not lead to any cases that fit inside !R2
·P. The 

subspace associated with the set of four complex eigenvalues always has at least 2k 

negative directions. 

We have now caknlated the possible invariant subspaces that can occur in onr 

w'ab· 
2 Let us consider how we can assemble these blocks to form an p + 2 dimensional 

matrix Wab· For p even (which includes the case p = 4 which we are particularly 

interested in), the possibilities are 

• Type I 

)\ (2,2) 
c 

+ p- 2 )\_(0,2) 

2 ' 

!R + p- 2 )\(0,2) 

2 ' 
+ ~)\(0,2). 

2 
)\ (2,0) 

Where the coefficient in front of a )\ corresponds to the munber of times that 

type of invariant subspace appears. 

2 Naturally, the sallle classification can be applied fur the Lurentz group SO(l, p) in IR 1·7'; in 

that case, the uuly possible suuspaces are >.,(O.I), ).,O.OJ, >.,(1,1)' >..< 0 •2l, and >.,lll(1. 2 l, currespuudiug 

tu trivial directions, buu:;ts, rotation:; a.ud null rotations respectively. 
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• Type J J 

IR 

• Type IJ I 

)..JJJ(2,4) 

0 (a) )..JJJ(1,2) 

0 (b) )../Il(2,1) 

0 (c) )../I !(1,2) 

• Type V 

).. \1(2,3) 

)../I(2,2) 
r 

+ p- 4 )..(0,2) 

2 ' 

+ )..(0,1) 

+ )..(0,1) 

+ )..(1,0) 

+ p- 2 )..(0,2) 

2 ' 
+ p- 2 )..(0,2)_ 

2 

+ )..(1,1) _J_ p- 4 )..(0,2) 
I 2 J 

+ p- 2 )..(0,2) 

2 ' 

+ p - 2).. (0,2). 

2 

+ )..(0,1) + p- 4 )..(0,2) 

2 
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To discuss the physics of these different cases, we need a convenient representative 

of each case. It is easy to construct suitable representatives; in most cases, this is a 

minor gmeralisation of the analysis of [56, 68]. For fc this is 3 

(3.29) 

with a, b; 2: 0. The norm of this Killing vector is 

(3.30) 

Thus, this Killing vector can be everywhere spacelike for b1 = 0, but its norm is 

unbounded from below for b1 of. 0. For type /fR we have 

(3.31) 

3Recall that we have identified Killing vectors differing by conjugation by 0(2, p); if we only 

identified under conjugation by S0(2, p), we should take bi, i 2 2 to run over the reals, and 

~ = b1 ( -J12- h4) +a( -]1·1 - h3) + b2J55 + b3J78 + · · · + b~ J,+tp+2 and~= b, ( -1,2 + h.t) + 

u(J,4 + h3) + b2J5G + b3hs + · ·· + bfjlr+Ip+2 for a,b1 2 0 would also count as distinct cases. 

Similar remarks apply in the other cases to follow. 
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with norm 

(3.32) 

This is everywhere spacelike for a 1 = a 2 (using TJ 0 bXaXb = -1), which is equivalent 

to type le with b1 = 0. For a1 -f. a2 the norm is unbounded from below. For type / 0 

we have 

(3.33) 

with norm 

(3.34) 

For b1 = 0, this is spacelike away from the a..xis xi = 0. i 2: 2, where the Killing 

vector degenerates, so this axis is a line of fixed points. For type !fiR we have 

(3.35) 

with norm 

(3.36) 

For a = 0, this is spacelike except ou the subspace .Ti = 0, i 2: 4, where the Killiug 

vector is null. For type I 10, we have 

(3.37) 

with norm 

~tJ-~11 -bi(l + llx_LII 2
) 

+2bl ( (x1 + ::r4)2 + (x2 + x3) 2) 

+b~(x; + .T~) + · · · + b~ (x;+I + x;+2). 
2 

(3.38) 

For b1 = 0, this is the same as type l fiR with a= 0 (as one would expect). For type 

I I 10 we have 
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with norm 

(3.40) 

This is everywhere spacelike if b = 0. For type lll0 (a) we have 

(3.41) 

with norm 

(3.42) 

for type TT To(b) we have 

(3.43) 

with norm 

(3.44) 

and for type lll0 (c) we have 

(3.45) 

with HOnll 

c: C:f.l - ( . . )2 b2 (' .2 .2) b2 ( .2 .2) b2 ( .2 ' 2 ) .,11 ., - x1 + x 4 + 1 .z 5 + x 6 + 2 x7 + x 8 + · · · + p-2 xp+I , xp+ 2 . 
2 

(3.46) 

This last case is spacelike everywhere away from the subspace x1 + x4 = 0, xi 

0, i :2: 4, where it is nnll. Finally, for type V we have 

(3.47) 

with norm 

(3.48) 

When p is odd, the possibilities arc slightly different: 
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• Type f 

,\ (2,2) 
c 

IR 

,\ (2,0) 

IR(O) 

• Type f f 

IR ,\ l/(2,2) 
r 

,\ l/(2,2) 
I 

• Type II I 

,\I l/(2,4) 

0 (a) ,\ lll( 1.'2) 

0 (b) ,\l//(2.1) 

• Type V 

,\ V(2,3) 

+ ,\ (0,1) + p- 3 ,\(0,2) 

2 ' 
+ p- 3 _\(0,2) 

2 , 

+ p- 1 ,\(0,2) 

2 
+ _\(0.1) , 

P -1 + --,\ (0,2). 
2 

+ ,\(1,0) p- 3 (0 2) + --,\ ' 2 , 

+ ,\(0,1) + p - 3 ,\ (0,2). 

2 

+ ,\(0,1) + p- 5 _\(0,2). 
2 . 

+ _\(1,1) 
p-3 + --,\(0,'2) 

2 ' 
+ p- 1 ,\(0,2) 

2 , 

+ p - 3 ,\ (0,2). 

2 
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The physical interpretation of each block is now clearer. As mentioned above 

_\(0,1) _\(1,0) _\( 1,1) _\(0 ,2) _\( 2•0 ) correspond to trivial directions boosts and rotations 
' ' ' ' ' 

respectively. We have two distinct null rotations: a null rotation ,\l//( 1,2) involving 

two spacelike directions and a null rotation ,\ 111 ('2, 1 l involving two timelike direc­

tions. There are three types of non-trivial four-dimensional elementary blocks: a 

linear combination of timelike and spacelike null rotations deformed by the addition 

f 1. 1· t. f] t ,II(22) l"ff l f t. ,II('2'2). l . th o a ll18ctr com )llla .1on o )OOs ,s /\r ' , a ( 1 crent ( 8 orma .wn A; ' 1nvo v1ng , c 

addition of a timelike rotation and a spacelike rotatim~, and finally a linear combina­

tion ,\~2 ' 2 ) of two actions involving a timelike and spacelike rotation on one side and 

a linear combination of boosts on the other side. There is only one five-dimensional 

elementary block, ,\ V('2.~), which can be interpreted as the linear combination of a 
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timdikc null rotation aud two spacelikc null rotations sharing the time direction and 

one of the spacelike directions. The last elementary block, )./ II(2 ,4), appears in six 

dimensions, and it consists of a double spacelike null rotation acting on orthogonal 

subspaccs, rl.dormcd by a simultaneous rotation in the plane formerl. by the two 

timelike directions and two orthogonal spacelike planes. 

For the cases which occur for both even and odd p, the difference between the 

two cases is just that for either even or odd p. there is a direction which does not 

participate in the quotient; that is, they differ by a factor of _x(O,l). It is therefore 

not worth repeating the expressions for the Killing vectors in these cases for p odd. 

For the one new case, type /IR(Ol, the Killing vector is 

(3.49) 

with norm 

For a = 0, this is the same as type Tu with b1 = 0 in odd dimension. It is spacelike 

away from X; = 0, i 2: 3, which is an axis where the Killing vector degenerates. 

Recall that we id<~utificd Killing vectors differing by conjugation by 0(2, p). 

\Vhen considering the amount of supersymmetry preserved by a quotient we need 

to consider the SO( 2, p) classification of [ 69]. The -corresponding Killing vectors 

an~ given in table 3.1, notice that now some of the blocks come in pairs A±. It 

can be checked that one element of the pair is always mapped into the other by 

an orientation-reversing transformation. It should be stressed that in table 3.1, we 

have not constrained the range of the different parameters appearing in these Killing 

vectors. For a complete discussion coucerniug these constraints, we refer the reader 

to [69]. 

This completes the basic classification of different one-parameter subgroups of 

80(2, p). Wf'. havf'. observed that thf'. Killing vf'.ctor (kscribing each distinct type 

of quotient naturally decomposes into an so(2, n) Killing vector, with n ::; 4, and 

a series of so(2) rotations in independent planes. In section 3.4 we will construct 

a coordinate system which makes this decomposition explicit. Then the action of 

a givcu quoticut on AdSp+l can be simply expressed iu tenus of the action of the 
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Block Killing Vector 

_A(0, 2) bh4 

_A( 2,0) b112 

.\~~(2 '2 ) ±112 + J13 =F 124 - h4 +a( l14 =F ln) 

.\{~(2 ' 2 ) ±(b + 1)112 + (b- 1)134 + ]13 =j= 124 

.\~~2 ) b(±J12- J34) + a(J14 =F h3) 

Table 3.1: The Subspaces as orientation preserving Killing vectors. 

corresponding quotient on AdS3 (or AdS4 or AdS.5) subspaces of the AdSP+ 1 together 

with rotations in an orthogonal sphere. In addition, the action of the quotient on 

the boundary of AdSP+ 1 for p > 2 (p > 3, p > 4 respectively) is also expressed in 

terms of the action ou the bulk of the lower-dimens~oual space. This observatiou 

will be used extensively in the study of the physics of these quotients. 

The main purpose of this section was to explore the extension of the classification 

of one-parameter quotients of AdS,+ 1, discussed in [56, 68] for the cases p = 2, 3, to 

the general case. This extension proved to be reasonably direct. Perhaps surpris­

ingly, there was little novelty in the general analysis; almost all the cases that appear 

for general p have appeared already for p = 2 [56] or 3 [68]. The one exception, type 

f f ! 0, extends a particular quotient considered for the case p = 4 in [57]. 
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3.2 Infinitesimal isometries of spheres 

Here we set up the notation to describe the Killing vectors on spheres. For this 

purpose, we find it convenient to identify the q-sphere of radius R with the quadric 

traced by 
q+l 

~ 2 2 ~X; =R (3.51) 
i=l 

in !Rq+l_ This has the virtue that the isometry group of the quadric, 0( q + 1) acts 

linearly in the ambient Euclidean space. We shall restrict this group to the subgroup 

SO( q + 1) which preserves the orientation. 

The conjugacy theorem for Cartan subalgebras of so(q + 1) allows us to bring 

any Killing vector ~s on S'~ to the form 

1" 

~s = L 8; R2i-1,2; , 

i=l 

(3.52) 

where r = l q;l J, R;i stands for a rotation in the ij-plane and the 8.; are real 

parameters specifying the rotation angles. This still leaves the freedom to conjugate 

by the Weyl group, which we can fix by arranging the parameters in such a way that 

For odd-dimensional spheres, Killing vectors with all 8; -:f. 0 are everywhere nonva-

nishing, whereas in evcn-climensional spheres every vector fielcl, Killing or not, has 

a zero. 

It will be convenient in what follows to construct a coordinate system for Sq 

adapted to a given Killing vector E.s; that is. one in which E.s = (-)~,. Let us describe 

in detail the case of even-dimensional spheres. First, rewrite (3.51) as 

(3.53) 
i=l 

in which we introducer complex coordinates for the two-planes where the action of 

(3.52) may be non-trivial. A natural way to solve (3.53) is by 

X2r+l = R COS 8 
r 

z; = H sin 8 p; ei<p, where L p~ = 1 
i=l 

(3 .. 54) 
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It is clear that in coordinates { B, Pi, 'Pi}, 

~s = L B; a'Pi l 

i=l 

whence by a linear transformation in the space { tp;} we can rewrite ~s as 8,;,. Indeed, 

assume 81 =I 0, and consider 

By construction, ~s becomes ()~,. 

The case of odd-dimensional spheres follows formally from the above by setting 

(} = 1r /2 in the above expressions. 

3.3 Causal properties of AdSp+l quotients and their 

deformations 

In Section 3.1 we reviewed the classification of one-parameter subgroups of isometrics 

of AdSp+l· The small number of elementary blocks notwithstanding, the taxonomy 

of inequivalent discrete quotients increases quickly with dimension due to the pos­

sibility of combining the action of different blocks acting in orthogonal subspaces of 

IR 2
·P. Lack of spacetime prevents us from discussing all possible quotients in detail. 

Our primary criterion will be that a quotient should have a well-behaved causal 

structure. 

Vve can divide our quotients into three different subsets according to whether 

• the norm of the associated Killing vector field is non-negative (Table 3.2); 

• the norm can take negative values, but is bounded below (Table 3.3); and 

• the norm can take arbitrarily negative values (Table 3.4). 

The quotients generated by Killing vectors with unbounded norm clearly contain 

closed timelike curves corresponding to the very orbits of the Killing vector in regions 

where it is timelike. Furthermore, even when we consider quotients of AdSp+l X sq 
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Type of Quotient 

IIIR± if a= 0 

I I Io(cl 

I !In± if b1 = 0 

Table 3.2: Quotients generated by everywhere non-timelike Killing vectors. 

Type of Quotient 

I 0 if n is even and lb; I 2: b1 > 0 for all i 

Tahlc: 3.3: Quotients generated by somewhere: timelike Killing vectors which have . . 

norm bounded below. 

by adding a nontrivial action on the sphere, the resulting Killing vector will still be 

timelike somewhere, so the quotie1its will still have closed timelike curves. Therefore 

the only way in which these quotients will enter into our discussion is in asking 

whether any of them lead to 'black hole' spacetimes. 

The quotients generated hy the Killing vectors in Table 3.3 also clearly contain 

closed timelike curves. However if we consider quotients of AdSp+l x Sq, the Killing 

vector can be made everywhere spacelike by adding a suitable action on an odd­

dimensional sphere. Since odd-dimensional spheres admit Killing vectors whose 

norm is pinched away from zero, whence the total Killing vector 

~=~AdS+ ~S (3.56) 
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Type of Quotient 

Io unless n is even and lb; I ~ bt > 0 for all i 

fin± unless lbd ~ lbtl ~ 0 for all i 

I fiR± unless a = 0 

I IIo(a) 

TT fo(b) 

I I In± unless b1 = 0 

V 

Table 3.4: Quotients generated by Killing vectors with norm unbounded below. 

may be spacelike even if ~Ads is not. This can only happen if the norm of ~AdS is 

bounded below, since the norm of ~s is bounded above by compactness of S'~. 

The property of being spacelike everywhere is a necessary condition for the ab­

sence of dosed causal curves, but it is certaiuly not sufficieut (see [115] for another 

example where it fails to be sufficient and a statement of a sufficient condition, 

and [116] for a discussion on this topic and its relation with U-duality). Indeed, we 

will show presently that even when ~ is everywhere spacelikc, if ~Ads is timclikc in 

some region D C AdSp+l> then any discrete cyclic quotient associated to~= ~Ads+~s 

will have closed timelike curves in the region ( D x Sq) /f of the quotient. The key 

point in the argument is to exploit the fact that the sphere has bounded diameter 

in order to construct a timelike curve between two points identified by the action of 

r which, as in [115], is different from the integral curve of ~. 
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Let us first illustrate this construction with a simple example, which is depicted 

in Figure 3.1. 

271 --~-
-- ;- -r T 7 I I 
I I I . . i: I I I ·j 

I I I I I I 
I I I I 

I 
I I 
I I 

T 

Figure 3.1: Closed timelike curve in a discrete quotient of the Lorentzian cylinder. 

The dotted lines represent the "lightcones" at x and at 1N · x. Notice that although 

the orbit of~ is spacelike, the straight line between x and 1N · :r; is timelike. 

Let C = (IR/27r 1) x IR denote a Lorentziau cylinder coordinatised by ( e, T) and 

flat metric d(}2 - dT2
. Let ~ = ao + aaT be a spaeelike Killing vector, so that a 2 < 1. 

The integral curve of~ through a point ( (}0, To) is the curve 

l f----> ( Bo + l, To + a l) . 

Let us define an action of 1 on C, generated by the operation of flowing along the 

integral curves of ~ for a time e > 0: 

Consider the two points ( ()) T) and ( () + Ne, T + aN£)) which are identified in the 

quotient C /1. The geodesic joining this point to ( (), T) is the straight line 

t f----> ([() + tN£], T +aN£) , 
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where[-] dcuotes the residue rnodulo 27T. The norm of the velocity of this curve is 

therefore 

which is clearly negative for N large enough. This curve is therefore a closed timelike 

curve in the quotient C /Z. 
Now let us go back to the general case. Let 1 = exp(£X) for some X E g and 

f > 0, aud let E. = f.AdS + E.s be the Killing vector correspondiug to X, with f. AdS 

timelike in some nonempty region D C AdSp+ 1 . Let x E D x S". Since the norms of 

each component f. AdS and E.s are separately conserved along the integral curves of E,. 

these belong to D x Sq, and hence so does 1 · :r. For those Killing vectors with AdS 

component in Table 3.3, the associated discrete cyclic groups r have infinite order, 

so we can consider points x and 'YN · x for N arbitrarily large, which will give rise 

to the same point in the quotient. We will construct a curve 

c: [o, N£] ____, Adsp+l x sq 

between c(O) = :r = (:rAdS, xs) and c(JV£) = "(N · x = (bN · x)Ads, bN · x)s) which 

will be timelike for N sufficiently large and hence becomes a closed tirnelike curve 

in the quotient. 

The curve c is uniquely specified by its two components: cAdS on AdS,+ 1 and cs 

on sq. We will take CAdS to be the iutegral curve of f. AdS l and Cs to be a minimum­

length geodesic between xs and bN · x)s- Let L denote the diameter of the sphere; 

that is, the supremum of the geodesic distances between any two points. Then the 

arc-length along cs satisfies 

1
Nf. 

0 
llcslldt = N£11csll ~ L , 

where the equality is because IICs 11 is constant along cs and the inequality is because 

cs is length-minimising. Therefore, 

which is negative in D X sq for N large enough. 

Let us remark that this argument applies to any Freund-Rubin background of 

the form AdS X N, or more generally rvr X N, \Vith !v[ Lorentziau admitting such 
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isometrics, at least when N is complete. Indeed, the supergravity equations of 

motion force N to be Einstein with positive scalar curvature. By the Bonnet-Myers 

theorem (see, e.g., [108, Section 9.3]), if N is complete, then it has bounded diameter. 

This leaves the case:-:; in Table 3.2, where the AdS Killing vector is nowhere 

timelike. It is clear that the above argument for closed timelike curves fails in this 

case. One should note that this still does not directly imply the absence of closed 

timelike curves; however, we will see in the next section that there are in fact no 

closed timelike curves in any of these cases. 

\Ve should also note that in the cases where the Killing vector is null somewhere, 

namely In with b1 = 0, I I la( c) and I IW<± with a = 0, we can use a similar argument 

to see that some quotieuts of AdSp+I x Sq still produce closed causal curves. The 

point is that if we choose£ such that exp(£xs) E SO(q+ 1) has order N, then x and 

x' =IN · x can be null separated, as x~ = xs, and the separation in the AdS factor 

is null if II~Adsll = 0 at J:. Physically, this corresponds to deforming by a rotation 

with rational angles on Sq. 

Clearly, however, deformations for which Is does not have finite order do exist, 

and will not lead to closed causal curves by any of our arguments above. Hence, we 

should discuss all the cases listed in Table 3.2 iu the uext section, as they eau all 

give rise to causally non-singular quotients. 

3.4 Causally non-singular quotients 

In this section, we shall discuss in detail the geometry of the discrete quotients that 

arc free of closed causal curves. These arc based on the subgroups listed in table 3.2, 

conveniently deformed when necessary by some non-trivial action on an odd sphere 

leaving no invariant directions, so that the full Killing vector field (3.56) is spacelike 

everywhere. 

Before iuitiatiug such a task, we would like to commeut ou the general philosophy 

that we shall apply in each of the particular geometries to be discussed. We know the 

Killing vector describing each distinct type of quotient naturally decomposes into 

an .so(2, n) Killing vector, with n ~ 4, and a series of .so(2) rotations in independent 
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planes. Thus given any Killing vector in table 3.2, we can study the geometry of the 

corresponding discrete quotient in different dimensional AdS spacetimes, starting 

with the minimal (2, n) signature in the embedding space IR(l,m). Besides that, we 

can also study further deformations on the sphere sector of the discrete quotient. 

It is therefore natural to start our analysis in the lowest dimensional AdSp+l X sq 

spacetime allowing our causally non-singular quotients, and afterwards, extend such 

an analysis to higher dimensions. 

This latter extension is entirely straightforward. Indeed, g1ven some adapted 

coordinate system describing the action of ~AdS in AdSn+l, it is very simple to 

construct an adapted coordinate system describing the action of the same Killing 

vector field iu AdSJ>+ 1 with p > n. This is just obtained uy consideriug the standard 

AdSn+l foliation of AdSp+l given in terms of the embedding coordinates by 

x; = cosh X xi i = 1, ... , n + 2 
(3 .. 57) 

xm = sinh X xm m = 1, ... p - n 

where x is non-compact and { ;];i} satisfy the quadric defining relation giving rise to 

AdSp+I, whereas {:1:'"} parametrise au sp-n-l sphere of unit radius. For p = n + 1, 

the range of x is given by -oo < x < +oo, whereas for p - n 2: 2, it is simply 

given by x 2: 0. The metric description of AdSp+l in the AdSn+J foliation defined 

in (3.57) is 

2 2 . 2 
9AdSp, 1 = (coshx) 9AdSntt + (dx) + (smhx) 9sp-n-t . (3.58) 

The foliation given by (3.58) also gives us an interesting description of the asymp­

totic boundary. If we assume p - n 2: 2, taking the limit x ____, oo and conformally 

rescaling uy a factor of e- 2x, we eau describe the asymptotic bouudary in terms of 

an AdSn+l X sp-n-l metric, 4 

(3.59) 

4 For p- n = 1, we would have -oo < X < oo, and conformally rescaling by a factor of e- 2 1xl 

as we take the limit lxl ----> oo, we would get a description of the boundary in tenns of two AdSr 

patches, each covering one of the hemispheres of the sr-t in the usual Eiustein static universe 

IR X sp- I dcscriptiOil of the houlldary of AdSp+ 1. 
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To sec the rclatiou of this coordinate system to the ·usual Einsteiu static universe 

description of the conformal boundary, let us write the AdSn+l metric in global 

coordinates, 

l 2 i 2 l 2 . h2 
.rJAdSn+ 1 =- COS1 prJ + Lfl + Sll1 fJ9sn-l 

Then defining cos B = 1/ cosh p, we can rewrite (3.59) as 

1 ( 2 2 ·2 2 
98 = ~B -dt + d() + sm Bgsn-1 +cos Bgsp-n-1 ). 

cos 

(3.60) 

(3.61) 

This shows that the metric in (3.59) is indeed conformal to the Einstein static 

nniversc metric on IR X sp- 1
, where WC me writing the sp- 1 as an sp-n-l fibred over 

an S". The coordinates of (3.59) cover all of the Einstein static universe apart from 

the IR X sil-l submanifold where cos() = 0, which is conformally rescaled to become 

the boundary of the AdS 71 +1 factor in (3.59). 

If there is a global adapted coordinate system for the action of ~AdS on AdSn+I, 

we can use the above foliation to construct an adapted coordinate system for the 

action on AdSP+ 1. If we deform the action by >. (0,2) blocks, these will act as rotations 

of the sp-n-l factor in the above foliation. 

\¥hen we consider the deformation of our AdS quotient by some non-trivial action 

on the transverse sphere, we have two approaches to the construction of an overall 

adapted coordinate snch that the total Killing vector ~ = o'P for some coordinate cp. 

In most of the cases we con:oider5 , there is a globally well-defined adapted coordinate 

on AdSp+I such that ~AdS = Oq,. As noted in Section 3.2, there is always a global 

adapted coordinate system for the Killing vectors in the sphere, in which ~s acts by 

a simple "translation", i.e. ~s = 0.;,. Consequcutly, the full generator of the discrete 

quotient is 

~ = oq, + rB.;,, (3.62) 

By a linear transformation, cp = cp, '1/J' = 'ljJ - /rP, ~e are able to write ~ = o<p. 

This coordinate system is very convenicut for studying the causal structure aud 

asymptotic structure of the resulting quotient, so this is the technique we shall 

mostly employ. 

5The only exceptions are where the AdS Killing vector has fixed points. 
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Uufurtuuately, there are examples where there is no such global adapted coor­

dinate system on AdS. The example of this type we shall be concerned with is the 

quotient by a Killing vector with a single .>./ I/( 1,2) block. In this case, we need to use 

a different technique, exploiting the existence of adapted coordinates on the sphere. 

The full Killing vector field (3.56) can always be written as 

C: = 81/1 + ~AdS · (3.63) 

\Ve can therefore write ~ as a dressed version of its "translation" component accord-

ing to 

~ = u a1/J u- 1 where U = exp ( -1/J ~Ads) . (3.64) 

Consequently, if the original coordinate system was given by{-!;'.', z1}, where z1 stand 

for all the remaining coordinates describing the manifold AdS,+ 1 x Sq, it is natural 

to change coordinates to an adapted coordinate system defined by 

y = u z' (3.65) 

which indeed satisfies the property~ y = 0, so that {y1} are good coordinates for the 

space of orbits. Equivalently, C: = 81/J in the coordinates (3.65). Thus, we obtain an 

adapted coordinate system ou the full quotieut for auy AdS Killiug vector. For the 

case at hand, we split the coordinates {z1} appearing in the above discussion into 

{z1} = {',O;,i}, where {i} stand for the embedding coordinates of AdSp+1 in !R 2
·P. 

Since ~AdS is a Lon~nb>: transformation in !R2,P, its action on i can he defined by 

C:AdS ;[ = f3 :c 1 (3.66) 

where B is a (p + 2) x (p + 2) constant matrix. Thus, if( 1/J, i) = e-1/• 13 i, so that 

(3.67) 

One can now compute the metric in adapted coordinates { 1/J, ',0;, if}. This can be 

written as 

(3.68) 

where the first two terms are just describing the metric on sq in the adapted coor­

dinate system { 7/1, cp;} iutrodueed in Seetiou 3.2, and ~AdS stands for the one-form 
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associated with the Killing vector ~Ads, that is, 

(3.69) 

After these general considerations, we shall now proceed to discuss the different 

gPomdrir.s that appear in these disc:n~te quotients of AdSP+ I X sq. 

3.4.1 Non-everywhere spacelike ~Ads 

Let us first discuss the three cases in which .;AdS is not always spacelike. The first of 

these is T0 with b1 = 0, corresponding to the quotient of AdSp+l by some combination 

of rotations in orthogonal two-planes IR 2 in the embedding space. These quotients 

produce special cases of the conical defects, which were discussed extensively in, 

for example [97]. An interesting discussion of the properties of the supersymmetric 

orbifolds in string theory is also given in [109, llO]. We will not discuss this case 

further here, except to note that it is for these quotients where the existence of a 

spin structure is not guaranteed. The condition for the existence of a spin structure 

was discussed in [3]. 

To consider the other two cases in Table 3.2 which are not always spacelike, 

I l Io(c) and I fiR± with a = 0 , we follow our general strategy, and start by describing 

t.hf' action of >J Il(l,2) or .>.: T('2.'2) with a = 0 in AdS3 . The action of a more general 

Killing vector of this form on AdSp+I can then be built up by considering the AdS3 

action deformed by the rotations ). (0,2) on the sp-3 in the AdS3 X sp-3 foliation of 

(3.58). We will then add in the deformation on a transverse sphere Sq to obtain an 

everywhere spacelike quotient. 

For the quotient of AclS3 by ). ' 11 (1•
2

), the relevant Killing vector is 

(3.70) 

This Killing vector is spacelike almost everywhere, II.;AdsW = (;r 1 + x4) 2. There is a 

single other Killing vector in so(2, 2) which commutes with this one, 6 = 1 12-124· It 

has norm 11.;1 11 2 = -(J; 1 + J::,i) 2 . The most convenient coordinate system for studying 

this quotient is Poincare coordinates. The form of the Killing vectors in Poincare 

coordinates was reviewed in section 2.2. It is easy tu see from those expressions that 
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in the case of )·/ 111 1·
2

), we can orient the coordinates so that ~AdS = Ax and ~~ = At, 

where the AdS3 metric in Poincare coordinates is 

1 ( 2 2 2) 9Ads3 = _2 -dt + dz + dx 
"' 

(3.71) 

\Ve see that the effect of the quotient is simply to make the coordinate x periodic. 

The Killing vector ~AdS becomes null on the Poincare horizon z = oo where this 

coordinate system breaks down. In terms of the embedding coordinates, this is 

the surface Xt + :1:4 = 0, where ~AdS = x3 (81 - 84 ). We note that this symmetry 

has a null liue of fixed points at :r 1 + :c4 = :r:l = 0 (pararnetrised by :r: 1 - :r4 ). 

A way from the fixed points, the identification along ~AdS will generate closed null 

curves in the Poincare horizon. These can be eliminated by deforming this quotient 

by a suitable: action on an odd-dimc:nsional sphc:rc:. Since we do not have: a good 

global coordinate system on this quotient, the best way to describe the causally 

regular deformed quotient will be to use the coordinates adapted to the action on 

the transverse sphere, as described at the end of the last subsection. We will not 

give the details of the application of this general technique for this particular case; 

we just remark that for this case, the matrix B defined in (3.66) is 

B= 

0 0 -1 0 

0 0 0 0 

-1 0 0 1 

0 0 -1 0 

(3. 72) 

Following the: supersymmc:try analysis in [G9], it is easy to conclude that for a suitable 

choice of sphere deformation, the above quotient pr~serves v = i of the vacuum 

supersymmetry, that is, it has four supercharges. 

For the case where we introduce a deformation on a transverse 83
, we can m-

terpret the quotient as the near horizon geometry of a 01-05 system that has been 

quotiented by the action generated by 

in which .r stands for the common direction shared by the 01-05 system, and R-;j 

stand for rotations transverse to the D1-D5's. In the lauguage developed in [106,107], 
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this asymptotically flat spacetirnc would correspond t.o a Dl-D5 system in a generic 

intersection of flux 7-branes vacuum. Whenever fh = ±82 , it would be interpreted 

as a Dl-D5 system in the flux 5-brane vacuum, which also has four supercharges. 

Note that the standard supersymmd.ry enhancement due to the near horizon limit is 

lost in this quotient, as the generator Bx, which does not break any supersymmetry 

in the asymptotically flat spacetime construction, becomes a null rotation generator 

from the AdS perspective, which breaks one half of the supersymmetry. 

We would also like to understand the boundary of this quotient. In the Poincare 

coordinates (3. 71), the global AdS boundary is written in terms of an infinite series 

of flat space patches, 

(3.73) 

The action of the Killing vector on the AdS boundary compactifies the spatial co­

ordinate .r; it might therefore seem that the quotient will have an infinite sequence 

of boundaries. However, the Killing vector only has isolated fixed points on the 

boundary, at the points where the line of fixed points .r1 + .r4 = .r3 = 0 meets the 

boundary. In Poincare coordinates, these correspond to the points at past and fu­

ture timelike infinity and at spacelike infinity. The different boundary patches are 

therdore connected. We can extend the Poincare coordinates to cover more of the 

boundary by defining 

v = t- x, tan T = t. (3.74) 

The boundary metric then becomes 

1 2 2) Yii = --
2 
-( -2d-u dT +cos Tdu , 

cos T 
(3.75) 

and the Killing vector we quotient along is ~AdS = dv. Since we only have a confonual 

structure on the boundary, we can ignore the overall factor in this metric. In the 

resulting metric, we see that the direction we quotient along is spacelike except 

when T = (n + l/2)1f, where it becomes null. These·points correspond to one half 

of future and past null infinity in the original Poincan~ coordinates. This coordinate 

system covers the whole of the conformal boundary with the exception of a null line 

corresponding to one half of past and future null infinity in each Poincare patch. 

Vve could construct a similar coordinate system by defining 11 = t + .T-it would 



3.4. Causally non-singular quotients 47 

then cover that half but not the one where t - .7: remains finite. We can think of the 

field theory dual to the quotient along a null rotation as living on the cylindrical 

space described in (3.75), which has closed null curves at T = (n + l/2)7r.6 Since 

the deformation by an action on a transverse sphere does not alter the action on the 

boundary, it cannot remove these closed lightlike curves in the dual theory. 

A more interesting example of a not everywhere spacelike quotient is ).~~( 2 ' 2 ) with 

a 1 = 0, where the Killing vector we quotient along is 

(3.76) 

respectively. Both are null everywhere, ll~tdsll 2 = 0. From now on, we shall focus 

on ~1ds; there is an analogous discussion and structure for ~AdS. There are three 

other Killing vectors in so(2, 2) commuting with ~1ds> 

(3.77) 

These satisfy 

(3.78) 

so they define an sl(2, IR) symmetry which commutes .with ~1r~s· This sl(2, IR) struc­

ture appears because when we write so(2, 2) = sl(2, IR) EB sl(2, IR), the ).~ 1 ( 2 '2 ) Killing 

vector lies entirely in one of the sl(2, IR) factors. A similar structure will reappear 

for the same reason in our discussion of the self-dual orbifold in section 3.4.2; it was 

first identified in that context in [104]. 

We would like to adopt a coordinate system adapted to this symmetry. Since 

the ~i do not commute, we can only adapt our coordinates to one of them. We note 

that ll~1ll 2 = 11611 2 
= 1, 11611 2 = -1. Since onr interest is in causal structure, it 

seems natural to adapt the coordinates to the timelike vector 6. We therefore want 

to construct a coordinate system (t, v, p) on AdS3 such that ~1ds = av and ~2 =at· 

6 There are some obvious similarities between this construction and the Milne coordinate system 

on the orbifold of flat space by a boost. 
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This requires 

(3. 79) 

A combination which is thus independent of t, v is .(x4 
- x 1 

)
2 + (x3 - x2 ) 2 . We 

will choose the p coordinate so that this combination is e2
P. A suitable coordinate 

system satisfying these criteria and the condition -x~ - x~ + x~ + x~ = -1 defining 

the AdS3 embedding is 

x 4 + x1 = -e-Psint- 2vePcost, 
(3.80) 

x:l + x2 = -e-Pcost + 2ve"sint. 

The inverse coordinate transformation is given by 

2p - ( .4 . 1 )2 ( 3 2 )2 f'; -X -.r + .T -.7: , 

x4- xl 
tan t = x3 - :r:2 ' 

v = e-2p { [(x3 + x2) + e-2p(x3- x2)]2 + [(x4 7- xl) + e-2p(x4- xl)J2} 

(3.81) 

Since these give finite values oft, v, p for all points in AdS:1, this coordinate system 

covers the whole spacetime. In terms of these coordinates, the metric is 

(3.82) 

In this coordinate system, the other two Killing vectors are 

~I =sin 2t ap +COS 2t (Ot - e- 2pa11 ), 

(3.83) 
6 = -cos 2t ap +sin 2t (at- e-2pav) . 

We see that making identifications along the Killing vector a, will produce closed null 

curves. To eliminate these closed null curves, we should introduce a deformation by 



3.4. Causally non-singular quotients 49 

a rotation on the transverse sphere. To simplify the discussion, we shall work it out 

explicitly for a transverse S3
, having in mind the standard way of embedding AdS3 

in type liB string theory, as the near horizon geometry of the D1-D5 system, giving 

ris~ to AdS3 x S3 x T4 . As discnss~d in Section 3.2, there are several inequivalent 

quotients that one can take of S3
. We will focus on a particular quotient which 

preserves supersymmetry, namely the quotient where f,s = 8,p when we write the S3 

metric as 

(3.84) 

Thus, we consider the quotient along a total Killing vector f, = f,AdS + '"'(f,s = av + 

181/J. Since we have a global adapted coordinate system (3.82) on the AdS part of 

the quotient, it is convenient to construct the global.coordinate system on the full 

AdS3 x S3 quotient by defining ·1// = ·ljJ - '"'(V. The six-dimensional metric is then 

The quotient is now along ~ = Bv. We can see that this is an everywhere spacelike 

direction; llt:ll 2 = '"'(2 This is a necessary hut not a sufficient condition for the 

absence of closed causal curves, but it is easy to check explicitly that there are no 

closed causal curves in the bulk of the quotient manifold in this case. As shown 

in [69], the corresponding type liB configuration preserves v = ~ of the vacuum 

supersymmetry, that is, it has four supercharges. It is interesting to point out that 

if we would have considered the action on the three sphere (3.84) generated by 

f,s = a'P, the corresponding quotient f, = f,Arls + '"'( f,s would have preserved v = i of 

the full type liB supersymmetry. 

It is interesting to note that, like the null rotation,. the ,\~~(2 ' 2\ a = 0) Killing vec­

tor also has a simple action in Poincare coordinates. We can orient the coordinates 

so that f,AdS = a,_ + a,, in the metric (3. 71). The additional symmetry a, - a,r, that 

is manifest in these coordinates can be written in terms of the s1(2, IR) Killing vec­

tors (3.77) as the combination 6-6- Although the Poincare coordinates are not a 

global coordinate system for the quotient, they allow us to relate these quotients and 

quotients of branes in asymptotically fiat spacctimes: the ,\:.~( 2 . 2 ) (a = 0) quotients 

can be understood as the near horizon geometries of a D 1-D5 system quotiented by 
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the discrete action generated by 

(3.86) 

The physical interpretation of these quotients is unclear. They can be supersym­

metric, and they are free from closed causal curves. It might be possible to give 

them some interpretation using a limiting procedure in which one finally identifies 

bulk points along a "null translation", by infinitely boosting a spacelike translation. 

In this case, there is still a supersymmetry enhancement since the asymptotically 

flat quotient has four supercharges. 

To discuss the conform<:tl boundary of this quotient, we will use a technique that 

will be used again in section 3.4.3, and relate the spacetime to a plane wave. If we 

set r = e-P, the metric (3.85) becomes 

g = 
1
2 [-2dvdt- r2dt 2 + dr 2 + r 2 (d82 + (d'lj/ + rdv) 2 +de;} 

T 

+2cos28(d'l/l+rdv)·dy:;)]. (3.87) 

The conformally related metric in square brackets is a symmetric six-dimensional 

plane wave, written in a polar coordinate system deformed so that av is a mixture of 

the null translation symmetry of the plam~ wave ami a rotation in the four transverse 

spacelike coordinates. 

The confonnal mapping between an AdS3 x S 3 space and a plane wave is implicit 

m previous work [111] which showed that such plane waves can he conformally 

mapped onto the Einstein static universe. That is, since both spaces are conformally 

flat, we would expect them to be conformally related. It is interesting to note the 

relative simplicity of the relation: AdS3 xS3 corresponds to the plane wave with the 

axis r = 0 excluded, rescaled by a factor of l/r'2. 

More important for our present purpose is that the Killing vector we wish to 

quotient along, av, annihilates the conformal factor (as does 6 = at), so we can 

use this conformal map to stmly the boundary of th:- quotient spacctime, and not 

just to study global AdS3 xS3 . Note that unlike the double null rotation in section 

3.4.3, the other Killing symmetries .!;1 and 6 of this quotient do not also commute 

with the conformal rescaling. They will hence appear as conformal isometrics in the 

boundary theory. 
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The confonnal boundary of the quotient (3.87) lies at r = 0, and has the metric 

(up to conformal transformations) 

(3.88) 

Since v is periodically identified in the quotient, there is a compact null direction 

through every point in the boundary. As in the null rotation case, these dosed null 

curves in the conformal boundary cannot be removed by a sphere deformation. This 

fact can explicitly by checked in (3.85). It is interesting to note that we get the same 

metric on the conformal boundary here as on either of the two boundaries in the 

self-dual orbifold uiscussed in the next subsection. 

If we regard (3.85) simply as a coordinate system on AdS3 xS3
, we can relate 

this description of the conformal boundary to the usual two-dimensional IR x S 1 

Einstein static universe boundary of global AdS3 X S3 . In global coordinates, the 

Killing vector field is given by 

(3.89) 

where we are using the global coordinates introduced in section 2.2, and further 

writing :i:3 = cos tp, ±4 = sin tp, so that the metric on the boundary reads 

(3.90) 

We see that the qnotiPnt is along a null direction, and has a single null line of 

fixed points at T- cp = 1r (mod 27r). While the coordinate system (3.85) covers all of 

global AdS3 x S 3 , it does not cover all of its conformal boundary, as these symmetry­

adapted coordinates break down on the fixed points of ~1,18 . The coordinates of 

(3.85) cover all of the boundary apart from this uull line. They are related. to the 

global description above in the same way that a symmetric plane wave is related 

to the Einstein static universe in higher-dimensional cases [111] (in two dimensions, 

then"! is no non-trivial plane wave). Thus we see that (3.88) provides a natural 

description of the asymptotic boundary of the quotient, corresponding to excluding 

these fixed points in discussing the quotient. 

While it is clear that the deformed quotient (3.85) is free of closed causal curves, 

we can show that this quotient does not preserve the stable causality of the orig-
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iual AdS3 xS'J space. If we write (3.85) iu the form appropriate for Kaluza-Klcin 

reduction along v, 

g = -(1 + ,-2e4P)dt2 + dp2 + dfP + sin2 28d<p2 + 2r- 1e2Pdt(d?jJ' +cos 28d<p) 

+ (rdv + d?jJ' +cos 28d<p- ,-1e2Pdt) 2
, (3.91) 

we see that the lower-dimensional metric oLtaiued Ly· Kaluza-Kleiu reduction along 

v will have closed null curves, since the compact circle parametrised by 1/J' is null. 

This implies that there can be no time function T on AdS3 x 5 3 such that /:.;e,T = 0, 

for if th~re was, th~ Kaluza-Klein reduced metric would he stably causal, which 

is inconsistent with the appearance of closed null curves in the latter. Thus, the 

discrete quotient cannot satisfy the condition of [115], and does not preserve stable 

causality. 

Following the discussion around (3.58), it is straightforward to descriLe the quo­

tient generated by ~1ds in higher dimensional AdSp+l spaces. By construction, the 

global symmetries of such a higher dimensional quotient will be the ones discussed 

hefore times SO(p- 2), corresponding to the rotational symmetry transverse to the 

subspace where ~AdS acts. Notice that in this case, the metric on the boundary is 

conformally equivalent to a plane wave metric, 

(3.92) 

In higher dimensions, there exists the possibility to deform the quotient hy rotations, 

i.e. ,\ (0,2). Let us focus on AdS5 , for algebraic simplicity. The metric for AdS:; in 

the AdS3 foliation adapted to the action of ~1ds is given by 

(3.93) 

The deformation consists in acting on the angular direction e through the generator 

~ = ba0 . Thus, it is convenient to introduce the new coordinate 8' = e- bv, so that 

~1ds + ~ = Ov. The metric on the deformed quotient is 

9Ads5 ;r = cosh2 x ( -dt2 + dp2 
- 2e2

P dv dt) + dx2 + sinh2 x (de'+ bdv)
2 

, (3.94) 

where, once again, v "' v + 2n. As expected, the periodic coordinate v becomes 

everywhere spacelike except at the fixed poiut of the deformed action. This is just a 
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consequence of the fact that the uorn1 of the deformed Killing vector is II~AdS + ~11 2 = 

b2 [(x5
)

2 + (x6
)

2
] = b2 sinh2 x, which certainly vanishes at the origin of the 56-plane, 

where the fixed point of ~ lies. 

This particular deformation (b -1- 0) breaks all the snpersymmetry and it can be 

interpreted as the near horizon geometry of a bunch of parallel and coincident D3-

branes quotiented by the action of a null translation plus a rotation. It is certainly 

possible to turn on supersymmetric deformations in higher dimensional AdS space­

times. In particular, it is possible to consider families of two parameter deformations 

corresponding to >,(0,2l(bl) EB >,(0,2l(b2 ) in AdS7. Whenever b1 = ±b2 , the quotient 

will preserve supersymmetry. The corresponding asymptotically flat interpretation 

would be iu terms of parallel and coincident M5-branes quotiented by the action of 

a null translation plus a certain rotation in IR 4
. The supersymmetric deformation 

would correspond to the action having an .su(2) holonomy. 

3.4.2 Self-dual orbifolds and their deformations 

The fifth Killing vector appearing in table 3.2, /([<.) with la11 = la2l, can be inter­

preted as the deformation of the self-dual orbifolds of AdS3 , first introduced in [104], 

and recently discussed in [105]. The norm of ~AdS is spacelike everywhere. There­

fore, one can study these geometries with or without any further non-trivial action 

on transverse spheres. 

As already indicated above, the minimal dimension where this discrete quotient 

exists is for p = 2, i.e. AdS3 . The addition of any rotation parameter b; would 

increase this dimension by two. Since the elementary indecomposable block acting 

on AdS3 is a linear combination of boosts in IR 2
•
2

, this discrete quotient does not 

have au analogue in an asymptotically flat spacetime, iu the sense that there is uo 

quotient whose near horizon limit gives rise to these self-dual orbifolds. 

The anti-de Sitter action, including the deformation parameters { bi}, integrates 
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to the following IR-action on IR2 ,P: 

x 1 cosh at± x 3 sinh at 

x2 cosh at ± x 4 sinh at 

x3 c.osh at ± x 1 sinh at 

x'1 cosh at ± x2 sinh at 

x 2i+S x2 i+S cos b;t - x2i+o sin b;t 

x 2i+6 x2i+ 6 cos b;t + x2i+S sin b;t 

54 

Vi (3.95) 

where we set a 1 = a and a2 = ±a. Notice that the above action is manifestly free 

of fixed points for any value of the boost and rotation parameters {a, b;}. 

In the following, we shall review the main features of the self-dual orbifolds of 

AdS3, extending the discussion to uncover their embeddings in higher dimensional 

anti-de Sitter spacetimes and their deformations bot~ by rotations in anti-de Sitter 

and non-trivial actions on transverse spheres, afterwards. 

Pure AdS 

Let us start our discussion by focusing on AdS3, so that there are no _x(o,2) blocks. In 

this case, as first described in [104], the quotient preserves an IR x s((2, IR) subalgebra 

of the original so(2, 2) = s((2, IR) EB s((2, IR) isometry algebra. A suitable system of 

global coordinates adapted to the quotient and the timelike vector in s((2, IR) is [104] 

x 1 = cosh z cosh acjJ cost - sinh z sinh acjJ sin t, 

x2 = cosh z cosh acjJ sin t + sinh z sinh acjJ cost, 

x3 = -cosh z sinh acjJ cost + sinh z cosh acjJ sin t, 

x 4 = ± (cosh z sinh acjJ sin t. - sinh z cosh acjJ cost) 

(3.96) 

The sign ambiguity in the last line of (3.96) corresponds to the two distinct cases 

a2 = ±a1 in the S0(2, p) classification reviewed in section 3.1. This illustrates 

explicitly that these two cases are related by an orientation-reversing symmetry of 

AdS3, namely the reflection x 4 --> -x4 . It is important to stress that, at this point, 

the coordinates { t, cjJ. z} are just some particular global description for AdS3 . All 

of them are defined in the range -oo < t, cjJ, z < +oo. It is only when we identify 

points in AdS3 along some discrete step generated by ~AdS = o<t> that our discrete 
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quotieuts will differ from AdS3 globally, by makiug the adapted coordiuate cjJ a 

compact variable with period 27r in some normalisation, i.e. cjJ,...., cjJ + 27r. 

As first proved in [104] for AdS3 , corroborated in [105] and extended to any 

higher dimensional AdS sparetime in [69], the supersymmet.ry preserved by these 

self-dual orbifolds is one-half of the original one. 

The metric in adapted coordinates (3.96) looks like 

9sd = -de + (32 dcjJ2 + dz2 
- 2(3 sinh 2z dt dcjJ . (3.97) 

Thus, it describes a non-static but stationary spacetime. One interesting feature 

which has not previously been noted is that t is a global time function, since 

2 \11J\1 11 t = -1/ cosh 2z, so the self-dual orbifolds are stably causal, and hence do 

not contain closed timelike curves. This metric can be interpreted as an S1 fibration 

over AdS2 , as the following rewriting indicates 

9sd = - cosh2 2zdt2 + dz2 + ((3 dcjJ- sinh 2z dt) 2 (3.98) 

This quotient was recently analysed in detail in [105], where its isometrics, geodesics, 

asymptotic structure and holography in this background were extensively studied. 

An important point to note from that analysis is the structure of the conformal 

boundaries. It was shown in [105] that the quotient has two disconnected conformaJ 

boundaries. If we consider the coordinate transformation 

sinh z = tanH HE(-~~) 
2' 2 ' 

the metric (3.97) becomes 

(3.99) 

from whic:h we learn that the metric: on both c:onformal honndaries, loc:ated at 

e --+ ±i is given by 

ga = ±dtdcjJ. (3.100) 

Thus, there are closed lightlike curves on the confornial boundary. The appearance 

of two disconnected boundaries can be further understood by noting that in the 

adapted coordinates (3.96), the original AdS3 confonnal boundary is covered by 
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four counccted patches located at z ----> ±oo and cjJ ____, ±oo. After the discrete 

identification, two of these patches no longer belong to our space, leaving as a 

consequence, the existence of two boundaries at z ----> ±oo, being disconnected. 

These boundaries are causally connected through the bulk, as was shown in [105] 

by analysing the geodesics in this space. 

Unlike the previous cases, this quotient has no natural interpretation as arising 

from a quotient of an asymptotically flat spacetime. This is related to the fact 

that the quotient does not take a simple form in Poincare coordinates. However, 

Strominger [112] showed that these self-dual orbifolds emerge as the local description 

of a very-near horizon geometry when focusing on the vicinity of the horizon of an 

extrernal BTZ ulack hole. 

Thus, even though this quotient does not emerge directly from the D1-D5 per­

spective, it is nevertheless possible to set-up an asymptotically flat spacetime which 

reproduces the self-dual orhifolds in two steps [105]. This is achieved by adding 

some momentum along the common direction shared by the D1 's and D5's, and 

taking the standard near horizon limit, keeping the momentum density fixed. One 

then focuses on the vicinity of the horizon resulting from the previous limit. This 

procedure geueralises the construction in [99] to the D1-D5 system, and it provides 

an independent way of understanding the DLCQ holography proposed in [105]. 

Following our general discussion presented at the beginning of section 3.4, it 

is straightforward to extend the analysis to higher dimensional AdS1,+ 1 spaces, for 

p 2: 3. Indeed, we can use the foliation in (3.57) and replace the {xi} appearmg 

there with the R = 1 version of (3.96). The resulting metric is 

9sdp+1 = (coshx) 2 
9sd + (dx) 2 + (sinhx) 2 g8p-3 

where 9sd is the metric given in (3.97). 

(3.101) 

This allows us to see that in these higher dimensional cases, the boundary of the 

quotient will he connected. The point is that the boundary of the quotient in higher 

dimensions is given in these coordinates by x ____, oo, as discussed earlier. Thus, the 

boundary of the higher-dimensional quotients naturally contains a copy of the bulk 

of the AdS~ quotient. Since the AdS~ quotient is connected, this implies that the 

Louudary of the quotient is connected in higher dimensions. It also shows us that 
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unlike the AdS3 ca~e, in higher uimensions there is a natural non-degenerate metric 

on the boundary of the quotient. 

Deformation by A (0 ·2) 

Even though we could di~cu~s the turning on of the deformation parameters b; in 

the general case, we shall just briefly mention their main new features in the string 

theory embeddings described above. This means that we shall concentrate on AdS5 

and AdS 7 , since these deformations are not available for AdS 4 . 

This programme is particularly simple to carry on already in the foliation defined 

by (3.57). As previously mentioned, A(o,2) blocks correspond to rotations in IR 2 planes 

in the embedding space, and in the coordinates of (3.58), these motions can be 

globally described as a single "translation" along one of the angular variables of the 

S"- 1 factor. The definition of the adapted coordinate system in which EB; A (0.2 ) ( b;) 

takes the form of a single "translation" is precisely parallel to the discussion for the 

transverse Sq given in Section 3.2. 

As an example, consider AdS5 . In this case, we can only turn on one parameter, 

b1 = b. It is clear that rotations in IR2 correspond to motions along the S1 transverse 

t.o the AdS3 foliation of AdSr, in (3.58), for p- n = 2. If we pRrameterise this circle 

by(), the Killing vector field ~AdS generating the full action of the deformed discrete 

quotient is given by 

~Ads = 8q, +boo , (3.102) 

in the adapted coordinates defined by (3.57) and (3.96). 

It is now just a matter of applying a linear transformation in the { c/J, ()} plane, 

which will generate an extra fibration, to rewrite the metric in a globally defined 

coordinate system adapted to the deformed Killing vector field ~AdS· This metric is 

given by 

2 2 2 2 g =cosh X 9sd + dx + sinh x (d() + bdcjJ) . (3.103) 

By construction, this deformation will break all the spacetime supersymmetry. 

The techniques for AdS7 are exactly the same, bnt there is a richer structure of 

possibilities since we have an S3 transverse to the AdS3 action, which allows us to 
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turn on two incquivalent parameters b1 , b2 

where Rij stands for a rotation generator in the ij-plane belonging to IR4
, where 

the 3-sphere is embedded as a quadric. Let us describe this 3-sphere in terms of 

standard complex coordinates 

Z] = X 1 + i x 2 = COS 8 ei(!/J+b) , 

Z2 = :r;3 + i x 4 = sin 8 ei(l/J~b) . 

A supersymmetric quotient [69] i::; given by the choice b1 

describing the global quotient is given by 

9ArJS7 ;r = cosh2 
X 9sd + dx 2 + sinh2 

X ( dB2 +(db+ eldcp) 2 

(3.104) 

-b2 = 81 . The metric 

+d1./J2 + 2 cos 28 (db + e, dcfJ) . d1./J) (3.105) 

Adding a transvP.rse four-sphere and a constant flux on it, the above configuration is 

supersymmetric. It actually preserves v = ~ of the supersymmetries preserved by the 

original vacuum. Thus, it has sixteen supercharges. It is worthwhile mentioning that 

the deformation described by b1 = -b2 does not break any further supersymmetry. 

It is a further action that we can con::>ider in our spacetime for free, supersymmetry 

wise. Contrary to what intuition may suggest, as explained in more detail in [69], 

the deformation b1 = b2 breaks all the supersymmetry. 

Sphere deformations 

Let us start our discussion on sphere deformations of self-dual orbifolds on the 

embedding of AdS3 x S 3 in type liB. The most general action that we can write 

down on S 3 is given in terms of two real parameters 

(3.106) 

Because of the freedom that we have to quotient by the action of the \iVeyl group, 

we can always choose to work on the fundamental region defined by 81 ~ IB2 1. 

Among all these quotients, only a subset preserve supersymmetry. In particular, 

if we cousider the action geuerated by .J13 ± .h4 on AdS3 , the only supersymmetric 
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uefonuatiow; are given by fh = ±02 , the signs being correlated. Interestingly, such 

deformations still preserve the same amount of supersymmetry as the self-dual orb­

ifolds themselves. Thus, these supersymmetric deformations are for free, as pointed 

out in [G9], where: the rc:adc:r can also find the: c:xplanation for this phc:nomenon. 

The discussion proceeds in an analogous way for higher dimensional AdS space­

times. If we consider the eleven dimensional configuration AdS4 x S 7
, their defor­

mations are characterised by four real numbers 

(3.107) 

Due to the Weyl group action, we can restrict ourselves to the region defined by 

e, ?: e2 ?: e3 ?: I B41· As discussed in [ 69], there are several loci in this parameter 

space where supc:rsymmdry is allowc:d. If e, = fh and e3 = -04 the: quotient 

preserves V = ~. vVhenever one of the relations 

e1 - B2 + e3 + e4 o . 

e1 + e2 - e3 + e4 o , 

fh - 02 - 03 - 04 0 ·, 

is satisfied, the supersymmetry will be v = ~. Finally, there is enhancement when­

ever fJ1 = fJ2 = fJ3 = -84, giving rise to V = ~. 

The discussion for AdSr. X S 5 is fairly simple. The action on the 5-sphere is given 

in tenus of three real parameters 

(3.108) 

The deformation preserves V = * for el = e2 and e3 = 0. It preserves V = k if 
01 ± 02 ± 03 = 0, with uncorrdatc:d signs. Scr~ [69] for more dc:t.ails. 

The only supersymmetric deformation for AdS7 x 5 4 out of the two parameter 

family 

(3.109) 

is given by fJ1 = fJ2, also preserving V= ~-

As an explicit example of a supersymmetric deformation of the self-dual orbifold, 

we shall present one particular example of the above discussion, 011e embedded in 
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AdSs x 8 5
. More precisely, we shall focus 011 01 = 2, 02 = ()3 = l. A simple 

description of this quotient can be obtained by parametrising the 5-sphere in terms 

of the coordinates 
Z) = X I + i:.r:2 = COS (}1 ei(IJ, +'21/J) 

z2 = :c3 + ix4 = sin (}1 cos (}2 ei(1/l+b) 

Z3 = x 5 + ix6 = sin (}1 sin (}2 ei(l/.•~b) . 

(3.110) 

One can check that ~s = 8-,p. This is an example in which both ~AdS and ~s are 

described in terms of adapted coordinates. Thus, by a simple linear transformation, 

we can easily write the fully adapted ten dimensional metric as 

g = cosh2 X 9sd + dx2 + sinh2 x d(}2 + d(}i + sin2 
(}I d(}~ + cos2 

(}1 ( db1 + 2( d'lj; + drf>) )2 

+ sin2 H1 ((d~; + drf>) 2 + db2 + 2cos202 (d·~; + drf>) ·b) . (3.111) 

As can be checked from the review of the results in [G9] presented at the beginning 

of this subsection, this particular example preserves v = ~ of the vacuum supersym­

metry. Thus, it has four supercharges. 

Of coursP., there is no conceptual difficulty in dtcaling with deformations that con­

tain both ,A(o,2
) factors on AdS and non-trivial sphere actions. The supersymmetric 

quotients can also be found in [69]. 

3.4.3 Double null rotation and its deformations 

The last Killing vector appearing in Table 3.2, IIIH with b1 = 0 , can be interpreted 

as a deformation, with deformation parameters b;, of the double null rotation discrete 

quotient considered in [57]. Indeed, it consists of the simultaneous action of two 

spacelike null rotations in transverse 1R 1 
•
2 subspaces, awl a set of rotations with 

parameters b; in different transverse IR 2 planes. Since the norm of ~AdS is positive 

everywhere, even for b; = 0 \f i, there is no need to deform the previous action by a 

non-trivial one on a transw"!rse sphere to get an everywhere spacdike Killing vector 

field~ in (3.56). 

The minimal dimension where such an object exists is for p = 4, i.e. AdS5 , in 

which case there are no ,A(o,2) blocks. The pure double null rotation discrete quotient 

has a very natural interpretation i11 the Poi11care patch: it consists of the combined 
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action of a null rotation plus a spacelike trauslation. Consequently, it has a very 

straightforward origin in terms of the geometry of a bunch of parallel D3-branes: 

the pure double null rotation discrete quotient in AdS5 is the near horizon geometry 

corresponding to a hunch of parallel D3-branes whose worldvolumc is the nullbrane, 

i.e. IR 1
•
3 /l.., four dimensional Minkowski spacetime modded out by the simultaneous 

discrete action of a null rotation in IR 1
·
2 and a spacelike translation along IR, which 

was first introduced in [39]. 

The full anti-de Sitter action, including the deformation parameters, integrates 

to the following IR-action on IR 2·P: 

xl - tx3 + ~t2(xl - ;;4) 

:c2 
- tx5 + ~t2(:c2 

- x6
) 

x3 + t(x4 - x1
) 

x4 - tx3 + ~t2(xl - :r4) 

x 5 + t(x6
- :r2

) 

x 6 x 6 
- tx5 + ~t2 (x2 

- x 6
) 

:r2i+-5 x 2i+S cos 'Pit - x 2i+6 sin 'Pit 

x2i+6 x2i+6 cos 'Pit + :r;2i+5 sin 'Pit 

Vi (3.112) 

which is manifestly free of fixed points for any value of the rotation parameters. 

Pure AdS 

Let us first consider the pure double null rotation in AdS5 . This was analysed in [57]. 

\Ve will extend this analysis by discussing the isometries pn$erved by the quotient, 

constructing suitable adapted coordinate systems, and examining the action on the 

boundary of AdS. In the process, we will uncover interesting relations to compactified 

plane waves. 

The Killing vector that we quotient along is 

(3.113) 

Its norm is II~AdsW = (x1 + x4) 2 + (x2 + x5) 2 This is clearly positive semidefinite, 

and the quadric -(x1 + :r4)(x1 - x4)- (x2 + x5)(x2- xG) + x~ + x~ = -1 defining 
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the AdS embedding constrains the coordinates so that it is positive definite. There 

are four linearly independent commuting isometrics in so(2, 4): 

(3.114) 

These Killing vectors have the non-trivial commutation relations 

(3.115) 

They therefore form a Heisenberg algebra on which ~4 acts as an outer automor­

phism. The symmetry algebra of the quotient is hence (1)(1) ~ IR) EB IR. The norms 

of the Killing vectors are 11611 2 
= 11611 2 = II~AdsW, 11611 2 

= 0, 11~411 2 
= -1. 

We want to construct adapted coordinates to describe this quotient; it is conve­

uicut for studyiug causality to adapt them to ~Ads, 6 and f;4 . Let us therefore seek 

to choose coordinates (t, u, r/J, p, !) so that 6 = av, (4 = -at, and (AdS = a<P. This 

reqmres 
a(x4 

- x 1
) 

__ a_r/J_ = o, 

a(xli - :r2 ) 

arJy = 0, 

a(x4 + x 1
) 

arjJ 

a(x(i + x2 ) 

arjJ 

a 5 
X 3 8t = -:r; 

(3.116) 
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(:r:r;- :r:2 ) - .1:5 . (:r:'1 
- :r 1 

). We will choose coordinates {p, 'lj;} so that 

(x4 _ xl )2 + (x6 _ x2)2 = e2p 

:r3 . (:1:6 _ :r2) _ :1:5. (:rA _ :rl) := eP·~J ; 
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(3.117) 

we must take -oo < p < oo and -oo < 7/J < oo to obtain coordinates that cover 

the whole spacetime. A coordinate system satisfyiug all these conditions is 

3 :r: = eP('I/;cosl. + q)sin/.), 

x5 = eP( -'1/J sin t + cp cost) 

The AdS5 metric in these coordinates is 

and the other two Killing vectors are 

6 = -cos 2t (oq,- 2'1/Jov) + sin2t o,p, 

6 = sin 2t ( 8,;, - 2'1j;o,,) + cos 2t ot/, . 

(3.118) 

(3.119) 

(3.120) 

Even though we will not give the explicit details, it is easy to check by working 

out the inverse coordinate transformation that this coordinate system covers the 

whole of AdS. Before any identification, the range of all adapted coordinates is 

non-compact. The double null rotation quotient is simply described by making the 

coordinate cp compact. 

\Ve would also like to understand the couformal boundary of thi::; quotient. First, 

we should note that even though the quotient is free of fixed points in the bulk, its 

boundary has a continuous line of them. The action generated by TT TO± with b1 = 0 

integrates to the real line, so the only possible fixed points are the ones for which 

~AdS vanishes. These points are given by 

4 1 6 1 3 5 
.T -.T =.T -.T =.T =:r; =0. 
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The above doe~ not belong to AdS5 , since they do not sati~fy the quadric equation 

(2.6). This is indeed true for the bulk of AdS (finite non-compact spacelike direction 

in global AdS), but there is a continuous curve of fixed points on an infinite cylinder 

of axis, global time T, and a maximal circle base. To sec this, consider the ~tandard 

global description of AdS5 , 

T
1 = cosh x cosT, 

') h . ;{;-=cos X Sin T, 

i . 1 •i . 3 t.: :r = ~n1 1 X .r 1. = , ... , u , 

where { i:i} parametrise a 3-sphere of unit radius. It is easy to see that any solution 

to the fixed point conditions requires X ___. oo, from which we already learn such 

}JOint~ belong to the boundary of AdS5 . It i~ also clear that :73 = .1:5 = 0. Thu~, 

such fixed points belong to a maximal circle in the x4 
- x 6 plane. If the angular 

variable describing such a maximal circle is b ( 0 ::; b < 2;r), the continuous line of 

fixed points is determined by 

T = b (mod2;r) . 

Thus, the action of the quotient is well-defined on the global boundary of AdS 

(i.e., the Einstein static universe) with a single null line deleted. However, we know 

that the Einstein static univer~e with a null line deleted is conformal to a symmetric 

plane wave [111]. This suggests that the boundary of (3.119) should be described 

in terms of a plane wave. 

Inspired by this, and the analysis of the !fiR± case in section 3.4.1, let us now 

make a coordinate transformation Z = e-P in (3.119). The metric then becomes 

9dnr = ;
2 
(-2dtdv - Z 2 dt 2 + dZ2 + d1j; 2 + dq/ - 41/JdtdcjJ), (3.121) 

where 0 < Z < oo covers the whole of AdS5 . By rescaling the metric by a factor of 

Z 2
, we can conformally map global AdS5 into the space with metric 

(3.122) 

with the conformal boundary lying at Z = 0. Since ~AdS = Oq, annihilates the 
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coufornml factor, this embedding commutes with the quotient; we eau regard the 

double null rotation as conformally embedded in (3.122) with <P compactified. 7 

Now, the space (3.122) is simply a symmetric plane wave. This can be made 

obviom; by making the further coordinate transformation8 

V =V+ 7/Jc/J, 

u = t, 

X= 'lj;cost + cjJsin/,, 

Y = -7/Jsint + cjJcost, 

under which the metric becomes 

(3.123) 

(3.124) 

This provides an interesting alternative description of the double null rotation, of 

interest independent of the question of the conformal boundary. As in section 3.4.1, 

this relation between the symmetric plane wave and AdS is anticipated by previous 

work, siuce they are both couforrnally flat spaces aud hence confonnally embedded in 

the Einstein static universe. We see also that AdS covers the half of the plane wave 

at Z > 0, as we would expect, since it covers half the Einstein static universe. What 

is remarkable is that the isometry we want to quotient along commutes with the 

conformal rescaling, as noted above. In fact, not only does it do so; all the unbroken 

symmetries of the double null rotation also do so, since they do not involve Bp· Thus, 

they are all symmetries of the conformally related plane wave metric (3.124). If we 

7 Note that this confonnal embedding does not provide a true compactification of the spacctime, 

since {3.122) is itself not compact.. As noted above, this represents the necessary exclusion of the 

fixed points of the quotient in the Einstein static universe. 
8 It is worth noting that there is a simple relation betwPen these and the embedding coordinatPs 

for AdS5 : 1:4 -x1 = (sin U)/Z, x4 +.r 1 =-(V cos U- (X2 + Y 2 +Z2
) sin U)/Z, x 6 -.r2 = (cos U)jZ, 

x6 + x 2 =(V sin U- (X 2 + Y 2 + Z 2
) cos U)/Z, x3 = X/Z, x 5 = YjZ. 
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iutruJuce the usual basis for the Killing vectors of th~ plaue wave, 

~e.=- cos U8x; +Xi sin U8v, 

~e· = - sin U 8x; - Xi cos U Bv, 
' (3.125) 

~eu = -8u, 

we can identify the isometries of the double null rotation quotient as 

(3.126) 

~4 = ~eu - ~lllu · 

Thus, the double null rotation is conformally related to a compactification of the 

plane wave of the type considered in [ 114]. 

To return to the question of the conformal bouml.my of the rlouble null rotation, 

we see that it is given by the surface at Z = 0 in (3.122), with metric 

g8 = -2dtdv + d'lj} + dq}- 4'1/Jdtdcp. (3.127) 

This is itself a compactified plane wave, as can be seen by the application of the 

coordinate transformation (3.123). One might be pu7.:derl by this result, as one 

would have expected to find the nullbrane as the conformal boundary of the double 

null rotation. We demonstrate in appendix A that the nullbrane is in fact related 

to (3.127) by a further conformal transformation. Thus, (3.127) and the nullbrane 

describe the same conformal structure on the boundary. The description in terms of 

the compactified plane wave (3.127) is preferable to the nullbrane for two reasons: 

First, the nullbrane only covers a part of the boundary [it corresponds to the region 

-7f /2 < l < 7f /2 in (3.127)], so the former description is more global. Second, 

the further conformal transformation to the nullbrane does not commute with the 

symmetry ~4 of the double null rotation. If we work with (3.127), all the unbroken 

symmetries of the bulk spacetime after we perform the quotient are realised as 
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symmetries of the boundary (rather thau confonnal isometrics). This should be a 

helpful simplification in studying the holographic relation for this spacetime. 

The connection to plane waves also makes it easy to identify a time function for 

tlw double null rotation. vVriting the double null rotation metric (3.121) in the form 

suitable for Kaluza-Klein reduction along </J, 

(3.128) 

we see that the lower-dimensional spacetime would again be a plane wave (up to 

couformal factor). Hence, applying the results of [115], where time functions were 

found for general plane waves, we can deduce that a suitable time function for the 

nullbrane is 

1 _1 ( 4v ) 
T = l + 2 tan 1 + Z2 + 47,112 . (3.129) 

It is easy to check that 

(3.130) 

Thus, T is a good time function on AdS. Since .C(A<~s T = 0, its existence shows that 

the double null rotation quotient of AdS preserves the property of stable causality 

by the general argument of [115]. 

As recently discussed in [69] 9
, the supersymmetry preserved by this double null 

rotation quotient in AdS5 , and actually in any higher dimensional AdS spacetime 

embedded in a supergravity theory, is v = ~. That is, this configuration has six~ 

teen supercharges. It is interesting to comment on the relation with the single null 

rotation quotient. In that case, we argued that the standard enhancement of super­

symmetry when taking the near hori:wn geometry was lost after the identification. 

This may suggest that the same phenomenon is taking place in the double null rota­

tion, since the action generated by the latter is the combination of two commuting 

null rotations. However, the general solution to the eigenvalue problem 

9 In [57], it was claimed that the amount of supersymmetry p.reserved by the double null rotation 

quotient Wil.'i IJ = ~, but as shown in [fi!1], the latter is actually enhanced to IJ = ! . 
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where N stands for the full double null rotation generator in the spinorial represen­

tation, and N; i = 1, 2 stand for nilpotent operators, is not given in terms of the 

intersection of kernels of the nilpotent operators associated with each of the null 

rotations, which would giv~ rise to v = ~' bnt there exist non-trivial solutions [69] 

that enhance supersymmetry to one-half. Thus, in this case, the double null rota­

tion quotient preserves the same amount of supersymmetry as the corresponding 

asymptotically flat analogue in terms of parallel and coincident D3-branes in the 

nullbrane vacuum. 

Deformation by ,\ (D,2). In order to turn on any deformation parameter, we must 

consider higher dimensional AdS spacetimes. In particular, it is natural to consider 

AdS7, since this is very naturally obtained in M-theory from the near horizon limit 

of M5-branes. If we denote by b the deformation parameter, the deformed seven 

dimensional quotient can be written as 

(3.131) 

where 9dnr stands for (3.119). 

Since we only turned on a single deformation parameter, b, the corresponding 

seven dimensional quotient, when embedded in string theory, will break supersym­

metry. It is c~rtainly possihl~ to construct snpersymmd.ric v~rsions of the latter by 

deforming the orbifold a.ction with a non-trivial action on 84
. 

Sphere deformations 

Let us start our discussion on sphere deformations of the double null rotation quo­

tient by focusing on AdS5 xS5 . The family of deformations is described by (3.108), 

that is, by three real parameters. As discussed in [69], the only supersymmetric loci 

in the fundamental region defined by the action of the Weyl group is, besides the 

origin, given either by 81 = 82 and 83 = 0, preserving V= ~ 1 Or by 81 - 82 ± 83 = 0, 

preserving v = ~. 

The discussion for AdS7 X S4 is analogous. In this case, there exists a two pa­

rameter family of deformations, given by (3.109). The only supersymmetric loci iu 

the fundamental region defined by the action of the Weyl group is either the origin, 
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corresponding to the double null rotation quotient itself, or the line fh = 02 , which 

preserves v = ~. 

As an explicit example of a sphere deformation of the double null rotation quo­

tient, we shall focus on a supersymmetric deformation on AdS5 x S5
. We will focns 

on the same sphere action considered in section 3.4.2. As before, we apply the gen­

eral formalism developed in (3.64) for the full Killing vector f, = (,AdS + f,s. If we 

introduce adapted coordinates so that f, = 8q, by defining 'lj/ = 'ljJ - J'c/J, the full 

ten-dimensional metric on the quotient space will be 

g = Ytlm + d{)i + sin2 
&1 d(}~ + cos2 01 (d<p 1 + 2(d~/ + f'dcfJ))

2 

+ sin2 01 ((d'lj/ + f'dcfJ) 2 + d<p2 + 2 cos 202 (d'l/J' + f'dcp) · <p) (3.132) 

where Ydnr denotes the metric on the quotient of AdS5 given in (3.119). 

Again we could consider quotients involving both ,\ (0,2) blocks acting on AdS and 

sphere deformations. The techniques required to deal with them are exactly the same 

as those used above. The reader can find an analysis of their supersymmetry in [69]. 

3.5 Further Identifications 

We can produce additional quotient spaces by considering quotients generated by 

more than one commuting Killing vector. For such a spacetime to be causally regular 

it is certainly necessary that each of the Killing vectors that we quotient along is 

everywhere non-timelike. However, this is not sufficient to rule out closed timelike 

curves. Consider the quotient generated by 6 and 6- Since points in AdSp+l lie on 

orbits of both 6 and 6, the action of the quotient produces closed curves joining 

points on any linear combination of these orbits. Thus, in order to construct a 

causally regular spacetime, we need commuting Killing vectors for which any linear 

combination is everywhere non-timelike. This is in practice a stringent restriction. 

Vve discuss three causally regular quotients of this type, which are all generalisation 

of quotients discussed in section 3.4. 

In so(2, 2) the only everywhere non-timelike commuting Killing vectors live in 

seperate st(2, IR) factors of so(2, 2) = s[(2, IR) EBs[(2, IR). Each factor has three Killing 
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vectors 

(3.133) 

which satisfy 

(3.134) 

We have ll~t 11 2 = ll~i 11 2 = 1 and we can build two other everywhere non-timelike 

Killing vectors, corresponding to two versions of ,\~ /( 2
'
2

) with a = 0, by defining 

(3.135) 

Unfortunately no combination of these nowhere timelike Killing vectors gives rise to 

a causally regular quotient. In [117] it was claimed that the quotient generated by 

two of the ew~rywhere spacelike Killing vectors, i.e ~t and G, is causally regular. 

However the linear combination ~t + a{:J is not everywhere spacelike 

(3.136) 

Hence this quotient space has closed timelike curves. In [117] they worked in coor­

dinates for which a = aq,l and ~3 = -8q,2 given by 

7r 
x1 =cosh (rPt + cfJ2) sin (T- 4 ), 

7r 
x2 =cosh (c/Jt- c/J2) cos (T- 4 ), 

7r 
x 3 = sinh ( c/J1 + c/J2) sin ( T - 4), 

7r 
:c4 = siuh (r/J1 - cfJ2) sin (T-- ). 

4 

The AdS3 metric iu these coon.liuatcs is 

(3.137) 

(3.138) 

Where the action of the quotient makes cp1 and cp2 periodic. The closed timelike 

curves are not apparent in the coordinate system defined by equation (3.137) be­

cause these coordinates do not cover the entire AdS3 spacetime. Indeed for these 

coordiuates 

.1:i - .7:~ - x~ + :r~ = sin2T. (3.139) 
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Thus they only cover the region free of closed tirnelike curves. A simple way to see 

these coordinate are not global is to observe that (3.138) is geodesically incomplete; 

generic geodesics go off to infinite (h, cp2 as T approaches mr. 

In AdS4 a more int.en~sting quotient becomes possible. Consider the two com­

muting null rotations 

(3.140) 

now we have 

(3.141) 

The discussion for this case proceeds in an analogous fashion to that of section 3.4.1 

for the quotient of AdS3 by >JII(I,2) There is a single other Killing vector in so(2, 3) 

which commutes with 6 and 6 given by 6 = 1I2- 125· This has norm II6W = 

-(x 1 + x5 )
2

. The most convenient coordinate system for studying this quotient is 

Poincare coordinates, where we can orient the coordinates so that 6 = Ox, 6 = Oy 

and 6 = Ot, where the AdS4 metric in Poincare coordinates is 

1 ( 2 2 2 2) gAdS4 = 2 -dt + dz + dx + dy . 
z 

(3.142) 

We sec that the effect of the quotient is simply to make the :c and y coordinates 

periodic. The Killing vectors 6 and 6 become null on the Poincare horizon z = oo 

where this coordinate system breaks down. In terms of the embedding coordinates, 

this is the surface :r 1 + x 5 = 0. There are two nnll planes of fixed points given by 

XI +xs = X3 = 0 and XI +x5 = x 4 = 0. Away from the fixed points, the identification 

along 6 and 6 will generate closed null curves in the Poincare horizon. These can 

be eliminated by deforming this quotient by a suitable action on an odd-dimensional 

sphere. 

This quotient can be generalised to higher dimensions, for so ( 2, p) there are at 
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most p - 1 couunuting null rotations 

6 113- hv, 

6 114- 14p, 

~p-1 1l(p-l) - 1(p-l)p (3.143) 

wh~re 

(3.144) 
i=l i=l 

Going over to Poincare coordinat~s w~ can ori~nt the coordinates so that 6 = 

aXjl 6 = aX2' etc and 112- 12p = at. The AdSp+l metric in Poincare coordinates is 

1( 2 2 2 2 2) 
9AdSp+l = 2 -dt + dz + dx 1 + dx 2 + ... + dx(p-l) . 

z 
(3.145) 

The effect of the quotient is to make the .7:; coordinates periodic. Each E,; has a 

r~gion of fixed points on the Poincare horizon. 

In so(2, 4) there are two commuting double null rotations 

(3.146) 

With 

(3.147) 

which is positive scmidefinite being null where :r1 + .r4 = 1-7:2 + xol· A suitable 

action on a odd dimensional sphere will make this causally regular. Seperately 

the action of each quotient is free of fixed points, however when we consider the 

combined quotient then we have fixed points whenever :c 1 + :c4 = lx2 + :cr,l and 

lx3 1 = lx5I.The action of this quotient preserves a null symmetry corresponding to 

~3 = 112 - 124 + 116 + 146· We can construct a coordinate system adapted to this 

quotient so that 6 = a<P, 6 = ao and 6 = av, which in terms of the embedding 
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coordiuates is 

x 6 + x2 = eP( -2rp() + 2v) cosT- (e-P + (() 2 + rp2 )eP) sin T, 

x 3 = eP(rpcosT + ()sinT), 

:r: 5 = eP(cpsiuT + 8cosT). 

The AdS5 metric in these coordinates is 

73 

(3.14ts) 

(3.149) 

As anticipated this coordinate system is not global, it breaks down at T = ±~ where 

th8 8Xpre,;siom; for :r3 and x 5 lose th8ir lin8ar inclcp8ndcnce. 

There is one freely acting causally regular quotient of this type which we will call 

the extended double null rotation because it shares many features of the double null 

rotation . The minimal dimension where such an object exists is p = 6. The pure 

extended double null rotation discrete quotient iu AdS 7 is the near horizon geometry 

corresponding to a bunch of parallel M5-branes whose worldvolume is the extended 

nullbrane, introduced in Appendix B. The Killing vectors that we quotient along 

arc 

(3.150) 

that is two commuting double null rotations with two common spacelike directions. 

Their norm is ll~1 +a6ll 2 = (1 +a2)[(xt +x,) 2 + {x2+xs)2]. This is clearly positive 

semidefinite, and the quadric -(x1 +x7 )(x1 -x7 )-(:r2 +xR) (x2 -x8)+x~+x~+x~+x~ = 

-1 defiuiug the AdS embedding constrains the coordiuates so that it is positive 

definite. There are six linearly independent isometries in so(2, 6) commuting with 
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~3 = ]13- ]37- ]24 + ]48, 

~4 = J14 + J23- hs- J47, 

~G = .l1s- .ls7- .l2o + .Ios, 

~6 = 116 + l2s - ls8 - J57, 

6 = J12 - J27 + J18 + h8, 

~8 = h4 - J12 + ls6 + h8· 

These Killing vectors have the non-trivial commutation relations 

[6, ~4] = -26, [~3, ~8] = 2~4, [~4, ~8] = -26, 

[6, ~6] = -26 [~s, ~8] = 2~6 [6, ~4] = -2~s-
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(3.151) 

(3.152) 

If we define ~I = 6 + 6 and ~2 = ~4 + ~6 then ~1 , ~2, 6 and ~8 form a Heisenberg 

algebra on which ~8 acts as an outer automorphism. The symmetry algebra of the 

quotient is hence (I) ( 1) ><l IR) El;l IR which is the same as that of the U.ouble null rotation 

quotient. The norms of the Killing vectors are II6W = II6W = 11611 2 = 11~4W = 

ll~sll 2 = 11~6W, II6W = o, 11~8W = -1. 

The construction of adapted coordinates proceeds in a identical fashion to that of 

the the double null rotation; to study causality we adapt them to 6, 6, 6 and ~8· Let 

us therefore seek to choose coordinates (t, u, cp, 1/;, p, {, (3) so that 6 = Ov, ~8 = -81, 

6 = 8</J and 6 = 8<1>. A global coordinate system satisfying these conditions is 

:r:8 + x 2 = eP(2c/Jr + 21/Jf] + 2v) sin t- (e-P + (12 + cp2 + 1/;2 + (32 )eP) cost, 

x 3 = eP (r cos t + cp sin t), 

:c4 = eP( -1 sinl + (p cos l), 

x5 = eP ((3 cos t + 1/J sin t), 

x6 = eP (- (3 sin t + 1/J cos t) . 

(3.153) 
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where -oo < p < oo,-oo < cjJ < oo and -oo < 'ljJ < oo in order for the coordinates 

to cover the whole spacetime. The AdS7 metric in these coordinates is 

and the other four Killing vectors are 

~3 = -cos 2t ( a<t> - 2f38v) +sin 2t 813 , 

~4 = sin 2t ( O<f> - 2/38v) + cos 2t 813, 

6 = -cos 2t (81/;- 2'"'(8u) +sin 2t a,, 
(r; = sin 2l (a~, - 2'"'(iJ.,) + cos 21 a, . 

(3.155) 

The action of our quotient is simply described by making the coordinates cjJ and '1/J 

compact. We are interested in the conformal boundary of this quotient. Since the 

quotient action integrates to the real line the only possible fixed points are where a 

linear combination of ~1 and 6 vanishes. These points are given by 

The above does not belong to AdS7, since they do not satisfy the quadric equation 

(2.6). However there is a continuous null curve of fixed points on an infinite cylinder 

of axis, global time T, and a maximal circle base. Thus, the action of the quotient 

is well-defined on the global boundary of AdS (i.e., the Einstein static universe) 

with a single null line deleted. This indicates that the boundary of (3.154) eau be 

described in terms of a plane wave. Following our discussion of the double null 

rotation quotient, we make a coordinate transformation Z = e-P in (3.154). The 

metric then becomes 

where 0 < Z < oo covers the whole of AdS7. By rescaling the metric by a factor of 

Z 2
' we can confonnally map global AdS7 into the space with Utetric 

with the conformal boundary lying at Z = 0. Since 6 = a<t> and 6 = 8~, annihilate 

the coufonnal fact.or,we can regard the extended double null rotation as coufonually 
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embedded iu (3.157) with rjJ and '1/J compactified. The space (3.157) is simply a 

symmetric plane wave. This can be made obvious by making the further coordinate 

transformation 

V = V + "(r./J + !31/J' 

u = t, 

K = 1 cos t + rjJ sin l, 

L = -"(sint + rjJcost, 

M= (Jcost + '1/Jsint. · 

N = - f3 sin t + 'tP cos t, 

under which the metric becomes 

(3.158) 

Again, this relation between the symmetric plane wave and AdS is anticipated 

by previous work. Since all the unbroken symmetries of the extended double null 

rotation commute with the conformal rescaling they arc all symmdries of the con-

formally related plane wave metric (3.159) although we will not give their explicit 

form here. The confonnal boundary of the extended double null rotation is given 

by the surface at Z = 0 in (3.157), with metric 

g = - 2dtdv + drjJ2 + d12 + d'ljJ 2 + d/32 
- 4"(dtdrjJ - 4(3dtd'ljJ. (3.160) 

This is itself a compadifiecl plane wave, as can he seen by the application of the 

coordinate transformation ( 3.158). 

The connection to plane waves also makes it easy to identify a time function for 

the extended double null rotation. Writing (3.121) in the form suitable for Kaluza­

Klein reduction along rjJ, 

we see that the lower-dimensional space time would again be a plane wave (up to 

conformal factor). Hence, applying the results of [115], where time functions were 

found for general plane waves, we can deduce that a suitabk time function for the 

extended double null rotation is 

T = t + - tan- 1 
. 1 ( 4v ) 

2 1 + Z 2 + 412 + 4,62 
(3.162) 
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An interesting issue that we did not address here is the amount of supersymmetry 

preserved by this quotient. 

3.6 Black holes as quotients 

As discussed in section 2.3, certain causally ill-behaved quotients can be given an 

interpretation as an analogue of black holes [GG, GG]. The idea is that one can ex­

cise regions where closed timelike curves will arise from the original spacetime, and 

consider the quotient just of the remaining portion of AdSp+ 1. The resulting ge­

ometry will be causally regular by construction, but will dearly not be gcodcsically 

complete, having a 'singularity' corresponding to the boundary of the excised re­

gion. This singularity is not a curvature singularity in the classical geometry, but 

extending the spacetime beyond it would introduce causal pathologies; it is there­

fore expected on the basis of the chronology protection conjecture that quantum 

corrections will lead to a true singularity at this location. The interesting question 

is whether this singularity is naked-that is, visible from infinity-or concealed by 

an event horizon. If it is behind an event horizon, we view the quotient geometry 

as a black hole, genera.lising the BTZ solution [55, 56]. 

In this section, we will study which quotients can lead to black holes of this type. 

Unlike in the previous section, where deformation on the sphere introduced qualita­

tively new possibilities, we find that the quotients with a black hole interpretation 

are the BTZ quotients in AdS3 , and the higher-dimensional generalisation of the 

non-rotating BTZ quotients, coupled with some action on the sphere. 

First, we need to establish what region of the spacctime we remove. In [68], 

where quotients acting just on the AdS factor were considered, it was argued that 

we should remove the region where the Killing vector ~AdS fails to be spacelike. 

Clearly, the quotient will contain closed timelike curves in this region. However, 

it is not in general true that all closed timclike curves will pass inside this region. 

In particular, for cases with >,(0,2) components, this does not remove all the closed 

timelike curves. 

Clos<xl timclike curves in the region where ~AdS is spacelike can he constructed by 
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e:m argument very similar to that used in section 3.3. As discussed at the beginning 

of section 3.4, for any of our quotients, we can construct a natural coordinate system 

(3.57) on the AdS part, in which we decompose AdSp+l in terms of an AdSn+ 1 and a 

sp-n- 1 fadors, where the Killing vedor generating the quotient is ~AdS = ~AdSn+l +~r, 

with ~AdS,. 11 acting only on the AdSn+l part of the metric (3.58) and containing the 

non-trivial block or blocks, while the ~r is a combination of rotations (the .\ (0. 2) 

blocks) acting on the unit sphere sp-n- 1
. Now consider an orbit where ~AdS is 

spacelike, but ~AdSn 11 is timelike. As in section 3.3, we can construct a closed curve 

which follows the orbit of ~AdS,.+J on the AdSn+ 1 factor and a length-minimising 

geodesic on the sp-n- 1 factor. There are identified points which are separated by 

an arbitrarily large timelike distance in the AdSn+ 1 factor; since the separation on 

sp-n- 1 is bounded, this closed curve will be timelike for sufficiently large separation 

on the AdSn+l factor. Obviously, a similar argument applies when we consider the 

cldormation on thf~ transverse sphere; then~ will he dosecl timelike curves wherever 

the norm of the non-trivial blocks taken on their owri is timelike. 

Thus, it would seem that a natural region to excise is the region where ~AdSn+l 

IS timelike. That is, the region to excise is determined by the norm of the non­

trivial block:,;, omitting all the rotations (both .\ (O,:.!) and the rotations on transverse 

spheres). Note however that this is still not sufficient to eliminate the closed time like 

curves in all cases. That is, the resulting quotient is not guaranteed to be causally 

regular. However, this is the only possibility we will consider here. It represents the 

natural generalisation of the construction of black hole solutions of [55, 56] to higher 

dimensions. We will focus on seeing what black analogues can be constructed by 

removing this portion of the quotient. We will see that the resulting spacetimes in 

the black hole examples are in fact free of closed causal curves. 

The singularity surface we consider is then where II~AdSn+l 11 2 = 0 in AdSp+l x Sfl. 

Our main concern for the rest of this section is to establish in which cases this 

sing11lmity surface is naked, and in which cases it is concealed by an event horiwn. 

Since ~AdS,. 11 is a Killing field, 

(3.163) 

so ~AdSn+l is always tangent to surfaces defined by II~AdSn+l 11:.! = constant. Hence, 
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the 'singularity' defined by [[~AdSn+l [[ 2 = 0 has a uull tangent, and must be a timelike 

or null surface. We think of such a quotient as an analogue of a black hole if there 

is a non-trivial event horizon j-(J+) in the quotient. Since the singularity surface 

is timelike or null, this can only happen if the singularity surface divides the future 

null infinity :J+ of the AdSp+l spacetime into disconnected regions. The behaviour 

of the Killing vector on the asymptotic boundary of the AdS spacetime is therefore 

essential in determining if a given case is a black hole or not. 

3.6.1 AdS3 black holes 

For the AdS3 case, the addition of a deformation on the sphere does not significantly 

modify the analysis of [56]: the only quotients which lead to black holes arc the 

ones whose AdS Killing vector field is associated with the Killing vectors //R, for 

[a1 [ -f. [a2 [, and I fiR± for a -f. 0, corresponding to non-extremal and extremal black 

holes, respectively. These AdS Killing vectors correspond to type h and type I I a 

in the notation of [56] 10 . When embedding these black holes in string theory, it 

is certainly natural to embed them in type liB, in terms of AdS3 x S3 x lf4
, coming 

from the near horizon of the D 1-D5 system. Thus, the most general Killing vector 

field giving rise to black holes is given by 

(3.164) 

where we are using the notation introduced in Section 3.2. 

The metric on these solutions is easily constructed. For simplicity, we shall focus 

again on the deformation for which ()1 = ()2 = "(. Let us adopt BTZ coordinates on 

the AdS space, so that ~Ads3 = 8cp, and adapted coordinates on the sphere, so that 

10 Notc that the 111 = J = 0 black hole solutions of [56], obtaiued by quotientiug by )/ II(l,
2
), do 

uot have a geueralisatiou to include rotation 011 the sphere, us the associated AdS Killiug vectors 

arc nowhere timclikc, ,;o these give can,;ally rcgnlar qnoticnt,; once a non-trivial ~s" iR included, as 

described in section 3.3. 
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f.s = 81/J. Then the metric is 

(r2
- r!)(r2 - r~) 2 r 2dr2 

2 r_r + 2 
g =- r2 dt + (r2- r!)(r2- r~) + r [d<P- ~dt] 

+ dB2 + dx2 + d'lji + 2cos2Bdxd'l/J, (3.165) 

and the quotient introduces the periodic identifications <P ,..... <P+ 2nm, 'ljJ ,..... 'ljJ + 27r"(m, 

m E 1. If we introduce a new coordinate ;jJ = 'ljJ - ~f<fJ, then f. = 3q, and the metric 

in fully adapted coordinates is 

(r
2

- r!)(r
2

- r~) d 2 r 2dr2 
2[d-+. T _r + d ]2 

g = - 2 f + ( 2 2 )( 2 2) + T 'f'- -2- t 
T T-T+ T-T_ T 

+ 12d<j.J2 + 2"fd<fJ(d;jJ + cos2Bdx) + dB2 + dx2 + d;jJ 2 + 2cos2Bdxd;jJ. (3.166) 

Note that the deformation on the sphere does not affect the leading r 2 part of 

the metric at large distances, so the structure of the asymptotic boundary of the 

black hole is not changed. From the point of view of Kaluza-Klein reduction over 

the sphere, this geometry is described as the rotating BTZ black hole with a fiat 

SU(2)L C S0(4) gauge connection A~ = "( turned on, in analogy with previous 

discussions of conical defects [97]. Since the gauge field has zero stress-energy, it 

does not modify the three-dimensional metric. Its presence does however modify 

the supersymmetry conditions [97]. Unlike in the conical defect case, we cannot 

make non-supersymmetric black hole solutions supersymmetric by adding a defor­

mation on the sphere, as we cannot balance the hyperbolic black hole holonomy by 

a holonomy in SU(2). 

3.6.2 Higher-dimensional black holes 

Let us now investigate what happens in higher dimensions. For the excision we are 

studying, the singularity is determined by the non-trivial part of the AdS action, 

(1\dSn+l, and the presence of horizons is determined by considering the intersection 

of this singularity surface with the AdS boundary. We therefore focus on the AdS 

part of the story, and only add in the sphere at the end. 

We want to know if there is an event horizon in the quotient. Since the location 

of the singularity is determined by (AdSn+l, it is natural to study this using the 
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decomposition (3.57). This considerably simplifies the task of studying the higher­

dimensional cases, by relating it to the lower-dimensional classification. It would 

require considerable work to determine directly from the form of the Killing vectors 

whether or not r~vent horiwns exist. By relating this question to the existence of 

horizons in lower dimensions, we can avoid most of this work and also gain some 

valuable insight into the differences between the AdS3 case and higher dimensions. 

For a Killing vector which does not contain a .\ V(2•3l block, a .\ II 1(2 •4) block, two 

_AII£(1. 2) blocks, or a _Alii(J. 2) and a _A(Ll) block, we can adapt the coordinate system 

of (3.58) with n = 2; that is, we can decompose AdSp+l in terms of AdS3 and S~'- 3 

factors. The Killing vector then decomposes as ~AdS = ~AdS3 + ~r, where ~Ads3 acts 

only 011 the AdS3 part of the metric (3.58) and contains the uun-trivial block or 

blocks, while the ~r is a combination of rotations (the .\ (0,2) blocks) acting on the 

unit sphere SP- 3
. Furthermore, ~Ads3 is precisely the Killing vector associated to the 

same type of quotient in the analysis of [56]. 

We exploit this decomposition to simplify the problem of finding horizons. We 

will show that there is a simple condition on the action in AdS3 which will imply 

that the singularity is naked in AdSp+l· The existence of a non-trivial event horizon 

in the quoticut spacetime implies that there are points in the singularity surface 

II~Ads3 ll 2 = 0 which cannot be connected to the same asymptotic region in both the 

past and the future. Conversely, if a. point in AdS with llt;Ads3 W = 0 lies on some 

timelike curve which lies entirely in the region where llt;Ads3 ll 2 ~ 0 in the bulk and 

starts and ends in some connected component of the region of the boundary where 

llt;Ads3 11
2 > 0, this point on the singularity will be naked in the quotient. Thus, the 

existence of such a curve implies the nakedness of the singularity. 

Now, in the coordinates (3.58), we can consider the restriction tu the AdS3 factor 

at some fixed point on the sphere factor that ~~- acts on, and ask if there is such 

a curve which in addition stays in this submanifold. This will supply a sufficient 

condition for nakedness of the singularity which can be expressed in AdS3 terms. 

We therefore want to look for a timelike curve in AdS3 which connects points in 

the same connected component of the region of the boundary where II~Ads3 ll 2 > 0 

through the region where II~Ads3 ll 2 ~ 0 in the bulk, and passing through a point at 
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II~AdSJ W = 0. But this is the same thiug as the condition for a naked. singularity 

in AdS3: cases which do not lead to black holes in AdS3 do not lead to black holes 

in higher dimensions either. Horizons can only arise in the cases where there is a 

horizon in the AdS3 quotient. 

Consider now the cases which give black holes in AdS3; that is /R for latl -::/: lazl 
and //R± for a -::/: 0. Consider first the rotating black holes. We will see that there 

will be no horizons in the higher-dimensional cases. In the quotient of AdS3, we 

obtained a solution with an inner horizon and a timelike singularity, so any point 

on the singularity surface was connected to the boundary to both the past and 

future, but it was connected to different components of the boundary, so this did 

not imply the abscuce of a horizon. In higher dimensions, however, we can describe 

the asymptotic boundary in terms of an AdS3 X sp-~ metric, 

(3.167) 

Since the portion of the bulk of AdS3 where ~Ads3 is spacelike is connected, the por­

tion of the boundary of AdSP+ 1 where ~Ads3 is spacelike will be connected, and hence 

the curves which link a point on the singularity to the boundary have their endpoints 

in a single connected component of the region of the boundary where II~AdS:1 II 2 > 0. 

Thus, they imply that the singularity is naked in the higher-dimensional quotients, 

as noted fur the case p = 3 in [68]. 

This leaves only the cases where we quotient by a Killing vector with a single 

).( 1•1) factor, which would correspond to a non-rotating black hole in AdS3. We will 

sPP shortly that this casP cloPs have non-trivial event horizon for AdSp+ 1, p ?: 2. 

This is thus the only case involving AdS3 blocks with an event horizon in higher 

dimensions. 11 

It remains to consider the Killing vectors containing blocks >. V(Z,3) and >,ll(Z,4), 

and the cases containing two >.( 1•2) blocks or a >,(!,2 ) block and a ).( 1•1) block. However, 

these do not lead to any more examples with horizons. For two >.( 1•2) blocks, this 

is obvious, as the Killing vector is nowhere timelike. For the >. V(Z,3) block, we can 

11 We are agai11 exdudiug the case of .\(1, 2 ), correspouding to an AI = 0 black hole, 011 the 

grounds that once we include rotation OH the sphere, this will become a causally regular quoticllt. 
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observe that it was shown in [68] (where this case is called type V) that there is no 

horizon in this case in AdS 4 ; this can easily be extended to show that there is no 

horizon in higher dimensions by the arguments used above. For a A(l,2
) block and a 

A(U) hlock, we can similarly appeal to the analysis of [68]. 

For the A (2.4) , we analyse the situation in AdS5 , and appeal to the argument set 

forth above to extend the conclusion to general dimensions. In AdS5 , the Killing 

vector is 

(3.168) 

The norm of this Killing vector is 

where { x 1 , ... , x6 } are the IR 2-" embedding coordinates. Adapting a global coordinate 

system ou AdS5 , 

x 1 = coshpcost, x 2 = coshpsint, 

X3 = sinh p COS e COS qy, X4 = sinh p COS e sin qy, (3.170) 

X5 = sinh p sin 8 COS tjJ. XG = sinh p sin B sin t/J , 

the uorm becomes 

II~AdsW.l = -b2 + 4bsinh p sine [-cosh p sin( 'lj; ± t) + sinh p cos e sin( 'ljJ - rP )] 

+ cosh2 p + sinh2 p cos2 e - 2 cosh p sinh p cos e cos( rjy ± t) . 

Thus, we see that the global time dependence of the norm is simply a simultaneous 

rotation in the two angles r/Y, 1/J on the S3 in AdS5 . Thus, the region of the boundary 

where the norm of the Killing vector is spacelike is clearly connected, and this case 

does not give rise to a black hole in any dimension. 

Thus, the only quotient with a black hok interpn~tation for p > 2 is the quotient 

by an AdS Killing vector A(Ul(a) EBi A(0,2l(bi)· The resulting quotient is the higher­

dimensional generalisation of the non-rotating BTZ black hole. Special cases of this 

solution for p = 3, 4 have been discussed before in [68, 118, 119]. 12 As above, the 

12 Note that in [68], it was claimed that this does uot lead to a black hole for h; i 0. This is 



3.6. Black holes as quotients 84 

natural coordinate system on these quotients in general is the one given by the 

decomposition (3.57). If we adopt adapted coordinates for the A(l,l) action on the 

AdS3 factor, this is 

2 ( 2 2 dr
2 

2 2) 2 2 g =cosh x -(T - 1)dt + -
2
-- +,. defy + dx + sinh xd0"_ 3 . 

T -1 
(3.171) 

where we have re-absorbed the length scale r + associated with the black hole by 

rescaling coordinates, so the period of the angular coordinate cfy depends on r +. The 

quotient makes identifications in cP with some twist on the SP-3 determined by the 

b;. We note that although these are deformations of the higher-dimensional BTZ 

quotient by rotations. they do not look like rotating black holes in the usual sense: 

at is still hypersurface-orthogonal, and there is a single horizon. 

The special case where we consider a simple boost, so b; = 0, was considered 

in detail in [68, 118, 119]. In this case the quotient preserves, in addition to the 

symmetry associated with~' an S0(1,p-l) symmetry in the orthogonal subspace. 

Various coordinate systems were defined on the quotient which are adapted to make 

some or all of this symmetry manifest in [118, 119]. We would like to briefly connect 

to that work by showing how our preferred coordinate system above which makes 

the AdS3 structure manifest is connected to one of those coordinate systems. 

In [119], "spherical" coordinates were defined, in which the metric takes the form 

g = (p2
- 1) [- sin2 edtz + dB2 + cos2 edop-3] + ( :p

2 

) + p2 dcfy2
. 

p -1 
(3.172) 

These coordinates are one example of coordinates adapted to the SO ( 1, p - 1) x 

S0(1, 1) symmetry of this spacetime. They are related to (3.171) by the coordinate 

transformation 
sinhx 

cos e = p = r cosh X . 
~· 

(3.173) 

It is interesting to note that this shows that the SO( 1, 1) manifest in (3.172) is 

precisely the time translation of the BTZ black hole. Note that the spherical coor­

dinates of (3.172) cover more of the spacetime than the BTZ coordinates of (3.171). 

because [68] took the singularity surface to be II.;Actsll 2 = 0, which does not eliminate all closed 

timelike curves i11 this ease. We take the singularity surface to be II.;AdS" W = 0, cutting out Tnore 

of the global AdS spacetirne; this gives a causally regular spacetime which cau be interpreted as a 

black hole. 
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This illustrates that while the coonlinates we have constructed adapted to the de­

composition of the Killing vector in terms of lower-dimensional quotients are useful, 

they are not the best coordinate system for every purpose. 

Another interesting coordinate system on this quotient is the 'de Sitter' coordi-

nates of [119], which were used in [120, 121], where this locally AdSp+l black hole 

arises as the asymptotic behaviour of the bubble of nothing solution. In that context, 

it is convenient to adopt a coordinate system in which the metric is 

(3.174) 

These coordinates are adapted to the same SO( 1, p - 1) x SO( 1, l) symmetry as in 

(3.172). The coordinate transformation relating (3.174) to (3.172) is 

l = 1 + R2
, cos() = cosh T sin() , 

. h tanh T 
tan l = ----

cosB 
(3.175) 

These 'de Sitter' coordinates have the advantage that they cover the whole exterior 

region of the black hole. They demonstrate that the black hole is not a static solution 

in higher dimensions; there is no Killing vector which is timelike everywhere outside 

the black hole eveut horizon. 

As in the three-dimensional case, when we consider the quotient of AdSp+l x S", 

we can write the AdS and sphere factors in adapted coordinates separately, so that 

~/\,IS = a<!J, and 6 = a</•· Fully adapted coordinates arc then obtained by setting 

·ljJ = '1/J - -yr/J, which introduces 0( 1) cross terms between AdS and sphere coordi­

nates. Again, frorn the Kaluza-Klein reduced point of view, what we are doing is 

introducing a flat SO(q + 1) gauge connection A~ = -y on the black hole solution 

above, without modifying the metric. 

One other issue deserves remarking on on the su_bject of black holes: m [119], 

it was claimed that a rotating black hole solution could be constructed by taking a 

quotient of AdS5 . ·v..rc want to point ont that this is not the same as the deformation 

by A (0,2) discussed above; in fact, this quotient is not a black hole. The solution 

of [119] was given by considering AdS5 in the coordinates 

(3.176) 
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and making identifications along cjJ = ~ at fixed t 

hole' metric of the form 

r+i-r_;J, 
r! -r~ 

86 

This gives a 'black 

where r2 = r! em;h2 p - T~ sinh2 p. Since the coordinates i and J in (3.176) Loth 

parametrise S0(1, 1) symmetries (while X para.metrises an S0(2) symmetry), we 

can easily see that this quotient corresponds to the rotating BTZ black hole type 

of quotient: that is, to a quotient by a Killing vector formed from ).(1,1l(a 1) EB 

).(l,Il(a2), with a1a2 of. 0. This can be seen explicitly by noting that defining the 

new coordinates x, r by 

. l 2 ('r2 - ·r!) . 2 e 
sm 1 x = ( 2 2 ) stn , 

r+- r_ 

r 2
- r~ 

T'2 - T~ = ---,;--
cosh2 x ' 

(3.178) 

we can rewrite (3.177) as 

(3.179) 

showing that the quotient space has a rotating BTZ black hole factor and a circle 

factor, as expected for this type of quotient. Now, we have argued above that the 

presence of a rotating BTZ black hole factor implies that the region of the boundary 

of AdS5 where the Killing vector we are quotienting aloug is spacclike is counected. 

Thus, this quotient cannot lead to an event horizon. The apparent presence of an 

event horizon in the coordinates (3.177) is attributable to those coordinates not 

covering the whole of infinity. 



Chapter 4 

N on-supe:rsymmetric smooth 

geometries and Dl-D5-P bound 

states 

4.1 Introduction and Summary 

A radical resolution of the information paradox has been suggested whereby quan­

tum gravity effects do not stay confined to microscopic distances, and the black hole 

interior is quite different from the naive picture suggested by dassical gravity. In 

this 'fuzz ball' picture individual states have no horizon and no singularity, but an 

effective 'horizon' does arise after 'coarse-graining'. 

Support for this conjecture has come from studying the Dl-D5 system. The 

theory considered is type liB supergravity compactified 011 5 1 x T'1 with n 5 D5-

branes wrapping 5 1 x T 4
, and n 1 D-strings wrapping the 5 1

. The low energy physics 

of the bound states of these branes is described by a 1 + 1 dimensional CFT with 

c = 6n 1n5 . This fidd theory has its fermions periodic around the 8 1 and is thus in 

the Ramond sector. The R ground state of the CFT has a large degeneracy, with 

entropy Smicro = 2J2; J1i)1i5. The geometry usually claimed to correspond to the 

87 
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R. ground state of the D1-D5 system with no angulm momentum is 

Q 1 Q 5 J (1 + ~i ) 
(1 + 2 )(1 + 2 )d:r;dx; + dzadz,. 

r r J(l + ~n 
( 4.1) 

At 1' ____, CXl the geometry is fiat, at small r the geometry is locally AdS3 X S3 X T 4 

and it is singular at ·r = 0. Lnnin and Mathm showed [80, 125] that this gmmetry is 

not actually produced by any configuration of D1 and D5 charges by constructing a 

family of smooth geometries corresponding to the whole family of RR ground states 

in the CFT. 

They found such solutions by first mapping this· '2-charge system' to another 

2-charge system, the FP system, by a set of string dualities. The bound state of 

the F and P charges corresponds to a fundamental string 'multiwound' n 5 times 

around 8 1
, with momentum P being carried on this string as travdling waves. Since 

the F string has no longitudinal vibrations, it must bend away from its central 

axis in a transverse direction to carry the momentum. It is possible to write down 

the supergravity solution corresponding to such a configuration. Dualising back we 

get a family of geometries for the D1-D5 system characterised by functions of the 

displacement of the string in its transverse directions. Upon quantisation this family 

of geometries should yield the e2V27fv'n1n5 states expected from the entropy. 

Each D1-D5 bound state has a finite transverse size which modifies the naive 

metric ( 4.1) inside a region r < r 0 , such that each geometry is regular with no 

horizon. Had the bound state been pointlike, the metric would have ended in a 

point singularity at T = 0. If we 'coarse grain' by drawing a boundary to enclose 

the region r < r0 where these geometries differ significantly from each other then 

for the area A of this boundary we find 

(4.2) 

Such an agreement was also found for the one parameter family of 'rotating D1-D5 

systems' where the states in the sytem have angular momentum J [126]. As a test of 

whether this picture of the two-charge system indeed describes the correct physics 

oue can perform dynamical experiments with these different geometries. To this 
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end the collision time for left- and right-moving excitatious 011 the component string 

was computed in field theory and compared to the time for graviton absorption and 

re-emission in the supergravity picture; the two are found to match [80, 127]. 

However, the 2-charge Dl-D5 system has a vanishing macroscopic entropy so 

does not actually correspond to a finite horizon area black hole. The 3-charge system 

which has Dl, D5 and P charges (Pis momentum along the S 1) has a horizon radius 

that is of the same order as other scales in the geometry and therefore has a finite 

macroscopic entropy. This system exhibits all the physically important properties 

of black holes so results from this system are expected to extend to black holes in 

general. 

Giusto, Mathur, and Saxcna made a first step in this direction when they iden­

tified smooth geometries corresponding to the spectral flows of the 2-charge RR 

groundstates studied earlier [85, 86]. These states correspond to special subsets of 

the 3-charge CFT. The form of all regular half-BPS U ( 1) x U ( 1) invariant 3-charge 

solutions has recently been found and it could be that these geometries will account 

for a significant part of the entropy of the 3-charge black hole [95, 96]. However, 

these geometries have not as yet been explicitly related to CFT states. 

In this chapter we find uou-extremal 3-charge solitonic solutions in supergravity 

and identify their corresponding CFT states. We find that these non-supersymmetric 

soliton solutions are parametrised by two integers m, n. The previously studied 

supersymmetric solutions correspond to m = n + l. Further solutions with another 

integer degree of freedom k are constructed by orbifolds of this basic family. 

\Ve identify the basic family of smooth solutions labelled by m, n with states in 

the CFT constructed by spectral flow from the NSNS vacuum, with m + n units of 

spectral flow applied on the left and m- n units of spectral flow applied on the right. 

\Ve find a non-trivial agreement between the spacetime charges in these geometries 

and the expectations from the CFT point of view. This agreement extends to 

the geomd.ries constructed as orbifolds of the basic smooth solutions. We have 

studied the wave equation on these geometries, and we find that as in [86], there is 

a mismatch between the spacetime result, b..t511 gra = 1r Rg, and the expectation from 

the CFT point of view, b..tc FT = 1r R. We believe that understanding this mismatch 
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is a particularly interesting issue for further development. Finally, we discuss the 

appearance of an ergoregion in the non-supersymmetric solutions. \Ve find that the 

ergoregion does not lead to any superradiant scattering for free fields. 

This chapter is organised as follows. In section 4.2, we recall the metric and 

matter fields for the general family of solutions we consider, and discuss the near­

horizon limit which relates asymptotically fiat solutions to asymptotically AdS3 x 

8 3 ones. In section 4.3, we discuss the constraints required to obtain a smooth 

soliton solution. We find that there is a basic family of smooth solutions labelled 

by the radius R of the S'1 , the D 1 and D5 brane charges Q1 , Q5 , and two integers 

m, n. Further solutions can be constructed as 7l.k orbifolds of these basic ones; 

they will be smooth if m and n are both relatively prime to k. We also discuss 

the asymptotically AdS3 x S'3 solutions obtained by considering the near-horizon 

limit. The asymptotically AdS3 x S'3 solutions corresponding to the basic family of 

smooth solutions are always global AdS3 x 8 3 up to some coordinate transformation. 

In section 4.4, we verify that the solutions are indeed smooth and free of closed 

timelike curves. In section 4.5, we identify the corresponding states in the CFT, 

identifying the coordinate shift in the global AdS3 x S'3 solutions with spectral flow. 

In section 4.6, we discuss the massless scalar wave equation on these solutions, and 

show that the non-supersymmetric solutions always have an ergoregion. 

4.2 General nonextremal solution 

\Ve will look for smooth solutions as special cases of the nonextremal rotating three­

charge black holes ?;iven in [160] (uplifted to ten-dimensional supergravity follow­

ing [138]). The original two-charge supersymmetric solutions of [97, 98] were found 

in this way, and the same approach was applied more recently in [85, 86] to find 

supersymmetric three-charge solutions. In the present work, we aim to find all the 

smooth solutions within this family. 

In this section, we discuss this family of solutions in general, writing the metric 

in forms that will be useful for finding and discussing the smooth solutions. We will 

also discuss the relation between asymptotically fiat and asymptotically AdS:3 x S'3 
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~olutious. \Ve write the metric a~ 

where 

( 4.4) 

and ci = cosh bi, Si = sinh bi. This metric is more usually written in terms of 

functions Hi = H;/ f. Writing it in this way instead makes it clear that there is no 

singularity at f = 0. As the determinant of the metric is 

.)it 2 2 
g = -r -=-cos (;/sin e, 

Hs 
( 4.5) 

it is clear that the inverse metric is also regular when f = 0. The above metric is in 

the string frame, and the dilaton is 

2<1> HI 
e = --::-. 

H5 
(4.6) 

From [85], the 2-form gauge potential which supports this configuration is 

M cos2 
() 

- [(a2C1S5Cp- a1s1cssp)dt + (aJSJCsCp- 0.2C1S5Sp)dy] (\ d'ljJ (4.7) 
l-Jl 

M sin2 e 
+ - [(a1C1S5Cp- 0.2SJCsSp)dt + (a2S1C5Cp- 0.1C1S5Sp)dy] 1\ dcp 

HI 
A1s 1cl Nfsscs 2 2 2 2 ----dt 1\ dy- ---(r + a 2 +M s 1) cos Od'ljJ 1\ de/>. 

J-1 I J-1 1 
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VVc take the T 4 in the z; directions to have volume V, and the y circle to have radius 

R, that is y"' y + 21rR. 

Compactifying on T 4 x 5 1 yields an asymptotically flat five-dimensional config­

uration. The gauge charges arc ddermined by 

(4.8) 

Qs = M sinh Os cosh Os, ( 4.9) 

(4.10) 

where the last is the charge under the Kalm~a-Klein gauge field a.<;sociated with the 

reduction along y. The five-dimensional Newton's constant is G(5) = G(IO) /(27r RV); 

if we work in units where 4G(s) j1r = 1, the Einstein frame ADM mass and angular 

momenta are 
M 

l\{ADA1 = 2(cosh261 + cosh2t55 + cosh2t5p), (4.11) 

J'I/J = -M ( a1 cosh 61 cosh Os cosh Op - a2 sinh 01 sinh Os sinh Op), (4.12) 

J <P = -M ( a 2 cosh 01 cosh 6s cosh Op - a 1 sinh 01 sinh Os sinh Op) (4.13) 

(which are invariant under interchange of the 0;). We see that the physical range of 

M is !vi 2: 0. We will assume without loss of generality 01 2: 0, 55 2: 0, 8P 2: 0 and 

a1 2: a2 2: 0. 

\i\le also want to rewrite this metric as a fibration over a four-dimensional base 

space. It has been shown in [123] that the general supersymmetric solution in 

minimal six-dimensional supergravity could be written as a fibration over a four­

dimensional hyper-Kahler base, and writing the supersymmetric two-charge solu­

tions in this form played an important role in understanding the relation between 

these solutions and supcrtubes in [126] and in an attempt to generate new asymp­

totically fiat three-charge solutions by spectral flow [124]. The supersymmetric 

three-charge solutions were also written in this form in [128]. Of course, in the non­

supersymmetric case, we do not expect the base to have any particularly special 

character, but we can still use the Killing symmctries Ot and Oy to rewrite the met­

ric ( 4.3) as a fibration of these two directions over a four-dimensional base space. 
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This gives 

d.s2 = ~ {- (J - !vi) [ dt- (J - !VI) - 1 M cosh <51 cosh <55 ( a 1 cos2 Bd'l/J + a2 sin2 Bdq))] 
2 

+ f [dy + f- 1 l'vf sinh 8, sinh 85 (a2 cos2 Bchj; +·a, sin2 Bd<P)J
2

} 

+ +dB { 
r2dr2 2 

('r 2 + a?)(r2 +a§)- Mr 2 

+(.f(f- /v!))- 1 
[ (.fU- M)+ .fa.~ siu2 e- (.f- kf)a.i siu2 e) sin2 (Jdq/ 

+ 2l'vf a 1 a2 sin 2 
() cos2 ()d4;dc/J 

+ (!(!-M)+ fai cos2 e- (J- M)a~ cos2 e) cos2 8d'l/J2
] } , 

where t = t cosh 6, - y sinh 61, y = y cosh 8, - t sinh 61'. 

We can see that this is still a 'natural' form of the metric, even in the non­

supersymmetric case, inasmuch as the base metric in the second {} is independent 

of the charges. This form of the metric is as a consequence convenient for studying 

the 'near-horizon' limit, as we will now sec. 

In addition to the asymptotically fiat metrics written above, we will be interested 

in solutions which are asymptotically AdS3 X S 3
. These asymptotically AdS3 X S 3 

geomctries can he thonght of as describing a 'core' region in onr asymptotically flat 

soliton solutions, but they can also be considered as geometries in their own right. 

It is relatively easy to identify the appropriate CFT duals when we consider the 

asymptotically AdS3 x S 3 geometries. To prepare the ground for this discussion, we 

should consider the 'near-horizon' limit in the general family of metrics. 

The near-horizon limit is usually obtained by assuming that Q1 , Q5 » M, ai, a~, 

and focusing on the region r 2 « Q1, Q5 . This limiting procedure is easily described 

if we consider the metric in the form (4.14): it just amounts to 'dropping the 1' 

in the harmonic functions H1, Hs, that is, replacing lh ;::::; Q1, Hs ;::::; Qs, and also 

approximating M sinh 81 sinh <55 ;::::; M cosh <51 cosh 85 ;::::; JQ1 Q5 in the cross terms in 

(4.14) 
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the fibration. This gives us the asymptotically AdS3 x 8 3 geometry 

d.s2 = ~ { -(!- M)[dt- (j- M)- 1 ~(a1 cos2ed'lj; + a2sin2ed<PW 

+ f [dy + f- 1 ~(a2 cos2 ed'ljJ + a1 sin2 ed<PW} 

{ 
r2dr2 2 

+~ (r2 + a?)(r2 +aD- Jvfr-2 +de 

+(!(!- M))-1 [(!(!-M)+ fa~ sin2 e- (J- M)ai sin2 e) sin2 ed<jl2 

+2M a1a2 sin2 e cos2 ed'ljJd<jJ 

+ (!(!- ll~l) + fai cos2 e- (J- M)a~ cos2 e) cos2 ed'l/J2] } . 

This can be rewritten as 

where we have defined the new coordinates 

and parameters 

t£ 
T=­

R' 

e2=~, 
2 . 

!vf3 = ~ [(M- ai- aD cosh 26P + 2a1a2 sinh 26p], 

R2 
h = £3 [ ( 1\1 - ai - aD sinh 26p + 2al a2 cosh 2t5p]-

(4.15) 

(4.16) 

( 4.17) 

( 4.18) 

(4.19) 

( 4.20) 

(4.21) 

Thus, we see that we recover the familiar observation that the near-horizon limit of 

the six-dimensional charged rotating black string is a twisted fibration of S 3 over 

the BTZ black hole solution [129]. 

4.3 Finding solitonic solutions 

In general, these solutions will have singularities, horizons, and possibly also closed 

timelike curves. Let us now consider the conditions for the spacetime to be free of 

these features, giving a smooth solitonic solution. 
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\Vritten in the form ( 4.3), the metric has coordinate singularities when I-!1 = 0, 

H5 = 0 or g(r) = (r 2 + ai)(r2 +aD - Mr2 = 0. In addition, the determinant of 

the metric vanishes if cos2 () = 0, sin2 
() = 0, or r 2 = 0, which will therefore be 

- -
singular loci for the inverse metric. The singularities at !11 = 0 or !15 = 0 are 

- -
real curvature singularities, so we want to find solutions where H 1 > 0 and I-!5 > 0 

everywhere. The vanishing of the determinant at () = 0 and () = ~ merely signals 

the degeneration of the polar coordinates at the north and south poles of S 3
; these 

are known to be just coordinate singularities for arbitrary values of the parameters, 

so we will not consider them further. 

The remaining coordinate singularities depend only on r. We can construct a 

smooth solution if the outermost one is the result of the degeneration of coordinates 

at a regular origin in some IR 2 factor; that is, of the smooth shrinking of an S 1
. If 

this origin has a large enough value of r, we will have H1 > 0 and H5 > 0 there, and 

we will gd a smooth solution. The coordinate singularity at r 2 = 0 cannot play this 

role, as we can shift it to an arbitrary position by defining a new radial coordinate 

by p2 = r 2 
- r5. The determinant of the metric in the new coordinate system will 

vanish at p2 = 0. 

The interesting coordinate singularities are thus those at the roots of g( r), and 

the first requirement for a smooth solution is that this function have roots. If we 

write 

( 4.22) 

with r 2 > r-2 then + _, 

( 4.23) 

We see that this function only has real roots for 

(4.24) 

There arc two cases: M > ( n. 1 + a 2 ) 2 , or J\1[ < ( a1 - a.2 )
2

. Note that in the former 

case, r! > 0, whereas in the latter, r! < 0 (which is perfectly physical, since as 

noted above, we are free to define a new radial coordinate by shifting r 2 by an 

arbitrary constant). 
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Assuming one of the::>e two cases hold, we eau define a new radial coordinate by 

p2 = r2
- r!. Since r 2 dr 2 = p2dp2

, in this new coordinate system 

(4.25) 

and the determinant of the metric is g = -p2* cos2 e sin2 e. Thus, in this coordinate 

system, the only potential problems are at p2 = 0 and p2 = r~ - r!, that is, at the 

two roots of the function g(r). 

To see what happens at r 2 = r!, consider the geometry of the surfaces of constant 

r. The determinant of the induced metric is 

( 4.26) 

Thus, at T
2 = r!, tht: metric in this subspace degeneratt:s. This can signal either an 

event horizon, where the surface r 2 = r! is null, or an origin, where r 2 = r! is of 

higher codimension. We can distinguish between the two possibilities by considering 

the determinant of the metric at fixed r and t.; that is, in the (y, e, </J. 'ljJ) subspace. 

This is 

cos2 e sin2 e {g(r) (r 2 + ai sin2 e +a~ cos2 e + M(l +si+ s~ + s;)) 

+r2M2 (cic~c;- sis~s;) + 1112(M- ai- a~)sis;s; 

( 4.27) 

This will be positive at r 2 = r! if and only if M > ( a 1 + a 2 )
2

. If it is, the constant 

t cross-section of r 2 = r! will be spacelike, and r 2 = r! is an event horizon. Thus, 

we can have smooth solitonic solutions without horizons only in the other case 

To have a smooth solution, we need a circle direction to be shrinking to zero at 

r 2 = r!. That is, we need some Killing vector with closed orbits to be approaching 

zero. Tht:n by a suitable choice of period we could identify r} = 0 with the origin 

in polar coordinates of the space spanned by p and the angular coordinate corre­

sponding to this Killing vector. The Killing vectors with closed orbits are linear 

combinations 

( 4.28) 



4.3. Finding solitonic solutions 97 

::;o a twces::;ary comlitiou for a circle degeneration is that ( 4.27) vanish at r 2 = r!, 

so that some linear combination of this form has zero norm there. \Ve can satisfy 

this condition in two different ways. 

4.3.1 Two charge solutions: a1a2 = 0 

The first possibility is to set a2 = 0, so a1a2 = 0. Then for !V!< ai, r! = 0, and we 

set (4.27) to zero at r 2 = 0 by taking one of the charges to vanish. ·v..re will focus 

on setting 8P = 0, since these solutions will have a natural interpretation in CFT 

terms. Recall that in string theory, we can interchange the different charges in this 

solution by U-dualities. 

For this choice of parameters, the metric simplifies to 

= ~ [-(!- M)(dt- (!- M)- 1 Mc1c5a1 cos2 Bd'l,IJ) 2 

yH1Hs 
( 4.29) 

+ f(dy- f- 1.Msls5alsin2 Bd</Jf] 

+V iJ iJ" ( dr
2 + d02 + r

2 
sin

2 
0 dA,2 + (r

2
+ai-MJ cos

2 
0 d"'J2) . 

1 " r2+ai-M f '+' f-1\'! 'I 

Since (4.27) vanishes at r 2 = 0, the orbits of a Killing vector of the form (4.28) 

must degenerate there. It is easy to use the simplified metric ( 4.29) to evaluate 

0' = 0, ( 4.30) 

That is, if we define a new coordinate 

(4.31) 

the direction which goes to zero is y at fixed c/J, 'ljJ. To make y ____, y + 27f R at fixed 

cjJ, 'ljJ a closed orbit, we require 

( 4.32) 

Around .,. = 0, we then have 

( 4.33) 

This will be regular if we choose the radius of the y circle to be 

(4.34) 
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Thu::>, the integer quantisation condition fixes 

(4.35) 

\Vith this choice of parameters, the solution is completely smooth, and B, ~' ljJ are 

the coordinates on a smooth S3 at the origin r = 0. We recover the smooth super­

symmetric solutions of [97, 98] for m = 1. 

From the CFT point of view, it is natural to regard the charges Q1 , Q5 and the 

asymptotic radius of the circle R as fixed quantities .. We can then solve ( 4.34) and 

( 4.3S) to find the other parameters, giving us a one integer parameter family of 

smooth solutions for fixed Q 1 , Q5 , R. The integer ( 4.35) determines a dimensionless 

ratio aU M, while the other condition ( 4.34) fixes the overall scale ( a 1 , say) in terms 

ofQI,Qs,R. 

4.3.2 Three charge solutions 

Solutions with all three charges non-zero can be found by considering a 1a.2 # 0. 

Setting ( 4.27) to zero at r 2 = r~ implies that 

and hence that 

( 
2 2 2 2 2 2) 2 2 cl cscp + sl sssp 

!\;{ = a. 1 + a2 - a.la.2----'------'-
slclsscsspcp 

2 s 1s5Sp 
T + = -a.1a.2---. 

c1c5cp 

The Killing vector which degenerates is (4.28) with 1 

The associated shifts in the </J, '1/J coordinates are hence 

and y ----> y + 21r R at fixed ~' ~ will be a closed orbit if 

( 4.36) 

( 4.37) 

( 4.38) 

( 4.39) 

( 4.40) 

1 Thil; choice of parameters is most easily derived l>y requiring Yt.y -> 0 at p2 = 0; having derived 

it, ouc cau thcu check that. it also gives 9yy -> 0 at p2 = 0 as required. 
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for some integers n, m. As in the two-charge case, requiring regularity of the metric 

at the origin fixes the radius of the y circle. Vve do not give details of the calculation, 

but simply quote the result, 

If we introduce dimensionless parameters 

. (a2 ) 1/2 

J = a1 ::; 1' 

then the integer quantisation conditions determine these via 

j +F1 
=m-n, 

s + s- 1 

j -F1 
---=m+n. 
s- s- 1 

(4.41) 

( 4.42) 

( 4.43) 

Note that this constraint is invariant under the permutation of the three charges. 

We note that we can rewrite the mass ( 4.36) as 

J\1 ( 2 ·2)( ·-2 -2 1) ( -2 2)2 1 =a1a2s -J J s - =a1a2nms -s , ( 4.44) 

so M ~ 0 implies s 2 ~ P and nm ~ 0. Our assumption that a 1 > a2 implies n ~ 0, 

so m ~ 0, and ( 4.43) implies m > n. 

Thus, in this case, for given Q1 , Q5 , R, we have a two integer parameter family 

of smooth solutions. It is a little more difficult to make direct contact with the 

supersymrnetric solutions of [85] in this case, since one needs to take a limit a 1 , a 2 ---+ 

oo, but these would correspond to m = n+ 1, as it turns out that s = 1 and M = 0 if 

and only if rn = n + 1. V\Te can also think of the two-charge solntions in the previous 

subsection as corresponding to the case n = 0. To gain some insight into the 

values of the parameters for other choices of m, n, we have plotted the dimensionless 

quantities a 1 / ../M, a2 / ../M for some representative values in figure 4.1. The highest 

point on the figure corresponds to m = 2, n = 0. Increasing n moves diagonally 

downwards towards the diagonal, and increasing m- n moves down towards (0, 1). 

For each point, there is a set of orbifolds labelled by k. Solutions with event horizons 

exist in the region aJ/ VM + a2 / VM < 1 (off the bottom of the plotted region). 
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Figure 4.1: The values of the dimensionless quantities a2 j..;JJ, adVTf for which 

smooth solitons are obtained are indicated by points. 

4.3.3 Orbifolds & more general smooth three-charge solu-

tion 

So far, we have insisted that the solution be smooth. However, in the context of 

string theory, we may also consider solutions with orbifold singularitics, since the 

corresponding worldsheet conformal field theory is completely well-defined. In the 

context of the above smooth solutions, a particularly interesting class of orbifolds is 

the Zk quotient by the discrete isumetly (y, '1/J, c/J) "" (y + 21r Rjk, '1/J, cjJ). 

In the two-charge case, the quotient acts as (y, '1/J, ~) ""(y+21TR/k, 'lj;, ~+21rmjk) 

in the coordinates appropriate near r = 0. This isometry has a fixed point at 

r = 0, 0 = 0, so the resulting urbifuld has a Zk urbifuld singularity there. Iu 

addition, if k and m are not relatively prime, there will be a Zj orbifold singularity 

at r = 0 for all(}, where j = gcd(k, m). The supersymmetric orbifolds corresponding 

turn = 1 have previously been studied [80, 97,127]. 

In the three-charge case, the discrete isometry becomes (y, ;fi, ~) "" (y+21r R/ k, ;fi-
21rn/ k, ~ + 21rm/ k), and the lk will be freely acting if m and n are relatively prime 
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to k. Thus, we get new smooth three-charged solutions by orbifolding by a k which 

is relatively prime to m and n. We could have found such solutions directly if we had 

allowed for the possibility that y ---> y + 27f Rk is the closed circle at p = 0, instead of 

insisting that it he y ---> y + 27f R.. We also have orbifolrls similar to the two-chargerl 

ones if one or both of m and n are not relatively prime to k. In particular, the 

simple supersymmetric orbifolds studied in [86] correspond to taking m = kn' + 1, 

n = kn' for some integer n'. 2 The preserved supersymmetries in the solutions with 

m = n + 1 correspond to Killing spinors which are invariant under translation in y 

at fixed </J,?/J, so all the orbifolds of cases with m = n + 1 will be supersymmetric. In 

particular, orbifolds where k is relatively prime ton and n + 1 will give new smooth 

supcrsynunctric solutions. 

4.3.4 Asymptotically AdS solutions 

In order to understand the dual CFT interpretation of these solutions, it is inter­

esting to see the effect of the constraints (4.41, 4.43) on the asymptotically AdS 

solution (4.16). Consider first the two-charge case. If we set a.2 = 0, bp = 0 and 

insert ( 4.34, 4.35) in ( 4.16), we will have 

ds2 
= - (~~ + 1) dT2 + (~: + 1) -l dp3 + p2dci 

+£2 
[ d82 + sin2 e( d<jJ + mdr.p )2 + cos2 e( d?j; + mdT I £) 2

] . ( 4.45) 

Thus, the asymptotically AdS version of the soliton is just global AdS3 x S3 , with 

a shift of the angular coorrlinates on the sphere dcterminerl hy m. 

In the general three-charge case, the interpretation of the dimensionless param­

eter s changes in the asymptotically AdS solutions: it is now s = Jtanh bp· The 

conditions ( 4.43) are unaffected, however, and inserting these and the value of the 

2 In [~6], other examples where n cf. kn' are obtained by applying STTS duality to these mws. 

This is possihlP. hP-cause while {'m, n) arc U-duality invariant, k is not, so this transformation can 

map us t.o nf'w solutions. 
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period ( 4.41) in ( 4.16), we will have 

ds2 = - (~: + l) rlT2 + (~: + 1) -I rl/ + rirl<p2 (4.46) 

+£2 
[ dB2 + sin2 e( dcp + md<p - ndT I £) 2 + cos2 e( d'ljJ - nd<p + mdT I £) 2

] . 

Thns, again, the asymptotically AdS version of the soliton is just global AdS3 x S'3 , 

with shifts of the angular coordinates on the sphere determined by m, n. 

Thus, in the cases where they have a large 'core' region described by an asymp­

totically AdS geometry, the smooth solitons studied in the first two subsections 

above approach global AdS3 x S 3 in this region. As a consequence, the orbifolds 

studied in the previous section will have corresponding orbifolds of AdS3 x S 3
; some 

of these orbifolds were discussed in [130, 131]. The resulting quotient geometry is still 

asymptotically AdS3 x S3
, as can be seen by introducing new coordinates <p1 = k<p, 

T1 = kT, p' = plk. The metric on the orbifold in these coordinates is then 

(4.47) 

The redefined angular coordinate <p1 will have period 27r on the orbifold. 

4.4 Verifying regularity 

In the previous section, we claim to have found a family of smooth soli tonic solutions, 

by imposing three conditions on the parameters of the general metric. We should 

now verify that these solntions have no pathologies. In this section, we will nse the 

radial coordinate p2 = r 2 
- r~ (for the two-charge solutions, p2 = r 2

), which runs 

over p 2 0. 
- -

The first step is to check that H 1 > 0, H 5 > 0 for all p 2 0, as desired. In these 

coordinates, 

( 4.48) 
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In the two-charge case, where a 2 = 0, the last term vanishes, so f ;:::: 0, and hence 

H1 > 0, ifs > 0 everywhere. In the more general case, however, the last term is 

( 4.49) 

so we do not have f ;:::: 0. Examining ih directly, 

( 4.50) 

so for l/1 > 0 everywhr:rc, we need the last factor to br: positive. We know s2 > j 2
, 

and we can rewrite the last bracket as 

> 0, (4.51) 

so we indeed have 111 > 0. VIe can similarly show 1-h > 0. Thus, the metric in 

the (t, p, e, </J, 1/J, zi) coordinates is regular for all p > 0, apart from the coordinate 

singularities associated with the poles of the S 3 at e = 0, 7r /2, so the local geometry 

is smooth. 

Next we check for global pathologies. We can easily see that these solutions 

have no event horizons. The determinant of the metric of a surface of constant p, 

(4.26), is negative for p > 0. That is, there is a timelike direction of constant p for 

all p > 0, and hence by continuity there must be a timclike curve which reaches 

the asymptotic region from any fixed p. We will demonstrate the absence of closed 

timelike curves by proving a stronger statement, that the soliton solutions are stably 

causal. Using the expression for the inverse md,ric in appendix C, we can evaluate 

so aJlt is a timelike covector, and t is a global time function for the solitons. Hence 

the solitons are stably causal, and in particular free of dosed timelike curves. 

Finally, we should check regularity at p = 0. In the previous section, we chose R 

so that the p, y coordinates were the polar coordinates in a smooth IR2
. If we define 

new coordinates on this IR2 regular at p = 0 by 

:r1 = pcos(y/ R), :r2 = psiu(y/ R), ( 4.53) 
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then 

1 1 2 2 1 
dy = ( 2 2 ) (x dx - x dx ), 

xi+ x2 
( 4.54) 

and we need the other g1,y components in the metric to. go to zero at least linearly in p 

for the whole metric to he smooth at p = 0 onee we pass to the Cartesian coordinates 

x 1
, x2

. In fact, we find that the g11y go like p2 for small p in the (t, p, e, ~, 0, zi) 

coordinates. 

We also need to verify the regularity of the matter fields. The dilaton is trivially 

regular, siHce H1 > 0, H5 > 0, but the Rarnoncl-Ramolld two-form requires checking. 

The non-trivial question is whether the Cy11 go to zero at p2 = 0. In fact, in the 

gauge we used in (4.7), they don't: we find 

( 4.5.5) 

\Ve can remove these constant terms by a gauge transformation, so the Ramond­

Ramond fields are regular at p = 0. The physical importance of the constant terms 

is that they correspond to electromagnetic potentials dual to the charges carried by 

the geometry, and their presence is presumably related to the first law satisfied by 

these soliton solutions, as in [132]. 

In summary, we have shown that the two integer parameter family of solutions 

identified in the previous section are all smooth solutions without CTCs. In the 

next section, we will explore their relation to the CFT description of the D1-D5-P 

system. 

4.5 Relation to CFT 

We have found new smooth solutions by considering the general family of charged 

rotating black hole solutions ( 4.3). These are labelled by the radius R, charges 

( Q 1, Q.s) and three integers (m, n, k). They include th.e previously known supersym-

metric solutions as special cases, and add non-supersymrnctric solutions and new 
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:oupersyrnmetric orLifuld solutions. We would like tu sec if we eau relate these so-

lutions to the CFT description, as was done for the earlier supersymmetric cases 

in [85, 97, 98]. 

If we consider the <tsymptotically AdS3 x 8"' solutions mnstmcted in section 

4.3.4, which describe the 'core' region of the asymptotically flat solitons, we can 

use the powerful AdS/ CFT correspondence machinery to identify the corresponding 

states in the CFT. The dual CFT for the asymptot~cally AdS3 X S 3 X T 4 spaces 

with radius f! = ( Q1 Q5 ) '14 is a sigma model with target space a deformation of the 

orbifold (T4 )N /SN [133-135], where 

£'1V 
N = nrns = '2[B' 

g s 
( 4.56) 

where V is the volume of the T 4 . This theory has c = Gn 1 n 5 . In section 4.3.4, we 

showed that the corresponding asymptotically AdS solutions for a basic family of 

solitons were always global AdS3 x S 3 , with a shift on the angular coordinates on 

the sphere specified by n, m. Following the proposal outlined in [97], we identify the 

geometries ( 4.46) with CFT states with charges 

c ( )2 h=-m+n. 
24 

- c 2 
h = 

24 
(m- n) , 

Thus, these states have energy 

and momentum 

J 

J 

c 
= _::_(m+ n) 

12 
c 

=-(m- n). 
12 

( 4.57) 

( 4.58) 

( 4.59) 

Since the nou-curnpact geometry is global AdS3 , there is a single spin structure on 

the spacetime. Because of the shifts in the angular coordinates, this spin structure 

can be either periodic or antiperiodic around cp at fixed cp, 'ljJ: it will be periodic if 

m + n is odd, etnd antiperiodic if m + n is even. Thus, the geomdry is identified 

with a RR state with the above charges if m+ n is odd, and with a NSNS state with 

these same charges if m+ n is even. 
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These states can be interpreted in terms of spectral flow. Recalling that spectral 

flow shifts the CFT charges by [136] 

h.'= h + aj + a 2
_::__, 
24 

h' = h + /3) + /32 2c4' 

( 4.60) 

(4.61) 

we can see that the required states can be obtained by spectral flow with a = m+ n, 

j3 = m- n acting on the NSNS ground state (for which h = j = 0, h = ] = 0). 

This spectral flow can Le identified with the coordinate transformation in spacetime 

which relates the ( i.p, dJ, ljJ) coordinates to the ( i.p, J, J;) coordinates. Thus, we see 

that the non-supersymmetric states corresponding to all the geometries labelled by 

m, n an~ constructed by starting with the maximally supcrsymmetric NSNS vacuum 

and applying different amounts of spectral fiow. 

In [97], the special case m = 1, n = 0 was discussed. In this case, the spectral 

flow is by one unit on both the left and the right, and maps the NS vacuum to a R 

ground state both on the left and the right. We can see the supersymmetry of this 

state from the spacetime point of view: the covariantly constant Killing spinors in 

global AdS have the form 

( 4.62) 

so when we shift cPL = cPL + i.p, Jn = cPR + i.p, the Killing spinors E1, r:~ become 

independent of i.p, corresponding to the preserved Killing symmetries in the R ground 

state. If we consider m= n+ 1, the spectral flow on the right is by one unit, so E~ is 

still independent of i.p. These are the supersymmetric states considered in [85], which 

are R ground states on the right, but the more general R states obtained by spectral 

fiowing by 2n + 1 units on the left. Our non-supersymmetric solitons correspond to 

the more general non-supersymmetric states obtained by spectral flowing the NSNS 

vacuum by m- n units on the right and m+ n units on the left. In [85], an explicit 

repn~sentation for the R sector state obtained by spectral flow by 2r + 1 units was 

given, 3 

( 4.63) 

:1We use a slightly ditfercut notation than [85]. 
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where .J~k i::> a mode of the su(2) current of the full CFT which raises h aml j by 

!).h = k, /).j = 1, and 11) is the R ground state with j = +1/2 obtained by spectral 

flow from the NS ground state. Similarly, one can give an explicit representation of 

the NS sector state obtained hy spectral flow by 2r units, following [137], 

1
2 ) _ (J+ )n1n5(J+ )n1n5 (J+ )n1n5IO) r NS - -(2r-l) -(2r<l) · · · -1 NS· ( 4.64) 

The CFT state corresponding to the geometry ( 4.46) is then I m + n) R x I m - n) R 

or I m+ n) NS x I m- n) Ns, depending on the parity of m+ n. 

The situation is more interesting when we consider the orbifolds. The geornctrics 

( 4.4 7) should be identified with CFT states with charges 

1 _ ~ ( (m+ n)
2

- 1) c m+n 
1- 24 1 + k'2 ' J ----

12 k 
(4.65) 

h = ~ ( (m- n)
2

- 1) cm- n 
24 1 + k2 1 J ----

12 k 

In the supersymmetric case, when m = n + 1, h, = 
2
c
4

, ] = 1c2 t, so these geometries 

still have the charges of R ground states on the right. This particular R ground state 

corresponds to the spectral flow of the NS chiral primary state with /1 =] = 2~ kkl. 

However, the charges of the state in the left-moving sector arc, in general, not those 

of a R ground state or even the result of spectral flow on a R ground state. For 

general m, n, neither sector is the spectral flow of a ground state. Thus, these 

provide examples of geometries dual to more general CFT states. 

To specify the CFT state completely, we need to say if ( 4.65) are the charges of 

a RR or a NSNS state. To do so, let us consider the spin structure on spacetime. 

When m or n is relatively prime to k, there is a contractible circle in the spacetime, 

and as a result the spin structure is fixed. The contractible circle is ( <p1
, qy, 'lj;) __, 

( <p1 + 27fk, qy- 27fm, '1/;- 27fn). The fermions must be antiperiodic around this circle. 

For the case where neither m nor n is relatively prime to k, we are not forced to 

make this choice, but we will assume that we still choose a spin strnctnrc such that 

the fermions are antiperiodic around this circle; this would correspond to the spin 

structure inherited from the covering space of the orbifold. 

In the supersymmetric case m = n + 1, and more generally for m + n odd, this 

implies that the fennions are periodic under <p1 
--> <p1 + 27fk at fixed qy, 'lj;. For k odd, 
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this implies the fcnnions must Le periodic under '{J
1 

_, '{J
1 + 21r, while for k even, 

they may be either periodic or antiperiodic. Thus, for m = n + 1, we can always 

choose the periodic spin structure for the fermions on spacetime. This spacetime 

will then be identified with the supersymmctric RR state with the charges ( 4.6S). 

However, for k even, we can choose the antiperiodic spin structure for the fermions 

on spacetime; this spacetime will then be identified. with a NSNS state with the 

same charges (4.65). In this latter case, neither the spacetime solution nor the CFT 

state is supersymmetric. 

The situation becomes stranger for m+ n even. The antiperiodicity around the 

contractible cycle implies that the fermions will be antiperiodic under '{J
1 

_, '{J
1 + 21fk 

at fixed cp, 1/!. If k is odd, this is compatible with a spin structure antiperiodic in 

ip1
, but if k is even, there is no spin structure on the orbifold which satisfies this 

condition. The orbifold cannot be made into a spin manifold. The general conditions 

for such orhifolcls M jr to inherit a spin structure from the spin manifold M were 

discussed in [39]; see also [3] for further discussion relevant to the case at hand. It 

will be interesting to see how this obstruction for k even, m+ n even is reflected in 

the CFT dual. 

In the other cases, we eau unambiguously ideutify the CFT state correspoudiug to 

the geometry as the state with charges (4.65) in the sector with the same periodicity 

conditions on the fermions as in the spacetime (choosing one of the two possible spin 

structures on spacetime in the case k even, 1n + n odd). It would be interesting to 

construct an explicit description of these states, as in the discussion in [85, 86]. 

Thus, there is a clear CFT interpretation of the asymptotically AdS3 X S3 ge­

ometries. However, the interesting discovery in this paper is that there are non­

supersymmetric asymptotically flat geornetries, aud we want to ask to what extent 

these can also be identified with individual microstates in the CFT. Clearly the 

appropriate CFT states to consider are the ones described above, but does the iden­

tification between state and geometry extend to the asymptotically flat spacetimes? 

In particular, does it make sense to identify the asymptotically flat spacetime with a 

CFT state in the general case where it does not have a large approximately AdS3 x S 3 
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core region, and there is no supersymmetry?~ We would not in general expect the 

match to asymptotically fiat geometries to be perfect, but there is one non-trivial 

piece of evidence for the identification of the full asymptotically fiat geometries with 

the CFT states: the form of the charges still reflects the CFT structure. Plugging 

our parameters into (4.10, 4.12, 4.13) gives 

( 4.66) 

(4.67) 

( 4.68) 

These reproduce the quantisation of the CFT charges in (4.57). In the orbifold 

case, we replace R by kR, as the physical period of the asymptotic circle is k times 

smaller, and these values now agree with the charges in ( 4.65). This seems to us 

like a very non-trivial consistency check, as it is very difficult to even express the 

parameters Af, a 1, a 2 appearing in the metric (4.3) in terms of Q 1 , Q5 and R and 

the integers m, n, so there is no reason why we would have expected to get such 

a simple result automatically. So this appears a good reason to believe properties 

of the full asymptotically fiat gcomctries arc connected to the CFT states. Note, 

however, that it does not seem to be possible to cast the ADM mass in such a simple 

form. In the next section, we will also see that the predicted time delay involved in 

scattering of probes does not quite match CFT expectations. 

4.6 Properties of the solitons 

We will briefly discuss some properties of these solutions, and their relation to the 

dual CFT. We first discuss the solution of the massless scalar wave equation in 

these geometrics, following the discussion in [80, 86, 127] closely. We then consider 

4 The CFT state for some of the geometries is in the NSNS sector. We do not regard this as a se­

rious obstruction to an identification at the classical level: we are considering non-supersymmetric 

geometries, so we can allow the fermions to be <mtiperiodic around the asymptotic circle in space­

time. At the quantum level, one might worry that these antiperiodic boundary conditions lead to 

a constant energy density iucousisteut with the assumed asymptotic flatuess. 
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the most significant difference between our uon-supersymmetric solitons and the 

supersymmetric cases, the absence of an everywhere causal Killing vector. 

4.6.1 Wave equation 

It is interesting to study the behaviour of the massless wave equation on this geom­

etry. This is a first step towards analysing small perturbations, and also allows us 

to address questions of scattering in the geometry which indicate how an exterior 

observer might probe the soliton. We consider the rnassless wave equation on the 

geometry, 

ow = o. ( 4.69) 

It was shown m [138] that this P-quation is sP,parahlP-. ConsidP-ring a sP-paration 

ansatz 

W = exp( -iwt/ R + i>..yj R + imt/!'1/J + £m,pcp)x(B)h(r), (4.70) 

and using the inverse metric given in appendix C, we find that the wave equation 

reducP-s to 

1 d ( d ) --- sin2B-x 
sin 20 d() d() 

+ w (a2 sin2 ()+a? cos2 B)- --0- - __ <P_ 
[

( 2 _ >..2) 7n2 m2 ] 

R2 1 2 cos2 () sin2 
(} 

X= -Ax, ( 4.71) 

(4.72) 

where 

[!= (4.73) 

We see that the singularity in the wave equation at" r 2 = T~ is controlled by the 

frequency around thP- circle which is shrinking to zero thP-rP-. This is a valuable 

check on the algebra. If we introduce a dimensionless variable 

T2- r2 
X= + 

.,.2 - ,.2' 
+ -

( 4. 74) 
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\VC eau rewrite the radial equatiou iu the form used iu [85], 

4- x(x + 1)-h + a--2 x + 1- v2 + ---- h = 0, d [ d ] ( e (2

) 
dx dx x + 1 x 

where 

~ = W{! + ),_{)- nmq, + mm!/J, 

( = >.. - nm1/J + mmq,. 
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(4.75) 

(4.76) 

( 4. 77) 

( 4. 78) 

(4.79) 

We can then use the results of [85], where the matching of solutions of this equation 

in an inner and outer region was carried out in detail, to determine the reflection 

coefficient. This reflection coefficient can be used to determine the time tlt it takes 

for a quantum scattering from the core region near .T = 0 to return to the asymptotic 

region, by expanding ::R = a+b Ln e'2trinJitlt_ Their matching procedure is valid when 

( 4.80) 

and 
R 

tlt » ( w2 - >..2)1/2. (4.81) 

Under these assumptions, their matching procedure gives 

( 4.82) 

where R"' is the radius (4.41) for a smooth solution; in the orbifolds, R = R_.jk. We 

note that this is in agreement with their result in the supersyuunetric case, as m 

the limit J1, Js, JP-+ oo, 

( 4.83) 

in the notation of [86]. 

In the CFT picture, this travel time is interpreted as the time required for two 

CFT modes on the brane to travel around its worldvolume and meet again. Thus, 

from the CFT point of view, the expected value is tltcFT = 1r R8 • As in [86], 
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there is a 'redshift factor' f! between our spacetime result and the expected answer 

from the CFT point of view. It was argued in [86] that such a factor must appear 

to make the spacetime result invariant under permutation of the three charges, 

and it was proposed that this factor could be understood as a scaling between the 

asymptotic time coordinate tin the asymptotically fiat space and the time coordinate 

appropriate to the CFT. Evidence for this point of view was found by noting that 

in the cases where the soliton had a large AdS3 x 5 3 core region, the global AdS 

time T was proportional to ryt, so flT = 1f Rs in accoraance with CFT expectations. 

In our non-supersymmetric case, for fixed m, n, the appropriate limit in which we 

obtain a large AdS region is the limit 61 , 65 » 1 for fixed 6P considered in section 

4.3.4. Vve did not see any such scaling between the AdS and asymptotic coordinates 

there, but Q ~ 1 in this limit, so this is consistent with the interpretation proposed 

in [86]. However, we remain uncomfortable with this interpretation. It is hard to 

argue directly for such a rcdshift between the CFT and asymptotic time coordinates 

in the general case where the soliton does not have a large approximately AdS3 x 5 3 

core. Indeed, in the dual brane picture of the geometry, where we have a collection 

of Dl and D5 branes in a fiat background, one would nai·vely expect the two to 

be the same. A deeper understanding of this issue could shed interesting light on 

the limitations of the identification between CFT states and the asymptotically fiat 

geometries. 

4.6.2 Ergoregion 

Although our soliton solutions are free of event horizons, they typically have ergore­

gions. These already appear in the supersymmetric three-charge soliton solutions 

studied in [85, 86], where the Killiug vector at, which defiues tirne-translatiou iu the 

asymptotic rest frame, becomes spacelike at f = 0 if QP of 0. However, in these 

supersymmetric cases, there is still a causal Killing vector (arising from the square 

of the covariantly constant Killing spinor), which corresponds asymptotically to the 

time-translation with respect to some boosted frame. A striking difference in the 

non-supersymmetric solitons is the absence of any such globally timelike or null 
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Killing vector field. 5 The most general Killing vector field which is causal in the 

asymptotic region of the asymptotically flat solutions is 

( 4.84) 

for luYI ~ l. However, when I= 0, the norm of this Killing vector is 

lvl2 = M ( y )2 J}i;fi;, Cp - V Sp > 0. ( 4.85) 

The best we can do is to take vY = tanh Op, for which this Killing vector is timelike for 

f > M. Note that as a consequence, the two-charge non-supersymmetric solutions 

also have ergon:gions. 

In a rotating black hole solution, the existence of an ergoregion typically implies 

a classical instability when the black hole is coupled to massive fields [139, 140]. This 

instability arises when we send in a wavepacket which has positive energy less than 

the rest mass with respect to the asymptotic Killing time, but negative energy in 

the ergoregion. The wavepacket will be partially absorbed by the black hole, but 

because the absorbed portion has negative energy, the reflected portion will have a 

larger amplitude. This then reflects off the potential at large distances, and repeats 

the process. This process causes the amplitude of the initial wavepacket to grow 

indefinitely, until its back-reaction on the geometry becomes significant. 

One might have thought that in the supersymmetric three-charge solitons, the 

instability would not appear as a consequence of the existence of a causal Killing 

vector, by a mechanism similar to that discussed in [145] for Kerr-AdS black holes. 

However, this instability is in fact absent for a different reason, which applies to 

both supersymmetric and uou-supersymmetric solitous. The iustability in black 

holes is a result of the existence of both an ergoregion and an event horizon, so 

in the solitons, the absence of an event horizon can prevent such an instability 

from occurring. Indeed, from the discussion of the massless wave equation in the 

previous section, we can see that the net flux is always zero, and the amplitude of 

~For the a<iymptotically AdS spacetimes, there is a globally tilnelike Killing vector field, given 

by a, at fixed t~, ~- In (t,y,4!,r/J) coordinates, this is of the form V'= fa,- ·mD,;, + naq,, so it 

cauuot he cxtcuded to a globally tiwclikc Killing vector field in the a<iyrnptotically flat geowctry. 



4.6. Properties of the solitons 114 

the reflected wave is the same as that of the incident wave. That is, although there is 

an ergoregion, no superradiant scattering of classical waves occurs in this geometry, 

and the mechanism that led to the black hole bomb does not apply here. There 

might be an instability if we considered some interacting theory, as the interactions 

might convert part of an incoming wavepacket to negative-energy modes bound to 

the soliton, but we will not attempt to explore this issue in more detail. 

Thus, for free fields, there is no stimulated emission at the classical level. \Ve will 

now show that there is also no spontaneous quantum emission. 6 There is a natural 

basis of modes for this geometry; for the scalar field, (4.70). To establish which of 

these modes are associated with creation and which with annihilation operators, we 

need to consider the Kleiu-Gordon norm 

( 4.86) 

where L: is a Cauchy surface, say for simplicity a surface l = /, 0 , and n 11 is the 

normal n 11 = 311 t. The modes of positive norm, (w, 'I{) > 0, correspond to creation 

operators, while those of negative norm, ( 1]1, 1]1) < 0, correspond to annihilation 

operators. Because of the complicated form of the inverse metric (see appendix C), 

it is difficult to establish explicitly which are which. However, the main point is that 

we can ddine a vacuum ~:->tate by requiring that it be annihilated by the annihilation 

operators corresponding to all the negative frequency modes in (4.70). This will 

then be the unique vacuum state on this geometry. Since the modes ( 4.70) are 

eigenmodes of both the asymptotic time-translation at and of the timelike Killing 

vector in the near-core region, 

V'= fa,- m3.;, + naq,, ( 4.87) 

these will be the appropriate family of creation and annihilation operators for ob­

servers in both regions. That is, these observers who follow the orbits of the Killing 

symmetries will detect uo particles in this state. 

Thus, at the level of free fields, the solitons do no.t suffer from superradiance at 

either the classical or quantum level. 

0 We thank Don Marolf for pointing out that the argument for non-tt·ivial quantum radiatiOtl in 

the original version of [5] was erroneous, and for explaining the following argument to us. 



Chapter 5 

Uniqueness of charged Kerr-AdSs 

black holes 

The question of black hole umqueness m higher dimensions has been attracting 

considerable attention since the discovery by Emparan and Reall [147] of an asymp­

totically flat black ring in five dimensions. This is a solution with a regular event 

horizon of topology S2 X S 1
' supported against collapse by angular momentum. Since 

there is a rotating black hole which carries the same mass and angular momentum 

as this solution, this represents a breakdown of the· usual uo-hair behaviour: the 

solution is not uniquely determined by the asymptotic conserved charges. Studies of 

charged rings have uncovered further examples of non-uniqueness [148-152]. So far, 

all these examples involve discrete forms of non-uniqueness: the existence of some 

finite number of solutions with the same asymptotic charges. Although the classical 

solutions in [149] involved a continuous parameter, this parameter can be physically 

interpreted in terms of a local charge carried by the ring, so it will be quantized in 

the fundamental theory. Furthermore, bounds on this charge for the existence of 

a regular event horizon imply that these solutions give a finite number of solutions 

with given energy. This is consistent with the expectation that the fundamental 

quantum theory has a finite number of states of given energy in finite volume. We 

would expect that in general distinct classical solutions must correspond to different 

quantum states. 

A new example with an apparent continuous non-uniqueness was recently found 

llG 
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in [ 1, 2]. They constructed solutions describing rotating charged black holes in five­

dimensional gauged supergravity, with the two angular momentum parameters set 

equal. Studying first a case with a single U(1) gauge field [1], they found solutions 

with four parameters: the mass, charge, angular momentum, and one additional 

parameter. In [2], they extended this to a U(1) 3 theory with independent charges 

and found a solution depending on six parameters. The solutions thus appeared 

to involve a continuous non-uniqueness, which initially appeared to have physical 

consequences. In light of the previous discussion, we want to understand the physical 

significance of this extra parameter, to see how the apparent contradiction with 

our expectation that there should be a finite number of solutions of given energy 

is resolved. In addition, these solutions appear to provide a first example of non­

uniqueness involving black holes with a spherical horizon topology, so it would clearly 

be interesting to understand them in more detail. 

In this chapter, we establish that. the extra parameter in the .solutions of [1, 2] 

1s unphysical, representing a purely coordinate degree of freedom. In [1], it was 

observed that if the charge Q vanished, the additional parameter could be removed 

by a coordinate transformation and redefinition of the other parameters. In sec­

tion 5.1, we extend this to the case with Q =f. 0. We discuss the extrcrnal limits 

in terms of these parameters, showing how the solutions of [153, 154] are recovered 

in our parametrization, and briefly discuss the reduction to other known solutions. 

VI/<'. also discuss the possibility of discrete non-uniqueness, and show that although 

the relation between our parametrization of the solutions and the physical mass and 

charges is non-linear, there is only one black hole solution for given mass, angular 

momentum and charges. We present a similar argument for the U(1) 3 solutions 

of [2] in section 5.2. Thus, these solutions do not in fact present new examples of 

non-muqueness. 
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5.1 Charged Kerr-de Sitter Black Holes in five 

dimensions 

We consider first the solution of the minimal gauged supergravity obtained in [1], 

describing a charged rotating black hole with a cosmological constant. The solution 

can be written in the simplest form by introducing the left-invariant one-forms (}; 

on S3
, 

cos 1j;d8 + sin 1/J sin Bdcj;, 

- sin 'lj;de + cos 'ljJ sin Bd<jJ, 

d'lj; + cos Bd<jJ. 

The solution then takes the form 

2 2 
r W 2 1 2 r 2 2) 2 2 

--b" clt + -dr + -((}1 + (}2 + b ((}3 + felt) . 4"" w 4 . . 

J3Q 1 
--(dt- -)()·,) 

r2 2 '"' ' 
A 

where 

r2 [1 - J2Q2 + 2J2(11J + Q)] 
4 ,.6 r4 ' 

.f J ( 2 2M + Q Q2) -- ).Jh + - - . 
2b2 r2 r4 . 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

w 1- AT2 - 7~2 [2.XJ2 (M + Q) + 2(1- .Xj3J2)2(M + Q)- 2Q(1 - .Xj3J2)] 

+ 1~4 { (1- .Xj3J2)2Q2 + J2[.XQ2 + 2(!11 + Q)]}. (5.8) 

This is a solution of minimal ganged five-dimensional supergravity. It appears to 

depend on four parameters, (M, J, Q, /3). The first three can be related to the mass, 

angular momentum and charge, but the physical interpretation of the fourth is 

obscure: we will show that this solution can in fact be written in terms of only three 

parameters. 

The first step is to transform to a frame in which the metric is non-rotating at 

infinity, so that it approaches the usual diagonal form of the AdS metric at large 

distances, by making the shift 

(5.9) 
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\Vc then have 

(5.10) 

A (5.11) 

where 

J = _ _!___ [2(l\/ + Q)(1- >.{3P)- Q _ Q
2(1- >.f3P)] . 

2b2 r 2 r 4 
(5.12) 

It is convenient to exchange {3 for a new parameter J (as in [155]) 

(5.13) 

\Ve then see that the gauge field becomes 

A - J3JQd - J3QJ-
- 2 t 2 0'3, 

r 2r 
(5.14) 

so the physical gauge charge is related to JQ. V1/e also see that f involves the 

pmameters only in the combinations JJ(M + CJ), JQ and Jq. This suggests that 

we define the following new parameters: 

q QJ, (5.15) 

p J2 (!vf + Q), 
J 

.J J. 
( 5.16) 

We then find that the solution depends only on the three parameters (q,j,p), and 

has no remaining dependence on J: 

A 

where 

J 

w 

( 5.17) 

(5.18) 

(5.19) 

(5.20) 

(5.21) 
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It is perhaps worth noting that this expression for vV eau be rewritten as 

w = 1- 4,\b2 
-

1
2 (2p- 2q) + 

1
4 (q2 + 2p/). 

T T 
(5.22) 

Thus, we see that the solution actually only depends on three parameters, cor­

r~sponding to the three conserved quantities (!vi, Q, J). Th~ relation of two of the 

parameters to these conserved quantities is fairly direct: from the form of the gauge 

potential, we see that 

Q = q. (5.23) 

The angular momentum J can be calculated using the Komar integral technique 

and is given by 
Jr. 

J = 4J(2p- q), (5.24) 

so j is analogous to the angular momentum per unit mass parameter a in the usual 

Kerr solution. 

The remaining parameter p is related to the freedom to specify the mass, but in 

a less simple way. We can define a thermodynamic mass as in [156] by insisting that 

it satisfy the first law of thermodynamics for charged rotating black holes, 

(5.25) 

where <I> H is the eo-rotating electric potential evaluated on the horizon. This gives 

the mass 
7r 

11-J = -(3p- 3q- >.p/). 
4 

(5.26) 

In [157] the mass was calculated via the conformal boundary approach of Ashtekar, 

Das and Magnon and found to be in agreement with this thermodynamic mass. 

Note that although this looks like a linear relation, if we solve (5.24) for j in terms 

of J, (5.26) will become a cubic equation for]! in t~rms of M. 

The reduction of this solution to previously known metrics was discussed at 

length in [1]. \Ve will briefly revisit this issue to illuminate our parametrization 

of the solution. Considering first the known BPS solutions, we note that the form 

above reduces to the solution in [153] if we set p = 0 (after a redefinition of the 

radial coordinate, r 2 -> r 2 
- q), so this choice of parameters is well-adapted to this 
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limit, while recovering the solution of [154] requires a more complicated choice: To 

recover their solution, we write,\= -1/£2 and set 

q = (5.27) 

p (5.28) 

.J = (5.29) 

From the results of [154], we see that for this choice of parameters, the solution has a 

degenerate horiwu (a double root of vV = 0) at r = R{). The condition that vV = 0 

have a double root at r = R0 in general implies 

2..\ip + 2p - 2q = 2R~ - 3..\Rg (5.30) 

and 

2 ·2 2 1 2 q + J (..\q + 2p) = R0 - 2..\R0 . (5.31) 

Since these are two conditions on the three parameters ( q, p, j), there is a family 

of solutions with degenerate horizons with one extra parameter, generalising the 

solution found in [154]. However, from the analysis in [154], we expect that only the 

solution found there is BPS. 

The other simple special cases are when j = 0, q = 0 or ,\ = 0. When j = 0, if 

we set p = m + q, the solution reduces to the RN AdS black hole studied in [158]. 

\Vhen q = 0, if W8 set 

rn 
(5.32) J =a . ' 

the solution reduces to a special case of the five-dimensional Kerr-AdS metric ob­

tained in [159], where the two angular momentum parameters are equal, a = b. 

Relating the form of the metric used in [159] to ( 5.17) requires a shift of the angular 

coordinate to make the metric in [159] asymptotically diagonal and a redefinition 

of the radial coordinate, r 2 ----> r 2 + a 2 . When ,\ = 0, the solution is related to a 

special case of the general solution obtained in [160] where the two angular momen­

tum parameters are equal, l 1 = l2 = l, and the three charge parameters are equal, 

6e = i5e 1 = 6e2 . The relation between the parameters is 

(5.33) 
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Relating the metric in [loO] to (5.17) again requires a redefinition of the radial 

coordinate, r 2 
---> r 2 + l 2 + 2m sinh2 be. 

As discussed in [l], the physically interesting solutions are those with a regular 

event horiwn and no dosed timdike curves outside the horizon. That is, we want 

to consider parameter values for which there is some r + such that W ( r +) = 0, 

W'(r +) 2: 0 (so that r+ is the outer event horizon) and b2 (r +) > 0. Written explicitly 

in terms of our parameters, these conditions are 

(5.34) 

where we have introduced the notation b! = b( r+) 2 , 

(5.35) 

and 

(5.36) 

These conditions will impose some constraints on the values of (p, j, q). For example, 

the requirement that (5.34) have a real positive root for r! implies that 

(5.37) 

Unfortunately, although our coordinate transformation and redefinition of parame­

ters simplifies the functions somewhat, it is still difficult to analyse the full set of 

con:-;traints. 

An alternative approach is to use the above relations to replace the parameters j 

and p in the metric by r + and b!, thereby automatically incorporating the constraint 

b2 
( r+) > 0 for the absence of naked closed timelike curves. We can easily determine 

the relation between j and b+, 

j 2 = r!( 4b! - r!) 
(2w~ - (P) 

(5.38) 

and substituting this into (5.34) then gives a quadratic equation to solve for p, deter-

mining it in terms of r +> b+ and q. The resulting form of the metric is, unfortunately, 

rather messy and unenlightening, and it would still be necessary to somehow incor­

porate the constraint that W' ( r+) 2: 0, which will restrict the possible values of r+ 

and b+ for given q. 
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So far we have discussed continuous non-uniqueness. We should also consider 

the possibility of discrete non-uniqueness 1. As noted previously, (5.26) gives a cubic 

equation for pas a function of the physical parameters M, J. Q, so it is possible that 

we will have more than one black hole solution for a given mass and charge. If WC' 

define the dimensionless quantities 

- 4,\ 
1 ,\(2p- q), 1\11 = -M, 

1f 

J 4,\2 J, Q = ,\Q 
1f 

(5.39) 

then ( 5. 24) tells us 

. J 
J = Ar' (5.40) 

and substituting this into ( 5. 26) gives 

(5.41) 

This is a cubic equation in 1 so for each (M, J, Q) there are possibly three different 

solutions. However, for a solution to correspond to a black hole, \V(r+) = 0 must 

have at least one positive real root, at which b2 (r+) > 0. We performed a numerical 

analysis to check whether there are values of (A{ .!, Q) for which more than one 

of the roots of (5.41) satisfy these conditions. vVe found that at most one root 

of (5.41) has a black hole interpretation (see fig 5.1, fig 5.2 for representative plots), 

thus rnling out any discrete non-uniqueness. 

5.2 U(1) 3 case 

In a further paper [2], the previous solution was generalised to a class of non-extremal 

charged rotating black hole solutions in the five dimensional U(1) 3 gauged theory 

of N = 2 supergravity coupled to two vector multiplets. This theory now has three 

gauge fields A', i = 1, 2, 3, and two scalars r.p 1, r.p2 . The solutions they obtain can be 

I We thank the referee of [ o] for raisiug this issue 
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j 

oL_--~----~~~T-~~~~~~~ 

0 10 15 

Figure 5. 1: P arameters for which we have either one bl ack hole solution (shaded 

regions) or no solutions with horizons (white regions) for Q = - 1. 

written as 

RY 2 Rr2 
2 1 2 2 !1 h 2 

- -elL + - dr + - R (a + a) + - (a3- 2-dt) 
h Y 4 1 2 4R2 J1 

(5 .42) 

-- s c clt - -l (c ·s ·sk - s c ck a3 ,,, [ 1 ) ] 
r 2 H; ' ' 2 ' 1 

' 
1 

· • 
(5.43) 

(5.44) 

where 

X - __!i_ 
t - .,.2 I-1 , 

' 
i= 1,2,3 (5.45) 

( 5.46) 

s; and c; arc shorthand for 

s, = sinh 6;, c; =cosh 6;, (5.47) 
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j 

oL_--~ __ -L9=~--~~~~=-~~~ 
0 10 15 

Figure 5. 2: Parameters for which we have either one black hole solut ion (shaded 

regions) or no solutions with horizons (white regions) for Q = + 1. 

and 

R3 + J.Ll 2T2 + J.L2l2 [2(IT C;- IT s;) IT Sj- L s7s;]. 
' t .I •<.J 

r l>-.R3 + J.LL( IT c; - IT s;)T2 + J.L2l IT s;, (5.48) 

h ~' l' >.' R3 + p12 >. [ 2~( 1.1 c, - J.I s,) - 1 - ~212 A] r
2 + p12 (5.49) 

->-.(1 + , 2f >-.)J.L2l2 [2(IT C;- IT s;) IT Sj ...:. 2::.: S;Sjl + 2ArJ.L2l2 IT S;, 
' ' J •< J l 

Y = h- >-.(1 + 12f >-.) R3 + r 4 
- J.Lr2. (5.50) 

This solution seems to depend on six non-trivial parameters (J.L , 81 , 82 , 83 , l , 1). 

Our aim is to show that this depends on only five independent parameters. Again 

we begin by moving to coordinates in which the metric is asymptotically diagonal 

by setting 

(5.51) 
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Vvc then have 

where 

h -'"'!l)..h (5.54) 

[pJ(IT C; - ITs;) - '"'1/1(3 )..] r2 + ~L2l ITS; 
l l l 

2 2 [ IT IT IT '"""' 2 2] -'"'flAJ-Ll 2( . ci- . s;) . s1 - Ls1 si 
l 1 J l<J 

The radial coordinate used here is different from that used in the previous case: the 

singularity in this metric will occur at r 2 = - J-LS~, \V here 6; is the smallest of the 

charge parameters, and not at r = 0 as before. We are therefore motivated to make 

a change of radial coordinate to a new radial coordinate p, 

With thi~ new choice of rarlial coordinate, 

where 

R 
X-­
'- p2 ff;' 

fr = l + J-L(s~- s]) + J-L(s~- sO 
• 3~ ' 

(5.55) 

(5.56) 

(5.57) 

so the scalar fields, which are determined by the X;, depend on the parameters only 

through the combinations J-L( s7 - sJ). 

As in the previous case, we will find suitable parar~eters by examining the gauge 

fields and the function h appearing in the asymptotic form of the metric. We are 

thereby led to define the five independent parameters 

L y'Jil, (5.58) 

r Jii [(1,1 '' - 1,1 ,,) - 7l
2 
A l (5.59) 

T; Jli.(c;SjSk- S;CjCk)· (5.60) 
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This may seem au awkwaru uefinition, but the r; in particular have several uice 

properties: 

(5.61) 

so the combinations lt(sT - sJ) appearing in the fi;, and hence in the scalar fields, 

can be written as (r?- ry). Also, 

(5.62) 

so the gauge fields can be written as 

A
i _ TjTk- fr; ~-

- dt + - 0"3. 
p2H, 2p2JJ; 

(5.63) 

Finally, the metric iu the new coordinates is 

2 RY 2 Rp2 
2 1 2 2 !I - f2 2 

ds = --dt + -dp + -R(o- +a- ) + -(o-3- 2-dt) .. !I y 4 I 2 4R2 . !I (5.64) 

and after a certain amount of calculation, it is possible to rewrite f 1, h and Y as 

(5.65) 

y 

1 2 ""'"' 2 2 [ 5 ""'"' 2 2 1 ""'"' 4] +3.\LL., • .T;+L+ 18(~r;) -2~ri. 
1 ' ' 

(5.67) 

The solution therefore depends only on five independent parameters, and a metric 

will be uniquely fixed by specifying the mass, angular momentum and three gauge 

charges. That is, this case is qualitatively the same as in the previous section. A 

useful consistency check is that when the three charges are equal, this reduces to 

tlw previous metric on setting 

q 
T; = J'IP. (5.68) 

The conserved quantities for this solution were calculated in [132] and found to be 

M 

J 

(5.69) 
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where the mass is Jefiued to satisfy the first law of thermodynamics. There is 

still the possibility of some discrete non-uniqueness in this case, but we doubt this 

possibility is realised in practice. 



Chapter 6 

Discussion 

In chapter 3 we classified the possible discrete cyclic quotients of AdSp+l· A feature 

of this classification is that the majority of the classes exist for all p 2': 2. The 

description of the quotient in the majority of cases is thus a simple generalisation of 

the AdS3 quotients. There are two special classe::; which appear in higher dimension::;: 

one for p 2': 3 and one for p 2': 4. As we increase p above 4 we only have the freedom 

to add S0(2) rotations to our existing actions. However when we go to higher 

dirueu::;ions we can get new examples by cou::;idcring quotients generated by more 

than one Killing vector. We analysed in detail the properties of those quotients with 

a regular causal structure. One disappointment was that none of these quotients 

can he considered time-rkpendent, they all possess a causal Killing vector. 

Our general approach to selecting coordinates was to decompo::;e our Killing 

vector into an .so(2, k) part, and a series of 50(2) rotati<_ms in independent planes then 

adapt the coordinates according to the unbroken symmetries in 50(2, k). Following 

the work on further identifications in section 3.5, it might have been enlightening to 

instead adapt coordinates to the unbroken symmetries of .so(2, p) when we analyse 

a quotient in higher than minimal dimension. 

An arresting feature of the double null rotation quotients is that they arc con­

formally related to a compactified plane wave. One could attempt to utilise this 

plane wave description in studying the relation between AdS and the field theory 

dual. Specifically when we break conformal symmetry in the CFT by going to finite 

temperature, we would hope to find a black hole solution in the bulk which asymp-

128 
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totically approaches AdS5 in these coordinates. The everywhere timelike Killing 

vector of the double null rotation ensures this would be a rotating black hole with 

the two rotation parameters set equal, i.e. the solutions studied in chapter 5 with 

some. restrictions on the parameters. Similar comments apply to the extended double 

null rotation and the asymptotically AdS7 black holes found in [161]. 

In chapter 4 we found new non-supersymmetric soliton solutions m the D1-

D5 system, and identified corresponding states in the CFT. The existence of these 

solitons, and the fact that they can be identified with states in the dual CFT, 

might be regarded as further evidence for the description of black holes advanced 

by Mathur and collaborators. However, it is still questionable whether we can really 

describe a black hole in this way. First of all, the three-charge states described so 

far are very special. The orbifolds we consider provide examples where the CFT 

state is not the spectral flow of a RR. ground state, but the geometries we consider 

all have a U ( 1) x U ( 1) invariance. It is unclear whdhr:r thr: tr:chniques usr:d to date 

can be extended to obtain even the geometries corresponding to spectral flows of the 

more general RR ground states of [80, 126], let alone to reproduce the full eJntnsnp 

states required to explain the black hole entropy. The much more difficult dynamical 

questions - how the appearance of a global event horizon in gravitational collapse 

can always be avoided, for example -have not yet been tackled. Nonetheless, the 

study of these smooth geometries offers a new perspective on the relation between 

CFT and spacr:time, and it is interesting to sec that their existence does not depend 

on supersymmetry. 

There are two corresponding classes of issues for further investigation: further 

study of the geometry itself, and elucidating the relation to the dual CFT. In the 

first category, the classical stability of these solitous as solutions in liB supergravity 

should be checked. As we discussed in section 4.6.2, aithough they have ergoregions, 

the usual black hole bomb instability will be absent at least for free fields, as there 

is no net flux in a scattering off the geometry. It would be interesting to study 

stability more generally; in particular, it would be interesting to know if the geometry 

suffers from a Gregory-Lafl.amme [144] type instability if we make the torus in the 

zi din~ctions large. 
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It would be iutcrcsting tu study thc:->c sulutiout> as backgrounds for pcrturbative 

string theory. They provide new examples of smooth asymptotically flat geometries 

that do not have a global timelike Killing symmetry, .of a rather different character 

from those presented in [146]. The existence of supersymmetric special cases may 

be a simplifying feature. 

The most important direction of future work to elucidate the relation of these 

geometries to the dual CFT is to construct explicit CFT descriptions of the states 

dual to the generic orbifold spacetimes and study their properties from the CFT 

point of view. The charges for the dual states found in ( 4.65) show that these states 

are not simply the spectral flow of some chiral primary, so they do not maximize 

the R-charge fur given conformal dimension. They should therefore be closer to 

representing the 'typical' behaviour of a CFT state (although they are clearly still 

very special) and we expect there will be new tests of the relation between geometry 

and CFT to he explored. It will also he interesting to sec what happens in the CFT 

when we consider the orbifolds with m+ n even, k even, where the spacetime is not 

a spin manifold. 

Another important basic issue from this point of view is to understand the ap­

pearance of stationary geometrics dual to non-supersynunetric states coupled to bulk 

modes. We would have expected that the CFT states would decay by the emission 

of bulk closed string modes. Even in the simple cases where the near-core geometry 

is global AdS3 x 5 3 , the corresponding CFT state carries comparable numbers of left 

and right-moving excitations, which we would expect can interact to produce bulk 

gravitons. This physics does not seem to be represented in our dual geometries. It 

will be important to study the decay of these non-supersymmetric states in more 

detail, and to try to understand the relation to the soliton. 

It would be interesting to try to find asymptotically AdS5 generalizations of 

these solitons, by taking the solutions of chapter 5 and systematically searching the 

parametc~r space. We expect regular solutions to be possible~ in this case following 

the studies of black holes in gauged supergravities tn [132]. In AdS it might be 

possible to find non-supersymmetric solitons with a globally timelike Killing vector. 

This is known to be possible for some Kerr black holes in AdS [145, 159]. 
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In chapter 5, we showed that the extra parameter in the solutions of [1, 2] is 

unphysical. Thus, these solutions do not in fact present new examples of non­

umqueness. However, as stressed in [1,2], they do provide interesting testing grounds 

for the AdS/CFT correspondence, and generalise known solutions in interesting 

ways. In particular, they provide non-extreme versions of the interesting supersym­

metric asymptotically AdS solution found in [154]. 



Appendix A 

Symmetry-adapted coordinates for 

nullbranes 

One possible resolution of the singularity that appears in the parabolic orbifold is 

to add a compact spacclik0 transverse direction to th0 action of the U ( 1) snhgroup 

used to identify points. The resulting orbifolcl is the null brane introduced in [39]. 

As a byproduct of our investigations of the quotients of Anti-de Sitter space in this 

paper-most particularly, the studies of the double null rotations in section 3.4.3-

we were led to realise that there is a rich structure of symmetries in the uullbrane 

which has not been fully exploited in previous work on these solutions. The nullbrane 

is a quotient of flat IR 1
'
3 by a combination of a null rotation and a translation [39], 

(A.1) 

where x 1 is the timelike coordinate and {x2
, x 3

, x4
} are spacelike ones. The norm 

of this Killing vector is 11~11 2 = (x 1 
- x 3

)
2 + 1, so it is spacelike everywhere. This 

quotient was shown to be free of closed causal curves in [39]. Furthermore, the 

presence of CJ4 removes all fixed points from the actiou of ~. The trauslation does 

not alter the supersymmetry anlysis from the parabolic orbifold hence the null brane 

also breaks half the spacetime supersymmetries. There are three Killing vectors in 
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the so(1, 3) IX IR'1 Poiucan~ algebra on IRL3 which commute with this C 

6 = 82- (114 + 134), 

6 = 81 + 83. 
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(A.2) 

These have norms lll; 1 ll 2 = 11611 2 = lll;ll 2 and lll;3 ll 2 = 0. The only non-trivial 

commutation relation is [6, 6] = -26. The coordinates defined on the nullbrane 

in [39] do not make any of these additional symmetries manifest. We will now 

construct an adapted coordinate system which makes the 6 and l;3 symmetries 

manifest: that is, we want ~ = 8Jn 6 = 80 and ~3 = 8v· This requires 

8x 1 8x3 
2 8x2 1 3 8x4 

--=--=X-- =X -X -- =1 
8r/J 8r/J ' ar/J · ' aq; ' 
a:r1 (h3 

2 8.r:2 ih4 
1 3 -- = -- = X -- = 1, -- =X - :z; , 

rhf; rh/; ' 8'1/; chf; 
(A.3) 

Since :r1 
- :1:

3 is independent of ;j;, ·0, ·D, we will choose to define coordinates so that 

x 1 
- x3 = u. A suitable coordinate system is 

(A.4) 
2 - --

x = '1/J + urf;, 

4 - --
:r = rj; + n'!j; . 

In these coordinates, the flat metric is 

(A.5) 

The nullbrane is constructed by compactifying the ;j; coordinate. The determinant of 

the metric is - det g = (1- u2
) 2 , so this coordinate system breaks clown at fi = ±1, 

where the expressions for :£
2 and x 4 lose their linear independence. Thus, although 

these are symmetry-adapted coordinates, they do not provide global coordinates for 

the spacetime. 

Tt is interesting to note that in these coordinates, the solution resembles a plane 

wave written in Rosen coordinates. For the Ullcompa.ctified solution, this is not 
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unexpected; flat space is a trivial plane wave. The interesting observation is that the 

compactification of cjJ preserves this structure. By a slight change in the coordinate 

system, we can make a more direct relation to a non-:trivial plane wave, and at the 

same time ohtain global coordinates. Instead of (A.4), we set 

(A.6) 
:2 • 

X = ?jJ + 1t<fJ, 

:r4 = cjJ - u?j; . 

The flat metric is now 

g = -2dudv + (1 + u?)(d?j; 2 + dq}) - 4'lj;dcjydu . (A.7) 

The determinant of the metric is- det g = (1 +u2
)

2
, so this is now a global coordinate 

system. 

The price we pay is that the symmetry 6 is no longer manifest; on the other 

hand, this form treats the two Killing vectors 6 and 6 more symmetrically. In these 

coordinates, ~ = OdJ, 6 = Ov, while the other two Killing vectors are 

1- u 2 2u 1- u 2 

~1 = ---
2

adJ + --
2

01/J + 2'1j;--
2
av, 

1+u 1+u 1+u 
2u 1- u2 2u 

6 = --
2 

ad>+ --
2 

al/J - 2'1/;--
2 

8v . 
1+u 1+u 1+u 

(A.8) 

The inverse coordinate transformation is 

1 3 
1/.=.T -.T 1 

x 4 + (:r 1 
- :r3)x2 

cjJ = [1 + (x' - x3)2] ' 
x2- (xl - x3)x4 

?jJ = [1 + (xl - x3)2] ' (A.9) 

2v = (:r' + :r3)- (~1 ~ x3~3)2((:r2)2 + (:r:4)2) 
1 + X -X 

2 ( 4 ( 1 3) 2) ( 2 ( 1 3) 4) [1 + (x1 _ x3 )2F X + X -X X X - X -I X . 

The advertised relation to the plane wave can be ·seen if we now set u = tan(}. 

Then 

g = cos
1
2 U [-2dU dv + d'lj} + dqy2 

- 4?/JdcpdU] (A.10) 
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The metric in square brackets is a confonnally fiat plane wave. Furthermore, the 

symmetry ~ = Oq, that we quotient along annihilates the conformal factor, so we 

can think of the nullbrane as conformally related to a compactified plane wave. 

The plane wave nature of this solution can he instantly recognised after the further 

coordinate transformation 

V= 'U +~Hp, 

X = 'ljJ cos U + <P sin U, 

Y = -?t•sinU + <./JcosU, 

which brings the metric to the form 

g = -
1
-
2 
-[-2dUdV- (X 2 + Y 2)dU2 + dX 2 + dY 2

]. 
cos u 

(A.ll) 

(A.l2) 

This form makes little of the symmetry explicit. The Killing vector we are quoti-

enting along is 

~=sin U Ox+ cos Uoy +(X cos U- Y sin U)ov-, (A.l3) 

and the other synnnetries of the quotient are 

~ 1 =sin Uox- cos Uov +(X cos U + Y sin U)ov, 

6 = cos U Ox + sin U 3y + (-X sin U + Y cos U)CJv, (A.l4) 

6 = Ov. 

Note that not only does~ annihilate the conformal factor; so do the other isometrics. 

Thus, all the isometrics of the nullbrane are related to isometrics of the conformally 

related compactified plane wave. We can recognise them as 

~ = -~ej - ~e2• 

6 = -~ej + ~e2• 

~3 = ~ev' 

where we write the isometrics of the plane wave in the usual basis 

~e; = -cos u a xi + xi sin u av' 

~e· = -sinUOx•- XicosU(}..;, 
1 

(A.l5) 

(A.l6) 
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Thus, the quotient of the plane wave that is confonnally related to the nullbrane is 

of the type considered in [114]. The additional symmetry ~eu that would be present 

in the plane wave is broken by the conformal factor. As we saw in section 3.4.3, this 

is precisely the additional symmetry that appears in the double null rotation. 

As in section 3.4.3, in addition to exposing this relation to the plane waves, 

the global coordinates (A.10) allow us to easily find a global time function for the 

nullbrane, hence demonstrating that it is a stably causal solution. We first rewrite 

the nullbrane metric in a form suitable for Kaluza-Klein reduction along 4;, 

(A.17) 

We see that Kaluza-Klein reduction will give a plane wave metric in one dimension 

lower (up to confonnal factor). Hence, applying the results of [115], a suitable time 

function for the nullbrane is 

1 ( 4v ) T=U+-tan-1 
2 

. 
2 1 + 441 

(A.18) 

It is easy to check that 

(A.19) 

Thus, T is a good time function on flat space, and since J:..,E,T = 0, the nullbrane is 

stably causal by the general argument of [115]. 



Appendix B 

The Extended nullbrane 

During the work of section 3.5 we uncovered a new causally regular smooth quo­

tient of flat space. This extended nullbrane is a quotient of IR 1·5 by 2 commuting 

combinations of null rotations and translations, 

(B.1) 

Any linear combination of these is always spacelike 116 + a6W = (1 + a2 )[1 + (x 1 + 

:r4 )
2
]. There are five linearly independent isometrics in the so(1, 5) t>< IR 6 Poincare 

algebra on IR 1
•
5 which commute with 6 and 6, 

~3 = -()5- .112 + .12~, 

~4 = 82- (.J1s + .l4s), 

6 = -06- Jl3 + ]34, 

~6 = 83 - Uts + J4s), 

6 = {)1 + {)4. 

(B.2) 

These have norms ll~1ll 2 = \\6\\ 2 = \\6\\ 2 = \\~4\1 2 = "\\611 2 = \1~6\1 2 and 1\6\\2 = 0. 

The only non-trivial commutation relations are [6, ~4] = -26, [~s, ~6] = -26. We 

construct global adapted coordinates in exactly the same fashion as for the nullbrane. 

A system of coordinates (v, u, c/J, '1/J, (3, I') satisfying 6 = 81 , 6 = 8.,;, and 6 = ou is 
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given by 

The flat metric is now 

1 4 
X -X = U, 

:r2 
= {1 + u</J, 

:r" = <P- u{3, 
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(B.3) 

It will come as no surprise that the extended nullbrane is conformally related to 

a compactified plane wave. This can be seen explicitly by making the coordinate 

transformation 

tanU = u, 

W = {3 cos U + <P sin U; 

X = - {3 sin U + <P cos U, 

Y = 1 cos U + 'ljJ sin U, 

Z = -1 sin U + ·l/J cos U, 

which brings the metric to the form 

(B.5) 

This relation enables ns to prove stable causality for the extended null brane by a 

replication of the argument for the nullbrane. The time function is given by 

T = U +- tan- 1 
. 1 ( 4v ) 

2 1 + 412 + 4(32 
(B.7) 

As a mathematical exercise the extended nullbrane can be generalised to a quotient 

of higher dirn<~nsional flat space hy adding a commuting nnllhrarw generator for each 

extra two spacelike directions. 



Appendix C 

Inverse 3-charge met:ric 

To calculate the inverse metric, it is convenient to start from the fibred form of 

the metric ( 4.14), construct a corresponding orthonormal frame, and invert that. 

For this n~ason, it is simpler to give the inverse metric in terms of the hoosted 

coordinates t = t cosh Or - y sinh bp, y = y cosh bp - t sinh Or· 
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The inverse metric is 

gii = -~ (1 + M + M sinh2 81 + M sinh2 8s + 1VJ2 cosh2 81 cosh2 r5r,r2) 
H1Hs g(1·) ' 

(C.1) 

i!) = _1 _ M 2 sinh 81 sinh 8s cosh 81 cosh 85a 1 a 2 

virr1ff5 g(r) 
(C.2) 

/'<P = _ 1 IV! cosh 81 cosh 85a 2 ( 7·
2 + ai) 

vi fiJi5 g(T) 
(C.3) 

t/T/J = _ 1 M cosh 81 cosh 85a 1 ( r 2 + a~) 
vi ifJfs g(r) 

(C.4) 

glhl = ~ (1 + M sinh2 81 + M sinh2 85 

+ !Vf2 sinh
2 

81 sinh
2 

r55 (r2 + af +a~- Ill)) 
g(r) , (C.5) 

g!)<P = _ 1 M sinh 81 sinh 85a 1 ( r 2 + a? - M) 
. ~ g(r) 

(C.6) 

g!JT/J = _ 1 !vi siuh 81 sinh 85a 2 ( T
2 + a~ - M) 

~ g(r) 
(C.7) 

rr_ 1 g(r) 
g - /fhH

5 
7' (C.8) 

gllll = 1 . 

vi iiJI:. 
(C.9) 

9
<P<P = _1 _ (~ + (r

2 
+ a

2
)(ai- a~)- Mai) 

viH
1
H

5 
sm e g(r) ' 

(C.10) 

g<P<I' = _ 1 Ma.1o.2 

vilJ1H5 g(T) 
1 (C.ll) 

.r/T/J = _1 _ (----;...- + (r
2 + a2)(a~- ai)- M a~) 

virrlffs cos e g(r) . 
(C.12) 
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