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Abstract 

In this thesis we present research that extends our knowledge of the AdS/CFT 

correspondence; in particular we look at various non-supersymmetric spacetimes 

and their conjectured dual field theory states. 

We consider known U(l) x U(l) invariant spaces and investigate the requirements 

for smoothness, which results in the construction of new smooth non-supersymmetric 

soliton solutions with Dl, D5 and momentum charges. We are able to identify 

dual states for these geometries in the field theory describing Dl-D5 systems. Also 

discussed are interesting aspects of these spacetimes and new orbifold solutions which 

are valid string backgrounds. 

In addition to this, we study time-dependent spacetimes which are asymptoti

cally locally anti-de Sitter. There are two different spacetimes with the same asymp

totics: the 'bubble of nothing' solutions and higher dimensional BTZ black holes, 

which are both asymptotically locally anti de Sitter and whose conformal bound

aries are both conformal to de Sitter space times a circle. We use the AdS/CFT 

correspondence to give a description of the spacetimes in the dual field theory. We 

are also able to relate horizons and their thermodynamic quantities in the bulk and 

boundary spacetimes and are able to assign entropy to non-compact horizons. 
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Chapter 1 

Introduction 

String theory, whilst far from being complete, is currently our best theory of quan

tum gravity: it contains a spin two gauge boson which can be identified with the 

graviton. At long distances it reduces to perturbative quantum field theory which 

includes gravitational interactions and incorporates supergravity. 

Originally formulated as a theory of open and closed one-dimensional objects 

in ten dimensions, string theory has been enlarged to include extended objects of 

higher, and lower, dimensionality. These additional objects, D-branes, are the first 

hint that string theory can not be the fundamental definition of our unified theory. 

Such solitons only appear as boundary conditions at the perturbative level of string 

theory. They were discovered when the behaviour of strings wrapped on compact 

dimensions was studied. If we take the radius of such a direction to 0, the physics 

of closed strings remains unchanged but the ends of open strings are seen to be 

restricted to a hyperplane. This invariance of the physics of closed strings under 

inversion of the radius of one direction is known as 'T-duality'. To restore the correct 

degrees of freedom to the system, we must treat these planes as dynamical objects 

in the theory [1, 2]. 

D-branes have become central to our understanding of string theory. They are 

used extensively in string models aiming to recreate a spectrum of particles similar to 

the minimal supersymmetric standard model, as a way of including chiral fermions 

and gauge fields [3]. They are sources for charges which can not be carried by 

our original strings. As it was already known that black hole geometries can also 

1 

0 



Chapter 1. Introduction 2 

support these charges, we can identify these spacetimes as those sourced by the 

D-branes [4]. The range of parameters for which the geometrical description is the 

most appropriate is precisely when the string coupling is large. 

The study of D-branes has also lead to a new paradigm which offers a hope of 

investigating strongly coupled string theory, and may even provide a definition of 

it. This is the Anti-de Sitter /Conformal Field Theory correspondence, suggested by 

Maldacena in [5]. He conjectures that Type liB string theory on a spacetime with 

anti-de Sitter boundary conditions is equivalent to a state in a gauge theory in one 

fewer dimensions which can be thought of as living on the conformal boundary of 

the spacetime. The string background is required to have some compact directions 

for consistency and the isometries of these correspond to internal symmetries in the 

gauge theory. 

This conjecture brings together two important directions in mathematical physics: 

the belief that high energy field theories with a large number of colours are describ

able by strings [6], and the holographic principle. Any description of a gravitating 

system in terms of a non-gravitational theory in one fewer dimensions obeys the 

holographic principle, that the number of degrees of freedom in a volume of space 

is limited by its area in Planck units [7]. The AdS/CFT correspondence is the most 

thoroughly explored example of a holographic theory. 

The principle of holography finds its greatest support from research into the 

nature of black holes. Classical laws are known for black holes which mimic every law 

of thermodynamics (8, 9]. They have constant surface gravity K, over their horizons; 

any change in mass is proportional to change in area plus change in momentum; 

area increases in any physical process; and it is impossible to reach K, = 0 classically. 

These can be contrasted (10] with the usual laws of statistical mechanics: that 

temperature T is constant in a body in thermal equilibrium; any change in energy is 

proportional to change in entropy plus work done to the system; entropy increases 

in any process; and it is impossible to reach T = 0. Semiclassical considerations 

show a black hole also has a temperature T due to its Hawking radiation [11] : pair 

creation in the strong gravitational fields at the horizon causes the hole to appear 

as a radiating body with a temperature proportional to the surface acceleration K, 
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of the black hole, K/27f = T [8]. By comparison with the first law for a non-rotating 

statistical mechanical system and using the result that for a black hole any change 

in energy results in an increase in its horizon area via dM = KdAj81rG, we are lead 

to the Bekenstein formula [12] 

S = A/4G. (1.0.1) 

A microscopic explanation for the origin of the entropy of extremal 5-dimensional 

black holes given by Strominger and Vafa [13] was one of the early successes of D

brane theory. They were able to follow contributing states from weak coupling to 

strong, which is the same as going from a description in terms of gauge theory 

on D-branes to one in terms of a gravitational system, namely a black hole. This 

was possible because D-branes in certain configurations preserve precisely half the 

number of supersymmetries of the vacuum. They are individually BPS states, in 

that they saturate a relationship that states that the mass of a charged object is 

always greater than its charge in some units, M ~ Z. Parallel branes of the same 

type continue to satisfy the equality. Such states form short multiplets and these 

are believed to be protected against combining into longer representations as the 

coupling changes. So by counting sufficient states in the gauge theory on the D

branes at weak coupling, they could explain the entropy of the resulting black hole. 

Entropy of non-extremal branes was subsequently given such a derivation as well, 

as were absorption cross sections [14]. 

In retrospect, these calculations can be seen as evidence for the validity of the 

AdS/CFT correspondence. Closely related to these successes is the ability of the 

gravitational description to reproduce the correlation functions of the conformal 

theory [15]. The form of these are highly constrained in conformal field theories, 

so this is a test of the correspondence. Other such checks of the conjecture include 

the fact that the spectrum of chiral primaries are, for some limits of parameters, 

identical in the two theories. More simple checks include the symmetries shared 

by the two sides of the correspondence and the number of supersymmetries in each. 

Anti-de Sitter space naturally emerges in field theories on fiat space where the energy 

scale is included as a dimension in the theory [16]. 

One of the reasons that further such verifications of the conjecture are difficult 
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to find is that the correspondence relates strongly coupled theories to weakly curved 

spacetimes, or vice versa. That is, one side of the correspondence is always nearly 

impenetrable and we must restrict calculations to coupling-independent quantities 

in general. On the other hand, this gives the duality its power to offer insights into 

strongly coupled field theories and possibly gives us our first definition of strongly 

coupled string theory. 

Challenges remain in fleshing out the correspondence. One question that has 

received a lot of attention but has not been fully answered is, what is the effect of 

perturbing the 'boundary' field theory on the bulk geometry, and vice versa. This 

followed seminal work by Wit ten in [17], who wrote down an equivalence between 

the partition functions of the two theories. In the field theory, we can add new terms 

to the Lagrangian for the conformal theory such that an operator a has the total 

term J dnx<f;0(x)a [2] (where the bulk geometry is asymptotically AdSn+l xM.) The 

scalar field <f;0 (x) acts as a source for the operator a but is also the large radius or 

z----+ 0 boundary condition for the supergravity field <f;(x, z) in Poincare co-ordinates 

A.l.14. In a Lorentzian spacetime there exist two solutions to the wave equation for 

<f;(x, z) in the bulk: one normalizable and one not. They behave near the boundary 

as ztl.<f;0 (x) and z(n-tl.)<j;0 (x) for some 6. where the dimension of a is 6. [2, 17, 18]. 

The interest in this coupling of bulk fields and boundary operators comes from 

the resulting deformations of the field theory when the non-normalizable solution 

for </; is included. This 'switches on' the operator [2] and changes the field theory in 

some way. If the effect of the operator included becomes stronger (termed 'relevant') 

or remains the same (marginal) [19] as we decrease the energy, we may move to

wards a new conformal theory or a non-conformal one. Operators which get weaker 

at low energies are irrelevant; adding these to the action would require a new field 

theory at high energies. For relevant and marginal operators we start with a known 

conformal theory at the ultra-violet scale and move towards an unknown conformal 

or non-conformal theory in the infra-red [20]. This is of phenomenological interest 

as exact conformal symmetry is not observed in QCD. Thus through the AdS/CFT 

correspondence, the study of renormalization group flow of CFTs may be informed 

by geometrical considerations. In addition to deformations of the boundary condi-
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tions which change the field theory under consideration, in a Lorentzian spacetime 

we can change the geometry in a way that only changes the state within the field 

theory, by including a normalizable mode [21, 22] . This method of formalizing the 

correspondence also encompasses the observation that regularizations performed in 

the gravity theory to remove "infra-red" divergences, such as the infinite volume of 

the space, are in fact related to renormalizations of ultra-violet divergences in the 

field theory. It has been established [7, 23, 24] that cut-offs introduced at the upper 

end of the length scale in AdS are related to cut-offs to remove the high energy 

range of the CFT. The distance of a field from the boundary in some co-ordinates 

is proportional to the size of the dual excitation in the dual field theory. 

The aim of this thesis is to extend knowledge of the mapping from geometries to 

dual field theory states in the AdS/CFT correspondence. We do this by finding new 

non-supersymmetric string backgrounds and, by identifying their charges, finding 

their dual descriptions. We are also able to relate thermodynamic quantities in bulk 

and boundary spacetimes. 

Perhaps the most important unresolved problem in the literature on AdS/CFT 

is the need for an explicit map from a given geometry to a field theory state and 

vice versa. One area of success in this direction has been work by Lin, Lunin and 

Maldacena [25] on 1/2 BPS chiral states; that is, ones that preserve half the number 

of supersymmetries. They have found asymptotically AdS5 x S5 liB solutions where 

the topology of the geometry is determined by a planar curve, and been able to 

identify them with a sea of fermions whose state depends on the same curve in 

a quantum hall effect. These are very special metrics with particular symmetries 

and high supersymmetry. Whilst the results are very interesting and illuminating, 

the method is only transferable to similarly special spacetimes. The original paper 

extended the method to spaces with asymptotics of the form AdS4 x S7 and AdS7 x 

S4; subsequent work [26, 27] incorporated AdS3 x S3 x T 4
. 

One area where such a precise map would be invaluable is in the efforts to repeat 

the success of deriving the entropy of two charge black holes with three charge 

ones. Some of the most active research into this is due to Mathur. Mathur has 

proposed [28] an unorthodox description of black holes which explains the origin of 
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entropy of black holes and may resolve the information paradox 1 although details 

remain unclear. 

The Mathur programme takes as its starting point the identification of a black 

hole in anti-de Sitter space with a thermal ensemble in the related conformal field 

theory. In the CFT we can count contributing states in the ensemble. We should 

then presumably be able to use the correspondence to find their dual geometries. If 

these geometries are also themselves black holes, they require an explanation of their 

entropy in similar terms. Clearly this is a circular argument and explains nothing. 

So Mathur argues that these states must be smooth, horizon-free metrics and it is 

only when we coarse grain over all suitable geometries that we observe a black hole. 

A large number of suitable two-charge metrics have been constructed. However, 

these holes' horizons have a zero-size classically, so the three-charge hole which has 

a sizable horizon is now the subject of investigation [29]. Despite numerical matches 

and strong motivation for the conjecture, the proposal is subject to much scepticism; 

in particular, it is hard to see precisely how smooth spacetimes recreate the effect 

of singularities [30]. 

Part of the research presented here looks for further three-charge metrics which 

were not previously discovered. The spaces found are new smooth non-supersymmetric 

solitons with Dl and D5 and momentum charges. These have some relevance to the 

work outlined above, but the spacetimes are also interesting in their own right as 

novel, generally non-supersymmetric, string backgrounds. They can also be gener

alized to allow orbifold singularities, which are acceptable in string theory. We are 

also able to find the dual field theory states for the non-orbifolded spaces and thus 

expand the AdS/ CFT dictionary. 

1This is the conflict between the unitarity of quantum mechanics and the calculations in semi

classical gravity showing that detailed information about the matter that forms a black hole is not 

present either in the Hawking radiation from or the final endstate after decay of a black hole. The 

AdS/CFT correspondence is strong evidence that the information should in fact not be destroyed 

and that we need a complete theory of quantum gravity to resolve the problem. The semiclassi

cal approach still supports the 'no-hair' theorem of black holes, which is the statement that the 

geometry of a black hole is entirely determined by its mass, electro-magnetic charges and angular 

momentum. 
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Another topic of great interest where the AdS/ CFT correspondence may prove 

useful and illuminating are time-dependent metrics. These are ones without sym

metry under translations in the time co-ordinate, and are of great phenomenological 

importance. With all realistic cosmological models starting from a big bang-like 

singularity and many ending in a future singularity, understanding issues arising 

from time-dependence is clearly essential to understanding the universe. We live in 

a spacetime with a small positive cosmological constant, making it close to de Sitter 

space. Unfortunately it is difficult to embed de Sitter vacua in string theory (see for 

example [31]); however, we can study other time-dependent metrics and they may 

teach us about aspects such as particle detection and vacuum ambiguity. In curved 

spacetimes, the asymptotic past and future definitions of particles are inequiva

lent due to different concepts of time: there is no preferred timelike co-ordinate, 

unlike in flat space, and hence no preferred vacuum above which we can measure 

excitations. The subject of quantum field theories in curved spacetimes has been 

extensively studied, but questions remain over objects such as the definition of the 

stress-energy tensor. The AdS/CFT correspondence gives us a new window on time

dependent string backgrounds via their dual time-dependent field theories. In this 

work, we study 'bubble of nothing' solutions in AdS [32] and also higher dimension 

generalizations of 'BTZ' [33] black holes which share the same locally anti-de Sitter 

asymptotic behaviour. These are higher dimensional analogues of 2+ 1 dimensional 

BTZ black holes, the only permissible black holes in three-dimensions where gravity 

is a non-propagating force. 

Both the spaces under consideration are time-dependent asymptotically locally 

anti de Sitter, with conformal boundaries (see chapter 2) of the form d53 x 5 1 where 

dS3 is three dimensional de Sitter space. Thus we believe them to be different states 

in the same gauge theory on the time-dependent background d53 x 5 1. Our work 

explores aspects of the correspondence including the relationship between horizons 

in the bulk and those in the boundary, and the suitability of different vacua in de 

Sitter space. Our results have implications for such disparate topics as field theory 

on dS3 and attempts to give BTZ-type black holes a thermodynamical interpretation 

[34,35]. 
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The progress achieved in this research was to develop specific examples within the 

anti-de Sitter/ conformal field theory correspondence, particularly time-dependent 

and non-supersymmetric spacetimes and their duals. There remain open questions 

about the duality, and our understanding of the map between general geometries 

and gauge theory states is still limited: improving it is an active area of research. 

Some questions and possible directions for future research are discussed in chapter 5. 



Chapter 2 

Background 

In this chapter, we review the Anti-de Sitter/ Conformal Field Theory (AdS/CFT) 

correspondence and explain its motivation in more mathematical terms, with em

phasis on Dl-D5 branes. A comprehensive review of all aspects of AdS/CFT can be 

found in [20]. We introduce parametrizations of anti-de Sitter space and elements 

of field theories which are used in other chapters. The reader is assumed to have 

some knowledge of string theory and general relativity. 

2.1 AdS/CFT Correspondence 

The AdS/ CFT correspondence is concerned with different ways of describing the low 

energy physics of D-branes. The motivation for Maldacena's conjecture [5] takes as 

its starting point Type liB string theory in flat ten-dimensional space, IR1•9 with 

Dp-branes, p odd. 

One side of the correspondence takes N Dp-branes and considers the low energy 

description of their dynamics when the string coupling 9s is very small. Small fluc

tuations of a single Dp-brane are described by the transverse zero-mass excitations 

of open strings which couple to it, a~ 1 lk), b = p + 1 ... D - 1. The other massless 

excitations form a vector, a~\ I k) m = 0 ... p tangential to the brane. If there is 

more than one brane, the ends of the strings may couple to different ones and we 

must include indices lij) when describing a string to specify which branes it ends on. 

However, the stretching between branes contributes to the mass of the string, so we 

9 
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generally consider only a~\ lk; ii), giving N U(1) gauge groups. As the separation 

of the branes and the string length goes to zero, such that the ratio of the two is 

constant, the massless strings are allowed to end on any brane so the branes are 

well-described by a U(N) gauge theory. 

Let us take co-ordinates ~a, a = 0 ... p to describe the world volume of one Dp

brane. The spacetime co-ordinates X~-t(~a) 1-l = 0 ... D - 1 and the gauge field 

tangent to the p-brane A m (~a) m = 0 ... p are the fields on the brane. The pull

back of the spacetime metric and anti-symmetric tensor to the p + 1 dimensional 

worldvolume are 

Bab = 

ax~-~axv 

a~a 8~b G~-tv 
8XJ.t axv 
a~a ae B~-tv· 

(2.1.1) 

(2.1.2) 

There is also the field Fab = 8aAb - 8bAa due to the gauge potential and open 

string coupling requires one power of g;1 . It can be deduced via the f3 function for 

the open string that a suitable action for low energy Dp-branes is the Dirac-Born

Infeld bosonic action [10, 36, 37] 

SDP = -Tp j dP+ 1ae-cP V- det(Gab + 27fa' Fab- Bab). (2.1.3) 

For multiple coincident D-branes, we must incorporate the matrix nature of XJ.t 

and Aa which will not in general be commutative. The invariant quantity we can 

form from a matrix is the trace, in this case in the fundamental representation of 

our group U(N). It is proposed [2] that we should in fact take the trace after 

symmetrizing over the gauge indices. 

By assuming that the size of the field-strength is small and that the branes are 

close to flat, and by working in the static gauge where the spacetime co-ordinates 

are taken to be the same as the worldvolume ones, xa(~a) =~a for a = 0 ... p, we 

can approximate this action when B = 0 by an expansion in a' [10] 

S 1 J dP+l T ( 1 pabF. 1 DaXiD Xi 1 [Xi Xi]2) (bosonic) f"o... 9s a r -4 ab+ 2 a + 4 , (2.1.4) 

where Xi (i = p + 1 ... D- 1) are the co-ordinates transverse to the branes. Note 

that the derivative na is now the covariant derivative required by non-commutative 
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fields, Da Xi = aa Xi + [A a, Xi]. The string coupling 9s is e-rt>, where cjJ is the 

dilaton, taken to be constant. This action is recognizable as the bosonic part of 

the Lagrangian of supersymmetric Yang-Mills theory reduced to p + 1 spacetime 

dimensions with 9s ex g~ M [38]. 

We will focus our attention on one version of the correspondence. Let us take N1 

Dl-branes 1 and N5 D5-branes placed in fiat ten-dimensional space with four of its 

directions compactified and one dimension finite but sizable, that is JR1•4 x S 1 x T 4
. 

We wrap four of the five spatial directions of the D5-branes around the T 4 and orient 

the remaining direction parallel to the D1-branes along the S 1
. This gives them a 

finite energy. The spatial direction is along the branes which appear as effective 

strings in the five remaining extensive directions. Then in the low energy limit, the 

branes are described by a sigma model on 1 + 1 dimensions with a target space 

believed to be the symmetrized product of N1N5 copies of T4 [39]. 

By virtue of the fact that the branes are taken to be on top of each other, we 

are expecting to be in the Higgs branch of the CFT [40]. The Coulomb branch can 

be removed only if the charges Q1 , Q5 are eo-prime [20]. 

Away from the branes closed strings propagate freely. The two systems interact 

via closed strings which couple to the branes. As the coupling reaches 0, we have 

two separate theories: the D-branes, described by gauge theory, and perturbative 

gravity in fiat space. An 'effective potential' in the wave equation which describes 

the propagation of particles prevents the two from talking to each other. 

The system to which this is supposed to be dual is again Q1 D1-branes and Q5 

D5-branes where now we bear in mind the fact that tension of a D-brane varies 

with 9s like 1/ 9s· Clearly as the coupling goes to zero here, the branes become 

infinitely massive. The presence of very heavy objects warps the surrounding space 

via Einstein's equation ( A.l.1), and flux sourced by the branes affects the geometry 

as well. As we are in a low-energy regime, supergravity is a good approximation to 

string theory so we look for solutions to type liB supergravity action with the same 

fiuxes. 

1These have the appearance of strings but are different to the original strings of string theory, 

F-strings, as they have different tensions. 
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It has been found that a solution is to replace the branes with an effective 

geometry of the form [41] 

ds2 = f 1(r)- 112 J5(r)- 112 (-dt2+dx 2 )+ j 1 (r) 112 fs(r) 112 (dr2 +r2dD2)+ {j; t dzidzi. 
V x i=l 

(2.1.5) 

Here r is the distance perpendicular to the branes, x is the co-ordinate along 

the shared direction of the branes, f2 is a parametrization of a 3 sphere, the Zi 's 

parametrize the torus and the functions fi are 

h = 1 + go/Ql 
vr2 

fs = 1 + go/~5 . 
r 

(2.1.6) 

The quantity v is proportional to the volume of the T 4 which may vary with r; 

all other symbols carry their usual meanings. 

In the region where ga'Qdr2 » 1, the functions fi are well approximated by 

fi- 1 and v tends to a constant value by the attractor mechanism [42]. This is the 

near-horizon limit where we are focussing on the centre of the spacetime. The six 

dimensional metric in 2.1.5 may then be written 

Here we have implicitly defined g6 = gjv112 , the six-dimensional string cou

pling. If we rescale the radial co-ordinate to u = r /a', we get the metric of three

dimensional Anti de-Sitter (AdS) space, times a three sphere, both with a radius of 

curvature of R2 = 96VQ1 Qsls, 

(2.1.9) 

In the opposite limit, when r is very large, the fi are approximately 1, and we 

have 5-dimensional flat Minkowski space, times a macroscopic circle and a small 

4-torus. So there are two different regions of spacetime: near r = 0 there is curved 

space of the form AdS3 x S3 , whilst the asymptotic behaviour is ID-dimensional flat 

space with some of them compactified. The AdS space appears as a throat with 

constant radius until it ends at r = 0. 
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As these two situations are supposed to describe the same systems from different 

perspectives, and because they both contain gravity in flat space, the AdS/CFT 

correspondence was proposed, which conjectures that the other two components of 

the theories are also identified. That is, Type liB string theory, on a background 

which is asymptotically Anti-de Sitter space, and supersymmetric Yang-Mills in 

one fewer dimensions are equivalent or dual to each other. The isometries of the 

compact factors of the background spacetime are identified with symmetries of the 

field theory. In the specific case of D 1 and D5 branes, we claim that string theory 

on AdS3 x 53 x T 4 is equivalent to a superconformal field theory on the 1 + 1 

dimensional space which is the IR limit of a number of parallel D1-D5 branes [43], 

and the SU(2)L x SU(2)R R-symmetry in the CFT is identified with the SO( 4) = 

SU(2) x SU(2) symmetry of the 5 3 factor of the near-horizon geometry [44]. In 

general, we can identify the partition functions of the 'bulk' and 'boundary' theories 

via [17] 

(2.1.10) 

in the co-ordinates A.1.14. The scalar field c/J is a supergravity field in the bulk that 

is constrained to have the value c/Jo on the boundary. The right hand side is given 

by [18] 

Z ( c/Jo) = { Vc/Je-I[<PJ 
}<Po 

(2.1.11) 

and this is well approximated by e18 , where Is is the supergravity action, for certain 

values of the parameters of the theory. In Lorentzian spacetimes, there will be two 

types of solutions to the wave equation, which in Poincare co-ordinates (A.1.14) 

is [21] 

There are non-normalizable functions which are regular in the bulk which behave at 

small z like 

(2.1.13) 

where 

(2.1.14) 
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There will also be normalizable modes which do not affect the behaviour of cjJ at 

small z. In the correspondence, these only change the geometry in a way that affects 

to which state in the theory the geometry is dual, whereas the non-normalizable ones 

affect what the boundary field theory is. 

Where can we trust each description of the Dl-D5-branes? We know, for ex

ample, that on the gravity side of the correspondence we must not have large a' 

which would lead to massive string states affecting the geometries. Let us define the 

't Hooft parameter A= g~My'(:'[M = R2/l8 • For supergravity to be a good approx

imation to the physics of the system, we must have that the radius of curvature, R, 

is much larger than the string length l8 • This implies that A is much greater than 

1. On the other hand, if we want the gauge theory to be weakly coupled so that we 

can use the perturbative description of Yang-Mills, we need g?,~vn/Q 1 Q5 , not just 

gyM, to be much less than one. Obviously, this is when RAdS « ls; that is, the 

geometry is highly curved. The two ranges are completely separate; hence the use 

of the word dual to describe their relationship. Note that we also need N » 1 in 

order to perform calculations in Yang-Mills. 

The strongest statement of the conjecture that these two theories are dual is 

that they are equivalent at every value of g8 and N, not just in the limit 9s ~ 0 

and N ~ oo whilst A is kept fixed. If 9s can take any value then this gives a strong 

coupling description of string theory. 

2.2 Structure of Anti-de Sitter Space 

It is instructive to study the conformal structure of anti-de Sitter spaces, since the 

duality outlined above uses the fact that the related field theory can be thought 

of as living on its conformal boundary to describe such interesting objects as bulk 

to boundary propagators. Here, the word conformal still means 'preserving angles', 

just as in conformal field theories: it refers to transformations we can make to the 

metric which leave angles between vectors unchanged. In particular, they leave the 

definition of a null vector unchanged and hence does not change the definition of 

two events being causally related. 
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A conformal compactification preserves the causal structure of a metric whilst 

bringing infinity to a finite distance in some parameter. These transformations are 

extremely useful for studying the asymptotic behaviour of spacetimes. 

We get to the boundary of g by taking for our transformation some positive, 

twice differentiable function W with a first order zero [17] on the boundary. Any 

such function is acceptable, so the boundary does not have a natural metric, only 

a conformal class. Then 9ab = W 2gab gives a conformally related metric and the 

conformal boundary is at W = 0 . This cancels the r ---t oo pole in the metric. 

To study d + !-dimensional anti-de Sitter space, let us take a particular co

ordinate system, A.l. 7 

Xo R~sinO 
cos '+' 

1 
R~cose 

cos '+' 

Rfli tan 1/J i = 1.. .d. 

where the 0 parametrize a d - 1 sphere. In this case the metric is 

To cover the whole space we only need to take e E ( -oo, oo), 1/J E (0, 7f /2). 

(2.2.1) 

(2.2.2) 

A candidate for our conformal factor is easily identifiable in these co-ordinates: 

let W = cos 1/J / R. Then our rescaled metric is ds2 = -d02 + d1/;2 + sin2 1/;dfl and 

a metric for the boundary is ds2 = -d02 + d02 
0 This has the form of JR. X sd- 1 

0 

Note that sd-1 is itself a conformal compactification of JR.d-1 achieved by adding a 

point at infinity. So the conformal boundary of AdSd+1 is conformally compactified 

JR. x JR.d-1. Figure 2.1 suggests how AdS3 may be corn pactified so that r ---t oo is at 

a finite distance. 

Anti-de Sitter space has the property that null rays can, with the appropriate 

boundary conditions, travel to the boundary and back in finite time [45]. This 

is most easily seen by considering the visualization of the geometry via a Penrose 

diagram, and remembering that conformal compactification does not change causal 

structure. Figure 2.2 illustrates the difference between AdS2 and JR.1 x JR.1, that is, 

Minkowski space. 
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r -----? oo 

Figure 2.1: This shows how conformally compactified AdS3 appears: its boundary 

is JR x 5 1 . 5 1 is equivalent to JR with a point at infinity added. The distances r 1 

and r 2 are of similar proper length. 
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Minkowski space 

Boundary 

Figure 2.2: This shows how a null ray, N1 , reaches spatial infinity in a finite range of 

an affine parameter in anti-de Sitter space. This is to be contrasted with the causal 

nature of Minkowski space. Here, a lightray N2 emitted by a timelike observer 

reaches /+ but cannot return. 
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Due to the time-like nature of spatial infinity of AdS, a Cauchy surface at any 

time does not completely determine the future behaviour of the spacetime as infor

mation enters the bulk from the boundary in finite time [46]. Anti de Sitter space 

is not globally hyperbolic [8]. 

2.3 Horizons 

Horizons may occur on both sides of this correspondence, for example in black 

holes in gravity or field theories on curved spacetimes, so it is useful to introduce 

some definitions and results. An event horizon is the boundary of that section of a 

spacetime M which is not the past of spatial infinity: in Minkowski notation, [8] 

B =M- J-Cf+). (2.3.1) 

This defines horizons in the intuitive sense, as boundaries of regions from which 

an external observer can never receive information. In certain spacetimes, event 

horizons are also Killing horizons: null surfaces generated by orbits of Killing vectors 

[47]. A Killing vector ~a is a direction along which the Lie derivative of a metric 9ab 

is 0, most easily written as 

(2.3.2) 

Killing vectors are essential for describing many objects in general relativity as 

they describe symmetries of a geometry. For example, if the components of a metric 

are independent of a variable (}' ( 8 I ae)a will be a Killing vector. 

As well as in the original context of black holes, we encounter horizons when a 

spacetime is accelerating such as in de Sitter space. Acceleration is a particular type 

of non-static behaviour, which means there is no time-like Killing vector. Horizons 

can then result as the speed of separation of points in the geometry becomes larger 

than that of light, and communication with all regions of spacetime becomes im

possible. Horizons can also be caused by identification of co-ordinates along Killing 

vectors, so that ~a "" ~a + k for some k, as this can result in singularities which 

will swallow geodesics from sections of the surrounding spacetime: the boundaries 

of these regions are then effectively horizons. Whilst these are man-made horizons, 
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they are useful as interesting environments which are under control and which can 

teach us about such issues as causality. 

One topic on which they cannot shed light is thermal effects. Both accelerating 

observers in flat spacetimes and stationary observers in the presence of a black hole 

detect a thermal background. Unruh observed [48] that a detector in flat Minkowski 

space which moves along orbits of the Killing vector 

(2.3.3) 

which describes boost isometries, detects particles with a thermal spectrum when an 

inertial observer detects a vacuum. This phenomenon is due to differing definitions of 

time and hence particle creation operators. The moving observer is accelerating with 

acceleration a as measured by an observer in the preferred vacuum; the temperature 

of the perceived bath of particles is T = a/27r [9]. 

A similar effect happens when it is the ambient spacetime that is accelerating. 

Hawking and Gibbons [11] determined that in the unique non-singular de Sitter 

invariant vacuum, all observers detect a thermal background. The limit of each 

person's domain of influence is a horizon with an entropy. It is believed that this 

entropy is due to the inability of an observer to know precisely the state of matter 

behind the horizon. 

In the presence of black holes, a different though superficially similar process 

takes place. Whilst an accelerated observer in flat spacetime observes particles, 

at an event horizon observers need to accelerate just to remain at a fixed point. 

However, this is not the reason event horizons are thermal bodies. Here, the strength 

of gravitational fields is sufficient to produce pairs of particles in the vacuum. If one 

of the pair is absorbed by the event horizon, the other may escape to infinity. The 

spread of energies of the detected particles matches a black body, with greybody 

factors [49] due to gravitational potentials. The observed temperature, T, of the 

black hole is related to the surface acceleration /'l, by 

!!:___ = T. 
27f 

(2.3.4) 

ri, has the interpretation of the acceleration needed to keep a particle stationary 

at the horizon of a non-rotating black hole. It is determined for a stationary black 
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hole by [8] considering a Killing field Xa which, if not proportional to the stationary 

Killing field .;a, is the sum of .;a and an axial Killing field '1/Ja and which is normal 

to the horizon. Then as a horizon is a null surface, XaXa = 0 on the horizon, 

implying 'VbXaXa is itself normal to the horizon. So there exists some constant of 

proportionality describing the relationship between these two vectors normal to the 

horizon: this constant is "" 

(2.3.5) 

Note that the definition of "" does not specify where we are on the surface of the 

black hole in any way, so it is constant across the horizon. This is reminiscent of 

the fact that the temperature of a body in equilibrium is constant throughout it. 

In general, if a body has a non-zero temperature T, there is a relationship between 

increases in its energy and increases in its entropy, of the form 

8E = T8S. (2.3.6) 

Direct classical calculations [50] show that a change in the mass of a (non

rotating, uncharged) black hole results in a change in its area 

1 
8M = -t;,8A. 

87r 
(2.3.7) 

The mass of a black hole is equal to its energy [8]. Thus we can use the identifica

tion between surface gravity and temperature to write a linear relationship between 

entropy and area [12] 

S = Aj4G (2.3.8) 

where A is the area of the horizon and G Newton's constant. 

If a black hole is rotating, it will produce an ergoregion. These are areas external 

to the horizon where the timelike variable as determined by observers at infinity is 

spacelike. As a result, objects in this region cannot remain stationary with respect 

to these observers. This is seen by looking at the tangent of a timelike path in this 

region [8], 

(2.3.9) 

where A is proper time along the trajectory. Every term contributing to the sum on 

the left is positive due to the spacelike nature of the asymptotically defined timelike 
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co-ordinate, with the possible exception of 

(2.3.10) 

where ()i is (one of) the direction the black hole is rotating in. Then d()d d).. must 

be less than 0; in particular it cannot equal 0. 

A third type of horizon, that resulting from the imposition of identifications 

on co-ordinates, does not necessarily have the properties used to define /'\,. These 

horizons generally arise because the act of identifying variables results in singularities 

which will eventually absorb incoming matter. Any regions of spacetime which are 

bound to coincide with the singularity must be regarded as being behind a horizon. 

These horizons are not boundaries of trapped surfaces, and they need not be null 

hypersurfaces; in particular, they are not necessarily Killing horizons. So the act of 

assigning to them a temperature and hence an entropy is not justified. 

2.4 Conformal Field Theories 

As the AdS/CFT correspondence is a relationship mapping geometries to states in 

conformal field theories (CFTs), we cover here some relevant aspects of CFTs. 

Conformal field theories are a vast topic and have been studied in a number 

of applications. The most important one for the area of work we are in is that of 

their existence on string worldsheets; however, we will also be concerned with the 

field theories which exist on the conformal boundary of spacetimes, which may have 

different features. 

Conformal field theories have been formulated in a variety of dimensions, but 

are particularly rich when working with 2, or 1 + 1, dimensions and it is on these 

that we focus. We will work with two independent complex variables, z and z. In 

this number of dimensions, the group of conformal transformations, that is, ones 

which preserve angles, is infinite dimensional. This results in an infinite number of 

conserved quantities. The conserved currents of a CFT always include the stress

energy tensor, T, which is traceless by conformal invariance." The holomorphic part 
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of it, written Tzz = T(z), has a Laurent expansion 

Ln 
T(z) = E zn+2 

22 

(2.4.1) 

and the anti-holomorphic part likewise, with Lm and z. The modes Ln form a 

Virasaro algebra with central charge c [51] 

(2.4.2) 

Other important fields in a CFT are those fields which, under a rescaling of their 

argument z ~ .\z = z', z ~ .\z = z' behave like 

(2.4.3) 

They are called primary fields and are said to have scaling dimensions or conformal 

weights (h, h). The operator product expansion of a primary field of weight h with 

the holomorphic part of the stress energy tensor is of the form [52] 

h 1 
T(z)cp(w, w)"' ( )2 cp(w, w) + --owc/J(w, w). 

z-w z-w 
(2.4.4) 

Operator product expansions (OPEs) are useful tools in the field theory literature 

[1, 53] which write as sums of operators the behaviour of fields as they are brought 

together. The coefficients may be singular, but the result must not involve any new 

operators that were not already present in the theory. OPEs contain information 

about commutators, and those involving the stress-energy tensor tell us whether or 

not the operators involved are primary fields and of what weight. 

Again, similar expressions hold for the anti-holomorphic part of the stress tensor 

T(z). 

In two dimensions, we have the ability to map from fields to states. We may 

form a state from a field, labelling it with the related scaling dimension, via 

Jh) = limz_.oc/J(z) Jvac). (2.4.5) 

The modes of the stress-energy tensor, Ln, are now operators on the states. The 

vacuum Jvac) = JO) is invariant under the operators L_ 1 , L0 , £ 1 , the SL(2) subgroup 

of the Virasaro algebra. 
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In this language, a primary field becomes a highest weight state; that is, annihi

lated by Ln, n > 0 [54]. The operator L0 when applied to a state corresponding to 

a primary field cj; evaluates its conformal weight: 

Locf;(0)\0) = L0 \h) = h\h). (2.4.6) 

The full field, depending on z and z, then has scaling dimension ~ = h +h. In 

this formulation, L 0 + L0 is equivalent to the momentum operator so ~ is the energy 

of the field. The angular momentum of a field is s = h - h. Later we shall have 

cause to refer to this as qp. 

It is possible to extend conformal field theories by introducing one or more Grass

man variables, () such that ()2 = 0, so that the arguments of fields are in superspace. 

These are known as superconformal field theories (SCFTs.) Any string worldsheet 

theory requires a minimum of N = 1 supersymmetry, whereby the stress-energy 

tensor has one superpartner (generally written G), if it is to produce spacetime 

fermions [19]. A superstress tensor has the form 

T(z, B) = Tzo(z) + BTzz(z) (2.4. 7) 

and its expansion is [55] 

T _ " -n-3/2 !c + ()" -m-2£ - LJnZ 
2 

n umZ m· (2.4.8) 

The modes Gn may have n E !E. or !E.+ 1/2. In the former case, we are said to 

be in the Ramond (R) sector; in the latter, the Neveu-Schwarz (NS) sector. 

The coefficients of the expansion generate the super-Virasaro algebra 

[Lm,Ln] 

{Gm,Gn} 

[Lm,Gn] 

c 3 
(m- n)Lm+n + 

12
(m - m)Om,-n 

c 2 1 
2Lm+n + 3(m - 4)0m,-n 

1 
(2m- n)Gm+n· 

(2.4.9) 

(2.4.10) 

(2.4.11) 

The SCFTs we are most interested in will have N = 2 supersymmetry or N = 4, 

a particular case of N = 2. The stress energy tensor will now have two or four 

superpartners, commonly written Gi. Notably, with this amount of supersym

metry a non-trivial symmetry is present amongst the supercharges Gi, known as 
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R-symmetry [56]. The 'R-charge' , j, of a state in N = 2 is then its value under 

the zero-mode of a conserved current, J which generates the R-symmetry, 

loi1/J) = ii1/J). (2.4.12) 

For N = 2, G1 and G2 can be arranged into c± which have charges ± 1 with respect 

to J. 

In N = 4, the supercharges can be organized into two complex quantities, which 

form an SU(2) doublet [57]. We also now have three conserved currents Ji. We 

usually take J3 as playing the role of R-symmetry [20] although an additional SU(2) 

maps the Ji amongst themselves. 

An important set of states are those which have an R-charge equal (in our nor

malization [20]) to their scaling dimension: h = j or 

Lo</>(O)IO) = IJ</>(O)IO). (2.4.13) 

Such states are called chiral primaries : they are annihilated by half the supercharges 

of the theory as can be seen from the relevant commutation relation 

(2.4.14) 

This implies that the states Q1; 2 lh) with h = j are of zero norm. The interest in 

such states stems from their invariance under changes in moduli of theories, which 

is due to their belonging to short multiplets. 

The system with which we will be concerned in chapter 3 is that outlined in 

2.1, of N1 D1-branes and N5 D5-branes in a space with topology JR 1•4 x S 1 x T 4 . 

The compact directions are not written T 5 as the two compact spaces play slightly 

different roles. The T 4 will be of very small radius, whilst the S 1 is sizable with 

radius R. Four of the directions of the D5-branes will be wrapped on the T 4 and 

the remaining direction lies along the S 1 parallel to the D1-branes. They appear as 

effective strings in the remaining dimensions. The 'spacetime' CFT will thus be 1 + 1 

dimensional. It is believed [58] that the resulting CFT is the IR limit of a strongly 

coupled N = 4 non-linear sigma model on lR x S 1 with central charge c = 6N1N5 . 

Its target space is a member of the family of spaces given by deformations of the 
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symmetrized product of N 1N5 copies of T 4 ; that is, T 4N 1 N5 / SN1N5 [59, 60]. Note 

that this T 4 is not identical to that in the spacetime as this latter one may change 

size with position. The set of spaces includes the orbifold point itself, where we can 

perform field theory calculations [59,61] but the gravity description is not valid [20]. 

The spectrum of states of the orbifold field theory contains chiral primaries which 

are twist operators CJ;;-, linking up n of the strings together to form long strings 

of length nR [62] and carrying charge h = j [63]. The basic twist operator is CJ:;-, 
which we can apply n times to create CJ;;- since any permutation of n objects can 

be decomposed into permutations of just two objects. So we can link n strings in 

any order to make a long string. 



Chapter 3 

N on-supersymmetric smooth 

geometries and Dl-D5-P bound 

states 

In this chapter we construct smooth non-supersymmetric soliton solutions with Dl

brane, D5-brane and momentum charges in type liB supergravity compactified on 

T 4 x S1 , with the charges along the compact directions. This generalises previous 

studies of smooth supersymmetric solutions. The solutions are obtained by consid

ering a known family of U(l) x U(l) invariant metrics, and studying the conditions 

imposed by requiring smoothness. We discuss the relation of our solutions to states 

in the CFT describing the Dl-D5 system, and describe various interesting features 

of the geometry. 

3.1 Introduction and Summary 

String theory has made tremendous advances in understanding the microscopic ori

gins of black hole entropy [13, 64]. In the original calculations, two different dual de

scriptions of a supersymmetric object were considered: a weakly-coupled description 

in terms of perturbative strings and D-branes, and a strongly-coupled description as 

a classical black hole solution. The picture of this black hole, as a background for 

the perturbative string, is essentially the same as in semiclassical general relativity. 

26 
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We have a singularity in spacetime that is shielded (censored) by a horizon. The 

horizon area determines the Bekenstein-Hawking entropy S BH = 4~ N . This entropy 

was successfully reproduced by counting the degenerate supersymmetric vacua in 

the dual perturbative D-brane description. This picture did not provide any under

standing of where the microstates were in the strong-coupling black hole picture: 

smooth black hole solutions 'have no hair', so the geometry is entirely determined 

by the charges [65]. There was, however, a suggestion that pure states would be 

dual to geometries which were not smooth at the event horizon [66]. 

The anti-de Sitter/conformal field theory (AdS/CFT) correspondence [5, 15, 17] 

provided a deeper understanding of the counting of black hole entropy in string 

theory. The black holes in AdS are identified with the thermal ensemble in the 

dual CFT. The CFT was conjectured to provide a fundamental, non-perturbative 

description of string theory with asymptotically AdS boundary conditions, so the 

microstates were fundamentally thought of as states in the CFT, and it did not 

appear that they could be thought of as living somewhere in the black hole geometry. 

The evolution of the states in the CFT is unitary. Certain states can be identified 

with classical geometries, but as has been emphasised in e.g. [17, 67], the CFT 

provides a fully quantised description, and reproducing the behaviour of the CFT 

from a spacetime point of view will in general involve a sum over bulk geometries. 

In a series of papers, Mathur and his collaborators have challenged the conven

tional picture of a black hole in string theory (see [28] for a review). They argue that 

the black hole geometry is merely a coarse grained description of the spacetime, and 

that each of the e88
H microstates can be identified with a perfectly regular geome

try with neither horizon nor singularity [68, 69]. The black hole entropy is a result 

of averaging over these different geometries, which produces an 'effective horizon', 

which describes the scale at which the e88
H individual geometries start to differ from 

each other. They further argue that if a system in an initial pure state undergoes 

gravitational collapse, it will produce one of these smooth geometries, and the real 

spacetime does not have a global event horizon, thus avoiding the information loss 

paradox associated with outgoing Hawking radiation [70]. Thus, the idea is that 

stringy effects modify the geometry of spacetime at the event horizon, rather than, 
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as would be expected from the classical point of view, at Planck or string distances 

from the singularity. This is a radical modification of the expected geometry. There 

are similarities with the correspondence principle ideas [71], but unlike that picture, 

there is no obvious sense in which the spacetime as seen by an infalling observer will 

be different. It is difficult to see how the singularity behind the black hole's event 

horizon can arise from a coarse graining over non-singular geometries. 1 

The evidence for this proposal comes from the construction of smooth asymp

totically flat geometries in the Dl-D5 system that can be identified with individual 

microstates in the CFT on the worldvolume of the branes. The theory considered is 

type liB supergravity compactified on S1 x T 4 with n5 D5-branes wrapping S 1 x T 4 , 

and n 1 D-strings wrapping the S1. The near-horizon geometry is AdS3 x S3 x T 4 , and 

has a duall + 1 dimensional CFT description with c = 6n1 n5 . The first such geome

tries were constructed in [73, 74], and correspond to the Ramond-Ramond {RR) 

ground state obtained by spectral flow from the Neveu-Schwarz-Neveu-Schwarz 

(NSNS) vacuum state. This was subsequently extended [68, 75, 76] to find a family 

of smooth geometries corresponding to the whole family of RR ground states in the 

CFT. The Dl/D5 system via string dualities is the same as a system with n5 units 

of fundamental string winding and n 1 units of fundamental string momentum on 

a circle. The Dl/D5 bound state corresponds to a multi-wound F-string carrying 

momentum, and the geometries are characterised as functions of the displacement 

of the string in its transverse directions. As a test of whether the two-charge system 

indeed describes the correct physics, the collision time for left- and right-moving 

excitations on the component string was computed in field theory and compared to 

the time for graviton absorption and re-emission in supergravity; the two are found 

to match [30, 68]. The degeneracy of RR ground states in this theory gives a micro

scopic entropy which scales as ~; this was found to match a suitable counting 

in a supertube description in [77, 78]. However, this entropy is not large enough to 

correspond to a black hole with a macroscopic horizon. It is therefore important to 

extend the identification to states that carry a third charge np, momentum along the 

1 Although it may be that most measurements in the dual CFT find it difficult to distinguish 

between regular geometries and the conventional semi-classical picture of a black hole [72]. 
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string. These states have a microscopic degeneracy Jn 1 n5np, and were used in [13] 

in the calculation of the black hole entropy. Recently, Giusto, Mathur, and Saxena 

have identified smooth geometries corresponding to some of these states [79, 80], 

although the geometries constructed so far correspond to very special states, the 

spectral flows of the RR ground states studied earlier? The overall evidence for the 

picture of black holes advanced by these authors is, in our judgement, interesting 

but not yet compelling. 

We will extend these investigations to find more general solitonic solutions in 

supergravity, and to identify corresponding CFT states. We believe that whether 

or not the picture of black holes advanced by Mathur and collaborators proves to 

be correct, these solitonic solutions will remain of interest in their own right. It 

is particularly interesting that we can find completely smooth non-supersymmetric 

solitons. These are, as far as we are aware, the first explicit examples of this type. 

We find these solutions by generalising an analysis previously carried out for 

special cases in [73, 74, 79, 80]. We consider the nonextremal rotating three-charge 

black holes given in [88], and systematically search for values of the parameters for 

which the solution is smooth and free of singularities. We find that if we allow non

supersymmetric solutions, there are two integers m, n labelling the soliton solutions. 

The previously studied supersymmetric solutions correspond to m = n+ 1. Thus, we 

find new non-supersymmetric solitons. Further solutions, some of which are smooth, 

can be constructed by orbifolds of this basic family. This provides another integer 

degree of freedom k. Some of the supersymmetric orbifolds have not been previously 

studied. 

We identify the basic family of smooth solutions labelled by m, n with states in 

the CFT constructed by spectral flow from the NSNS vacuum, with m + n units of 

spectral flow applied on the left and m-n units of spectral flow applied on the right. 

We find a non-trivial agreement between the spacetime charges in these geometries 

and the expectations from the CFT point of view. This agreement extends to 

2Three-charge states were previously studied in the supertube description [81, 82] in [83, 84]. 

Other supersymmetric three-charge solutions have been found in [85-87], but the regular solutions 

have not yet been identified or related to CFT states. 
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the geometries constructed as orbifolds of the basic smooth solutions. We have 

studied the wave equation on these geometries, and we find that as in [80), there is 

a mismatch between the spacetime result, !:l.tsugra = 7r Rg, and the expectation from 

the CFT point of view, !:l.tcFT = 7r R. We believe that understanding this mismatch 

is a particularly interesting issue for further development. Finally, we discuss the 

appearance of an ergoregion in the non-supersymmetric solutions. We find that the 

ergoregion does not lead to any superradiant scattering for free fields. 

The existence of these non-supersymmetric solitons, and the fact that they can 

be identified with states in the dual CFT, might be regarded as further evidence 

for the proposed description of black holes. However, we would advocate caution. 

We still find it questionable whether we can really describe a black hole in this way. 

First of all, the three-charge states described so far are very special. The orbifolds 

we consider provide examples where the CFT state is not the spectral flow of a RR 

ground state, but the geometries we consider all have a U(l) x U(l) invariance. 

It is unclear whether the techniques used to date can be extended to obtain even 

the geometries corresponding to spectral flows of the more general RR ground states 

of [68, 76), let alone to reproduce the full ev'n 1nsnp states required to explain the black 

hole entropy. The much more difficult dynamical questions - how the appearance of 

a global event horizon in gravitational collapse can always be avoided, for example

have not yet been tackled. Nonetheless, the study of these smooth geometries offers 

a new perspective on the relation between CFT and spacetime, and it is interesting 

to see that their existence does not depend on supersymmetry. 

This chapter is organised as follows. In the next section, we recall the metric and 

matter fields for the general family of solutions we consider, and discuss the near

horizon limit which relates asymptotically flat solutions to asymptotically AdS3 x 

5 3 ones. In section 3.3, we discuss the constraints required to obtain a smooth 

soliton solution. We find that there is a basic family of smooth solutions labelled 

by the radius R of the SI, the Dl and D5 brane charges Q 1 , Q5 , and two integers 

m, n. Further solutions can be constructed as Zk orbifolds of these basic ones; they 

will be smooth if m and n are both relatively prime to k. We also discuss the 

asymptotically AdS3 x 5 3 solutions obtained by considering the near-horizon limit. 
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The asymptotically Ad83 x S 3 solutions corresponding to the basic family of smooth 

solutions are always global Ad83 x S 3 up to some coordinate transformation. In 

section 3.4, we verify that the solutions are indeed smooth and free of closed timelike 

curves. In section 3.5, we identify the corresponding states in the CFT, identifying 

the coordinate shift in the global AdS3 x S 3 solutions with spectral flow. Finally 

in section 3.6, we discuss the massless scalar wave equation on these solutions, and 

show that the non-supersymmetric solutions always have an ergoregion. 
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3.2 General nonextremal solution 

We will look for smooth solutions as special cases of the nonextremal rotating three

charge black holes given in [89] (uplifted to ten-dimensional supergravity follow

ing [90]). The original two-charge supersymmetric solutions of [73, 74] were found 

in this way, and the same approach was applied more recently in [79, 80] to find 

supersymmetric three-charge solutions. In the present work, we aim to find all the 

smooth solutions within this family. 

In this section, we discuss this family of solutions in general, writing the metric 

in forms that will be useful for finding and discussing the smooth solutions. We will 

also discuss the relation between asymptotically flat and asymptotically AdS3 x 8 3 

solutions. We write the metric as 

where 

(3.2.2) 

and ci = cosh b'i, si = sinh b'i. This metric is more usually written in terms of 

functions Hi = Hd f. Writing it in this way instead makes it clear that there is no 
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singularity at f = 0. As the determinant of the metric is 

i£3 
g = -r2--:).. cos2 e sin2 e, 

Hs 
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(3.2.3) 

it is clear that the inverse metric is also regular when f = 0. The above metric is in 

the string frame, and the dilaton is 

24> H1 
e = ---;;;-. 

Hs 
(3.2.4) 

From [79], the 2-form gauge potential which supports this configuration is 

M cos2 8 
- [(a2c1sscp- a1s1cssp)dt + (a1s1cscp- a2c1sssp)dy] A d'ljJ 

H1 
M sin2 8 

+ - [(a1c1sscp- a2s1cssp)dt + (a2s1CsCp- a1c1sssp)dy] A dcjJ 
H1 

M s1 c1 M sscs 2 2 2 2 - - dt A dy- - (r + a2 + Ms1) cos Bd'ljJ A dcjJ. (3.2.5) 
H1 H1 

We take the T 4 in the Zi directions to have volume V, and they circle to have radius 

R, that is y rv y + 21r R. 

Compactifying on T 4 x S1 yields an asymptotically flat five-dimensional config

uration. The gauge charges are determined by 

(3.2.6) 

(3.2.7) 

(3.2.8) 

where the last is the charge under the Kaluza-Klein gauge field associated with the 

reduction along y. The five-dimensional Newton's constant is G(s) = Q(IO) /(27rRV); 

if we work in units where 4G(5) j1r = 1, the Einstein frame ADM mass and angular 

momenta are 
M 

MADM = 2 (cosh 281 +cosh 285 +cosh 28p), 

11/J = -M ( a1 cosh 81 cosh 85 cosh 8p - a2 sinh 81 sinh 85 sinh 8p), 

(3.2.9) 

(3.2.10) 

(3.2.11) 

(which are invariant under interchange of the 8i). We see that the physical range of 

M is M 2:: 0. We will assume without loss of generality 81 2:: 0, 85 2': 0, 8p 2': 0 and 

a1 2': a2 2': 0. 
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We also want to rewrite this metric as a fibration over a four-dimensional base 

space. It has been shown in [91] that the general supersymmetric solution in minimal 

six-dimensional supergravity could be written as a fibration over a four-dimensional 

hyper-Kiihler base, and writing the supersymmetric two-charge solutions in this form 

played an important role in understanding the relation between these solutions and 

supertubes in [76] and in an attempt to generate new asymptotically fiat three

charge solutions by spectral flow [92]. The supersymmetric three-charge solutions 

were also written in this form in [93]. Of course, in the non-supersymmetric case, 

we do not expect the base to have any particularly special character, but we can 

still use the Killing symmetries at and ay to rewrite the metric (3.2.1) as a fibration 

of these two directions over a four-dimensional base space. This gives 

ds2 = k, {-(!-M) [dt- (!- M)-1 M cosh 81 cosh b5 (a1 cos2 (}d'lj; + a2 sin2 (}dc/J)] 
2 

+ f [dy + f-1 M sinh b1 sinh b5 (a2 cos2 (}d'lj; + a1 sin2 (}dc/J)] 
2
} 

r;:;-::: { r2dr2 2 
+V 11 111 5 ( 2 2) ( 2 2) M 2 + dO r + a 1 r + a2 - r 

+(!(!- M) )- 1 
[ (!(!- M) +fa~ sin2 e- (!- M)ai sin2 e) sin2 OdcjJ2 

+2Ma1a2 sin2 e cos2 (}d'lj;dc/J 

+ (JU- !VI)+ fai cos2 e- (!- M)a~ cos2 e) cos2 Od'l/;2] } , 

where i = t cosh bp- y sinh bp, y = y cosh bp- t sinh bp. 

We can see that this is still a 'natural' form of the metric, even in the non

supersymmetric case, inasmuch as the base metric in the second {} is independent 

of the charges. This form of the metric is as a consequence convenient for studying 

the 'near-horizon' limit, as we will now see. 

In addition to the asymptotically flat metrics written above, we will be interested 

in solutions which are asymptotically Ad83 X S 3
. These asymptotically Ad83 X S 3 

geometries can be thought of as describing a 'core' region in our asymptotically fiat 

soliton solutions, but they can also be considered as geometries in their own right. 

It is relatively easy to identify the appropriate CFT duals when we consider the 

asymptotically Ad83 X S3 geometries. To prepare the ground for this discussion, we 

should consider the 'near-horizon' limit in the general family of metrics. 

(3.2.12) 
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The near-horizon limit is usually obtained by assuming that Q1, Q5 » M, af, a~, 

and focusing on the region r2 « Q1 , Q5 . This limiting procedure is easily described 

if we consider the metric in the form (3.2.12): it just amounts to 'dropping the 1' 

in the harmonic functions H1, H5 , that is, replacing fh ~ Q1 , H5 ~ Q5 , and also 

approximating M sinh b'1 sinh b'5 ~ M cosh b'1 cosh b'5 ~ .JQ1 Q5 in the cross terms in 

the fibration. This gives us the asymptotically Ad83 x 5 3 geometry 

ds2 = ~ { -(!- M)[di- (f- M)-1 ~(a1 cos2 Od1j; + a2 sin2 Od</>)]2 

+ J [dy + f- 1 ~(a2 cos2 Od1j; + a1 sin2 Od</>)]2} 

{ 
r2dr2 

+~ (r2 + af)(r2 +aD- !vfr2 + d02 

+(!(!- M))-1 [(!(!-M)+ fa~ sin2 0- (f- M)ai sin2 0) sin2 Odq} 

+2M a1a2 sin2 0 cos2 Od1/;d</> 

(3.2.13) 

This can be rewritten as 

ds2 = - (p
2 

- M3 + Ji) dT2 + (p
2 

- M3 + Ji) -1 

dp2 + p2 (dcp + 13 dT) 
2 

£2 4p2 £2 4p2 2p2 

+f2d02 + £2 sin2 O[d</> +; (a1cp- a2sp)drp +; (a2cp- a1sp)dT]2 

2 2 [ R( R ]2 ) +€ COS 0 d'ljJ + £2 a2Cp- a1sp)dcp + €
3 

(a1Cp- a2sp)dT , (3.2.14 

where we have defined the new coordinates 

y tf 
cp = R' T = R' 

p2 
= ~2

2 

[r2 +(M- ai- aD sinh2 b'p + a1a2 sinh 2b'p] 

and parameters 

f 2 = vQ1Qs, 

M3 = ~
2 

[(M- ai -aD cosh 2b'P + 2a1a2 sinh 2b'p], 

] 3 = ~
2 

[(M- ai- a~) sinh 2b'P + 2a1a2 cosh 2b'p]· 

(3.2.15) 

(3.2.16) 

(3.2.17) 

(3.2.18) 

(3.2.19) 

Thus, we see that we recover the familiar observation that the near-horizon limit of 

the six-dimensional charged rotating black string is a twisted fibration of 53 over 

the BTZ black hole solution [90]. 
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3.3 Finding solitonic solutions 

In general, these solutions will have singularities, horizons, and possibly also closed 

timelike curves. Let us now consider the conditions for the spacetime to be free of 

these features, giving a smooth solitonic solution. 

Written in the form (3.2.1), the metric has coordinate singularities when H1 = 0, 

H5 = 0 or g(r) = (r2 + af)(r2 +a~) - Mr2 = 0. In addition, the determinant of 

the metric vanishes if cos2 f) = 0, sin2 f) = 0, or r 2 = 0, which will therefore be 

singular loci for the inverse metric. The singularities at ih = 0 or il5 = 0 are 

real curvature singularities, so we want to find solutions where il1 > 0 and H5 > 0 

everywhere. The vanishing of the determinant at f) = 0 and f) = ~ merely signals 

the degeneration of the polar coordinates at the north and south poles of 5 3
; these 

are known to be just coordinate singularities for arbitrary values of the parameters, 

so we will not consider them further. 

The remaining coordinate singularities depend only on r. We can construct a 

smooth solution if the outermost one is the result of the degeneration of coordinates 

at a regular origin in some JR2 factor; that is, of the smooth shrinking ofan 5 1. If 

this origin has a large enough value of r, we will have il1 > 0 and il5 > 0 there, and 

we will get a smooth solution. The coordinate singularity at r 2 = 0 cannot play this 

role, as we can shift it to an arbitrary position by defining a new radial coordinate 

by p2 = r 2 - r5. The determinant of the metric in the new coordinate system will 

vanish at p2 = 0. 

The interesting coordinate singularities are thus those at the roots of g(r), and 

the first requirement for a smooth solution is that this function have roots. If we 

write 

(3.3.1) 

with r! > r~, then 

(3.3.2) 

We see that this function only has real roots for 

(3.3.3) 



3.3. Finding solitonic solutions 37 

There are two cases: M > (a1 + a2)2, or M < (a1 - a2)2. Note that in the former 

case, r! > 0, whereas in the latter, r! < 0 (which is perfectly physical, since as 

noted above, we are free to define a new radial coordinate by shifting r 2 by an 

arbitrary constant). 

Assuming one of these two cases hold, we can define a new radial coordinate by 

p2 = r 2 - r!. Since r 2dr2 = p2dp2
, in this new coordinate system 

(3.3.4) 

and the determinant of the metric is g = - p2 *- cos2 () sin 2 (). Thus, in this coordinate 

system, the only potential problems are at p2 = 0 and p2 = r~ - r!, that is, at the 

two roots of the function g(r). 

To see what happens at r 2 = r!, consider the geometry of the surfaces of constant 

r. The determinant of the induced metric is 

(3.3.5) 

Thus, at r 2 = r!, the metric in this subspace degenerates. This can signal either an 

event horizon, where the surface r 2 = r! is null, or an origin, where r 2 = r! is of 

higher codimension. We can distinguish between the two possibilities by considering 

the determinant of the metric at fixed r and t; that is, in the (y, (), </J, '1/J) subspace. 

This is 

cos2 ()sin2 () {g(r) (r2 + ai sin2 ()+a~ cos2 () + M(l +si+ s~ + s;)) 

+r2 M2(c2c2c2- s2s2s2) + M2(M- a2- a2)s2s2s2 15p 15p 1 2 15p 

(3.3.6) 

This will be positive at r 2 = r! if and only if M > ( a1 + a2)2. If it is, the constant 

t cross-section of r 2 = r! will be spacelike, and r 2 = r! is an event horizon. Thus, 

we can have smooth solitonic solutions without horizons only in the other case 

M< (a1- a2)2. 

To have a smooth solution, we need a circle direction to be shrinking to zero at 

r 2 = r!. That is, we need some Killing vector with closed orbits to be approaching 

zero. Then by a suitable choice of period we could identify p2 = 0 with the origin 
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in polar coordinates of the space spanned by p and the angular coordinate corre

sponding to this Killing vector. The Killing vectors with closed orbits are linear 

combinations 

(3.3.7) 

so a necessary condition for a circle degeneration is that (3.3.6) vanish at r 2 = r!, 
so that some linear combination of this form has zero norm there. We can satisfy 

this condition in two different ways. 

3.3.1 Two charge solutions: a1a2 = 0 

The first possibility is to set a2 = 0, so a1a2 = 0. Then for M < ai, r! = 0, and we 

set (3.3.6) to zero at r 2 = 0 by taking one of the charges to vanish. We will focus 

on setting bP = 0, since these solutions will have a natural interpretation in CFT 

terms. Recall that in string theory, we can interchange the different charges in this 

solution by U-dualities. 

For this choice of parameters, the metric simplifies to 

= ~ [-(!- M)(dt- (!- M)-1 Mc1csa1 cos2 Bd'!j;)2 
H1Hs 

(3.3.8) 

+ f(dy + f-1 M s1s5a1 sin2 Bdc/>)2] 

+ IJi1i ( dr
2 + d02 + r

2 
sin

2 
0 d"-2 + (r

2
+ai-M) cos

2 
0 do/,2) 

V n1n5 r2+a1-M f '+' J-M '+' . 

Since (3.3.6) vanishes at r 2 = 0, the orbits of a Killing vector of the form (3.3. 7) 

must degenerate there. It is easy to use the simplified metric (3.3.8) to evaluate 

0:' = 0, (3.3.9) 

That is, if we define a new coordinate 

(3.3.10) 

the direction which goes to zero is y at fixed c/>, 'l/J. To make y ~ y + 21r R at fixed 

c/>, 1/J a closed orbit, we require 

(3.3.11) 
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Around r = 0, we then have 

This will be regular if we choose the radius of the y circle to be 

Ms1ss 
R = --;::::.::;<==~ Jar- M 

Thus, the integer quantisation condition fixes 
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(3.3.12) 

(3.3.13) 

(3.3.14) 

With this choice of parameters, the solution is completely smooth, and B, c/J, '1/J are 

the coordinates on a smooth S3 at the origin r = 0. We recover the smooth super

symmetric solutions of [73, 74] for m= 1. 

From the CFT point of view, it is natural to regard the charges Q1, Q5 and the 

asymptotic radius of the circle R as fixed quantities. We can then solve (3.3.13) and 

(3.3.14) to find the other parameters, giving us a one integer parameter family of 

smooth solutions for fixed Q1 , Q5 , R. The integer (3.3.14) determines a dimensionless 

ratio ai/ M, while the other condition (3.3.13) fixes the overall scale (a1 , say) in terms 

of Q1, Qs, R. 

3.3.2 Three charge solutions 

Solutions with all three charges non-zero can be found by considering a 1 a 2 #- 0. 

Setting (3.3.6) to zero at r 2 = r! implies that 

and hence that 

( 2 2 2 + 2 2 2) 2 2 clc5cp slsssp 
M = a 1 + a 2 - a1 a2 ---'--------'-

s1c1s5c5spcp 

2 s 1s5 Sp 
r + = -a1a2 

c1 c5 cp 

The Killing vector which degenerates is (3.3. 7) with3 

(3.3.15) 

(3.3.16) 

(3.3.17) 

3This choice of parameters is most easily derived by requiring 9ty -> 0 at p2 = 0; having derived 

it, one can then check that it also gives 9yy -> 0 at p2 = 0 as required. 
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The associated shifts in the c/J, '1/J coordinates are hence 

(3.3.18) 

and y ~ y + 27r R at fixed c/Y, '1/J will be a closed orbit if 

(3.3.19) 

for some integers n, m. As in the two-charge case, requiring regularity of the metric 

at the origin fixes the radius of they circle. We do not give details of the calculation, 

but simply quote the result, 

R = Ms1c1s5c5(s1c1s5c5spcp) 1/ 2 

~(crcgc~- srsgs~) 

If we introduce dimensionless parameters 

( ) 

1/2 
. = a2 < 1 J - , 

a1 

then the integer quantisation conditions determine these via 

j + j-1 
---=m-n 
s + s-1 ' 

. ·-1 
J-J 
-~--,-1 =m+n. 
s-s-

(3.3.20) 

(3.3.21) 

(3.3.22) 

Note that this constraint is invariant under the permutation of the three charges. 

We note that we can rewrite the mass (3.3.15) as 

(3.3.23) 

so M ~ 0 implies s2 ~ l and nm ~ 0. Our assumption that a 1 > a2 implies n ~ 0, 

so m ~ 0, and (3.3.22) implies m> n. 

Thus, in this case, for given Q1 , Q5 , R, we have a two integer parameter family 

of smooth solutions. It is a little more difficult to make direct contact with the 

supersymmetric solutions of [79] in this case, since one needs to take a limit a 1, a2 ~ 

oo, but these would correspond to m= n+ 1, as it turns out that s = 1 and M= 0 if 

and only if m = n + 1. We can also think of the two-charge solutions in the previous 

subsection as corresponding to the case n = 0. To gain some insight into the 

values of the parameters for other choices of m, n, we have plotted the dimensionless 

quantities ad VM, a2 / VM for some representative values in figure 3.1. 
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1.2 

1.15 

Jti 1.1 
0 

1.05 
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1+-~~~~-r-r,-~~~~~~-r~~~ 

0 0.05 0.1 0.15 0.2 

Figure 3.1: The values of the dimensionless quantities a2 /VM, adVM for which 

smooth solitons are obtained are indicated by points. The highest point on the figure 

corresponds to m= 2, n = 0. Increasing n moves diagonally downwards towards the 

diagonal , and increasing m - n moves down towards (0, 1) . For each point , there 

is a set of orbifolds labelled by k. Solutions with event horizons exist in the region 

adVM + a2/VM < 1 (off the bottom of the plotted region) . 
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3.3.3 Orbifolds & more general smooth three-charge solution 

So far, we have insisted that the solution be smooth. However, in the context of 

string theory, we may also consider solutions with orbifold singularities, since the 

corresponding worldsheet conformal field theory is completely well-defined. In the 

context of the above smooth solutions, a particularly interesting class of orbifolds is 

the 'llk quotient by the discrete isometry (y,'l/J,c/J)""' (y+2nR/k,'ljJ,c/J). 

In the two-charge case, the quotient acts as (y, '1/J, J) ""' (y+2n R/ k, '1/J, J+2nm/k) 

in the coordinates appropriate near r = 0. This isometry has a fixed point at 

r = 0, () = 0, so the resulting orbifold has a Zk orbifold singularity there. In 

addition, if k and m are not relatively prime, there will be a z1 orbifold singularity 

at r = 0 for all(), where j = gcd(k, m). The supersymmetric orbifolds corresponding 

to m= 1 have previously been studied [30, 68, 73]. 

In the three-charge case, the discrete isometry becomes (y, ;f, J) "" (y+2n R/ k, ;f-

2nn/ k, J + 2nm/ k), and the 'llk will be freely acting if m and n are relatively prime 

to k. Thus, we get new smooth three-charged solutions by orbifolding by a k which 

is relatively prime to m and n. We could have found such solutions directly if we had 

allowed for the possibility that y ----t y + 2n Rk is the closed circle at p = 0, instead of 

insisting that it be y ----t y + 2n R. We also have orbifolds similar to the two-charged 

ones if one or both of m and n are not relatively prime to k. In particular, the 

simple supersymmetric orbifolds studied in [80] correspond to taking m = kn' + 1, 

n = kn' for some integer n'. 4 The preserved supersymmetries in the solutions with 

m= n + 1 correspond to Killing spinors which are invariant under translation in y 

at fixed c/J, 7/J, so all the orbifolds of cases with m = n + 1 will be supersymmetric. In 

particular, orbifolds where k is relatively prime to n and n + 1 will give new smooth 

supersymmetric solutions. 

4In [80], other examples where n =f kn' are obtained by applying STTS duality to these ones. 

This is possible because while (m, n) are U-duality invariant, k is not, so this transformation can 

map us to new solutions. 
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3.3.4 Asymptotically AdS solutions 

In order to understand the dual CFT interpretation of these solutions, it is inter

esting to see the effect of the constraints (3.3.20, 3.3.22) on the asymptotically AdS 

solution (3.2.14). Consider first the two-charge case. If we set a 2 = 0, 6p = 0 and 

insert (3.3.13, 3.3.14) in (3.2.14), we will have 

ds2 ~ -( ~ + 1) dT
2 + ( ~: + 1 rl dp

2 + p2
d<p2 

+€2 [dB2 + sin2 B(d<,b + mdcp) 2 + cos2 B(d7j! + mdT I€?] . (3.3.24) 

Thus, the asymptotically AdS version of the soli ton is just global AdS3 x 5 3 , with 

a shift of the angular coordinates on the sphere determined by m. 

In the general three-charge case, the interpretation of the dimensionless param

eter s changes in the asymptotically AdS solutions: it is now s = .Jtanh 6p. The 

conditions (3.3.22) are unaffected, however, and inserting these and the value of the 

period (3.3.20) in (3.2.14), we will have 

ds2 ~ - ( ~: + 1) dT2 + (~: + 1) _, dp2 + p2d<p2 (3.3.25) 

+€2 
[ dB2 + sin2 B(d<,b + mdcp- ndT I €) 2 + cos2 B(d7/!- ndcp + mdT I €) 2

] . 

Thus, again, the asymptotically AdS version of the soliton is just global AdS3 x 53
, 

with shifts of the angular coordinates on the sphere determined by m, n. 

Thus, in the cases where they have a large 'core' region described by an asymp

totically AdS geometry, the smooth solitons studied in the first two subsections 

above approach global AdS3 x 53 in this region. As a consequence, the orbifolds 

studied in the previous section will have corresponding orbifolds of AdS3 x 53
; some 

of these orbifolds were discussed in [94, 95]. The resulting quotient geometry is still 

asymptotically AdS3 x 5 3 , as can be seen by introducing new coordinates cp' = kcp, 

T1 = kT, p' = plk. The metric on the orbifold in these coordinates is then 

2 p 12 p 12 12 12 

( 

12 1 ) ( 12 1 ) -1 
ds = - f:i + k2 dT + f:i + k2 dp + p dcp (3.3.26) 

+€2 
[ dB2 + sin2 B ( d<,b + ; dcp'- ;edT') 

2 

2 
LJ (d n , m ') 

2
] +cos u 7/1 - kdcp + kedT . 

The redefined angular coordinate <p' will have period 27T on the orbifold. 
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3.4 Verifying regularity 

In the previous section, we claim to have found a family of smooth solitonic solutions, 

by imposing three conditions on the parameters of the general metric. We should 

now verify that these solutions have no pathologies. In this section, we will use the 

radial coordinate p2 = r2 - r! (for the two-charge solutions, p2 = r 2 ), which runs 

over p;:::: 0. 

The first step is to check that fh > 0, ih > 0 for all p;:::: 0, as desired. In these 

coordinates, 

(3.4.1) 

In the two-charge case, where a2 = 0, the last term vanishes, so f ;:::: 0, and hence 

ih > 0, H5 > 0 everywhere. In the more general case, however, the last term is 

(3.4.2) 

so we do not have f ;:::: 0. Examining H1 directly, 

(3.4.3) 

so for H1 > 0 everywhere, we need the last factor to be positive. We know s2 > j 2
, 

and we can rewrite the last bracket as 

> 0, (3.4.4) 

- -
so we indeed have H1 > 0. We can similarly show H5 > 0. Thus, the metric in 

the (t, p, 0, ~' -0, zi) coordinates is regular for all p > 0, apart from the coordinate 

singularities associated with the poles of the S3 at () = 0, 7f /2, so the local geometry 

is smooth. 

Next we check for global pathologies. We can easily see that these solutions 

have no event horizons. The determinant of the metric of a surface of constant p, 

(3.3.5), is negative for p > 0. That is, there is a timelike direction of constant p 

for all p > 0, and hence by continuity there must be a timelike curve which reaches 

the asymptotic region from any fixed p. We will demonstrate the absence of closed 

timelike curves by proving a stronger statement, that the soliton solutions are stably 
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causal. Using the expression for the inverse metric in appendix A.2, we can evaluate 

so 8J.Lt is a timelike covector, and t is a global time function for the solitons. Hence, 

since any spacetime is stably causal if and only if there exists in it a function whose 

covariant derivative is a past-directed timelike vector field [8], the solitons are stably 

causal, and in particular free of closed timelike curves. 

Finally, we should check regularity at p = 0. In the previous section, we chose R 

so that the p, y coordinates were the polar coordinates in a smooth JR2 . If we define 

new coordinates on this JR2 regular at p = 0 by 

x 1 = pcos(y/R), x2 = psin(y/R), (3.4.6) 

then 

dy = ( 2 1 2) (xldx2 - x2dxl ), 
xi+ x2 

(3.4. 7) 

and we need the other gJ.LY components in the metric to go to zero at least linearly in p 

for the whole metric to be smooth at p = 0 once we pass to the Cartesian coordinates 

x 1 , x2 . In fact, we find that the gJ.LY go like p2 for small p in the (t, p, 8, J, ;J;, zi) 

coordinates. 

We also need to verify the regularity of the matter fields. The dilaton is trivially 

regular, since H1 > 0, H5 > 0, but the Ramond-Ramond two-form requires checking. 

The non-trivial question is whether the Cw go to zero at p2 = 0. In fact, in the 

gauge we used in (3.2.5), they don't: we find 

c -= M SpCpS5C5 + O(p2), 
Y<l> a 1c1c5cp- a 2s 1s 5sp 

C _ = Mspcps5c5 + O(p2 ), 

y'I/J a2c1 c 5cp - a 1 s1 s 5sp 
(3.4.8) 

1 +si+ s~ 2 Cyt = + O(p ). 
slcl 

We can remove these constant terms by a gauge transformation, so the Ramond

Ramond fields are regular at p = 0. The physical importance of the constant terms 

is that they correspond to electromagnetic potentials dual to the charges carried by 
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the geometry, and their presence is presumably related to the first law satisfied by 

these soliton solutions, as in [96]. 

In summary, we have shown that the two integer parameter family of solutions 

identified in the previous section are all smooth solutions without CTCs. In the 

next section, we will explore their relation to the CFT description of the D1-D5-P 

system. 

3.5 Relation to CFT 

We have found new smooth solutions by considering the general family of charged 

rotating black hole solutions (3.2.1). These are labelled by the radius R, charges 

(Q1 , Q5 ) and three integers (m, n, k). They include the previously known supersym

metric solutions as special cases, and add non-supersolutions and new supersym

metric orbifold solutions. We would like to see if we can relate these solutions to the 

CFT description, as was done for the earlier supersymmetric cases in [73, 74, 79]. 

If we consider the asymptotically AdS3 x S 3 solutions constructed in section 

3.3.4, which describe the 'core' region of the asymptotically flat solitons, we can 

use the powerful AdS/ CFT correspondence machinery to identify the corresponding 

states in the CFT. The dual CFT for the asymptotically AdS3 x 53 x T 4 spaces with 

radius f = ( Q1 Q5 ) 114 is a sigma model [97] with target space a deformation of the 

orbifold (T4)N /SN [40,44,98], where 

f 4V 
N = nl n5 = 2zs' 

g s 
(3.5.1) 

where V is the volume of the T 4
. This theory has c = 6n1n5 . In section 3.3.4, we 

showed that the corresponding asymptotically AdS solutions for a basic family of 

soli tons were always global AdS3 x 53 , with a shift on the angular coordinates on 

the sphere specified by n, m. Following the proposal outlined in [73], we identify the 

geometries (3.3.25) with CFT states with charges 

c ( 2 h = 
24 

m+n), 

- c 2 
h = 

24 
(m- n) , 

c 
J = 12(m+n) 

c 
J = 12 (m- n), 

(3.5.2) 
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where h, j are defined in 2.4.6 , 2.4.12. Thus, these states have energy 

(3.5.3) 

and momentum 
- c 

qp = h- h = 4mn
24 

= nmn1n5 . (3.5.4) 

Since the non-compact geometry is global AdS3 , there is a single spin structure on 

the spacetime. Because of the shifts in the angular coordinates, this spin structure 

can be either periodic or antiperiodic around cp at fixed c/J, 'lj;: it will be periodic if 

m + n is odd, and antiperiodic if m + n is even. Thus, the geometry is identified 

with a RR state with the above charges if m+ n is odd, and with a NSNS state with 

these same charges if m + n is even. 

These states can be interpreted in terms of spectral flow. Spectral flow is an 

automorphism acting amongst two or more superymmetry charges [56,57]. Recalling 

that spectral flow shifts the CFT charges by [57] 

h' = h + ay· + n 2 ~ 
24' 

(3.5.5) 

(3.5.6) 

we can see that the required states can be obtained by spectral flow with a = m+ n, 

(3 = m- n acting on the NSNS ground state (for which h = j = 0, h =] = 0). 

This spectral flow can be identified with the coordinate transformation in spacetime 

which relates the ( cp, c/J, 'lj;) coordinates to the ( cp, J, {i;) coordinates. Thus, we see 

that the non-supersymmetric states corresponding to all the geometries labelled by 

m, n are constructed by starting with the maximally supersymmetric NSNS vacuum 

and applying different amounts of spectral flow. 

In [73], the special case m = 1, n = 0 was discussed. In this case, the spectral 

flow is by one unit on both the left and the right, and maps the NS vacuum to a R 

ground state both on the left and the right. We can see the supersymmetry of this 

state from the spacetime point of view: the covariantly constant Killing spinors in 

global AdS have the form 

(3.5.7) 
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so when we shift ~L = c/JL + <p, ~R = c/JR + <p, the Killing spinors c!, c~ become 

independent of <p, corresponding to the preserved Killing symmetries in the R ground 

state. If we consider m= n+ 1, the spectral flow on the right is by one unit, so E~ is 

still independent of <p. These are the supersymmetric states considered in [79], which 

are R ground states on the right, but the more general R states obtained by spectral 

flowing by 2n + 1 units on the left. Our non-supersymmetric solitons correspond to 

the more general non-supersymmetric states obtained by spectral flowing the NSNS 

vacuum by m- n units on the right and m+ n units on the left. In [79], an explicit 

representation for the R sector state obtained by spectral flow by 2r + 1 units was 

given,5 

(3.5.8) 

where J~k is a mode of the su(2) current of the full CFT which raises h and j by 

D.h = k, D.j = 1, and J1) is the R ground state with j = +c/12 obtained by spectral 

flow from the NS ground state. Similarly, one can give an explicit representation of 

the NS sector state obtained by spectral flow by 2r units, following [58], 

12 ) _ (J+ )n1 n5 (J+ )n1 n5 (J+ )n1 n5JO) r NS - -(2r-l) -(2r-3) · · · -1 NS· (3.5.9) 

The CFT state corresponding to the geometry (3.3.25) is then Jm + n) R x Jm- n) R 

or Jm + n) NS x Jm- n) NS, depending on the parity of m+ n. 

The situation is more interesting when we consider the orbifolds. The geometries 

(3.3.26) should be identified with CFT states with charges 

h = ~ (1 (m+ n)2- 1) 
24 + k2 , J 

h = ~ ( (m- n)
2

- 1) 
24 1 + k2 , J 

c m+n 
12 k 

c m-n 
12 k 

(3.5.10) 

In the supersymmetric case, when m = n + 1, h = 
2
c
4

, ) = 
1
c
2 
k, so these geometries 

still have the charges of R ground states on the right. This particular R ground state 

corresponds to the spectral flow of the NS chiral primary state with h =) = 2c4 kkl. 

However, the charges of the state in the left-moving sector are, in general, not those 

of a R ground state or even the result of spectral flow on a R ground state. For 

5We use a slightly different notation than [79]. 
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general m, n, neither sector is the spectral flow of a ground state. Thus, these 

provide examples of geometries dual to more general CFT states. 

To specify the CFT state completely, we need to say if (3.5.10) are the charges 

of a RR or a NSNS state. To do so, let us consider the spin structure on spacetime. 

When m or n is relatively prime to k, there is a contractible circle in the spacetime, 

and as a result the spin structure is fixed. The contractible circle is ( r.p', cjJ, '1/J) ~ 

(rp' + 21rk, cjJ- 21rm, '1/J- 21rn). The fermions must be antiperiodic around this circle. 

For the case where neither m nor n is relatively prime to k, we are not forced to 

make this choice, but we will assume that we still choose a spin structure such that 

the fermions are antiperiodic around this circle; this would correspond to the spin 

structure inherited from the covering space of the orbifold. 

In the supersymmetric case m= n + 1, and more generally for m+ n odd, this 

implies that the fermions are periodic under rp' ~ r.p' + 21rk at fixed cjJ, '1/J. For k odd, 

this implies the fermions must be periodic under rp' ~ r.p' + 21r, while for k even, 

they may be either periodic or antiperiodic. Thus, for m = n + 1, we can always 

choose the periodic spin structure for the fermions on spacetime. This spacetime 

will then be identified with the supersymmetric RR state with the charges (3.5.10). 

However, for k even, we can choose the antiperiodic spin structure for the fermions 

on spacetime; this spacetime will then be identified with a NSNS state with the 

same charges (3.5.10). In this latter case, neither the spacetime solution nor the 

CFT state is supersymmetric. 

The situation becomes stranger for m + n even. The antiperiodicity around the 

contractible cycle implies that the fermions will be antiperiodic under r.p' ~ <p1 + 27rk 

at fixed c/J, '1/J. If k is odd, this is compatible with a spin structure antiperiodic in 

r.p', but if k is even, there is no spin structure on the orbifold which satisfies this 

condition. The orbifold cannot be made into a spin manifold. The general conditions 

for such orbifolds M jr to inherit a spin structure from the spin manifold M were 

discussed in [99]; see also [100] for further discussion relevant to the case at hand. 

It will be interesting to see how this obstruction for k even, m + n even is reflected 

in the CFT dual. 

In the other cases, we can unambiguously identify the CFT state corresponding 
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to the geometry as the state with charges (3.5.10) in the sector with the same 

periodicity conditions on the fermions as in the spacetime (choosing one of the two 

possible spin structures on spacetime in the case k even, m+ n odd). It would be 

interesting to construct an explicit description of these states, as in the discussion 

in [79,80]. 

Thus, there is a clear CFT interpretation of the asymptotically AdS3 x 5 3 ge

ometries. However, the interesting discovery in this paper is that there are non

supersymmetric asymptotically flat geometries, and we want to ask to what extent 

these can also be identified with individual microstates in the CFT. Clearly the 

appropriate CFT states to consider are the ones described above, but does the iden

tification between state and geometry extend to the asymptotically flat spacetimes? 

In particular, does it make sense to identify the asymptotically flat spacetime with a 

CFT state in the general case where it does not have a large approximately AdS3 x 53 

core region, and there is no supersymmetry?6 We would not in general expect the 

match to asymptotically flat geometries to be perfect, but there is one non.:trivial 

piece of evidence for the identification of the full asymptotically flat geometries with 

the CFT states: the form of the charges still reflects the CFT structure. Plugging 

our parameters into (3.2.8, 3.2.10, 3.2.11) gives 

(3.5.11) 

(3.5.12) 

(3.5.13) 

These reproduce the quantisation of the CFT charges in (3.5.2). In the orbifold 

case, we replace R by kR, as the physical period of the asymptotic circle is k times 

smaller, and these values now agree with the charges in (3.5.10). This seems to us 

like a very non-trivial consistency check, as it is very difficult to even express the 

6The CFT state for some of the geometries is in the NSNS sector. We do not regard this as a se

rious obstruction to an identification at the classical level: we are considering non-supersymmetric 

geometries, so we can allow the fermions to be antiperiodic around the asymptotic circle in space

time. At the quantum level, one might worry that these antiperiodic boundary conditions lead to 

a constant energy density inconsistent with the assumed asymptotic flatness. 
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parameters M, a 1, a2 appearing in the metric (3.2.1) in terms of Q1, Q5 and Rand 

the integers m, n, so there is no reason why we would have expected to get such 

a simple result automatically. So this appears a good reason to believe properties 

of the full asymptotically flat geometries are connected to the CFT states. Note, 

however, that it does not seem to be possible to cast the ADM mass in such a simple 

form. In the next section, we will also see that the predicted time delay involved in 

scattering of probes does not quite match CFT expectations. 

3. 6 Properties of the soli tons 

We will briefly discuss some properties of these solutions, and their relation to the 

dual CFT. We first discuss the solution of the massless scalar wave equation in 

these geometries, following the discussion in [30, 68, 80] closely. We then consider 

the most significant difference between our non-supersymmetric solitons and the 

supersymmetric cases, the absence of an everywhere causal Killing vector. 

3.6.1 Wave equation 

It is interesting to study the behaviour of the massless wave equation on this geom

etry. This is a first step towards analysing small perturbations, and also allows us 

to address questions of scattering in the geometry which indicate how an exterior 

observer might probe the soliton. We consider the massless wave equation on the 

geometry, 

ow = 0. (3.6.1) 

It was shown in [101] that this equation is separable. Considering a separation 

ansatz 

W = exp( -iwtj R + i)..yj R + im,p'I/J + imcpr/J)x(B)h(r), (3.6.2) 

and using the inverse metric given in appendix A.2, we find that the wave equation 

reduces to 
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(3.6.4) 

where 

(3.6.5) 

We see that the singularity in the wave equation at r2 = r! is controlled by the 

frequency around the circle which is shrinking to zero there. This is a valuable 

check on the algebra. If we introduce a dimensionless variable 

we can rewrite the radial equation in the form used in [79], 

4- x(x + 1)-h + o--2x + 1- v2 + -- ~- h = 0, d [ d ] ( e (2

) 
~ ~ x+1 x 

where 

a'~ [(w'- A') {r! ~/-lr', 

[ 
( 2_.\2) Mll/2 

v= 1+A- w R2 (r!+Msi+Ms;)-(wcp+Asp) 2 R 2 , 

~ = W(! +,\f)- nmc/> + mm'I/J, 

( = ,\ - nm'I/J + mmct>· 

(3.6.6) 

(3.6.7) 

(3.6.8) 

(3.6.9) 

(3.6.10) 

(3.6.11) 

We can then use the results of [79], where the matching of solutions of this equation 

in an inner and outer region was carried out in detail, to determine the reflection 

coefficient. This reflection coefficient can be used to determine the time !::lt it takes 

for a quantum scattering from the core region near x = 0 to return to the asymptotic 

region, by expanding R = a+b 'En e2ninJit.t. Their matching procedure is valid when 

(3.6.12) 

and 

(3.6.13) 
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Under these assumptions, their matching procedure gives 

(3.6.14) 

where Rs is the radius (3.3.20) for a smooth solution; in the orbifolds, R = Rs/k. 

We note that this is in agreement with their result in the supersymmetric case, as 

in the limit 81 , 85 , 8p --t oo, 

sis~ + sis; + s~s; +si+ s~ + s; + 1 Q1Q5 + Q1QP + Q5QP 1 
f2 = . ~ =- (3.6.15) 

s1 c1 s5c5 Ql Q5 rt 

in the notation of [80]. 

In the CFT picture, this travel time is interpreted as the time required for two 

CFT modes on the brane to travel around its worldvolume and meet again. Thus, 

from the CFT point of view, the expected value is l:::..tcFT = 1r R8 • As in [80], 

there is a 'redshift factor' (} between our spacetime result and the expected answer 

from the CFT point of view. It was argued in [80] that such a factor must appear 

to make the spacetime result invariant under permutation of the three charges, 

and it was proposed that this factor could be understood as a scaling between the 

asymptotic time coordinate t in the asymptotically flat space and the time coordinate 

appropriate to the CFT. Evidence for this point of view was found by noting that 

in the cases where the soliton had a large AdS3 x S3 core region, the global AdS 

time T was proportional to ryt, so !:::..T = 1r Rs in accordance with CFT expectations. 

In our non-supersymmetric case, for fixed m, n, the appropriate limit in which we 

obtain a large AdS region is the limit 81 , 85 » 1 for fixed 8p considered in section 

3.3.4. We did not see any such scaling between the AdS and asymptotic coordinates 

there, but (} ~ 1 in this limit, so this is consistent with the interpretation proposed 

in [80]. However, we remain uncomfortable with this interpretation. It is hard to 

argue directly for such a redshift between the CFT and asymptotic time coordinates 

in the general case where the soliton does not have a large approximately AdS3 x S3 

core. Indeed, in the dual brane picture of the geometry, where we have a collection 

of D 1 and D5 branes in a flat background, one would na'ively expect the two to 

be the same. A deeper understanding of this issue could shed interesting light on 

the limitations of the identification between CFT states and the asymptotically flat 

geometries. 
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3.6.2 Ergoregion 

Although our soliton solutions are free of event horizons, they typically have ergore

gions. These already appear in the supersymmetric three-charge soliton solutions 

studied in [79, 80], where the Killing vector Ot. which defines time-translation in the 

asymptotic rest frame, becomes spacelike at f = 0 if Qp -=/:- 0. However, in these 

supersymmetric cases, there is still a causal Killing vector (arising from the square 

of the covariantly constant Killing spinor), which corresponds asymptotically to the 

time-translation with respect to some boosted frame. A striking difference in the 

non-supersymmetric solitons is the absence of any such globally timelike or null 

Killing vector field. 7 The most general Killing vector field which is causal in the 

asymptotic region of the asymptotically flat solutions is 

(3.6.16) 

for lvYI ~ 1. However, when f = 0, the norm of this Killing vector is 

(3.6.17) 

The best we can do is to take vY = tanh Op, for which this Killing vector is timelike for 

f > M. Note that as a consequence, the two-charge non-supersymmetric solutions 

also have ergoregions. 

In a rotating black hole solution, the existence of an ergoregion typically implies 

a classical instability when the black hole is coupled to massive fields [102, 103]. This 

instability arises when we send in a wavepacket which has positive energy less than 

the rest mass with respect to the asymptotic Killing time, but negative energy in 

the ergoregion. The wavepacket will be partially absorbed by the black hole, but 

because the absorbed portion has negative energy, the reflected portion will have a 

larger amplitude. This then reflects off the potential at large distances, and repeats 

the process. This process causes the amplitude of the initial wavepacket to grow 

indefinitely, until its back-reaction on the geometry becomes significant. 

7 For the asymptotically AdS spacetimes, there is a globally timelike Killing vector field, given 

by at at fixed if;, ~. In (t, y, '1/J, cjJ) coordinates, this is of the form V' = eat - ma,p + na<t>, so it 

cannot be extended to a globally timelike Killing vector field in the asymptotically flat geometry. 
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One might have thought that in the supersymmetric three-charge solitons, the 

instability would not appear as a consequence of the existence of a causal Killing 

vector, by a mechanism similar to that discussed in [104] for Kerr-AdS black holes. 

However, this instability is in fact absent for a different reason, which applies to 

both supersymmetric and non-supersymmetric solitons. The instability in black 

holes is a result of the existence of both an ergoregion and an event horizon, so 

in the solitons, the absence of an event horizon can prevent such an instability 

from occurring. Indeed, from the discussion of the massless wave equation in the 

previous section, we can see that the net flux is always zero, and the amplitude of 

the reflected wave is the same as that of the incident wave. That is, although there is 

an ergoregion, no superradiant scattering of classical waves occurs in this geometry, 

and the mechanism that led to the black hole bomb does not apply here. There 

might be an instability if we considered some interacting theory, as the interactions 

might convert part of an incoming wavepacket to negative-energy modes bound to 

the soliton, but we will not attempt to explore this issue in more detail. 

Thus, for free fields, there is no stimulated emission at the classical level. We will 

now show that there is also no spontaneous quantum emission. 8 There is a natural 

basis of modes for this geometry; for the scalar field, (3.6.2). To establish which of 

these modes are associated with creation and which with annihilation operators, we 

need to consider the Klein-Gordon norm 

(3.6.18) 

where 2:: is a Cauchy surface, say for simplicity a surface t = t0 , and nJ.t is the 

normal nJ.t = &J.tt. The modes of positive norm, (w, \ll) > 0, correspond to creation 

operators, while those of negative norm, (w, w) < 0, correspond to annihilation 

operators. Because of the complicated form of the inverse metric (see appendix 

A.2), it is difficult to establish explicitly which are which. However, the main point 

is that we can define a vacuum state by requiring that it be annihilated by the 

annihilation operators corresponding to all the negative frequency modes in (3.6.2). 

This will then be the unique vacuum state on this geometry. Since the modes (3.6.2) 

8Thanks to Don Marolf for explaining the following argument. 
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are eigenmodes of both the asymptotic time-translation 8t and of the timelike Killing 

vector in the near-core region, 

V' = f8t - m81/J + n8cp, (3.6.19) 

these will be the appropriate family of creation and annihilation operators for ob

servers in both regions. That is, these observers who follow the orbits of the Killing 

symmetries will detect no particles in this state. 

Thus, at the level of free fields, the solitons do not suffer from superradiance at 

either the classical or quantum level. 



Chapter 4 

Bubbles of Nothing 

In this chapter we extend the study of time-dependent backgrounds in the AdS/ CFT 

correspondence by examining the relation between bulk and boundary for the smooth 

'bubble of nothing' solution and for the locally AdS black hole which has the same 

asymptotic geometry. These solutions are asymptotically locally AdS, with a confor

mal boundary conformal to de Sitter space cross a circle. We study the cosmological 

horizons and relate their thermodynamics in the bulk and boundary. We consider 

the a-vacuum ambiguity associated with the de Sitter space, and find that only the 

Euclidean vacuum is well-defined on the black hole solution. We argue that this 

selects the Euclidean vacuum as the preferred state in the dual strongly coupled 

CFT. 

4.1 Introduction 

The study of time-dependent backgrounds in string theory is a key area of develop

ment of the theory. An understanding of dynamical spacetimes is essential for many 

applications of current interest, such as cosmological evolution or black hole evap

oration. Consideration of more general spacetime backgrounds can also illuminate 

new aspects of string theory, just as the consideration of quantum field theory on 

more general spacetime backgrounds brought to light new effects such as U nruh and 

Hawking radiation, and offered a new perspective on what the essential elements of 

quantum field theory are. 

57 
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The Anti-de Sitter/Conformal field theory (AdS/CFT) correspondence [5, 20] is 

a promising approach to the understanding of dynamical spacetime in string theory, 

since the dual field theory description is fully non-perturbative, offering a description 

which in principle encompasses both the dynamics of the background spacetime and 

the behaviour of strings or fields propagating in this dynamical background. How

ever, our understanding of the correspondence for dynamical spacetimes remains 

very patchy. The aim in this chapter is to extend this dictionary by exploring as

pects of the relation between bulk and boundary for two interesting time-dependent 

asymptotically locally AdS solutions. 

The first solution we are interested in is the 'bubble of nothing' solution in anti-de 

Sitter space. This solution was introduced in [32, 105], following the analysis of [106] 

of asymptotically flat bubble of nothing solutions as time-dependent backgrounds in 

string theory. These solutions are constructed by the double analytic continuation of 

black hole solutions, and describe a spacetime with a compact circle direction which 

shrinks to zero size on a surface which expands exponentially in the non-compact 

directions. This kind of solution was originally introduced in [107] to describe an 

instability of the Kaluza-Klein vacuum. The new observation of [106] is that they 

also provide nice examples of time-dependent backgrounds for string theory, as they 

are smooth vacuum solutions, which exhibit many of the issues we would like to 

address in the study of time-dependence, such as particle creation and non-trivial 

vacuum ambiguities for quantum fields. In [32, 105], an asymptotically locally AdS 

bubble was constructed by double analytic continuation of the Schwarzschild-AdS 

black hole solution. In [32], the counterterm subtraction procedure was used to 

obtain the stress tensor of the dual field theory. 

At large distances, this 'bubble of nothing' solution approaches a locally AdS 

spacetime. This locally AdS spacetime is in fact just a quotient of AdS, and was 

interpreted previously in [33, 34] as a black hole solution. That is, this is the higher

dimensional analogue of the BTZ black hole [108, 109]. This is a time-dependent 

solution: there is no Killing vector which is timelike everywhere outside the event 

horizon. Although it is not as smooth as the bubble of nothing solution, this is 

clearly an interesting example of a time-dependent geometry in its own right, and 
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we will see that it has some interesting properties. 

These two solutions have the same asymptotics, so they should be related to dif

ferent states in the same field theory on the asymptotic boundary. This boundary is 

a de Sitter space cross a circle: the circle corresponds to the direction that is com

pactified in the locally AdS black hole, and which degenerates at the bubble in the 

bubble of nothing solution. Our aim is to explore the properties of the spacetimes, 

and relate them to the dual field theory. We will focus on understanding the rela

tion between horizons in the spacetime and the boundary theory, and considering 

the question of choices of vacuum state in the bulk and the boundary. 

In the next section, we give a brief review of the two solutions. We then discuss 

the horizons in these solutions in section 4.3. We show that the solutions have Killing 

horizons which can be interpreted as cosmological or acceleration horizons respec

tively, and which are in both cases naturally related to the de Sitter cosmological 

horizon in the boundary geometry. In particular, we show that the entropy of the 

bulk and boundary horizons agree if we introduce a cutoff at large radius. This sets 

up a novel correspondence relating horizons in the bulk and boundary, as opposed 

to relating horizons in the bulk to thermal states in the boundary. We argue that 

the black hole event horizon, on the other hand, does not have a thermodynamic 

interpretation. 

Thus, the thermodynamic properties in the bulk are identified with the ther

modynamic properties of the de Sitter horizon in the boundary theory. We are 

proposing that the time-dependence of the bulk spacetime is completely encoded 

in the time-dependence of the boundary spacetime, and the appropriate state in 

the dual CFT is simply some natural vacuum state on this curved, time-dependent 

background. These examples are thus a particularly simple context for further inves

tigations of time-dependence in string theory, since we have reduced the problem to 

the more well-understood one of studying quantum field theory in a time-dependent 

background. 

One of the most interesting features of time-dependent spacetimes is that they 

do not have unique vacuum states. We would therefore like to use our solutions 

as a laboratory for studying the description of vacuum ambiguities in AdS/CFT. 
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The natural vacuum ambiguity to consider in this context is the a-vacua in de Sitter 

space, since the boundary has a de Sitter factor, and there are coordinates in the bulk 

which write these spaces in de Sitter slicings. It has been known for some time [110-

113] that de Sitter space has a one-parameter family of vacuum states invariant under 

the de Sitter isometry group, called a-vacua. There is a unique member of this family 

which has the same short-distance singularity as in fiat space [112, 114], which is also 

the Euclidean vacuum obtained by analytic continuation from the sphere [11, 115]. 

There has nonetheless been considerable controversy in the literature about whether 

the additional de Sitter-invariant vacua are physical, particularly focusing on the 

definition of an interacting theory [116-127]. It is not our intention to address any of 

the issues raised in this literature; instead, we want to consider a different approach, 

using the behaviour of the analogues of the a-vacua in a free scalar field theory 

in the bulk spacetime to obtain information about a-vacua in the strongly-coupled 

dual field theory. 

In section 4.4, we show that there are natural analogues of the a-vacuum am

biguity in these two bulk spacetimes, which we identify with the ability to choose 

a-vacua in the boundary theory. In section 4.5, we find that the propagators for 

the a-vacua on the locally AdS black hole have additional singularities at the event 

horizon of the black hole. We show that these additional singularities are reflected 

in a breakdown of the procedure of [128] for constructing the expectation value for 

the stress tensor. We also comment that the analytic continuation procedure used 

in [67, 129] to probe the region behind the event horizon can only be extended to 

the locally AdS black hole if we take the Euclidean vacuum. We therefore argue 

that the analogues of a-vacua are not good vacuum states for the locally AdS black 

hole, since they break down on the event horizon. 

We interpret this as evidence that the a-vacua are not good states for the 

strongly-coupled CFT on the boundary, which is de Sitter space cross a circle. Al

though the a-vacua appear to be acceptable states at least at the free level for the 

bubble of nothing solution, this spacetime only exists when the size of the circle 

is less than a maximum value. Thus, at least for a range of parameters, there is 

no obvious spacetime interpretation for the a-vacua in the CFT, whereas there is a 
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spacetime interpretation for the Euclidean vacuum. Thus, the Euclidean vacuum is 

selected as a preferred state in the strongly-coupled CFT. 

4.2 Review of bubble & black hole solutions 

The bubble of nothing solution is obtained by analytic continuation of the 5d 

Schwarzschild-AdS black hole1
, 

(4.2.1) 

where dO~ = d(P + sin2 Bdc/>2 is the metric on the two-sphere. By analytically con

tinuing two variables, t---+ ix and iJ---+ iT, a novel solution of gravity with negative 

cosmological constant is found: 

r2 r2 r2 r2 
ds2 = (1 +-- _Q_ )dx2 + (1 +-- _Q_ )-

1dr2 + r 2[-dT2 + cosh2 T(d02 + sin2 Bdc/>2)]. [2 r2 [2 r2 
(4.2.2) 

We see that the proper length of the space like x direction goes to zero at r = r +, 

where r + is the root of J(r) = l2r 2 + r4 
- r5l2

, 

r2 = [2 [-1 + V 1 + 4r5]. 
+ 2 [2 

(4.2.3) 

To make the spacetime smooth at r = r +, the coordinate x must be identified 

periodically, with period 

(4.2.4) 

There is no region of spacetime inside the surface r = r +; this is the 'bubble of 

nothing'. Since the metric on this bubble is three-dimensional de Sitter space with 

scale r +• we see that the bubble expands exponentially. At very early times, the 

region 'excised' is a very large sphere. As T < 0 increases, the size of the bubble 

shrinks to a minimum at T = 0. After this it grows again exponentially. 

As was pointed out in [32], the solution ( 4.2.2) is asymptotically locally AdS: 

that is, at large distances, it approaches 

r2 r2 
ds 2 = (1 + [2 )dx2 + (1 + [2 )-1dr2 + r 2[-dT2 + cosh2 T(d0 2 + sin2 Bdc/>2

)], (4.2.5) 

1 We focus on the case of AdS5 for definiteness, but it is a simple exercise to extend our remarks 

to other AdSd with d 2: 4. 
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which is a locally AdS spacetime. This spacetime is the result of quotienting AdS 

by a boost isometry to make the coordinate x periodic. This coordinate system is 

related to embedding coordinates for AdS by 

x1 = (r2 + l2
)

1
/

2 cosh x/l, 

x2 = rsinh T, 

x4 = r COSh T sin 0 sin cp, 

x5 = r COSh T sin 0 COS cp, 

x 6 = r cosh T COS 0, 

(4.2.6) 

where xJ.t are embedding coordinates in terms of which AdS is defined by -(x1 ) 2 -

(x2
)

2 + (x3
)

2 + (x4
)

2 + (x5
)

2 + (x6 )2 = -l2
. If x is allowed to run over all values 

( 4.2.6) provides a coordinatization of a part of AdS. Making x periodic with some 

arbitrary period .6.x thus introduces discrete identifications on AdS along a boost 

isometry. As is evident from the form of the metric (4.2.5), the quotient preserves 

an S0(1, 1) x S0(1, 3) subgroup of the original S0(2, 4) isometry group. Note that 

we are free to choose any period .6.x we wish in this quotient geometry. 

As was stressed in [130], this spacetime has been studied previously [33, 34], as 

the higher-dimensional analogue of the BTZ black hole. It was also discussed in 

the recent classification of quotients of anti-de Sitter spaces [100]. It describes an 

interesting non-stationary black hole solution with a single exterior region. The 

structure of this solution is more easily understood by passing to a 'Kruskal' coor

dinate system [33], 
1 +y2 

x1 
= l 2 cosh x/l, 

1-y 
2 yo 

X = 2l
1 2

, 
-y 

1 + y2 
x

3 
__:___ l 2 sinh xl l' 

1-y 
4 yl 

X = 2[ 
2

, 
1-y 

(4.2.7) 

5 y2 
X = 2[ · 

2
, 

1-y 
6 y3 

X = 2[ 
2

, 
1-y 
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where we have written y2 = yJLyJL = -(y0 ) 2 + (y1)2 + (y2)2 + (y3)2. In terms of these 

coordinates, the radial coordinate of ( 4.2.5) is 

2# 
r = l 2 , 

1-y 
( 4.2.8) 

and the coordinates (r, (), <P) in (4.2.5) parametrise the hyperboloids y2 =constant. 

The metric in these Kruskal coordinates is 

ds2= 4[2 (d2 d2 d2 d2) (1+y2)2d2 
(1 _ y2)2 - Yo + Y1 + Y2 + Y3 + (1 _ y2)2 X · (4.2.9) 

One of the great advantages of this coordinate system is that it writes the metric 

at a constant x as conformal to a flat space, enabling us to easily picture the causal 

structure of the spacetime. We see that the singularity at r = 0 in (4.2.5) is just a 

coordinate singularity, corresponding to the light cone of the origin, y2 = 0 in the 

new coordinates. At y2 = -1, the x circle becomes null, and beyond this surface 

it will be timelike, so the quotient introduces closed timelike curves in this region. 

Following [33, 34], we assume this region of closed timelike curves is removed from 

the spacetime. Then y2 = -1 becomes a singularity, since timelike curves end on it. 

The surface at y2 = 0 then becomes an event horizon for the spacetime; observers 

who cross it will inevitably hit the singularity. The asymptotic boundary of the 

spacetime is at y2 = 1. The geometry is depicted in figure 4.1. These Kruskal 

coordinates cover the whole spacetime. 

This is the natural higher-dimensional analogue of the BTZ black hole, but it 

clearly has a somewhat different global structure: the maximally extended spacetime 

described by ( 4.2.9) has only a single exterior region, with a connected asymptotic 

boundary. Furthermore, the global event horizon at y2 = 0 is not a Killing hori

zon for any Killing vector, and one can easily see that the area of its cross-sections 

increase with time. We will discuss the horizons in this solution and their interpre

tation further in the next section. 

To understand the relation of these asymptotically locally AdS spacetimes to a 

dual field theory, we need to understand the conformal boundary of these spacetimes. 

Adopting a conformal factor n = ljr, we see that the boundary metric for (4.2.2) 

is 

( 4.2.10) 
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Figure 4.1: Three dimensions of the AdS black hole spacetime: one sphere direction 

and the S 1 factor are suppressed. The direction of increasing y0 is up. S 1, Sv are 

the future and past singularities; H1, Hp are the future and past horizons. 

We can obtain the same result from (4.2.9) (in those coordinates n = (1-y2)/2#). 

The dual CFT thus lives in a space which is three dimensional de Sitter space cross 

a circle, dS3 x S1. There is a single dimensionless parameter characterising this 

boundary geometry, the ratio of the radius of the circle to the size of the de Sitter 

factor, !:::.x/l. This is thus the physical information we can specify from the field 

theory point of view, and it will determine the bulk geometry. 

For the locally AdS black hole, there is a unique bulk geometry for each choice 

of !:::.x. For the bubble of nothing, on the other hand, the value of To characterising 

the bulk geometry is determined by solving (4.2.4), which does not give a one-to-one 

map between !:::.x and To. There is a maximum value of !:::.x for which this equation 

has a solution, !:::.xmax = .J'irrl, attained when T! = l2 /2, that is, when To = l/2. If 

we choose !:::.x greater than this maximum value, there is no corresponding bubble 

of nothing solution in the bulk. If we choose !:::.x less than the maximum, there will 

be two solutions, with a smaller and a larger value for To 2 . It was argued in [32) 

2Note also that the x circle is contractible in the bulk for the bubble of nothing solution, which 
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that the solution with the smaller value of r 0 will be both classically and quantum 

mechanically unstable, and should therefore be disregarded, while we expect the 

other solution to be stable. 

In [32], the boundary stress tensor for this solution was computed, using the 

counterterm subtraction procedure [131-133]. If we use the bubble of nothing as 

the bulk solution, we obtain a boundary energy density 

1 2 2/ N
2 (r6 1) 

Pbubble = -16rrGl3 (ro + l 4) = - 8rr2[4 fi + 4 . (4.2.11) 

This calculation can also be applied to obtain the boundary stress tensor when we 

use the locally AdS black hole as the bulk solution, by setting r 0 = 0 in the previous 

result [130]. Thus, for this case 

1 N 2 

Pbh = - 64rrGl = - 32rr2l4 · (4.2.12) 

We note that the energy of the bubble is lower than the energy of the black hole, 

so it is possible for the black hole to decay into (some excited state on) the bubble 

of nothing. It was also pointed out in [32] that the stress tensor obtained for the 

black hole corresponds precisely to a geometrical contribution associated with the 

curvature of the background. This can presumably be interpreted as a reflection of 

the fact that the solution is simply a quotient of global AdS, so it corresponds to the 

dual field theory in a vacuum state where there is no state-dependent contribution 

to the stress-energy. 

4.3 Horizons & thermodynamics 

We now consider the relation between horizons and thermodynamics. The relation 

between the bulk black hole horizon and the thermal behaviour of the field theory 

on the boundary for the ordinary BTZ and Schwarzschild-AdS black hole solutions 

was one of the first things to be understood in the context of the AdS/CFT cor

respondence [134, 135]. The black hole solution described above has a global event 

fixes the bulk spin structure to be antiperiodic around this circle. Thus, this bulk geometry will 

only contribute to the path integral when we take antiperiodic boundary conditions for the fermions 

on this circle in the boundary. There is no such restriction for the locally AdS black hole solution. 
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horizon, but as noted previously, this is not a Killing horizon, and it is not clear if 

it should have a thermodynamic interpretation. 

Both these spacetimes do however have Killing horizons in them, associated with 

the timelike Killing vectors that generate the worldlines of comoving observers in 

the coordinates of (4.2.2,4.2.5). If we consider a given comoving observer, say the 

one at e = 0, then the corresponding Killing vector is 

K = cos eaT + tanh T sin eao (4.3 .1) 

and the Killing horizon where this Killing vector becomes null is at 

tanh T = ± COS e. (4.3.2) 

Note that the location of this Killing horizon is independent of r in these coordinates, 

and corresponds precisely to the usual Killing cosmological horizons in the de Sitter 

factor. These horizons are illustrated in figure 4.2. 

Killing horiz 

Figure 4.2: A timelike orbit of the Killing vector K = cos eaT+ tanh T sin eao and 

the plane where it becomes null, tanh T = ±COS e. 

In the bubble of nothing solutions, these Killing horizons correspond to cosmo

logical horizons , just as they do in de Sitter space. It was noted in [106] that the 
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bubble of nothing solution constructed from the Schwarzschild black hole has cos

mological horizons, as the exponential expansion of the bubble prevents any one 

observer from seeing the whole of the spacetime. The same is true in the AdS 

bubble of nothing (4.2.2). Any observer's trajectory will asymptotically approach a 

constant coordinate position on the two-sphere, because of the exponential growth 

of the two-sphere's proper volume. The trajectory will thus lie within the region 

bounded by the corresponding Killing horizon, and that Killing horizon will be the 

cosmological horizon for this observer. 

In the locally AdS black hole solution, these horizons are more naturally identified 

as acceleration horizons. Any observer who chooses to remain outside the black hole 

will asymptotically approach constant values of the angular coordinates, and the 

corresponding Killing horizon will be an event horizon for this observer by the same 

argument. However, it is clear from (4.2.9) that these observers are accelerating

uniformly accelerating if they remain at constant values of r. The Killing vector 

( 4.3.1) is also, in these coordinates, simply a boost: 

(4.3.3) 

Thus, in the locally AdS black hole solution, we can think of these horizons as 

analogous to the Rindler horizons in flat space. 

What we would like to explain now is the interpretation of these horizons in the 

dual field theory. The novelty here is that the horizons are non-compact, and inter

sect the asymptotic boundary. This will imply a rather different relation between 

the horizons and the dual: the horizon in the bulk is related to a horizon in the 

boundary, rather than to thermal effects from considering a non-trivial mixed state 

in the boundary field theory. Since the structure of this cosmological/ acceleration 

horizon is very similar in these two spacetimes, we will treat them together. 

First, let us consider the thermal properties of the state. Since the horizon 

(4.3.2) is a Killing horizon, there is a unique regular (i.e., Hadamard) vacuum which 

is invariant under the action of this Killing vector. It will be a thermal state with 

respect to the notion of time translation defined by this Killing vector [136]. This 

state is clearly the usual Euclidean vacuum, obtained by analytic continuation from 

the Euclidean versions of (4.2.2,4.2.5). The thermal properties of this state have a 



4.3. Horizons & thermodynamics 68 

natural interpretation from the boundary point of view: also in the boundary, we 

have a cosmological horizon at (4.3.2), and the natural CFT vacuum state defined 

by analytic continuation from the Euclidean version of the boundary geometry will 

look thermal from the point of view of comoving observers. That is, the bulk state 

is identified with a vacuum state in the CFT, and looks thermal simply because the 

CFT lives in a time-dependent background, a de Sitter universe (cross a circle). 

However, there is a fly in the ointment for this very natural interpretation: we 

have two bulk geometries. How do we understand the difference between them from 

the boundary point of view? It seems that the circle plays the crucial role here. In the 

bubble of nothing solution, the fermions must be antiperiodic on this circle, whereas 

in the locally AdS black hole, we are free to choose either spin structure. We suggest 

that the bubble of nothing is related to a CFT vacuum with antiperiodic boundary 

conditions on the fermions, while the locally AdS black hole can be related to a CFT 

vacuum with periodic boundary conditions on the fermions3 . This is analogous to 

the identification of global AdS with the NS ground state and the M=O BTZ black 

hole with the RR ground state in the usual AdS3 story [20]. Note however that 

in our case neither state is supersymmetric, as the background dS3 x S1 geometry 

breaks all supersymmetry. As evidence in support of this suggestion, we note that 

the difference in energy between the bubble (4.2.11) and the black hole (4.2.12) goes 

like 1/ .6.x4 for small .6.x, which is the expected behaviour for the Casimir energy 

associated with such a change in boundary conditions for fermions. The greatest 

problem with this suggestion is that the bubble of nothing solution only exists for 

.6.x :::; .6.xmax. We have no interpretation to suggest for this restriction, which seems 

very unnatural from the CFT point of view. 

Having proposed a relation between thermal properties of the states in bulk 

and boundary, we would like to go on to make a more controversial suggestion, 

that there should also be an entropy associated with these horizons, by showing 

3Since it admits both spin structures, the black hole can also contribute when we consider 

antiperiodic boundary conditions. In that context, it is presumably interpreted as an excited state 

above the vacuum described by the bubble solution. It is only when we consider antiperiodic 

boundary conditions that the black hole can decay into a bubble. 
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it has a natural interpretation in the boundary theory. One might think that this 

stands little chance of working, since the area of the bulk horizon is infinite, so the 

entropy S = A/ 4G would also be infinite. How can we give an interpretation for 

this infinite entropy in terms of the boundary theory? However, this is precisely the 

right answer from the boundary point of view: the horizon in the bulk should be 

related to the cosmological horizon in the boundary. This has finite area, since it is 

just the usual de Sitter horizon, but the boundary theory is not coupled to gravity. 

We can formally include a gravitational term with G = 0, so the entropy for this 

horizon is indeed infinite. 

To make a quantitative comparison, we introduce a cut off at r = R. The entropy 

of the bulk horizon inside this surface is 

A 1 1R J 
sbulk = 4G = 4G T rdr dc/Jdx 

• 
( 4.3.4) 

where A is the area of the horizon's bifurcation surface T = 0, e = 1r /2, which we 

have written out explicitly in terms of an integration over (r, c/J, x). The lower limit 

of integration ri = r + in the bubble of nothing solution and ri = 0 in the locally 

AdS black hole, and G = G5 is the gravitational constant in the bulk. 

In the boundary theory, the introduction of the cut off at r = R corresponds 

to an ultraviolet cutoff on the field theory, and introduces a coupling of the field 

theory to gravity, given by calculating the induced Einstein action obtained from 

integrating the bulk action over the radial direction. The action in the bulk is 

If we set 

we can rewrite this action as 

I = -
1

- J J=gd5 xR. 
l61rG 

(4.3.5) 

(4.3.6) 

(4.3.7) 

A ~2 

where R is the curvature of the three-dimensional metric ds , and ... denotes terms 

involving f(r). This allows us to read off the Newton's constant in four dimensions 

as 

1 1 1R 
G4 = lG Ti rdr. (4.3.8) 
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The entropy of the bifurcation surface T = 0, () = rr /2 in the boundary theory is 

A 1 J S = 4G4 = 4G4l dc/Jdx, (4.3.9) 

which then agrees precisely with (4.3.4). Thus, we see that the entropy of the 

horizons in bulk and boundary agrees quantitatively. 

Thus, the AdS/CFT correspondence identifies the entropy of the bulk cosmolog

ical/ acceleration horizon with the entropy of the de Sitter horizon in the boundary. 

This calculation gives a powerful argument that even for non-compact horizons, the 

area should be regarded as an entropy, as argued in [137, 138]. 

One final point to note concerning the cosmological horizons is that there is a 

finite difference in entropy between the bubble of nothing solution and the locally 

AdS black hole: the entropy of the bubble of nothing is less than that of the black 

hole by 
2rrr!~x 

~s = 4G ' (4.3.10) 

because of the different ranges of integration. This difference was absorbed in a 

change in the induced Newton's constant in the boundary from the point of view 

of the cutoff CFT discussed above, but it would be interesting to see if it could 

be related to some difference in the corresponding states, perhaps in the un-cutoff 

CFT. 

Finally, what about the global event horizon in the locally AdS black hole? 

Should there be some entropy associated with this horizon as well? We will argue 

that the answer is no. First, we note that there is no independent temperature 

associated with this horizon. An observer outside the black hole will see a thermal 

bath, but this will come to them from the acceleration horizon that bounds the 

region of spacetime they can see, and not from the event horizon, which lies behind 

this acceleration horizon. Secondly, the event horizon is not a special surface in a 

spacelike slice of the spacetime: it is not, for instance, the boundary of a region of 

trapped surfaces. Indeed, as noticed previously, the event horizon in this spacetime 

is rather like the light cone of the origin in flat space. It is a purely teleological 

event horizon, which is a boundary of the past of infinity because of something that 

is going to happen in the future: the 'singularity' at y 2 = -1. The light cone of 
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the origin in flat space can similarly form part of an event horizon, if a collapsing 

shell of matter is converging on it. However, we do not think we would associate an 

entropy with this horizon before the shell crossed it. 

Therefore, we think the appropriate generalisation from the three-dimensional 

BTZ black hole, where the Killing horizon and event horizon are the same thing, 

is to associate an entropy with the Killing horizon in the locally AdS black hole in 

higher dimensions, and not to associate any entropy with the event horizon in this 

solution. 

4.4 a-vacua in bubble and black hole 

In the previous section, we have focused on relating the properties of the Euclidean 

vacuum state on the bulk spacetimes to the dual CFT. However, one of the most 

interesting features of time-dependent spacetimes is that they do not have unique 

vacuum states. We would therefore like to use our solutions as a laboratory for 

studying the description of vacuum ambiguities in AdS/CFT. 

The natural vacuum ambiguity to consider in this context is the a-vacua in de 

Sitter space. It has been known for some time [110-113] that de Sitter space has 

a one-parameter family of vacuum states invariant under the de Sitter isometry 

group. Our boundary geometry, which is de Sitter cross a circle, will clearly inherit 

this ambiguity, and we would now like to relate it to the bulk spacetime. 

4.4.1 Review of a-vacua in de Sitter 

To begin, we review the a-vacuum ambiguity in de Sitter space. Let G E be the 

Wightman function for a massive scalar field 4> on three dimensional de Sitter space 

obtained by analytically continuing the unique Wightman function on the Euclidean 

sphere to 3d de Sitter. Then we define the Euclidean vacuum state lE) by 

GE(x, x') = (EI4>(x)qy(x')IE). (4.4.1) 

We can choose a mode expansion for a free massive scalar field 4> 

( 4.4.2) 
n 
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such that the vacuum state obeys 

( 4.4.3) 

The Wightman function can be re-written in terms of these modes as 

GE(x, x') = L cf>~(x)cf>~*(x'). ( 4.4.4) 
n 

We can choose the positive frequency Euclidean modes such that 

( 4.4.5) 

where XA is the point antipodal to X in de Sitter space. If X has coordinates e, et> 

and T, then X A has COordinates 7f - e, cP + 7f, -T. 

The a-vacua are defined by observing that for any a E C with Re a < 0, we can 

define a new mode expansion by the Bogoliubov transform [112, 113] 

N = 1 
0 v1- eo+o* 

(4.4.6) 

The operators an must also be transformed, and the new operators are given by 

(4.4.7) 

A new de Sitter invariant vacuum state la) is then defined by 

( 4.4.8) 

and the Wightman function in this vacuum is 

Go(x, x') = (al~(x)~(x')la) = L ~n(x)~~(x'). ( 4.4.9) 
n 

This new propagator can be expressed in terms of the original Euclidean modes and 

a. It is [139] 

Go(X, x') = N~ L [ci>n(x)cf>~(x') + eo+o* cPn(x')cf>~(x) 

+eo• cPn(x)cf>~(x~) + e0c/>n(XA)cP~(x')]. (4.4.10) 

As a function of Euclidean Wightman propagators, it can be written as 

Go(x, x') = N~ (GE(x, x') + eo+o* GE(x', x) + eo• GE(x, x' A)+ e0 GE(XA, x')). 

(4.4.11) 
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These new vacua are automatically invariant under the continuous S0(1, 3) sym

metry of the de Sitter space, as can be seen from the above relation between a and 

Euclidean propagators. If we take a to be real, the a-vacuum is also invariant under 

time reversal, which interchanges the last two terms in ( 4.4.11). 

Unlike the Euclidean vacuum, the a-vacuum is not thermal. In [139, 140], the 

departure from thermality was studied by considering the behaviour of a particle 

detector in the a-vacuum. One considers a monopole detector coupled to the scalar 

field cjJ by the interaction 

g J dtcp(x(t))m(t), (4.4.12) 

where x(t) is the path followed by the particle detector, with proper time t, and 

m(t) is an operator acting on internal states of the detector. If the operator m(t) 

has eigenstates IEi) with energies Ei, we define the matrix elements mij as 

( 4.4.13) 

Then the probability that the detector reports a change in energy from Ei to Ej, 

Ej > Ei, is 

( 4.4.14) 

where G(x,x') is the Wightman function. Substituting in (4.4.10), [139,140] found 

t J -21rtl.E P(E- ~ E·) 11 + ea+?Ttl.E 12 
P(Ej ~ Ei) = e 1 + ea-1rtl.E 

(4.4.15) 

showing that the detector has a non-thermal response. 

Note that in particular, at high energies the detector response becomes indepen

dent of the energy difference. This is a sign of the bad short-distance behaviour of 

the a-vacua. From (4.4.11), one can see that the short-distance singularity of the a

vacuum Wightman function is related to the singularity in the Euclidean Wightman 

function by a factor of N;(l + ea+a*). Thus, as x ~ x', 

G ( ') _ N2 [ a+a*] 1 
a X, X - a 1 + e ( )2 ( ) + .. ·, 211' rJ x, x' 

( 4.4.16) 

where CJ( x, x') is half the square of the geodesic distance between x and x', and 

... denotes less singular terms. The unusual coefficient of the singularity implies 

that the a-vacua are not Hadamard states: they have a different short-distance 

singularity to the flat-space vacuum propagator. 
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4.4.2 Vacuum ambiguity in bubble and black hole 

Since the spacetimes we are interested in have a de Sitter factor, they will naturally 

all have a similar vacuum ambiguity. That is, if we consider a massive scalar field on 

either the bubble or the black hole, we can again choose a mode expansion satisfying 

(4.4.17) 

where XA is the opposite point to x only in respect to the de Sitter factor coordinates. 

If x has full coordinates x, r, T, ()and </J, then XA has coordinates x, r, -T, () + 1r, and 

</J+1r. Then we can define Bogoliubov transforms on the Euclidean modes of this five

dimensional space in an identical way to eq.(4.4.6), to obtain new modes Jn(x) and 

similarly from the operators on this space, a~, we can define an. As a consequence 

there are also multiple vacua in this space, parametrised by a, satisfying iinla) = 0. 

The associated Wightman functions Ga defined using these new vacua or mode 

expansions can again be expressed in terms of the Euclidean Wightman function 

on the bubble, GE, by (4.4.11).4 This a-vacuum ambiguity in the bulk is clearly 

related to a corresponding a-vacuum ambiguity in the boundary. 

For the bubble of nothing solution (and of course for the boundary spacetime), 

the de Sitter coordinates of ( 4.2.2) cover the whole spacetime, and the de Sitter 

factor does not degenerate anywhere. The physics of these a-vacua is hence little 

different from the familiar discussion in de Sitter space, and we will not elaborate 

on it here. The situation is more interesting for the locally AdS black hole, however, 

so we pursue this case in more detail. 

First, we note that in the black hole background, we can find G E explicitly. This 

is done by using the form of the propagator in full AdSd [141]. In AdS, the invariance 

under 50(2, 4) implies that the propagator can only be a function of the geodesic 

distance between the two points x,x', 2JO"(x,x'). It is in fact convenient to express 

the propagator as a function of P = X · X', where X, X' are the corresponding 

points in the embedding coordinates and the inner product is with respect to the 

4For the locally AdS black hole, it is possible to have such a vacuum ambiguity despite the fact 

that AdS has a unique invariant vacuum state because the quotient broke the S0(2, 4) isometry 

group to SO(l, 1) x SO(l, 3), which is no longer sufficient to determine a unique vacuum state. 



4.5. Singularities in the a-vacuum on the black hole 75 

metric of signature(--++++) in the embedding space. This is related to geodesic 

distance through CJ(x, x') -:- -(P + 1). In terms of P, the propagator is the solution 

to 
1 

a_:_ 2 8p ((P2
- 1)~8pG) - m 2G = 0 

(P2 - 1)-2 

which is regular at P = oo. The required function G is 

G (P) = -eind/20fr(2b) (P-2)b F (b + ~ b . c . p-2) 
E 2c- ~ f (C) 2 1 2 ' ' ' ' 

where 

1 
c = 1 + -y'(d- 1)2 +4m2 2 0 

( 4.4.18) 

( 4.4.19) 

( 4.4.20) 

It is divergent for P = 0 and for all IPI = 1 [142]. Those points which are light-like 

separated have P = -1. 

To write the propagator for the quotiented space, we must sum over the images 

due to the periodic identification in the x direction. The Euclidean Wightman 

function on the locally AdS black hole can then be expressed as 

( 4.4.21) 

where the n dependence of x' indicates that we have included every image of x' 

under the identification. 

This knowledge of the Euclidean Wightman function is sufficient to determine 

the a-vacua Wightman functions, by using the formula (4.4.11) relating it to an 

expression with four terms, each involving the Euclidean propagator. Recall that 

two of these depend only on x and x', but two involve the points antipodal to the 

original positions. 

4.5 Singularities in the a-vacuum on the black 

hole 

The important property of the a-vacuum Wightman function for the locally AdS 

black hole is that it develops new singularities on (and inside) the event horizon. 
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These arise because the antipodal points, which were always separated by the cos

mological horizon in de Sitter space, become causally related. In the coordinates of 

(4.2.9), the antipode of a point y1.t, xis the point -y11 , x, and on and inside the light 

cone y 2 = 0, these points are causally separated. This means that on the horizon, 

there are additional short-distance singularities in the propagator: in the expression 

Ga(x, x') = N~(GE(x, x') +ea+a* G E(x', x) +ea• GE(x, x' A) +e0 GE(xA, x')), ( 4.5.1) 

the last two terms can produce an additional singularity as x ---+ x' if x = x' is a 

point on the event horizon, as shown in figure 4.3. Because of the antipodal map 

involved, this additional singularity will have a completely different structure from 

the usual short-distance singularity: it is not simply proportional to 1/0"(x, x'). It 

is thus potentially more dangerous than the previous failure of the a-vacuum to be 

Hadamard in de Sitter space. 

X 

Figure 4.3: As x ---+ x' on the event horizon, extra singularities appear due to the 

lightlike separation of x and x~. 

We will argue that these singularities are a sign that the a-vacua are unphysical 

on this black hole spacetime. We will see below that they lead to a breakdown in 

the stress tensor on the event horizon, and obstruct attempts to probe the region 

behind the horizon by analytic continuation. 

They are also interesting from the point of view of understanding the locally 

AdS black hole, as they are a clear sign that the event horizon is a special place in 
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the black hole geometry. We think of these new singularities as analogous to the 

breakdown of a state with the wrong temperature or a non-thermal state on the 

event horizon of a Schwarzschild black hole, which selects the usual Hartle-Hawking 

state as the unique regular vacuum [136]. 

4.5.1 Particle detectors 

We now seek signs of these new singularities in the Wightman function in physical 

observables. We will first examine whether a particle detector crossing the horizon 

sees anything special, following the calculation reviewed in section 4.4.1. As before, 

the probability that the detector reports a change in energy from Ei to E1, E1 > Ei, 

is 

(4.5.2) 

We can consider different trajectories for the detector. If we take the detector to 

stay at a constant r in (4.2.5), staying outside the black hole, then the behaviour in 

an a-vacuum will be the same as the behaviour in the de Sitter case, and the ratio 

of transition probabilities will be given by (4.4.15). 

Consider instead an inertial observer, who freely falls across the black hole hori

zon following some geodesic. Consider first the Euclidean vacuum. Then since 

G E ( t' - t) is holomorphic in the lower half plane, we can close the contour of in

tegration in ( 4.5.2) in the LHP to find that the probability is zero. This is the 

expected result, since the black hole solution is locally AdS, and the Euclidean vac

uum is obtained by sum over images from the usual AdS vacuum. To calculate the 

detector response in the a-vacuum, we consider for definiteness a geodesic through 

the origin, so that xA(t) = x(-t) 5 . Then, using the expression (4.4.11) for the 

a-vacuum propagator in terms of the Euclidean propagator, the detector response 

5The geodesic used is not important, as the argument essentially relies only on the fact that 

the Euclidean propagator depends only on the difference in proper time along the path, which is 

true for any geodesic in AdS. 
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( 4.5.2) is 

Pa(Ei --t EJ) = 1: dtdt'e-i(Ej-E;)(t'-t) N~ 

X ( G E(t, t') + ea+a* G E(t'' t) + eac E( -t, t') +ea· G E(t, -t')) 0 ( 4.5.3) 

In the last two terms, where the Wightman function involved is a function only 

of t + t', we can immediately perform the integral over t - t' by closing the contour 

in the LHP to get 0, showing that these terms make no contribution. The first term 

is merely proportional to the original integral in the Euclidean vacuum, so it too 

gives no contribution. 

The remaining term involves GE(t', t) 

have 

G E( -t, -t'). Thus, we 

P (E· --t E·) = 100 

dtdt'e-i(Ej-E;)(t'-t) N 2ea+a* G (-t -t') 
at J a E' · 

-00 

(4.5.4) 

Upon changing variables from t, t' to -t, -t', the exponential picks up a minus sign, 

and we are left with the Euclidean rate for the detector to see a change in energies 

from E1 to Ei, 

(4.5.5) 

Similarly, if we consider the probability for the transition from E1 --t Ei in the 

a-vacuum, the only contribution will come from the first term in ( 4.4.11), giving6 

Pa(EJ --t Ei) = 1: dtdt'e-i(E;-Ej)(t'-t) N~GE(x(t'), x(t)) 

= N~PE(EJ --t Ei)· 

The ratio of the two rates is 

Pa ( Ei --t EJ) = ea+a* . 
Pa (EJ --t Ei) 

(4.5.6) 

(4.5.7) 

(4.5.8) 

We note that this result is independent of the energies involved, which might seem 

a disturbing result, but this is the usual problem with the short-distance structure 

6These rates are divergent because of the integration over t + t', but this simply gives an overall 

factor that will cancel when considering the ratio of rates. 
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of the a-vacuum, corresponding precisely to the high energy behaviour of (4.4.15). 

There is no sign in this calculation of the additional singularities at the event horizon, 

because the relevant parts of the a-vacuum propagator made no contribution to the 

calculation. This is perhaps surprising; if there is a breakdown in the quantum state 

on the horizon, we would expect the behaviour of a particle detector crossing the 

horizon to be affected. 

4.5.2 Stress-energy tensor 

Another natural observable to consider in looking for reflections of this new singu

larity in the propagator on the horizon is the expectation value of the stress tensor 

in the a-vacuum, (TJ.tv)a· However, the usual construction of this quantity relies 

on the assumption that the state is Hadamard (see [9] for a review). As we have 

already noted, the a-vacua are not Hadamard states. Hence, we cannot define a 

stress tensor by the normal procedure in an a-vacuum state on any spacetime, and 

it therefore does not appear to be available to us as a probe of the new singularities 

in the state on the horizon of the locally AdS black hole. 

Fortunately, Bernard and Folacci [128] have overcome this obstacle and defined 

a renormalised expectation value for the stress tensor in the a-vacua of de Sitter 

space despite the non-Hadamard form of the short-distance singularity. 

To briefly review, we usually construct the stress tensor by taking a coincidence 

limit of an appropriate differential operator acting on the hi-distribution: 

(4.5.9) 

where 'DJ.tv is a differential operator determined from the Lagrangian whose precise 

form is not important for the present purpose. We cannot take the hi-distribution 

F(x, x') to be the Wightman function, as its singularity as x --> x' would produce a 

divergent result for (TJ.tv ( x)). We must first renormalize: this is done by defining 

F(x, x') = G(x, x')- H(x, x'), ( 4.5.10) 

where H(x, x') is the Hadamard hi-distribution. This has the form 

H( ') 1 U(x,x') ( ') ( ') ( ') 
X, X = -( )2 ( ) + V X, X log a X, X + W X, X , 

27r a x, x' 
(4.5.11) 
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where a is half the square of the geodesic distance between x and x', and U ( x, x) = 1. 

In the massive case, the functions U, V, W can be determined by requiring that H 

satisfy the Klein-Gordon equation in each argument. Thus, this renormalisation 

is state-independent, being entirely determined by the geometry of the spacetime 

manifold. 

If G(x, x') is of the Hadamard form, the subtraction in (4.5.10) will cancel the 

divergences in the two functions, allowing us to define a finite renormalised stress 

tensor via (4.5.9). However, in the case of interest, the Wightman function for an 

a-vacuum Ga:(x, x') is not of Hadamard form. This subtraction will not then define 

a good renormalised stress tensor. 

The procedure adopted in [128] to address this problem was to introduce a small 

element of state-dependence into the renormalisation procedure: when we are con

sidering an a-vacuum in de Sitter space, for which 

lim Ga:(x,x') = N~ea:+a:* ((
2

1
)

2 
( 

1 
) + V(x,x')loga(x,x') + W(x,x')) 

X-+X1 7r a x, x' 
(4.5.12) 

for some V and W, then we define 7 

F(x, x') = G(x, x') - N~ea:+a:* H(x, x'), (4.5.13) 

where H(x, x') is given by (4.5.11), and use (4.5.9) for this F to define the stress ten

sor. One can also think ofthis as defining (TJ.tv) [Go:] = N;ea:+a:* (TJ.tv) [(N;ea:+a:* )-1Ga:J, 

where (TJ.tv)[(N;ea:+a:*)-1Ga:] is defined by the usual procedure. The point is that 

G = (N;ea:+a:*)-1Ga: is of Hadamard form. Although this procedure introduces 

state-dependence into the renormalisation procedure, the stress tensor so defined 

shares all the good properties of the usual stress tensor: the difference in energy for 

excited states above an a-vacuum will be given by the usual point-splitting expres

sion; the construction remains local; and \JI-I(TJ.tv) = 0 (since the additional factor 

introduced is a constant). This allows us to discuss the renormalised stress tensor 

in the a-vacua on de Sitter space. 

7There is a difference in notation between our chapter and [128], so the a used there is not the 

same as the one used here. 
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We can apply this same prescription to obtain a notion of (TJl.v) for our a-vacuum 

states on the bubble of nothing or locally AdS black hole spacetimes. For the bubble 

of nothing, this gives a finite well-defined stress tensor everywhere. For the black 

hole, however, this prescription breaks down on the black hole horizon: the new 

singularities arising from the terms involving G E(x, x~) and G E(xA, x') in ( 4.4.11) 

are not cancelled by the subtraction (4.5.13), so the stress tensor becomes ill-defined 

on the horizon. The new singularities imply that G = (N~eo:+o:* )-1Go: fails to be of 

Hadamard form on the horizon. 

Thus, the ill-behavedness of the a-vacua on the horizon of the locally AdS black 

hole is signalled through the breakdown of the procedure of [128] for defining a 

renormalised stress tensor. 

4.5.3 Analytic continuation 

Another way to see the relation between the event horizon and a-vacua is to con

sider the extension of the analytic continuation argument of [67, 129] to this case. 

In [129], it was shown that an n-point correlation function in the CFT on the two 

boundaries of the eternal BTZ black hole could be related either to bulk interactions 

integrated over the region r ~ r + in the bulk spacetime or over the region r ~ 0, 

including the region behind the event horizon (with a different if prescription for 

the bulk-boundary propagators). The argument used analyticity properties of the 

n-point function, deforming the contour integral over r ~ r + to an integral over the 

Euclidean spacetime by complexifying the time coordinate, and then rotating back 

to the real Lorentzian section in Kruskal coordinates. 

Despite the somewhat different structure of the spacetime in the locally AdS 

black hole, we can apply a similar argument here. If we consider an integral which 

initially runs over the region r ~ 0 in the Lorentzian black hole solution 

we can continue to a Euclidean solution by T ---+ -ifJ, giving 
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We then define a new radial coordinate by r = 2ly/(1- y2
), so 

ds 2 
= ( 

4
l
2 

2 ) 2 {dy 2 + y2 [d'!92 + cos2 '!9(d02 + sin2 Bd4>2
)]} + ~ 1 + Y:~:dx2 . (4.5.16) 

1-y 1-y 

We can recover the Kruskal coordinates of (4.2.9) by defining Cartesian coordinates 

yi i = 1, ... , 4 on the (y, {), e, 4>) space, and analytically continuing y4 ---+ iy0
. As 

in the BTZ case, the Cartesian coordinates are restricted to the interior of the unit 

ball (yi) 2 < 1; however, the exterior of the unit ball is isometric to the interior, so 

we can take the integral to run over all yi if we divide by a factor of two. The factor 

of two is then used to convert the integral over all yJ.t in the Kruskal coordinates 

( 4.2.9) to an integral over -1 < yJ.lyJ.t < 1, covering the full black hole spacetime. 

The above procedure is possible only in the Euclidean vacuum. If we consider 

an a-vacuum on the black hole, it will not be possible to continue the integral in 

this way, as the a-vacuum does not define a regular propagator on the Euclidean 

spacetime when we analytically continue T ---+ -i{}. That is, the additional pole 

associated with the extra divergences on the event horizon in an a-vacuum will 

obstruct this kind of contour deformation argument. Thus, we see again that the 

a-vacuum runs into trouble when we try to look inside the black hole. 

4.6 Conclusions 

The relation between the bulk and boundary for these time-dependent spacetimes 

has several new and interesting features. The identification of the cosmological/ ac

celeration horizons in the bulk with the de Sitter cosmological horizon in the bound

ary provides an example of a new way of relating thermodynamic behaviour in the 

bulk to the boundary. We believe this kind of relation should be very general, apply

ing to any non-compact horizon encountered in the AdS/CFT correspondence. This 

identification provides new insight into the thermodynamic interpretation of hori

zons in spacetime, since the boundary interpretation for our bulk horizons strongly 

suggests that the relation S = A/ 4G can be applied even to such non-compact hori

zons. This provides support for the very general connection between entropy and 

horizons advocated in [137, 138]. We have also argued that the area of the event 

horizon in the locally AdS black hole should not be interpreted thermodynamically. 
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We argued this from a purely spacetime point of view, but it also seems a natural 

result from the CFT side, since we conjectured that the CFT dual is a vacuum state, 

where we see no role for an increasing entropy. 

A central result of this chapter was to show that the analogues of a-vacua for a 

free scalar field on the locally AdS black hole spacetime break down on the event 

horizon. Thus, these are not good quantum states on the full black hole solution. 

The unique regular invariant vacuum state on the locally AdS black hole is the 

Euclidean vacuum. We regard this as evidence that there are no a-vacua in the 

strongly-coupled dual field theory, which lives on de Sitter space cross a circle. 

This provides support, from a very different perspective, for the view taken by 

some authors that a-vacua are not good states in an interacting field theory from 

the point of view of perturbation theory [118, 119, 122, 124]. This selection of the 

Euclidean vacuum as a preferred state provides an interesting example of how the 

bulk spacetime picture can be used to study issues of quantum field theory on more 

general backgrounds. 

It would be interesting to investigate further the interpretation of these two 

spacetimes from the boundary point of view. In particular, the fact that the bubble 

of nothing solution exists only if the radius of the x circle is less than a maximum 

value seems quite mysterious from the boundary point of view. 

In fact, there is also another issue of interpretation which remains open at a 

purely spacetime level. In the asymptotically fiat case, the bubble of nothing solu

tion is interpreted as describing a non-perturbative instability of the Kaluza-Klein 

vacuum, that is, fiat space with one spatial direction periodically identified [107]. 

In the case of a negative cosmological constant, the analogous interpretation of the 

bubble solution would be to regard it as describing a non-perturbative decay of this 

quotient of AdS, the locally AdS black hole. However, the fact that this background 

is itself time dependent (and even has an event horizon!) may complicate this in

terpretation. See [143] for further discussion of the interpretation of this bubble as 

describing a non-perturbative instability. 



Chapter 5 

Conclusions and Future Directions 

In this thesis we sought to explain and extend the AdS/ CFT correspondence to new 

non-supersymmetric and time-dependent spacetimes. 

In chapter 3, we generalized previously known U ( 1) x U ( 1 )-symmetric geometries 

to find novel solitonic solutions to supergravity which are asymptotically fiat but, 

for certain charges, contain a core region which we can write in Anti-de Sitter form. 

By using the AdS description, we were able to identify the states in the related field 

theory to which they are dual. The field theory is believed to be a non-linear sigma 

model on the symmetric N 1N5 product of T 4 where N 1 and N5 are the numbers 

of D1-branes and D5-branes respectively. The states we found were the result of 

asymmetric spectral flow on R-R ground states, by m+ non one side and m-non 

the other. If these integers satisfy a certain condition, m = n + 1, the AdS part is 

one of the supersymmetric solutions found in [79, 80]. 

Upon making the identification between geometry and gauge theory, we found 

that the charges of the asymptotic fiat space and the field theory also matched, 

which we could not have expected in advance to be the case. Recall that to have an 

AdS core to our spacetime, we require the charges Q1, Q5 to be much larger than 

other scales in the theory. This calculation of charges does not appear to care about 

the size of the charges. 

One feature of the two sides of the duality which did not match was the time 

taken for results of probes to emerge. In the D-brane description, left and right 

moving portions of incoming states travel around the direction shared by both types 

84 
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of brane and on meeting can recombine to form closed strings which can leave the 

branes. In the geometrical picture, modes enter the AdS throat of the space, and 

travel into and out of this region in a typical time. This time does not agree with 

that predicted by the D-brane picture. A rigorous explanation for the cause of the 

disagreement is one aim for future research. 

In a similar way, left and right movers already on the branes could be expected 

to meet and form closed strings which can leave the confining surface as gravitons. 

We do not see the same behaviour apparent in our geometries. Myers et al in [144] 

have studied the question of whether they are stable, and demonstrated that a 

general instability of spacetimes with ergoregions means they must decay, and to 

a supersymmetric state. The speed of the decay, though, is slow so we believe the 

spacetimes can still be studied as string backgrounds. 

Also of interest is whether a Gregory- Lafiamme [145] type instability can arise 

if we increase the radii of the 4-torus on which we have compactified. A Gregory

Lafiamme instability is the tendency of black strings and branes to break up into 

a series of separate, lower dimension black objects if any compact directions in the 

spacetime are larger than wavelengths of particular modes. Clearly this could arise 

in these metrics. This remains a question for future research. 

In chapter 3 we were also able to relax conditions on the metric to find new 

orbifolds of AdS x S3 in the core region. In this case, a third integer, k, is required to 

describe the charges h and j of the dual CFT states and these are now no longer the 

result of spectral flow of ground states. As they are not of this special form, they 

are more representative of duals of the typical three-charge state. One direction 

for future research is to find explicit descriptions of these field theory states. Of 

particular interest is the case where m + n is even and k is even since then, as we 

noted, the geometry is not a spin manifold. We would like to see a manifestation of 

this fact in the allowed field theory states. 

These spacetimes, both the orbifolded and unorbifolded versions, can also be 

treated as backgrounds for string theory. They are of interest as they are novel 

non-supersymmetric spacetimes and in particular have no global timelike Killing 

vector. 
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The same can be said of the geometries in chapter 4. Here we studied time

dependent asymptotically locally AdS spacetimes which were the result of analyti

cally continuing two variables in Schwarschild-AdS black holes [32]. Their conformal 

boundaries are a circle x de Sitter space, so we conjecture that their duals are states 

in a field theory on dS3 x 5 1 . De Sitter space contains a cosmological horizon to 

which we would like to associate an entropy. The bulk space also has cosmologi

cal or acceleration horizons, and we proposed that the two can be identified. We 

presented evidence that these non-compact horizons still obey the Bekenstein en

tropy formula [12] S = A/ 4G by introducing a cut-off in both theories. We went 

on to argue that the event horizon of a constant curvature black hole with the same 

asymptotic behaviour could not be assigned to a thermal ensemble state in the 

boundary theory, as is done for most black holes in the AdS/CFT correspondence, 

but instead that its thermal nature arises from the thermodynamic properties of the 

expanding background of the field theory. This is consistent with the fact that it is 

not a Killing horizon for any Killing vector of the spacetime. It is only a teleological 

horizon, interpreted as boundary of no return due to the future state of the geome

try. Indeed, the dual of the geometric black hole is believed to be the vacuum in the 

corresponding conformal field theory, not a thermal state. It permits both periodic 

and anti-periodic fermions, whilst the bubble of nothing is in the NS sector, as the 

5 1 in the bulk corrseponding to the 5 1 in the field theory is contractible. We argue 

that the black hole is a state of higher energy than the bubble of nothing space 

and it is believed it can decay to the bubble of nothing when it has anti-periodic 

fermions. This property was studied in [143] and is reminiscent of fiat compactified 

spacetimes where fermions are half-integer moded on the one circle [107]. 

Field theories on de Sitter space are known to allow for the existence of an infinite 

number of possible vacuum states, known as a-vacua. Their validity as the basis 

for building the Hilbert space of a quantum field theory is an unanswered question. 

We have attempted to shed new light on the situation by showing that the stress

energy tensor in the black hole, defined according to [128], breaks down on the 

event horizon if we have anything other than the vacuum obtained by analytically 

continuing from the Euclidean vacuum. As the horizon should not be distinguishable 



Chapter 5. Conclusions and Future Directions 87 

from the rest of space by an infalling observer, this is evidence that these a-vacua 

are not acceptable states for perturbative field theory. This is one example of how 

the AdS/CFT correspondence can offer a different perspective on problems and go 

some way to resolving them. 

At the same time, the question remains of the field theory interpretation of the 

maximum value of the period of the angular variable x in equation 4.2.4 allowed 

by spacetime considerations. Whilst it is unsatisfying not to be able to proffer an 

explanation for this apparent limit in the field theory, it is a strength of the duality 

that it presents new problems that may not have been investigated otherwise. For 

example, the "stringy exclusion" principle which limits the number of single particle 

states allowed to move on the S 3 of AdS3 x S3 found a natural justification in the 

discovery of giant gravitons [146-149]. 

The relation between states in gravity and gauge theory is still unclear and an 

exact mapping seems far from our understanding. It is likely that creating one 

will require much greater understanding of both sides of the conjecture. We hope 

our work can contribute to the formulation of a precise correspondence. When 

discovered, it should give us even deeper insight into the natures of string theory, 

conformal field theories, and ultimately quantum gravity. 



Appendix A 

Basic and Auxiliary Results 

A.l Spacetimes of Constant Curvature 

A.l.l Anti-de Sitter Space 

Einstein's equation which describes how stress-energy and the geometry of the sur

rounding spacetime interact is given by 

(A.l.1) 

where A is the cosmological constant. Originally this quantity A was thought to be, 

and set to, zero but for historical, experimental and mathematical reasons it has 

often been included with both positive and negative values. When it is negative 

and the space is required to be maximally symmetric, the resulting geometry is 

known as anti-de Sitter space. One way of picturing it is as a surface within a 

space of one higher dimension with two timelike directions, as follows: to obtain 

cl-dimensional anti-de Sitter space, let us take co-ordinates x 1 , ... , xd+ 1 with fiat 

metric f-lab = { diag - 1, -1, 1, ... 1} and consider the surface defined by 

2 2 2 2 z2 
-xi - X2 + X3 + · · · + xd+l = - (A.l.2) 

in the fiat space with metric 

d+l 

ds2 
= -dxi- dx~ + Ldx;-. (A.l.3) 

i=3 
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Then this space has the necessary properties of negative cosmological constant and 

the maximum number of spacetime symmetries. Specifically, it has 80(2, d) sym-

metries. 

There are parametrizations of this geometry that will come in particularly handy. 

The first, somewhat similar to polar co-ordinates, is given by 

l cosh X sin B, (A.1.4) 

x2 l cosh x cos B, 

Xi [ sinh Xr2i, i = 3 ... d + 1 

where the ni parametrize a d - 1 sphere. The metric (A.1.3) is then 

(A.1.5) 

These co-ordinates with 0 ~ x are known as global co-ordinates for AdSd. The 

timelike variable could be taken as being between 0 and 2n and we would cover the 

hyperboloid once. In practise, however, it is more amenable to take it as ranging 

over all real values, without identifying () and () + 2n even though these give us the 

same geometry, so that we have a realistic range for the timelike variable. This is 

known as the universal covering of AdS. One may imagine a hyperboloid with many 

unidentified covering sheets. Clearly, spatial infinity is here described by x ~ oo. 

A common transformation is to set r = sinh X and T = (). Then our metric 

becomes 
dr2 

ds 2 
= -(1 + r 2)dT2 + + r 2dr22

. 
1 + r 2 

(A.1.6) 

Another closely related metric is found by simply setting sinh x =tan '1/J. 'ljJ need 

only range over [0, 7T /2) to describe the whole space. Then we have the metric of 

AdS in the form 
[2 

ds2 = --( -dB2 + d'ljJ 2 + sin2 'ljJdr22
). 

cos2 'ljJ 
(A.1.7) 

This has the topology of a conformal factor, 1/ cos 'ljJ, times half an Einstein static 

universe, <:: x sd-l. Here we can see that spatial infinity corresponds to 'ljJ = 7T /2 

and the conformal boundary can be described by the metric 

(A.1.8) 
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Finally, two more relevant parametrizations are those given by 'Poincare ' co

ordinates. Here, we take [20] 

The metric is then 

(2~(1+u2(l2+ x2 -t2))) 

lut 

xi - luxi i = 3 ... d 

Xd+l ( 2~(1-u2 (l2 - X
2 

+t2))). 

(A.1.9) 

(A.l.lO) 

(A.l.ll) 

(A.1.12) 

(A.1.13) 

In this description, spatial infinity is at u -----+ oo. Alternatively we can take z = 1/u 

whereupon our description of AdS is 

ds2 = z2 dz + dx~~x - dt . ( 
2 i 2) 

(A.1.14) 

Here, the boundary of the spacetime is at z = 0. 

Any of these forms of anti-de Sitter space may arise in discussions according to 

which is most well-suited. 

A.1.2 De Sitter Space 

In a similar way to the previous subsection, we can consider vacuum solutions to 

Einstein's equation A.l.l when A> 0. Then the resulting spacetime with constant 

positive curvature is known as de Sitter space. Here we give a few relevant ways of 

depicting such a space. 

It can be seen as an embedding in Minkowski space of one higher dimension by 

taking the 'surface' defined by: 

- xg + x~ + ... x; = l 2 (A.l.15) 

where l is the radius of curvature of the spacetime. 

Another way we will be describing de Sitter space is through co-ordinates given 

by 

Xo = l sinh t, Xi = lyi cosh t (A.l.16) 



A.l. Spacetimes of Constant Curvature 91 

where the Yi parametrize an p - 1 sphere. Then the metric in these variables is 

(A.l.17) 

where dO is the metric induced on the p - 1 sphere. 
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A.2 Inverse metric 

To calculate the inverse metric, it is convenient to start from the fibred form of 

the metric (3.2.12), construct a corresponding orthonormal frame, and invert that. 

For this reason, it is simpler to give the inverse metric in terms of the boosted 

coordinates i = t cosh Op - y sinh Op, f) = y cosh Op - t sinh Op. The inverse metric is 

it__ 1 (! M M . h2 s: M . h2 s: M
2 

cosh
2 

81 cosh
2 

85r
2

) 
g - ~ + + sm u1 + sm u5 + ( ) , 

V H1Hs g r 

(A.2.1) 

(A.2.2) 

(A.2.3) 

fi<P _ 1 M sinh 81 sinh 8sa1 ( r 2 + ar - M) 
g --~ g(r) (A.2.6) 

fi1/J _ 1 M sinh 81 sinh 85a2(r2 +a~- M) 
g -- JiiJis g(r) 

(A.2.7) 

rr 1 g(r) 
g = y' fi1fi5 ~· 

(A.2.8) 

(}(} 1 
g = y' fi1fi5, (A.2.9) 

<P<P _ 1 (-1- r
2
(ai- a~)- Mai) 

g - ~ . 2() + ( ) , 
V H1Hs sm g r 

(A.2.10) 

</>1/1 _ 1 Ma1a2 
g - - J H1Hs g(r) ' 

(A.2.11) 

91/11/1 = 1 (-1- + r2 (a~-:- ai)- Ma~). 
y'fi1fi5 cos2() g(r) 

(A.2.12) 
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