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Abstract

In this thesis we study several aspects of gauge/gravity dualities. We start by
analyzing the structure of the UV divergences of the Wilson loop for a general
gauge/gravity duality. We find that, due to the presence of a nontrivial NSNS B-
field and metric, new divergences that cannot be subtracted out by the conventional
Legendre transform may arise. We also derive conditions on the B-field and the
metric, which when satisfied, the leading UV divergence will become linear, and
can be canceled out by choosing the boundary condition of the string appropriately.
Our results, together with the result of [15], where the effect of a nontrivial dilaton
on the structure of UV divergences in Wilson loop is analyzed, allow us to conclude
that Legendre transform is at best capable of canceling the linear UV divergences
arising from the area of the worldsheet, but is incapable to handle the divergences
associated with the dilaton or the B-field in general. We also solve the conditions
for the cancelation of the leading linear divergences generally and find that many
well-known supergravity backgrounds are of these kinds, including examples such as
the Sakai-Sugimoto QCD model or N = 1 duality with Sasaki-Einstein spaces. We
also point out that Wilson loop in the Klebanov-Strassler background have a diver-
gence associated with the B-field which cannot be canceled away with the Legendre
transform. Moreover, our results indicate that the finiteness of the expectation value
of the Wilson loop does not depend on the supersymmetry.

In the next chapter, we propose a definition of the Wilson loop operator in the
N =1 B-deformed supersymmetric Yang-Mills theory. Although the operator is not

BPS, it has a finite expectation value, result that come from the work in the previous



iii

chapter but also from the field theory calculations at least up to order (g2/N)?. We
also derive the general form of the boundary condition satisfied by the dual string
worldsheet and find that it is deformed. Finiteness of the expectation value of
the Wilson loop, together with some rather remarkable properties of the Lunin-
Maldacena metric and the B-field, fixes the boundary condition to be one which is
characterized by the vielbein of the deformed supergravity metric. The Wilson loop
operators provide natural candidates as dual descriptions to some of the existing
D-brane configurations in the Lunin-Maldacena background. We also construct the
string dual configuration for a near-1/4 BPS circular Wilson loop operator. The
string lies on a deformed three-sphere instead of a two-sphere as in the undeformed
case. The expectation value of the Wilson loop operator is computed using the
~AdS/CFT correspondence and is found to be independent of the deformation.

In the next chapter we focus on a different topic, and find point-like and classical
string solutions on the AdSs x X°, where X° are the 5-dimensional Sasaki-Einstein
manifolds Y79 and L”%". The number of acceptable solutions is limited drastically in
order to satisfy the constraints on the parameters and coordinates of the manifolds.
We find the energy-spin relations of the above solutions and see that they depend
on the parameters of the Sasaki-Einstein manifolds. A discussion on BPS solutions
is presented as well.

In the last chapter we present a general discussion on topics which related closely
to all previous chapters. Among other things we also give some comments on the

form of the Wilson loop operator in the ABJM superconformal Chern-Simons theory.
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Chapter 1

Introduction

1.1 A general description of the ADS/CFT corre-

spondence

The idea that large N gauge theories may have a string theory description was
proposed a long time ago [1], but the first concrete proposal was given by Maldacena
with the conjectured AdS/CFT correspondence [2-6].

This correspondence relates a conformal field theory in d dimensions and a grav-
ity theory in d + 1 dimensional Anti de Sitter space. More specifically a type 1IB
string theory compactified on AdSs x S° is dual or mathematically equivalent to
N = 4 super-Yang-Mills theory. To motivate this relation and make it clearer we
can start with a type IIB string theory in flat ten dimensional Minkowski space.

Let us begin by taking N parallel D3 branes very close to each other. In this
background the perturbative excitations are of two different types. The excitations
of the empty space are the closed strings and the excitations of the D3 branes are
the open strings which are ending on them. By considering energies lower than
the string scale 1/ls, only massless string states can be excited and we can write
down the effective Lagrangian. The closed string massless states form a gravity
supermultiplet in ten dimension and have low energy effective lagrangian of type
IIB supergravity. The open string massless states give an A/ = 4 vector super

multiplet in (3+ 1) dimensions and their low energy effective lagrangian is of N' = 4
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U(N) super Yang-Mills theory. By taking account of the interactions the complete

effective action of the massless modes will be
S = Sbulk + Sb-rane + Sint . (11)

As we said above the Sy, is the action of the ten dimensional supergravity plus
some higher derivatives and in the low energy limit Spux — Ssupergravity- Similarly
the Sprane is the action of the A/ = 4 super-Yang Mills and in the low energy limit
Sirane — Sa'=4. The S;,; term describes the interaction of the bulk modes and the
brane modes. But for this term one can see that S;,; o< k ~ gsa’* where k is the
square root of the Newton constant. At the low energy limit o — 0 and k2 — 0,
which states the fact that the gravity and thus supergravity, becomes free at long
distances. So, in this limit we get two decoupled systems: the free gravity in the
bulk spacetime and the 4 dimensional A/ = 4 super Yang-Mills gauge theory on
the D3 branes which is known to be conformal. Notice also that the Lagrangian
(1.1) although it contains only the massless fields, takes into account the effects of
integrating out the massive fields.

Now one can consider the same system from a point of view of supergravity

description. The D3 brane solution of the supergravity is given by

ds® = fV3(—dt?® + d2? + dz? + dz2) + fY/2(dr? + r?dQ3) , (1.2)
F5 = (1 + *)dtdl’ldmgdﬁ?gdf_l s (13)
4
f =1+ 57 : R* = 4mg,0””N . (1.4)
T

Notice that g,; depends on 7, and that means that the energy E, measured at a

point r and the energy E measured at infinity are related by

d 1 4 1
dr V=gudt /=gu

So for an observer at infinity, who measures the energy of an object moving from

E,~

E=fE=E~ fVE, . (1.5)

infinity to r = 0, would see that the energy of the object reduces. By keeping the
energy E, fixed as 7 — 0 the energy observed at infinity E' goes to zero, thus we
are in the low energy regime. In this picture there are two kinds of low energy

excitations from the point of view of the observer at infinity. We can have massless
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particles propagating in the bulk with very low energies, i.e. big wavelengths, or we
can have any other kind of excitation which comes closer to » = 0. If one calculate
the absorbtion cross section of the waves at large 7, can find that it is close to zero
since the wavelength of the particle become much more bigger than the typical size
of the brane. On the other hand, for the second type of excitations which live close
to 7 = 0, can not climb the gravitational potential and escape to infinity.

Hence we see that from the point of view of open strings living on the D3 branes
and from the point of view of the supergravity description we have two decoupled
low energy theories. One of them, the free gravity at large distances is common.
Therefore, we can identify the other two low energy systems that appear in both
descriptions and we arrive to the conjecture that the N'=4 U(N) super Yang-Mills
theory in 3 + 1 dimensions is dual to type I1B superstring theory on AdSs x S°.

In the near horizon limit the metric (1.2) becomes

=ﬁ(

which is the geometry of AdSs x S®. To make things more clear we can change the

) dr?
ds? —dt? + d2? + dz + d2) + R2T—2 + R%d02 (1.6)

coordinates r/R = R/xo and then we get

_df? + dB + da?
+if3 + 4% | pegoz (1.7)
0

ds® = R?

where the AdS space is in Poincare coordinates and has the same radius R with the
sphere.

But, let us explain better how we take the near horizon limit in the supergravity
side. In order to be able to consider arbitrary excited string states in the near horizon
region, we would like to keep fixed the energies of the objects in string units, and
at the same time to take o/ — 0, which means that o' E, stays fixed. For small o
the energy measured from infinity is E ~ E,r/ V&' and to keep it fixed we need to

consider r/a’ fixed. By defining the new variable U = r/o/ the metric (1.6) takes

the form
v* 2 2 2 2 av? 2
ds? = o \/—47r:g7\/'(_dt + dz] + dz; + dzj) + 47TgsNF + \/4mg; NdQ;

(1.8)
This is a metric which will be the starting point in the Wilson loop calculations

later.
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What we should not forget to mention is the notion of the singletons. If we want
to be more precise we should say that the AdS theory in the bulk is describing the
SU(N) part of the gauge theory. This is because, a U(N) gauge theory is equivalent
to a product of a U(1) vector multiplet and an SU(N) gauge theory up to some
Zy identifications and in the dual string theory all modes interact with gravity, so
there are no decoupled modes. Hence, the excitations we did not consider before,
are these that are connecting the throat with the bulk and correspond to the U(1)
degrees of freedom. This vector multiplet is related to the center of mass motion
of all branes. In case we want to consider a correspondence to the U(N) theory we
need to take account of them.

What we should also do, is to verify the basics of the correspondence by checking
that the global symmetries are the same in both sides. To start doing that we should
know that the parameter IV, appears in string theory side as the flux of the five-form

Ramond-Ramond field strength on the S°:

/55F5=N, (1.9)

while the gy s is related to g; and the angle 8 to the expectation value of RR. scalar

x through

_Am 0 X (1.10)

 Gvm 2 B ; or
One can check that the field theory as well the string theory are invariant under an
SL(2,7Z) acting on T.

Moreover the IIB string theory on AdSs compactified on S° has an isometry
group SO(2,4) x SO(6). The SO(2,4) group is the conformal group in 3 + 1 di-
mensions, and this is in agreement with the field theory side since N' = 4 super
Yang-Mills is known to be conformal. The SO(6) symmetry or the covering group
SU(4) since spinors are involving, can be identified with the SU(4) R-symmetry
group of the field theory. Hence the isometries of the AdSs x S° are also symmetries
that appear in the field theory side.

In the end of this general discussion on the AdS/CFT we are going to specify
the limits of validity of this identification. The supergravity approximation is valid

when the curvature of the background is much more larger compared to the string
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length
R* 9
n ~gsN~gyyN>1. (1.11)
In order to make the string corrections to be small one has to consider g, — 0, which
implies that N — oo in order to keep A = g%, N fixed and large.

On the other hand the SU(N) Yang-Mills gauge theory can be trusted in the

perturbative regime when 't Hooft coupling is small
GoaN ~ gN ~ %4 <1 (1.12)
s
which is the opposite case of the supergravity approximation of the AdS/CFT.
Hence the duality is difficult to be proven since the two different sides are valid in
different regions, but at the same time is very useful since we can calculate quantities
in different regimes which otherwise would be impossible using only the field theory
or the supergravity description.

We can however extend the discussion of the validity of the conjecture more.
The conjecture in the limits we described above is in the weakest form, since we did
not say anything for the case we go to the full string theory, away from large g,N.
A stronger version would be that the AdS/CFT is valid at any g,/V, while keeping
the limits for V and gs as above. In this case, the results will agree to o’ corrections,
but the quantum string corrections governed by gs may not. The strongest version

of the conjecture, which is believed to be true and is the most interesting one, is

that the two theories are exactly the same for all values of o’ and g;.

1.2 The Holography

In quantum gravity theory all the physics in a volume can be described in terms of
some theory on the boundary. This is the holographic principle statement and can
be motivated by the Bekenstein bound. This bound says that the maximum entropy
in a region of a space is Spne: = Area/Gy where the area is that of the boundary
of the region. If one apply this relation in the case of the formation of black holes,
he can see that the bound is correct otherwise the second law of thermodynamics is

violated.
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An example of a holography is the AdS/CFT correspondence, since the physics
in the bulk of the AdS space can be described by a conformal field theory which
lives on the boundary. Here we try to count the number of degrees of freedom in
both sides. The area of the boundary of the AdS space is infinite and moreover the
field theory has an infinite number of degrees of freedom, so we have to introduce
somehow a cutoff on the number of degrees of freedom and then examine how we
can obtain similar results in the gravity dual.

To this direction Susskind and Witten [7] noticed that infrared effects in the bulk
correspond to ultraviolet effects on the boundary. One way to see that is to start

by expressing the metric of the AdS space in Poincare coordinates
o —dt? + di? + d2?
22 ’

ds’=R (1.13)

If a wave propagating in this space has a spatial extent A in the z direction then it
should have also in the z direction, since the parameter A can be eliminated by the

z — Az and z — Az transformations. Then we can consider a cutoff
z2~0 (1.14)

where ¢ is small and corresponds to the ultraviolet cutoff in the field theory. To see

that, is convenient to use the metric

1+r2\* 4 0
_ — (dr® 0? .
(1_T2) dt* + (1_T2),_,(dr + r<dQ°)| (1.15)

where the radial position plays the role of some energy scale, since we approach the
boundary when we do a conformal transformation that localizes objects in conformal
field theory. Since the boundary is at » = 1 we can calculate the correlation functions
at 7 = 1 — § and then take the limit 6 — 0 which corresponds on going to the UV
of the field theory. Hence the relation (1.14) is a UV/IR relation.

To proceed to the final stage of finding the equation we are seeking, consider a
U(N) gauge theory on a three dimensional sphere with a short distance cutoff . So
the total degrees of freedom are roughly N2, which are approximately the number
of independent fields, divided by & which are the partitions of the sphere.

The area of the surface at r =1—0 for 6§ < 1is

Area  VgsR3673
Gy 4Gy

~ N2§73 (1.16)
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since Gy ~ 1/N2. Thus we find that the conformal field theory number of degrees
of freedom agrees with the number of physical degrees of freedom.

Very recently there is an attempt to extend the holographic correspondence.
In (8] it is claimed that any CFT with a gap and a planar expansion is generated
via the AdS/CFT dictionary from a local bulk interaction. The authors arrive to
this conjecture by counting arguments on each side and by verifying the conjecture
to explicit solutions.

In the next section we are going to introduce the Wilson loop operators and see

how one can treat them in the context of the AdS/CFT correspondence.

1.3 Wilson Loops

The Wilson loop is a physical gauge invariant object which can be used to measure

the interaction potential between two quarks. The Wilson loop operator can be

W(C) = tr [Pexp <¢?£A>] , (1.17)

where the trace is over some representation of the gauge group and we focus here

elementary defined by

only on the fundamental representation. The loop C is the loop in four dimensional
space were the gauge theory lives.

To understand better the definition, we can consider the path ordered exponential
Y ; K 123
W(y,z; P) = P exp{i / Au(€)de*} = lim [] e (1.18)
T n—oo "

along a curve. By considering the a U(1) gauge field A, and a complex scalar field
¢ charged under the U(1) we see that the action of W(y, z; P) to the scalar ¢, under

a gauge transformation gives
W (y,z; P)d(z) — eX¥ (W (y, z; P)¢(z)) , (1.19)

which means that the field ¢(z) is parallel transported to the point y. The equa-
tion (1.19) follows from the fact that the path ordered exponential we defined is

transformed under a gauge transformation 04, = 0,x, as

W(y,z, P) = eXWW(y, z; P)e”x® (1.20)
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However notice that by identifying the z with y and hence producing a closed curve
the expression (1.19) is gauge invariant.
For a nonabelian gauge field which is the case of interest, the things are different.

Here the gauge transformation is
A, — Uz)AQ Hz) —i(0,0)Q7, (1.21)

where Q(z) = X is an infinitesimal transformation, for small x(z) = x°T,. The
gauge transformation is similar to (1.20), hence again W(y, z; P) defines a parallel
transport. Since we are in the nonabelian case, when we consider close loop, the
path integral is covariant and not gauge invariant. To make it gauge invariant we

can take the trace of the object, which is the Wilson loop as defined above.

1.3.1 Wilson loop operator in N = 4 Super Yang-Mills

The Wilson loop of the theory N =4 SYM is an operator [11]

1 .
Wg[C] = NTI‘RP exp <}€ dr(iA, .zt + wiyz)) : (1.22)

where A, are the gauge fields and ¢, are the six real scalars. The loop C is
parametrized by the variables (z*(7),4*(7)), where (z#(7)) determines the actual
loop in four dimensions, and (4*(7)) can be thought of as the extra six coordinates
of the ten-dimensional N' = 1 super Yang-Mills theory, of which theory is the di-
mensionally reduced version. R is the representation of the gauge group G. In this
chapter we will be interested in the case G = U(N). In (1.22), the coupling to the
gauge fields and the scalar fields is controlled by ## and ¢*. In particular, Wilson

loop operator satisfying the constraint
i =g (1.23)

is locally BPS. Moreover it has a finite expectation value.

The derivation of the constraint (1.23) can be achieved using different meth-
ods. It can come from the gravity side, by considering the minimal surfaces and
appropriate boundary conditions, and we will mention more on this on the next
section. Also it can be derived in the gauge theory side, by requiring finite ex-

pectation value of the Wilson loop using perturbation theory, or by breaking the
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gauge group U(N + 1) — U(N) x U(1) by the Higgs mechanism, and try to get rid
off of a term which is not reparametrization invariant after a correlation function
calculation. Actually, by using the Higgs mechanism we can derive the whole loop
operator.

In order to understand better the derivation we describe first, briefly the Higgs
mechanism as done in [13]. In super Yang-Mills theory in 4 dimensions we do not
have matter fields to define directly the Wilson loop, so we use the Higgs mechanism
and give expectation value to a field where we simultaneously break the U(N +1) —
U(N) x U(1). This happens by taking the bosonic action for the U(N + 1) theory

and decomposing the fields as

A Ae W , &, = o Wa . (1.24)
Wl a, Y, Md,

where A . and A, are the U(N +1) and U(N) gauge fields respectively and similarly

with the scalar fields. By calculating a specific correlation function of W’s we can

find the Wilson loop operator. To reach to the final expression one has to use the

reparametrization invariance of an integral and the constraint that must satisfied in

order this invariance to hold is the (1.23).

So using the Higgs mechanism we can derive the Wilson loop operator and the
Wilson loop constraint in ' = 4 super Yang-Mills theory. The other way to obtain
the constraint (1.23) in field theory is to calculate perturbatively the expectation
value of a smooth loop. By keeping the first order terms in g3 ,, and by regularizing

the operator with cutoff e, since it is linear divergent we obtain

W—1+L]{ds|;ﬂ| 1—y—2 + finite (1.25)
T (27)% ) 2 ‘ '

It is obvious that when the Wilson loop constrain (1.23) holds, the divergent term
cancels. There are symmetry arguments based on the dimensional reduction, that
any order in the perturbation expansion cancels when the (1.23) satisfied.

Hence we see that when the constraint #? = g holds the expectation value
of the Wilson loop is finite in N/ = 4 supersymmetric Yang-Mills. Moreover in
this theory, when the constraint satisfied the Wilson loop is locally BPS. Since the

scalar field and the gauge boson are in the same supermultiplet, the supersymmetric
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transformations relates them and it can be seen that the Wilson loop satisfying the
constraint is locally half BPS.

Because of this reason it is natural to associate the UV finiteness of the Wilson
loop as being due to the existence of local supersymmetry. However later we will
prove that this is a simple coincidence and might not hold general for different

theories.

1.3.2 Wilson loops in ADS/CFT

The Wilson loop as a boundary operator has his dual description in terms of
AdS/CFT. The motivation to what object corresponds comes from QCD, where
we expect that the Wilson loop is related to a string running from the quark to
antiquark. The quarks are considered very heavy and the distance between them
can be considered fixed in time.

The analogous of this picture, would be a string which is on the boundary of
AdS. To be more precise [11], start with a gauge group U(N + 1) which by giving
an expectation value to one of the scalars breaks to U(N) x U(1). The dual picture
is to have a D3 brane localized at a point of S° and in some radial position U in
AdS. From the point of view of U(N) gauge theory we can view the off-diagonal
states as massive quarks with mass proportional to the radial direction which also
act as a source for the vector fields. By taking infinite mass which means infinite U,
we get a non-dynamical source which will correspond to the Wilson loop operator.
Hence the string, starts from a D3 brane and ends on the boundary of AdS. Since
the Wilson loop contour is at the boundary of the AdS where the gauge theory lives,
it can be assumed that the contour acts as a boundary for the string. Hence the
string world-sheet stretches between the contour C at the boundary to a point at
finite distance in AdS.

However, the strings can also be extended on the S° parametrized by the coordi-
nates 87 with 8’2 = 1. The 8'’s should be coupled to the six scalars ¢’ of the N = 4
SYM. The scalar fields appear since the string that ending on a p-brane act as a
source for the scalar fields and not only of electric field. Additionally, the precise def-

inition of Wilson loop operator which corresponds to the superstring should include
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also the field theory fermions. However here we ignore the fermion contribution.

The Wilson loop operator in the Euclidean /' = 4 SYM theory is given by (1.22).
To obtain the dual description of the expectation value of the Wilson loop operator,
we have to compute the string theory partition function on AdSs; x S° with the
condition that the string worldsheet is ending at the loop C which is placed at the
boundary of the AdS where the gauge theory lives,

WC) = /8 DX exp(—VASIX)) (1.26)

for some string action S[X]. When we go to the supergravity regime the leading

contribution to this partition function comes from the area of the string worldsheet
(W) ~ exp(—VAA) . (1.27)

However one must be careful with the boundary condition of the worldsheet ending
on the loop, and also to notice that the area defined above is divergent. We expect
finite expectation value of the Wilson loop, since a divergence would have implied
a mass renormalization on the BPS particle. Moreover, as we said in a previous
section the perturbative computation in the field theory shows that the expectation
value of the Wilson loop is finite. The solution to this mismatch, comes when we
notice the gravity configuration is not fully Dirichlet, so one needs to consider a Leg-
endre transform of the minimal area with respect to the string coordinates obeying
Neumann boundary conditions, namely the string coordinates corresponding to 6!
and the radial coordinate u. We are going to present a more extended discussion in

the next section since we also need it for later reference.

1.3.3 Wilson Loop and minimal surfaces

The first step should be to define the boundary conditions for the string worldsheet.
To do that one should start from the 10 dimensional Yang-Mills theory which live
on D9 branes. The strings ending on the D9 branes obey full Neumann boundary
conditions. This means that the Wilson loop in 10 dimensions corresponds to an
open string worldsheet with full Dirichlet boundary conditions, since the conditions

imposed by the Wilson loop are complementary to the ones imposed on the strings
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ending on D9 branes. To get the 4 dimensional Yang Mills theory we perform a
T-duality along the 6 dimensions. The T-Duality changes the 6 Dirichlet boundary
conditions for the open string, to 6 Neumann. As a result we will have a string
worldsheet with 4 Dirichlet and 6 Neumann boundary conditions.
In order to be able to write these boundary conditions explicitly we have to make
a coordinate transformation to the classic metric of the near horizon geometry of N
D3 branes. The near horizon geometry of N D3-branes is given by the metric
ds® _ U 5 Z dX*dX* + \/4wg,N + Vang NdQ2, (1.28)
o~ VEmgN 2
By rescaling the coordinates X# by 1/\/4rg,N and introduce new coordinates Y* =
6:/U (i = 1,---,6), where 6° are the coordinates on S° and 6% = 1, the metric

becomes

3 6
— \/amg,NY 2 (Z dXtdX"+>" inin) . (1.29)
p=0 i=1

Where we now have the boundary of the AdS at the boundary of AdSs at Y* = 0.

To write down the boundary conditions we are choosing the string world-sheet
coordinates to be (o, 7) such that the boundary is located at 7 = 0. It is obvious
that the X* should be identified 4 dimensional coordinates where the gauge theory

lives and hence it is natural to impose Dirichlet conditions on X*, so that
X*(01,0) = 2#(0y) . (1.30)

The remaining 6 string coordinates Y*(¢!, 02) should obey Neumann boundary con-

ditions which proposed to be
J,%8,Y*(0,0) = ¢*(a") , (1.31)

where J P (a,8 = 1,2) is the complex structure on the string worldsheet given in

terms of the induced metric gag,

1
JP = ﬁga.,aﬂ : (1.32)
The loop constraint is most easily derived using the Hamilton-Jacobi equation. This
equation for the area of a minimal surface on a Riemannian manifold with a metric

G;s takes the form,

G (6A/6XT)(BA/6XT) = Grso X o X7 . (1.33)
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After some calculations by using the above boundary conditions we find that there
is only one minimal surface that terminates at the boundary of AdSs; and it requires
the constraint (1.23) to hold.

Moreover as we already noticed, we need to use the Legendre transform of the
area functional

A=A- }{dalPiYi , (1.34)

to get rid of the linear divergences since the problem is not fully Dirichlet. The
new action has the same equations of motion and still solved by the same minimal
surface. After performing some calculations ones get

1 . . .
52 ds (|z| — |y|) + finite , (1.35)

A
which means that when the Wilson loop constraint satisfied we get a finite area for
smooth loop.

We will see more details of the above calculations and a more general view of the
problem in the next chapters where we will investigate the Wilson loop properties
in different gauge/gravity dualities. For now we move on and describe another

very interesting aspect of the AdS/CFT duality, which are the semiclassical string

solutions.

1.4 Semiclassical String Solutions in AdS/CFT

1.4.1 Brief Overview

When A approaches infinity the dual gauge theory is strongly coupled and not under
best control, which makes the calculations on the gravity side valuable and the
correspondence useful. On the other hand, this fact make difficult to realize the
concrete connection between the string theory and the gauge theory beyond the
supergravity approximation.

Work in this direction was made in [83], where certain gauge theory operators
with large R-symmetry charge was proposed to be dual to all type IIB string states
in a RR-charged pp-wave background [90], which is a Penrose limit of AdS; x S°

[91]. A generalization came in [92], where with the use of classical solitons and an
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appropriate quantization of the string theory, it has been shown that there are some
semiclassical limits where the string/gauge duality can be reliable. For short strings,
where one can approximate AdSs by a flat metric near the center, the leading closed
string trajectory is reproduced. On the other hand for long strings, the strings feel
the metric near the boundary of AdS, and reproduce the logarithmic behavior of the
scaling of the wavefunction renormalization and hence the anomalous dimension for
operators with "dimension minus spin” equal to two. Based on this work, a further
generalization was made by considering multi-spin string states [93,94]. At this time,
many papers were published with the aim of finding new close string solutions, for
example see [95] and references inside.

Another significant step was the identification of the one loop scalar dilatation
operator with the Hamiltonian of integrable SO(6) spin chains [14]. This has brought
impressive quantitative agreements between the energy of certain string solutions
and the anomalous dimensions for very long operators [96]. Almost one year later,
it was shown [97] that the spin chain in a certain subsector, in the limit of a large
number of sites, can be described by a sigma model which agrees with the sigma
model obtained from the rotating string in the appropriate limit. In the next sec-

tions we describe briefly how one can deal with the semiclassical string solution in

AdS/CFT.

1.4.2 Introduction

In general to determine the dimensions of local gauge-invariant operators one needs
to find the anomalous dimension matrix to all orders in A and then diagonalize it.
One case that this situation is different, is for the BPS operators whose dimension
is protected. An other case are the long operators which contain large number of
fields under the trace.

For the N = 4 supersymmetric Yang-Mills the closed string states can be classi-
fied by the values of the Cartan charges of the symmetry group SO(2,4) x SO(6).
These will be, in the AdS; the energy E and the two spins S;, S; and in the S3
part the three spins Ji, J2, J3 and are related each other by the Virasoro constraint.

The BPS string states are point-like strings, the near-BPS(BMN) states are nearly
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pointlike, and the far-from BPS states are represented by extended closed string
configurations.

The AdS/CFT duality maps the closed string states in AdSs; x S® to quantum
super Yang-Mills states at the boundary, which are single-trace operators. The
dictionary says that the energy of the string should be equal to the conformal di-
mension of the operator, and all the other charges mapped each other trivially, ie.
the J charge of the string on the S° will be mapped to the SO(6) charge of the
operator in field theory.

However, there is a difficulty checking the relation £ = A because these two
quantities depend on A and are calculated in completely opposite limits. Generally
the perturbative expansion in string side gives E = 322 | ¢,/(V/A)" while on the
SYM side the perturbation theory will give the eigenvalues of the anomalous di-
mension matrix as A = 3 >2 a,A". Of course there is a class of operators, the 1/2
BPS, where the matching can be made easily since their energies and dimensions are
protected from corrections. Otherwise the problem is non-trivial and the solution

comes by considering the BMN limit.

1.4.3 BMN Limit

One should consider the limit @ — oo for the charges ¢, and then define a new
‘effective’ coupling constant as A = A/Q?, and keep it fixed.

In string theory the fraction Q/vVA = 1/ VA plays the role of a semiclassical
parameter and can be taken to be large, implying an energy for these states of
the form F = @ + f(Q,A) where f — 0 for A — 0. These semiclassical string
states as well as states of small fluctuations near them, should be dual to long SYM
operators with large number of fields or derivatives under the trace, and hence have
large canonical dimension.

The simplest case is to take a BPS state with large quantum number and consider
small fluctuations around it. Then we have a set of near-BPS states characterized by
a parameter. So one can consider a pointlike string moving along the geodesic in S°
(massless geodesic) and take large angular momentum @ = J. Then we have £ = J

and the dual operator in N’ = 4 SYM is tr®’, for ® = ¢, + i¢p. Considering small
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fluctuations, give small ultrarelativistic closed strings, where their kinetic energy is
much larger than their mass. Their dual, is an extension of the previous operators,
namely tr(®”...) where the dots mean a small number of other fields or covariant
derivatives. If one calculates the energy of these small fluctuations, finds that is an
analytic expression of 5\, making possible a direct comparison with the perturbative
field theory. It is checked that the terms up to A agree precisely with the one
and three loop terms in the anomalous dimension of the corresponding operators.
However there is no proof yet of why this happens. Moreover, the understanding of
why the limits J — oo and A — 0 and the corresponding ones in field theory, give
the same expressions for the energies/dimensions even though in general the limits
may not commute, is far for complete so far.

For semiclassical string states with several large spins form non-BPS string states,
and their energy E in powers of A can be matched with the perturbative expansion
of the field theory.

Let us be more precise in that case. The energy of a classical rotating closed
string solution is E = vAE(w;) with J; = v/ Aw; so that E = E(J;, ). In that case

the energy does not have a v/A factor in the expansion and is of the form

o

A - .
E=J+017+62ﬁ=J(1+01/\+CQ/\2+...), (136)

where J = Y°°_ Ji, A = A/J? and ¢, are functions of ratios of the spins J;/J. In
the field theory side, one should be able to compare the coefficients ¢, to the coefhi-
cients in the expression of anomalous dimension of the corresponding SYM operators
tr(® ®52®J° +...) . However, to compute A in general, we need to diagonalize the
anomalous dimension matrix defined on a set of long scalar operators. The way to
simplify this calculation found in [14], where the one-loop planar dilatation operator
in the scalar sector can be interpreted as a Hamiltonian of an integrable SO(6) spin
chain and thus can be diagonalized by the Bethe ansatz method. When we find
the dimension, one has to expand it, firstly in A and the in 1/J. The expansion of
the anomalous dimensions should have a similar form to the energy above with the
relevant coefficients to agree each other.

In the next section we will describe a deformation of the original AdS/CFT

conjecture, since a part of our work is to apply and examine several issues we
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discussed so far in the marginally deformed AdS/CFT conjecture which involve

conformal theories with less supersymmetries.

1.5 Beta deformed theories

Since the original Maldacena conjecture were formulated, there proposed other inter-
esting conjectures. One of them is the Lunin-Maldacena conjecture which obtained
from a marginal deformation of the original one.

The beta deformation is a special case of the Leigh-Strassler deformation [21]. In

this section we review the 3 deformed theory and then the gravity dual construction.

1.5.1 Conformal deformations on N =4 SYM

We are writing the superpotential of N’ = 4 supersymmetric Yang-Mills in terms of
N =1 superfields,
Zg Tr(q)lq)g(b;g - @1@3@2) . (137)

Here ®’s are three complex chiral superfields transforming in the adjoint representa-
tion of the gauge group and we concentrate on the bosonic part of the action which

reads
I =; g =i 33 'S % 7
Ly=Tr ZF“ F., + (D"®*)(D,%;) — 7[@1-, o/|(®*, ¢’] + Z[Qi’@ 1[®,,®’] |1.38)

where the indices 7,7,k = 1,...,3. Moreover, the SU(N) generators are normalized
as Tr (T°T?) = §°.

This theory can be marginally deformed to N/ = 1 super Yang-Mills. Leigh
and Strassler [21] found that there is a 3-complex parameter family of marginal
deformations which preserves the N’ = 1 supersymmetry. This family can be written

explicitly by replacing the superpotential (1.37) with the
ih Tr(e™P 3,85 — e~ P, 038, + ik Tr (9] + @5 + 03) (1.39)

where the deformed theory is parametrized by four complex constants h, k', 8, 7, with
7 being the usual complexified gauge coupling. At classical level the deformation is

marginal but at the quantum level is not, since the operators can develop anomalous
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dimensions. However Leigh and Strassler showed that at the quantum level the

deformation is marginal when a constraint
y(h, W, B8,7) =0 (1.40)

is satisfied, where -y is the sum of the anomalous dimensions of the three scalar fields.
Hence there is a 3-complex dimensional surface defined by (1.40), of conformally
invariant N = 1 theories obtained as marginal deformations of N' = 4 super Yang-
Mills theories.

The deformation used by Lunin-Maldacena is a special case of the previous one
which comes by setting h = ¢, A’ = 0 and 3 to be real. Then the deformation (1.39)
simplified to

ig Tr(®1Py®P3 — B P3P,) — ig Tr(e™P BB, 85 — e ™00, B3P,) . (1.41)

The consequence of setting A’ = 0 is that the deformed theory preserves a global

U(1) x U(1) symmetry,

U(1); : (@1, Dy, ®3) — (D1, By, 1 d3)
U(1)2 : (@1, @2, ‘1)3) — (C_i‘plzq)l,ei(’ozq)% @3) (142)

which is important in order to find the gravity dual background.

Lunin and Maldacena also noticed that the above deformation can be viewed as
arising from a new definition of the product of fields in the N' = 4 supersymmetric
Yang-Mills Lagrangian

Fxg=emP@iei-qiah ¢, (1.43)

where fg is an ordinary product and (Qfeld, Q5eld) are the U(1); x U(1), charges of
the fields (f or g). The values of the charges for all fields are read from (1.42):

o, (@1,Q2)=(0,-1) (1.44)
¢, : (@1,Q2) = (1,1) (1.45)
¢; : (Ql ,Q2) = (—1 :0) (1-46)

where of course for the conjugate fields ®; the charges are opposite.
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Moreover we introduce the #-deformed commutator of fields which will be needed

to write the Lagrangian in a more compact form. The commutator defined as

(i, 9518, = €™ fig; — e g, f; . (1.47)

and B;; is defined as

ﬁij = —ﬁjm B2 = —ﬁ13 = ﬂzs = 0. (1-48)

Using the star-product (1.43), the component Lagrangian of the 3-deformed theory
(1.41) follows from (1.38) where only the third term in the relevant Lagrangian

change, such that in total we have

1 ' _ 2 o 2 e
L= Tr(ZF“uF#V + (Du@l)(Du(I)i) - %[q)i, q)j]ﬁij [CI)Z’ q)]]ﬁij + gZ[qu’ CI)’][CI)J-,CI)J]> ’
(1.49)

where we have used the definition (1.47). It is also worth mentioning that the
deformation change the fermionic part of the Lagrangian in a similar way, where

also one can define star product between the fields.

1.5.2 Supergravity dual solutions generation methods

The solution generation for the dual beta deformed background based on the idea
to preserve the global U(1) x U(1) symmetry. There are many equivalent techniques
that one can generate these backgrounds. It seems that the most useful is the
TsT transformation, which consists of a T-duality transformation on a coordinate
parameterizes one U(1) isometry, followed by a shift of another U(1) coordinate
which involves the initial one and where the deformation parameter enters, and
finally a T duality follows on the initial coordinate. But let us mention briefly all
the generation technics.

The deformed theory is still conformal, so any deformation involved in the back-
grounds should be on the U(1) coordinates of the S° which correspond to the su-
persymmetry and not in AdS space which would affect the conformal symmetry.
Moreover, the deformation can be always applied to theories with a U(1) x U(1)

global symmetry.
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Initially in the paper of Lunin and Maldacena the SL(2, R) transformation was
used on the Kahler modulus 7 as

-
14+ ~v7

T=B+4+i/g— 1, = (1.50)

where g is the metric of the two torus and = is the deformation parameter in gravity
side. This is a solution generating technic and produce an eight dimensional theory
on a two torus and is preserving the U(1) x U(1) global symmetry.

Hence the idea is to write down the B field and the metric of the two torus of
the initial background, perform an SL(2, R) transformation as in (1.50) and in the
final result identify the real part as the new B field and the imaginary one as the
new metric of the torus.

The calculations simplified a lot if one identify the O(2,2,R) [49] which is act-
ing on the background matrix 7 = g + B. One has to write down the I" matrix
which contains the deformation parameters according to some rules [54]. Then the
new background can be found simply as E' = ¢’ + B’ = E(I'E + I3)~!. Moreover,
a function G =det(T'E + I3)~! of the deformed background which depends on the
parameter v, appears due to deformation, as a multiplicative factor to the expo-
nential of dilaton. Using this method we can construct a deformed background in a
relatively direct way and we can even extend the method to multiple 8 deformations.

Another very useful solution generating technic is the TsT transformation, for-
mulated by Frolov [23] and also proposed in the paper of Maldacena. The method
is described step by step in Frolov’s paper, and using it one can also show that the
solutions of the string theory equations of motion in the deformed background are
in one-to-one correspondence with those in AdSs x S° with twisted boundary condi-
tions imposed on the U(1) coordinates. Moreover in this paper were introduced the
multi-G deformations, which break all the supersymmetries and hence the resulting
B-deformed field theory, which can be constructed by a generalization of the 3 de-
formed product (1.43), has no supersymmetry. More explicitly the process consists
of a TsT transformation with T-dualities acting on the first angle say ¢; and the shift
parameter equal to 43 to the torus (¢, ¢2), then a second TsT transformation with
the shift parameter equal to 4! to the torus (¢, ¢3), and finally a third TsT trans-

formation with the shift parameter equal to 42 to the torus (¢s, ;). The parameters
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4 are directly related to the parameters 3 of the field theory from (1.52) and the
supergravity description is valid in the limit of small curvature R = (47g,N)"/* > 1

and
RB< 1, (1.51)

with
R*B:=% fixed. (1.52)

Using the 3 deformations it is useful and convenient to check if certain properties
of a theory or the operators are depended on supersymmetry. For example, one can
start from A/ = 4 supersymmetric Yang-Mills and investigate some operator proper-
ties there; then by reducing to A/ = 1 or to A" = 0 Yang-Mills by 8 deformations can
see how and if this operator’s properties depend on supersymmetry. An example to
where this can be applied, is the expectation value of the Wilson loop, and whether
or not the UV finiteness of its expectation value depends on the supersymmetry.

A final remark is that when all the deformation parameters are integers, there
is no deformation in the field theory, so it is supersymmetric. However the defor-
mation in the dual supergravity background is present. This could be similar to
the phenomena of 'supersymmetry without supersymmetry’ [51-53] where there ex-
ist supersymmetric string vacua for which the corresponding supergravity solution
does not have any Killing spinors.

The deformed AdSs x S° background will be written down in a following chapter

where we use it.

1.5.3 Brief Review on the work on the § deformed theories

There is done lot of work in the 8 deformed theories. Usually the work is in the
direction to extend the original AdS/CFT and see how some specific results change
in theories with less supersymmetries. Here we are going to present a very short and
not complete review with some representative work done in the Lunin-Maldacena
conjecture.

In the large N it was noted that there exist many similarities between the de-

formed and the undeformed theories. This is due to the fact that several times in
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field theory, the 3 parameter appear as a factor in exponential divided by N and
multiplied by ¢, and in the large N limit it becomes one and does not affect the
results. In [25] it was shown that in perturbation theory there are many similarities
between the scattering amplitudes in the (real) 3 deformed and in the A/ = 4 initial
theory. This happens because all amplitudes in the 3 deformed theory are given by
the corresponding N/ = 4 amplitudes multiplied by an overall 3 dependent phase
factor with the form mentioned above.

When one goes to non-perturbative effects, can consider instantons [26]. By
considering operators which are the lowest Kaluza-Klein modes on the deformed
sphere it is shown that the correlation functions in 8 deformed A/ = 4 theory is
in correspondence with the relevant supergravity results. More precisely the multi-
instanton contributions to G, will reconstruct the moduli forms f,,(, ) which appear
in the effective supergravity action. This agreement is completely non-trivial since
the dilaton in the 8 deformed theory is not anymore constant and the dilaton-
axion parameter 7 is not equal to the one in the undeformed theory. By doing the
calculation one sees that the exponent of the k-instanton action exp 2wk7, becomes
exp 2mk7 which is the desired one.

We can then go to the multi-3 deformed non supersymmetric theory [27] and
perform the same calculations. These calculations can investigate the role of the
supersymmetry in various properties of the theories. So in this paper the authors find
that the leading order contributions in Yang-Mills instantons calculated at g2 ,,N <
1 are in agreement with contributions of D-instantons in the limit g2 ,,N > 1 even in
this non-supersymmetric case. This fact is also true in the original AdS/CFT, and
only for the instanton solution, since generally perturbative effects from string theory
and gauge theory do not match. This implies the existence of a non-renormalization
theorem for the instanton effects [29,30]. But since the agreement continues to
persist in non-supersymmetric case it is a normal clue that the non-renormalization
theorem is independent of supersymmetry. However, one should leave open the
option that the peculiar structure of the non supersymmetric beta deformed theories
somehow can reproduce results that hold in supersymmetric theories. The fact

that these results indicate common behavior to the 8 supersymmetric and non-
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supersymmetric theories, might not mean that this can be upgraded to general
statements.

As one may be able to guess, a lot of work in the Lunin-Maldacena conjecture has
been done focusing on the semiclassical string solutions. In [31] some semiclassical
string states are compared with spalar operators whose 1-loop anomalous dimensions
are described by an integrable spin chain. It is found that the results obtained
in the undeformed case can be straightforward generalized to the deformed case,
and clear evidence of the existence of integrable structures on the two sides of the
duality have been found. In a later paper [32] these calculations are extended in the
multi-3 deformed non-supersymmetric case. Relative work, where authors calculate
the energy of semiclassical string configurations is done in many papers, see for
example [33,34].

Another part of solutions examined in these backgrounds are the giant gravitons
[35-37]. The giant gravitons and their stability are examined in the supersymmetric
and non-supersymmetric 3 deformed theory. The interesting part here is that the
fields in the DBI and the WZ parts of the action for some D3-brane (dual) giant
configurations, combine nicely and turn out to give an action independent of the
deformation parameter and hence undeformed. For the D5-brane dual giants action
turn out to be proportional to the inverse of the deformation parameter. In the
case discussed here, the branes have a world-volume gauge field strength turned on
along the torus, which also has the inverse linear dependence on the deformation
parameter. The quantization condition of the U(1) flux requires the deformation
parameter to be rational. For these deformation values one can find that in the
gauge theory there are additional branches of vacua [38-40] and the gauge theory
dual configurations to D5-brane dual giants are found to be related to rotating
vacuum expectation values in these branches.

Another interesting classical solutions, called magnons have also considered in
the B deformed backgrounds where derived the exact dispersion relation for these
solutions [28]. By trying to solve the equations of motion one can see that any (-
deformation of the S2-solution of Hoffman and Maldacena will necessarily live on the

S3-sphere. This seems to be a more general fact, that in many cases configurations
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that live on a S? sector and parametrized by two angles of the undeformed sphere,
should be modified to be parametrized by three parameters of the sphere in the
deformed background.

There are several other papers examining the properties of the 3 deformed the-
ories. For example in [41] by embedding the spacetime filling D7-branes in the
deformed background the authors achieve to examine the mesons in these theories
and to find the exact mesonic mass spectrum. An other work which generalizes the
TsT transformation to T's...sT is done in [42]. There the multishift deformations
considered, and by using similar arguments with Frolov in [23] the authors show
that the currents in the deformed and undeformed backgrounds are equal. The
resulting background is of course non-supersymmetric in general. Moreover it was
shown in [43] that by inspection of the planar diagrams in the 8-deformed theory
(or even multi-3) shows that the scattering amplitudes to all orders in perturbation
theory are the same as in the undeformed N'= 4 SYM theory. Furthermore, in the
B deformed backgrounds (as well as in non-commutative ones) the basic properties
of the quark gluon plasma theories such as: universal ratio between the shear vis-
cosity and the entropy density, jet quenching parameter etc. do not change, and
the calculations are almost similar to the undeformed cases. This is due to the fact
that most of these properties are most sensitive to the AdS part of the metric than
to the S° part, which in our case can be deformed. For example in the paper [44] is
shown that the jet quenching parameter is modified only in the cases of complex (3
deformations and this is due to an overall factor in front of the metric.

Other work in beta deformed background can be found in [45-47], or extensions
of the 8 deformations in several other ways [48, 50].

So far we gave a brief overview of the Lunin-Maldacena conjecture. In the next
section we are going to introduce a new class of gauge/gravity dualities which also

have reduced amount of supersymmetry.
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1.6 Sasaki-Einstein dualities

Another famous gauge/gravity correspondence for theories with less supersymme-
tries, contains a class of backgrounds with at least A/ = 1 supersymmetry, which
are type IIB and with the form AdSs x X°, where X3 is a Sasaki-Einstein manifold
and are dual to superconformal gauge theories called quivers.

A Sasakian manifold is a Riemannian manifold whose metric cone is Kahler. A
Kahler manifold is a Hermitian manifold (M, g), say of dimension m, whose Kahler

form 2, defined by
Q(X,Y) = g,(J,X,Y) XY e T,M, (1.53)

where J, is the almost complex structure, it is closed. This form can be used to
prove that a complex manifold is orientable, since the real 2m form Q A ... A Q
vanishes nowhere and it serves as a volume element. Additionally, if the manifold
M is compact and admits a Ricci flat metric, then its first Chern class must vanish
and the manifold is called Calabi-Yau. The Sasaki-Einstein manifolds, are manifolds
whose metric cones are Ricci flat and Kahler.

The first non-trivial example in the AdS/CFT correspondence with the use of
these manifolds was made in the case of the manifold T%! [98]. It was noted there
that the interactions between the fields can be encoded in quiver diagrams which
arising from the low energy excitations of a stack of N D3-branes placed at a singular
point of the conifold geometry. For this case, which can be described as a coset space
manifold of SU(2) x SU(2)/U(1) and has topology S? x S3, it was proposed the

super potential of these theories to be

W x e2%e*5Tr(ABsAsBy) (1.54)

i

since is the only possible choice consistent with the superconformal invariance that
preserves a global SU(2) x SU(2) flavor symmetry. The two SU(2) symmetries
act on the two different doublets A;, A, and Bj, B,. Since T™! can be seen as a
U(1) fibration over the regular Kahler-Einstein manifold CP! x CP!, except this
SU(2) x SU(2) symmetry we just mention, should be an additional U(1)p symmetry
which acts to the 4 bifundamental fields with charge 1/2. Hence the superpotential

have a total R-charge 2 and it is a marginal operator.
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Significant progress has been made in Sasaki-Einstein backgrounds and their
dual field theories, almost a year before the Lunin-Maldacena correspondence was
formulated, when it was found that for five-dimensional Sasaki-Einstein manifolds
Y, there is an infinite family of inhomogeneous metrics on Y79 & §2 x S3  which
is characterized by relatively prime positive integers p, ¢ with 0 < ¢ < p [99-101].
In this case, there is an effective action of a torus 7% = U(1)3 on the C(Y?9)
which preserves the symplectic form on it and the metric, since it is an isometry.
The isometry group of these spaces is SO(3) x U(1) x U(1) for both p, ¢ odd and
U(2) x U(1) otherwise. In [102] there is an extensive discussion on the geometric
features of these manifolds and in a paper [103] that followed some days after, the
superconformal quiver gauge theories dual to type IIB string theory on AdSs x Y74
was proposed.

We are not going to present here an extensive discussion on the conifold field
theory. The basics we must know, is that the field theory has a product gauge
group U(N) x U(N), with the matter chiral superfields to live in the bifundamental
representations of this gauge group. This means that there are two fields, say A,
and A, transforming in the (N, N) representation, and two other fields B; and Bs
transforming in the (N, N) representation.

The spaces Y79 are of cohomogeneity one, but the correspondence can be gen-
eralized to spaces with cohomogeneity two, called LP9" spaces [104]. These are
characterized by the relative positive coprime integers p, ¢ and r with 0 < p <
g, 0 < 7 < p+ q and with p, g to be coprime to s = p+ ¢ — r and have isometry
U(1) x U(1) x U(1). The metrics Y9 are a special case of LP%" where p+q = 2r.

Moreover, like all theories with at least a U(1) x U(1l) global symmetry, the
toric quiver gauge theories and their gravity dual theories admit § deformations
[105], which also give space for further analysis. The gravity dual backgrounds
can be found by performing a TsT transformation involving two of the angles that
parametrize the U(1) directions [23], or by using the T-duality group [49]. An
extended discussion for S-deformed Sasaki-Einstein dualities is presented in [106],
where giant gravitons are also analyzed.

Hence the use of the Sasaki-Einstein dualities can contribute to the extensive
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attempt to understand better the AdS/CFT correspondence using theories other
than A/ = 4 supersymmetric Yang-Mills. In a following chapter we investigate
semi-classical string solutions in general Y?? and L”%" manifolds. Work in this
direction has been done for the very special case of AdSsx T examined in [107-109].
Moreover, a study for the case of BPS massless geodesics and their dual long BPS
operators has been done in [111] for Y7? manifolds and in [112] for LP%". Dual giant
gravitons have been studied in [110] and recently giant magnons and spiky strings
moving in a sector of AdSs x T!! have been examined in [113].

More details on the metrics of these backgrounds and their general properties
will be written in the relevant chapter where we will need them and in the appendix.

We already mention several gauge/gravity dualities with reduced supersymmetry.
Moreover, we gave an introduction of how the Wilson loops can be seen in the
original Maldacena conjecture. As a next step one can ask several questions; for
example when the Legendre transform in other general gauge/gravity dualities can
be used to eliminate the linear divergencies in Wilson loop expectation value. Or
even to try to propose a Wilson loop operator in other field theories motivated by
the gravity results, or to derive it with the field theory methods mentioned above.
One more realistic question would be to consider specific Wilson loops in deformed
gauge/gravity dualities, eg. generalizations of the 1/4 BPS Wilson loop of N = 4
super Yang-Mills and see if and how the expectation values change in these theories.
One other thought would be to find semiclassical string solutions in the Sasaki-
Einstein manifolds and investigate the energy-spin relations. In the next chapters

we try to address these questions among many other topics.



Chapter 2

UV-divergences of Wilson Loops
for Gauge/Gravity Duality

So far there has not been much discussions on the structure of the UV divergences
and their cancelation for Wilson loops in more general gauge/gravity correspondence
beyond the original AdSs x S° case. In a general supergravity background where
the metric is different from the simple AdSs x S° one, and where a nontrivial B-
field and dilaton could be present, there can be new kind of UV divergences. It
is interesting to ask whether the implementation of the Legendre transform can
cure all the UV divergences or not. In [15], the effects of a varying dilaton were
analyzed by including the Fradkin-Tseytlin term for the dilaton [16]. It was found
that new UV-divergent terms proportional to \/l_/e and log 1/€ occurs . Moreover
these divergent terms cannot be subtracted away by the application of Legendre
transform. A direct subtraction is applied to extract a finite result. However, the
subtraction of the log-divergent term is associated with a finite ambiguity and further
physical input is needed to fix the supergravity prediction for the expectation value
of the Wilson loop. This is unlike the cancelation of the leading linear divergence

in the Polyakov action through a quadratic constraint on the loop variables, which

1These divergences were computed for the worldsheet associated with the Wilson line operator
with fermion bilinear insertion. However it is easy to see that these divergences are common to

Wilson loop too.
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has a nice geometrical and physical interpretation.

In this chapter, we focus on the gravity dual analysis of the UV divergences from
a nontrivial metric and B-field. The main motivation of our work is to provide a
general analysis of the kind of UV divergence that may occur in the Wilson loop
correspondence and to provide a prescription for their cancelation. We show indeed
in general there are new kinds of UV divergences associated with the metric and
the B-field that cannot be canceled away by the Legendre transformation. However,
when certain asymptotic conditions for the metric and the B-field are satisfied, the
leading UV divergence becomes linear and one can cancel out the divergence with the
Legendre transform by choosing the open string boundary condition appropriately.
Things are different for the B-field. We find that the situation is similar to the
dilaton: in general the divergences (if any) associated with the B-field cannot be
canceled by the Legendre transformation.

Another motivation of this work is to understand the role of supersymmetry in
the holographic correspondence of Wilson loop in a general gauge/gravity duality.
In the N = 4 case, the Wilson loop operator (1.22) preserves some amount of local
Poincare supersymmetry and is sometimes referred to as ”locally BPS”. One may
wonder if the finiteness of the Wilson loop is related to the preservation of local su-
persymmetry. Wilson loop operator, being a nonlocal divergent functional, cannot
be renormalized by the ordinary R-operation [17] restricted to the local operators.
The renormalization properties of Wilson loop with pure glue has been studied in,
e.g. [18-20], and it was found that, apart from the conventional wavefunction and
coupling renormalization, the only divergence in W[C] is a factor e"¥%, where K
is a regularization dependent linear divergent constant and L is the length of the
loop. This is independent of the form of C and hence the Wilson loop is multiplica-
tive renormalizable. In A/ = 4 SYM there is no wavefunction renormalization or
coupling renormalization, thus the finiteness of the expectation value of the locally
BPS Wilson loop means that the multiplicative renormalization factor is finite. As
is common in a supersymmetric field theory, it is natural to associate the absence
of renormalization of this class of Wilson loop operators with the presence of local

supersymmetry, and to suspect that the later is responsible for it. It is thus inter-
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esting to consider Wilson loop which preserves less or no local supersymmetry and
check if this is correct.

Originally this work motivated from the examination for the Wilson loop cor-
respondence in the Lunin-Maldacena duality [22], which is the topic of the next
chapter. For now we mention only that among other results we found there, the
absence of the divergence of the minimal surface in supergravity side, is due to some
special properties satisfied by the metric and the B-field. Although the operator
we proposed is non-BPS; still there is the possibility that the cancelation of the UV
divergence is due to the underlying A/ = 1 supersymmetric dynamics. So a natural
question we asked and try to answer in this chapter is in what extension these results
hold in general gauge/gravity dualities.

In this chapter, we find that the finiteness of the Wilson loop has nothing to
do with supersymmetry at all. As in the AdSs x S° case, the boundary constraint
of the worldsheet has an intermediate interpretation as a constraint on the loop
variables of the field theory Wilson loop operator. It is a pure coincidence that this
loop constraint also implies a preservation of local Poincare supersymmetry in the
N =4 SYM theory. In general, this condition has nothing to do with preservation
of any supersymmetry. In fact, as we will see, the multi-parameters (3-deformed
supergravity background is an example where the Wilson loop expectation value is
finite and where the background is not supersymmetric.

The plan of the chapter is as follows. In section 2.1, we present our analysis
of the UV divergence in the supergravity Wilson loop associated with the B-field
and the metric. In general the divergence that may arises from the B-field coupling
is of a different structure from that in the Legendre transform and so cannot be
subtracted away. For background where such divergences are absent, the leading
order divergence arises from the area and it can be canceled away using Legendre
transform if certain asymptotic conditions are satisfied for the metric and the B-field
and if the boundary coordinate of the open string satisfy a certain constraint. As a
consistency check, we show that this loop constraint guarantees that the loop equa-
tion is satisfied. Subleading divergences could be present in general. We provide a

stronger criteria on the supergravity background where the subleading divergences
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are absent and the Wilson loop is expected to be finite. In section 2.2, we ana-
lyze the conditions for the cancelation of leading divergence and show that they
can be solved quite generally. Some explicit backgrounds which satisfy these con-
ditions are given as examples. Many of them also satisfy the stronger form of the
cancelation conditions and so for these backgrounds, Wilson loop computed using
the supergravity description (1.27) is finite. As a final example, we consider the
Klebanov-Strassler background and show that the leading linear divergence in the
area can be canceled away as usual. However there are subleading divergences of
order (log €)? associated with the B-field and this cannot be canceled away with the

Legendre transform.

2.1 Structures of UV divergence in the Wilson

loop in general supergravity background

2.1.1 Conditions on the supergravity background and the
string worldsheet for cancelation of leading order di-

vergence

Consider a general supergravity background. The string worldsheet is sensitive to
the metric, NSNS B-field and the dilaton. The structure of UV divergence associated
with a varying dilaton has been analyzed in [15] and we will focus on analyzing
the effect of a general metric and transverse B field on the UV divergences of the

supergravity Wilson loop. Denote the metric in the string frame as

ds® = G, dX* X" + Gy;dY'dY7, (2.1)
where pu,v = 1,--- ,m denotes the indices of a m-dimensional spacetime; and ¢, j =
1,--- ,n denotes the indices of a n-dimensional internal manifold. For this metric

to be relevant for a holographic correspondence, we assume that the metric has a
(conformal) boundary at Y = 0, where ¥ := /(Y*)? is the radial variable and is of
length dimension. It is also convenient to introduce the angular variables §* where

Yi = Y6 with 82 = 1. We will assume that in the leading order in Y, the metric
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have the following asymptotic dependence near the boundary:

Py

G = 22

+o Gij:++"'~, asY — 0 (2.2)

for o, 8 > 0. Here hy,,, k;; are functions of 6% only and - - - denotes subleading terms.
Next let us analyze the string boundary condition. Let (01,02) = (7,0) be the

worldsheet coordinates. The worldsheet action of the string is

= / Lo (y/detg — iBydYid,Y7), (2.3)
=

where gag = G170, X'05X" is the induced metric. We note that since the world-
sheet is an open one, the B field coupling itself is not invariant under the gauge
transformation 6B = dA. 'In order to be gauge invariant, the B term should be
supplemented with a boundary coupling faz A. Without writing this term, we are
assuming we are in a gauge where A = 0 and B is the corresponding potential in this
gauge. However how to fix this choice of B-field is a subtle issue. Similar subtlety
also arise in the computation of Wilson loop expectation value using D3-brane dual
where one need to know the form of the RR 4-form potential C4 used in the WZ
coupling of the D3-brane [59]. There a symmetry criteria is used to pick a certain
natural form of C;. We will assume that similar considerations can be applied and
the correct form of B field is used in the analysis below.

The equation of motion implies the Hamilton-Jacobi equation

GY(P, - iBy&Y*)(P; — iB;,Y') + G* P,P, = G;;0,Y'dY? + G0, X*0, X(2.4)

where
P, = Gy;J\P85Y7 +iB;jdY?, P, =G, 20X (2.5)
are the momentum and
1
J P = — g€ (2.6)
\/g vy

is the complex structure (o, 8 = 1,2) on the worldsheet. Substitute the conjugate

momentum, we obtain

k.
Ys

ki]’aﬁlyial Y7 + h 0 X 8, X"

fa J1°‘8&Y"J158ﬁYj + hwjlac’)axﬂjlﬁaﬂXu = =2

(2.7)
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near ¥ = 0.

One like to know how this equation put constraint on the boundary variables of
the theory. To do this we need the boundary conditions for the string coordinates.
Suppose that the Wilson loop is parametrized by (z#(01),%*(o1)) and choose the
world-sheet coordinates such that the boundary is located at o3 = 0. First we have

the Dirichlet boundary condition for the coordinates
X*(01,0) = z#(01). (2.8)

For the remaining coordinates Y*(o1,02), due to the presence of the B-field, we

propose the mixed boundary condition
Je8,Y*(01,0) + iB*,8,Y!(01,0) = E* ¢}(01), (2.9)

where E*; is some invertible matrix which can depend on Y, §*. Its form will be
determined later.

For now, focus on the first term on the RHS of (2.7). For a string which termi-
nates at the boundary, it is Y*(oy,0) = 0. This would imply also 8;Y*(01,0) = 0. If
B—a <0, then we can get rid of this term immediately. If 8 —a > 0, then this term
indeterminate. To proceed, we consider a limiting process of letting Y — 0. One
can get rid of this term if 2 ,Y* = o(Yﬁ—Ta). As in the AdSs x S° case, the term
Py, J1%0a X*J190, X" on the LHS of (2.7) has to vanish near a smooth boundary
since otherwise the determinant of the induced metric will blow up and this will

cost an infinite area. Therefore we arrive at the condition
1 . .
2t = mk,-leaaayuﬁagw (2.10)

for a worldsheet which terminates on the boundary Y = 0. In order for the condition

to make sense, one need J,%9,Y" to be of the order of y=e,

2We use the symbol f = o(g) to mean lim f/g = 0, i.e. f tends to infinity slower than g or f
tends to zero faster than g. We also use f = O(g) to mean lim f/g =k, 0 < k < c0. i.e. f tends
to infinity not faster than g or f tends to zero not slower than g or f tends to infinity not faster

than g.
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Before analyzing further the boundary condition, let us turn to an analysis of

the divergence in the worldsheet action I and its Legendre transform

I

I- ?{dalPiYi. (2.11)

As in the AdSs x S° case, the area A may pick up a divergent contribution from the

boundary. This can be seen by writing the metric in the form

dy? +

o kB
GydY'dY? = =2

2 S
Yﬁ 88 + gk fdBdY oo, (212)

where - - - denotes terms coming from the subleading expansion terms in the metric

(2.2). Near the boundary, A picks up the dominant contribution

k.00
/dem J

= hu,THEy + - - - . (2.13)

Since the metric is singular at Y = 0, we introduce a regulator Y = ¢ and evaluate

the regularized action for Y > e¢. The divergent part of the area is

A= W / do1/ k009 R 227 + - (2.14)

where ¢! := (o 4+ 3)/2 — 1 and --- denotes possible subleading divergent terms.

The B-field coupling can be written as
—1 / B0, Y'8,Y7 = —i / & (B0, YY) + i / Oy(B;;0, Y)Y, (2.15)
With the cutoff Y = ¢, the first term on the RHS contributes the boundary term
fdaliBinialelyze, (2.16)
which cancels against the B-dependent term from the Legendre transform
PY' = G;Y'J,°0,Y? +iB;;Y'0,Y7. (2.17)

Therefore we can write

.i:jA—i-IB, (218)

where

4= A— ]{ doy GiY' 1%0,Y7, (2.19)
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Ig = i/dza 8a(By;6,Y*")Y7, (2.20)
are the Legendre transform modified contributions of the area and B-coupling term.
There is a reason we group the terms in this way. Note that the term G;Y*J1%9,Y7
is of the order of 1/ Y31 and is of precisely the same order of divergence as in A.
Note also that A has a dependence in J;%8,Y7 due to (2.10). Thus it is in principle
possible to cancel the divergence in A using the term f Gi;Y'J1%9,Y?. On the other
hand, the term Iz depends on 8,Y*. This dependence is different from the other
terms. Thus the B-field contribution, if divergent, corresponds to a new divergence
with a different type of functional dependence on the variables of the theory.

Let us consider a B-field such that

i 1
BijalY =0 (m) . (221)

2

This implies that the divergence in Ig will be subleading compared to I4. This con-
dition also implies that the second term on the LHS of (2.9) behaves asymptotically
as

B-—a

iB*0,)Y = o(Y 7). (2.22)

Since J;%0,Y* is the order of Yﬁ%a, one can drop the B-term in (2.9). It is con-
venient to define E¥, = Ya;ea./\kl and the boundary condition (2.9) can be written
as

J20.Y*(a1,0) = Y2 AR, 4 (01). (2.23)

The Hamilton-Jacobi equation (2.10) becomes
hu 5" = ki N Ay (2.24)

This condition will play a key role in the cancelation of the divergences in I4. To

see this, note that

1

1
yaT =

Gi]-YiJlaﬁan = YB—l

kijeieijlaaaY + kijjlaeiaagj +en (2.25)

where --- denotes the subleading contribution from the asymptotic expansion of

the metric (2.2). This is to be compared with the leading divergence /k;;6%07 -
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VP &Pz /Y %21 in A, which, using (2.10), can be written as follows:

9 — — —
W\/ (J198,Y 12ki;0009 + 2Y J128,Y JyPk;;6'0507 + Y2, 8k;; 00195607
(2.26)

Obviously (2.25) and (2.26) cannot match in general. Doing so will require an extra
constraint among the derivatives of §' and Y, which, first of all, is not obvious
it is in consistent with the relation (2.10). Moreover this relation does not have
any obvious physical interpretation in field theory. On the other hand there is a
particularly simple set of conditions which guarantee that (2.25) and (2.26) are

equal, namely,
ki =07, (2.27)
B—a<?2. (2.28)
In fact the first condition implies immediately kijﬁiaoﬂj = 0 and hence the vanishing
of the second term in (2.25) and (2.26); while the second condition says that the

last term in (2.26) is subleading compared to the first term. As a result of (2.21),

(2.27) and (2.28), we can write

i7a j 1 1 i Ja ] y
Gin .]1 3QYJ = Yﬂ_l J]aaay t+-- = W\/kij']laaay Jl 3,,YJ +--- (229)
near Y = 0, and the Legendre transform contributes the singular terms
i 1 i
d0'1PiY = m dal\/kijAmAJny y +---, (230)

where we have used (2.23). Therefore the leading divergence term in (2.14), (2.30)

cancels if ¢ = 1, i.e. if the leading divergence is linear:

T =2 § (VEad® = VRRnln )+ (2.31)

€

and if the Hamilton-Jacobi condition (2.24) holds. Here - - - denotes the subleading
contribution from the asymptotic expansion of the metric (2.2). Whether there are
further subleading singularity (like, for example, 1/1/€ or loge type) or not will
depend on the specific details of the asymptotic form of the background metric.
Note that since 8;Y" is of order Y, the sufficient condition (2.21) for the Ig-term to

be subleading divergent can be written as

1
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On the other hand, if
1
Bijj=o0|=], )
7 o (Y2> (2 33)

then the / p-term is non-divergent.

Summarizing in a general supergravity background, the B-field coupling in the
worldsheet action generically generates a divergence which cannot be canceled with
the Legendre transform. A sufficient condition for the B-field contribution to be
finite is (2.33). When there is no such divergence, the leading order divergence in
the Wilson loop arises from the area and it can be canceled with the application of

Legendre transform if the following conditions are satisfied:

1. supergravity background:

- The supergravity metric takes the asymptotic form (2.2) near the boundary.

Moreover

a+pB=4 [—-—a<?2. (2.34)

- The boundary metric h,, is independent of 6°. The transverse part of the

metric satisfies the boundary condition
kijé?i = Bj. (235)

These conditions are conditions on the background and do not impose any

extra constraint on the form of the Wilson loop variables.

[S]

. string worldsheet:

The boundary constraint (2.24) for the string worldsheet is satisfied.

In general, once the leading UV divergences are canceled, there may be further
subleading singularity (like, for example, 1/+/€ or log € type). An extensive analysis
of them will need information on the specific details of the asymptotic form of the
background metric, the B-field and the dilaton. Generally we don’t expect the
subleading divergences can be canceled with the application of Legendre transform.

A special situation with no further subleading divergence is if the leading cor-
rection term in the asymptotic conditions (2.2) and (2.33) are of at least order Y.

We will examine some examples of this kind later.
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2.1.2 Comments: boundary constraint as loop constraint

Just as in the original AdS; x S5 case, one would like to interpret the boundary con-
straint (2.24) for the open string as a condition in the field theory. Since the Wilson
loop is specified by the loop variables * and ¢, and 6* does not play any role, the
loop constraint should not depend on #*. This means h,, should be independent of
6*. For the same reason, one should choose A*,, such that kg A¥,,Al, is independent

of #. Generally this can be achieved by taking A¥,, of the form
AF, = AR M, (2.36)

where Akl is the vielbein of the metric ky; and MY, is an invertible matrix which is
independent of #* but can depends arbitrarily on parameters which have meaning
both in supergravity and in the field theory (e.g. the °t Hooft coupling or parameters
in the theory such as the 8-deformation parameter in the Maldacena-Lunin duality).

As a result, the condition (2.24) takes the form
hu itz = a; 'y, i,j=1,---.,n (2.37)

where we have defined a;; := M™;M";. In general the form of the matrix a,; will
be a function of the couplings of the theory and cannot be fixed from the super-
gravity analysis alone. In the original N’ = 4 SYM case, the matrix a;; is given by
a;; = 6;; [13]. We have also computed the constraint for the N/ = 1 $-deformed
superconformal field theory and find a;; = d;; up to A\* order in perturbation the-
ory [24]. We emphasize that in general the constraint (2.37) has nothing to do with
preservation of any supersymmetry. It is a pure coincidence that this loop con-
straint also implies a preservation of local Poincare supersymmetry in the N' = 4
SYM theory.

Let us make a consistency check on the boundary constraint (2.37). In the large
N limit of gauge theory, Wilson loop satisfies a closed set of equations called the loop
equation [60]. To further justify the supergravity procedure for the computation of
the Wilson loop expectation value, one should check that the supergravity ansatz
(1.27) satisfies the loop equation [60]. As in the AdSs x S° case, although the leading

linear divergence cancels out when the loop constraint (2.37) is satisfied, the loop
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variation does not commute with the constraint and so the linear divergence may
gives a divergent contribution and violate the loop equation. We show this is not
the case.

The loop derivative operator is given by

. s+n , 52 B (52
L=1 d ds'{ ———— - a"————}. 2.
imfo [ (G amw) . @
That this definition is correct can be confirmed by checking that L(W) = 0 in field
theory for the Wilson loop operator (1.22). As usual the loop regulator n has to be
taken much smaller than the UV cutoff scale € in order to extract the equation of

motion terms. Now acting on the supergravity ansatz (1.27) with the loop operator,

we get the leading term in large A,

§Ia 6l 8In 6l
A - — . .
i fos [ (W ()25 6yz<s'>6yi<s>) (239

Let us now extract the divergent contribution from I, in (2.31). Given the condition

(2.37), we can choose a parametrization such that h,,z#%” = a;;y'y’ = 1 and get

Lw) = Z’ fds (R — agiii)) - (2.40)

For a smooth loop the terms in the integral are finite. Therefore by taking n going
to zero faster than €?, we find

LWy =0 (2.41)

and the loop equation is satisfied.

2.2 General solution to the conditions on SUGRA

background and examples

2.2.1 General solution to the metric condition

The condition (2.27) on the metric may look a little restrictive at first sight. We

show now that it is in fact satisfied by a general class of metric of the form

ds? = H(Y)dT? + Ha(Y)dX2 + F(Y)dY? + g;;d6°d6?, (2.42)
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where 6%, 4,5 = 1,--- ,n are the coordinates of the n — 1 dimensional space X,_;
and the metric g;; is a function of Y, e.g. as in the Klebanov-Strassler metric [61].
The metric can be thought as a warped product of the boundary épacetime (T, X )
and the transverse space (Y, 6*).

Defining Y* = Y#" and making the coordinate transformation we get
g;d0'd6? = W(gk, + g:;0°0°6%6" — g,6'0% — g,,0°0")dY'dY*. (2.43)

So our metric become

ds* = H\(Y)dT? + Hy(Y)dX? + Gy;dYidY?, (2.44)
where
inj | 1
Gij = F(Y)e 0] + WAij, (245)
and
Ay =gy + 9i0°6'6°'67 — 9,6'6" — g;16'¢". (2.46)

The matrix A;; satisfies the following identity,
Aijﬁj = 0., (247)

and so

G,;Y! =F{Y)Y* (2.48)
Note that (2.48) is of the form of (2.27). Therefore if F’ behaves as

1

F(Y) =25,

Y —0, (2.49)

near the boundary, then the condition (2.27) is satisfied. Therefore if also a+ 8 =4
and 3 — o < 2, then the metric conditions are satisfied.
It is easy to give example where the condition (2.27) is not satisfied. For example,

if we have started with a metric with an additional cross-terms dY d¢*
ds? = H,(Y)dT? + Hy(Y)dX? + F(Y)dY? + K,(Y)dY df' + g;;d6'd6?,  (2.50)
then under the same coordinate transformation, the additional term takes the form

: : 1 4
K, (Y)dYd§t = %(%(9’*1{, +0'Ky) — (Kiel)ekel)dykdyl = ?gk,dY“le. (2.51)
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&w satisfies the following identities

&0 = Z(K, — (K88, &89 =0, gijeiaaﬂ':%mae‘ (2.52)

o] =

Denote the whole metric as G;; := H;; + Y 1&,;, where H;; is given by the RHS of
(2.45). It is

. . 1 .
Gi;6 = F(Y)6' + W(Ki — (K,6H6"). (2.53)

Since the right hand side is generally not proportional to 6%, the condition (2.27) is
no longer satisfied. Note that the cross-terms in (2.50) may be eliminated with a
shift of 6* — 6* +a;(Y). However the new #’s will not satisfy the condition (6*)% = 1

anymore. This is another way to see that the metric conditions are not satisfied.

2.2.2 Examples

Here we examine some backgrounds with known dual field theories, to which our

analysis can be applied.

e Background with AdSs x X° metric

This is a standard example. The metric of the space can be written as

dU?

2

3
ds? = U2 Z dXHdX* +

pu=0

+dX2. (2.54)

where X® is an internal compact space. In this case @ = 2 = § and the condition
(2.34) is satisfied. The linear divergence in A is canceled by the Legendre transform

and I, is finite. Some explicit examples are, X3 = S5, 55, §3 TH YyPa [Par

Y1,¥2,73°
etc., where respectively these spaces are the 5-sphere for the original Maldacena
AdS/CFT correspondence, the (-deformed 5-sphere for the Lunin-Maldacena -
deformation [22], the multi-parameter S-deformed sphere, and the Sasaki-Einstein

spaces [100-103]. The boundary condition for the string minimal surface is
J28,Y*(01,0) = A*, M™ 9 (0y). (2.55)

It is easy to see that I is finite for these cases. In the AdSs x S° case or in the

duality with Sasaki-Einstein spaces, there is simply no B-field. In the g-deformation
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or the multi-parameters (-deformation, the B-field is of the form

B= %Babd¢ad¢b, (2.56)
where Y (u,)? = 1, ¢° (a = 1,2, 3) are the azimuth angles defined by (3.6) and B, is
a function of y, given from (3.20). This form of the B-field respects the symmetries
of the B-deformed sphere and we will take it to be the B-field where the string is
coupled to. In general one may get a different answer by using a different gauge
equivalent B-field. This is similar to the situation discussed in [59] where an open
D3-brane is employed to compute the expectation value of Wilson loop in higher
representation. There the answer is shown to depend on the gauge choice of the
RR 4-form potential C4 which appears in the Wess-Zumino coupling. A symmetry
argument was used to suggest the natural form of the Cj to be used.

Obviously the B-term in the worldsheet action is finite. For the piece B;;Y'9;Y’?
in the Legendre transform, since B;; is of order 1/Y?, this term is potentially linear
divergent. However this does not happen since, as we will show in the next chapter

using the relations (3.20), a B-field of the form (2.56) satisfies the condition
Bini = 0 (257)

exactly [24].

As a result, the piece B;;Y'9,Y7 in the Legendre transform is zero. Therefore,
there is no divergence associated with the B-field. This can also be checked using
(2.20). For example the contributions from Bis, Bys to 8o(B;;Y")Y7 is of the form
~ %}?)281)/162%. This is finite as ¥ — 0 and so Ig is free from any divergence.
Also since there is no subleading correction terms to the metric and the B-field,
there is no subleading divergence at all. The Wilson loop is finite.

We remark that the background AdSs x S3

424 fOT the multi-parameters (-

deformation is not supersymmetric, but the Wilson loop expectation value is finite.

This clearly shows that supersymmetry or the satisfaction of the BPS condition for

the loop is not what is required for the finiteness of Wilson loop expectation value.
e Supergravity background with asymptotically AdSs x X° metric

The first kind of example is given by a finite temperature deformation of any of the
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metric above. For example for A’ = 4 at finite temperature, the metric is

ds® = U2( _a- Uy (dXi)2) + (1 -

Uiy -1dU?
i )

Asymptotically, the metric behaves identically to that of the AdSs x S® background.
So the cancelation of the infinity occurs with the same boundary conditions as in the
AdSs x S° case. Putting a finite temperature deforms the asymptotic form of the
metric with power-like terms and this does not introduce any additional subleading
singularity.

e Sakai-Sugimoto QCD model

The background consists of a dilaton, a RR 3-form potential and the metric [62]

3/2 3/2 2
i = (Y (NudX*dX" + f(U)d2?) + e d + U0 |,
v 4

R U f(U)
3/4 3
& = g, (%) , f(U)=1—U§’§'. (2.59)

Here X* (u = 0,1,2,3) is the spacetime. 2z = X?° is periodic and describes the
compact direction of the D4-brane. U > Ugg corresponds to the radial direction
transverse to the D4-brane. With the coordinate transformation Y = R2/U, the

metric near the boundary U = oo reads

9 R 3/2 v 2 R 52 2 2 2
ds? = v (NudX*dX" + dz°) + v (dY~* +Y*dQy). (2.60)

In this case @ = 3/2,8 = 5/2 and the condition (2.34) is satisfied. The leading
UV divergence is a linear one and it can be canceled with a choice of the boundary

condition for the string minimal surface
J20,Y¥(01,0) = Y2 M¥ i (o). (2.61)

The vielbein is trivial since k;; = é;; (¢,7 = 1,---,5) for the boundary metric.
Including the contribution of the pion field g, we propose the following form of the

Wilson loop operator for the Sakai-Sugimoto QCD model,

WI[C| = Yi/,—T‘r P exp <}£ dr(1AZ" + ipoz + @iyi)) , (2.62)

and the constraint is
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Moreover since the subleading correction terms to the metric is power-like, therefore
there is no further subleading UV divergences.

¢ Klebanov-Strassler background
Another example is the Klebanov-Strassler background [61] which describes a warped
deformed conifold. In this case the asymptotic behavior of the metric is different
from the power ansatz (2.2). However it is not difficult to repeat our analysis above.

The background has a constant dilaton, a RR 2-form, and the metric and B-field

313 1

- 2 T
ds® = h VYV m2dr,dz, + h'/? 24/3[{ 3KJ(dT + (gs)?) + cosh? 5[(93)2 + (94)%]
+sinh? Z[(g)* + (92)7]] , (2:64)
B A go + kgs A ga] (2.65)

where g; is a basis of invariant one-form on 7!

1
g1 = %(—Sld(ﬁl — C¢82d¢2 + Sd,deg), g = 7((191 — S¢82d¢2 — Cd,deo)
1
g3 = _ﬁ —s1d¢; + CwSQd(ﬁz — Swd@g), gs = 7§(d91 + S¢82d¢2 + C¢d92)
dw + Cld(Z)l + C2d¢2 (266)

The B-field respects the symmetries of T!! and we will assume that this is the
proper B-field where the string is coupled to. k, K, f and k are some functions of T
whose form can be found in [61]. For our purpose, we record their asymptotic form

for large 7,

107

ar . 4T 27
h=e5(4r—1)+0(r%e~7), K=2Y%"31- 5 e )+ 0(e™%), (2.67)

T—1

-1
f— —re7 +0(1e”) , k— 17- +7e T+ O(re™ ). (2.68)

In this limit, the metric becomes
ds? = h=V2(r)dz? + hM?(r)ds?, (2.69)
where the radial variable is defined by

rd=rle (2.70)
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for some resolved scale rs. The warp factor is

1 roo1 1, 1y,
h= oy <logr—s — Z) +o0 (TTO(log T_s) ) (2.71)

and ds? is the cone metric over 7!

dsi = dr* + rids3... (2.72)
The B-field behaves
B = O(log Ti)(sldeuaw)1 — s5ydzdehs). (2.73)
Putting Y = 1/r, we have near the boundary ¥ = 0
G e 1+ 0 ! ) (2.74)
w Y2\/logY logY’ )’ -
ViogY 1
o= kS ) _
Gij i~y 1+ O(logY) , (2.75)
and
logY

Here h,, = 7, and k;; can be worked out using the metric of T"!. These details
will not be important for us. Note that the metric (2.64) is of the form (2.42) and
so it satisfies the condition (2.48).

The Hamilton-Jacobi equation (2.7) is replaced by

(log Y )kij J1%0aY * J1P05Y T+ b, J1%0, X# J1P05 XY = (log Y Yki;0,Y 0, Y I+ 1,0 X0, X"
(2.77)
The string boundary condition is given by the same Dirichlet condition (2.8) and
mixed boundary condition (2.9). For a string terminating on the boundary, we
have Y*(0,,0) = 0. To get rid of the first term on the RHS of (2.77), we require
that 8,Y"(0,,0) = o(1/v/logY). This also implies that the B-term in the mixed
boundary condition
iB*0,Y' = 0o(1). (2.78)
The Hamilton-Jacobi equation in the limit ¥ — 0 makes sense if J,%0,Y"*(o1,0) is
of the order of 1/y/log Y. Therefore, we can drop the B-term in the mixed boundary

condition (2.9) and write

1

Jlaaayi(alaO) = \/m

Aijyj(al). (279)
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The Hamilton-Jacobi equation finally gives
huw*z” = ki At A g™ (2.80)

Now we examine the structure of UV divergences. For the area part, it is easy
to see that we get the same linear divergence (2.31) as before and so I, is finite if
the loop condition (2.80) is satisfied. As for the B-field, since 8,(B;;8,Y*)Y7 is of
the order of logY/Y, therefore

Ig ~ (loge)?. (2.81)

This is a new divergence which can not be canceled with the Legendre transform.

2.3 Discussions

In this chapter, we have analyzed of the structure of UV divergences in the Wilson
loop from the supergravity point of view by including the effect of a non-trivial metric
and a NSNS B-field. We find that in general there can be new divergences which
cannot be canceled with the Legendre transform. We also find that when certain
conditions are satisfied by the B-field and the metric, the leading UV divergence
becomes a linear one and this can be canceled away by choosing the boundary
condition of the string appropriately. In general there may still be divergences
associated with the B-field, and if they do exist, there is no way to cancel them
with the Legendre transform. This is similar to the result of [15] where analyzed the
effect of a nontrivial dilaton on the structure of UV divergences in Wilson loop. We
conclude that the Legendre transform is at best capable of canceling only linear UV
divergences, but is incapable to canceling any subleading divergences which may be
present, no matter whether it is due to the dilaton or the NSNS B-field.

Our analysis is performed on the supergravity side. It is an interesting question
to check and confirm the form of the loop constraint (2.37) from the field theory
perspective. To do this, one need to know the form of the Wilson loop operator
that is dual to the supergravity computation. In the simplest case where the field
theory has the same number of (adjoint) massless scalar with the dimension of the

internal manifold, the natural candidate for the operator is a direct generalization
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of (1.22). However, the field theory may have different number of scalar fields
in general. This is the case, for example, in the quiver theories that are dual to
backgrounds with Sasaki-Einstein spaces [100-103]. There the form of the Wilson
loop operator is unknown. In this example one may try to exponentiate a product
of the bifundamental fields in order to construct the Wilson loop. But since scalar
field has dimension one in four dimensions, one needs to compensate the dimension
with another dimensional quantity. This is not completely clear what it might be
in a conformal theory. It will be interesting to analyze this further and to construct
the Wilson loop operator for these theories.

Since we already analyzed of the structure of UV divergences in the Wilson loop
for a general gauge/gravity duality, would be very interesting to consider particular
dualities, with less supersymmetries and see how these general features can be apply
there. Moreover, the derivation of the Wilson loop operator in any theory it is
important task on its own. These are some issues that we try to investigate in the

(-deformed theories in the next chapter.



Chapter 3

Wilson Loop in f-deformed

Theories

In this chapter we are looking at the Wilson loops in the Lunin-Maldacena corre-
spondence. Aspects of the supergravity duals of Wilson loops in the (-deformed
SYM theory has been studied before [37,82]. The work of [37] is a generalization
of the fact that the Wilson loops in the symmetric or antisymmetric representa-
tion in the original AdS/CFT correspondence can be described in terms of a single
D3-brane or D5-brane with worldvolume RR flux. See [59,64-69] for the 1/2 BPS
case and [70] for the D3-brane dual for 1/4 BPS Wilson in symmetric representation.
Moreover, analogous to the approach of [77], the supergravity description for certain
half BPS Wilson loop has also been obtained [78-81].

However in the relevant works for the 3 deformed theory, the form of the field
theory operators that are dual with the supergravity configurations has not been
identified. We note that here the Wilson loop operator (1.22), (1.23) is non-BPS
since the gauge bosons and the scalars are in different N' = 1 supersymmetry multi-
plets and so their supersymmetry variations cannot cancel out each other. Confor-

mal supersymmetry also does not mix these multiplets. ! One can check that even

1We note, however, that the Wilson loop operator (1.22) is half BPS if the curve is taken to be
a lightlike line (possible in the Lorentzian case) and with g* = 0. This operator has no coupling
to the scalar fields and is not sensitive to the deformation. In this chapter we focus in the case

where the Wilson loop has coupling to the scalar fields since we are interested in the effects of the

48
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by allowing general fermion coupling, it is not possible to construct a supersym-
metric Wilson loop. It thus appears impossible to construct a Wilson loop operator
which respects some of the A/ = 1 superconformal symmetries of the 3-deformed
SYM.

Moreover as we saw before and we point out here again, although the Wilson
loop operator (1.22), (1.23) is non-BPS 2, it shares a distinguished property of the
locally BPS Wilson loop operator in the A/ = 4 theory - namely, it has a finite
vev. This is not true for a generic non-BPS Wilson loop. To distinguish it from a
generic non BPS loop, we call the operator (1.22), (1.23) in the 3 deformed theories
a near BPS Wilson loop operator (or maybe another appropriate name would be
like BPS Wilson loop operator). An analogous example is the BMN operator in the
N = 4 SYM theory. The BMN operator is not a BPS operator, but it has a finite
anomalous dimensions in a particular double scaling limit [83]. This operator is very
interesting and have been studied extensively. We stress that the near BPS Wilson
loop operator is not a deformation of a BPS one. The use of “near” is to emphasize
that although it is not BPS, but it has finite expectation value just as a BPS Wilson
loop operator in the N = 4 theory does.

We propose that dual operators for the D-brane configurations in [37] are given
by the near BPS Wilson loop operators (1.22), (1.23) whose path is a circle in
the z-space and a point in the transverse space. When 8 =~ 0, an approximate
half of the associated N/ = 4 supersymmetry is preserved. And one may call this
Wilson loop operator near-half BPS. We also consider the near-1// BPS case and
construct the dual microscopic string description. The Wilson loop’s expectation
value is computed using the AdS/CFT correspondence and, as expected, it is finite.
Unlike the near-1/2 BPS Wilson loops where the authors find that precisely the
same undeformed ansatz has to be taken to construct the desired dual D-branes
configurations, here we find that one has to employ a modified ansatz to construct

the dual string minimal surface.

[-deformation. We thank Nadav Drukker for a discussion on this.
211on-BPS in the local sense. For simplicity, unless otherwise stated, we will omit “local” in the

following. The meaning should be clear from the context.
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The chapter organized as follows. In section 3.1, we review the Lunin-Maldacena
background in its original form where the deformed sphere metric is written in the
angular coordinate system. Since the 1/4 BPS Wilson loop necessarily involves a
non-trivial coupling to the six real scalars field, for the purpose of using AdS/CFT,
it is more convenient to re-express the deformed five-sphere metric and the B-field
in terms of the embedding R® coordinates. We then show that the metric satisfies
the properties we expect according to our discussion in the previous chapter and we
point out the remarkable property satisfied by the B-field, which used in chapter 2.
In section 3.2 we claim, using some field theory arguments, that the form for the
Wilson loop operator could remain undeformed in the 3 deformed theory. We also
support our claims with the appendix A.1, where we try to derive the form of the
Wilson loop in the large N limit using the phase factor associated with the infinitely
massive quark obtained from the breaking U(N +1) — U(N) x U(1). We finish, by
giving in section 3.3 the dual string solution in the Lunin-Maldacena background
of a near-1/4 BPS circular Wilson loop. Unlike the undeformed case where the
string surface is confined on a S? in the five-sphere, the string now extends on a
deformed S3. The expectation value of the Wilson loop is computed and found to
be undeformed. This could mean that the exact expectation value of the Wilson
loop is given by the same matrix model as in the undeformed case.

A number of additional appendices are included. In appendix A.2, we collect
some of the formula of the deformed metric expressed in the Cartesian coordinates.
The Hamiltonian-Jacobi equation in the presence of B-field is also derived in Ap-
pendix A.3. Finally, we show that the 1-loop corrected scalar propagator and gauge
boson propagator in the Feynman gauge remains equal. Using this result, we show
that our near BPS Wilson loop operator is free from UV divergences up to order

(9°N)*.
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3.1 The Lunin-Maldacena Background

The type IIB supergravity solution that is dual to the S-deformation of AV = 4 super

Yang Mills was found in [22]. In the string frame it is:

ds® = R? |ds s, + D (dp? + Gulde?) + Gududu3 (Y dei)*| . (3.1a)

e’® = ¢,G, (3.1b)

B = Ry G (pipader A dds + phpides A ds + papides A dy) (3.1c)

Cs = —4R*y wy A (do) + doa + dos) (3.1d)

Cy = wy +4R'G wy Adoy Nddo A dos , (3.1e)
where R* = 47g;N (in units where o’ = 1),

G™' = 1+ 4% (uius + phs + pipd) (3.2)

The parameter 4 appearing in (3.1) is related to the deformation parameter 8 of
the gauge theory by:
¥=R*3. (3.3)
The definition of w; and w, can be found in [22].
The background has the U(1)® symmetry

ér — %@y, for arbitrary constant 0, (k=1,2,3). (3.4)

This is in correspondence with the U(1)? symmetry of the 3-deformed super Yang-
Mills theory which is also invariant under the same symmetry. Where, it’s action

on the scalar components is invariant under

&, — e &, for arbitrary constants &, (k=1,2,3). (3.5)

3.1.1 Properties of the deformed metric and B-field
It is convenient to introduce the Cartesian coordinates where the deformed S° is
embedded
Y'=Y6' =Ypu cosd;, Y'=Y8'=Ypu sing,
Y2=Y8 =Yuscosgs, Y°=Y0 =Ypuysing,, (3.6)
Y3=Y6*=Ypuscosps, Y =Y0°=Ypussings.



3.1. The Lunin-Maldacena Background 52

Here Y? = (Y*)? and (¢°)? = 1. With respect to this basis, the symmetry (3.4) is

translated to

Yi+iY, — (Y1 +4Ya),  Yo+iVs — (Yo +iYs),  Yi+iVs — (Y +iYz).
(3.7)

The metric (3.1a) becomes

, R 2\ R[S : .
ds* = 7 (Z dX*dX* +dY? + Y?dQ ) 73 (Z dX*dX* + ) GdYidy? |,

=0 =0 i=1

(3.8)
where G;; is the embedding metric of the deformed S5. The diagonal terms of the
metric are
Gy = 72 — (cos® ¢; + GM; sin? 20:), Gitsizs = v (sm ¢; + GM;cos’¢;),i=1,2 ,3(3.9)

where, for convenience, we have defined the new quantities
My =1+, My=1+4%uipd, My=1+%uip3 . (3.10)

The non-diagonal elements are

A2 22
4 . .
G = Y2 —5Gupapisingy sings,, Gz = WG#IM%MS Sin ¢, sin @3,
A2 _ A 2
Gis = Y2 Gu1u2/i3 sing,cospe, Gig = ——Y—zGulﬂzﬂa sin ¢ cos ¢3a(3'11)
') 2,2
0% 9 )
Go = G#lﬂwa singosings, Gz = — WGMZM#:& sin ¢, COS @3.

The elements G45, G46, G24, G’34, G56, G35 differ respectively from G]Q, G13, G15,

G116, Gas, Gog by switching all the cos and sin in each case. The remaining elements

are
1 .
G = 2Y2(1 — GMy)sin2¢;, Gy = 2Y2(1 — G M,)sin 2¢,,
1
G36 = ’)Y'Z(l - G.Mg)SiIl 2¢3 (312)

In the above we have given the metric elements as a function of the angles. For
convenience, we have also recorded in the appendix A.2 the expressions of the metric

elements as a function of Y*.
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Even if as expected this deformed metric is not conformally flat, it displays some

remarkable symmetries. One can check that the following identity is satisfied

Y'G,Yi =1, (3.13)
which leads to
0'g;6° =1, (3.14)
where we have defined
gi; = Y?*Gy; . (3.15)

The g;; is finite at the boundary as can be easily seen from (3.9), (3.11), (3.12).

Another interesting property of the deformed metric is that
0°(09:)6" =0, (3.16)
where 0, is an arbitrary derivative. Also we have
(8a8")gis6° = 0, (3.17)

which follows immediately from (3.14), (3.16).
The B-field also satisfies an interesting identity. Writing the B-field as

B = R* G (by + by + b3) , (3.18)

where

by = %emuﬁuﬁdcp’n Addy, mmk=1,23. (3.19)

It is
by = Y H YV Y AdY? + YIY2AYA A dYS + YIYPdY?2 AdY* — Y2YAdY! A dY?P),
by = =Y 4 YYOY AdY3 + YIV3AY* AdYC + YIYdY3 AdY* — Y3Y4dY! AdY®),
by = Y HYPYOdY2 A dY? + Y2Y3dYS A dYS + Y2YSdY? A dY® — Y3YPdY? A dY?®).
(3.20)

It is easy to check that the B-field gives the identity

Buo,Y*¥Yi=0. (3.21)
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In fact the stronger form
baik oY Y =0, (3.22)

holds for the individual pieces composing the B-field.

In the following section we use the results of the previous chapter, and the
equations (3.14), (3.17), (3.21) of the metric and the B-field to study briefly the
deformed boundary condition for the macroscopic string ending on the Wilson loop.
Moreover we propose that the Wilson loop operator in the # deformed theories could

remain undeformed.

3.2 Near-BPS Wilson Loop and Deformed Bound-
ary Condition

We start out by recalling the arguments for the form of the Wilson loop operator
(1.22) and the constraint (1.23) in the original undeformed A = 4 case. Firstly, one
can examine the unbroken supersymmetry on the Wilson loop operators [13,84,85].
The Wilson loop operator is locally supersymmetric if the constraint (1.23) is satis-
fied. A second way is from perturbation theory. One finds that the above constraint
must be satisfied in order for the UV-divergence to cancel out in the expectation
value of W. This is easy to check in the leading order in g>N := A and can be ex-
tended to arbitrary higher orders in A using arguments based on the present SO(6)
symmetry [13]. Another way to derive the Wilson loop operator is by decomposing
the gauge group U(N + 1) — U(N) x U(1) in order to use the W-bosons, that
appear from this breaking [11,13]. Finally, the constraint can also be understood
from the dual supergravity point of view [13]. Imposing appropriate boundary con-
ditions and using the Hamilton-Jacobi equation for the minimal surface, one can
show for a smooth loop, that the minimal surface ends on the AdS boundary if and
only if the loop variables obey the constraint z? = y?. We remark that the first two
methods work for any gauge group and any representation, while modifications will
be needed in order to generalize the third and the fourth methods to other gauge

group or higher representation.
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In the B-deformed theory, as we explained in the introduction, it appears impos-
sible to construct a supersymmetric Wilson loop. On the other hand, supergravity
configurations have been constructed whose dual operators would have finite vev.
We propose to study this form of the Wilson loop operator (1.22), (1.23) and that
it provides the dual of the the D-brane configurations constructed in [37] 3.

We first give field theory arguments for the choice of this operator in the beta-
deformed theories. First, as in the undeformed case, one may define the Wilson loop
as the phase factor associated with the W-boson probe arising from the breaking
UN +1) — U(N) x U(1). In appendix A.1, we calculate the deformed N/ = 4
Lagrangian arising from this decomposition. The action looks quite complicated at
finite N. However all the S-dependence drops out in the large N limit of the classical
action and the resulting operator takes the form of (1.22), (1.23). We propose this
form of the Wilson loop for any N.

Another field theory reason is that if ones tries to derive the constraint in the
(B-deformed theory using perturbation methods, the result at the leading order of
't Hooft coupling A is the same as in the undeformed theory since the propaga-
tors of the -deformed theory are not modified. Hence the UV pole cancels if the
condition (1.23) is satisfied, as in the undeformed case. At higher orders of A, the
B-deformation breaks the SO(6) invariance of the scalars and the simple argument
of the undeformed case does not hold anymore. However one can check explicitly
the gauge boson and scalar propagator remains equal up to order A. As a result, the
UV divergence cancels out explicitly up to order A? if the constraint (1.23) holds.
The details is presented in the appendix A.4. This could mean that the UV diver-
gences cancel exactly in the B-deformed SYM theory. A better understanding of
perturbative properties of the beta-deformed theory would give an answer to this
problem.

This result is quite remarkable since although the SO(6) symmetry is broken by
the B-deformation, a SO(6) invariant constraint is constructed. The same constraint

is also obtained from the SUGRA analysis performed in the next subsections and

31In this case, the loop is taken to be a circle in the z-space and a point in the transverse space
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give support to the validity of this constraint (1.23) and the form (1.22) of the
Wilson loop operator.

We next turn to the supergravity picture for support of the form of the constraint
(1.23) and the conjecture on the UV finiteness of the Wilson loop. Before we do
this, a comment is in order. In order for the Wilson loop operator to respect the
U(1)3 symmetry (3.5) of the 3-deformed SYM, one need to assign a corresponding

rotation

yi+iys — €2 (Y1 +iga),  got+iys — €0 (yatiys),  yat+ive — € (ys+ive), (3.23)

to the loop variables y;. Here we have used the identification of the scalar fields
(A.4). The transformation properties (3.23) and (3.7) leads one to associate y; with
Y;. This fact is important as, given a specific configuration of the loop variables y; in
the field theory, it tells which Y; should be activated for the dual string configuration
in supergravity. An example will be shown in next section.

Before we finish this section we make a comment on the Neumann boundary
conditions. As we saw in chapter 2, for the 8 deformed case we have the Neumann

boundary condition (2.55) which we write again here in terms of A*,,
Je8,Y*(01,0) = AF ¢t (01). (3.24)

As we also saw there, that the Hamilton-Jacobi equation for the backgrounds dis-
cussed, which the beta deformed was a particular example, gives at the end of the

relevant analysis a constraint
2% = guA Ay (3.25)

In particular for the Lunin-Maldacena theories, the constraint derived from super-
gravity agrees with the constraint (1.23) derived from field theory considerations of

the condition if the matrix A¥; satisfies the condition
G\ AL = G (3.26)

This means that the boundary condition matriz A*,, is the vielbein of the deformed
metric gr. We remark that in [37], the D-brane boundary condition in the §-
deformed theory was obtained out using TsT transformation on the original unde-

formed boundary condition. It was easy in that case since only angles was involved.
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In our case we still expect that one can perform a TsT-transformation on the angles
to derive the modified boundary condition (3.24), (3.26), although it is less direct
since the boundary condition is formulated in terms of the Cartesian coordinates

while TsT transformations operates on the angles.

3.3 Near-1/4 BPS Wilson Loop

In the above, we have proposed that the D-brane configurations considered in [37] are
dual to the near-1/2 BPS operators where the circular loop has a trivial dependence
in the transverse space. Now we look at next non-trivial case where the loop involves

a non-trivial rotation in the transverse space as well,
w(C] = %TrP exp [ / dr(iAM:i:“(T) + |¢(T)|<piei(7))J , (3.27)
where the loop is a circular path of radius Ry in space
' = RycosT, z° = RysinT, (3.28)
and the coupling to the three scalars ¢, s, s is parametrized by
0! = cosfy, 6% =sinfycost, 6 =sinbysinT, (3.29)

with an arbitrary fixed ;. This operator in the undeformed theory is 1/2 BPS
when 6y = 0 and 1/4 BPS in general [59]. In this section we use the AdS/CFT
correspondence to compute the value for the circular near BPS Wilson loop operator
in the S-deformed SYM.

We use the following form for the (Euclidean) AdSs metric
ds® = du® + cosh® u(dp® + sinh? pdip?) + sinh® u(dx? + sin® xd¢?). (3.30)
For the deformed $° (3.1a), we parametrize the p; coordinates via
p1 =cosf, puo=sinfcosa, pz=sinfsina (3.31)

so that > du? = d6? + sin® @da?®. For Euclidean space, the worldsheet coupling to
the B-field get an extra factor of —i.
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To find the dual string configuration, we note that

6! +i6* = cosby,
6> +1i6° = sinfpe”, (3.32)
6 +i6° = 0.

Comparing with the definition (3.6) for 6%, and using (3.31), this means the dual
string configuration must satisfy ¢ = 7, and 6 = 6y, ¢1 = a = ¢3 = 0 at the
boundary. Minimally, one wants to consider an ansatz involving only two angles ¢,
and #. However due to the B-field, one can see easily that this is inconsistent. Let
us therefore consider a motion on R? x 53 where R? C AdSs is parametrized by 1
and p, and the deformed 3-sphere is parametrized by the three angles 8, ¢, ¢, with

a = ¢3 = 0. The Polyakov action for the Euclidean worldsheet (o, 7) is

) . : .
S = % dodr {pa + p* + sinh? p(¥' + ¥?) + 62 + 62 + G cos® 8(¢,> + ¢?)

+Gsin® 8(¢42 + ¢2) — 265G sin® B cos” (1 dy’ — ¢1'¢2)}3.33)

where ' (resp. * ) denotes 0, (resp. 0.) derivative. Due to the extra factor of —:
in the B-field coupling, a real configuration is possible only if one perform a Wick
rotation ¢, — i¢,. To match with the path specified by (3.28), (3.29), we look for

solution of the form

u=0 p=plo), =71 (3.34)
0=0(c), ¢ =¢i(o), =T (3.35)

We remark that, compared to the solution [86] for the undeformed case, our ansatz
has an additional angle ¢; turned on. This is similar to the situation in the story of
magnon. There the string configuration dual to the magnon was found [28] to expand
from a motion on S? for the undeformed case to a motion on a deformed 3-sphere
when the B3-deformation is turned on. We also remark that the Wick rotation on
&1 is natural and is consistent with a semi-classical interpretation of the AdS/CFT

correspondence as a tunneling phenomena.
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The classical equations of motion for our ansatz (3.34), (3.35) takes the form

p" = coshpsinhp, (3.36)
8" = -;-ae(csnﬁe) - %8@(60082 6) ¢\% + 0p(YG sin* @ cos® 8)¢ , (3.37)
0 = 8:(—Gcos? ¢ —3Gsin® 6 cos? 6 ¢y') + 3,(—G cos? 0 ¢y’ + 4G sin 0 cos? 0 @)
(3.38)

0 = 8,(Gsin®0 ¢y + 4G sin? 8 cos? 8 ¢1') + 8,(—Gsin® 8 ¢, — 4G sin? 6 cos? § $1)
(3.39)

The equation (3.39) is satisfied trivially. Equation (3.38) gives
—G cos? 8¢, + 4G sin*fcos’ 6 = ¢;. (3.40)

For the surface to be closed, it must be possible to reach # = 0 (north pole) or 7
(south pole), and there the derivatives ¢1', ¢’ should be zero since no rotation is

possible. Therefore ¢; = 0 and we have
¢/ = 4sin® 4. (3.41)
Equation (3.37) then becomes
6% = sin? 0 + ¢, (3.42)

where ¢ is a constant. Notice how the G dependence disappears in the above

calculations. Finally, we check also the Virasoro constraints, which reads
p? —sinh®p + 6% — Gsin® — Geos® 6 ¢ = 0,

which implies

—p'? +sinh? p = 8% — sin 6. (3.43)
Again here notice that the G dependence disappears. To get a surface in correspon-
dence to a single circle, we set c; = 0, and the final form of the equations of motion
is
p? = sinh?p, (3.44)
6% = sin4. (3.45)
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This give the solution

1

inh p = )
sinhp = ——., (3.46)
sin ! & cosf = tanh(oy + o) (3.47)

1 = —_ - = .

cosh(oy £ 0) 08 e =0
and
¢1 = ¥( tanh(o £ g;) F tanh(ao)). (3.48)
To see how our solution behaves, consider the limits

c—0 = p—oo, and 6 —6y &1 —0, (3.49)
c—o0 = p—0, and 6—0orm. (3.50)

Here cos 6y = tanh gy. Depending on the sign in (3.47), the surface extends over the
north or south pole of 5.

Next we evaluate the action for this configuration. The bulk term is

A )
Shulk = % / dodr(sinh® p + sin® §), (3.51)
from which we find
Shulk = \./X(cosh Prmax F cos bp). (3.52)

Here we have introduced a cutoff o, to regulate the boundary contribution, and
Pmax 1S the corresponding cutoff on p. The cosh pyax term will cancel with boundary
term coming from the Legendre transformation as we have showed above. Hence,

the final result is

Stot = :F\/Xcos 60, (353)

and

(W) ~ exp (£ VAcosby), (3.54)

where the sign is chosen to minimize the action. This is the same vev as the 1/4

BPS Wilson loop in the undeformed theory.
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We note that in addition to this supergravity solution which involves 3 angles,

one can also construct a solution which involves only the two angles
6=0(c), a=r, (3.55)

together with (3.34). This solution is exactly the same as the undeformed one given
in [86] and gives rises to the same expectation value for the dual Wilson loop. It is
straightforward to work out the Wilson loop operator that is dual to it. It is defined
by the loop

6; = cosfy, 6 =sinfycosT, O3 =sinfysinT. (3.56)

Due to a lack of SO(6) invariance, the Wilson loop operator with the loop (3.56) is
different from the one with the loop (3.29). It is quite amazing that they have the
same expectation value.

To understand this result better. Let us first recall how the expectation value
of the 1/2 BPS circular Wilson loop was computed in gauge theory [88,89]. The
circular loop is related to the straight line by a conformal transformation, one can
therefore relate the circular Wilson loop to the expectation value of the Wilson
straight line, which is one. The result is however non-trivial since under the confor-
mal transformation, the gluon propagator is modified by a singular total derivative
which gives non-zero contribution only when both ends of the propagator are lo-
cated at the point which is conformally mapped to the infinity. It was conjectured
by [88] that diagrams with internal vertexes cancel precisely and this is supported
by a direct calculation at order g*N?2. Assuming this is true, [89] showed that the
sum of all the non-interacting diagrams can be written as a Hermitian matrix model

(W) = <%Trg []) = % / DM%TrR [eM] exp ( — gTrM"’). (3.57)

This is exact to all order in A and 1/N [89]. Explicit evaluation of the integral and
hence the Wilson loop expectation value has been performed for loops in various
representations [59,64,66,67,88,89]. This argument has also been applied to the
1/4 BPS fundamental Wilson loop [86].

Now the (-deformed theory is exact conformal. So the above argument of con-

formal anomaly applies. The only thing one need to be sure is how interacting
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diagrams contribute. If they again sum up to zero, then there is no 3-dependence
left and one will get the same result as in the undeformed case. Our result of get-
ting the same expectation value for the undeformed and the deformed Wilson loop
operators suggests that the interacting diagrams again cancel exactly, at least in the
large 't Hooft coupling limit. This is however not easy to prove from perturbation
theory since one needs to identify terms with dependence on 3°N at each order of
1/N. We believe a similar mechanism as in the undeformed case is at work. If this is
the case, the exact expectation value of the circular Wilson loop in the 8-deformed
SYM will be given by the same matrix model as in the undeformed N' = 4 case. A
better understanding of how this works in the undeformed case is necessary and will
be very interesting.

For the same reason, we conjecture that the expectation value of the near-1/4
BPS Wilson loop in higher representations will also be unmodified. It will be inter-
esting to construct the D3-brane and D5-brane dual to these Wilson loops in higher
representations for the S-deformed theory and check this.

To summarize briefly. in this chapter we have proposed a definition of a near
BPS Wilson loop operator in the S-deformed SYM theory. We conjectured that this
operator has finite vev and provided supporting evidences both from field theory
and from supergravity. Thus this operator is a natural candidate of a Wilson loop
operator which admits a holographic description in the 3-deformed AdS/CFT cor-
respondence. We show, using the results of the chapter 2, that on the supergravity
side, the finiteness of the vev of the Wilson loop implies the same constraint on the
loop as is derived from the field theory analysis. That this is true relies on some re-
markable properties satisfied by the metric and the B-field of the Lunin-Maldacena
background, which classify these backgrounds to be special cases of the ones we
examine in chapter 2. It will be interesting to be able to formulate and understand
these symmetry properties in terms of the dual field theory language. Its origin is
likely to be nonperturbative. This should provide us a better understanding of the
mechanism responsible for the finiteness of the vev of the Wilson loop. Finally we
also construct the string dual configuration for a near-1/4 BPS circular Wilson loop

operator and its expectation value is computed using the AdS/CFT correspondence
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and found to be undeformed.
In the next chapter we move to a different gauge/gravity duality and start to

investigate some semiclassical solutions of the Sasaki-Einstein backgrounds.



Chapter 4

Semi-classical Strings in

Sasaki-Einstein Manifolds

In this chapter we investigate semi-classical string solutions in general Y?? and
LP%" manifolds. Work in this direction has been done for the very special case
of AdSs; x T'! examined in [107-109]. Moreover, a study for the case of BPS
‘massless geodesics and their dual long BPS operators has been done in [111] for Y79
manifolds and in [112] for LP%". Dual giant gravitons have been studied in [110]
and recently giant magnons and spiky strings moving in a sector of AdSs x T*! have
been examined in [113].

Here we mainly work on the gravity side and examine the motion of the string
along some U(1) directions in Sasaki-Einstein spaces which is localized at p = 0 in
the AdS space. We will see that in some cases it is difficult to find acceptable string
solutions, due to the constraints imposed on the Sasaki-Einstein parameters. For the
solutions we find, we present the energy-spin relation. The energy expressed in the
momenta, depends on the manifold considered i.e. on p, ¢, . We also present an ex-
tensive discussion on point-like BPS string solutions. Notice that we do not examine
the string dynamics in AdSs which are identical to the maximally supersymmetric

case, since all the equations can be decoupled.

64
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4.1 The backgrounds

4.1.1 YP9 Metrics

The Sasaki-Einstein metrics Y7 on 5% x 5% can be presented in the following local

form {100}

2 Locy 2 oy, 1 2, 9) )
ds~ = df* + sin” 0d¢™) + ————dy* + —=(dyp — cos 6d
+ w(y) [da+ f(y)(d — cosfdg)]*, (4.1)
or more compactly
ds® = ds*(B) + w(y)[da + A)?, (4.2)
where
_ 2Aa-97)
w(y) - 1 —cy ?
_a—3y2 + 28
aly) = a_—yQ )
_ac—2y+yic
fly) = a-v) (4.3)

For ¢ = 0 the metric takes the local form of the standard homogeneous metric on
T1!. Generally we can scale the constant ¢ to 1 by a diffeomorphism, and this is
what we do in the rest of the paper.

To make the space B a smooth complete compact manifold we should fix the

coordinates appropriately [100]. The parameter a is restricted to the range
0O<a<l. (4.4)

To make the base B, an axially squashed S? bundle over the round S? one can
choose the ranges of the coordinates (6,¢,y,%) tobe 0 < 8§ < 7, 0 < ¢ < 2m,
y1 <y <y and 0 < ¢ < 27. The parameter 1 is the azimuthal coordinate on the
axially squashed S? fibre and the round sphere S? parametrized by (6, ¢). Also, by
choosing the above range for a, the following conditions of y are satisfied: y? < a,
w(y) > 0 and ¢(y) > 0. The equation ¢g(y) = 0 is cubic and has three real roots, one
negative and two positive. Naming the negative root y,_ and the smallest positive

root y,+ we must choose the range of the coordinate y to be

Yoo <Y < You (4.5)
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with the boundaries corresponding to the south and north poles of the axially
squashed S? fibre. Also, it is necessary to have p/q rational in order to have a

complete manifold. Note that

Yo+ — Yg- = g—; =<, (4.6)
where £ is defined for later use. Therefore, if the roots y,4, y,— are rational we
speak for quasi-regular Sasaki-Einstein manifolds with the property that the volume
of these manifolds having a rational relation to the volume of the S®. However the
rationality of p/q can be achieved even in cases that the two roots are irrational
which gives irregular Sasaki-Einstein metrics.

Using the expressions (B.1) presented in the appendix B.1, we can express ¥y,

in terms of &

£2
I-&-y1-3%), (4.7)

where 0 < £ < /3. Since y,_ is the root of the cubic, a can be expressed in terms

of £

| =

Yg- =

a= 11—8 (9—3\/9—3§2+4§2\/9—3§2) , (4.8)

and in order to ensure that y,; is the smallest positive root we constrain £ to the

range 0 < £ < 3/2. If we prefer, we can express a in terms of p, g using (4.6)

1 p*—-3¢
a=:- _47_\/4;)2 T3¢, (4.9)

r4

then the period of « is given by 27l where

q

= . 4.10
: 3¢2 — 2p2 + p(4p® — 3¢%)1/2 (4.10)
4.1.2 [P9" Metrics
The metric of this manifold is [104]
dsf,’qyr = (d+0)+ d5f4] , (4.11)
where
2 2 02 2 2
) p s PP . Az) [sin®f cos® 8 >
= —d —df° + —+- d d 4.12
dsiy) A T +h(9) + 5 S o+ 3 (] (4.12)
s 2 2 _ _ 2
+h(0)smp26005 6 (aaxd¢_ﬁ xdz,b) (4.13)
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and
g = (O‘_izSin2ed¢+ (5_9200529@, (4.14)
A(z) = z(a-z)(B-2z)-u, (4.15)
p° = h(8) -z, (4.16)
h() = acos’d+ Bsinf . (4.17)

Here p, ¢ and r are relative positive coprime integers and 0 < p< ¢, 0 <r<p-+g¢
and p, g are coprime to s = p+ ¢ — r. The metrics depends on two non-trivial
parameters since a, (3, u are constants, and we can set one of them equal to a non-
zero number by rescaling the other two and z. The function A(z) plays a similar
role to the function f(y) in the Y72 manifold, so = should be restricted between the

two lowest roots of A(z) = 0, namely z; and z,, where
T <T<Zy. (4.18)

Moreover, in order to have a smooth geometry in 5 dimensions the parameters should
satisfy a, 8 > z» where z» > x; > 0, which imply the already presented inequalities
for p, g, r. The constants appearing in the metric are related to the roots of A(z)

as follows:
U = T1ToT3, a+B8=xz+zo+1x3, af=2z1T0+ T1T35+ ToTs, (4.19)

where z3 is the other root of A(z).
The metrics (4.1) of YP4 can be derived as a special case of LP?" when p+¢q = 2r,

which implies o = 8. The coordinate transformation is

_ _ . - = 2y + 1)a
=20, $=Y0%130 §=Y"0is0 =0 7 BBTUE - (4u
2 2 2 3
with p related to a by
_ 4 _
i= 9—7(1 —a)a®, (4.21)

where we redefine the coordinates and the constants of LP9" using bars, in order to
distinguish them from the ones of Y'?9.
We also present the metric of AdSs in the Hopf coordinate system although we

will be using the time element only

ds® = — cosh? pdt® + dp® + sinh? p(dB? + cos® B1dfBZ + sin® 31dS3) , (4.22)
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where the ranges of the angles are 0 < 8 < 7/2, 0 < (35, 83 < 2.

4.2 String solutions in Y??¢ background

4.2.1 Equations of motion and conserved quantities

In this section we present some spinning string solutions in the Y?9 manifold. We
will fix the angle § and hence we are allowing the string to move on a circle of
the round sphere S? parametrized by the coordinate ¢. On the squashed sphere
the string can move on its azimuthal coordinate %, and sit at a constant value yo
between the north and south poles. This value will be chosen carefully by solving
the equations of motion. Finally, the string can move on the principle S! bundle
over B parametrized by a. Notice that each of the directions that the string is
allowed to spin has a U(1) symmetry. As usual the global time is expressed through
the world-sheet time as ¢ = k7, and the string is localized at the point p = 0. The

Polyakov action in the conformal gauge is given by

\/X ;2 r2 l—y, 5 r2 1 ) 2
S = —E deO'[—(—t +¢ )+T(—9 +6 )+E]'(—y +y )
1- ; / ; 2] . ’
H(Lsh+ 2+ wfi )6 + 6% + (§ +wf) (97 + ) + w(-6" + )

_gcg(g +wf?)(—d+ ') + 2wf(—a + Y') — 2wfee(~cd+ &'P)] .

For convenience we do not write explicitly the dependence of y in the functions f, w

and q. The classical equations of motion for constant 8 and y take the form

I_Ty(—é'"’ + ¢'%)s09 + (% +wf?)(s20(d — ¢%) + 285(—00 + V'¢))
+2wfsg(—ap+a'¢) =0, (4.23)
%(952 — ¢+ (% + Ay (B(—¢% + ¢'?) — 9* + ' = 2c5(—9p0 + ¥'9))

+W (=6 + o) + 245(—cp + &Y' — co(—agp +a'¢))) =0, (4.24)

85 (wsc + wf (853 — ce59))] =0 , (4.25)
™ (—5 Y 52050 + (g + wf?)(205¢ — codst) — wfcsdpa)] =0, (4.26)
g

5,3[7&5((@ + wf?) (951 — coBs¢) + wfdsa)] =0, (4.27)
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where we have used the conventions
A =0,(wf?), Ay=08,((wg)™), As=98,(wf), Q=0,q, W=3duw (4.28)

and we have written the three last equations in a more compact form since for the
ansatze we will choose they are satisfied trivially. In addition to the above equations,
we get two more which come from the variation of the action with respect to the
worldsheet metric. These are equivalent to the components of the energy-momentum

tensor being set to zero. The Virasoro constraints read

1- 2 ;1 Y Lot Iy Pt L 1
L5300/ + (5 +wf?) (o6 + 9w’ — o8y + ¥¢)) + waa

+wf(ay +Pa’ — (&' + ¢a')cg) =0, (4.29)

—K2 4 “Tysg(& +¢'%) + w(a® + o) + 2wf (e + Y — (66 + /¢ )cp)
HE+wf) (A +67) + 87 + 02 = 2060 + 90))

1, ., ,
+—@+y?*) =0 (4.30)
wq

+1—gy(6'?2 + 0%

where only in the last equation (4.30) we include the terms corresponding to a
non-constant 8 and y for later use in section 3.2.

The symmetry of Y?¢ admits three conserved charges which are the angular mo-

menta corresponding to strings rotating along the o, ¢ and ¥ directions. Moreover,

there exists one more conserved quantity, the classical energy, which is generated by

the translational invariance along ¢. All of them are presented below:

27
E = ﬂ do Kk, (4.31)
27T 0
2w
J, = VA do (wa — wfced + wfv) , (4.32)
2r J,
/\ 2T 1-— o o .
Jo = P [0 (~wsais (5L + L6+ urdd
~(5 +wf)esv) . (4.33)
/\ 27 . .
Jy = % do (wfa — (g+wf2)69¢+(g +wfy) . (4.34)
0

Let us also define the new quantities Jipr = Jo + Jp + Jy, € = E/V\ J; = Ji/\/x
and Jiot = Jiot/ VX for later use. The conserved quantity corresponding to the total
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SU(2) angular momentum is
o 1
JP=Ji+ S (Js+ coJy)? + J5 . (4.35)
Z

Finally, for point-like stings localized at constant points on 6 and y, the following
identity holds

VAR? = ady + Jy +DJy . (4.36)
In the following we will choose an ansatz where the string is moving in Y?9 along

the three angles «, ¢, ¥ and is at rest along all the other directions

a =w T+ mo, ¢ = waT + myo, U = WaT + m30o (4.37)

=06y and y = yo, (4.38)

where 6, yo are constants and their exact values should be chosen to be consistent
with the solutions of the equations of motion and the Virasoro constraints. Notice
also, that due to the periodicity condition in the global coordinates of the manifold
on o, the winding numbers have to be integers. For the linear dependence on 7, o of
(4.37), the equations of motion (4.25), (4.26) and (4.27) for «, ¢ and v respectively,

are trivially satisfied.

4.2.2 Discussion on BPS solutions

In this section we discuss the BPS point-like solutions. The R-symmetry in the
field theory is dual to the canonically defined Reeb Killing vector field K on the
Sasaki-Einstein manifolds [102,103], given by

0 10
K=3——-— 4.39
oY 20« ( )
and the R-charge is equal to
1
QR = 2J-d, - §Ja . (440)

Now in order to express the Hamiltonian in terms of the momenta, we are initially
considering a general situation, where all the parameters in the internal manifold

are dependent on 7 :

0=0(r), y=ylr), a=of), o=9¢(1), Y=u(r), (441)



4.2. String solutions in Y?? background 71

and later we will focus on the string configurations mentioned in the previous section.
The reason we are doing this, is to show how the general BPS solutions behave if
we generalize our ansatz and activate simultaneously the motion on all angles. The
process is equivalent to finding massless geodesics and is examined in [110,111].
We start by expressing the energy in terms of the momenta. Now since we

consider motion on the § and y coordinates, we have the-non zero conjugate momenta

27 2 _ .
_ Y2 do—y, J9=ﬂ do1=Y5. (4.42)

J =2
Y wq 27 Jo 6

It is straightforward to substitute in the second Virasoro constraint the velocities in

terms of their momenta and get

1 6 1 9
2 2 - 2 72 i hd _ 2
K = /\(quy + y(J Jy) + wJO‘+ q(J,_b fJa) ) ) (4.43)

The energy of the string is given by (4.31), and is equal to the conformal dimension
A of the dual operator, and to find the lower bound of it, we should express (4.43)
in terms of the R-charge. Using (4.40), we obtain via the algebra in (4.43):

3 1 2 2 6
A2 — (§QR)2 + E](Ja +3yQr)* + wqJ; + m(p ~ ). (4.4)

Since y,+ < 1, which is the upper bound of y, and J: > Jz, all the terms in
the above equation are positive, which leads to the inequality A > 3/2Qg. The

solutions generated by the equality correspond to BPS operators, and in order to

saturate the bound, all the following equations must be satisfied
Jy = 0, Jg = 0, Jd> = —09J¢, Ja = —3yQR. (4.45)

The two first equations fix # and y to unknown constants. The next two can be
used to determine the relationship between «, ¢, ¥ using the constants y, 8. The
situation now is getting closer to our initial configuration in the previous section
where we considered y, 6 as constant, with the difference that the 7 dependence of
the U(1) angles is now unknown, and needs to be determined by the equations of
motion and the Virasoro constraints. In order to find BPS solutions we need to solve
the equations of motion (4.23-4.27) together with (4.45) and use (4.30) to calculate

the energy. The first Virasoro constraint (4.29) is trivially satisfied.
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It is more convenient to proceed by solving first the equations (4.25), (4.26) and
(4.27) for constant y and 6, since their solutions are very special. As we said above,
these equations are satisfied trivially for angles with linear dependence on 7, i.e. the
one written in (4.37) where for the point-like case is equivalent to set all the m; zero.
The rest of the solutions we get constrain y to live on its maximum or minimum
values, which means on the poles of the squashed sphere. More specifically the

solutions are

]

a=wrT, ¢ = woT, W =wsT or (4.46)

Y=Y, b=wpr,  G=——24 (4.47)

However, when we take account of the boundary conditions in (4.47), we see that
zb = (0, since we are at the poles of the squashed sphere. This fixes ¥ to be constant
and the other two U(1) angles to have linear dependence on 7. This makes in a
sense (4.47) a special case of (4.46). So the only way to satisfy the above equations
for the non-constant angles is to have a linear dependence on 7, where the 6 and y
are not yet fixed to a specific value.

Bearing the above results in mind, we proceed by finding general solutions that
satisfy the two first equations of motion (4.23), (4.24), together with the BPS equa-

tions (4.45) and present some solutions, starting with a solution which was also

found in [111]
=0 a=-=. (4.48)

We see that this solution is valid for any y that satisfies the inequality (4.5), since
in this case, the last equation of (4.45) is satisfied trivially. Additionally, the third
equation in (4.45) is satisfied also trivially and hence 6 can take any constant value
inside the region where it is defined. However notice that in order for the solution
to satisfy (4.25-4.27), the a and 3 angles must have a linear dependence on 7, and
hence

Ws

a= -2, U = waT. (4.49)

The energy for this solution is equal to E = v/A|¢|/3 and the conserved momenta
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in this case are

Jo==3Viyb,  Jo= gVAly- e Jy=-2VAu-1d (450

and are related each other by

1-y

Jo=—coJy = Jo - .
& Cp ¥ 6y Cg (4 51)
In this case the energy can be written as
3
E= |Jtotl : (452)

|(y — 1)(ce — 1) — 6yl
Notice that in the above relation the factor of proportionality is independent of a,
and hence on the manifold considered.

Another set of possible solutions different than (4.49) are:

vi—a ._§2.5—7,b
7 &=, (4.53)

where again «, ¢, % have to be linear with 7 in order for the above expressions to

0 =0, y=1=%

satisfy (4.25), (4.26) and (4.27). The y solution is a special case of (4.55) for § = 0
and as we show in the next section, it is unfortunately always greater than y,;
except in the limit y = y,4+ = 1. This is the case where a = 1 and we are not going
to examine it any further. However, to be more accurate here, we have to set ¢ =0,
since for @ = 0 we are on the pole of S? and there is no meaning in defining rotation
along ¢ direction. Hence, the corresponding equation in (4.53) should be modified
to & = —1/6.
More interesting are the following solutions where y lives on its boundaries

y+2 .
— / 4.54
T (4.54)

Y =Yg+, 920 ¢=0 a=

and the dependencies of the non-constant angles on 7 are linear. This solution
is acceptable since the inequality (4.5) is satisfied. However, by considering the
boundary conditions, the solution become trivial, since we are on the poles of the
squashed sphere where rotation along the 1) direction cannot be defined. Hence, we
have to impose 1) = 0 and then the whole string ansatz becomes static.

One could possibly find, other non-interesting solutions at the limits a = 0, 1,

but it seems that there are no other BPS solutions than the ones presented above,
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which allow a to be at other points except zero and one. The solution (4.54) has as
its main property to restrict y to the boundaries of (4.5) and to localise the string
on the two three-submanifolds obtained by the initial manifold for y = y,4, and
denoted by ©_ = $3/Z,. . ¥, = S§3/Z,. .. The cones over these Lens spaces are
divisors of C(Y?9) and hence supersymmetric submanifolds [102]. This is because
the induced volume form on ¥ is equal to the four-form 7 = JA J/2 , where J here
is the Kahler symplectic form. Hence, these cones are calibrated with respect to J.
However, by imposing the boundary conditions the string ansatz becomes static.
In the following sections, non-BPS point-like, as well as extended string solutions,

will be examined.

4.2.3 One angle solution

In this section we examine the simplest case, where only the angle which parametrizes
some U(1) direction of the manifold in this coordinate system is turned on. In this
case it is known that classical spinning string solutions that wrap around the circle
do not exist due to diffeomorphism invariance, or equivalently because the first Vi-
rasoro constraint forces the metric element in the spinning direction to vanish!, or
make the string ansatz trivial. In Y'?? manifolds however, we just mention for com-
pleteness, that the diagonal metric elements in these three Killing vector directions
can not vanish for y in the range (4.5) and hence the Virasoro constraints force the
ansatz in that case to become static. Let us show briefly that the diagonal metric
elements in the U(1) directions can not vanish.

For the g.a, this is obvious since it is equal to zero for y = +,/a and we already
know that these values do not satisfy (4.5). For the g4 element, the situation is
more complicated since it is equal to zero for

V1 —ac
=

Obviously the y, solution is discarded since is bigger than one, but also the y_

yp =1+ (4.55)

solution is outside the desirable area as can be seen in Figure 4.1. The last diagonal

lwhich conceptually does not look right since we consider motion along this direction only.



4.2. String solutions in Y7 background 75

Figure 4.1: We plot y+ =1+ /1 — acg/\/g together with the y,, , y,— versus a, 6.
The y,_, yq+ surfaces are colored red and green respectively, while y_, y, colored
blue and orange respectively. From the figure we notice that both y. are greater

than y,+ for the whole range of a and .

metric element gy, is zero for y+ = 1 + /T — a/V/3, where y_ is the lower bound of
the previous solution and obviously this metric element cannot be zero too.

Let us now begin by looking for point-like string solutions. By allowing the string
to move only along the « direction, and using the ansatz a = w;t, the only non-
trivially satisfied equation that we need to solve is (4.24), which takes the simple

form:

B 2@-1)\ » _
(2 T 1)2> W=0, (4.56)

and has solutions

gr =1+ vl~a. (4.57)

These solutions are plotted with y,+ (Figure 4.2), and is obvious that only y_ is
an acceptable solution, since y,- < y_ < y,4 for the whole range of a. Then, for

y = y_ the second Virasoro constraint (4.30) gives

R=ww?=r"=4(1-VI-a)uwi. (4.58)
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Figure 4.2: Plotting the roots y (blue) of (4.57) with y,_ (red), y,+ (green) versus
a. This color mapping to the solution will be the same in the other plots too. In the
first plot we see that the smaller solution y_ is between the two roots of ¢(y) = 0
and in the second one that the greater root y. is outside the allowed area since

y+>1.

Then using (4.31) - (4.34), we get for energy and the non zero conserved charges

E = VAy/ww?, (4.59)
J. = Viww . (4.60)

Combining the above relations we end up with

VA 1

E = —1—J§:> F=—,/—M—
w 2 1—-+v1—-a

T » (4.61)

Note that the energy depends linearly on J, = Jix and depends on the manifold
YP9 since a is related to p, ¢ by the equation (4.8), with the factor of proportionality
being a monotonically decreasing function with respect to a. On the other hand,
the function of the energy in terms of a, w; is a monotonically increasing function
with respect to a as can be seen from (4.58). As a final remark, we mention that all
the calculations are independent of the angle 8, which can be chosen as any constant
angle.

For completeness we now can consider a static string along the o direction with
a = myo. The solution of the equation of motion remains the same, given by (4.57).
The only difference is that all the momenta are now equal to zero and the energy is

expressed as

&2=wmf:E=2\/X\/(1—\/1—a)m%. (4.62)
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Following a similar procedure we choose a different angle ¢ with a similar ansatz
and consider a point-like string motion with ¢ = w»t. Then, the non-trivial equations

are (4.23) and (4.24), which take the form

(a—1)s29 o

e W2 =0, (4.63)
a—-T7—6(y—2)y+(a—1)coy ,
T w2=0, (4.64)

and do not give any new real solution, since the first equation is solved for 6 =
nr/2, n = (0,1,2) and the second one can not be solved for real y. The situation is
similar when we choose the static string ansatz ¢ = mso, where the above equations
remain the same with ws replaced by m,, and obviously again they do not give any
new solutions.

Finally, for the third angle which parametrizes the remaining U(1) direction,
again consider the string ansatz ¥ = wst. The only non-trivial equation of motion
is (4.24)

a—4-3(y—2)y ,

180y - 1)° w; =0, (4.65)

which has solutionsy =1++/—-1+a/ V3 and are not real. The situation is similar

for the ansatz ¥ = mgso, since the equation (4.65) remains the same, with only
difference the replacement of w3 by ms.

Summarizing, if we restrict the string to rotate or wrap only along one U(1)
direction in Y?9? as we have done above, there is only one possible configuration. It
is the point-like string moving along the fibre direction @ = w;7. This is one spin
solution, where the energy is proportional to J, and depends on the manifold Y79
in a way that the factor of proportionality is a decreasing function of a. We expect

that the solution (4.57) is not BPS. More specifically the Hamiltonian here is

1
H=\/:\-§ww12=2\/:\—(1—vl—a)wf. (4.66)
Hence the R-charge and the conformal dimension of the dual operator can be written
as
VA T PR . 3 Vi-a
= —— = (= /\ da — == 2 + — J- .
QR 3 wwy, (2QR) + ( a 'U})U.)l (QQR) 4(1 _ \/m) a
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It is obvious that A > 3/2Qpg always, since the expression (4a — w) is always

positive, and become equal to zero only in the limits a = 0, 1. Hence, the solution

is non-BPS.

4.2.4 The two Angle Solutions

Here we examine some solutions where the strings are moving along two U(1) direc-
tions. We are looking for possible string solutions, with motion along the directions
a, ¥, motivated by the fact that motion in these directions gives one BPS solution.

Considering point-like strings and the simple ansatz?
o =wT, Y = waT, (4.67)

we get only one non-trivial equation (4.24). This is solved by

\/(1 — a)(2w; — w3)(bw; + ws)

yr =14 , Or 4.68
\/§(2W1 —w;g) ( )
oW
1= 6

We do not examine solutions in the limits @ = 0, 1 and in the rest of the analysis
we will ignore solutions that are valid only there. The solution w; = —w3/6 is BPS
and is examined in a previous section. The other solution for y, is acceptable in a
region which will be specified. Notice, that for

y+2
By

W = — w3 , (469)

which is the solution derived in (4.54), the solution (4.68) becomes BPS and lives
on Yy = Yg+, but by considering the boundary conditions becomes static.
For the general case, first of all, one must find the values for which the square

root is real and these are for

wz >0, w > % or w) < —-% (470)
ws <0, w < ‘323 or w, > —%. (4.71)

2Whenever we are writing an ansatz we suppose that all the parameters w;, m; are non-zero.
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Figure 4.3: We plot y. versus n,a where w; = nws with n > 1/2. In the first plot
with y, we clearly see that there is no acceptable solution. In the second plot, the

y_ give acceptable solutions.

Then we can see that indeed there exists solutions of y that are between y,_ and
Yo+ Actually, the two solutions of (4.68) are equivalent depending on the sign of
numbers wy, ws, i.e. if they are positive or negative. What one can say directly, is
that the solution for y with RHS equal to 'one minus a positive quantity’, is the one
that could be acceptable in some intervals. In order keep the presentation simpler
we choose wy, wz > 0. To give a visual picture of how the solutions behave we plot
the surfaces for some random relation between w;,ws, say w; = nws in Figure 4.3.

We see that y_ is an acceptable solution for

4(7 + 18n)
a, > ms— ; (472)

which also implies n > 1/2 in order for a to be smaller than 1.

For the general case, the equation (4.30) gives

K2 = 4w

2 (6&)1 + w3)\/(1 = (L)(:)LU] - (4)3)(6(4}1 + wg) -
2 - , (4.73)

where we have substituted the solution y.
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The conserved charges for our solution, given from (4.32), (4.33), (4.34) are

4(=3w; +ws) [(1 —a)(bw; + w3)

Jo = VA4 .

VA (e + 3 3(2wr — w3) ) (4.74)
1- (1)(6(4.)1 + (.dg)

Jo = —vaze /! .

¢ 3 3(2(.4)1 - Ld3) ’ (4 75)
ws (1 - a)(6w1 + Ld3)

= A— .
Jo = VA3 32w, — ) (4.76)
where (4.68) used. Notice the relation J, = —cpJy. It seems that the energy

depends on the momenta in a transcendental way. This is due to the complicated
expression of y which depends on w; 3, and enters in the momenta through the
functions w, g, f. On the other hand, as we can see from (4.73), the energy is a
monotonically increasing function with respect to a when w,, ws are fixed. This
behavior is similar to the one angle solution we found before, but it will be more
interesting to have an energy-spin relation, which could be found by substituting in
the second Virasoro constraint the w3 with two conserved charges.

To finish, let us consider the example of Y*!. To find the corresponding value

of a we can use (4.8) and find that

1
a = 7 (2 — ——8@> ~ (0.387327 . (4.77)

Substituting in (4.72), we see that indeed we can get solutions for y that are inside
the desirable interval when w; > 0.8568 w3, or equivalently n > 0.8568. To simplify
things even more we can choose § = 0, and solve for w;, ws in terms of J,, Jy, to get
the energy-spin relation. The energy-spin relation looks lengthy and complicated
and seems to be completely transcendental, so we choose not to present it here.
Generalizing the ansatz by adding a ¢ dependence on the angle o and allowing

the string to spin along this direction, we search for string solutions using
o =uw T+ mao, U= w3T. (4.78)

The non-trivial equations that needs to be solved in this case are (4.24) and (4.29).

One acceptable solution is

w3 2w?
W) = —, Yy =a, a=m ) (4.79)
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Figure 4.4: Plotting ¥y, Y4+, Yg— versus ws, m;. The transparent plane is at a = 1/2.
When (4.80) satisfied, a < 1/2 and hence our solution lives in the area between the
Yo+ Yq—- Also notice that for a > 1 there is no green surface, since the values of y,

become complex, as expected.

By considering a < 1, and choosing wy, wz > 0, we get |m;| > w3/3. To satisfy the

condition (4.5), we have to restrict m; further as

) 1
2B owa<z. (4.80)

/3 2

Hence solutions that satisfy the above condition are acceptable as can be also seen

lmll >

clearly in Figure 4.4.
To calculate the energy we use (4.30) which gives

s (16m3 — wd)wd
2= , 4
S T (481)

and the corresponding charges are given by
I 2

Jo=0, Jy= \/X%"((;;—%EZ;)—)% Jo = VA (—% + %) ws. (4.82)
Before we continue, we point out that one has to check if the function of a we get
from (4.79) can give rational values to the expression y,. — y,—. This was not done
in the previous cases since a was not dependent on w or m, and hence it can take
any appropriate value between zero and one, which would make the subtraction of
the two roots of ¢(y) = 0 rational. In this case, one way to solve this problem is to
equate the expression for a, given in (4.8), with our solution (4.79), and see if we can

get rational solutions in the acceptable interval for £. One more reason to express ws
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in terms of a is that is more preferable to choose a manifold Y79, and from that to
specify the allowed values for w;, m;, instead of proceeding in the reverse direction.

Using (4.8) and (4.79), we get for wsz, m3

3/ 3y/9+ V0 -3¢ (-3 +4€2)
> m; = +
V2Z-a 27+ (3 - 482) /538

where D is defined from the above equation. We are going examine the solutions

w3 =% my = £Dm, , (4.83)

with the plus sign which imply m; > 0. For 0 < ¢ < 3/2, the multiplicative factor
satisfies 0 < D < 3, and by imposing the constraint (4.80), we are limited in the

interval

1
§<%_§®a<§, (4.84)

which also means that D < v/3. The corresponding conserved charges in terms of

a, m; are
(1 —2a)\/acy (1-2a)y/a
Ja =0, Jy= VAV ) Jy = Va——=2 , 4.85
¢ 3V2-a Y sva—a 4
or using w’s
1 - 2a)c -2
J¢ = —\/X(g—a)cew;g, J¢ = \/X(l 9 a)w3 . (486)

The sum of the momenta is

va(2a —1)(cg = 1)

Jiot = . 4.87
o 2-a (487)
Finally, the relation between the charges is
Jo = —Cody = ——2— ooy . (4.88)
1-— Co

Notice, that the zeroth momentum J, can follow from a more general solution such
as y = a and w; = w3/6.
To find the energy, we use (4.30) to get

a(d—4a)
n2=——(2_a mi ,

(4.89)

which can be written in terms of w3 by solving (4.83) for m;. As before for a fixed
w3, the energy is a monotonically increasing function with respect to a for a < 1 /2.

Using (4.85), we get the energy of our solution in terms of the momenta

a(5—4a) ,  3Vdi—4a
E=V - ml_(1—2a)(1—ce)‘]t°t' (4.90)
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Figure 4.5: In the first plot is the energy versus mi, a. In the second plot the
expression E - (1 — cg) is plotted versus J;., a, and one can notice the sharp rise of
the energy as a — 1/2. The plot range on energy is restricted intentionally to finite

region in order to have a clear shape of the surface.

The angle 6 is a constant, but in case we want to eliminate it, we can express cg in

terms of the momenta from equation (4.88) and get

E= §(————;5__2:;Jw . (4.91)

It is also interesting to insert the £ parameters in the expressions we calculate using

(4.83). Then the energy in terms of the momenta and the rational number £ is

o 33 \/27+2(3~4§2)\/9—3§2J
= tot -

(3—4&*)(1 - cs) 3-¢

The equations (4.90) or (4.92) show that the energy is proportional to the momenta

(4.92)

and depends on a. The exact dependence of the energy multiplied by (1 — ¢g), in
order to avoid the dependence on the third parameter § and to be able to plot a
surface, is presented in Figure 4.5. We can see that the factor of proportionality
between the energy and the momenta, is monotonically increasing with respect to a.
However, the form of this factor does not seem to follow a specific pattern between
the different string solutions. This occurs mainly because y depends on w and m
in a different way for each string solution. Also notice that the momenta are not
taking continuous values but are quantized on a and m;. Hence, the energy will not
be a continuous function of the parameters, even if we plot it as continuous in order

to show its behavior.
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To finish the analysis for this case we mention that there are other solutions of
(4.24) and (4.29), but these solutions are excluded since there is no o that satisfies
the rationality constraint of y,. — y,— and at the same time gives integer winding

numbers.

4.3 String solutions in L”?" background

4.3.1 Equations of motion and conserved quantities

In this section we construct solutions for strings moving on the L”9" manifold. The
configuration is chosen to be similar with the analysis of the Y?¢ manifold. Firstly,
we choose the string to sit at a constant angle . In this manifold, the role of the
previous y coordinate is played by the coordinate z, and so we restrict the string
to be localized at a constant point zo, which has to respect the constraint (4.18).
For some configurations the points § and z that the string is sitting can be chosen
arbitrary, but in most cases the equations of the system constrain at least one of
them. As for the string dynamics, we are going to consider motion along some of the
three U(1) directions and try to find the energy-spin relation and how the energy is
related on the properties of the general manifold.

Furthermore, we are not going to analyze the string dynamics in the AdS; since
these are identical to the maximally supersymmetric case. To simplify things we are
localizing the string also at p = 0 on AdS; and expressing the global time through

the world-sheet time by ¢t = k7. Thus, the Polyakov action in the conformal gauge

is given by
2
S = —%;’—\ dea[—(—i2+t’2)+(—f2+£'2)+:—A(—:b2+z’2)+
p2 . ' o — )2 2 A52+hc2(a—x)2 2 y Y]
+F(_92+9 )+(( a,_,x S5+ —2 p%,_, ).99(—¢2+q>2)-+-
a2 A + hs2(8 — )2y ., - )
+<(5 5215) 2+ Cg + pieﬁ(f z) )c;(—¢2+w2)+
A—-hla—z)(B-—2)\C3s3 .. .
+2((a-2)(B-2) + e )ZR (v + e +

c(—&Y + EY) .

a—T 4 > Y /B_x
+2 sg(—§d+E£'¢') +2
a 8
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Again, we do not write the dependence of the functions on their arguments, in order
to simplify the presentation. Also notice that a should not be confused with the
same letter used in the case of Y”9 manifolds to name the angle. Before we start
writing down the equations of motion, we define for convenience some new quantities.
We identify the three expressions which are multiplied by (—¢2 + ¢'2), (—¢? + ¢'?)
and (—z/1¢ + 1/¢’), in the above action, which also correspond to metric elements,
with the functions di(z,8) = gge, d2(z,0) = gyy and ds(z,8) = gy respectively.
The partial derivatives of these functions are presented in Appendix B.2, and will

be used later. The equations of motion for the 8, = are:

Opdi (—¢? + ¢'%) + Bpdo(—® + Y'%) + 205d3(—bd + V')

122" L snp(—Ed + €¢') — 22" Zspe(—Exp + €W') = ((4.93)

B
. . s
Bedi(—¢* + &%) + Opda(—¥* + ¥'?) + 20,d3(~ w¢ +9'¢)

2 .
——s5(- £6+€¢) - Bco( £+ £Y) = 0(4.94)

where we have used the fact that the string is localized at two fixed points 6y, .

The equations of motion for the three U(1) directions ¢, ¥, and £ are

B (7" (1056 + dsdrtp + 20— —520,€)) = 0, (4.95)
&e(v”*(da@w + d30x¢ + 2ﬁ —228,6)) =0, (4.96)
3,{(7"'\(2 > S50h0 + Qﬁ 5 Z 300 + &) =0. (4.97)

Note that they are trivially satisfied for the linear ansatz we choose. Furthermore,

the Virasoro constraints are given by

s2(EQ + €9
8 26+ €4) = 0 (4.9)
K2 = €24+ 2 4 di (¢ + &) + do(@? + W) + 2d3(9d + ¢'¢)

“Zaiéhted) 428 —E(6h +ev) (499

€€ + didg + dot) + ds(¢ + W'P) +

+

422
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Finally, the conserved charges associated to the three U(1) isometries are

N . - . -z,

JE = 37? A dO'(f+aang¢+/Bﬁl‘C§w), (4—100)
A [T -z .- : .

Jy = % ; da(aa$85§+d1¢+d3'¢), (4.101)

Jy, = })/—5 ) da(ﬂ_xcgf-i-dgé-l-dgd}), (4.102)
< 0

where the classical energy is given by (4.31). In the next section we use these equa-

tions to find some string solutions on LP9T,

The ansatz for the string motion we consider have a linear dependence with 7

and o and are the following

£ =wT+mo, @ = woT + Moo, Y = w3T + M0 (4.103)

g = 9() and z = Zg, (4104)

where 6y, z, are constants and we are also setting p = 1.

4.3.2 One angle solution

It is straight-forward to see that in the coordinate system we chose for the metric,
there are solutions for point-like strings moving on the direction &, since the metric
element ge is constant. As we also commented in a previous section, a general
property of the Virasoro constraints is that they do not allow any extended spinning
string solutions, where the strings are moving only along one U(1) direction.

We start by considering the trivial case of & = w7, where all the equations
of motion and the first Virasoro constraint are satisfied trivially. The conserved

momenta are

Je=Viwr, Js= VA Z2un, Jy = ‘/Xﬁ—%—mcgwl- (4.105)

(81

The second Virasoro constraint gives the energy

_ _ _ 2a3
E = VAt = |7 = Ty ey e L (4.106)
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which is presented in terms of the momenta. We see that the energy is proportional
to the total spin and the factor of proportionality depends on «, 3, and hence on
the manifold LP%" considered.

Now consider a point-like string rotating along ¢ direction with ¢ = w,7. The

first two equations of motion give
agdl(li,e) =0 s 8zd1(1',6) =0 . (4107)

In the region that «, 3 are defined, the only real solution is when = 0, which makes
the g4y element zero. As a final possibility, consider the string moving according to

¥ = w37, which has to satisfy the equations
Opda(z,60) =0, 0:d>(z,6) =0 . (4.108)

These have a real solution only for § = 7/2 which makes the metric element in the
direction of rotation equal to zero.

For completeness we mention that the corresponding static string ansatze m;o,
gives an acceptable solution only for a wrapping around the « direction, and in this

case all the conserved momenta are zero.

4.3.3 The two angle solutions

In this section we try to sketch a way of finding solutions of strings moving in two
Killing vector directions simultaneously.

We choose to activate the angles &, ¥, and initially look for point-like string
solutions

§ = w1, Y = wsT. (4.109)

The equations of motion reduce to

69d2 W3 — Zﬂ _

2
xsge w; =0, O,do w3 — 2-c£w1 =0, (4.110)

g

where in order to check easier the inequality (4.18), and solve the above equations,
it is convenient to give an appropriate value to angle 6. By choosing 6 = 7/4 we get
a solution

3&)3 a+5ﬁ
= , = . 4.111
a=px V2y/=Buws (2w, + ws) * 6 ( )
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Figure 4.6: In the plot are presented the solutions of A(z), z; and z, together
with z (4.111) versus the manifold parameters a, 3. The solution z is plotted with
blue and we see that there is no region such that z is between of z,, z, where the

maunifold constraints are satisfied.

To make sure the solution is real we need to constrain ws by
w1 <0 and O0<ws< —2w; or w; >0 and —2w; <w3z<0. (4.112)

Moreover, using the inequalities between z,, a, and 3 we can easily see that z, <
(a+503)/6, which means that z can only be equal to z,. This seems to be a general
feature for these solutions, since even for § = 7/3, the situation is similar. But for
a general angle 6, it is more difficult to solve the equations of motion and identify
this behavior. However, in the cases mentioned above, the solution z is always
strictly greater than z,, and hence not acceptable (Figure 4.6). There are also other
solutions that could give acceptable answers, but need more extensive analysis.

To obtain an extended string configuration consider the ansatz
o =wT+mo, U =wsT+mso, (4.113)

which gives the following system of equations

89d2(—w§ + m:?;) — 26 ; xS(_)g(—wluJ;; + m]mg) =0 s (4114)
2 2 2 ‘7/
Opda(—ws3 +m3) — Bcg(—wlwg +mms) =0, (4.115)
, P-z, —
wimy + d2w3m3 + Cg((.d]mlg + mlwg) =), (4116)

B
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For w; = m; and w3 = m3 reduces to a single equation

w: B-z ,ws
l+dy 3 +2-—"ci==0 4.117
2‘”% B %y ( )
and the simpler solution is for § = 7/4,
w3 -2+ aﬁ2 + ﬁ3
Wi Z—?, I = 252 . (4.118)

In order this solution to satisfy the inequalities between «, 3, and z, is essential for
the following inequality |a — 3] < 2/3? to be satisfied. However, one can see that the
solution is not acceptable because it is always greater than x,. It is also interesting
to examine the more complicated solutions, and see if they can satisfy (4.18).
Since it is complicated to check analytically if the solutions which involve a
general angle 0 satisfy the manifold constraints, we choose not to present them here,
and maybe leave the problem for further investigation in the future. However, we
already gave the basic setup with all the equations, found some pointlike solutions
and also show the method to follow to find new string solutions moving in the U(1)

directions of L?%" manifolds.

4.4 Discussions

In this chapter, we initially examine the string motion on Y9 along the U(1) di-
rections. To accept the solutions of the equations of motion and the Virasoro con-
straints, we must make sure that they also satisfy the Sasaki-FEinstein constraints in
a way we described above. Due to the presence of all these constraints, the number
of acceptable string solutiohs is limited drastically. Then we show that when the
energy is expressed in terms of the conserved momenta, the factors multiplied with
them depend on the manifold, i.e. on the parameter a, and they are monotonic
functions with respect to it. Hence, the extrema of these functions occur for max-
imum or minimum values of a. Except this behavior, it seems that the dispersion
relations depend on the parameter o in a transcendental way.

Furthermore, by looking at massless geodesics, we find that there is a unique
BPS solution, which was already known. What we see here is that the string co-

ordinates must depend linearly with time. Moreover, for this solution, the string
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can sit anywhere in the allowed y interval satisfying (4.5). An other point-like
string solution was found which lives on the two supersymmetric three-submanifolds
S3/ 2,14, 8%/ Z,14, Obtained by the initial manifold for y = y,+. However, by con-
sidering the boundary conditions, the solution becomes static, and we argue that
there are no other point-like BPS solutions in the analysis presented above.

One can work similarly in the cohomogeneity two manifolds LP?", finding some
point-like and classical string solutions. Again, we expect that when the energy is
expressed in terms of the conserved momenta, it does not take the same form uni-
formly over the family of manifolds LP?", and basically the discussion we presented
for the Y9 manifold remain similar with the L»%" manifold. However, in this case,
due to the large number of parameters, it is more difficult to check analytically in
full generality whether or not the solutions satisfy the manifold constraints. One

can certainly try to find some more solutions for these manifolds.



Chapter 5

Concluding Remarks

In this chapter we discuss mostly some extensions of the work presented in the
previous chapters and some recent developments.

Let us start this discussion with the Wilson loops in § deformed backgrounds.
There are many indications, like the undeformed expectation value of the near 1/4
BPS Wilson loop we considered, or the field theory analysis we presented, that at
least in the large N the Wilson loop operator description is exactly the same with
the undeformed A/ = 4 super Yang-Mills. This could be the case even in general,
considering random N as we already have described. However, it is not impossible
that for a generic N the Wilson loop operator will be the one in the undeformed
case, multiplied by an exponential of 3/N, which in the limit of large N reproduces
the undeformed result. To get a final definite answer to this question, one has to
find the Wilson loop operator with the method and the setup presented in Appendix
Al

In gravity side would be interesting to try to check the supersymmetry of the
near 1/4 BPS Wilson loop configuration, using the Killing spinors and compare
the behavior of the calculations with the ones already done in N' = 4 super Yang-
Mills [86]. Of course it is expected that no supersymmetry is preserved.

More interesting in our opinion, is to check in the gravity side whether the Wilson
loop expectation value in the § deformed theories remain undeformed for a general
smooth loop. It seems that the method that this can be done, is by examining

the Polyakov on-shell action of the T'sT deformed background, of a smooth Wilson

91



Chapter 5. Concluding Remarks 92

loop that sits on the boundary of AdS. The area of the minimal surface that is
produced it is likely to be undeformed. This analysis could be very demanding, so
one can choose particular ansatze, other than the one considered above, of circular
Wilson loops and check whether their areas of minimal surfaces are undeformed.
If this happens, it is a strong evidence that in the general case the area of the
minimal surface of the deformed background remains undeformed, but not a proof.
To summarize, the problem is well defined: Take any minimal surface on AdSs x S°
with boundary on AdS and the desirable boundary conditions, deform the sphere,
and consider again the minimal surface with the deformed boundary conditions.
The question to be answered is whether the area of this minimal surface change,
and if yes how depends on the deformation parameter. We have shown that at least
in one case does not, and it seems that this could happen in more general cases too,
but this is not proven yet.

From the work in chapter 2 it seems that the cancelation of the UV divergence
and the Wilson loop constraint, are not related to the preserved supersymmetry of
the theory. We saw several examples with theories with reduced supersymmetries,
where the cancelation of the divergence with the use of Legendre transform and the
Wilson loop constraint is possible. In most of these cases the Wilson loop constraint
seems not to be possible to come from the supersymmetry preservation. One case,
that it is definitely worth mentioning, is the case of the multi-3 deformed theories,
which do not preserve any of supersymmetries. In this theory the cancelation of the
divergences with the use of the Wilson loop constraint and the Legendre transform
is still accomplishable, and since there is no supersymmetry the cancelation can
not depend on it. However, when one is using the § deformed backgrounds, should
be aware that there could be some kind of hidden structure, that gives to these
backgrounds some supersymmetric-like properties. This saying, is just a speculation
and maybe not true, but we have to be cautious since several other results i.e.
instantons, produced in the original theories, seems to carry on in the deformed
theories, without affected crucially from this supersymmetry reduction. Of course,
is more likely that these results are independent of the supersymmetry. In any case

the conclusions for the UV divergences of the Wilson loops and their no relation to
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the supersymmetry are true, since we use several other backgrounds with reduced
supersymimetries.

Furthermore, the fact that the Wilson loop expectation value for the case of the
Sakai-Sugimoto model is finite can be used to produce several useful results in holo-
graphic models of QCD [115]. Moreover, recently it is examined the correspondence
between the Wilson loops in (p + 1) dimensional super Yang-Mills and the minimal
surface in the black p-brane background [116]. It seems that our analysis for the
cancelation of the divergences with the Legendre transform, can be repeated there
in a straightforward way. It is also straightforward to say that our results can be
extended in different dimensions or similar spaces. For example one should expect
that the Wilson loops in the AdS3; x S7 will have divergence which canceled with
the Legendre transform.

One very interesting case, is the Wilson loop operator in the 3-dimensional N' = 6
supersymmetric Chern-Simons theory [58], where recently the correspondence of
Wilson loop has been analyzed [71-74] (see also [75] for related discussions). The
ABJM theory has a U(N) x U(N) gauge and opposite levels k and —k. The matter
fields are bifundamental scalar fields A;, A, in the representation (N, N) and anti-
bifundamental fields B;, B, in the representation (N, N) and fermions. On the field
theory side, a Wilson loop operator which couples to a certain bilinear combination

of the bifundamental fields has been considered
1 ‘A 21\ dy Iy
WI[C] = NTTP exp | @ dr [ iAZ" + ?MMI YY) )|, (5.1)
c

where YT = (A,, Ay, By, B;) and the curve C is a straight line or a circle. For the
special case where C is spacelike and M = diag(1,1, -1, —1), the operator is 1/6
BPS. In this case the UV divergences of this operator canceled in the perturbation
theory. It was also argued [72] that this 1/6 BPS Wilson loop operator describes
a string smeared over a CP'! in CP3. The smeared string preserves a SU(2) x
SU(2) subgroup of the SU(4) isometry, which is precisely the amount of R-symmetry
preserved by the operator (5.1) for this particular choice of M. As a smeared
configuration, one would not expect to have a relation like (2.23) to relate the
worldsheet boundary conditions with the couplings of the scalar fields in the Wilson

loop. In general one may consider localized string in CP? and ask how it’s boundary
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condition appears in the Wilson loop. We will consider a natural proposal in the
following. However it turns out the correct operator has to be more complicated
than this.

To describe the string theory on CP? (see for example, [76]), it is convenient to

use the complex coordinates w!

4
> wha' =1 (5.2)
I=1
subjected to the constraint
4
> (W8’ — w'8aw’) =0, a=1,2. (5.3)

I=1

This construction is a realization of the Hopf fibration since the first constraint
describes a S and the second constraint describes a U(1) symmetry which reduces
the embedding to CP3. Using this description, one can think about the transverse
space to the boundary spacetime R® as described by the four coordinates Z/ := Yw/
where Y is the radial coordinate of AdS,. In terms of Z, we have 3°7_, Z'Z7 = Y*
and

4
Y (2'0.2" - 2'8,2") =0, a=1,2 (5.4)
I=1

The string boundary condition is then given by the three Dirichlet conditions for

the longitudinal coordinates and the eight Neumann boundary conditions
Jeg Zl(r,0) =3 (r), I=1,---,4. (5.5)

Note that the boundary condition (5.5) is consistent with the constraint in (5.4)
since Z!(7,0) = 0. In terms of real coordinates Z! = Y!+4Y?, 22 =Y2+iY% Z3 =
Y3 4+4Y7,Z% = Y* 4+ iY® the embedding reads 3_>_,(Y?)? = Y2 and

4
S (Y18, Y+ — Y Hp, ) = 0. (5.6)
I=1
The boundary condition reads

JEO YT, 0) =7, i=1,---,8, (5.7)

where z! = y! +435, 22 = y? + 48,23 = 3 +4y7, 2t = y* + iy
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To write down the Wilson loop, we note that due to the presence of the product
gauge group, there are two independent Wilson loops one can write down. Let
us concentrate for the moment on the first U(N), one can form adjoint fields by
multiplying the bi-fundamental fields in a certain order. It is natural to consider

1

w
N

TrPexp (% dT(iAui'p’ -+ dabAa/_lb + 6abBaBb)) (5.8)
C

where C' is a general spacelike curve. This operator is invariant under arbitrary
reparametrization 7 — 7, including orientation reversing ones. Since scalar fields
in three-dimensions is of dimension half, the variables a® and 5% are of length
dimension and therefore it make sense to try to identify them with the boundary
variables z! in (5.5). Since A, (or B,) is a doublet of SU(2):, A,A, (or B,B)
contains a singlet and a triplet of SU(2);. Our proposal is to identify

2V 2r

k

=1 i

4
Qah =

i 227 o
(@i, bap = == > (0 ™ (5.9)

1

where o = (71, 72,73, 1) and 7123 are the Pauli matrices. Note that the ABJM the-
ory is manifestly invariant under SU(2) x SU(2) of the SU(4) R-symmetry. There-
fore (5.8) respects this symmetry if we assign (y*, y?, y?) (respectively (v°,4%,y")) to
be a triplet and y* (respectively y®) to be a singlet SU(2), (respectively SU(2),).
For convenience, we have put a factor of 2v/27/k above since the propagator of the
gauge bosons and the scalar field is different. This turns out to be a convenient
normalization in perturbation theory. We remark that the identification (5.9) can

also be written as

oY _
Gap + ibap = ‘QT > (o)t (5.10)
I=1

and our proposal for the Wilson loop operator that is dual to a string with the

boundary condition (5.5) is

. (5.11)

4
?i ar (id,a" + 2SR 4 #R')

1
W = —=TrPexp
N I=1

Here R! is the composite scalar R! := (A’ +iB')/v/2 where AT := A, (0!)uAs,
BI = Ba(O'I)abBb .
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By doing a perturbative computation as in, e.g. [72-74], one can show that the
Wilson loop is in general linear divergent:
N? . .
~ k_2€ /dT](l‘(T])z - y(Tl)Q). (512)

Therefore the divergence cancels if the loop constraint
i =P (5.13)

is satisfied. The fact that we obtain precisely the same constraint as obtained from
the Hamilton-Jacobi analysis provides some support that the ansatz (5.11) correctly
encodes the boundary conditions of the dual open string. However this cannot be
correct due to a mismatch. In fact, a half BPS string configuration which is localized
at a point in CP* has been considered in [72-74]. One can show that there is no
choice of 2/ to make (5.11) half BPS. Even worse, it is easy to show, for the ansatz
(5.1) which is coupled to a bilinear of scalars, there is no choice of the Hermitian
matrix M so that there is 1/2 unbroken supersymmetry. Therefore the correct
Wilson loop operator that is dual to localized string must be more complicated.
The understanding of this will be very interesting.

Another more general direction to look at, is to try to apply our analysis to
Wilson loops in higher representations. In these cases the suitable dual description
is in terms of D3-branes or D5-branes [59,64-70]. Presumably the correspondence
will continue to hold for a more general class of gauge/gravity duality. It will be
interesting to analyze the structure of the UV divergences there and to derive the
corresponding boundary conditions for the corresponding D-brane description.

Finally, it is worthy to mention some recent developments in the Wilson loops
especially in the study of 1/8-BPS supersymmetric Wilson loops in N' = 4 super
Yang-Mills theory and their string theory duals [117,118]. The operators are defined
for arbitrary contours on a two-sphere in space-time, and they were conjectured to
be captured perturbatively by 2 dimensional bosonic Yang-Mills theory. In the AdS
dual, they are described by pseudo-holomorphic string surfaces living on a certain
submanifold of AdSs x S®. It seems that it is important to try investigate more
this conjecture. Moreover, the dual picture of these Wilson loops in higher repre-

sentations is a very interesting problem and still not solved. Furthermore, it seems
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that the calibrations and the fact that the dual string worldsheets are pseudoholo-
morphic surfaces with respect to an almost complex structure J, is something that
depend on the supersymmetry preserved. A very interesting question is what one
would see for the pseudoholomorphic surfaces in the case of the backgrounds with
less supersymmetries. It seems that in these backgrounds due to the lack of the
existence of the SO(6) the relevant analysis become more complicated. However, a
good start would be to consider the 3 deformed backgrounds, where one hopes that
their structure would simplify the analysis.

As far as concerns the semiclassical string solutions in Sasaki-Einstein manifolds,
is true that the problem did not receive yet much attention in the literature. One can
certainly try to find more solutions, and try to establish the energy spin relation. An
interesting extension of this work could be to consider strings having o dependence
on one of the y, § angles. By activating simultaneously one more U(1) angle for the
string’s motion, the analysis should not be difficult. However, simultaneous string
motion on more directions, could lead to systems of differential equations that might
be difficult to solve. Also, worth looking at, is the effect of the 8 deformations on
the string solutions on these manifolds. One can initially work with the point-like
BPS solutions presented above, and try to derive the 8 deformed 'BPS condition’. It
can be checked then if the BPS massless geodesics found above, remain undeformed.
It must be possible to support these results accordingly in the dual beta deformed
theory. Another interesting topic is to examine the string motion simultaneously in
several U(1) directions, and to analyze the energy-spin relations. Finally, it would
be very good to identify the solutions found in this paper with the corresponding
operators in field theory. Some of the above issues will be examined in a forthcoming

publication [119].



Appendix A

A.1 Wilson loop from U(N + 1) — U(N) x U(1)
breaking

For real B-deformation, the bosonic part of the Lagrangian of the 8-deformed SYM
theory is given by

1 } R o 2 i}
c= Tr(ZF“"FW +(DP8%)(D,8a) - ¢*[0a, &), (82, 8. + L (20, 34, <1>51>,

where @, (o = 1,2, 3) are the scalar components of the A/ = 1 chiral superfield.
Next, let us break the gauge group U(N +1) — U(N)xU(1) by turning non-zero
vacuum expectation values for the scalar fields

Onx 0
o= ¥ . a=12,3. (A1)
0 MO,

Here ©, lies on a 5-sphere, ©,0% = 1, corresponding to the direction of the sym-

metry breaking. Decomposing the fields as

Auz A, W, 7 . — d, W, | (A2)
WJ a,t Ya M@a
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we obtain the action in terms of W,, Y, :

§ = 2FL + (D)D) + 5[0, Ball®:, B.) + (00, B,]5,,[Be, Fls,
+((Dy — iau)w-ci) ((Du +1a,)Ya) + (D + iau)YaT) ((Dy — 10, )W)

+ifﬁu +(8,MO})(8,M8,)
—QYJ((PA,@ae—?iﬂﬁm — B+ (B — MOL) (D, — MO.) + M20,0, (2o — 1)) wi
~2Yo (8, 80e 72 — 8,3, +
+YJ((2($- — MO,) % %5, (Pr — MO,)) + [k, Br]) 0oy — 2(®, — MB,) %4, (Ba — MO,)
+(20 = MOL)(3, — MB,))W,
+Ya((2(<1>~ ~ MBy) * %4, (B — MB,) + [B,, 8,]) b0y — 2(P, — MO,) %5, (B0 — MO,)
(

+(®q — MBL) (D, — MO )W+ ... | (A.3)
v Y

where we have defined

(B — MO,) x5, (., — MO,) := 3,0, + M?0,0, — D, MO, e* < — MO, P, e~ % 0on
(®, — MB,) *,., (Bo — MO,) := B, 8,e¥Pr + M?0,0,e” %P — MO,d, — T,MO,.

In (A.3), --- denotes terms of higher order (fourth) in the fields W, Y, and Tr over
U(N) is understood.
Next, we go to the real basis by introducing

1

1 , 1 , ,
¢, = ﬁ(%ﬂl +ips), P2 = ﬁ(wz +ips), Pa= ﬁ(% +1ps) , (A4)
1 1
W1 = ﬁ(wl + ’L’LU4) s WQ = %(’wg + L’LU5) R W3 = ﬁ(ﬂ)g + ’L’LUG) (A5)

and similarly for Y, and ©,. The terms YJ(--- )WI, Yo(---)W,, Y,(---)W! and
YI(--- )W, become

+ Z wg [2/\1-1- - ij + 2 sin QTFﬁZ Sikl(,@k.Mel]wj + cc (A.6)
1j=14,25,36 kl
6
+ Z 'LUZT l:2A1J - 07?7 - 2M20i9j(COS 27Tﬁ — 1) + 21 Z Siklj sin QWﬁ(QDkQOl - M29k9[) wj
17£14.25.36 ki=1
i#j

+ c.c.,
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where we have defined

Ci; = (ps'™ — M8e™P)(pje™" — M8,;e'™) (A.7)
Aij = wip; — pjpicos2mfB (A.8)
Aij = [0 5] (A.9)

and C’?j = C;;(B = 0). The quantities s;;x, Sijxm are equal to +1 or zero, and their

non-zero elements are shown below:
S =1 for 2kl = 125,163,241,236,314,352, and s;y = —sux ,
Siryy = 1 for iklj = 2451, 1245,4512,5124, 1643, 6431, 3164,4316, (A.10)
3562, 2356, 5623, 6235 .

We have written our result in this form, so to be clear as much as possible the
separation between the deformed and the undeformed part of the Lagrangian.

Following the derivation of [13], one can derive the form of the deformed Wilson
loop. What is relevant is the eigenvalues of the mass matrix (A.6). In the unde-
formed case, the mass matrix has an eigenvalue which is 5-fold degenerated and
a zero non-degenerate eigenvalue. The supersymmetric Wilson loop (1.22), (1.23)
is derived from the (infinitely) massive quark probe. In the (-deformed case, the
eigenvalues are generally deformed and degeneracy is lifted. However it is clear that
the large N Wilson loop will be the same as in the undeformed case because there
isn’t any multiplicative factor depending on N in the mass matrix (A.6), therefore
the classical Lagrangian is the same as the undeformed one in the large N limit
(1.51).

For finite N, one will need to keep track of all the dependence of § in the
Lagrangian (A.6). Due to the large amount of computational work, we were not
able to work out the explicit expressions of the eigenvalues. However for the cases
we have checked (for example by setting some of the ¢, and 8 zero), it appears
that there is always an eigenvalue which is equal to the undeformed one. It is the
phase factor which is associated with this quark which gives rises to the Wilson loop
(1.22), (1.23).

We remark that one may also utilize the star product (1.43) and use a star

product path ordering to define the Wilson loop operator. Unlike the Wilson loop
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in the ordinary noncommutative geometry which is highly non-local [55], the closed
Wilson loop operator is immediately local and there is no need to employ an open
Wilson line. When one expands the exponent, will get higher and higher powers of
the scalar fields and each of them is accompanied with a phase factor which depends
on the charge configuration of the scalars. Since these phase factors becomes higher
and higher power in 3, in general one cannot drop the 3-dependence even in the large
N limit. This operator is not what one obtains from the probe analysis presented
above. It is an interesting question whether this noncommutative Wilson loop also

admits a nice holographic interpretation, and how.

A.2 The deformed metric in the Cartesian coor-

dinate system

For convenience we collect and present the metric in the coordinate system (3.6)

expressed in Y coordinates. Defining
A =1+3Y Y2 +YF)(v¥ + v,
A = 1+ 3Y YT + V) (YE + YY),
Ay = 1+ 32V IV + YH) (YT + YY), (A.11)

the metric elements are:

(Y¥ +GY A))

Gll - Y_ Y12 + Y42 G44 = Y_- Y12 + Y42
2 52 52 22
L2 (YT +GYY Ay) (YT +GYT Ay)
GQ‘Z - Y Y22 + Y52 ) G55 - Y Y22 + Y52 )
L(Y¥ +GY® A, L(Y® £ GYFA))
G33 = Y 2( Y32 _+_ Y62 3)’ G44 = Y ~( Y32 + Y62 : (AIQ)

Gia= 2V S2G(Y¥ +YO)Y4YS, Gi= 2V -%3°G(Y? +Y52)Y“Y6,
Y¥ + Y)YV G = —2Y 2G(YY + Y )YY

G5 = —2Y %3G )

Gos = 2YSRG(YV +YF)YOYE,  Ga = —2Y 85°G(Y™ + Y )Y1Y?,
Gos = —2Y 2G(YY + Y)Y3YD, Gy = —2Y %5°G(Y” + Y¥)Y'YS,
Gss = —2Y 7% 0G(Y + Y42)Y2Y6, Gas = 2}/_6;726'()/32 + st)Ylyz’
G = 2Y2GIYT +Y)YY3, Gss= 2V 2G(YY +Y¥)Y?Y?,
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LY'Y41 - GAy)
G14 = 2Y Y12 + Y42 ?
LY?Y3(1 - GAy)
_ 2
G25 - 2Y Y22 + Y52 ? (A13)
Y3Y8(1 — GA3)
— oy -2 3
036 - 2Y Y32 + Y62

Substituting from (3.6) the coordinates we express the metric in angles, the diagonal

terms are
G = ?1-(cos2 $1 + Gsin® 1 M;), Gy = 77 (sm é1 + G cos? o1 M),
Gaop = v (cos $2 + Gsin? poM,), Gss = }}2 (sin® ¢p + G cos® ¢a Ms),
Giy = }}2 (cos $3 + Gsin® p3M3), Ges = ?lz—(sing &3 + G cos? d3M3) .
The non-diagonal elements are
G2 = %’y?Guluzu% sing;sing;, Gz = %;XQGH1H§#3 sin ¢; sin @3,
Gis = — %’?QGM#Q#% sin g cos @2, Gis = —%5’2@#1@#3 sin ¢, cos @3,
Gaz = %?QG#{I’MM singysings, Goy = }}2’7 Gy prapsl €OS ¢y Sin ¢,
Gas = }}2 Y Gl papssin o cos @3,  Gag = ;2 A*G 1 a3 cos ¢y sin @3,
Gss = }}2 PG pipaps cos gasin gy, Gas = %’? Gpipap cos ¢y cos ¢o,
Gas = %“‘r Guipipscos ¢y cosgs, G = %ﬁQGufuzus COS @9 COS @3,
and
Gy = % sin2¢,(1 — GM,y), Gas = % sin 2¢o(1 — GM,),
Gi = )1/ sin 2¢3(1 — GM3) . (A.14)

Appendix A.3: Derivation of the Hamilton-Jacobi Equation

In this appendix we shortly derive the Hamilton-Jacobi (HJ) equation (2.4). Con-

sider the action for the string

S = / d’c(\/det g — iBr;0, X8, X7)

(A.15)



A .4. Cancelation of UV divergences up to order (g>N)> 103

where gop 1= G1;0,X'95X7, a,3 = 1,2. The conjugate momentum is

65 1 ; o ;L ,- ,
P = 3G XT) \/§G1J(91182X 91200 X7) + iB1;0, X" =Py +1B1;0, X",
(A.16)

where we have introduced P; as defined above. This turns out to be a convenient

variable for expressing the HJ equation. The Hamiltonian is
H=P&X - L=PdX" -3 (A.17)
Eliminate 8,.X? in terms of P; and note that P;0, X' = 0, we obtain
H= ﬁ(G”'PI'PJ — gu1)- (A.18)
g
And we obtain the HJ equation H = 0,

GVPP; =G0 X0 X7 (A.19)

This is the form of HJ equation we used in the main text of the thesis.

A.4 Cancelation of UV divergences up to order
(9*N)?

We first demonstrate that that the scalar propagator and the gauge boson propa-
gator in the Feynman gauge remains equal up to first order in g? N. The simplest
way to show this is to use superspace Feynman graphs. In terms of superfields, the

Lagrangian for the S-deformed SYM theory is

L = / d?0d*0 Tr(e 9V ®;e?V ®;) + ! / d*0 TTWeW, + c.c. (A.20)

2g2
+ 'Lh/d29 Tr(ei’THCbl(IJg(I)g - e—iw,@q)lq)Bq)Q) + th* /dz_é Tl'(eiwﬁ615263 - e_i”5515352).
Using fape := —iT0(To[Th, Te)),  dabe := Tr(Tu{Ts,T¢}), the superpotential can be

written as

—h(fapccos T8 + dgpesin ) / d*6 20595 + c.c. . (A.21)

The relation between h and g is obtained from the requirement of superconformal

invariance, which gives up to two-loop order [56,57),

|h|?(Cy cos® 78 + Dy sin® nff) = Ng°. (A.22)
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D
J

Figure A.1: 1-loop contribution to scalar propagator

Clars
@06
GO

Figure A.2: Feynman diagrams of leading and next-to-leading orders

Here forefabe = 00a'C2, dabedape = Oaa Do and Tr(T,T,) = 640/2. Now the 1-loop
correction to the scalar propagator is contained in the diagrams in figure 1. It is ob-
vious that the graph (b) is independent of 3. For the graph (a), it has a interaction
vertex proportional to |R|?( fapefarse €082 T8 + dgpedarpe sin® B). Using the supercon-
formal invariance condition (A.22), this is equal to g? N, and is independent of
(3. Thus the one loop contribution to the scalar propagator is independent of 3.
It is obvious that the one loop contribution to the gauge boson propagator is also
independent of 8. Using the result of [88], we conclude that the scalar propagator
and the gauge boson propagator remains equal up to first order in g?N.

Using this result, it is easy to see that the Wilson loop operator (1.22) is free
from UV divergence up to order (¢2N)? if the constraint (1.23) is satisfied. The
proof is a slight adaption of the computation of [85]. At leading and next-to-leading
orders, we have the Feynman diagrams given in figure 2. The linear divergences

in diagrams (a-g) got canceled out immediately due to the equality of the 1-loop
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corrected scalar and gauge boson propagators. As for the diagrams (h) and (i), we

have

(h)+(2) = Q(gQN)2/d4.'L'%d-deSQngec(S],SQ,Sg) :
'(Dzzla)‘Dz:cg - a\DIIxDIIz)Dmsié\ : (:i:’fz'g(sw, - yiy'g&])z’?’)

The contribution to (A.23) from the region s; ~ s; ~ s3 is linear divergent for a

generic loop,
. 1,.,
(h) + (¢) ~ fdslz(x; —y; +e). (A.24)

However when the constraint (1.23) is satisfied, the contribution is finite. Thus we
conclude that the Wilson loop operator (1.22) has a expectation value that is free
from UV divergence up to order (g°N)? when the constraint is satisfied.

We also remark that, due to the equality of the propagators, the Wilson loop

operator with the constraint [85]
Y= M.a*, MM =56, (A.25)

has expectation value 1 up to order (g?N)2. This Wilson loop possibly has an exact

expectation value 1 just as in the N’ = 4 theory.



Appendix B

B.1 Some formulas of Sasaki-Einstein manifolds

The three roots of cubic satisfy

Yor +Yq- T Y3 =3/2,  Ygrlq- + Ygr U3 + Yo-Ys = 0, 2YqiYg-y3 = —a

and also can be expressed in terms of p, ¢

2 0l ]'
Yot = 3 (2p+3¢— V4p®* - 3¢%), ys= 5(2p+ 2/4p? — 3¢?)

1
/4
and the period of a (4.10), can be rewritten in a more compact form

- ___ 1
4P Y+ Yq-

which is always positive since y,— is negative. The volume Y?9 is given by

2p + \/4p? — 3¢2)in3
VOl(Ypsq)=Q(p+ 31;2 3¢*)lm

and is bounded by

Vol(T**/Z,) > Vol(YP9) > Vol(S®/Za X Zy).
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B.2 Definition of functions used in L”%" string so-

lutions

In order to make the presentation shorter we define the following functions as

_ 2 A 2 h 2 _ 2 R
dy(z,0) = ((a af) 24 2% pgiff z) >sg, , (B.6)
_((B—2) Acj + hsj(6 — z)°
da(z,6) = ( R T )e. (B.7)
_ A —h(a—1x)(8 - z)\ 283
ds(z,0) = (e - 2)(B - 2) + p ) 2. (BY)
which have the following partial derivatives. With respect to 8:
_ S26 _ 4p(a — )2
Oucs(z0) = gy (e e = B =) = po e )
_ S _ 4B — z)°
Opa(,6) = Zrr -2 (1+B(8-a)(8-2) CEY BTy 5)029)2) ,
sz g) — 1520 (& — acg)c; — (z — Bs})s))
e S B (e + o+ B3y
and with respect to z:
82 2
8.d(z,0) = 3 — ch Th) <4,u +a(3a® + 208+ 38° — 8(a + B)z + 82°) +
+4(—p+ ala — B)(a+ B — 22))co + ala — ,@)%49) , (B.9)
c2 )
0.do(z,0) = _8ﬂ2 — ch n ﬁ83)2 (4,u, + 0 (3a2 +2a8 +368° — 8(a+ B)z + 82 ) +
4+ (e~ B)B(a + B — 22))eas + (o = ) Bcas ) (B.10)
B,da(z,8) = — 53 (B.11)

408 (—z + o + B8s3)°

We use the above expressions to write the equations of motion and the Virasoro

constraints in a more compact form.
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