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SUMMARY

In this note, the equations of the flexural-torsional
flutter of a swept wing are established, assuming the wing to
be semi-rigid and fixed at the root. The genecral c¢ffect of
sweepback, wing stiffness and position of the inertia axis are
determined, The critical speeds for flutter and for wing div-
ergence are detcrmined (i) for incomprecssible flow (ii) for

compressible flow, assuming a modified Glauert correction.

. The critical flutter specd is in general higher for
a sweptback wing having the same wing stiffness as the unswept
wing; for a swept forward wing, divergence will occur before
flutter,

===00000--~

MEP




g

NOTPTATTON

Dimensions and Displacemcnts of Wing (see Figure 1)

c = chord at distancc y from root chord (parallel to the
root chord)

Cy = root chord

a = mecan chord

c, = tip chord

d = 0.9 3

f and P define the flexural and torsional modes of oscillation

ge = chordwise distance from leading edge to inertia axis

he = chordwisc distance from lecading cdge to flexural axis

je = chordwise distance from flexural axis to inertia axis

f?: 0.7 s = perpendicular distance from wing root to flex-
ural centre of reference scetion

8 =  perpendicular distance from wing root to tip

s' = distance from wing root to tip, mecasured along flex-
ural axis

N = perpendicular distance from wing root to a given chord-
wisc clement

a = angle of incidencec of wing

n o= y/f

o] = nomal displacement of flexural centre at a given
chordwisc clement

'¥> = slopc of flexural axis at a given chordwise clement

0 = angle of twist of a given scetion perpendicular to the
flexural axis.

6] = angle of sweepback of flexural axis,

Density

E = air density/wing density = R/Uw

' P = air denzity in slugs per cubic foot
Oy = wing density = wing mass per unit arca/mean chord, in

slugs per cubic foot.

Stiffness coecfficients

é; = elastic moment about perpendicular to flexural axis
for unit displacemcnt ﬁr at the refcrence section

mg = clastic moment about flexural axis for unit displace-
ment er at the reference scetion
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v = forward specd of aircraft

v = critical flutter speed
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Introduction

In this note, the equations of the flexural-torsional
Tlutter of a swept wing are established, assuming the wing to
be semi-rigid and fixed at the root. The gencral effects of
sweepback, wing stiffness and position of the inertia axis are
determined. The critical speeds for flutter and for wing
divergence are determined (i) for incompressible flow (ii) for

compressible flow, assuming a modified Glauert corrcction.
-

Data and Assumptions

General A straight tapcred swept wing is considercd CFigure 1).
The flexural and inertia axcs arc taken at given constont

pereentage chord distances behind the leading edge.

Principal Dimensions

8 = span (root to tip), perpendicular to root chord
d = perpendicular distance from root to 'equivalent
tip scction'
= 0.9s
,g = perpendicular distance from root to flexural
centre of the 'rveference scetion!
= Q.78
C, = root chord
Cyp = tip chord
qm = mean chord
he = distance of flexural axis aft of lcading cdge

(measured parallel to root chord)

gc = distance of inertia axis aft of lcading cdge
(measurcd parallel o root chord)

1-T = taper ratio = Ct/co'
B = anglc of sweep back of flexural axis.
Corresponding distances along the flexural axis
arc indicated by dashes; thus
s' = span measurcd along the flexural axis.

Axcs Ox, Oy arc btaken parallel and perpendicular to the root
chord through the point 0, where the flexural axis mects the
root chord, Axes Ox', Oy' arc talen perpendicular to and
along the flexural oxis,

.1

tiodes of motion and displacement coordinates

The wing is asswied to be somi-rigid, the modcs of
displacement in flexurc and in torsion being taken to be inde-
pendent of the speed; all displacements of cithor kind are

aken to be in phasc with onc anothcr. The modes of displace-
ment arc token to be lincar in torsion and parabolic in {lcrure;
this approximates closcly to the natural modes of the sy stem,
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The displacement coordinates arc defined as followss-

The flexural coordinote @ is the flexural displaccment of the
flexural centre at a given section divided by ¥ (positive for
dovmward bending).

The torsional coordinate © is the angle of twist of a given
secticn perpendicular to the flexural axis mecasurcd relative to
the corresponding root scection Ox', (positive when the trailing
cdge moves down relative to the leading edge). er and ﬁr

arc the flexurol and torsional coordinates of the reference
scction, (the scotion perpendicular to the flexural axis at

70 per cent of the span, measured along the flexursl axis).

The wing is supposcd to be placed at a small anglc of
incidence in a uniform airstrcam of speed V  (lach number M)

and the wing root is supposcd to be rigidly fixed,

The displaccments ©, @ of any point arc rclated
to the corresponding displaccments at the reforence scction

0_s ﬁ& by the cquations

Sh- oS N

r

where n=y4 = y/MH.

The symbols uscd in the cquation of motion conform

with thosc in refercnccs 1 and 2.

Blostic stiffness cocfiicicnts

The flexural and btorsional coefficients arc denoted
by -E% and Mg reapoctively. The non-dimcnsional fluttcr
spced cocfflficicnts arc plotted against the modified stiffness

ratio r defincd by

2
. *gg m@ ,_. 'yg f_@
- 3 2 T m 2
d de g d
m

Wing density

The wing density % is defined to be the total
wing mass in slugs divided by the product of the wing arca in

squarc feet and the mecan chord in fcet.

Also E = o
5 p/o,
where p  is the air densibty in slugs per cubic foot.

Let O, s 9, Pe the wing densitics for a swept and

for an unswept wing of the samc arca and mean chord., The swept
wing will have a larger weight duc to its larger span, measurcd

along the flexural axis. It can be shown on theorcticel grounds
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that the weight of a swept wing should vary approximately as
seczﬁ.

2
s « @ = O BeCP
@ W
6! o}

and E = SECE[?j. E’

The inertial coefficients

To find the inertial coefficient, we replace the given
wing by the wing ABB'A', considering the section AA' +to be
rigidly fixed to the fuselage.

As in references! and 2, we assume that th% mass per

unit span (measured along the flexural axis) is mﬁah where

¢ = local chord perpendicular to the flexural axis and m, is

&
constant for a given angle of sweepback.
We have approximately ¢ = ¢ cos g
where ¢ = local chord measured ay'to the line of flight,
t
. . e il e oy
¢ o« Total wing moss = 21‘11B c  dy
40
2 12
— n. cos PBc sl -1+ ==
e o 3

2
) FLIAN
For the unswept wing, total wing mass = 2 m cé s {1 -7+ 3

Assuming as obove that the wing weight varies as secB,

3
= m_ sccP .

m
B o]

. s T
For both swept and unswept wings, total wing area = 2s ¢ -'%]

- s
and mecan chord = ¢ [; -
o] 2
Wirn s
Now o = 21058
0 .
wing arca x mean chord
Gb G& Z
3 0 —=AT+T
Fa e el g
B "o L=l 4T

Te also assume (as in references 1 and 2) that the
radius of gyration k€ of a chord wisc scection about a transverse
axis through the incrtia contre of the scetion is a constant
percentage of the chord,. (k = 0.294).

Let om = wt of wing clement &x' 8&y' at point
(x',y').
As in refoercnces 1 and 2, the incrtia coefficicnts

are given by the following formulacs-
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where a o =] = ; - ‘ fF sec p dn

and the centre of inc

section is distance J&8 bchind

the flexural axis.
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Thus a, varies as sechﬁ § &

1
83 is independent of g.

3 (= g1) as 5602B and

The aerodynamic coefficicnts

e consider the forces acting on a chordwise strip
of the wing (parallol to the linc of flight)., The geometrical
angle of incidence o and the downward displaccment of the

leoding edge of this chordwise strip arc given by

6 cos B + ¥ sin B
g =~ 0he cos p

@

1

a

wherc ™y~ is the slopc of the flexural axis at the scction

considercd, and any chordwisc change of camber has been neglected.

g = g £/

I
1 sl el ’ n )
W = gjr or/on = ;251,. 1
6 = 6 F

r

f and F being functions of 7 = yAf.

For the acrofoil clement, the lift snd moment cocff-

icicnts referred to the leading cdge are given by

BCL ) GGL . acL

G:@—-—-—-.*,O“—o———.l.z-———

L da ad oz
3 o 6]
szc,----n+é<, 2y -8
da ad, 0%

where a 1is the geometric ancsle of incidence and % 4is the

downward velocity of the leading edge.

In the standard notation, the dowmward normal force
is given by

52 = - & p¥% 8¢, £an
= chE(aV?@+éf.z+&cff&)dﬂ

'+ substituting for a, & and %,

} V{?c o = (Or I cos B + ﬁr f'sin B) V s

; I'J_. 1 al
* (ﬁ&_f 1 Or hc F cos p)'f%

+ (érF cos B+ @ f'gin B) ffc

g
O*“cos,BVE? ,@f’uinﬁ\f—f
+ 6 [% cos,a{? ¢ = he F é{ cos é]
+ [}’ sin B-égc + f-fpj

I

T‘
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Similarly if oW

flexural centre,

&1L

1

p V{?cz

+

hav{fm

Substituting for a, & and

S

= (6 T
o VP an ©

+ ,G.ﬁrf'z

+ (B 7

Considering the worlk done

L o v2{3c2

e (m'z. + h—g%)

i

is the pitching moment on the strip, about the

2 ) ;
(b0m+h60L) an
(an&+'zm:Z+&cm&

. . 1
+hz—£}%+haoﬁa) an’ .

Zy

cos B + ,Gfr f'sin B) (Vm& + h me)
cos B

- Gr he B (m.z + hfﬁ)

cos P + ﬁ')'rf'sin B) (m&c + he ,;;’&)

in a given displacement,

Let SLa = incremcnt in the flexural moment
6Ma = increment in the torsional moment
Then 8L = £f 8Z scc B + £'sin p SH'
O0M_ = 'F dMM'cos B.
a
. e [ ’ ¢
* — - A i —— ) el .
" v,Pz = = gec B f‘c {GrFoospV_a-bﬁrlslnBVG
p e o)
o
. 3
+6r|-:E‘cosp*i_.u-hcro pPk)]
+ﬁ)’r [_f"sin & -r’ic-l-}"f»h ?dn'
‘ e ¥ 0 %
. 5. o c 1 - P or L :
+ 7 sin B (Co) £ J,GrF cos B (Vm{l + hv m) + jifrf‘ sin B(Vma' + hV o,)

4+ 0 [F‘ cos B (mc.Lc + he 1[)&) -~ he F cos P (m..z - hn‘?

4]
+ ,éfr ["Sih & (m&c + hc '?d) - ﬂf"f’ (m:,5 - h?

é]} 5

2[ 7
25 . g i 1
5 =cos (| F (%) ) 6F cos B (qu + hVFQ) + ,@'rf' sin p(vfaaq.nv{:(;)

iLI

P VFO

L
+G[Fcosp% (mc+hc{’} - he F cos B (1‘1.+h~f7:l
& Jér f'gin 8 (mac + he 'F&) + {”f(m. + h?J}

Now L = 6 Lo + QTLQ + 6 Ly + rL,('?f
and 1 = 8 My + Q'rl'-.'lg + 0 My + Q'rl,'iﬁ
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the non-dimencional acrodynamical coefficients are given by

Le /7 '
= - ———L:— = : 3 S ‘—ffo 5002{:\7 -+ f'tan B P& 'C";"'] flﬂ'
VPJ o] o 5 'E
P 0 0 e
5 (T .
) f'(-g—) I:f tan B (mr.? + hP;)
% ” o - b
G iuac " et
+ 7 £rsinp( g, * hgai] dn
3 . (O/7
i _——%-5:—9 ff'-g—- tanﬁ»f’a&r}‘
p VIE fj N e
X L e
TS TP g1 | Ba !
-<-t‘> sin"B ! (c) (m@-i-h‘é) dn
ifo B
Ls 40/7 VE o
5 e f(%) (vf), - w¥,) an
p Vf B ; o =
. 10/7 3 ” ; P
- ?— sin B cos B (E:;) e I-(m& - ﬂ"é.)—'h(m’z +h é) an
£/ o
I 10/7 . 10/7 5
i '9 C i o . vl 8
I S | Ff =— dn' =-x sin p £f'Y =\ F cos
o nggco ) o cy .P ) co

(mm + h{i) dn'

o ~10/7
l‘.‘lg‘ o 8 N
= - | -20?_ - "j F (Z \ I:f (m% + hf?.z) + f'sin B cos B (mc.i.-l-h%:) ;?E;] an'
O

P '\T{f o 0
B c, 10/7 o \2 P
— - = e . o 1 s N T t
= 55— = 7 sin B cos B I (C g (1’.1& + hf,a) n
pv ﬂ co oo o]
| NMO/7 5
Tiw & R 7
Sap—— G — = - cos' [ Ff St |m, + h{? - h (m + h‘f).;] '
p VL PJ CO a, aQ Z _Z‘
Vo
Hy 2y [T rey? P
S . ek o = . t
= t— V?_‘fPE 2= cos [37 P (CO) (lu.u' + h O'..) dn .
o) o

It is to be noted that cy and ¢, are not in general

3

zero for a swept back wing.

For the assuned nodes of flexure and torsiomn,

f='r].‘_, ' =M, P =mn.
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Derivation of critical flutter speed

Ag in references 1 and 2, the equations of motion
are

A1,®'T+B1ﬁfr+01ﬁfr + G + 30 +K0 = 0

Ayefr +Bf + 00 + G36r + Jje + K0 = 0

Let Q'r = I'(,}\t F er =@6;\-t

Substituting and eliminating 4 E we get
2 s 2 : e
(a1 N + b, ’Eo s +4) 5»;3}\' - J.JEO}\' +Y)
“(c71‘>\2+J1~/( 7"*'4'1’)( 7‘\ + Db \g‘ \'+c):0

vhere A' = )\ V.f(
¥ - ,{;__‘_I%E? = :éL?_E? - cy = XL': + 4
) KZ’ ) mO L .
Y = ) VZ{’CE = i v'? cz_ + LB =Y % ks
ieCe qo?{l'L & cL]}\_‘5 + qQ}‘\'2 + qE\N vg = 0
where 9, = a,]g5 - RBSJE
g = (o435 = a3, + b8y = b3g1)-f€;
4y = '_&’l Y - aﬁkﬁ * (b,] ,j3 - b3j1) Go * XgE - 0;31—]
a5 = (b1 T -bgky + X j; - c:z,jﬂ)\/é_O
q!_|. = XY - 031-:,[
The test function iz ’.I‘3 = g q2q3 - qOQé - cﬁ qL‘_
?.‘3 = 0 at the critical flubtter speed Vc.
q4 = 0 is the condition for wing divergence.

Estimation of the acrodynamic coefficients

Using rcfercnces 1 and 2, the acrodynamic cocfficicnts

Tor incompressiblc flow over an unswept wing are given by
¥ 3

‘F. = Yuby ‘(& 1algy %31.6

= Oo?, L 1:10..

i
.
i
(]
-
L]
=

a2l
-

1
i
-

1
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The volucsof these coefficients have becen derived

from experimentally determined derivatives for a wing of finite

span.
The acrodynmmic acceleration coefficicnts have been

ncgleeted in comparison with the structural incrtia cocfficicnts.

For the calculation of wing divergence specds, gquasi

static valucs of the derivatives ore uscd.

There is vory little cxperimental dato on the var-
iation of the derivetives with sweepback and with liach number.
For incompressiblc flow we assume that the cocfficicabs vary

as cog B3 for the swept wing, applying the Glaucrt corrcetion

as for the quasi static condition, the derivatives orc nulti-
plicd by the factor

;)

Er
% o A
Gy GeatPooss)™®
Results

The caleulations were performed for o wing of aspcoct
retio 5 and taper rotio ;¢ For the unswept wing, & was
taken as 0,10, giving a wing density of 0.765 1b/ft.” The
floxural axis was tolen at 0.4 chord and the inertia axis a
(1) 0.5 chord, (ii) O.4 chord. The sweopback of the flexural

: s 0 o
axis was varicd from + 600 to - 607,

The non~dinensional critical speed cocfificient

T_JF

pa
0

2
de
1

is plotted for various angles of sweepback cnd sweepforward,
showing the critical flutter specd and the critical sgpeced Tor

wing diwvergencc,

Curvecs arc dravm Tor twe valucs of the non-diicnsional

sbiffness ratio

Pigurcs 2 and 3 arc drawm for incompressible {lows

Tigurcs 4 and 5 for coupressible flow (ﬂ = 0.8).

Critical flutter speed. Effcct of sweepback arnd swoepforward

-

Fron figurcs 2,3,4 and 5 we sce that the miniouwm flutter

- _ ) o} R—_—
specd occurs for swecpbrek cngles of 57 to 207.  For highly swept-

back or sweptforvard ~rngs the {lubtter speed is double that for
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wswept wings with the same wing stiffness. (I0TE: In thesc

calculations we have ncglected the effeot of any rigid body

freedoms of the aircraft c.ge pitch and vertical translation.

Recent theoretical and experimoental work (reference 3) has
shovm that whon thesc body frecdoms arc ncglected, the calcu-
lated flutter speced is licble to be seriously overcstimated.
The calculations in this report can be applicd tc an aircraft
for which the fuselagze is relatively heavy coaparced with the
wingss For such an aircraft, both the incrtia effcct of the
fuselage and damping duc to the tailplanc tend to suppress the

body frcedoms in pitch and vertical translation).

Effect of chanze of flexural stiffncss é% and torsional

gtiffncss me

The curvcs have been plotted agoinst the non-dimen-
sional paramcter B for two valucs of the non dimensional
stiffness ratio r. Thus if the ratio of the stiffncsses is
kept constant, the critical flutter speced is proportional to
v/;; , and thus increoscs as the torsional stiffness incrcascs.
Over the range of stiffness ratios considercd (r = 1 4o 2) the
critical flutter spced is incrcascd slightly when the flexural

stiffness is decrcascd.

Effect of variation of thc position of the incrtia axis

The critical flutter spced incrcascs rapidly as the
incrtie axis is nmoved forward. The cffeet is less bonefiedal

with highly sweptback wings.

Effcct of compressibility

In general, at a lMach nusber of 0.8, the critical
flutter speed is somc 15 per cecat lower than in the incoopress-

ible casc.

Wing Divcrgence

Effcet of sweepback and sweepf oriard

Wing divergence is not importont for sweptbacl wings.
The rcverse is true for swept forward wings, wvhere for cngles of
0 o _. g y
sweep greater than 57 to 15 wing diver_cnce will occur at a

lower speed than the critical flutter specd.

Effcct of change of flexural stiffnezq_;{% _ond torsional stiff-

nees I
RSy

Ag in the cosc of flutter, if the rntio of the stiff-
ness is kept constoant, the divergence specd is propertional to
vﬂ;; , and thus increascs as the stiffness increnscs, For highly
swept forward wings, the wing divergencce spoed is alnost inde-

pendent of the torsional stiffness, while for unsuwept wings the

/divergence o..
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divergence speed is independent of the flexural stiffness.

Effect of variation of the position of tho inertia axis

The wing divergence specd is unaffected by 2 change
in the position of the inertia axis, the flexural axis renain-

ing fixed.

Bffeet of compressibility

At a lMach nwiber of 0.8, the critical speed for wing
divergence is 15 to 20 per cent lower then in the inconpressible

CaBC.

Ceneral conclusions

Pron the above results it is scon that the critical
flutter spced is in gencral highor for a swept back wings for

a swept forward wing, divergence will occur before flutter.

=

REFERENCES

1. W.J. Duncan and Calculated flexural torsional flutter
H. Lyon charecteristics of somc typical canti-
. lever wings.

A.R.C. R. and 1. No. 1782. (1937).

2. ".J. Duncan ond The influcncce of wing taper on the
C.L.T. Griffith flutter of cantilover wings.

f‘!..-RaC. R. Cl.l‘ld I.- IEO. 1869. (1959)-

3, B.G. Broadbcnt Sone considerations of the flutter
problcms of high speced aircreit.
Proccedings of the Sccond Intocrnational
Acronautical Conforence, 1942,
pp. 556 - 581.

—==00000===




COLLEGE OF AERONAUTICS
REPORT No B9

WING PAN FORM.

l<

ASPECT RATIO 5

TAPER RATIO 21§

FIG




(p3Q) WIVEIIMS O ITONV (920) cuvmzosazaMe J0 3mONY
o9 Sv og Si o S oz st 09
| _ | wgop _ _ _ _
_....muﬂ\@f .m __ ouw/ | m _ | ”
| o= | = | IOINIAIAG
| | |

| 3L

7

|

JdaEOHD S0 LV SiXv  VILEENI
QEOHD -0 LV SIXv "IVINA3™S

o;.OJu me_mwu&&inuoz,v

SONIM  QEVNEOLLG3MS NV HIOVELJA2EMS d04

LeEGE OF AERONAUTICS

REPORT No 39

FADNIDHEINAA DONM ANV 23LLNNE H04 d3I3ZES  "WOILIED 20 NOWLVIMVA

FIG 2




(ama)  MOVADIIMS 40 ITONY (934Q) QuEVMEO0IdIIMS 40 ISNV

og 4 o S! o Sl og S+t o9

s, o " _ k H

| | _ | |

“ ! | “_ |

| | weop | | |

Lid i ! |
z JA - m i

P/ e e ap SA G FADNIOEIAA ONIM -

|

|
SixV ViLX3NG 20
NOILISOd 2SIMQEoH> =26

&3L.LN74

QEOMD ¢+ 0 LWV SIXV "wanNx3ansd

(Mo=4 a-=iss3 ngOUz&

SONIM QaVvMEOSLDIMS ANV  SIVELDIMS =204

OLLEGE ©OF AERONAUTICS

r

REPORT No 32

3ONIDFINQ ONIM ANV J3LLATE 803 a33dS WaILEo 30 NOILVIEVA

FIG 3



LEGE OF AERONAUTICS

EPORT No J9.

|

(93Q) ¥OVEQIIMS 0 ITONV (930Q) QUVYMHOILIIMG J4O INONV

o9 S+ os st c sl ot LA -
e | |

| e -
_ P~ = P st = :
L PPy PN
. op——— - w—— - .— mu.khmi.l. S | . "“_

OHOMD S+ 4V SNV  VILTINT
QHOHS +-O LY Sixv =IvadNX3"s

(8-0:=W ! MOT3 ITBISSIVIANOD)

DONIM QAVMEOILd3IMS CONV MOVELD3IMS U004

SONISHIAIQ ONM ANV HTLLINTI 04 AI3ZDS TIVOILLIED 20 WNOILLVIUVA

FIG 4



~

(92Q) YIvEed3I3ING 40 3ITIONV

oo

SIXV VILE3INI 40

o<

(330Q) QuvMEQAIIIMS 40 TSNV

St

ox

S

09

r

2'121S0d  IsIMQuoHD =06

EGE QF ATRO™NMBAITICS

REPORT No 39

[

3

L
F/Py

EAWLLANE

© A

BINTSHIAQ DN

\

e

QUOHD v -0 1V SixV "Wwanx=2—d

(8:0:W " MOT4 ITWISSIUAWNOD)

‘SONIM QEVMEQALAZMS QNVY MIVELIIMS t={e i}

AINIOLING O9NIM ONV  H3LIN"S 204 Q33dS TIVILLIMND 40 NOILLVINVA

T —

FIG 5§



