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ABSTRACT: We determine the light baryon spectrum on ensembles generated by the Coordi-
nated Lattice Simulations (CLS) effort, employing Ny = 241 flavours of non-perturbatively
improved Wilson fermions. The hadron masses are interpolated and extrapolated within
the quark mass plane, utilizing three distinct trajectories, two of which intersect close to the
physical quark mass point and the third one approaching the SU(3) chiral limit. The results
are extrapolated to the continuum limit, utilizing six different lattice spacings ranging
from a ~ 0.10 fm down to below 0.04 fm. The light pion mass varies from M, ~ 429 MeV
down to 127 MeV. In general, the spatial extent is kept larger than four times the inverse
pion mass and larger than 2.3 fm, with additional small and large volume ensembles to
investigate finite size effects. We determine the Wilson flow scales /g pn = 0.1449&2 fm [1]
and t = to ph [2] from the octet cascade (= baryon). Determining the light baryon spectrum
in the continuum limit, we find the nucleon mass my = 941.75?2; MeV and the other
stable baryon masses to agree with their experimental values within sub-percent level
uncertainties. Moreover, we determine SU(3) and SU(2) chiral perturbation theory low

energy constants, including the octet and the 2 baryon sigma terms o,y = 43.9(4.7) MeV,
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Oxn = 2820373 MeV, sy = 25,9001 MeV, oz = 11.2(g7)) MeV and o = 6.90}75) MeV, as
well as various parameters, renormalization factors and improvement coefficients that are

relevant for simulations with our lattice action.
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1 Introduction

Lattice QCD calculations have become indispensable for the theoretical understanding of
Standard Model processes and beyond that involve reactions with quarks that are bound
inside hadrons. An essential step in the analysis is the scale setting, assigning a physical
value to the lattice spacing a. This is achieved by equating a lattice observable, computed
at the physical point in terms of the quark masses, to the corresponding experimental value.
Ideally, both the experimental value and the results of the lattice simulations should be
known as precisely as possible. Some of the most accessible of such observables are hadron
masses and decay constants. In the past, for instance the Q baryon mass [3-8], the = baryon
mass [9, 10], the nucleon mass [11, 12], the average octet baryon mass [13], bottomonium
mass splittings [14], the pion decay constant [12, 15, 16], the kaon decay constant [17]
and combinations of the pion and kaon decay constants [2, 18-20] were employed to set
the scale.



Basing the scale setting on pseudoscalar decay constants assumes knowledge of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements V,4 or V,s. Moreover, extracting
decay constants from experimental decay rates of electrically charged particles requires
some understanding of the role of electromagnetic interactions and soft photons (for a
discussion in the context of Lattice QCD, see, e.g., refs. [21-23]). Pseudoscalar decay
constants can, however, be determined with high statistical accuracy. Regarding the
spectrum of hadrons that do not undergo strong decay, the experimental input is cleaner.
However, for heavy-light meson or quarkonium masses also the heavy quark mass needs
to be matched to experiment and, to achieve a controlled continuum limit, very fine
lattice spacings are required, whereas for light baryon masses the statistical errors are a
limiting factor.

Often results are not available exactly at the physical point so that an extrapolation or
an interpolation is required. In view of this, it is useful to introduce an intermediate scale
parameter to relate between different lattice spacings, that can be determined very precisely,
shows little dependence on the quark masses and can be computed at a reference point
in the quark mass (hyper)plane where simulations are computationally more affordable
than at the physical point. For an overview of different reference scale parameters, see
ref. [24]. One such quantity is the Wilson flow scale to [1] and, in particular, its value ¢ [2],
obtained at equal quark masses for a reference value of the squared pion mass in units
of tg. One can use the combination a?/t} to translate between different lattice spacings,
however, to determine the physical scale and the correct quark mass values, experimental
input is still required. Here we determine the combination /fp pnmz= at the experimental
values of M;/mz and Mg /mz (where mgz, M, and Mk are the masses of the = baryon,
the pion and the kaon, respectively) in the continuum limit. This procedure assigns physical
units to the lattice scale ty 1 and, extrapolating the ratio ¢/t pn to the continuum limit,
also to 2.

Apart from setting the scale, the light baryon spectrum in itself and its dependence
on the light and strange quark masses are of great interest: comparison with experiment
serves as a check that all systematics for the lattice setup are under control, before more
complicated observables are considered, while from the quark mass dependence the validity
ranges of chiral effective theories can be estimated and the related low energy constants
(LECs) determined. There exists a long history of lattice studies of the light hadron
spectrum including baryons, starting with calculations in the quenched approximation [25—
40], with Ny = 4 [41, 42] and Ny = 2 [43-55] mass-degenerate sea quark flavours, with
Ny =2+ 1 flavours [3, 9, 10, 56-65], with Ny =2+ 1 + 1 flavours [8, 66, 67] and including
electromagnetic and mass isospin breaking effects [68-70]. Motivated by the fact that
effects due to a charm sea quark can essentially be integrated out [71, 72], in this first high
statistics study with a large number of independent gauge ensembles, covering a significant
region of the parameter space in terms of the lattice spacing, quark mass combinations and
the volume, we restrict ourselves to Ny = 2 + 1 sea quark flavours.

In terms of observables, in this article we compute the spectrum of the light baryons and
flavour non-singlet pseudoscalar mesons at the physical point. In particular, we determine
the masses of all positive parity octet and decuplet baryons, i.e. the N, the X, the A and



the =, as well as the A(1232), the ¥*(1385), the Z*(1530) and the Q. We remark that
our results for the A, the ¥* and the =*, that strongly decay into N7, Ar/Ym and =Zr in
nature, demonstrate the limitations of the conventional approach. A more refined study of
strongly decaying baryons would require a finite volume scattering analysis, also including
baryon-meson-type operators into the interpolator basis. In addition to determining the
spectrum, we map out the dependence of the baryon masses on the pion and kaon masses
in the continuum limit and determine chiral perturbation theory (ChPT) LECs as well as
the baryon o terms.

Lattice simulations require an extrapolation to the continuum and infinite volume
limits. In particular, a controlled extrapolation to the continuum limit is challenging, as
has been emphasized recently in ref. [73]. Clearly, several simulation points are necessary,
all employing inverse lattice spacings that are larger than any of the physical scales that
need to be resolved. The present computations are carried out for a multitude of quark
mass combinations at six different values of the lattice spacing, ranging from a < 0.098 fm
down to a < 0.039 fm, covering a factor larger than 6 in terms of . Simulating at our
smallest lattice spacing at the physical pion mass while maintaining a sufficiently large
volume would require a linear spatial lattice dimension larger than 150 points. In view
of the computational effort, near-physical quark masses are only realized at a =~ 0.064 fm
and a =~ 0.085fm. Values of the lattice spacing even smaller than a = 0.039 fm may be
desirable in future studies, e.g., of heavy quark physics or of nucleon structure observables
that require large momenta.

Irrespective of the computational cost, in general it is difficult to tune the simula-
tion parameters to exactly match the physical quark mass point. Therefore, usually an
interpolation or extrapolation, reweighting [3, 74-76] or a Taylor expansion (computing
derivatives with respect to the quark masses [2]) is carried out. We implement the first
strategy. One novelty of our simulations is the excellent coverage of the plane spanned
by the light and strange quark masses. Most simulations involve the light quark mass
being reduced while the strange quark mass is kept almost constant. Here we combine
two trajectories that intersect close to the physical point, one keeping the average quark
mass constant [77, 78] and one keeping the strange quark mass approximately constant [79],
which tightly constrains the extrapolation. As a by-product, we also obtain the strange and
light quark masses, which will be subject of a separate publication. Additional ensembles
along the symmetric ms = my line are realized that approach the SU(3) chiral limit. These
are essential for the determination of ChPT LECs.

We employ Ny = 2+ 1 flavours of non-perturbatively order a improved Wilson fermions
and the tree-level Symanzik improved gauge action. For details on the action, see ref. [78].
To avoid freezing of the topological charge at small lattice spacings [80], most ensembles
utilize open boundary conditions in time [81], and, in particular, all ensembles at our
smallest two values of a. In addition to the baryon spectrum and ChPT LECs, we determine
a number of observables like ¢§/ a?, the critical hopping parameter and combinations of
coefficients of order a improvement terms as functions of the lattice coupling. These are
important for the planning of future simulation points.



The article is organized as follows. In section 2, an overview of the gauge ensembles
analysed is provided. Then, in section 3, combinations of renormalization constants and
improvement coefficients are determined, employing global fits, updating earlier results [79]
and adding new ones. In addition, the scale parameter to/a? is computed and interpolating
formulae are given for a number of related quantities. In section 4, the procedure of
extrapolating the baryon masses to the physical limit is explained: details of the continuum
limit extrapolations (maintaining full order a improvement) are described in section 4.1,
followed by section 4.2, where the extrapolation and interpolation strategy in the quark
mass plane is explained, and section 4.3, where finite volume corrections are considered.
In section 5, the relevant continuum limit expectations and parametrizations in terms of
SU(3) LECs as well as polynomial expansions are introduced. Subsequently, in section 6,
extrapolations to physical quark masses in the infinite volume continuum limit are illustrated
and the lattice scale as well as the baryon spectrum are determined and the systematics are
quantified. Moreover, values of the o terms and various LECs are computed and the results
discussed. The main results are then highlighted in section 7, before we conclude in section 8.

For the non-specialist reader the figures and tables of section 2 are of interest as is the
general extrapolation strategy of section 4. On first reading, the reader may wish to skip
section 5, which details the continuum limit parametrizations, as these are referred to in
the results section 6. All the main results are summarized in section 7 with references to
where to find these in the body of the article.

Several appendices are provided: expectations for hadron masses in an isospin symmetric
world are given in appendix A. In appendix B the parametrizations that are used for the
finite volume effects of the baryon masses are presented, whereas in appendix C the
o terms are related to the dependence of the baryon masses on the quark masses and
the pseudoscalar meson masses. Moreover, some NLO LECs of mesonic SU(3) ChPT are
determined. In appendix D we describe how we obtain SU(2) (H)BChPT LECs from their
SU(3) (H)BChPT counterparts. In appendix E, the extraction of the masses from the
relevant two-point functions is discussed in detail, illustrative examples are provided and
the masses are tabulated. All the statistical methods employed are discussed in appendix F,
where autocorrelations in Monte Carlo time as well as correlations between different masses
within each individual ensemble are addressed. These methods are used to extract the
hadron and quark masses from two-point functions and to determine fit parameters, which
describe, e.g., the dependence of baryon masses on the pseudoscalar masses, the volume
and the lattice spacing. Some of the technical Hybrid Monte Carlo (HMC) simulation
parameters are presented in appendix G, where we also discuss how the results, obtained
from simulations with a small twisted mass term, are reweighted to the target action.

2 Overview of the ensembles

As mentioned above, we employ Ny = 2+ 1 flavours of non-perturbatively order a improved
Wilson fermions [82, 83] and the tree-level Symanzik improved gauge action [84]. For details
on the action and the simulation, see ref. [78]. Since that publication many new CLS



ensembles have been generated and we discuss the present status below.! A few ensembles
are also included, which are not part of the CLS effort since these have been generated
using the BQCD code [85], all with periodic boundary conditions in time and equal quark
masses. These are labelled as “rqcdOmn” below. Six values of the inverse coupling constant
B = 6/g? are realized, corresponding to lattice spacings ranging from a ~ 0.098 fm down to
a ~ 0.039 fm. The scale t; [2], defined in section 3.3 below, was used for the conversion into
physical units. Our result /8¢f ~ 0.4097 fm is presented in section 3.5.

For Wilson fermions the so-called vector Ward identity (or lattice) quark mass of a flavour
Jj is related to the corresponding hopping parameter ~; that appears in the action as follows:

1 (1 1
R 2.1
"= 94 (Hj ﬁ:crit) ’ 21)

where m; = mo = my and m3 = my are the light and strange quark masses, respectively,

and ket is the critical hopping parameter. One can also use the axial Ward identity (AWTI)
to define unrenormalized non-singlet AWI masses:

o i9p(0] A |k

where A{ﬁ = A{;k’o —iacs0, P’ k with Aﬂk’o = Ej%%wk is the order a improved non-singlet
axial current for flavours j # k and P7% = @ji’ygﬂbk is the corresponding pseudoscalar current.
The improvement constant c4(g?) has been determined in ref. [86]. The critical value of the
hopping parameter xit(g?), that appears in eq. (2.1), is defined by the requirement that
the lattice quark mass along the symmetric line mg = my vanishes at the same point as the
AWI mass ms; = my. The above quark masses can be converted into renormalized quark
masses 7 in a standard continuum scheme, e.g., the MS scheme at the scale = 2 GeV.
For the AWI masses, the conversion (including order a improvement) reads

@:Z‘__‘){lm[:g (ba = bp) 0 + (ba — bp) my] } i, (2.3)

where

m =

é (2my + my) = % e M (2.4)
denotes the average sea quark mass and Tr M the trace of the quark mass matrix. The
ratio of axial over pseudoscalar renormalization factors Z4(g?)/Zp(ua, g?) was, for instance,
determined in ref. [87] and the mass-dependent improvement coefficients b4 (g?), bp(g?),
ba(g?) and bp(g?) in ref. [88]. Since these order a correction terms are numerically small,
keeping ms constant will result in an almost constant ms. Our strategy for keeping the
AWT strange quark mass near its physical value was introduced in ref. [79].

!For an up-to-date CLS configuration status, see https://www-zeuthen.desy.de/alpha/public-cls-nf21/.
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At each value of § the simulations are carried out along three trajectories in the quark
mass plane:

e The symmetric line: mg = my, i.e. mgs = My.

o The Tr M = const line: a(2my + ms) = 3aMmsymm, i.e. 2my + ms = const + O(a). The
constant is chosen such that the combination (2M% + M2)t# is close to its physical
value, assuming /8§ = 0.413fm [2]. The strategy of keeping the sum of quark masses
constant was pioneered by QCDSF/UKQCD [77].

e The line of fixed strange quark mass: the renormalized strange quark mass is kept
near its physical value [79].

We analyse a large number of ensembles along these three trajectories, most of which have
open boundary conditions in time [81] in order to circumvent critical slowing down towards
the continuum limit, due to the freezing of the topological charge [80]. The relevant sim-
ulation parameters are listed in table 1,2 whereas the physical values of the lattice spacings,
spatial lattice volumes and pseudoscalar meson masses are given in table 2. The tq/a?-values
are listed in tables 17 and 18 of appendix E.3. For some of the ensembles these have been
determined previously [2, 78, 79]. In all these cases, within statistical errors, our determi-
nation agrees with the previous ones. An overview of the ensembles is shown in figure 1.
Figure 2 illustrates our coverage of the quark mass plane within the region of interest.

With three exceptions (rqcd017 for ms = my, D150 for Tr M = const and H106 for
ms & const), at least one ensemble exists at each simulation point with a spatial lattice
extent L = Nga > max{4/M,,2.3fm}. In some cases additional volumes were generated to
enable the study of finite volume effects. Figure 3 provides an overview regarding this: the
dark green areas correspond to LM, > 5, light green to 5 > LM, > 4, yellow to 4 > LM,
and red to L < 2.3 fm.

As mentioned above, details on the simulations performed by CLS using the OPENQCD
code [89]% can be found in ref. [78]. In appendix G we discuss the technical parameters for
some of the more recently performed simulations.

3 Wilson flow scales and the determination of action-specific parameters

We start with a brief discussion of some of the subtleties related to order a improvement,
before we determine the critical hopping parameter values and combinations of some of
the relevant renormalization constants and improvement parameters. We then determine
a reference point in the quark mass plane and compute different observables related to
the scale parameter tg [1]. We give interpolating formulae for the dependence of all these
quantities on g2 and determine the continuum limit dependence of ty on the pseudoscalar
masses. For each lattice spacing, the Tr M = const trajectory starts from a point where
ms = my and we determine the optimal start value for this trajectory to intersect the
physical point. Finally, we determine the values k* and am™ associated with a reference
point on the symmetric line, where ¢ is defined.

2The time Teo,int 1 the largest autocorrelation time for the observables we have studied. It may be close
to the exponential autocorrelation time of the system, see appendices F.2 and F.3.
3Publicly available at http://luscher.web.cern.ch/luscher/openQCD.
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trajectory id bc (ke ks) N - N2 Nvp  Awmb Tﬁ’g{‘;
B =3.34
A651 p  (0.1365,0.1365) 48 - 24% 20400 4 78(1H)
ms = my A652  p  (0.1365695,0.1365695) 48 - 24 19980 4 48(7)
A650 p  (0.1366,0.1366) 48 - 24* 18624 4 64(3%)
. A653 p (0.1365716,0.1365716) 48 - 24® 20200 4 44(%)
TSR A654 p  (0.13675,0.136216193) 48 - 24% 20268 4 9930
8 =34
rqed019  p  (0.1366,0.1366) 32-32° 1686 1 18(})
ms =me  1qed021  p  (0.136813,0.136813) 32-32° 1541 1 08033
rqed017  p  (0.136865,0.136865) 32-32% 1849 1 7(3)
U103 o  (0.13675962,0.13675962) 128 - 24° 19800  8(4) 44(8)
H101 o (0.13675962,0.13675962) 96 - 32° 8000 4 45(3)
U102 o (0.136865,0.136549339) 128 - 24% 17680  8(4)  53(s%)
H102a o  (0.136865,0.136549339) 96 - 323 3720 4 3439
H102b o  (0.136865,0.136549339) 96 - 32 3948 4 33(%)
M = Meymm U101 o (0.13697,0.13634079) 128 - 24® 6624 4 4039
H105 o  (0.13697,0.13634079) 96 - 32° 7944 4 40(%)
N101 o (0.13697,0.13634079) 128 - 48% 5824 4 50(3%)
S100 o (0.13703,0.136222041) 128 - 32% 3932 4 44(19)
C101 o (0.13703,0.136222041) 96 - 48% 9368 4 28(1)
D101 o (0.13703,0.136222041) 128 - 64° 1292 4 144(3)
D150 p  (0.137088,0.13610755) 128 - 64% 2408 4 35(%9)
H107 o (0.13694566590798, 96 - 32° 6256 4 46(3hH
Ms = Ms,ph 0.136203165143476)
H106 o  (0.137015570024,0.136148704478) 96 - 32° 6212 4 32(3)
C102 o (0.13705084580022, 96 - 48° 6000 4 35(%)
0.13612906255557)
B =3.46
rqed029 p  (0.1366,0.1366) 64 - 32° 1476 1 22(%)
ms=mg  1qcd030  p  (0.1369587,0.1369587) 64 -32% 1224 1 200
X450  p  (0.136994,0.136994) 64 - 48% 1600 4 17(H)
B450  p  (0.13689,0.13689) 64 - 32° 6448 4 56(1%)
M= Meymm 5400 o (0.136984,0.136702387) 128 - 32° 11488 4 40()
N401 o (0.1370616,0.1365480771) 128 - 48% 4376 4 32(%)
D450  p  (0.137126,0.136420428639937) 128 - 64° 2488 4 98(3)
B451 p  (0.136981435679729, 64 - 323 7996 4 443
Ms = Ms,ph 0.136408545268417)
B452  p  (0.1370455,0.136378044) 64 - 32° 7772 4 29(%)
N450 p  (0.1370986,0.136352601) 128 - 483 4524 4 43339
D451 p  (0.13714,0.136337761) 128 - 64 1828 4 38(%)
B =3.55
B250  p (0.1367,0.1367) 64 -32% 1776 4 340D
ms = my X250  p  (0.13705,0.13705) 64 - 48% 1380 4 70048
X251  p  (0.1371,0.1371) 64 - 48% 1744 4 53(5%)

continued on next page. . .



. continued from the previous page

trajectory id bc (ke Ks) Ne-N?  Nup  Awp M
H200 o (0.137,0.137) 96 - 32° 8000 4 33(9)
N202 o (0.137,0.137) 128 - 48% 3536 4 63(3)
— N203 o (0.13708,0.136840284) 128 - 48° 6172 4 23(3)
TOETN2000 o (0.13714,0.13672086) 128 - 48° 6848 4 34(%)
S201 o (0.13714,0.13672086) 128 - 328 8372 4 22(3)
D200 o  (0.1372,0.136601748) 128 - 64% 7996 4 28(3)
E250 p  (0.137232867,0.136536633) 192 - 96° 1956 4 67059
N204 o  (0.137112,0.136575049) 128 - 48° 6000 4 45(Y
ms = mspn  N201 o (0.13715968,0.136561319) 128 - 48° 6000 4 38(%)
D201 o (0.1372067,0.136546844) 128 - 643 4312 4 34(3)
B =37
ms = My N303 o (0.1368,0.1368) 128 - 48% 2000 4 2639
N300 o (0.137,0.137) 128 - 48% 6080 4 44(3hH
= Meymm  N302 o  (0.137064,0.1368721791358) 128 - 48 8804 4 41(%)
J303 o (0.137123,0.1367546608) 192 - 64% 7992 8 T3
E300 o (0.137163,0.1366751636177327) 192 -96% 1992  8(4)  38(15)
N305 o  (0.137025,0.136676119) 128 - 48° 8000 4 37(9)
Mms =Mmepn N304 o (0.137079325093654, 128 - 48% 6136 4 393H
0.136665430105663)
J304 o (0.13713,0.1366569203) 192 - 64° 6076 4 56(313)
B =3.85
ms = my N500 o (0.13672514,0.13672514) 128 - 48% 3760 4 57(3)
S J500 (0.136852, 0.136852) 192 - 64 6008 8  75(13)
TR 7501 o (0.1369032,0.136749715) 192 - 64® 5988 4 793

Table 1. Parameters of the analysed CLS and RQCD ensembles. Mass plane trajectory, ensemble
name, open (o) or (anti-)periodic (p) boundary conditions (bc), hopping parameter x, the number
of lattice points N; - N2, the number of molecular dynamics units (MDUs) used in the spectrum
analysis, Nyp, and the number of MDUs between measurements, Ayp. For the determination of
to/a? and its autocorrelation time Tto.int, i sSome cases a larger number of MDUs and a different
Anp (in brackets) was employed. Italics indicate that the autocorrelation time is only estimated,
due to a short Monte Carlo time series. The resulting to/a?-values are listed in tables 17 and 18.
Ensembles A653, U103, H101, B450, H200, N202, N300 and J500 are both on the m = Mgymm
and the ms; = my lines while D150 and E250 are approximately on both the m = mgymm and
the ms &~ M pn lines. For H102 there exist two runs, H102a and H102b with slightly different
algorithmic parameters (H102r001 and H102r002 in table 2 of ref. [78]).



trajectory id L/ftm LM, M;/MeV Mg/MeV

B =3.34,a = 0.098 fm

A651 234 66 556 556
ms=me  A652 234 513 432 432
A650 234 439 371 371
A653 234 509 429 129
TS Maymme - p654 234 4.0 338 459
3—=34,a—0085fm
rqed019 272 8.4 608 608
Mg = My rqed021  2.72 4.7 340 340
rqed0l7 272 3.26 236 236
U103 204 435 420 420
HIOL 272 585 423 423
U102 204 3.7 357 445
H102a 272 4.95 359 444
H102b 272 489 354 442
U0l 204 281 271 464
MT Meymm 05 9272 388 281 468
N101 409 5.82 281 467
S100 272 2.95 214 476
C101 409 46 222 476
D101 545 6.13 222 476
DI50 545 351 127 482
H107 272 509 368 550
s = spn  HI06 272 377 273 520
C102  4.09  4.62 223 504
8 =3.46,a = 0.075fm
rqed029 241 8.72 713 713
Ms = My rqed030  2.41 3.9 319 319
X450  3.62 486 265 265
B450 241 515 421 421
-~ S400 241  4.33 354 445
TS Msymm 01 362 5.27 287 464
D450 482  5.28 216 480
B451 241 516 422 577
L B452 241 431 352 548
Ms = Maph \ysn 362 5.26 987 528
D451 482 535 219 507
3 =355 a— 0.064 fm
B250 204 737 713 713
ms=me X250  3.06 543 350 350
X251  3.06 416 268 268

continued on next page. . .



. continued from the previous page

trajectory id L/fm LM, M./MeV Mg/MeV
H200  2.04 4.36 422 422
N202  3.06 6.42 414 414
N203  3.06 5.39 348 445
= Meymm 5201 2.04 3.0 290 471
N200  3.06  4.43 286 466
D200 4.08 4.18 202 484
E250  6.12  4.05 131 493
N204  3.06 5.48 353 549
e =Mspn  N201  3.06 4.44 287 527
D201 4.08 4.14 200 504
B =3.7,a=0.049 fm
ms = my N303 236 7.75 646 646
N300 236 5.1 425 425
. N302 236  4.17 348 455
YRR 7303 3.15  4.14 259 479
E300  4.73 422 176 496
N305 236 5.14 428 584
Ms=Mspn N304 236  4.24 353 558
J304 315 418 261 527
B =3.85,a = 0.039 fm
ms = my N500  1.85  5.69 604 604
. J500 247  5.19 413 413
SR J501 247  4.21 336 448

Table 2. Overview of the physical parameters of the analysed CLS and RQCD ensembles. Mass
plane trajectory, ensemble name, spatial lattice extent L in physical units and in units of the pion
mass as well as the pion and the kaon masses (which are volume corrected, see section 4.3). The
physical units have been assigned using \/ﬂ = 0.4097 fm. Statistical errors are not shown in this
overview table. The lattice spacings including errors are given in table 5, see also section 3.4 for
details, while the raw pion and kaon mass data including errors can be found in tables 17 and 18.

3.1 Order a improvement of the coupling constant

The simulations are carried out at fixed values of the bare coupling g?> = 6/3, however, the
coupling undergoes order a improvement [90, 91],

7* = §*(¢% am) = g* [1 + by(g?)am| (3.1)
with an as yet unknown improvement coefficient function b,(g?). In order to implement
order a Symanzik improvement, when varying the average quark mass 7z, naively one would
keep §* fixed, as is assumed, e.g., in ref. [92]. Since b, > 0 (at least in perturbation theory)
this means g2 should be reduced as 7 is increased. We find this impractical and instead
keep g2 fixed, thereby changing the improved coupling §? as a7 is varied. As a result of
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Figure 1. Overview of the analysed ensembles: three different quark mass trajectories (left:
mg = my, centre: Tr M = const, right: m, & const) have been analysed at six (four for mg &~ const)
different lattice spacings. On the my, = my trajectory, six additional ensembles with M, > 450 MeV
exist (A651, rqecd019, rqed029, B250, N303 and N500, see tables 1 and 2), which do not enter our
hadron spectroscopy analysis. We also omit ensembles with L < 2.3fm (grey circles).
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Figure 2. Overview of the analysed ensembles in the quark mass plane. The ordinate is (approx-
imately) proportional to my, the abscissa to 2my + ms. The m, ~ const and the Tr M = const
trajectories intersect close to the physical point (black cross), while the latter trajectory starts from
the point on the symmetric ms; = my line, where M, = Mg ~ 411 MeV.
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Figure 3. The spatial lattice extents L and the pion masses M, for the two quark mass trajectories
leading to the physical point. The coloured regions distinguish between LM, < 4 (yellow), 4 <
LM, <5 (light green), 5 < LM, (dark green) and L < 2.3fm (red).

this choice, the lattice spacing — although defined in the Ny = 3 chiral limit — acquires
a dependence on am: a(§?) = a(§*(g9%,am)). We can determine the order a difference
between this lattice spacing, corresponding to a fixed value of the improved coupling §2,
and that corresponding to a constant g2, a(g?), by expanding

a(@) =a (g2 (1+ bgam)) = a(g?®) (1 + beamm +...). (3.2)

Integrating the S-function gives?

87>  Bi . Pog
2 2 2
AL =h = ———— — 55 1n @] 3.3
a(g”)Ar = h(g) expl Bog? 23 Migez T (9°) (3.3)
Plugging a(§?) into this equation allows us to relate b, and by:
dInh(g?)
ba(g) = ngbg(92)~ (3.4)

The one-loop result bél) = 0.012000(2)Nfg2 [91], setting Ny = 3, translates into

b = b<1> = 0.31583(5). (3.5)

509

For simplicity of notation, below we will refer to a(§?) as a while we refer to the lattice
spacing that we will approach in the chiral limit when keeping ¢° fixed as ag, i.e.

ao(g?) = a (§%(g% am) ) (1 = beam) (3.6)

Hadron masses determined in lattice units Ma are subject to quark mass-dependent
order a effects since we do not simulate at fixed values of §?, whereas combinations

4Ar is the QCD A parameter in the lattice scheme defined by our action and we use the normalization

2 38
Bo=11- 3Ny =9, fi =102 "Ny =64.
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Mag = Ma(1—bgam) are free of such contributions. In the analysis we will use dimensionless
combinations of physical observables to circumvent this complication. This is necessary to
maintain order a improvement when including points in the quark mass plane that are not
on the Tr M = const trajectory. Another subtle issue concerns the definition of quark masses
in the lattice scheme eq. (2.1). In this case kit as a function of the improved coupling §2
should be used. Nevertheless, we employ keit(g?). The difference is of order g*am and can
be absorbed into the definition of the improvement coefficients by, and dy, [79].

Finally, we remark that keeping g? fixed rather than §? means that we use the renormal-
ization constant Z;(g?) to renormalize a current J(g?, amy, ams), instead of Z;(§%(g%, am))
in equations such as eq. (2.3). This substitution can be implemented consistently but alters
some of the O(a) terms, as discussed in refs. [79, 88, 93]. Again, we remark that Z; remains
the same function of g2 but, unlike ref. [92], we keep its argument constant as the quark
masses are varied.

3.2 The critical hopping parameter and combinations of renormalization
constants and improvement coefficients

Following ref. [79], we parameterize the dependence of the AWI quark masses on the hopping
parameter values as follows,

~ _ Z (1 1 A /1 1
s—amy=2(—— )V 1-Z (=~ =) - Boammt|, :
ams — amy 5 (Hs Hz) [ 1 (lis H(Z) Boam] (3.7)
— Co/1 1\%2 D 9
—rpZ am— 22— - =) -2 . .
am=r lam 36</<as w) 5 (amm) (3.8)

The two AWI quark mass combinations on the left hand sides, at each value of 5, depend
on six parameters: Z, r,Z, Kot (Implicit in the average lattice quark mass), By, Cyp and
Dy, while A is already known non-perturbatively [88, 93]. The combination of flavour
non-singlet renormalization constants Z is defined as

 ZwZp

Z
ZA

=1+ 0.05274 Crg® + O(g%), (3.9)

where the one-loop result was obtained in refs. [94, 95] and Cp = 4/3. While flavour
non-singlet combinations of lattice quark masses renormalize with Z,, = Zgl, the average
sea quark mass renormalizes with Z° = r,,Z,,, for details, see, e.g., refs. [79, 92].

The parameters A, By, Cy and Dy are normalized such that these are unity in the free
field case. They correspond to combinations of improvement coefficients that are defined in
ref. [92] (for the difference between bp and bp etc., see refs. [79, 93]):

A=bp —ba— 2bm, (3.10)

By = —(rm + 1)(bp — ba) — 2bm — 3(bp — ba + b)), (3.11)
1

Dy = —2(bp —ba +dp) —6(bp — b + dp). (3.13)
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B 3.34 3.4 3.46 3.55 3.7 3.85
x2/NpF 1.8/2 41.1/13 32.6/11 20.9/12 13.0/8 3.9/1
Z 0.8061(218)  0.8705(127)  0.9186(84) 0.9819(41) 1.0514(19) 1.0843(23)
Z (int)  0.7924(167)  0.8681 (88) 0.9246(56) 0.9857(41) 1.0493(26) 1.0861(28)
T 3.818(958) 2.625(156) 1.848(65) 1.550(15) 1.300(14) 1.170(117)
e (int)  4.594(551) 2.437 (68) 1.879(23) 1.541(12) 1.317 (9) 1.216(35)
T [96] 2.335 (31) 1.869(19) 1.523(14) 1.267(16) 1.149(33)
et 0.1366944(218)  0.1369112(45) 0.1370657(28) 0.1371709(11) 0.1371532(14)  0.1369768(84)
Ferit (Int)  0.1366938(45)  0.1369153 (9) 0.1370613(10) 0.1371715(10) 0.1371530 (9) 0.1369767(26)
A 2.058(49) 2.026(47) 1.995(45) 1.952(43) 1.886(40) 1.828(37)
By ~1.11(3.20)  —1.56(1.62)  —1.17(83)(1) 0.11(36)
By (int) — —4.41(6.78)  —2.42(2.26) —1.44(95) —0.65(42) —0.01(33) 0.32(31)
Co 5.42(69) 4.03(30) 2.57(42) 2.45(20) 2.10(33)
Co (int) 5.60(58) 3.80(19) 3.04(16) 2.47(14) 2.02(11) 1.79(9)
Dy —31(542) 6(14) —5(7) 2.7(1.3) 4.8(2.1)

Table 3. Results of fits to our AWI quark mass data according to eqgs. (3.7) and (3.8). The A-values
were determined in ref. [93]. In addition to the fit parameters obtained separately at each S-value,
we list the results from the global interpolations egs. (3.17), (3.18), (3.19) and (3.21) as “(int)”. In
the cases where the reduced y2-value turned out to be larger than one, we multiplied our errors
with its square root. Due to the smaller number of ensembles available, determining the parameters
By and C via such a fit was not possible at § = 3.85, while By could not be predicted at 8 = 3.34.
Therefore, in these cases the result from the interpolation, obtained at the remaining five or four
lattice spacings, was used as an input. At 8 = 3.85, in addition, we constrained Dy = 1 & 10. The
values for 8 = 3.4 and 3.55 below supersede those that we published in ref. [79]. We also include an
independent determination of 7, [96], interpolated to the same lattice spacings, for comparison.

The combination A has been determined in ref. [93] and is not fitted here. Also By was
computed in this reference, however, we choose to re-determine this here. We repeat the
analysis of ref. [79] and obtain the values displayed in table 3. The larger set of ensembles
at our disposal enables us to fit all the parameters. In general Dy is not well constrained by
the data. In order to discriminate Z from the combination ZBj, at least two ensembles
with mg # my at different values of 2m, + mg are necessary. Such sets of ensembles are
not available at § = 3.34 and 8 = 3.85, where the number of different ensembles is smaller
than at the intermediate four lattice spacings. Therefore, in these cases we estimate By,
extrapolating from the other lattice spacings as described below. At 8 = 3.85, in addition
Cy is obtained from an extrapolation. We then use these values and their errors as input.
At 5 = 3.85 we also vary Dy = 1 + 10. The input parameter variations are implemented as
pseudo-bootstrap samples in the cases of A, By and Dy while we can add the constraint on
Co as a prior, without overly biasing the result. Different combinations of extrapolating
some parameters and fitting the remaining ones were carried out, with consistent results.

We will use the interpolated results “(int)” of table 3 in our analysis. The parameters
By and Cy start out at very small and very large values, respectively, but steadily approach
unity as § is increased. In the case of Dy the 8 < 3.55 results are compatible with zero
within their large errors as the data are not very sensitive with respect to this parameter.
Only at 8 > 3.55 we are able to obtain positive, non-zero values.
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Coeflicient b(é)ne'lool) Yo do cov(70,00)

By 0.1501  —0.946(223) —0.537(34)  —0.918
Co 0.1520  —0.308(48)  —0.542(4) 0.928

Table 4. Parameters of fits of the 3.4 < 8 < 3.7 data to eq. (3.17), using the one-loop coefficients
of ref. [94], see egs. (3.15) and (3.16).

For our action to one-loop order [94] the above combinations of improvement coefficients
read [79]°

A=1+0.1538(2) ¢%, (3.14)
By = Do = 1+ 0.1501(4) ¢, (3.15)
Co = 1+ 0.1520(2) g*. (3.16)

This motivates fits of O € {By,Cp} to the interpolating ansatz:

1+ y0g?

O=1 bone—loop 2 )
+0o g 1+ d0g?

(3.17)
The resulting fit parameters are displayed in table 4. For the By interpolation we obtain
x%/Npr = 0.67/2 and for Cy x?/Npr = 1.99/3. In figure 4 we show the data for By and
Co, along with the interpolating parametrizations eq. (3.17) and the one-loop expectations,
which are indistinguishable on the scale of the figure. We also include the parametrization
A =1+ 0.1538 g% + 0.242(15) g* of ref. [93]. The non-perturbatively determined values
differ substantially from the one-loop expectations (grey curves).

In the right panel of figure 4 we show our data for Z = Z,,Zp/Z 4 in comparison
to different literature results [96-98]. Up to order a? effects, the different sets should
approach each other towards large [S-values. For instance, in figure 20 of ref. [98] it has
been demonstrated that the ratios between the results for Z from refs. [98] and [97] are
consistent with this expectation, when plotted as a function of a?>. We note that the former
non-perturbative set of results, obtained using the RI’-SMOM scheme (RQCD 21 [98]), is
quite close to the one-loop expectation but differs substantially from the three other sets
within our window of S-values. For 3.34 < 8 < 3.85, our data for Z can be parameterized
with x?/Npr = 3.79/3 as follows:

1 4 0.4896 g% — 0.6473 ¢*
1 —0.4857 g2

Z(g?) =1+ 0.07032 g* (3.18)

We refrain from stating the covariance matrix and the errors of the fit parameters, however,
the accuracy of the interpolation (about 1% at 8 = 3.4 and 2% at 5 = 3.7) can be read off
table 3. We also show the above interpolation in the figure.

SThere is one subtlety here: it turns out that the effect of b, already propagates at O(g?) into the b; and
dy improvement coefficients for currents with an anomalous dimension, see ref. [93] for details. However,
since I~)m = —l~)s and 2d,,, + 6czm = —bg — 3l~)5 — Sds, the anomalous dimension contributions cancel from the
combinations By and Dy, as they should.

~15 —



L15 g : : :
11 F | - R
1.05 F
1k
0.95
N
09
0.85 ’ Interpolation ——=
z R,EQCD 2 —a—
0.8 de Divitiis et al. 7
Heitger et al. +—a—
0.75 F RQCD 21 (RI-SMOM)  +—&—
1-loop
1 1 1 1 1 07 1 1 1 1 1
3.4 3.5 3.6 3.7 3.8 3.4 3.5 3.6 3.7 3.8

B

Figure 4. Left: A [93], By and Cy along with the one-loop expectations (3.14)—(3.16) and the
parametrization eq. (3.17) with the parameter values of table 4. Right: the renormalization constant
combination Z = Z,,Zp/Z,, together with the one-loop expectation and the parametrization
eq. (3.18). Also shown are the “LCP-0” results for Z of ref. [97] (de Divitiis et al.) and the «Z(T/3)”
definition of ref. [96] (Heitger et al.) as well as the RI’>-SMOM determination of ref. [98] (RQCD 21),
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using “Z’,”, with leading lattice artefact subtraction and the fixed scale method.
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Figure 5. Left: the ratio of the singlet over the non-singlet quark mass renormalization constant
T = 25,/ Zm, along with the parametrization eq. (3.19) and the two-loop expectation. Also shown
is the recent determination of ref. [96], using their “v, Z,T/3” prescription. Right: the critical
hopping parameter ki, together with the interpolation eq. (3.21) and the two-loop expectation
eq. (3.20).

Regarding r,,, we obtain the interpolation

1+ 0.128(72) ¢
1 —0.5497(13) g2’

rm(g%) = 1 +0.004630 g* (3.19)
where the two-loop coefficient 0.004630(2) was computed in ref. [99]. We obtain x?/Npp =
3.91/4 and the correlation between the two fit parameters reads 0.844. The numerical values
are compiled in table 3. The result is also shown, along with the interpolating formula
and the two-loop expectation, in the left panel of figure 5. We compare this to the recent
determination of Heitger et al. [96]. The two sets can in principle, differ by order a? effects.
With the exception of § ~ 3.7, the data sets are compatible with one another (see table 3),
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however, the respective interpolations intersect (not shown). Note that — similarly to r,, —
also the data for Z of Heitger et al. cross our results inbetween g = 3.512 and 5 = 3.676,
as can be seen in figure 4. The error obtained at § = 3.85 for our interpolation was quite
small compared to the actually measured uncertainty at this point (0.007 vs. 0.117). This
is due to the perturbation theory constraint for 3 — oo. Therefore, to be on the safe side,
we inflated the error given for the interpolation of r,, at this end point by a factor of five
to bring this more in line with the statistical uncertainties.

The critical hopping parameter for our action is known to two-loops [100]: for the
one-loop coefficient we insert the values of table II into eq. (20) of that reference, setting
Csw = 1. At the two-loop level we combine this result with the one-loop correction to cgy,
0.19624449(1)g? [101] (see also ref. [102]), and add the two-loop results of tables III-VII of
ref. [100], setting cqw = 1 and ¢o = 0:

= 8 — 0.402453622(12) g* — 0.024893(5) g* + O(¢°). (3.20)

Rerit

We use these results to fit Kepit:

1+ 0.28955 g% — 0.1660 ¢°
8 0.402454 >~ g g

. 3.21
Kerit 14 0.22770 g% — 0.2540 g* ( )

This interpolation with x?/Npr = 3.67/3, also shown in figure 5, is valid for 3.34 < 8 < 3.85
and has the two-loop asymptotic large S limit built in. Its relative accuracy ranges from
approximately 3 -107° at 3 = 3.34 to 2- 107" at 8 = 3.85 and is more precise inbetween
these end points. The relevant numbers are included in table 3. The slow approach towards
the two-loop expectation is striking.

Note again that Z and r,, = 7,,Z/Z can differ by O(a?) terms if determined following a
different prescription while the improvement coefficients A, By, Cop and Dy have ambiguities
of order a.

3.3 The scale parameter tg

The parameter tg, introduced in ref. [1], corresponds to the Wilson flow time ¢ at which the

equality
1 1

2 _ _ - 4.~ na a

¢ E(t)‘t:to =03, B(t) = - | d 3Gl (@G, (21 (3.22)
holds, where we employ the clover leaf definition of the average action density E(t¢) and the
integration scheme of ref. [1]. For lattices with open boundary conditions in time, E(t) is
only averaged over the central temporal region of the lattice, V4 ~ 1fm - (aN,)3. Otherwise,
we employ the whole lattice volume V; = a*N;N32. In figure 6 we show the Monte Carlo
history in MDUs of E(t) at t =~ t(,% for different ensembles with M, ~ 350 MeV along the
Tr M = const line, see figure 1. The lattice spacing decreases from the left (a ~ 0.098 fm)
to the right (a ~ 0.039fm). This observable is known to have very large autocorrelation

SNote that the data shown are only approximately at t = to. In the actual scale setting analysis we
interpolate E(t) between available flow times to determine the correct value of to/a?.
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Figure 6. History of the Wilson flow action density, multiplied by #2 [1], at a flow time close to
to, inside a sub-volume Vj of approximately 1fm - (aNS)3 (except for A654 with periodic boundary
conditions, where we employ the whole volume), along a line of M, & 350 MeV (for Tr M = const)
from coarse to fine lattice spacings. The amplitude of the fluctuation varies, e.g., due to somewhat
different physical volumes. Autocorrelations increase from top left to bottom right, with the exception
of A654 at 5 = 3.34 where we observe larger autocorrelation times than at § = 3.4. For the cases
where more than one Monte Carlo chain exists, only one replica is shown.

times [81] and indeed some slowing down is clearly visible. Nevertheless, even at the finest
lattice spacing we are able to sufficiently sample the action density at this flow time.
Using an intermediate scale derived from ¢, to translate between different lattice spacings
is a convenient choice since all its mass dependence is due to sea quark effects. Therefore,
one would expect tg/a? to vary only moderately at each S-value. At the same time the
to/a?-values carry tiny statistical errors. In section 3.4 we study the quark mass dependence
of tp/a® and find that in the continuum limit this combination remains constant along
trajectories where the sum of quark masses is kept fixed, within our present uncertainties.

We introduce four related scales:

e The ratio tosymm/ a? refers to tg in lattice units at the point along our Tr M = const
lines where mg = my. Note that ¢y symm (in physical units) differs slightly between

different S-values.
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o The scale t [2] is defined as the value of ¢y at the point in the quark mass plane
where, along the symmetric ms = my line,

M2
o = 8t (M,?( + 2”) = 1265 M2 = 1.110. (3.23)

This is close to fpgymm and the combination tS/aQ can be obtained by a small
interpolation or by reweighting nearby simulation points [2]. If at this point 2M 2 + M2
had the same value as at the physical quark mass point this definition would imply
/8t = 0.413fm. However, we stress that the above choice can always be made,
independent of any such assumption.

» The scale tg 1, refers to the value of ¢y at the physical values of M; and M.
 Finally, the scale tg o, refers to tg in the chiral limit M, = My = 0.

We will frequently use the above sub- and superscripts also for other quantities taken at the
respective points in the quark mass plane. tpsymm(5)/ a® is specific to our set of ensembles.
These values are in general close to t$/a?, however, the corresponding Tr M = const lines
do not always touch the physical point. Unlike ¢g at unphysical positions in the quark mass
plane, the scale tg p, can be determined from an experimental input quantity, e.g., the mass
of the cascade baryon. ChPT LECs are defined in the chiral limit and, if dimensionful,
obtain their scale from tgc,. For this purpose, the ratio toch/toph is needed. Precise
determinations of ¢ pi, and of tg o, require ensembles with small pion masses. In contrast,
t5/a® can be determined easily with pseudoscalar masses around 400 MeV. It is therefore
an ideal intermediate scale to relate different lattice spacings.

Below we will determine the dependence of to(v/Sto My, /StoM,a)/a® on the pion and
kaon masses as well as on the lattice spacing, which will enable us to translate between all
the above-mentioned scales. We will also extract t{j/a?(g?, m*) as a function of ¢ = 6/8.

3.4 The quark mass dependence of the to- and the t}/a?-values

It turns out to be convenient to define the following pseudoscalar meson mass combinations:

172 o 2Mi + M3

g OM7 =2 (ME - M2), (3.24)

which we correct for finite volume effects in next-to-leading order (NLO) ChPT as de-
scribed in section 4.3. With few exceptions’ these corrections are much smaller than our
statistical errors.

The dependence of the continuum limit ¢o(M,5M) on the pseudoscalar masses has
been computed to next-to-next-to leading order (NNLO) in SU(3) ChPT in ref. [103]. To
NLO only a term proportional to M? appears while to NNLO M* and M*In(M/u) terms
contribute. Within the present precision, at the three finest lattice spacings we find our ¢
data to be insensitive to dM: at 8 = 3.4 the variation of to/a2 along the m = Mmgyym line

"For H105, H106, B452, N302, N304, J303 and J304 the pion mass correction becomes larger than half of
the statistical error, but in no case does it exceed it.
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Figure 7. Left: linear interpolation of ty/a? for mg = my for each value of the coupling, from
B = 3.34 (bottom) to 8 = 3.85 (top), cf. eq. (3.26) (local fit). Also shown is the result of the global
fit including all quark mass trajectories, see egs. (3.32), (3.33), (3.35) and (3.36). The vertical line
marks the value of the ¢} reference point and horizontal lines the resulting values of t{;/a?. Right:
the slope k, as a function of a? /(8t§) from the global fit, together with a quadratic continuum limit
extrapolation.

amounts to less than 3% and this decreases further with increasing 8. Along the other lines
in the quark mass plane we are unable to detect any deviation from a linear dependence
on M?, the relative slope of which decreases towards the continuum limit. Therefore, we
assume the continuum limit behaviour [103]

3M?

to(M,6M) =toen [ 1+ k1 ——
0( ) 0,ch < 1 (47‘(‘F0)2

) ~ toen (14 Ri8toM?) (3.25)

where ki =k - 8to o (47Fp)?/3.

3.4.1 Survey of the to/a? data

At a non-vanishing lattice spacing we will encounter mass-dependent order a lattice correc-
tions tg/a? = (1 — 2b, am)to/a? (see eq. (3.6)) and higher order corrections. The order a?
contributions are proportional to either a constant, A2, the average squared pion mass M? or
to §M?2. As a first step, along our ms = my lines (where M = 0), we attempt fits of the form

to _ toch = —
S~ a(;) [+ (a) 8to (M, 0) M7 (3.26)

with a different set of parameters ¢ /a3 and k(a) for each value of the coupling. These fits
effectively describe our data as is demonstrated in figure 7 (local fit). We list the results of
this simplest way of extracting t/a* ~ (to.n/ad)[1 + %l%(a)qﬁj] in the first line of table 5 as
“linear”. To minimize a possible bias due to higher order correction terms, in the cases where
more than three well-separated data points were available, i.e. at 8 = 3.4, 3.46 and 3.55, we
excluded the heaviest pion mass from the fit. It turns out that the resulting tj/a?-values
are most sensitive with respect to the value of the data point ¢y/ a? = t0,symm/ a? closest
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B8 3.34 3.4 3.46 3.55 3.7 3.85

t5/a”, linear fit 2.204(5)  2.872(10)  3.682(12)  5.162(16)  8.613(25)  14.011(39)
t5/a?, global fit  2.204(4)(4) 2.888(4)(7) 3.686(4)(10) 5.157(5)(14) 8.617(7)(21) 13.988(19)(28)
t5/a® 2, 104] 2.862(5)  3.662(12)  5.166(15)  8.596(27)  13.880(220)
to.cn/al, global fit 2.695(13)(2) 3.402(11)(1) 4.228(10)(5) 5.749(12)(1) 9.329(27)(4) 14.885(57)(14)
a/fm 0.09757(56) 0.08524(49) 0.07545(44) 0.06379(37) 0.04934(28)  0.03873(22)

Table 5. Results for ¢ in lattice units from this work (lines 1 and 2), in comparison to the respective
numbers of ref. [2] (updated in ref. [104], line 3). We consider the global fit results of the second line
as the most reliable ones. Also shown is the value of to in the chiral limit, ¢ cn(a). The continuum
limit ratio tf/to cn is shown in eq. (3.40). The first errors are statistical, the second errors reflect
the uncertainty of the improvement coefficient b, (that is related to by). In the last line we list the
lattice spacings obtained through \/% = 0.4097232; fm, see eq. (3.42) below, where we added all

errors in quadrature after symmetrizing the scale error.

to t/a®. The results compare well with the previous determination of ref. [2], updated in
ref. [104], that we show in the third row of table 5. We also list the lattice spacings in this
table, using the result of this article, /8§ = 0.409723(5]; fm for the conversion. The errors of
a across the -values are correlated because of this and are dominated by the scale setting
uncertainty. When performing continuum limit extrapolations, we will use the globally
interpolated t}/a?-values of the second row of the table instead.

We plot the resulting slopes k(a) as a function of a2/(8t) in the right panel of figure 7.

Combining egs. (3.6), (3.25) and (3.26), we obtain

~ ~ 2bg,am 9
(a) =k — 2 Ve (a”) (3.27)
However, we are unable to detect any linear contribution in the figure. Instead, a clearly

2 is visible. Adding any other power of a to the quadratic

quadratic dependence on a
continuum limit extrapolation results in a coefficient that is compatible with zero. The failure
to resolve a term proportional to a reflects the fact that within our range of lattice spacings
the combination am remains almost constant when keeping the average renormalized quark
mass m = ry Zmm o« M? fixed because the factor 7, decreases rapidly with 3, as can be
seen in the left panel of figure 5. This also means that, unlike the coefficients r,,, A, By, Co
or Dy, b, cannot depend strongly on [3; otherwise there would have been visible corrections
to the quadratic behaviour. Therefore, from now on we will assume that b, coincides with its
one-loop value bgl) within a 100% error band: b, = 0.32(32). Note that bgl) is independent

of g2, see egs. (3.3)—(3.5). The naive quadratic continuum limit extrapolation gives
k = k(a=0) = —0.0600(85). (3.28)

Motivated by the above considerations, below we will attempt a global fit to our data
according to the effective parametrization

t t ~ . .
a% _ Zgh (9%) (1 + F 8t6M2) + 8t M2 + Ge8tgd M2, (3.29)

with the parameters ¢ and d¢, in addition to k. To set the stage for this global fit, we first
interpolate the to/a%-values at each -value locally via a linear fit to determine 5/ a’.
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3.4.2 Interpolating formula for t}/a®

For very small values of the coupling g2 the dependence of t/a? on g? is controlled by the
perturbative § function. Its three-loop coefficient (B2 is at present not known for our action.
However, the ratio of A parameters,

A
=L — 0.2887542, (3.30)
Axrs

was calculated in ref. [105]. Combining this with the recent determination [106]
Agy/8t5 = 0.712(24) (3.31)

for the three flavour theory, we arrive at the expectation

t t i} - .
az((;g) = a%((g)]?) {1_%:1(92)("” } = [f(92)+cto +di f 1/2(g2)} {1—2ba(92)am } , (3.32)
where
*A2 2 2
f(g?) = };‘)(Qg) = 0.00528(36) exp (1;;; + g(l%ln fgiQ — b9 + - ) ) (3.33)

The coefficient by, ~ (87—B0B2)/(167233) effectively parameterizes higher order perturbative
contributions, ¢;, describes the leading O(a?) lattice correction to eq. (3.31) and dy, a
subleading O(a®) correction. Setting b, = 0, the resulting fit parameters read

o = 0.18(12), dy, = —1.43(16), by, = 0.9293(46), x>/Npp = 2.1/3. (3.34)

3.4.3 Global interpolation of ty/a?

Having determined #{j/a® from individual fits to data obtained at the different S-values
and having obtained an interpolating formula, we may also attempt a global fit to all
the available data, utilizing this parametrization. Substituting t/a? for tg /a3 (using
eqs. (3.6) and (3.25)) and k; for k (using eq. (3.27)), from eq. (3.29) we obtain

Z% _ %(92) (14 k1A — 204 (am — am®)| + A + be8too M2
= [F(e?) + ety + diy f12(97)] (14 kA — 2b,am) + €A + de8todM?,  (3.35)

where

A = 8t (MQ - M*Q) . (3.36)

In the second step above we used eqgs. (3.32) and (3.33) to parameterize t/a?(g?). This
adds the parameters b;,, c¢;, and dy,, such that the total number of parameters for this
combined fit across different values of g2 is 6. Note that when inserting this parametrization
the term that is proportional to 2b,am™ cancels from the above equation but it resurfaces
within the relation eq. (3.32) between t}/a? and f(g?).

As discussed above, the effect of b, cannot be isolated within our range of lattice spacings
(see figure 7) as am is approximately proportional to tgM?2. This is shown in the left panel
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Figure 8. Left: the ratio of the average lattice quark mass in lattice units over the square of the
average pseudoscalar mass, including all three quark mass trajectories. This ratio varies by only 20%.

This makes it impractical to discriminate between terms proportional to am and terms o< 8tgM .
Right: global fit results (cf. eq. (3.35)) for ¢§/a® and to cn/ad, together with results for ¢/a? taken
from separate linear fits (cf. eq. (3.26)) to the m, = m, data only.

of figure 8, where we plot the ratio as a function of ¢4. The Tr M = const ensembles can
be found in the vicinity of the vertical ¢4 = ¢} line. There is no detectable dependence of
this ratio on M. The slopes with respect to M? ¢4 decrease with the lattice spacing,
indicating that the dominant violations of the GMOR relation 7 /M? = const are due to
lattice artefacts. However, as already discussed above, the ratio am/ [StOMQ] at ¢} itself
does not decrease linearly with a. Instead, between g = 3.34 and 5 = 3.4 it first increases
and only from 8 = 3.46 onwards it decreases as the parameter r,, slowly approaches unity.

Since the am dependence is hard to distinguish from the M? dependence, within the
global fit we fix b, to its one-loop value eq. (3.5), b, = ") ~ 0.3158. The relation (3.27)
between k; and k will enable a cross-check with the previous fit result eq. (3.28) that was
obtained by extrapolating the individual slopes k(a) of eq. (3.26) to the continuum limit.
In addition to this central fit, we carry out a second fit, setting b, = 0 and interpret the
difference between the resulting parameters as a systematic uncertainty. This second fit
also allows for a comparison not only with eq. (3.28) but also with the earlier results shown
in eq. (3.34). The difference of the b,-values used in eq. (3.32) only slightly affects the
parameters by, i, and dy, and the impact on the t}j/a2-values is even smaller.

Since not only tg/a® but also the variables toM? and tqdM? carry errors, in these fits
(as well as in the previous fit to eq. (3.26)) we use the generalized least squares fit method
described in appendix F.4, where we also take into account the correlation among the
arguments. However, we neglect correlations between these variables and the to/a?-values
on the left hand side of the equation. This is justified by the fact that the relative errors of
top/a® are much smaller than those of the pseudoscalar meson masses.

We demonstrate in figure 9 that the data are well described by the fit with b, = bgl)
and remark that the picture looks very similar for b, = 0. The fit curve itself is shown for
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Figure 9. Deviations Atg/a? = to/a? (g2,ﬂ2, dM?) — to/a® between the values postdicted by the
fit eq. (3.35) and the data are typically below one per cent (left) or of the order of the statistical
error (right), with only a few exceptions. The ensembles are sorted from left to right in terms

. . . . . =72
of decreasing lattice spacing and increasing values of the average M . Boldface ensemble names
correspond to the “symmetric” points, i.e. those closest to the position of ¢}.

the ms = my points in figure 7 (left). The respective fit parameters read

k1(be = V) = —0.0466(62), k1(be = 0) = k = —0.0506(63),
e(be = bM) = —0.560(27), ¢(by = 0) = —0.560(27),
e(by = bV) = 0.0213(28), c(bg = 0) = 0.0210(28),
by, (b = bV = 0.9336(26), by, (b = 0) = 0.9340(26),
cio(ba = bM) = 0.286(63), ¢io(ba = 0) = 0.254(63),
dy (by = V) = —1.567(84), dyy (by = 0) = —1.515(84),
X%/Npr (by = bV = 59.4/38, x%/Npr (b, = 0) = 58.7/38, (3.37)

where the errors have been obtained from the bootstrap distributions of the parameters
and scaled with y/x?/Npp. In the right panel of figure 8 we compare the global fit to the
t Ja*-values obtained from the linear (local) interpolation results above. In addition, we
show the chiral limit of this ratio.

The differences between the central values of the two columns of eq. (3.37) constitute
the systematic errors from varying b, from zero to its one-loop value. As expected, the
slope parameter k; is most affected by this change. For b, = 0, one has k; = k and the
above result still agrees within errors with our first estimate (3.28) of k. We remark that
the difference between the above two values is consistent with eq. (3.27): combining the
b, = 0 result with the typical value am* = 0.004 (see the left panel of figure 8 and table 6),
we obtain k; ~ k + 3b,am* /¢ ~ —0.0472(63), which indeed is very close to the result of
the b, = bgl) fit ky = —0.0466(62). Moreover, the parameters by, ¢;, and dy, agree within
errors with the determination (3.34), based on the local fit results.

We used the central value Agg\/8t§ = 0.712 from the determination of ref. [106]
[eq. (3.31)] as an input. Instead, we could have included the normalization as a free fit
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parameter. Carrying out such a fit, we find Agg\/8t5 = 0.68(17), in agreement with
the more precise result that was obtained employing the step scaling function within the
Schrodinger functional framework [106].

3.5 Summary of the main results for tg, a and the low energy constant k;

We summarize the t{j/a® results from the global fit in the second line of table 5, where
the first error is statistical and the second one reflects the impact of the uncertainty of
be. Similarly, in the fourth line of the table we list ¢o cn/ ag, where naturally the statistical
uncertainty is larger while the uncertainty of the b,-value has less of an impact. In general,
the t§;/a® results from the global fit agree well with those obtained at the individual 3-values.
Comparing with the results of refs. [2, 104], we only find deviations of about 2.5 and 1.5
standard deviations, respectively, at 8 = 3.4 and § = 3.46. Also in our case there is some
difference between the linear (local) and the global fit results at § = 3.4, which is mainly
due to the tg/a’-value determined on ensemble H101. We regard the results from the global
interpolation where statistical fluctuations average out to some extent as more robust and
we will use these values.
The t}/a?-values are well described by the interpolating formula
%
%(92) = feff(gZ) 4+ 0.285 — 1.566];;/2(gQ)7 where

ferr(g?) = exp (17.54596 g~ = 7.507 + 0.790123 In(g?) — 0.933492) . (3.38)

The relative errors are below 0.3% over the entire fitted range 3.34 < 8 < 3.85. This more
convenient parametrization was obtained by refitting the result, setting by, = 0 but keeping
the g=2 and In(g?) coefficients fixed. Within the errors of the A parameter of ref. [106],
this interpolation converges towards the two-loop running of the scale at small values of
g%, making this formula particularly useful for predictions regarding future runs at smaller
lattice spacings. For the values at already existing simulation points we refer the reader to
the second row of table 5.
The slope parameter [103] defined in eq. (3.25) has the numerical value

k - 8toen(47Fp)?
F1 = —0.0466(62), ki =k - Oh(;o)
where we used the globally fitted k; with the effect of b, and its uncertainty included in the

central value and the error. For the last conversion, we used /8tg cnFo = 0.1502@2; [107].

Plugging the result for k; above as well as ¢* = 1.11 into eq. (3.25) gives the continuum

~ —0.055(8), (3.39)

limit relations

2.

- (1 4 3k;1¢j;) fo.cn = 0.9655(46 )0, (3.40)
9.

6 = [1 3k (6] - ¢4,ph>] to.pn = 0.99947(7)to pi. (3.41)

In the second equation we used the result of this work ¢4, = 1.093823, which is due to

V/8to ph = 0.4098823 fm < 0.413fm (see eq. (6.2)). This then implies

8t = 0.99974(4) | /8to pn = 0.4097(52) fin. (3.42)
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Note that at a non-vanishing lattice spacing, the above relations between the tg-values at
different points in the quark mass plane depend on the action used and, in the case of
t5/to,ph, also on the exact definition of the physical point. However, in the continuum limit
(up to the treatment of isospin breaking effects), the results should be universal. Within this
study, we use a?/(8t}) only to relate different lattice spacings within our continuum limit
extrapolation. In the end the scale is set by £ p1, as obtained from the mass of the = baryon
at the physical point, in the continuum limit. The lattice spacings of table 5 are computed
using a?/(8t§) with the physical value of ¢§ set by the continuum limit ratio to pn/t5.

In principle, along the line with Tr M = const there could be a dependence of ¢4 on the
mass difference § M2, which we have neglected above. This would then result in a correction
to the above relation between /8t% and /8topn- The relative statistical uncertainty of the
latter quantity is of size 0.5%. A correction of a comparable size to egs. (3.41) and (3.42)
would require ¢4 to vary by more than 30% along this line between § M = 0 and the physical
point, due to the smallness of the parameter k;. As we will see in the following subsection,
we are unable to detect any corrections to ¢4(0M) in the continuum limit that would exceed
our statistical accuracy of about 1%. Therefore, the above value for /8tf and its error
remain unaffected.

3.6 The symmetric point parameters
Above, we have defined the parameter ¢4 = 12t3M?. Several values of ¢4 are of relevance:

e ®4ph, the value at the physical point in the continuum limit,

e ¢3 = 1.11, which — together with My = M, — defines the reference point for the
determination of #{/a?,

e P45ymm(a), the starting point, where for each lattice spacing a our actual Tr M = const
trajectory branches off the symmetric mgs = my line,

o ¢4 opt(a), the branch point that should be chosen such that the Tr M = const trajectory
touches the physical point for the lattice spacing a and

* (P4.0pt, the corresponding starting point in the continuum limit.

Note that in general there is some degree of mistuning so that ¢4 symm(a) # da,0pt(a). The
optimal values ¢4 opt(a) will depend somewhat on how the physical point is defined. Here
we match the kaon and pion masses in units of /8ty to their experimental values, where
to,ph is obtained from mgz in the continuum limit.

Other parameters of interest are the lattice quark mass at this point am* and the
corresponding hopping parameter «*. To determine £* and am™, at each §-value we carry
out a simple phenomenological fit to the m; = my ensembles using the previously determined

Kerit-values as an input:
am = p1¢4 + pachj. (3.43)

am™ is then the value of this interpolation at ¢4 = ¢}. The fit is depicted in the left panel
of figure 8, where we plot (3/2)am/$4 versus ¢4 for the symmetric ensembles. The results
are collected in table 6, where we also display the critical hopping parameter values.
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* *
/B Kerit K am

3.34  0.1366938(45) 0.1365791(23) 0.00307(10)
3.4 0.1369153 (9) 0.1367647(11) 0.00402 (3)
3.46 0.1370613(10) 0.1368948(13) 0.00444 (3)
3.55 0.1371715(10) 0.1370013(10) 0.00453 (3)
3.7 0.1371530 (9) 0.1370081(13) 0.00385 (4)
3.85 0.1369767(26) 0.1368518(39) 0.00333 (8)

Table 6. Results for the critical hopping parameter kx and for the hopping parameter at the
Ny =3 symmetric point, where ¢4 = ¢} = 1.11, k*, together with the bare quark mass at this point,

am* = (K crlt)/2
B Rsymm Ropt ¢4,symm(a) ®4 ,opt (a)
3.34 0.1365715  0.1365725(30) 1.1757(109) 1.166(17)
3.4 0.13675962 0.1367585(28) 1.1450 (78) 1.149(16)
3.46 0.13689 0.1368901(29) 1.1387 (76) 1.138(15)
3.55 0.137 0.1369988(26) 1.1110 (66) 1.125(14)
3.7 0.137 0.1370077(24) 1.1653 (88) 1.113(14)
3.85 0.136852 0.1368523(43) 1.1075 (96) 1.106(13)

Table 7. The values of ¢4 symm(a) and ¢4 pe(a) and the corresponding hopping parameter-values.

Starting at the symmetric point (§M? = 0) and reducing the pion mass, keeping the
sum of lattice quark masses constant, results in a decreasing ¢4(0Mph,a): in order to
simulate on a trajectory that goes through the physical point, at a given lattice spacing a,
one has to start from values ¢4 opt(a) somewhat larger than ¢4 pn. Along lines of constant
Tr M, in the continuum limit ¢4 cannot depend linearly on §M? [103], but this is not so
regarding lattice artefacts. Therefore, for the data taken along such trajectories, we make

the ansatz:

2
G4(6M,a) = ¢4(0,a) + 5%%&051\42 + [cg + dg (64(0,a) — dapn)] (8t05M2)2 . (3.44)
0

We added the term proportional to dg to compensate for the effect that the starting point
¢4<07 a)
column of table 7

In this article we find the central value of ¢4, = ¢4(0Mpp,0) = 1.0938;3 to be smaller
than ¢} = 1.110 by almost 2%, corresponding to about 1.6 standard deviations, due to
V/Stopn < 0.413 fm. Furthermore, we obtain 8t05M§h = 1.95082;. Setting ¢4(dMph, a) =

Gaph in eq. (3.44) then gives ¢4(0,a) = P40opt(a):

= ¢asymm(a) is not kept constant across the six lattice spacings, see the fourth

2
5C¢aff8t05M2h + ¢y 8t05M2h
i P (st0025) . (3.45)

¢4,0pt (a> =

Puan = 1+ dy (8t06043,)
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Figure 10. Left: the differences defined in eq. (3.47) as a function of (a?/t%)8todM?. The curve
and error band correspond to a two-parameter fit of the Tr M = const data with ms # my to

eq. (3.44), setting ¢, = 0. Right: the optimal starting values of ¢4 at the symmetric point that

should be used in order to obtain ¢4, = 1.0938;; at the physical point (blue error band), along

with the actually simulated values of ¢4 symm(a).

We carry out correlated one-, two- and three-parameter fits to eq. (3.44), setting
cyp =dy =0, cy =0, dgy = 0 and leaving all parameters free, respectively. In total we have
15 large volume simulation points along the Tr M = const lines with my, # mg (see the
central panel of figure 1). We omit D150 from this counting and the fits since LM, < 4 in
this case. Taking into account the fact that we have two data points that correspond to the
H102 parameters, this then gives 15, 14, 14 and 13 degrees of freedom, respectively, for the
four fits. Regarding the one-parameter fit, we find dcy = —0.0839(76) with x?/Npr = 1.30.
Allowing for dg # 0, we find

Scy = —0.062(14), dy = —0.062(33), x2/Npp = 1.21. (3.46)
We define
Apa(0M,a) = 6a(6M, a) — $a(0,a) — dy (64(0,0) — dupn) (8105M2)" (3.47)

and plot the resulting fit for these shifted differences as a function of (a2/t})tod M? in the left
panel of figure 10. Additionally including the parameter c, slightly decreases the fit quality
(x?/Npr = 1.22) and gives cs = 0.0029(27) while §c, = —0.070(14) and dy = —0.114(54)
remain unchanged within errors, relative to eq. (3.46). Setting dy = 0 but including cg
gives ¢, = —0.0017(16) with x?/Npp = 1.33. Also in this case dcgy = —0.069(17) agrees
with the other fit results.

We conclude that we are unable to discriminate ¢y from zero and we actually obtain
the best fit quality when removing this parameter. Therefore, within errors ¢4 opt = ¢4 pn
in the continuum limit. Of particular interest is also ¢4,0pt(a), which can be obtained
from eq. (3.45). In the right panel of figure 10 we compare this to the actual simulation
points ¢4 symm. The error of the prediction, also included in table 7, is dominated by the
uncertainty of the scale ¢opn. It turns out that, with the exception of 3 = 3.7, the simulated
Tr M = const trajectories are within the target range. The continuum limit agreement of
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®4,0pt at the symmetric line with ¢4, within the present errors is a universal feature of
Ny =2+1 QCD. However, we remark again that ¢4 opi(a) as depicted in the figure will
depend on the input quantities used to define the physical point at non-vanishing values of
the lattice spacing.

Finally, we predict the hopping parameter values that correspond to the optimal
mgs = my starting point,

=2 [p1¢4,opt(a) + pzﬁ,opt(a)} + (3.48)

Ropt (CL) Kerit ’

where p; and py are defined in eq. (3.43). These k-values are also included in table 7.

4 Physical point extrapolation strategy

We detail our strategy to extrapolate the hadron masses to the physical point in the quark
mass plane, and to the continuum and infinite volume limits. In particular, we wish to
maintain full order a improvement within the continuum limit extrapolation. Since the
scale should be set by comparing to an experimental measurement at the physical quark
mass point, the exact position of which in turn depends on the scale setting, some care
needs to be taken. First we explain how we retain order a improvement in the continuum
limit extrapolation. Then, in section 4.2, we give the general framework of our combined
chiral and continuum limit extrapolations, before discussing how we account for eventual
finite volume effects in section 4.3.

4.1 The continuum limit

Naive Wilson fermions have order a cut-off effects. Here we implement a complete, non-
perturbative order a improvement programme. This consists of improving the action and —
for the determination of the AWI quark masses — also the axial and pseudoscalar currents.
To improve the action, the Sheikholeslami-Wohlert (clover) term [82] is added, with its
coefficient cgy, determined in ref. [83] for the tree-level Symanzik improved gluon action [84]
that we use. Most of our gauge ensembles have open boundary conditions in time [81] where
the boundary terms are not order a improved. However, measurements are only taken in
the bulk, far away from these boundaries, see appendix E.2, exponentially suppressing such
residual order a effects. Also the quark masses and the coupling constant appearing in the
action need to be improved. The former does not affect the position of the physical point
in terms of the kaon and pion masses but was relevant for the vector Ward identity quark
mass determination of section 3.2 (with the combinations of improvement coefficients A,
BQ, Co and D()).

As mentioned above and discussed in section 3.1, the bare coupling g? = 6/ undergoes
order a improvement [90, 91]: §* = g?(1 + byam), where T denotes the average sea quark
mass eq. (2.4). Instead of simulating at fixed values of 2, thereby keeping the lattice
spacing a constant, we simulate at specified values of g?. This will imply order a cut-off
effects on lattice hadron mass values Ma, unless the average quark mass is kept constant.
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Along two of our quark mass plane trajectories, namely mg = my and ms =~ Mg pn, we vary
m and therefore care needs to be taken.

Assuming that the combination ¢4 of eq. (3.23) remains constant along the 2/k,+1/ks =
const line (i.e. the line of a constant average lattice quark mass M = Mmgymm) and setting
/8t§ &~ 0.413 fm gives the value ¢} = 1.11. Previous lattice studies gave results consistent
with this value of ¢y, either at the ¢} position [2] or at the physical point [5]. In section 3.6
we confirm that ¢4 remains constant within our present statistical errors as long as Tr M
is kept constant, up to lattice artefacts. However, we will find a somewhat lower value
for /8F5, giving ¢4 pn = 1.093(;;). Nevertheless, we will keep the value ¢4 = ¢j = 1.11 in
order to define the “x” reference point. Given our good coverage of the quark mass plane,
whether this reference value exactly coincides with the value of ¢4 at the physical point is
not relevant for our scale and mass determinations.

In the end the scale needs to be set independently, i.e. a physical value has to be
assigned, e.g., to topn or tj in the continuum limit, that is consistent with our physical
point definition. In the absence of stable light mesons other than the m and the K, the
remaining possibilities of input quantities include baryon masses as well as pion and kaon
decay constants.® In the former case statistical errors are larger, while the accuracy of the
latter observables is limited by the precision of the determination of the renormalization
factor Z 4, the accuracy of the experimental input (converted into an isospin symmetric
world without soft photon effects) and using phenomenological values for the CKM matrix
elements V.4 and, in particular, V,s. These values in turn depend on previous lattice QCD
determinations by other groups.

Within this subsection we denote a hadron mass of the continuum theory as M.
Lattice simulations give dimensionless combinations Ma(g?,am) = Mag(g?)(1 + beam),
see eq. (3.6). This am correction term cancels from ratios of masses determined at the
same value of M. These will then approach the continuum limit without any linear
dependence on a, which holds for hadron masses obtained at different positions along the
M = Mgymm = const quark mass plane trajectory. However, in general ratios between
hadron masses at different points in the quark mass plane will not be order a improved
since Mya(g?, amy)/[Mza(g?, amy)] = (My/Ms)[1 + bsa(f; — Ma)]. The average quark
mass varies along the mgs; = my and m;s = const trajectories. Order a effects will, however,
cancel if dimensionless combinations Ma /8ty/a = M/8ty, where ty is computed on the
same ensemble as M, are taken.

Extrapolating 1/8tgM combinations mixes the continuum limit quark mass dependence
of to with that of M. This is unproblematic since we have already determined the continuum
limit functional dependence of ¢y on the pseudoscalar masses in section 3.4, see eqs. (3.25)
and (3.39), allowing us to disentangle the two effects. Also physical point extrapolated
masses will remain unaffected. We remark that the m = mgymm trajectory is a notable
exception in our extrapolation strategy since in this case the ratio of lattice numbers
(t5/a?)/(topn/a?) taken at different points does not receive any order a contributions, at

8The ¢ meson is reasonably narrow too, however, it has the same quantum numbers as the lighter, less
stable w meson. Including input from heavy hadrons, e.g., charmed baryons, while statistically precise,
would require to simultaneously fix the charm quark mass.
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least if we assume that this trajectory (that starts out from somewhere near ¢}) goes
through the physical point. Moreover, in this case ¢y only varies at NNLO in ChPT [103].

4.2 Parametrization of the quark mass, lattice spacing and volume
dependence

It is convenient not only to define the average sea quark mass eq. (2.4) but also to introduce
the quark mass difference

om :=mgs—my =3(M —my) = —%(m—ms). (4.1)
The leading order (LO) SU(3) GMOR relations read
M? = 2Bginy + O(m?), Mz = By(ins + my) + O(M2, m32, msiy), (4.2)

where By = X/F¢ and $¢ = —(uu) > 0 and Fy are the (negative) chiral condensate and
the pion decay constant, respectively, in the limit of Ny = 3 massless quarks. We remind
the reader that the renormalized quark masses in a continuum scheme are denoted as
and ms. The GMOR relations also link the meson mass combinations of eq. (3.24) to
corresponding quark mass combinations:

—  2MZ + M? .
M2 = % ~2Bym, OM? =2 (M} — M2) ~ 2Byéin, (4.3)

where dm = ms — my, see eq. (4.1).

In section 4.1 we discussed how to avoid order a lattice artefacts. We implement this
programme by employing the fit strategy outlined below. We distinguish between ¢{, defined
at the position ¢4 = 1.11 along the my = m, flavour symmetric line and #g p1,, defined at the
physical point in the quark mass plane. The ratio of these two quantities is unity to NLO
in ChPT [103]. Note that the combination /8¢f/a can be employed to translate between
lattice spacings obtained at different values of the inverse coupling constant [, without the
need to know the corresponding /8%y 1 /a-values.

The fit strategy consists of first defining parametrizations (here for the example of the
= mass):

VBtgm= = fz (V8o My, Vi My, L/v/Blo, a*/(815)) . (4.4)

In principle, we could have chosen a?/(8tpn) as the last argument on the right hand side,
however, this is not known prior to the fit while we have already determined a?/(8t}) in
section 3.4, see the second line of table 5. We also remark that in the last argument we
replaced a3 by a? = a3(1 + 2b,am*), the difference being of order a®.
In view of eq. (4.4) it is convenient to define the dimensionless quantities
_ — L a
mp = vV8tgmp, M=+8gM, M=+8tyoM, |L=— a=—, 4.5
B 0omnp 0 0 \/% \/ﬂ ( )
where B € {N,A, X, 2, A, ¥* =% Q}. Other quantities such as M, = /8ty M, are rescaled
analogously. Note that we choose to rescale a into units of /8t rather than /8&%.
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The above products of hadron masses and /8t(, determined at the same lattice coupling
and quark mass values, have no linear lattice spacing dependence. Therefore, the leading
lattice spacing effects are of orders a’?A?, a’?Am, a?Adém, a®>m?, a’mdm and a®>dm?. We
will also investigate corrections o a.” Omitting these latter terms, converting the quark
masses into pseudoscalar meson masses and truncating the dependence of lattice artefacts
at quadratic order in the pseudoscalar masses,'? the fit function for the baryon octet can

be factorized as follows:
mo (M, My, L, @) = mo (Mx, Mg, L) [1 +a? (co + 6, M2 + bco 5M2)] . (4.6)

While ¢, and ¢, are independent of the baryon in question, the dcp will be different for differ-
ent baryons O € {N, A, ¥, E}. The same applies to decuplet baryons with the replacements
Mo — Mp, Co > €4, Co > €4, 6o — dcp and D € {A ¥* =% Q}. We summarize possible
continuum limit parametrizations of mpg(M;, Mg, L) = mp(M;, Mg, L, 0) in section 5 below.
We remark that since our lattice action breaks chiral symmetry at any non-vanishing value
of the lattice spacing, there are no obvious SU(3) constraints, relating the dcp parameters
for different baryons B.

Our physical point is defined as the position in the quark mass plane where M; ,;, =
134.8(3) MeV and M pn = 494.2(3) MeV. We use mz pn = 1316.9(3) MeV as the input to
set the scale in the continuum limit. We refer to appendix A for a discussion of these
numbers and specifically to table 14. Using these values, the scale ¢y ,n can be obtained via

the relation

\/&7 ~ mz(M; = 0.10236(22)mz=, Mg = 0.37528(24)mz=, 0) (@7)
Oph = 1316.9(3) MeV ' '
Subsequently, also at a > 0 we may define the physical point as the position where
M M,
Mg = /8t pn494.2(3) MeV, — = —mph 0.2728(6). (4.8)
Mr Mg pn

Finally, if needed, the continuum limit ratio t{/topn can be determined via egs. (3.39)
and (3.41), see eq. (3.42).

4.3 Finite size effects

Within section 4.2 we have assumed infinite volume hadron masses. Here we use ChPT
as a guide to study the impact of potential finite size effects. To be safely within the
so-called p-regime of ChPT we not only restrict the linear box size to L > M_! but we also

In principle, the a? effects are accompanied by different powers g7 with the anomalous dimensions
I'; determined by the Symanzik counterterms [73]. However, for our action it was found for the minimal
dimension I'min that I'min &~ 0.247 without and I'min = —0.111 with quark mass terms [108]. In fact, the
dominant contribution is expected to be o g*-*%a? [108]. Therefore, ignoring the anomalous dimensions
should be a conservative and safe assumption for our lattice action, in particular, since the I'; are positive
and g? varies only by a factor of 1.15, whereas the lattice spacing a changes by a factor of 2.5.

10T his is justified by the fact that our parametrizations of the dependence on pseudoscalar masses in
the continuum limit will not exceed O(M*). Moreover, one would expect that m < ms/3 < A and
om < ms < A.
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require this to be much larger than the inverse pseudo-critical temperature. To this end, in
the latest Flavour Lattice Averaging Group (FLAG) Review [109] an extent L > 2fm is
advocated. Here we set the somewhat stricter limit L > 2.3fm. Any remaining finite size
effects are expected to be suppressed at least exponentially with the mass gap, in proportion
to exp(—LM;).

The pseudoscalar meson masses, which we are able to determine very precisely, can,
in principle, be affected by finite size effects in a statistically significant way. To limit the
number of parameters and also to be consistent with the order, i.e. O(p?), that we use in
the chiral expansion of the baryon masses, we only consider finite size effects to NLO (order
p?) in mesonic ChPT, where no order p3 corrections exist. For N ¢ = 3 mass-degenerate
light quark flavours one obtains in a finite volume [110, 111]:

1
M2(L) = M? 1+N—h(/\7r,Mﬁ)+--- : (4.9)
f
where A\ = LM, and
Kl )\ ]n\
h(Ag, M?) = § j . 4.1
(A 47TF0 2 Ar[n| (4.10)

Above, n € Z? are integer component vectors and K (x) is the modified Bessel function of
the second kind.

For non-degenerate quark masses, one obtains (see, e.g., eq. (16) of ref. [112], where
also the NNLO corrections can be found)

1
ML) = M2 (14 ShO M2) = O M2 (4.11)
1
M2(L) = M% {1 - gh()\nm M )} (4.12)
where we made use of )
AM3Z — M?
M2~ —K 7 =% 4 5M2 (4.13)

which holds to this order in ChPT. In figure 11 we compare the pion mass data to this
expectation for two pion masses where simulations at three different volumes exist. In these
cases the deviation of the smallest volume points from the large volume limit seems to have
the wrong sign, however, the deviation from the NLO ChPT expectation is smaller than
two standard deviations. Note that the smallest volume shown (U101) does not enter our
analysis since L < 2.3fm in this case. For the kaon mass we do not detect any statistically
significant finite volume effects. In this case, away from the ms = my line, both the predicted
finite size effects and the relative statistical errors are smaller than for the pion.

To be on the safe side, we correct all pion and kaon masses for the finite volume
effect egs. (4.10)—(4.13). Since these equations only encapsulate the leading non-trivial
order, we add in quadrature half of the difference between finite volume and infinite volume
extrapolated results as a systematic error to the statistical error of the pion and kaon masses.
In practice, this is done by adding uncorrelated Gaussian distributed random variables to
the existing bootstrap samples. We remark that except for some small volume ensembles
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Figure 11. Dependence of the pion mass on the lattice extent at § = 3.4. The M, ~ 280 MeV
data correspond to ensembles U101, H105 and N101 (in order of increasing L), the M, ~ 220 MeV
data to ensembles S100, C101 and D101. The curves, that are normalized with respect to the most
precise data point, correspond to the parametrization eq. (4.11), where we made use of eqs. (4.10)
and (4.13).
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Figure 12. Dependence of the nucleon (left) and = baryon (right) mass on the lattice extent.
The masses are determined on the ensembles that are displayed in figure 11. The curves, that are
normalized with respect to the most precise data point, correspond to the parametrization (B.1).

that do not enter our extrapolations, e.g., U101, the finite size correction is always smaller

than the statistical error and, for the vast majority of ensembles, much smaller.

The analytical expressions for finite volume effects of the baryon masses are discussed
in appendix B. These are included into the functional form of the fit to mp(My, Mg,L). In
general, we expect finite volume effects in the baryon sector to be much smaller than our
statistical errors, at least for L > max {4M !, 2.3fm}. In figure 12 we compare nucleon and
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cascade masses with the order p> BChPT expectation eq. (B.1), matching this in each case
to the first data point with LM, > 4. The coefficients gy p/(47Fp)? and g= p/(47Fp)? (see
eq. (5.15)) and the scale myg, all defined in the chiral limit, are taken from our best global
continuum limit BChPT fit to the octet baryon spectrum, see section 6.5 and table 11.
M, is computed via eq. (4.13). The curves are subject to systematics that are due to
truncating at order p3, omitting effects of decuplet baryon loops and the uncertainties of
the low energy constants. Similar results are obtained for the other baryons and at different
simulation points. The figure qualitatively confirms our expectation: some of the LM, ~ 3
points appear to give larger masses than the large volume data, while we see no significant
differences between the LM, = 4 points.

5 The continuum limit dependence of baryon masses on the meson
masses

In the preceding section, we discussed our combined chiral, continuum and infinite volume
limit extrapolation strategy. The generic form of our fits is given in eq. (4.6), see also the
definitions egs. (4.3) and (4.5). We remark that for analysing mgs = my ensembles alone,
the parameters dco|p are not needed since 6M = 0. Likewise, only one of the coefficients
Cold OT Co|q 18 required when considering only the m = const data, where M ~ const. If
only ms ~ Mmspn data are used, the effect of ¢,y can be absorbed into ¢, and dcop.
However, here we attempt a joint analysis of all the ensembles and we therefore include all
six discretization coeflicients both for the octet and for the decuplet baryons.

Below we define the relevant parametrizations of the quark mass dependence in the
continuum limit. These are based on SU(3) ChPT, i.e. an expansion about ms = my = 0,
as well as on a Taylor expansion about points on the ms; = my line. The volume dependence
(that does not contain additional LECs) is detailed in appendix B. We start the discussion
with a linear dependence of the baryon masses on the quark masses, i.e. NLO ChPT. The
fits that we will carry out are based on NNLO BChPT in extended-on-mass-shell (EOMS)
regularization, NNLO BChPT, including transitions between octet and decuplet baryons
(small scale expansion (SSE)), and a Taylor expansion up to quadratic order in the quark
masses about points on the symmetric line mg = my. The heavy baryon limit (HBChPT) is
also discussed.

5.1 Linear: NLO BChPT
Terms proportional to quark masses are quadratic in the pseudoscalar meson masses due to
the GMOR relations. Therefore, to lowest non-trivial order the infinite volume continuum
limit expectations for octet and decuplet baryon masses read
mo (My, Mg) =m0+6ﬁ2+5b0(5M2, (5.1)
mp(My, M) = mpoy +t M* 4 5tp IM?, (5.2)

respectively, where O € {N, A, X, =}, D € {A,¥* =% Q} and my and mpg = mo + 9 are
the baryon masses in the SU(3) chiral limit. The remaining parameters are related to the
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three standard octet SU(3) LECs by, bp and b and the two decuplet LECs tpg and tp as
follows (where we deviate from the standard notation to distinguish the LEC ¢pg from the
scale parameter t),

b= —6by — 4bp, t = 3tpo + 3tp, (5.3)
oby = %(3()}? — bD), obp = *%bD, Oby, = %bD, obg = *%(3[)}7 + bD), (5.4)
0ta = —tp, Ots« = 0, Ot=x = tp, Oto = 2tp.

One parameter encapsulates the dependence on the average quark mass (by and tpg or,
equivalently, b and t) while the quark mass splittings depend on two parameters or one
parameter only (bp and bg or tp, respectively), which is due to SU(3) constraints. Note
that the above functional forms are consistent with the Gell-Mann-Okubo mass splitting
relations [113, 114].

Based on these continuum relations, we employ the ansatz

mo(Mz, Mg) = myg +bM? + obo (5’\/1]2, (5.6)
mp(Mr, Mg) = mpo +TM? + 6tp M2

for the dimensionless combinations eq. (4.5) for octet and decuplet baryons, respectively,
where mg and mpg are the products of mg and mpg with /8t o, in the Ny = 3 chiral limit.
Again, we have the SU(3) constraints

Sby = 2(3bp —bp), 6by =—2bp, by =3bp, bz =-2(3br+bp), (5.8)
ota = —tp, Oty = 0, Otz = tp, ot = 21tp. (5.9)

To this order, to(M,, M) in the continuum limit only depends on M? but not on the mass
splitting, see eq. (4.10) of ref. [103]. Therefore, bp, bp and tp can be obtained by trivially
rescaling the baryonic low energy constants. However, the slopes b and t will contain an
additive term, due to the dependence of /8ty on M? (see eq. (3.25)):

bp=4/8tocnbrp, bp =1/8to,cubp, tp=1/8to,entp, (5.10)

_ ok _ _k
b= 8t0,ch<ﬂm—21mo>, t:,/8t0,6h<n—21mD0>, (5.11)

k k
bo = 4/8to,ch <b0+1;m0> , tpo=+/8tocn (ﬁDo—(;mm) , (5.12)

where eq. (5.12) follows from egs. (5.10) and (5.11) and the definitions (5.3) of b and #.
Linear octet baryon fits would contain a total of 10 parameters: the six parameters
of eq. (4.6) describing the lattice spacing dependence (c,, ¢, dcn, dcp, dex, dc=) and four
parameters describing the chiral behaviour in the continuum limit (mg, b, bp, bgr). The
decuplet masses only depend on nine parameters (mpg, t, tp, g, Cq, dca, dcx, dczx, dcq).
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5.2 BChPT: NNLO BChPT

We label the O(1) and O(p?) baryon ChPT as LO and NLO, respectively, and the O(p?)
covariant baryon ChPT (BChPT) [115] as NNLO.!! This leading one-loop order includes
the usual sunset self-energy diagrams. We regulate the loop-function according to the
EOMS scheme [116-118] for removing terms that break the power counting. For a review
of different ChPT approaches, see, e.g., ref. [119]. The infinite volume mass dependence for
octet baryons reads [120]

mo(My, M) = mqg + b2+ dbo SM?

+ inf {go,wfo (ZS) + g0,k fo <Anﬁ> + gons fo <Jﬁv:>} , (5.13)

where the dbp are the same as above, see eq. (5.4), the ng mass to this order is given by
eq. (4.13) and the EOMS loop-function reads

fo(z) = —2a3 [\/ 1-— gfarccos (;) + gln(w)] . (5.14)

The dimensionless couplings go p are given as!?

gNx=3(D+F)*,  gnx=3D*—2DF +3F? gy, =&(D—3F)>

gaq = 2D, gr i = §D° +6F2, Iam = 5D%

ger=32D? +4F%  gs i =2D*+2F? gz = 2D,

g=r=3(D—F)?, gz =3D*+2DF +3F% gz, =(D+3F)?  (5.15)
where D and F are the usual SU(3) LECs describing the LO baryon-meson-baryon coupling.
For instance, gy~ = (3/2)(D + F)? = (3/2)§% is related to the axial charge of the nucleon

in the chiral limit ¢%. Note that truncating the loop-function (5.14) at O(z?), i.e. expanding
about mg = oo, results in the HBChPT [115] expression [121, 122]

fo(z) = —ma® + O(zh). (5.16)

We remark that the NNNLO BChPT expression is also known [123].
The functional form above, when rescaled, reads

mo (M, Mk ) = mg +b M+ obo M2

M Mic )
+ go,xfo (m()> + go,x fo < my > + 9o, fo < - (5.17)

0

"Note that in the naming conventions that are usually employed within HBChPT, this order is labelled
as “NLO”. Also note that in NNLO BChPT the baryon masses are accurate to (’)(mg/Q) in the quark masses
mg ~ p?. Due to the absence of such terms in the mesonic sector, NLO meson ChPT already contains all
O(p*) terms, while the LO GMOR relations are accurate at O(p?). Consequently, both within NLO and
NNLO BChPT it is sufficient to employ the GMOR relations to convert quark masses into meson masses.
NLO meson ChPT is only needed in conjunction with BChPT at NNNLO.

2The go,p satisfy the constraints go,» +go,x +90,ns = 2(56D*4+9F?)/3 and 2gn,p+ga,p+39s,p +29=,p =
2cp (5D2 + 9F2)/3, where the couplings go,p already include the meson multiplicities cp (¢x = 3, cx = 4,

Cng = 1).
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If we were to go to the next order then we would have to include corrections to the GMOR
relations when replacing the quark masses by the meson masses, as well as additional terms
arising from the O(p*) chiral expansion of t.

The couplings go,p are related to the original ones go p by substituting D — D, F' — F,

where
47lFg)? 47lFg)?
p2 = Urho)” 3“) p2, g2 Urfo) 3“) F2 (5.18)
mg mg

In total our NNLO fit to the octet baryon masses has only 12 parameters: the six
parameters describing the lattice spacing dependence of eq. (4.6) (co, o, dcn, dcp, dcs,
dcz), the four parameters describing the linear, NLO chiral continuum limit behaviour (my,
b, bp, br) and, in addition, F and D that parameterize the 12 couplings go_p-

Decuplet baryon masses have been computed in SU(3) HBChPT in ref. [124], to NNLO
in covariant SU(2) BChPT with infrared cut-off (IR BChPT) [125] as well as in SU(3)
EOMS BChBT to NNLO in ref. [126] and to NNNLO in ref. [127]. Restricting ourselves
to self-energy diagrams that do not contain octet baryon exchanges, the relevant infinite
volume expression reads

mp(My, M) = mpo +t M?* + 6tp S M?

m3 M, M; Mg M
+—20 {QD,wa ( 7) +9p,xfD (K, K)
(4 Fp) mpo Mo mpo Mo

v 9o D (M” M"ﬂ . (5.19)

mpo’ Mo
The decuplet loop-function in the EOMS regularization [126] reads:'?
A x x
fo(z,y) = —223 { (1 - 4> arccos <2) + 61 [17 —22% 42 (30 — 1022 + x4) ln(y)} } ,
(5.20)

where we use the same renormalization scale y = mg as in the octet baryon case. This is
the reason for the two arguments of the loop function. Truncating fp at O(z?) again gives
the HBChPT result [124]

fp(x) = —ma. (5.21)

The decuplet couplings gp p are given as*® [124, 126]

A m = %H% IAN K — %/H27 9Ams = S%H2’

gse = %)”HQ, s+ K = ;}7(1)7_{2’ g5+ s =0

gzrr = o H2, =k = SH, = = o

gax =0, gox = WH?, goms = S9H?. (5.22)

131t is derived in the IR regularization in ref. [125].

“For the LEC H we use the normalization of ref. [124]. The decuplet couplings satisfy the SU(3)
constraints gp,« +9gp,xk +9p,ns = 207—[2/27 and 4ga,p + 395+, p +29=+,p +9a,p = 250p7-[2/27 where ¢, = 3,
cx =4, cpg = 1.
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N A ¥ = A ¥ = Q
4 2 1 1 5 1
T 3 1 § 3 35 1w § 0
1 2 10 1 2 1 2
K 5 5 35 1 35 § 35 3
1 1 1 1

Table 8. The coefficients g p of eq. (5.24).

This means that the NNLO fit to the decuplet baryon masses has 10 parameters: the six
parameters describing the lattice spacing dependence (cg, ¢4, dca, dcsx, de==, dcq), the
three parameters describing the linear NLO chiral continuum limit behaviour (mpo, t, tp)
and, in addition, a parameter H that is related to the LEC # in analogy to eq. (5.18):
47Fp)?
730> H2.

w2 = (5.23)

Mpo

If fitting the decuplet baryons alone, one could also have set ;1 = mpg, thereby removing
one of the arguments of the loop function eq. (5.20). However, for the decuplet baryons
octet baryon loops cannot be neglected. This is discussed in the following subsection. Note
that including finite volume effects in the parametrization does not involve additional LECs,
see appendix B.

5.3 Octet-decuplet BChPT: including the small scale expansion

For most of our data points the gap between octet and decuplet masses is of a similar size as
the pion mass. Hence, we should also consider that at NNLO the decuplet self-energies receive
contributions from octet baryon plus meson loops and the octet energies receive contributions
from decuplet loops. In particular, this effect cannot be neglected when discussing decuplet
baryons since (with the exception of the 2) these strongly decay into octet baryons and
mesons at the physical quark mass point. The small scale expansion (SSE) [125, 128, 129]
is the theoretical framework to incorporate these baryon loop effects. This was first worked
out for the A baryon in refs. [130] and [131] in SU(2) HBChPT and in SU(2) BChPT,
respectively, and later generalized to SU(3), employing EOMS BChPT [126]. It turns out
that these effects can be accounted for to NNLO with just one additional LEC, C:'®

53 M, M M,
mp+— mp +C2W {fB,ﬂ-hB (5) +§B,KhB <5K> +§B,nghB ( 6778>:| , (5.24)

where the coefficients g p are listed in table 8 and in the usual SSE power counting
0 =mpo —mo = O(p) is an additional small scale.

In general, the loop functions [126] will separately depend on M /mg and on ¢. However,
for simplicity, for these transition terms we will only consider the HBChPT limit [132-134],

5For the LEC C we use the normalization of refs. [63, 132, 133], where C* = ga y [134].
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in which the respective functions for octet and decuplet baryons read:

ho(x) = — (2 - 31’2) In <32:> - %xQ —2w(x), (5.25)
hp(x) = (2 - 31’2) In (g) + %xQ —2w(—x), (5.26)

(2% - 1)3/2 arccos (z71) ) >1

w(x) = { (1- 962)3/2 In (‘$_1 n m‘) el <1 . (5.27)

For w(z) we encounter both cases since we cover simulation points with M, < 300 MeV ~ §
as well as with M, > J. In the first case, the poles of the decuplet baryon propagators will
acquire imaginary parts in an infinite volume, due to the possibility of a real p-wave decay
into a pseudoscalar meson and an octet baryon. For a detailed discussion of the situation
in a finite volume, see, e.g., ref. [135]. We take the real part of the logarithm — hence the
modulus in its argument — and we will only include stable decuplet baryons into our fits.
Again, our rescaled parameter C is trivially related to the LEC C:

(47Fp)?

CP=—
(mpo — mg)?

c2. (5.28)
The joint NNLO octet and decuplet fits have a total of 23 free parameters: the 12 parameters
of the octet parametrization, the 10 parameters of the decuplet parametrization plus C.
Twelve of these are used to parameterize the lattice spacing dependence. Like for the fits of
section 5.2 without octet-decuplet transitions, incorporating finite volume effects does not
involve additional LECs, see appendix B.

5.4 GMO: Taylor expansion about an SU(3) symmetric point

Instead of expanding about the chiral limit using BChPT, one can also Taylor expand,
e.g., about the symmetric point (where My = M, = M™*), implementing group theoretical
constraints [62] that generalize the Gell-Mann-Okubo relations [113, 114]. In this case the
only assumptions we make are that SU(3) flavour symmetry is broken by the quark masses
and that to leading order these quark masses are proportional to squared pseudoscalar
meson masses. This is less restrictive than ChPT as no additional assumption about
the symmetries of interactions mediated by Goldstone bosons is made. Therefore, the
Taylor expansion will involve a larger number of parameters. In principle, one can expand,
employing the same formulae, about any point along the symmetric line, however, the
domain of analyticity cannot extend beyond M, > My > M, > 0.
At quadratic order in the quark masses we obtain

mo(Mx, M) = m* + b* (M2 — M*Z) +d (M2 _ M*2>2
+ 0y S + ddo OM? (M — M%) + deo 60", (5.29)
e ) oy 4 (B 10%) - (5 0%

+ 8t OM? + Jup oM? (W2 — M*?) + dvp oM*, (5.30)
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for the octet and decuplet baryons, respectively, where M*? = %qﬁj = 0.740 is chosen such
that it is close to Mf)h. Since the above is a polynomial in (M? — M*?), we can absorb the
dependence on M*? into the coefficients of the expansion. At the above order this amounts
to the replacements

m* =mg +bM* +dM*  b* =b+2dM*?, b} = Sbo + ddoM*?, (5.31)
m} = mpg + IM*Z +aM*, T =T+ 2aM*?, 6t} = dtp + SupM*2. (5.32)

In terms of the new parameters, eqs. (5.29) and (5.30) read

mo(My, M) = mg +bM? + dbo sM? + dM?* + ddo IM*M? + dep dM?, (5.33)
mp (M, Mg) = mpg 4+ TV + 6tp SM? + TM? + dup SM*M? 4 dvp SM?, (5.34)

respectively, where at linear order in the quark masses, one recovers egs. (5.1)—(5.5), reducing
the dependence to four and three SU(3) BChPT LECs for the octet and decuplet baryons,
respectively. While the expansions above are valid near any point along the symmetric line,
they can only converge for positive pion masses, i.e. for SM? < 3M?2. This explicitly excludes
the chiral limit and also explains the absence of terms that are non-analytic functions of
the quark masses; beyond the linear order, the above expansions are incompatible with
BChPT. However, all our points, including the physical point, are far away from the chiral
limit so that the above parametrizations may still accurately represent the data, as long as
the ratio 6M? /M? is sufficiently small.

The parameters 0bo and dtp satisfy the SU(3) constraints (5.4) and (5.5) and analogous
relations also apply to ddp and dup:

sdy = 2(3dp —dp), ddp =—3dp, 6dy=3dp, 6d==—-2(3dr+dp), (5.35)

dup = —up, dus+ = 0, dugs = up, duq = 2up. (5.36)

There are no SU(3) constraints [62] regarding the octet baryon parameters dep. In this case
we end up with a total of 11 parameters (mg, b, bp, b, d, dp, dr, dey, dey, dex, de=),
in addition to the 6 parameters of eq. (4.6) parameterizing the lattice spacing dependence
(Coy Coy dCN, OCp, ey, dC=).

For the decuplet baryons one of the parameters accompanying the O(6M*) terms can
be eliminated [62]: we rewrite the dvp as

OVA = VF —Vp, OVs+ =Vg, OVer =Vg+Vp, O0vqg=Vfp+2vp, (5.37)

such that we count 8 + 6 parameters in total (mpo, t, tp, U, up, vp, vg, vg as well as cg,
Cd, 0cpa, OCxx, ¢z, dcq).

6 Results for the scale g ,n, the spectrum and the low energy constants

The methods used to compute baryonic two-point functions and to obtain the masses from
these are detailed in appendix E. The statistical analysis methods, taking into account
autocorrelations in Monte Carlo time and correlations between different masses obtained on
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the same ensemble, are described in appendix F. We carry out fully correlated fits according
to the parametrizations introduced in sections 4 and 5. In section 6.1 we introduce the
naming scheme of the fit functions that we employ. We continue with explaining the fit
strategy and cuts on the data in section 6.2. We then illustrate this for the example of one
parametrization in section 6.3, before we determine the scale parameter /8o i from the
mass of the = baryon in section 6.4, where we also detail our model averaging procedure
and investigate the systematics. In section 6.5 we determine the spectrum of octet and
decuplet baryons and compare this to expectations. Then, in section 6.6, we compute the
strange and light quark o terms of the octet and the {2 baryons. In section 6.7 we determine
the SU(3) (H)BChPT LECs and for the nucleon also the LO SU(2) BChPT LECs. Finally,
we compare the results for the scale parameter, the baryon spectrum and the pion-nucleon
o term to literature values in section 6.8.

6.1 Fits carried out and the naming conventions used

We find that linear fits (section 5.1) poorly describe the data and do not consider these
further. When employing the (H)BChPT parametrizations (sections 5.2 and 5.3), we only
fit the decuplet baryon masses together with the octet masses (SSE, section 5.3). Fitting
the decuplet masses alone would amount to ignoring loops involving an octet baryon and
a meson. In contrast, the GMO Taylor expansions (section 5.4) for octet and decuplet
baryons are independent of one another.

We label fits generically as “multiplet(s) parametrization (FV) (SC>)” where

o “octet (H)BChPT?” refers to eq. (5.17) with the loop-functions eq. (5.14) and
eq. (5.16) for BChPT and HBChPT, respectively. The order p? coefficients can be
expressed in terms of b, bp and bg, see eq. (5.8), whereas the p? coefficients can be
written in terms of D and F via eq. (5.15). In addition, the (rescaled) mass parameter
myg represents the mass of the octet in the SU(3) chiral limit.

o “octet-decuplet (H)BChPT?” refers to simultaneous (SSE) fits utilizing eqs. (5.17),
(5.19) and (5.24) (with rescaled variables) of sections 5.2 and 5.3. For BChPT the
loop-functions eqgs. (5.14), (5.20) and (5.25)—(5.27) are used, while for HBChPT the
former two are replaced by the one defined in eq. (5.16). There are five independent
order p? coefficients, see egs. (5.8) and (5.9), namely b, bp, bg, t and tp. The order
p? coefficients depend on the rescaled parameters D, F, H and C, see egs. (5.15)
and (5.22) and table 8. The relations between the rescaled parameters and the
corresponding LECs are given in egs. (5.18), (5.23) and (5.28). In addition to the nine
above parameters, we have the chiral octet and decuplet baryon masses mg and mpyg.

o “octet GMO” and “decuplet GMO?” correspond to egs. (5.33) and (5.34) of sec-
tion 5.4, respectively, with the SU(3) constraints egs. (5.8)—(5.9) and (5.35)—(5.37).
This amounts to 11 and 8 free parameters for the continuum limit parametrizations
of the octet and decuplet masses, respectively.

An appended “FV” means that the (H)BChPT finite volume effects of appendix B are in-
cluded. For “octet BChPT FV” and “octet HBChPT FV” fits these are egs. (B.1) and (B.2),
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respectively. Regarding “octet-decuplet BChPT FV” and “octet-decuplet HBChPT FV”,
also egs. (B.3)-(B.6) and (B.7)-(B.8) are added, respectively. These expressions do not
include any additional parameters. For “octet GMO FV” fits, the octet baryon masses are
first corrected for finite volume effects using estimates from the octet BChPT FV fits. We
do not carry out any “decuplet GMO FV” fits as the finite volume effects are very small.

We either append “SC>” or “SCL” to the fits involving the decuplet masses, referring
to stability cuts. In the former case all decuplet baryons that will become unstable at the
given pseudoscalar masses in an infinite volume are excluded from the fit, while in the latter
case only the decuplet baryons that are unstable in the box of volume L3 are disregarded.

For the lattice spacing dependence of the baryon masses, we follow eq. (4.6), which
amounts to the six fit parameters each for the octet (c,, C,, dcn, dcp, dcx, de=) and
decuplet baryons (cg, ¢q dca, dcs=, dcz+, deq). This implies a total of 12, 23, 17 and 14 free
parameters, respectively, for the octet (H)BChPT, octet-decuplet (H)BChPT, octet GMO
and decuplet GMO fits. We also investigate the significance of the individual discretization
effects, adding or removing terms. Further details are given in section 6.4.

6.2 Fit strategy and data cuts

We carry out a number of fits to the pseudoscalar meson mass, volume and lattice spacing
dependence of the octet and decuplet baryon masses. The continuum limit parametriza-
tions are introduced in sections 5.1-5.4 and the finite volume expressions are collected
in appendix B. The lattice spacing dependence is parameterized according to eq. (4.6).
The naming scheme for different fit ansétze is explained in section 6.1 above. We exclude
ensembles with M, > 450 MeV or L < 2.3fm from all fits. We will use the mass of the
= baryon to fix the scale. The masses of the pion and the kaon are then employed to
determine the physical point in the quark mass plane.

In order to explore the systematics, we vary the continuum limit parametrization and,
in addition, we explore the lattice spacing dependence by including additional lattice spacing
dependent terms and/or by setting some of the discretization terms to zero. Moreover, we
vary the fit ranges, excluding small volumes, excluding the coarsest lattice spacing or — for
the (H)BChPT fits — excluding ensembles with large average pion masses. The latter mass
cuts are illustrated in figure 13, which also provides an overview of the ensembles used. The
mass cuts are not applied when carrying out the GMO fits. As explained in section 5.4,
in this case 6M? is the parameter that governs the convergence properties. Since this is
maximal for our two physical point ensembles and we wish to obtain the spectrum for
physical quark masses, it does not make sense to impose a cut on §M?2. Regarding the
(H)BChPT fits, the two ensembles in the top right corner of the figure are always excluded,
i.e. we only include ensembles with ¢4 < 1.6. These two ensembles are, however, always
included in the GMO fits.

We start with one fit to illustrate the scale setting procedure, the physical point
determination and how the data that depend on Mg, M,, L and a are shifted to enable
their visualization in two-dimensional figures. We then investigate the systematics and we
present final results on the scale parameter, the octet and the decuplet baryon masses at
the physical point.
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Figure 13. The ensembles used for the six different lattice spacings shown in the quark mass plane.
The green squares indicate the ensembles on the trajectory where the strange quark mass is kept
constant, the blue circles indicate ensembles with a constant sum of the Ny = 2 4 1 quark masses
and the red triangles are ensembles on the symmetric ms = my line. The latter two sets of points
intersect near 8tgM2 = 2¢;/3 = 0.74. The cross indicates the physical point and the black lines
correspond to mass cuts at ¢, = 12t¢M? = 1.25, 1.4 and 1.6, respectively. The physical point is at
¢4 ~ 1.093.

6.3 Illustration of the scale setting procedure

We start with an order p* (NNLO) BChPT fit of the octet baryon masses obtained on the
44 ensembles with ¢4 < 1.6, M; < 450MeV and L > 2.3fm, including the finite volume
corrections eq. (B.1) (the octet BChPT FV fit, see section 6.1). Fourteen of these ensembles
are on the mg = my line. For the remaining 30 ensembles, the four octet baryon masses are
non-degenerate. In total this amounts to 134 data points. These are fitted by 12 parameters,
which correspond to c¢,, ¢,, dcn, dca, dex; and dec=, accounting for lattice spacing effects,
and to the LECs mg, by, bp, br, F and D, describing the quark mass and the volume
dependence.!® We obtain the value x?/Npr = 1.16, taking into account all correlations
between the four baryon and the two meson masses. Note that the 6 x 6 covariance matrices
reduce to 2 X 2 matrices on the symmetric line ms = my. The quality of this fit suggests
that our data cannot resolve the additional LECs that would appear at order p?.

16We have already corrected the meson masses for volume effects, see section 4.3.
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Figure 14. Octet BChPT FV fit (see section 6.1 for the naming convention and references to the
equations used) for ¢4 < 1.6. The data points are corrected for the fitted lattice spacing and finite
volume effects. The blue squares (Tr M = const) and the green circles (M, = const) are in addition
shifted according to the fit to kaon masses that correspond to constant values of ¢4 = 12t M? and
8to(2M32 — M2), respectively, which coincide with those at the physical point. The red triangles
denote the symmetric mgs = my line, i.e. Mg = M. The curves with error bands are the projections
of the continuum limit fit onto these trajectories. The black circles are the experimental masses,
corrected for QCD and QED isospin breaking effects, where mz was used to set the scale, see
egs. (4.7) and (4.8). The red band approaches the SU(3) chiral limit.

The resulting dependence on the pion mass, with the data points shifted to the infinite
volume and continuum limits, is shown in figure 14. The scale ?ypn is then computed
from the continuum limit parametrization of the = baryon mass as a function of the
squared pion and kaon masses (all in units of 8¢y), according to egs. (4.7) and (4.8) via
an iterative procedure. The uncertainties of the experimental hadron masses that have
been corrected regarding the up and down quark mass splitting and electrical charge
effects (see appendix A) are implemented via pseudo-bootstrap distributions in the error
analysis. Once tg pn has been determined, the physical point on the 8toM? axis is known
too. For comparison, we also show the (pseudo-)experimental values, with isospin breaking
effects removed, of table 14 as solid black circles in the figure. While the agreement with
the experimental value of mz — that has been used to set the scale — is trivial, the
other three masses are predicted. The red curve with ms; = my approaches the value
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Figure 15. The volume dependence (left) and the lattice spacing dependence (right) of the four
octet baryon masses. The underlying octet BChPT FV fit (see section 6.1) is identical to the one
shown in figure 14. Again, red triangles, blue squares and green circles correspond to the mg = my,
Tr M = const and 7, ~ const quark mass trajectories, respectively.

V/8to,cnmo in the chiral limit. The kaon masses along the blue curves are such that
8to(2M2 + M2) = 8t07ph(2M12{,ph + Miph), ie. M is kept constant in units of ¢y, while
the green curves correspond to 8tg(2M% — M2) = 8t0’ph(2M12(’ph - Miph), i.e. the strange
quark mass is kept approximately fixed. These two sets of curves intersect at the physical
point. The original data are not exactly aligned along these two sets, therefore, the blue
squares and green circles depicted in the figure have been shifted somewhat, according to
the fit, to the respective kaon masses.

We show other projections of the same fit in figure 15. In this case all the data
are projected to the physical point in terms of the pion and kaon masses. On the left,
additionally, these are also projected to the continuum limit and shown as a function of
the linear spatial lattice dimension in units of the inverse pion mass. The blue bands
correspond to the fit. The data look rather flat and also the volume dependence suggested
by the BChPT FV fit is mild. Nevertheless, we will see that omitting finite volume effects
deteriorates the fit quality, without reducing the number of parameters. In the right panel
of figure 15 the dependence of the data (projected onto the physical quark masses and
infinite volume) on the squared lattice spacing is shown. This is significant, however, the
slope of /8tgmo as a function of a? is similar for all four baryons. It is also obvious from
this figure that there is some tension between the nucleon mass determined by the fit and
the experimental point on the level of two to three standard deviations. However, for the
fit discussed above, the x?-value is larger than the number of degrees of freedom. We will
vary the fit ranges and parametrization to explore the

systematics. We start by determining the scale.

6.4 Determination of the scale parameter /8%y 1,

In order to explore the systematics, we first impose different cuts on the data for the octet
BChPT FV fit (defined in section 6.1) and then we consider different parametrizations.
Regarding the fit ranges,
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e we include or exclude our coarsest lattice spacing,

e we impose the volume cuts LM, > 4, LM, > 3.5 or we use all our data with
L > 2.3fm and

« we impose the cuts on the average meson mass 12t)M? < 1.6, 12toM? < 1.4 or
12toM? < 1.25, see figure 13, where 12tgM? ~ 1.09 at the physical point.

This gives a total of 18 different fits with values x?/Npr ranging from 0.94 (with the
cuts LM, > 4 and 12tg)M? < 1.25) to x?/Npr = 1.20 (with the cuts a < 0.09 fm and
12toM? < 1.6 but no cut on the volume, except for L > 2.3 fm).

We use the Akaike Information Criterion (AIC) [136] to assign a weight

1
wj = Aexp [—2 (X? — Npr,; + /@)} (6.1)

to the result of each fit 7 € {1,..., Nas}, see, e.g., eq. (161) of the e-print version of ref. [137]
and references therein.!” The normalization A is such that ZZN Maw; = 1. X? denotes the
x2-value of the fit j, k; the number of fit parameters and Npg ; = n; — k; the number of
degrees of freedom. The above equation extends the AIC to also include fits where the
number of data points n; is varied and not only the fit function. It assumes no correlations
between the removed and the remaining data points. Moreover, the parametrization should
not vary with the included data. Both criteria are satisfied since we exclude whole ensembles
from the analysis, while maintaining the same parametrizations. One concern with this
procedure may be the preference for fits with low x2-values, even if these are much smaller
than Npp. However, this is not a problem for our current analysis where for the “best” fit
that enters the averaging we obtain x?/Npr =~ 0.94, which, given the error on the error, is
not significantly different from one.

For each parameter a that we are interested in, we generate for each fit j a bootstrap
distribution of aj, a;(b), with N, bootstrap samples b. We then determine the one-o
confidence interval by sorting the values a;(b) in ascending order and then determining the
15.9% and 84.1% percentiles, counting each entry a;(b) according to its weight w;/Ny. The
central values that we quote correspond to the median of this distribution. Usually, this is
very close to the naive weighted average >_; wja;.

The procedure is illustrated for /8% pn, obtained from mz, and the nucleon mass my
in figure 16, where the grey boxes with thin vertical lines (indicating the central values)
correspond to the outcome of the AIC averaging procedure. Also shown as a thick vertical
line is the experimental nucleon mass, corrected for QCD and QED isospin breaking effects.
Within our uncertainty of about 7MeV, we are able to reproduce this mass. Note that
the fit discussed in section 6.3 above corresponds to the first fit shown in figure 16 with
x2/Npr = 1.16, which overestimates the nucleon mass by almost three standard deviations.

1"Recently, instead of subtracting Npr — k from the x2-value in the exponent, in ref. [138] it has been
suggested to subtract —2ncut — 2k = const + 2Npr instead, where ncyt is the number of removed data
points. This seems counter-intuitive: for a good fit x* ~ Npr, therefore, this change results in a very strong
preference for fits that include as many data points as possible, even if the corresponding x> /Npr-values are
significantly larger.
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Figure 16. Results for /8ty 1 determined from the mass of the Z baryon, together with results
for the nucleon mass my from the BChPT FV fits (see section 6.1). On the left the cuts on the
lattice spacing, the spatial lattice extent in units of the pion mass and the average pseudoscalar
meson mass are indicated. In the centre the corresponding x?/Npp-values are shown. The grey
boxes correspond to the 68% confidence intervals of the AIC averaging procedure. Also indicated as
a thick vertical line is the experimental nucleon mass, corrected for isospin breaking effects.

While g 1, is quite independent of the data cuts, the nucleon mass decreases systematically
with the cut on 12tgM?2. This can easily be understood from figure 14: the = baryon data
are quite precise and its physical point value is well constrained by the intersection of
the two trajectories in the quark mass plane. Therefore, it depends only mildly on the
parametrization and the cuts. In contrast, not only are the statistical errors of the nucleon
mass data larger but also the two trajectories that intersect at the physical point are not
very different from each other, resulting in a less precise determination.

We investigate different parametrizations of the lattice spacing dependence. For
O € {N, A\, %,Z}, we assumed the generic form (a?/8t})(c, + coM28tg + 5codM?8t), see
eq. (4.6). We carry out our AIC procedure separately for 10 additional functional forms for
these effects. The results are shown in figure 17. Within our standard octet BChPT FV
fit (co, o, 0co # 0), dep is statistically compatible with zero. This motivates us to carry
out an additional 11-parameter fit (dcy = 0) and two 10-parameter fits (dcy = ¢, = 0 and
den = G, = 0). All these fits give somewhat larger nucleon masses but have little impact on
to,ph- The latter two choices result in slightly smaller AIC weighted X2 /Npp-values than the
original ansatz, due to the reduced number of parameters. Setting either ¢, = 0 or ¢, =0
alone gives even smaller x2/Npg-values. In contrast, setting ¢, = ¢, = 0 gives a very large

2 correction term that does not depend on §M is required, however,

x? (red square): an a
the fit cannot discriminate between ¢, and ¢, since, except for some less precise mgz = my

data points, 8tqM? varies only very little. This also means that it is impossible to achieve
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Figure 17. Results for /8t i and the nucleon mass from the octet BChPT FV fit (see section 6.1),
when varying the lattice spacing corrections, setting different discretization terms within eq. (4.6) to
zero and/or adding a® or a* terms as indicated in the labelling. For each fit form the result from
the AIC averaging over the 18 different ensemble cuts is plotted against the corresponding reduced
x2-value, also AIC averaged over the 18 cuts. The horizontal lines displayed for \/m correspond
to our final result, obtained with c¢,, ¢,,dcy, dcpdes, de= # 0, also indicated by the blue circle. The
isospin corrected experimental value of the nucleon mass is also shown as a black horizontal line.

stable fits, when adding a? or a* lattice corrections without either setting ¢, = 0 or ¢, = 0.
Therefore, we replace either the ¢,~term or the é,-term by ¢'a®(t5) =3/ or ¢/a*(t§)~2. The
two ¢, = 0 choices somewhat decrease the quality of the fit while the two ¢, = 0 choices do
not significantly affect x?/Npr.

Carrying out the AIC procedure over all the 198 results that are obtained when
combining the 18 cuts with the 11 different parametrizations gives similar values for ¢ 1,
and my with slightly smaller errors than the original fit. All the fit forms that decrease the
x%/Npr are based on reducing the number of parameters in a way that is physically not
well motivated. It must be stressed, however, that (with the exception of the ¢, = ¢, =0
fit) the variations in terms of the reduced y?-value are minimal. We conclude that the
systematics regarding the continuum limit extrapolation are already covered within the
AIC error bar of our original fit.

Finally, in figure 18 we investigate the impact of different parametrizations of the con-
tinuum dependence of the baryon masses on the meson masses and the volume. The naming
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Figure 18. Results for /8o pn and the nucleon mass obtained from the AIC procedure for different
continuum parametrizations, see section 6.1. Blue symbols correspond to the octet (H)BChPT
parametrization, red symbols to the octet GMO fits and green symbols to simultaneous octet-decuplet
(H)BChPT fits. Solid symbols include finite volume effects. Circles and diamonds correspond to
BChPT, squares and downward triangles to HBChPT. Regarding the joint octet-decuplet fits, only
data for stable decuplet baryons were included. We adopt two stability cuts: “SCE” stands for
stability in the finite volume, while “SC>” denotes stability even for an infinite volume.

conventions and references to the explicit parametrizations can be found in section 6.1.
Solid symbols include finite volume (FV) effects, open symbols do not. The best fit (solid
blue circle, octet BChPT FV) is the one discussed above. Its HBChPT equivalent is the
next best fit. The GMO parametrization has a larger number of parameters (17 instead of
12) but also a larger x2/Npp. This polynomial expansion does not include finite volume
effects. Therefore, for the GMO FV fit we correct the data “by hand”, using the finite
volume corrections from the octet BChPT FV fit discussed in section 6.3. Additionally, we
display results from simultaneous octet-decuplet (H)BChPT fits, where we carry out two
stability cuts regarding the A, ¥* and Z* baryons which at the physical point can strongly
decay into N7, Am or X7 and Zx, respectively, namely requiring stability in the infinite
volume limit (SC*) or stability in the finite volume (SC¥). These fits contain 23 free
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parameters, 12 accounting for lattice artefacts, and 11 LECs. However, the number of data
points is much larger since eight instead of four baryon masses are fitted simultaneously.

With one exception, the quality of the fits improves when finite volume effects are
included. In principle, one could AIC average the HBChPT FV and the BChPT FV results,
however, due to the better y2-values, the result would be dominated by the EOMS BChPT
parametrizations. Note that no AIC averaging can be carried out across the three classes
of parametrizations, i.e. (H)BChPT, octet-decuplet (H)BChPT and GMO, because the
data sets are not the same. Only in the octet-decuplet (H)BChPT fits do the decuplet
masses contribute while within the GMO fits no cut on ¢4 = 12tgM? is imposed and data,
with ¢4 > 1.6 are included. Similarly, it is also not possible to average over the two classes
of simultaneous octet-decuplet fits (SCL and SC*) as different sets of data points are
excluded per ensemble in each case. Finally, we remark that for each of the continuum
parametrizations investigated, we also varied the form of the lattice spacing dependence as
discussed above and reached similar conclusions as for the octet BChPT FV fits.

All methods give very consistent results and errors. Therefore, as our final result we
quote the AIC average of the BChPT FV fit to the octet baryon masses:

8t0 ph = 0.409850) fn. (6.2)

We find /8t to be smaller by 10~* fm than this value, see eq. (3.42).

6.5 The baryon spectrum

As a by-product of the scale setting procedure outlined above we also determine the baryon
spectrum. The fits to the octet baryon masses and our AIC model averaging procedure have
already been explained and discussed in sections 6.3 and 6.4. Examples for the nucleon mass
were shown next to /8% 1, in figures 16, 17 and 18. A fit to the whole octet was illustrated
in figure 14. In the left panel of figure 19 we show the corresponding octet BChPT F'V fit that
carried the highest weight in the AIC averaging procedure, with the data shifted in the same
way to a = 0, L = oo and to kaon masses corresponding to the correct physical point trajecto-
ries as in section 6.3. The data cuts for this fit with XQ/NDF = 0.94 were LM, > 4 and ¢4 >
1.25. For comparison, in the right panel we show the continuum limit projection of our best
polynomial fit (GMO FV, x?/Npr = 1.02). In this case, the volume was restricted to LM, >
4 and all data with 8tgM2 < 0.8 were included. No further cut in the quark mass plane was
imposed since restricting the parameter governing the convergence of the expansion, §M?,
would have excluded the physical point. In this fit form only group theory constraints are
implemented but no assumption is made regarding the interactions. Therefore, the number
of parameters entering the continuum limit parametrization is 11 instead of 6, however, more
data points are included in the fit. Both fit forms give adequate descriptions of the data and
result in similar predictions regarding the scale parameter and the baryon masses. However,
in terms of the fit quality, the BChPT parametrization seems to be preferred by the data.

In the left panel of figure 20 we show for our best fit the dependence of the combinations
\/8tgmo at the physical point in the infinite volume limit on the squared lattice spacing:
there is a difference of about 3% between the values obtained on our coarsest lattice
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Figure 19. Left: the same octet BChPT FV fit as in figure 14 but with the cuts ¢4 > 1.25 and
LM, > 4 that resulted in the smallest x?/Npg. The lighter parts of the green error bands indicate
the region that has been discarded from the fit. Right: the best polynomial fit (GMO FV) to the
octet baryon spectrum. As in figure 14 the data points have been shifted to the continuum, infinite
volume limit and to the kaon masses that correspond to the respective trajectories in the quark
mass plane. References to the formulae used can be found in section 6.1.
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Figure 20. Continuum limit extrapolations for the octet baryon masses. The data are shifted to
the infinite volume and the physical point in the quark mass plane according to the octet BChPT FV
parametrization (see section 6.1), using the fit with the best quality (x?/Npr = 0.94). Red triangles,
blue squares and green circles correspond to the mgs = my, Tr M = const and ms ~ const quark
mass trajectories, respectively. Left: the lattice spacing dependence of the masses in units of \/m.
Right: the lattice spacing dependence of ratios of the baryon masses over the mass of the =.

(a = 0.098 fm) and the continuum limit. Note that in this representation we are only
sensitive to four combinations of the six independent order a? terms since the pion and
kaon masses are set to the physical ones. In the right panel we display ratios of the other
octet baryon masses over the mass of the =. We find that ratios of octet baryon masses
have a much smaller dependence on a, which we cannot resolve within our present errors,
than the combinations /8tgmo. Note that unlike in the fit shown in the right panel of
figure 15, that carries a very small weight in the AIC averaging procedure, the nucleon
mass agrees with the physical one within errors.
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Figure 21. Results in the decuplet sector for a simultaneous octet-decuplet BChPT FV SC* fit
(see section 6.1). Shown is the fit with highest weight that enters the AIC procedure. The data
cuts are ¢4 < 1.6, a < 0.09fm and LM, > 4. Decuplet masses that can strongly decay into a pion
and an octet baryon for an infinite volume (SC*) are ignored and not displayed. The experimental

results (black circles) correspond to the Breit-Wigner masses plus and minus half the Breit-Wigner

widths. Left: the continuum limit dependence on M2. Right: the dependence on a?.

Finite volume effects have been discussed in sections 4.3 and illustrated for the baryons
in figures 12 and 15. The corresponding analytical expression eq. (B.1) can be found in
appendix B. These are generally mild for our lattice sizes, however, they can have an impact
on the fit quality even for LM, > 4 as can be seen in figure 18 above; with one exception the
fits including the finite volume terms (full symbols) give smaller reduced x2-values. Note
that the number of fit parameters is not affected by this. In the approach of polynomially
expanding in §M? and M? (GMO), no statement can be made about finite volume effects.
In this case, we just adjust the data for the effects predicted by BChPT, which results in
smaller y2-values for the GMO fits.

In figure 21 we show the results of a simultaneous octet-decuplet BChPT FV SC™ fit
for the decuplet sector (for details, see section 6.1). The corresponding results for the octet
baryons are very similar to those shown in previous figures. The scale is set self-consistently
by requiring that mz assumes the physical mass at the physical point, see egs. (4.7) and (4.8).
Not shown or fitted are masses of decuplet baryons that can strongly decay to a pion and an
octet baryon in an infinite volume since this goes beyond the formalism that we apply here.
The  baryon mass agrees with the expectation. In principle, we could also have used this
to set the scale. However, the error is larger than for the = baryon. The results for the other
three baryons are slightly above the sums of the Breit-Wigner masses and the half-widths:
in the regime in which we discard the data also the prediction has to be taken with a grain
of salt since we neglect that the poles of the resonances acquire imaginary parts.

In the right panel of figure 21 we show the a? dependence of \/8tgmp at the physical
point. Also in this case the difference between the results at our coarsest lattice spacing
(not included into this particular fit) and in the continuum limit are about 3%. Again,
ratios comprised of a decuplet baryon mass divided by an octet baryon mass (not shown),

are independent of a within our present errors.
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fit my my my, mg

octet BChPT FV 9417070 1110.0035) 1188447 —
octet-decuplet BChPT FV SC* 9492 {37 1114573 1192407 131677
expt. 937.54(6)  1115.68(1) 1190.66(12)  1316.9(3)

fit ma my« mzx mq
octet-decuplet BChPT FV SC*  1314.6(3,5) 1432.900%) 15552011  1678.0,{37)
expt. 1230(60)  1383(20)  1532(5)  1669.5(3.0)

Table 9. Comparison of our physical point continuum limit predictions for the lower lying light
baryon masses (with all systematics included in the error) with the “experimental” expectations of
iso-symmetric QCD (table 14). For orientation, for the unstable baryons A, ¥* and Z*, we give the
Breit-Wigner masses, with the respective half-widths as errors. The = baryon mass of the octet
BChPT FV fits was used to set the scale. The fit functions are referenced in section 6.1.

In figure 22 we compare our results for the baryon masses from various fits to our
expectations, subtracting the (pseudo)-experimental values m5*". For the (H)BChPT
parametrizations, we always include finite volume effects. The symbols are the same as
those used in figure 18. Again, for the decuplet baryons we implement two cuts (in addition
to those on the maximal ¢4): only considering baryons that are stable in the finite volume
(SCY) and baryons that are stable in the infinite volume (SC*). In addition, we carry
out GMO fits to the decuplet baryon masses (orange symbols). We also show the result
of such a fit, using the €2 baryon mass alone (orange triangle). The results of the octet
BChPT FV fits and of the octet-decuplet BChPT FV SC fits are displayed in table 9 and
shown in the summary figure 29 below. For all the results shown in figure 22, the scale
/8topn was set from the mass of the Z baryon, obtained via the octet BChPT FV fits.
In general we see good agreement between the different results and for the octet baryons
also with the experimental masses. Regarding the 2 baryon, with the decuplet GMO fits
there is a tension on the level of 1.5 to 2 standard deviations with experiment, while the
octet-decuplet BChPT and HBChPT fits agree. The values of table 9 indicate that within
our errors of 4 MeV (for the A and ¥), 7MeV (for the nucleon) and 10 MeV (for the ),
we reproduce the experimental masses. The differences regarding the unstable decuplet
baryons have already been addressed above.

Finally, we investigate the breaking of SU(3) flavour symmetry in the baryon masses.
Following ref. [62], we define the averages

Xy= Xp= (6.3)

1 _
(my+ms+ms), (ma+ms), X2=2 (M2Z+2ME) =D

3

W
N =

that do not receive any linear contributions in the flavour breaking parameter dm = mg—my.
In figure 23 we show continuum limit results for Xy and X, as functions of M? along
the line where the flavour averaged pseudoscalar mass is fixed to its experimental value
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Figure 22. Comparison of the various fit results for the light baryon masses with the experimental
values. The scale is set using the mz= mass from the octet BChPT FV fit. For the fit forms already
covered, the symbols are the same as those used in figure 18 and the labelling corresponds to that of
section 6.1. For the  baryon alone we carry out an additional nine parameter fit (@ GMO) with
terms proportional to M?, M2, M26M?, M*, sM*, a2, a>M? and a2sM?2.

X: = 411 MeV. This approximately corresponds to our Tr M = const trajectory in the
quark mass plane. Shown are the results of the best BChPT FV fit (blue bands) and the
best polynomial fit (GMO FV, red bands) for Xy (top) and X, (bottom). Since bp and
br cancel from these combinations and by is fixed for X, = const, any dependence on M,%
is due to F' and D in the BChPT case and the two combinations dey + des + de= and
dep + dex, for the GMO parametrization eq. (5.29). The scale was set from the mass of the
= baryon, using the octet BChPT FV fit, which explains why the experimental values (black
circles) are not in the centre of the error bands. The vertical line denotes the symmetric
point M, = My = X, where all the octet baryon masses agree. As we have not carried out
the AIC averaging but just selected the fit ranges that gave the smallest x?/Npp, the error
bands do not include all systematics. The difference, however, is not big; as an example one
may compare the grey band to the entry with x?/Npp = 0.94 in the right panel of figure 18.

The BChPT parametrizations of X and X, are not identical but they are extremely
close to each other, whereas differences between the GMO curves are visible. As for the
individual baryon masses, the curvature suggested by BChPT is somewhat larger than
that of the polynomial expansion. However, in the range M, > 127 MeV where we have
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Figure 23. The mass averages Xy (top) and X, (bottom) defined in eq. (6.3) as functions of M2,
keeping 3X2 = 3M? = 2M2 + M2 = 2M12<,ph + Mﬁ)ph fixed, in the continuum limit. Shown are the
results of the best BChPT FV (blue bands) and GMO FV (red bands) fits to the baryon octet. The
vertical line denotes the flavour symmetric point M, = My = 411 MeV where all baryon masses are
equal. The black points are the experimental values. The parametrizations used are referenced in

section 6.1.

data, the parametrizations agree within errors. The difference between Xy and X, at
the physical point cannot be resolved within our present accuracy but both predictions
agree with experiment (solid circles). The experimental value for this difference reads
XN — Xp =~ —5MeV. This is related to the Gell-Mann-Okubo relation [113, 114]

my +mz A+ X _§
2 4 2
and expected to be small since the average masses only differ by quadratic and higher order

(Xn—Xp) =0 (6.4)

terms in the SU(3) symmetry breaking parameter dm from their values at the symmetric
point, where these must agree. However, we see that both averages at the physical point
differ by over 40 MeV from the value at mgs = my (vertical line). There is no obvious
(group theoretical or other) reason why this effect has the same sign or a similar size for
both averages, Xy and X,. In view of the size of the observed higher than linear order
corrections, the accuracy of the GMO relation is somewhat surprising. It could easily
have been violated by as much as 50 MeV rather than 5MeV. One may speculate that
the variation of X and X, as a function of M2 when M = X, is kept constant may
dominantly be due to SU(3) breaking effects in the mesonic sector. However, this is hard
to reconcile with section 3.6, where we found ¢4 opt & ¢aph (¢4 = 12t0X72r).
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Table 10. The o terms for the octet baryons and for the Q baryon. The 6,5 and G5p are obtained
from the pseudoscalar mass dependence of the baryon masses, assuming the GMOR relations to
be valid. The usual o terms take violations of the GMOR relations into account. The results
are obtained using the octet BChPT FV and, for the 2 baryon, the octet-decuplet BChPT FV
parametrizations (see section 6.1), including AIC averaging analogous to figure 16.

6.6 The o terms of the octet baryons and the 2 baryon
We define the baryon sigma terms as

omp
Ogp = Mg 5=, Onp = 0uB + 04B. (6.5)
q

Following appendix C, we extract these terms from the dependence of the mass of baryons
B on the pion and kaon masses, using the GMOR relations. We carry this out for all
the octet baryons as well as for the 2 baryon. We distinguish between 6,5 and o,p as
well as between 655 and o5, where the & terms refer to the logarithmic derivatives with
respect to squared pion masses, see their definition eq. (C.2), while the usual o terms
are the derivatives with respect to the quark masses as defined above (and in eq. (C.1)).
The difference is due to the corrections to the GMOR relations that are worked out in
appendix C.2,'® where we also determine the required combinations of mesonic NLO LECs,
see eq. (C.26). As can be seen from the results in table 10, the differences between assuming
the GMOR relations and accounting for the violations are negligible for the pion ¢ terms.
While the differences between os5 and G5p are sizeable for the less-well constrained strange
o terms, also in this case these are much smaller than the respective errors.

To the order of BChPT implemented here, it is consistent to ignore corrections to
the GMOR relations. Nevertheless, we choose to remove this small source of systematic
uncertainty (see appendix C.2), in particular, since these corrections are visible in the
squared meson mass data as functions of the quark masses. Regarding the baryon mass
dependence on the pseudoscalar masses, within the present statistical errors we do not need
to go beyond O(p?), as we have seen above. The results shown in table 10 are consistent

18We take into account the leading dependence of tg on the meson masses when determining & from the
rescaled variables (see eq. (C.5)). For o we also include the higher order terms eq. (C.7) (as well as the NLO
corrections to the GMOR relations).
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Figure 24. The same as figure 16 for 6,5. The grey band represents the final result obtained
via the AIC averaging procedure. The underlying BChPT FV parametrization is referenced in
section 6.1 and the data cuts are explained in section 6.4.

with the naive expectation that (a) the sum of the o terms becomes bigger with the baryon
mass and (b) that baryons with a larger number of strange valence quarks have bigger
strange ¢ terms but smaller pion o terms. Within errors the o terms for the A, the 3
and the = baryons agree with previous lattice determinations [139, 140]. We refrain from
predicting the o terms of the unstable decuplet baryons and we are unaware of previous
lattice calculations of the o terms for the 2 baryon. However, predictions from fits to
collections of lattice data on octet and decuplet baryon masses can also be found, e.g., in
refs. [123, 126, 127, 141, 142]. We discuss o,y in more detail in section 6.8 below. It is
evident from our distribution of ensembles, see, e.g., figure 13, that the strange quark mass
is varied very little close to the physical point. Therefore, the strange o terms at present
are not very well constrained. This can be improved upon by direct determinations of the
respective matrix elements [143].

In the statistical analysis we follow section 6.4, also regarding the cuts and model
variation. We illustrate the dependence on different cuts with respect to the lattice spacing,
the volume and the average squared pseudoscalar mass for the example of the 6,5 in
figure 24. As mentioned above, the difference between 6,5 and the pion-nucleon ¢ term
oxnN is negligible, see table 10. Unlike the nucleon mass shown in figure 16, 6,5 shows very
little dependence on the data cuts, apart from an increase in the statistical error as the set
of ensembles is reduced. We also investigated whether setting the scale using the nucleon
mass rather than the cascade mass had any impact on the o terms, and, in particular, on
oxn- However, the resulting shifts only amounted to negligible fractions of the errors.
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Figure 25. The same as figure 18 for &,n. The parametrizations are referenced in section 6.1.

In figure 25 we investigate the dependence on the parametrization: all fits give very
consistent results, with the exception of the GMO ansétze that carry much smaller errors
and give lower central values. This is related to a reduced curvature of these baryon mass
parametrizations near the physical point, relative to the (H)BChPT fits, see figure 19. A
similarly consistent picture arises for the remaining octet baryon o terms. The o terms of the
Q) baryon in table 10 are determined via the simultaneous octet-decuplet BChPT FV SC*
fit. The GMO fits give very similar results for oo but with somewhat smaller errors.

6.7 SU(3) and SU(2) (H)BChPT low energy constants

Our continuum limit extrapolated results include some of the SU(3) and SU(2) (H)BChPT
LECs. To determine these and to estimate their uncertainties, we employ the methods
explained in the previous subsections. For the SU(2) LECs see also appendix D. We carry
out the analysis using the octet(-decuplet) BChPT FV (SC) as well as the octet-(decuplet)
HBChPT FV (SC*) parametrizations (see section 6.1). For comparison we also give the
leading terms mg and mpg and the linear coefficients of the octet GMO FV and the decuplet
GMO SC*® fits. Note that for the linear coefficients, we have taken into account the mass
dependence of /8tg, see egs. (5.10)—(5.12).

All results for the LO and NLO LECs are shown in tables 11 and 12. Differences
between the different (H)BChPT parametrizations are indicative of higher order effects.
We find consistent values for the LO LEC mg. The LECs F and D, while formally also
of leading order, only appear within the loop corrections when considering the baryon
self-energies. Therefore, these are subject to uncertainties larger than 10%. Both have
the tendency to be smaller when using the HBChPT FV compared to the BChPT FV
parametrization. Including decuplet loops reduces their values too. The ratio F'/D, however,
is quite stable, albeit with large errors. Regarding the additional LECs related to the
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fit x%/Npr mo F/(4rFy) D/(4nFp) F/D

(weighted) — [MeV] [GeV 1] [GeV™!]
(71) (39) (52) (83)
octet 0.94 8210, 03833)  0.638)  0.606(5)
BChPT FV
(86) (33) (41) (105)
octet 1.00 83605, 028705  0.4600,)  0.617(})
HBCLPT FV
(33) (59) (109) (155)
octet-decuplet 1.08 809(45) 0.324(42) 0.509 1) 0.641(127)
BChPT FV SC*
octet-decuplet 1.13 8186y 025507 0.378(3))  0.677(50)
HBChPT FV SC*
octet 1.03 896(5,)
GMO FV
mpo  [H|/(47Fy) |C|/(4nFy) 5
[MeV] [GeV ] [GeV ] [MeV]
octet-decuplet 108 1147 066Gy 04503 333
BChPT FV SC*
octet-decuplet 113 18y 0020y 0470 3050,
HBChPT FV SC*
decuplet 0.88 124981;;
GMO SC™

Table 11. The LO SU(3) octet and decuplet LECs. BChPT is employed as well as HBChPT. For
the decuplet baryons we only carry out (H)BChPT fits including octet baryon loops, while the octet
baryons are fitted with and without the decuplet baryons. We also include mg and mpg determined
via the O(M*) GMO expansions. The relevant equations are referenced in section 6.1.

decuplet baryons, mpy is basically the same when using HBChPT and BChPT while H is
compatible with zero within errors that are as large as the central value of D. We find C to
be small too but to differ from zero by three standard deviations. The GMO fits give larger
central values for the baryon masses in the chiral limit, mg and mpg, but the results are
compatible with the (H)BChPT results within one standard deviation. The larger values
are due to the smaller curvatures of the corresponding fits.

Our parametrizations only depend on the ratios D/Fy, F/Fy, C*/F§ and H?/FZ. In
ref. [107] some of us determined the combination /8%y, Fo = 0.15025223
quark mass dependence of the pseudoscalar meson mass and its decay constant along

by analysing the

the symmetric line, as well as /8fgcnmo = 1.5752;, when carrying out an analogous
analysis for the octet baryon mass and the axial charges. Combining this with our result

V8to.ch = 0.4170%;?3 fm (see egs. (3.40) and (3.42)) gives

47 Fy = 893(15) MeV (6.6)
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fit x%/Npr bo bp br
(weighted)  [GeV™!]  [GeV™Y  [GeVTl]

octet 0.94  —0.739()) 0.056(3) —0.4400,0
BChPT FV
(80) (30) (35)
octet 100 —0.6490) 0.052(5) —0.399(5)
HBChPT FV
(56) (33) (28)
octet-decuplet 1.08 —0.706(69) 0.083(35) —0.384(44)
BChPT FV SC*
octet-decuplet 113 —0.662(7)  0.080(37) —0.377(50
HBChPT FV SC*
(19) (9) (6)
octet 103 —0.3890)  0.092()  —0.243()
GMO FV
tDo tp
[GeV™1]  [GeVT]
octet-decuplet 1.08 0.42833 0.33%3
BChPT FV SC*
octet-decuplet 1.13 04407 0.283)
HBChPT FV SC
(36) (3)
decuplet 0.88 0.10(35) 0.32(2)
GMO SC*

Table 12. The NLO SU(3) octet and decuplet LECs. BChPT is employed as well as HBChPT. For
the decuplet baryons we only carry out (H)BChPT fits including octet baryon loops, while the octet
baryons are fitted with and without the decuplet baryons. In addition, we list the corresponding
linear coefficients of the GMO expansion, truncated at O(M?). The relevant equations are referenced
in section 6.1.

and mg = 7435;3? MeV. This value of mg, which is compared to literature values in figure 11
of ref. [107], is by about 1.4 standard deviations smaller than the BChPT value of table 11,

mo = 821

3) MeV. (6.7)
Note that while in the present study we have included a larger number of ensembles with a
better coverage of the quark mass plane, the work [107] is based on a joint analysis of the
octet baryon axial charges and its mass, which better constrains F' and D. In particular,
the result F/D = 0.6128;1; was obtained which compares well with the values shown for
this ratio in table 11. Ideally, one would repeat such a simultaneous analysis incorporating
all available ensembles.
Using the value eq. (6.6) for the combination 47 Fy gives

D =057(5), |C|=0.40(13), |H| =059 (6.8)

— .34
F =034 (o)

(5)°
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where for F' and D we quote the result of the octet BChPT FV fits while for C and ‘H we
have chosen the octet-decuplet BChPT FV SC* result. The SU(6) quark model expectation
reads 6D = 9F = —2H = —3C (see, e.g., ref. [132]), which is consistent with the large- N,
limit [144]. Our results satisfy the first equality within errors. However, both |H| and |C| are
smaller than expected. The axial charge in the chiral limit is obtained as g4 = F'+ D = 0.8,
which is quite small too, given that g4 ~ 1.27 [145] at the physical point. Using the axial
charges, albeit only along the mgs = my line, in ref. [107] some of us obtained the larger
values F' = 0.447(7) and D = 0.730(11). Using these values, within a preliminary analysis
of directly determined o terms [143], it was only possible to describe the data if a larger
value for the chiral decay constant Fy was admitted. The same appears to hold in the
present analysis of the baryon spectrum. We conclude that the data are well described by
the BChPT parametrization at O(p?), however, there appears to be some tension with the
axial charges on the level of 20%, regarding the LECs. This hints at contributions from
higher order corrections that can only be resolved by simultaneously analysing a larger set
of observables. Values for F' and D from other determinations can be found in figure 12 of
ref. [107].

From our preferred simultaneous fits to the octet and decuplet baryon masses (octet-
decuplet BChPT FV SC*), we obtain

mpo = 11475 MeV, 6 = 333((]) MeV (6.9)
and mg = 818%23 MeV, which agrees well with the value extracted from the octet baryons

alone, see eq. (6.7). The central value of § differs slightly from that of mpy — mg since we
quote the median of the respective sum of AIC weighted bootstrap histograms.

Regarding the linear NLO coefficients of table 12, the differences between BChPT and
HBChPT are rather small. The central values of bp and bp are somewhat larger when
including the decuplet loops. However, in the GMO fits by comes out by almost a factor of
two smaller, while b is systematically larger than in the (H)BChPT fits. We remark that
the data are not well described by the linear O(p?) parametrization. To get the physics right,
the inclusion of O(p?) terms is necessary within (H)BChPT, which increases by by a factor
of two. From our preferred fits (octet BChPT FV for by, bp and br and octet-decuplet
BChPT FV SC*™ for tpg,'? and tp) we obtain:

bo = —0.739(3}), bp = 0.056(3;), bp = —0.440050), (6.10)
tpo = 0.42(77), tp = 0.33(¢). (6.11)

We now address the SU(2) LECs. Following appendix D, we determine m{', i.e. the
nucleon mass in the SU(2) chiral limit, as well as ¢1, the coefficient of the linear contribution
to my(M2) at a fixed physical strange quark mass, —4c; M2, see equation (D.1). The
results from the (H)BChPT fits with and without decuplet loops are displayed in table 13.
While m%; is very stable across the four classes of fits, ¢; comes out systematically smaller
in the HBChPT parametrizations. However, the decuplet loops appear to have little impact,

9We renamed this LEC to avoid confusion with the scale parameter to.
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fit XZ/NDF m?\, cl

(weighted) [MeV] [GeV ]
octet BChPT FV 094 893207  —0.920
octet HBChPT FV 100 898.3(,7) —0.817

octet-decuplet BChPT FV SC*® 1.08 888.1

octet-decuplet HBChPT FV SC* 1.13 894.91%1 893

Table 13. The SU(2) LECs m%; and ¢; for the nucleon, using BChPT and HBChPT both with and
without the inclusion of decuplet loops. The relevant parametrizations are referenced in section 6.1.
The relation to the SU(3) LECs is worked out in appendix D and the LECs are defined in eq. (D.1).

as was the case for by which is the dominant contribution to c¢i, see eq. (D.4). The results
from our preferred octet BChPT FV fits read

mQ = 893.2(35) MeV, ¢ = —0.920(5) GeV . (6.12)

The nucleon mass in the SU(2) chiral limit m%; is much better constrained than the nucleon
mass in the SU(3) chiral limit, mg = 821%;3 MeV, since we have many ensembles close
to the former point in the quark mass plane. Note that Hoferichter et al. [146] predict
c1 ~ —1.1GeV~! (see table 7 of that reference), which is somewhat larger in magnitude
than our result. Consistent with this, they also obtain a larger o n-value [147] (see below).

Assuming that my (M2) at a fixed value of the strange quark mass is a concave function,
one can easily derive the inequalities

898 MeV & my — Gy > my = 893.282;MeV, (6.13)

44MeV & oy < —der M2, = 67(7) MeV, (6.14)

which are both satisfied. On the one hand, increasing o,y would violate the first inequality,
unless the nucleon mass in the SU(2) chiral limit was smaller. On the other hand, oy /M?
must be larger in the SU(2) chiral limit than at the physical point, which results in another,
less stringent upper limit for o,y

6.8 Discussion of g pn, the baryon spectrum and o, N

Above we determined the scale parameter tg 1, from the mass of the = baryon, see eq. (6.2).
In section 6.4 we have demonstrated that this result is robust against variations of the
parametrizations of the mass dependence, finite volume effects and continuum limit extrap-
olation as well as regarding different cuts imposed on the data. The input quantities used
to fix the physical point and to set the scale, i.e. M, Mg and m=, are also very precisely
known, even after correcting these for isospin breaking effects. We found the lattice spacing
dependence of /8ty ,nmz= to be less pronounced than that observed using the same lattice
action when determining the pseudoscalar decay constants in units of /8ty [2, 20]. However,
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Figure 26. Comparison of our determination of /%y pn from the = baryon mass (red square and
shaded grey region) to other determinations of this quantity with Ny = 2 + 1 flavours (CLS 21 [20],
Bruno et al. 16 [2], QCDSF/UKQCD 15 [13], RBC/UKQCD 14 [6] and BMW 12 [5]) and Ny = 2+1+1
flavours (ETM 21 [16], CalLat 20 [8], MILC 15 [18] and HPQCD 13 [15]). The experimental quantities
used as an input to set the scale are indicated in brackets. Also shown as green triangles are the
averages of the FLAG Review 2021 [109).

it is still significant: on our coarsest lattice, the combination /8¢y ,nmz differs by a bit
more than 3% from the continuum limit value, see the left panel of figure 20. Nevertheless,
with six lattice spacings at our disposal, this extrapolation is well controlled so that the
most dominant uncertainty of our determination of ¢y is by far the statistical error, in
particular, of the mass of the = baryon.

The scale parameter ¢ 5, has been determined previously in Ny =2+ 1 QCD [2, 5,
6, 13, 20] and Ny =2+ 141 QCD [8, 15, 16, 18], using different input quantities and
different extrapolation strategies. In figure 26 we compare our result (red square and shaded
grey region) with previous determinations as well as with the 2021 FLAG averages [109].
HPQCD [15] and ETM [16] used the pion decay constant to set the scale while MILC [18],
Bruno et al. [2] as well as CLS [20] (both on CLS ensembles) used combinations of the
pion and kaon decay constants. MILC carried out an interpolation to a decay constant
of a hypothetical meson with two quarks of mass 0.4 ms and used this to set the scale
while the two CLS-based determinations extrapolated/interpolated the flavour averaged
combination /tofrx = Vto(2fk + fr)/3 to the physical point in the continuum limit. In
contrast BMW [5], RBC/UKQCD [6] and CalLat [8] used the mass of the © baryon to set
the scale. Finally, QCDSF/UKQCD [13] averaged a result from the average octet baryon
mass with a result from the average vector meson mass. This is not entirely unproblematic
since the p meson at the physical point has quite a substantial decay width. All in all, with
the exception of this last result, there is agreement within 1.6 o or less between any pair of
Ny =2+ 1 determinations, regardless of whether the €2 mass, the = mass or pseudoscalar
decay constants were used. Also the Ny = 2 + 1 4 1 determination with twisted mass
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Figure 27. Comparison of our spectrum of strongly stable baryons (RQCD 22, blue circles) with
other Ny =2+1 and Ny =2+ 1+ 1 continuum limit extrapolated results. BMW 08 [9] (Ny =2+1)
also used the = baryon mass to set the scale, whereas ETM 14 [66] (N; =2+ 1+ 1) employed the
nucleon mass and no prediction of the 2 baryon mass was made since this was used to fix the strange
quark mass. Other determinations of either the nucleon or the cascade mass include xQCD 18 [148§]
(Ny = 2+ 1, scale from the € baryon mass [6]), PNDME 19 [149] (N; = 2+ 1 + 1, scale from
ref. [150], indirectly using the pion and kaon decay constants), Fermilab 19 [151] (Ny =2+ 1+1,
scale from ref. [152] using the value of the parameter wy [5], determined in HPQCD 13 [15] from
the pion decay constant), Miller et al. 22 [67] (N = 2+ 1+ 1, scale set from the Q mass of
CalLat 20 [8]), Mainz 22 [153] (N; = 2+ 1, scale set via to from the pion and kaon decay constants
by Bruno et al. 16 [2]).

fermions (ETM 21 [16]) is consistent with our result. However, the three Ny =241 +1
determinations that were obtained using the highly improved staggered quark (HISQ)
sea quark action (CalLat 20 [8], MILC 15 [18] and HPQCD 13 [15]) appear to suggest a
somewhat lower value.

In figure 27 we compare our spectrum of strongly stable baryons with previous determi-
nations in Ny = 24 1(4+1) QCD where a continuum limit extrapolation was attempted. The
most comprehensive study so far was carried out for 2 + 1 fermions by BMW 08 [9], who
also set the scale using the mass of the = baryon. In that case 18 ensembles were employed
across three lattice spacings a = 0.125fm, a ~ 0.085 fm and a ~ 0.065 fm with pion masses
M, > 190 MeV and statistics typically between 1000 and 2000 MDUs. Apart from having
longer HMC runs, employing almost 50 ensembles (see table 1), we significantly vary the
strange quark mass too, cover six lattice spacings 0.039 fm < a < 0.098 fm and go down to
the physical pion mass (see table 2 and figures 1-3). While BMW 08 also employed Wilson
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Figure 28. Comparison of our determination of o,y (red square and shaded grey region) to recent
determinations of this quantity from pion-nucleon scattering data (Chen et al. 12 [154], Hoferichter et
al. 15 [147], Ruiz de Elvira et al. 17 [155]), lattice simulations with Ny = 2 flavours (QCDSF 12 [11],
ETM 16 [156], RQCD 16 [157]), Ny = 2 + 1 flavours (Shanahan et al. 12 [139], BMW 15 [140],
xQCD 15 [158], JLQCD 18 [159]), Mainz 23 [160] and Ny = 2 + 1 + 1 flavours (ETM 14 [66],
ETM 19 [161], BMW 20 [162], Gupta et al. 21 [163]). Also shown as brown triangles are the averages
of the FLAG Review 2021 [109]. Circles correspond to direct determinations, squares to fits to the
quark mass dependence of the nucleon mass.

quarks, our action is non-perturbatively order a improved. All of this, together with the
improved quark smearing used (see appendix E.1), enables very significant reductions of the
errors, see figure 27. Another comprehensive study was carried out by ETM 14 [66] using
24+ 1+ 1 twisted mass fermions. In that case the nucleon mass was used to set the scale
and the €2 mass was employed to match the strange quark mass and could therefore not be
predicted. Ten ensembles across three lattice spacings 0.065fm < a < 0.094 fm were realized
with pion masses M, > 210 MeV. Additional continuum limit results on either the nucleon
mass (yQCD 18 [148], PNDME 19 [149], MILC 19 [151] and Mainz 22 [153]) or the cascade
mass (Miller et al. 22 [8]) alone are included too. For details on the scale input, see the
caption of figure 27. These determinations employed overlap fermions on top of Ny =2+ 1
domain wall fermions [148], Wilson-clover fermions on top of Ny =2+ 1+ 1 HISQ [149],
Ny =2+1+1HISQ [151] and a subset of the Ny =24 1 CLS ensembles that we use [153].

In figure 28 we compare our result on o,y (RQCD 22, red square and the shaded
grey region) with other determinations.?’ The lattice determinations are all statistically

20Further efforts to determine the o terms from fits to collections of lattice baryon mass data can be
found, e.g., in refs. [123, 126, 127, 141, 142]. Particularly puzzling results (also for the LECs) were obtained
in a recent fit [164] to the same baryon mass data that we present here: not only the value found for o,y is
much larger than ours but also the error given is three and a half-fold smaller, while the strangeness o term
is reported to be significantly negative (osn ~ —316(76) MeV)!
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consistent with our result. Only JLQCD 18 [159] suggest a much smaller central value,
while ETM 14 [66] (however, superseded in part by ETM 19 [161]) and, more recently,
Gupta et al. [163] suggest quite large values for this parameter. We refer the reader to the
FLAG 2021 Review [109] for a more detailed comparison of the different lattice results.
Also shown in the figure are the FLAG 21 averages as well as determinations using N
scattering data. Note that refs. [147, 155] take account of isospin breaking effects, while all
the lattice results refer to iso-symmetric QCD. In ref. [147] isospin effects are estimated
to increase the pion-nucleon ¢ term by about 3 MeV. The magnitude of this effect is not
unexpected since to leading non-trivial order the o term is proportional to the squared pion
mass and, for instance, MﬁJr /Mﬁ0 =~ 1.07. Nevertheless, even when adding 3 MeV to our
iso-symmetric QCD prediction,

orN = (43.9 £ 4.7) MeV, (6.15)

this is still by more than 1.6 standard deviations smaller than the latest determination
from pion-nucleon scattering data, o,y = 58(5) MeV [155]. An earlier determination by the
same authors gave o, = 59.1(3.5) MeV [147].

7 Summary of the main results

We summarize our findings, starting with results that are specific to our lattice action,
continuing with the ¢ terms, the LECs and the scale setting parameter, and concluding
with the light baryon spectrum.

7.1 Results that are specific to the lattice action

We employed non-perturbatively order a improved Wilson fermions [82, 83] and the tree-level
Symanzik improved gauge action [84]. For details on the action and the implementation for
Ny =241 fermions, see ref. [78]. We determined the scale parameter ¢ in lattice units as
a function of the inverse lattice coupling 3 = 6/¢>. This parameter is defined at the point
in the quark mass plane where m, = mg = ms and ¢} = 12t§M?2 = 1.11. Within the range
3.34 < B < 3.85, (t§/a?)(g?) is given by the interpolating formula (3.38), which approaches
the perturbative two-loop expectation at large 8. The dependence on  is visualized in the
right panel of figure 8, where in addition we show ty/a? at the SU(3) chiral point. The
results for the S-values at which we carried out the simulations are displayed in table 5,
along with the lattice spacings that are obtained using /8t§ = 0.40978?}; fm.

An interpolating formula for the Ny = 3 critical hopping parameter value fieit(g?)
is given in eq. (3.21) and shown in the right panel of figure 5. This interpolation will
approach the two-loop result at large -values. The corresponding values, as well as k* and
am* = §(1/k* — 1/Kait), are displayed in table 6. In table 7 we list the starting points
on the mg = my line for the different S-values of trajectories of constant m, + mg + ms
that will touch the physical point in terms of kopy and ¢40pt. The physical point is
defined by My i, = 134.8(3) MeV and Mg pn = 494.2(3) MeV, where the scale is set using

V/SToph = 0.4098(3) fin.
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We give interpolating formulae for the combination of renormalization factors Z(g?) =
(ZmZp/Z)(g?) and the ratio of singlet and octet mass renormalization constants 7,,(g?) =
(Z5,/21)(g?) in eqs. (3.18) and (3.19), respectively. The former is compared to results
from the literature in the right panel of figure 4 and the latter in the left panel of figure 5.
The interpolating formulae are such that Z(g?) and r,,(g?) will approach the perturbative
one- and two-loop expectations, respectively, at small values of g2. The numerical values
at our simulation points are tabulated in table 3. We include the combinations of O(a)
improvement coefficients A, By, Cy and Dy that are defined in egs. (3.10)—(3.13) (see also
egs. (3.7) and (3.8)) in the same table. The corresponding interpolations for By and Cy are
given in eq. (3.17) (with the coefficients of table 4) and plotted in the left panel of figure 4.
These interpolations also approach the respective one-loop expectations at small values of
g°. Finally, estimates of integrated autocorrelation times for ¢y can be found in the last
column of table 1.

7.2 The o terms and the BChPT low energy constants

All the pion-baryon and strange-baryon ¢ terms for the nucleon, the A, the 3, the = and
the € can be found in the third and fifth columns of table 10 with all systematics included
in the error estimates. We refrain from determining the o terms for the unstable resonances
A, ¥* and =*. The results, that are the first continuum limit determinations of ¢ terms
other than for the nucleon, refer to iso-symmetric QCD. We compare o,y (RQCD 22)
to previous determinations in figure 28 and discuss this in section 6.8. The o terms are
computed from the dependence of the baryon masses on the pseudoscalar masses, also
taking into account the dependence of the pseudoscalar masses on the quark masses. In
particular, the strange ¢ terms are not very well constrained since we do not sufficiently
vary the strange quark mass near the physical point. This will be improved upon in the
near future by incorporating direct determinations of the scalar matrix elements [143].

In tables 11 and 12 we list the leading order and the NLO SU(3) LECs, employing
BChPT in the EOMS regularization as well as HBChPT, both including and not including
decuplet loops. In table 13 we also display the corresponding results for the nucleon
mass in the SU(2) chiral limit and the SU(2) slope parameter ¢;. While the errors given
also reflect the systematics due to different cuts regarding the lattice spacing, the volume
and also the maximum average squared pseudoscalar mass, the results depend on the
ChPT parametrization due to different higher order contributions. In terms of the reduced
x2-values, our data are better described by the BChPT expressions than by HBChPT.
We find mg = 821&1,3 MeV and mpg = 11475;48 MeV from the preferred BChPT fits
to the octet baryons and to the octet and decuplet baryons, respectively. This then gives
0 =mpg—mg = 333%;2; MeV. We display the corresponding values for F', D, |C| and |H|
in eq. (6.8). From the baryon masses alone one can only determine ratios of these LECs
with respect to the pseudoscalar decay constant in the Ny = 3 chiral limit, Fp, for which
we used the result of ref. [107]. In the same reference, where the baryon mass and the axial
charges were analysed simultaneously, albeit only for the ms = my ensembles, mgy comes out
somewhat smaller and F' and D somewhat larger than here. These ambiguities are most
likely due to higher order terms in the chiral expansion, which we are unable to resolve

— 68 —



within the present statistical uncertainties using the baryon spectrum alone. To investigate
this more systematically, a simultaneous analysis of the baryon spectrum and the charges
is planned.

The NLO LECs bg, bp, br, tpo (renamed from ¢y to avoid confusion with the scale
parameter) and ¢p are listed in table 12 and the values from the preferred fits displayed in
egs. (6.10) and (6.11). Due to the larger statistical errors of the decuplet masses and the
smaller number of available data points for which these are stable, t pg and tp are subject to
substantial errors. Regarding SU(2) BChPT, our preferred results for mQ; and ¢; are shown
in eq. (6.12). Since we have many ensembles that are close to the Ny = 2 chiral limit, the
SU(2) mass parameter mQ{; = 893.28:2; MeV is well determined and robust against changes
of the parametrization. Finally, we obtained the preliminary results in eq. (C.26) for the
combinations of the mesonic SU(3) LECs Lgs = 2Lg — L5 and Lgg = 2Lg — Ly.

7.3 The scale parameter tg

We determined the scale parameter tg in Ny = 2 4+ 1 QCD using the mass of the Z baryon,
along with M, and M to define the physical quark mass point. Using this input, we observe
that tg is quite robust against cuts in the data and changes of the parametrization with
respect to the lattice spacing, the meson mass and the volume dependence, see figures 16, 17
and 18. To summarize our results, here we give values of tg at four different points in the
quark mass plane,

e toph, the value at the physical point (where ¢4 = ¢4 pn = 1.09383),

o 1§, the value at the point where ¢4 = ¢; = 1.11 and ms = my,

e toch, the value in the Ny = 3 chiral limit (where ¢4 = 0) and

e to.ch2, the value in the SU(2) chiral limit (where ¢4 = ¢4 cn2 = 1.0148;’;):

\/8to.pn = 0.409852) fm, \/8t5 = 0.4097(2) fn, (7.1)
\/Bto.cn = 04170052 fm, \/t0.ch2 = 0.4108(32) fm. (7.2)

All systematics are included in the error estimates. A comparison of /8%y, with other
determinations of this parameter is shown in figure 26 and discussed in section 6.8. The
leading meson mass dependence of tg in the continuum limit is given in eq. (3.25) and the
respective LEC k; [103] is displayed in eq. (3.39). Within the present accuracy, we are
unable to resolve any higher order corrections.

7.4 The light baryon spectrum

In figure 22 we investigate the impact of the parametrization of the continuum meson
mass dependence on the baryon spectrum. The results from the preferred parametrization
(BChPT including finite volume effects) are listed in table 9. In particular, we obtain for the

nucleon mass my = 941.7 Egg; MeV, which should be compared to the value 937.5 MeV that
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Figure 29. The continuum limit baryon spectrum at the physical point, obtained via the AIC
averaging procedure. The dark blue symbols correspond to results obtained from the octet baryons.
The mass of the = baryon (red circle) was used to set the scale. The light symbols correspond to
simultaneous BChPT fits to the octet and decuplet baryon spectrum. The lines and grey boxes
depict the isospin violation corrected experimental values of table 14, including the uncertainties.
The A, ¥* and =* masses correspond to the maxima of the respective Breit-Wigner distributions
and their errors reflect the widths of these distributions.

is obtained, when correcting the experimental proton and neutron masses for the isospin
breaking QED and QCD effects. The other stable baryons also agree within errors with
the expectations. Note that the uncertainty on the nucleon mass is just ~ 7MeV, i.e. less
than 0.8%, while the uncertainties regarding the A and ¥ baryon masses are ~ 4 MeV, i.e.
less than 0.4%. Our data driven approach with a very small residual dependence on the
parametrization was possible due to the excellent coverage of the quark mass plane as well
as by the availability of six lattice spacings with a? varying by a factor of more than six. In
particular, the physical quark mass point is tightly constrained due to the intersection of the
Tr M = const and mg ~ const trajectories, see, e.g., figures 14 and 19 for the octet baryon
masses. The error reduction in comparison to previous continuum limit results, where the
errors stated did not always include all sources of systematics, is evident from figure 27.

In figure 29 we visualize the results for the light octet and decuplet baryon masses
given in table 9. The lines and boxes correspond to the experimental values, corrected for
isospin breaking effects, of table 14, including the uncertainties of these estimates. For the
A, the ¥* and the =* we show the Breit-Wigner masses rather than the real parts of their
poles, together with half the respective widths of the Breit-Wigner distributions as errors.
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The three dark circles are our predictions from the averaged fits to the octet baryon masses
alone. The red circle is the corresponding = baryon mass, which was used to set the scale
for the other predictions. As mentioned above, we find agreement with experiment within
sub-percent level errors. The light circles are the results of AIC averaged joint BChPT fits
to the octet and decuplet baryons. Also here we find agreement with the expectation for
the octet baryons, as well as for the €2 baryon.

Regarding the remaining decuplet resonances, namely the A, the ¥* and the Z*, our
predictions from fits where only stable baryons are considered lie above the positions
of the experimental resonances by slightly more than one decay width. This illustrates
the limitations of determining “masses” and other properties of baryon resonances in the
absence of a dedicated scattering study relating the spectrum of QCD in a finite volume to
the resonance parameters [165], e.g., within the framework of (H)BChPT [166]. Such an
investigation [167, 168] would require additional interpolators that specifically couple to
octet baryons plus pions as well as additional volumes and/or non-zero momentum frames.

The Gell-Mann-Okubo mass relation for octet baryons implies that the flavour averaged
mass combinations Xy and X, defined in eq. (6.3) agree at linear order in the SU(3)
symmetry breaking parameter dm if the average squared pseudoscalar mass is kept constant.
Using the experimental masses, this relation is only violated by about 0.5%, which is
consistent with our lattice data. This suggests that non-linear SU(3) symmetry breaking
effects are similarly small at the physical point. One interesting observation is summarized
in figure 23: the flavour breaking effects for these two mass combinations between the
symmetric and the physical points turn out to be about 4%, an order of magnitude larger
than the violation of the GMO relation. Since the correction is very similar for both averages
shown, most of this effect cancels in the GMO relation.

8 Conclusions and outlook

This article is based on Coordinated Lattice Simulations (CLS) ensembles [78, 79, 169] that
have been generated using the OPENQCD [89] code, employing the non-perturbatively O(a)
improved Wilson action on top of the tree-level improved Symanzik gauge action. This study
utilizes the unique combination of a large variation in the lattice spacing and good coverage
of the quark mass plane: for the simultaneous continuum, infinite volume and physical mass
point extrapolation we have determined two pseudoscalar and eight baryon masses (as well
as tg/a® and the quark masses) on almost 50 distinct gauge ensembles, encompassing six
lattice spacings (covering a factor of more than six in terms of a?) that are scattered around
three distinct trajectories in the quark mass plane, including the physical point. The main
results on the o terms, SU(3) and SU(3) ChPT low energy constants, the scale parameter
to,ph and the light baryon spectrum are summarized in sections 7.2-7.4 above.

Since Wilson fermions provide an excellent compromise between theoretical rigour and
computational affordability within the landscape of fermion formulations available in lattice
QCD, further simulation points will be realized in the future. We determined interpolations
for a number of parameters, e.g., the critical hopping parameter kt, the ratio of the singlet
over the non-singlet quark mass renormalization constants r;,, various combinations of
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order a improvement coefficients as well as the scale ¢/ a® as functions of the inverse coupling
parameter (3, see section 7.1 for references to the relevant equations, figures and tables.
Having mapped out the parameter space for our action will enable a very efficient planning
of new simulation points. Another important result is the determination of the lattice scales
to,ph and t§, see eq. (7.1), from the experimentally very well known = baryon mass.

Following up on this work, we plan investigations of the quark masses, pseudoscalar
decay constants and nucleon matrix elements. Of particular interest in this context is SU(3)
ChPT. On the one hand, due to the heavier strange quark mass, its convergence properties
at the physical point must be inferior to those of SU(2) ChPT. On the other hand, the
increase of the number of LECs when going from SU(2) to SU(3) is much smaller than
the increase of the number of independent observables that can be used to constrain these.
Here we have demonstrated that within sub-percent level accuracy the mass and volume
dependence of the whole octet baryon spectrum in the iso-symmetric continuum limit can
be parameterized in terms of just six LECs, at least for M? = (2M2 + M2)/3 < (440 MeV)?
and M, > 130MeV. In the future we plan a simultaneous baryon ChPT analysis of the
axial charges [107, 170, 171], directly determined o terms [143] and the baryon spectrum to
establish the universality of the LECs and to arrive at increased precision regarding these
observables and g pp,.
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Most of the ensembles were generated using OPENQCD [89] within the Coordinated
Lattice Simulations (CLS) effort. A few additional ensembles were generated employing the
BQCD-code [85] on the QPACE supercomputer of SFB/TRR-55. For the computation of
the correlation functions we used a modified version of the CHROMA [176] software package
along with the LIBHADRONANALYSIS library and the multigrid solver implementation of
refs. [177, 178] (see also ref. [179]) as well as the IDFLS solver [180] of oPENQCD.

A Correcting for electrical and mass isospin breaking effects

In our simulations we neglect isospin breaking effects. Isospin breaking is controlled by two
small parameters, the quark mass difference (my —m,,)/A and the fine structure constant
afs. Both parameters are of the size 1072. The factorization of isospin breaking into QCD
and QED effects is not unique, see, e.g., refs. [181-183]. A popular way is to choose the MS
scheme at the scale p = 2 GeV [183] in order to disentangle these effects. Regarding the
baryons we will deviate from this prescription as the ambiguity between different procedures
is smaller than the precision required here.

We match our simulation parameters to a world where isospin breaking effects are
subtracted. The starting point is the splitting between neutral and charged pions. Unlike the
charged pion, the neutral pion two-point function receives contributions from a disconnected
quark line diagram. Formally, this is of second order in the QCD and QED isospin breaking
parameters. Restricting ourselves to first order corrections, the mass difference is entirely
electromagnetic in nature and the isospin corrected pion mass can be obtained, e.g., following
the conventions outlined in ref. [183]. We use the so-obtained pion and kaon mass values of
the FLAG 2016 Review [184] and define the physical point in the quark mass plane at each
lattice spacing as the position where

My on = 134.8(3) MeV  and Mg phn = 494.2(3) MeV. (A.1)

These values correspond to electrically neutral isospin-averaged pions and kaons, see the
discussion in sections 3.1.1 and 3.1.2 of ref. [184].

Also in the case of a baryon B, isospin breaking effects can be parameterized in terms of
QCD- and QED-related baryon mass shifts, Am%ED and Am%CD: we start by decomposing
the on-shell matrix element for the isovector vector current between baryons B9t! and B@
(that differ by A3 =1 in their isospin) for p’ & p into formfactors:

" (BT (p)|dy,ul B9 (p)) = 0" tipa+1(p) [gv.pu + - - Jupe (p), (A.2)
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where gy, g = 1 to leading order in the symmetry breaking parameters and the ellipses
denote terms that vanish for p’ = p. Combining this with the vector Ward identity
iO"dy,u = (my, — mg)du, one obtains

AmFYP = g5 p(my — ma) (A.3)

as the QCD contribution to the mass difference, where gs p denotes the isovector scalar
charge in the iso-symmetric limit. Since we neither precisely know the isovector scalar
charges gs g nor the quark mass difference m,, —mgq, we resort to current algebra arguments
— which is sufficient for the precision that is required in the present context. We assume
that the splittings can be explained by two parameters, 6mQFP > 0 and dmQCP > 0,
that are the same across an SU(3) multiplet, the former multiplying the difference of the
squared electrical charges and the latter the isospin difference. This assumption implies
the Coleman-Glashow theorem [185] Amy — 2Amy + Amz = 0. It also corresponds to
Am%CD = —6mQCP | i.e. the scalar couplings gs,p are assumed to be independent of the
baryon B. The proportionality of 6mQFP to the square of the electric charge is consistent
with the Dashen theorem [186]. In other words, to leading order in the isospin breaking
effects, the masses of neutral particles do not receive QED contributions. We obtain

Amy =my, —my, ~ —0mP 4 smPED (A.4)
2Amy; = my+ — my- ~ —20mP, (A.5)
Amz = mgo — mz- ~ —omYP — smPED, (A.6)

The resulting Coleman-Glashow theorem was confirmed to hold within an accuracy of
0.13MeV in ref. [69], while the experimental value reads 0.06(23) MeV [145].
Plugging in the experimental masses gives

omED = — (Ampy — Amz) = 2.78(11) MeV,

1
2
= Ampy — Amy, = 2.75(4) MeV, (A.7)
where we will use the second, more precise difference as our central value. However, as the
Coleman-Glashow relation does not necessarily hold with the same accuracy, we will apply
the larger error of 0.11 MeV.
We can now proceed to compute the mass of a hypothetical uncharged isospin symmetric
> baryon:

1
ms = o (mys +my-) = 5mP = 1190.66(12) MeV. (A.8)

However, the charge-neutral ¥° baryon has the mass myo = 1192.64(2) MeV. In other
words: computing %(m2+ + my-) — myo ~ 0.8 MeV gives an estimate of dmED that is
much smaller than the 2.75 MeV of eq. (A.7). Isospin breaking enables mixing between the
two I3 = 0 baryons XY and A. However, the impact of this on the baryon masses should
be quadratic in the isospin breaking parameters and also there are numerical indications
that the mixing angle is small [187, 188]. Therefore, the difference between the X" mass
and eq. (A.8) strongly suggests that more than two parameters are needed to parameterize
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the isospin violations of the octet baryon masses, in spite of the experimental accuracy of
the Coleman-Glashow relation: the spatial extension of a baryon and therefore its QED
mass shift may depend on its strange quark content. Moreover, as we discussed above (see
eq. (A.3)), the QCD mass shifts are proportional to the isovector scalar couplings gs g,
which in general will depend on the strangeness of the baryon too. Indeed, in ref. [69] the
Coleman-Glashow theorem was confirmed to hold, however, Am%CD was reported to differ
between the octet baryons N, ¥ and =. Nevertheless, here we will use the value eq. (A.8)
but we have to keep in mind that its uncertainty may be bigger than the suggested error,
i.e. in the worst case it could be as large as 2 MeV.

In this article we use the cascade mass for the scale setting. We compute

1
ms = 3 (mzo +mz- — ImUP) = 1316.9(3) MeV, (A.9)
where we carry out the isospin average and correct the =~ mass for the charge effect.
Similarly, the isospin symmetric nucleon mass can be obtained as

1
my =g (mn +my — 5mQED) = 937.54(6) MeV. (A.10)

Again, the errors displayed above may be underestimated: considering the deviation of the
% mass from the expectation, the real uncertainty of removing isospin breaking effects
could be as large as 2%, which, however, is much smaller than the uncertainty of 5%o of
the scale determination that we carry out here.

Regarding the decuplet, in this case only the €2 is a narrow resonance, while =*(1530),
¥*(1385) and A(1232) have decay widths of about 10 MeV, 40 MeV and 120 MeV, respectively.
For the real parts of the Z* poles experiment gives

Mze— — Mz = 3.2(6) MeV &~ dm P 4 gmQED, (A.11)

For the octet we found dmQCP

~ 4MeV. So the above difference is already saturated by
the difference of the quark masses. This means that due to the presence of strong decay
channels, we cannot reliably determine 6mQFP for the decuplet baryons. Regarding the €,
it is conceivable that this is spatially more compact than octet baryons, due to the heavier
strange quark, so the octet value 6m®FP ~ 2.75(11) MeV may be an underestimate. In view
of the above, we subtract 3 MeV from the 2~ baryon mass and add this as our systematic

uncertainty, arriving at

mq = 1669.5(3.0) MeV. (A.12)

Determining the other decuplet baryon poles reliably will require a dedicated scattering
study. Since this is not carried out in the present article, we will compare our results to the
experimental Breit-Wigner mass values of the =%, the ¥* and the A decuplet baryons, with
the errors given by half of the Breit-Wigner widths.

We summarize the masses of isospin symmetric QCD discussed above in table 14.
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mass  value/MeV

M,  134.8(3)
Mg 494.2(3)
my  937.54(6)
my  1115.68(1)
my  1190.66(12)
mz  1316.9(3)
ma  1230(60)
ms-  1383(20)
mz-  1532(5)
mqo  1669.5(3.0)

Table 14. (Pseudo-)experimental masses, corrected for the isospin breaking effects due to the
light quark mass difference and electric charges. Note that for the baryons we have chosen one
particular prescription so that an additional uncertainty of up to 2MeV may exist. Regarding
the three unstable decuplet baryons, we display their Breit-Wigner masses with the Breit-Wigner
half-widths as errors.

B Finite size effects on baryon masses

The expected dependence of the pseudoscalar masses on the spatial lattice extent L is
presented in section 4.3. Here we provide the corresponding expressions regarding the
octet and decuplet baryon masses. The finite volume effects in a cubic box of size L?
have been computed in SU(2) and in SU(3) HBChPT and covariant BChPT, first at order
p> and then at order p* [57, 123, 129, 133, 134, 189, 190], also including baryon loop
effects [129, 134, 141, 142, 190]. To be consistent with the dependence on the pseudoscalar
masses, here we will also only make use of the order p? results. Allowing for pseudoscalar
loops only, the volume dependence in BChPT is given as [123, 129, 189, 190]

mB(L):mB‘FW Z .QB,PZWPZ/0 deK0<)\M\n|\/1+x2— $>a (B.1)

Pe{n,Kng} n#0 ™Mo Do

where the couplings gp p are expressed in terms of the LECs D, F and H in egs. (5.15)
and (5.22) and A\p = LMp. For the octet and decuplet baryons, mg and mpy = mo + ¢
should be used, respectively, in the argument of the square root. The finite volume
corrections are independent of the covariant ultraviolet regulator (e.g., the EOMS or the
IR scheme), however, the HBChPT formulae differ somewhat since terms proportional to
Mp/my are consistently neglected in this case. In the heavy baryon limit the integration
can be carried out analytically [57, 133, 134, 191]:

oo M s oo —Ap|n|
2/ dz Ko | Ap|nfy/1+ 22 — i il . (B.2)
0 m /\p‘n|
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In addition, one encounters corrections from loops involving transitions between octet
and decuplet baryons [129, 190]:

c? ma o0 )
mo(L) — mo(L) + ——— 0 éo, pM? 6/ dy{{Q—l—(l—y)] go(y)
(4m Fy)? m%OPe{sz; et LA mo

X {go ) Ko(Ap|n|go(y)) — I(Apln‘gO(y))]} (B.3)

o Ap|n|

with

52 5 52
go(y) = J (1 - M%») <1 - moy) Mp(l +y)2. (B.4)

The coefficients £g p can be found in table 8. The decuplet masses receive similar octet
loop corrections:
2 2
C°  mpg

%0 5
mo(L) = moll) + TR Pe{;( nf}O PMp 5/0 dy {{2 “ gt y)] 90(9)

Xy {gD(y)KO()\P|H|9D(y)) - Kl(Ai’T’gf)(y))” (B.5)
n#0 pin
with
gp(y) = J <1 - J‘Z) <1 - mdmy> + ]\(Z%(l —y)% (B.6)

The decuplet baryons may become unstable for Mp < § and the infinite volume results as
well as the finite volume corrections acquire imaginary parts. As for the infinite volume
result, we take the real part and restrict the fit to only include decuplet baryons that are
stable. For imaginary gp(y), Ko becomes imaginary while K remains real, which means
that the integrand is purely imaginary. Taking the real part, therefore, corresponds to
omitting the part of the integration range where the argument of the square root in gp(y) is
negative. The corresponding y-interval is symmetric about y = 1—38/(2mpo)+M3/(2mpod).
In the heavy baryon limit, the above integrals simplify to [57, 134]

5/0°°~--mﬁ>°°26/0°°dy{fi(y>z

Fe) Ko(rplnl fa(y)) — Kl“”'fi(y”]} (B.7)

o Ap(n|
with
2 62 ) B
— 1 2+ (g1 .
f+(y) i) + 7] (y £1)2, (B.8)

where the plus (minus) sign is for the octet (decuplet) baryons. For Mp < §, the integrand
becomes imaginary in the range

M M?
ye(l—\/1—52p,1+\/—52p), (B.9)

— 77 —



which we omit from the integration region.?! In the octet case, for Ap > 1 the integral (B.7)

has the limiting behaviour
e—Apn|

(Ap[n|)3/2’

W&MP Z (B.10)

which one may further approximate, setting |n| = 1 and replacing the sum by a factor of
six. For small values of the ratio §/Mp, this limit is only approached slowly. Here we use
the full (H)BChPT expressions egs. (B.7) and (B.8).

C The o terms

We define the o terms
(Blqlq| B)
2mp

8mB

q

4B = My (C.1)
where Q) denotes the vacuum, V3 the spatial volume and the states at zero momentum
are normalized as (B|B) = 2mpV3. The o terms can approximately be obtained from
the dependence of the baryon masses mp on the squared pseudoscalar meson masses M%,.
We discuss this below, as well as the corrections we encounter due to the mass rescaling
mp = /Stomp and M% = 8toM%. We then further correct the formulae, taking into
account violations of the GMOR relations, in appendix C.2, where we also determine the

combinations of the mesonic SU(3) LECs 2Lg — L5 and 2Lg — Ly.

C.1 The o terms from the meson mass dependence

In addition to the baryon masses and the LECs, it is also possible to obtain the ¢ terms:
by relating the derivatives with respect to a quark mass m, to derivatives with respect to
squared pseudoscalar masses via the GMOR relations, it is easy to see that

Grpy = M2 (2amB _WB)’ Go = (2003 - 12) <1amB _|_8THB>’ (©2)

30M?  O6M? 30M?2  O0M?

where 0,5 = oup + 04p and oy = 545 [1 + O(M?)]. The order M? corrections [192]
to the GMOR relations will depend on the combinations 2Lg — Ls and 2Lg — L4 of the
mesonic SU(3) LECs, in addition to Fy and By. This is discussed in appendix C.2 below.
These NLO mesonic ChPT corrections should be taken into account when determining
the derivatives using the GMO Taylor expansion, which includes order M* terms. Within
the chiral power counting, formally these terms only need to be included in BChPT at
NNNLO, whereas we only employ the NNLO expressions (which is sufficient to describe
the baryon mass data). However, when fitting our quark masses as functions of the pion
masses, it turns out that corrections to the GMOR relations need to be taken into account.
Hence, for determining the o terms, we will include them. We will distinguish between &5,
the o terms determined assuming linear dependencies of the quark masses on the squared
pseudoscalar masses, and o4, the results that take into account the leading violations of
the GMOR relations.

2INote that in this case the integral from zero to the lower limit is equal to that from the upper limit to 2.
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We remark that the LECs are defined in the SU(3) chiral limit while the o terms are
given at the physical point in the quark mass plane. Our fits are carried out for masses
that are rescaled in units of 1/8tg, which in turn depends on the meson masses. The leading
dependence of ty on the pseudoscalar masses, eq. (3.25), results in the relations

omo|p 1 9mop k1 T2

o) LB o (M C.3
M2 |y VI ORI |, T2 Voot (37°). (G:3)
Omp 1 Omp 72

gmp | _ 2 9mB M 4
aoM2 |y, ~ VRt ooz, T o (1) (C-4)

between the derivatives of the fit formulae and those that we are interested in. Up to order
M? corrections, this amounts to

om M2 om k
2 oD P oD F1
BT = i (e~ o) o
2
e omp _ My Omp (C.6)

PosM? | /8tg pn OIM2’

which is consistent with the relation (5.11) between b and b (or between t and ¢ for the
decuplet baryons) as well as with eq. (5.10). Within our statistical accuracy we cannot
detect any higher order corrections to the dependence of ty on the pseudoscalar masses
eq. (3.25). Since we will also include corrections to the GMOR relations, we expand eq. (C.5)
one order higher (neglecting higher order contributions to tp) and obtain for the case of the
octet baryons

8mo M2 (9[FIIDO ]~€1 — /%27
M? = L — = bM? + 6booM?) + “LM2my | . C.7
Podr®  /Stopn lc’)M? 2 (mo * T obo )+ g v o (C7)

The expression for decuplet baryons is analogous, replacing mg — mpg, b — t and
0bo — dtp. We will include this effect into our determinations of both &, and oyp.

C.2 Impact of corrections to the GMOR relations on the o terms

The general strategy of determining the o terms was outlined above, including the impact
of rescaling all quantities in units of /8¢y, see eq. (C.7). Here we consider higher order
corrections to eq. (C.2) due to violations of the GMOR relations.

The o terms are defined in eq. (C.1):

OgB = Mg—— = mg——— .
1 ?0m, “0mg OM?

(C.8)
P

For a linear dependence of the meson masses M3 on the quark masses mg this results
in 648 = o4B, where G,p is defined in eq. (C.2). At our level of precision, we find order
p* terms to be necessary to describe the dependence of the meson masses on the quark
masses, whereas the order p> BChPT expansion suffices to parameterize the baryon masses.
Therefore, we wish to expand the right hand side of the above equation to order p?*, even
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though this is not required in the BChPT power counting. For the GMO expansion, where
we include terms proportional to Mj_%, expanding the meson masses one order higher is
necessary also for consistency.

Expanding eq. (C.8) to order p*, meson masses that appear within order p® terms
(or order M3 terms in the GMO expansion) can be substituted with the leading order

expressions
2 2 2 2 4
M: =2Bymy, My = DBy (mg + ms) , ]\4778 = By gmg + gms . (Cg)
Using
4 1
M7 = ng( — gM,?, (C.10)
the leading order derivatives with respect to the logarithms of the quark masses read
oM? oMz 1 oM2, 1
T = M K = -\ B =~ M C.11
e amg ™ ¢ amg 27 e 8mg 3 ™ ( )
oM? oMz 1 OM2, 2
T =0 —LE = _(2Mi - M? B = Z(2Mp — M2). (C.12
msg ams ) ms ams 2( K 7r)7 ms 8m5 3( K 71') ( )

Plugging this into eq. (C.8) gives eq. (C.2), where we replace the derivatives by eqs. (C.5)
and (C.6). At order p* the o terms will differ from the & terms, defined in eq. (C.2). We will
consistently correct for this difference to order p*. This amounts to substituting eq. (C.5)
with eq. (C.7) for the mass-dependence of ¢ty and expanding eq. (C.9) to the next order,
substituting egs. (C.11) and (C.12) with the corresponding derivatives of the higher order
expression. These will depend on mesonic LECs that we shall also determine from the
dependence of the quark masses on the pseudoscalar meson masses. Below we explain how
the result is obtained.

The order p* corrections that we address below only affect the terms proportional to b
and 6bp (see, e.g., eq. (5.13)) and are therefore not required for Mgs. We define

1 M3 M3
2 P P
= — In| —- C.13
Kp 2 (4nFy)? n(,ﬂ)’ (C.13)
which we will need for P = 7 and P = ng. Up to higher orders, we can carry out the
replacements
B 2Bym By 1 2 Bo(myg + 2my)
2 0 o7y 2 0 0 l s
S P P (it UALLE - D0 - 2my) In | = 20T M)
ST Ve “( 2 ) - T Gy g et 2 [3 w2 ]
(C.14)
The order p* relations read [192]
1 16 B,
M2 = 2Bymy {1 = i+ [melLss + (my + 2mg)L64]} , (C.15)
0
Mj: = Bo(ms +myg) 31+ 3Hns + N3 [(ms + my)Lgs + 2(ms 4+ 2my) Lea] ¢ (C.16)
0
where
Lgs(n) = 2Ls(p) — Ls(p),  Lea(p) = 2Le(p) — La(p) (C.17)
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are combinations of scale-dependent LECs. It is easy to see that

! 11 5 ! 11 5
L85(M):L85(M)—EWIH Wz L64(M):L85(M)+5@1n W2 (C.18)

Inverting egs. (C.15) and (C.16) gives

1 8
2Bymyg = M2 {1 SR 72 [M2Lss + (2MF + M2) L] } : (C.19)
8 1
_ 2 a2 5 2 2 2.2 1 2 2\ 2
2Bym, = (2M}. — M) {1 2 (2M3 + 012 L64] + Myt — 5 (4ME + M2) pi2,
8
7z (2M} — M) Lss. (C.20)

In order to compute the contributions to the o terms according to eq. (C.8) consistently
at order p?, we need to multiply the derivatives with respect to the quark mass of the
squared pion masses eqs. (C.15) and (C.16) that accompany the coefficients b and 6bg within
eq. (5.13) by the quark masses egs. (C.19) and (C.20). As discussed above, for the higher
order corrections to the baryon masses it is sufficient to truncate according to eqs. (C.11)—
(C.12). The respective expressions are generated automatically, using SYMPY [193].

In our fits we rescale m, and M3 into units of \/8ty. The LECs are all defined in the
SU(3) chiral limit, in units of /8% c,. This difference implies a shift of the LEC combination
Ly, due to tg = ton(1+ 12:18150M2). We define Lgy as the fitted LEC for the dependence of
the quark masses on the squared meson masses given in units of /8ty and, starting from
eq. (C.19), derive the relation

_ \/% 2 2 1 2 2 2 2\ 7
2me By = =M {1 ~hx gl ~ [ MZ2Lgs + (2MF; + M2) L64]}

8 ~ 1 -

= Mg {1 - (2M12< + M,?) <F2L64 — 68t0]{21)} . (C.21)
0

Comparison with eq. (C.19) gives
-k
Loy = Les — = 8toF2. (C.22)

48

Within eq. (C.8) we need the derivatives of the pseudoscalar masses with respect to the
quark mass. Therefore, within the analytic expression, Lg4 should be used instead of Lea.
The difference is small but of a similar magnitude as Lgy itself.

The combinations of LECs Lgs and Lg4 turn out to be numerically small, however,
they are accompanied by 1/Fg, rather than by 1/(47Fp)? and (47)? ~ 158. MILC [194]
and HPQCD [15] give values at the scale pn = M, ~ 576 MeV. Converting these results to
the standard scale p = M, ~ 770 MeV (see eq. (C.17)) results in

Lgs = —0.20(11){{3) 107, Lgs = 0.04(24)37) - 1073 (C.23)

for MILC and
Lgs = —0.15(20) - 1073, Lgy = 0.23(17) - 1073 (C.24)
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for HPQCD. Lg and L4 are suppressed in 1/N, relative to Lg and Ly, which is not obvious
from the above combinations which are all consistent with zero, due to cancellations. Some
of us determined a value Lgs = 0.50(34) - 1073 in a large N, NLO U(3) ChPT analysis of
the n/n’ meson system [195]. In this approach, at this order Ls = Ly = 0 and there is no
scale dependence of Lgs. Finally, Bijnens and Ecker [196] obtain the values

Lgs = —0.12(21) - 1073, Lgy = —0.02(10) - 1073 (C.25)

from a phenomenological fit (column BE14 of table 3 in their article, with a fixed value of
Ly4). Again, only upper limits could be set.

In the absence of precise and reliable literature values, we determined these parameters
from our quark mass data. We obtain at the scale u = 770 MeV ~ 1.6/+/8to

% = 7.8(4.8) - 1072 MeV 2, % = —1.5(3.2) - 1079 MeV 2. (C.26)
0 0

Setting, for instance, Fy = 71 MeV, the central values would correspond to Lgs = 0.04-1073

and Lgs ~ —0.008 - 1073. The smallness of these NLO LECs at this scale does not mean

that the impact of the higher order is completely negligible since also the logarithmic terms

p2 and ’U%S enter the expressions.

D SU(2) BChPT low energy constants

The SU(2) (H)BChPT LECs can easily be derived from their SU(3) counterparts. Regarding
the decuplet sector, the A appears to be the most interesting particle, however, due to
its unstable nature, its self-energy acquires an imaginary part, whose inclusion is beyond
the scope of the present study. Hence, we will restrict ourselves to the LECs that are
governing the dependence of the nucleon mass on the pion mass, neglecting decuplet loops.
In principle, similar LECs for the pion mass dependence of the A, the ¥ and the = can be
obtained, however, we refrain from doing this since SU(3) BChPT is more adequate as a
framework to study processes involving the different octet baryons. In SU(2) (H)BChPT
the O(p?) dependence is given as (see, e.g., ref. [189])

0 o 3 9% o3, (M
M) = — 4 M2+ - , D.1
mn (Mz) = miy —der Mz + 3 (arF 02" fo < 9\7) (D.1)

where m?v, g% and FY denote the nucleon mass, the axial charge and the pion decay
constant in the SU(2) chiral limit, respectively, at the physical strange quark mass. The
loop function fo for the EOMS regularization is defined in eq. (5.14). In the heavy
baryon limit, fo(z) = —m2>. To our order in ChPT, keeping the strange quark mass fixed
corresponds to varying the kaon mass as a function of the pion mass, according to

oM — M2 = MZ, = M2, ~ (686 MeV)”. (D.2)

S
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Since M? = (M2, + 2M?2)/3, this means that H2 — M2, = 2M? ph

“ch2” indicates the SU(2) chiral limit. This then relates the ¢y parameters between the two

where the subscript

points: using egs. (3.25) and (3.39), we obtain
~ 72 —_
topn = |1+ ki8to (M, — Mepz) | to.ens = 0.9976(3) to,cno. (D.3)

Evaluating the parametrization (5.17) for O = N at My = 0, Mg = /880 ch2 MK ch2 and

vV 8to ,ch2 ng,ChZ; where MK,ch2 =V 1/2 M§s,ph and Mr]g,chZ =V 2/3 M§S,ph7 gives
mN =\ /8toych2 mN, i.e. the nucleon mass in the SU(2) chiral limit in units of /8%y ch2. The
conversion between /8%y ch2 and /8tg pn = 0.4098ggg fm is given in eq. (D.3) above. Note
that computing the expression (5.13) — that is given in physical units — for the pseudoscalar
masses in the SU(2) chiral limit at order p? is equivalent to the above procedure.

Regarding the LEC ¢, a comparison between eq. (D.1) and eq. (5.13) gives

bp b
c1 :—fb+ 5bN_b0+7D+§ (D.4)

This is a relation between LECs that are all given in physical units. Therefore, in this
case there exist no subtleties related to changes of ty between different points in the quark
mass plane.

Note that to leading non-trivial order o,y = 401M ph- Since the LECs F and D are
not overly well-determined in the present study, we refraln from predicting ¢ Ay 1€ gain
the SU(2) chiral limit. This is best left to simulations of the axial nucleon matrix element

in the forward limit.

E Details of the spectrum and quark mass determinations

We define the interpolators that are used to create and destroy the pseudoscalar mesons and
baryons. We then detail the quark smearing and the source positions employed. The latter
are relevant regarding ensembles with open boundary conditions in time. After explaining
the extraction of masses and their correlations from the resulting two-point functions, in
appendix E.3 we tabulate the resulting hadron and AWI quark masses in lattice units as
well as tg/a? for all the ensembles.
E.1 Hadron interpolators and smearing
In our simulations the pseudoscalar mesons, the octet and the decuplet baryons are destroyed,
respectively, using the relativistic interpolators
I =dvysu, Ix =37ysu, (E.1)
In = €apelia [Ugcfﬁdc] , IA = €apeSa [ugC’V5dc] , Iy = €aqpelia [UZC'YE)SC] )
Iz = €qpesa [s]C5uc] (E.2)
IA = €ape (2ua [UZCV—dC] +d, [UZC’Y—UCD )
o [ Cy-ucl)
a [S5CV=3c]) s I = €apeSa [SFCY—5] - (E.3)

I = €gpe (2uq [u] Cy—sc)

_I_
Iz+ = €gpe (284 [s]Cy—ue] +
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“T”

The superscript indicates the transpose in Dirac spinor space, C' = 727 is the charge
conjugation matrix and y_ = 3(vy2 + iy1). The quark fields u(z) and d(z) need to be
distinguished when carrying out the Wick contractions for the hadronic two-point functions
but they share the same mass. The indices a,b,c € {1,2,3} run over fundamental colour.
The spinor index of the baryonic interpolators is suppressed. Note that the above naive
implementation of I also has overlap with the X0 baryon. However, since ma < ms; this
does not inhibit us from extracting the correct ground state signal. In addition we compute
two-point functions, destroying the pseudoscalar mesons with the local axial currents gyoysu,
where ¢ € {d, s}, in order to determine the AWI quark masses.

Within these interpolators we employ either local or smeared quark field operators. For
the baryons we only consider smeared-smeared two-point functions while for the mesons
we analyse smeared-smeared as well as smeared-local two-point functions, the latter to
determine the quark masses. We project all interpolators to zero momentum:

= Z Ix(Z,1). (E.4)

Exploiting spatial translational invariance of two-point functions, in practice we only
explicitly carry out the momentum projection at the sink (i.e. we utilize point-to-all
propagators), however, some additional measurements are carried out using stochastic
timeslice-to-all propagators.

The two-point function for a pseudoscalar meson P is given as

Cp(t) = (QIp(t + to) 5 (to)|€2), (E.5)

where the vacuum expectation value on the right hand side is obtained as an ensemble
average of the Wick-contracted two-point function and ¢y denotes the source position in
Euclidean time. Defining the parity and spin projectors I'ynpol = %(]l +70) and I'po1 =
%Funpol(]l + iv375), we compute the two-point functions

Col(t) = Tr (Lunpor {20 (t + t0)To ()| (E.6)
Cp(t) = Tr (I‘p01<Q|ID(t + tO)TD(t0)|Q>) (E.7)

for the octet and decuplet baryons, respectively. The trace is over spinor space, the time
separation t is positive and the conjugation has the usual meaning: T = IT7y. The phases
are set such that all the two-point functions are positive.

The above interpolators are either local or Wuppertal smeared [197, 198], employ-
ing spatially APE smeared gauge links [199] as parallel transporters that are iteratively
constructed via

Uz(n—H)( 7) = PSU( 3 Uz(n ) Z U(n U(n) j)U]]L(n) (Z+19) |, (E.8)
|7l

where i € {1,2,3}, j € {£1,+2, 43} and j denotes a vector of length a pointing into the
direction j, i.e. the sum is over the four spatial “staples” surrounding the link that connects
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Z with & + %, U;(Z). Note that U_;(¥) = UJ(:E' — 1) and {UZ-(O) (¥)} is the original gauge
field. Since the smearing is local in time, the time index is suppressed. Psy3) is a gauge
covariant projector onto the SU(3) group, defined by maximizing Re TI'[ATPSU(g) (A)]. We
iterate eq. (E.8) 25 times, using the weight factor 6 = 0.4. Using these smeared gauge
transporters U;(Z) = Ui(%) (Z), we Wuppertal smear the quark fields ¢, successively applying
the smearing operator ® that is defined as

1 :|:37
dq)(F) = Dte S Ti@q@+9) ], E.9
@0 = gz |20 +< 3 Tt +) (£.9)

either at the sink to propagators that have been obtained by solving the discretized Wilson-
Dirac equation or to point sources gua(Z) = d;50aa0%aa, for ag = 1,2,3, where the smearing
only needs to be carried out for one value of the spin index « since ® commutes with
the spin structure. The normalization (1 + 6¢)~! is arbitrary and is introduced to avoid
numerical overflow for high iteration counts.

On a free field configuration, i.e. U;(Z¥) = 1, the root mean squared (rms) smearing

radius for the gauge invariant combination ||q(Z)|| == 1/q(Z)q(Z) for a large iteration count
n in an infinite volume reads [200]

av/n, (E.10)

where € should be positive. Here we set ¢ = 0.25. As can be seen from the above equation,
to maintain a constant radius in physical units, the number of iterations n needs to be
scaled in proportion to a~2. Moreover, it turns out that an optimal ground state overlap
requires r to be increased with decreasing quark mass.

In table 15 we list our approximate pion and kaon masses as well as the number
of smearing iterations ny and ng for the light and strange quarks and the resulting rms
smearing radii ry and r;. These have been calculated numerically on time slices of a few
gauge configurations via

o (I S0 v o) a7 (E.11)
re = 5 : ’
>z la@)]

The results are slightly smaller than eq. (E.10) would suggest due to volume effects and
also since the APE smeared gauge transporters are somewhat rougher than unit gauge
fields. We kept the radii approximately constant in physical units across the lattice spacings.
The light quark radius 7, depends on M2 while the strange quark radius 75 depends on
2M% — M2

™
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trajectory id M,/MeV Mg /MeV  ny ns  re/fm  rg/fm Ny
B = 3.34,a— 0.098 fm
AG51 556 556 120 120 055 055 3
me = my A652 432 432 150 150 0.62  0.62 3
A650 371 371 160 160 0.64 0.64 3
- A653 429 429 150 150 0.61 061 3
M= Msymm— A gmy 338 459 185 165 0.68  0.64 3
B =34,a—0.085fm
rqed019 608 608 150 150 054 054 3
me=my  1qed021 340 340 250 250 0.67 0.67 3
rqed017 236 236 320 320 073 073 3
U103 420 420 220 220 063 063 8
H101 423 423 220 220 0.64 0.64 20
U102 357 445 250 210 0.66  0.62 36
H102a 359 444 950 210 0.66  0.62 20
H102b 354 442 250 210 0.66  0.62 20
. U101 271 464 300 200 069 060 36
M= Msymm gy g5 281 468 300 200 073 061 20
N101 281 467 300 200 072 061 33
S100 9214 476 350 170 077 057 33
C101 292 476 350 170 077 057 20
D101 292 476 350 170 079 058 3
D150 127 482 440 140 0.84 052 32
H107 3683 550 250 160 0.67 056 3
s = s pn  H106 273 520 250 160  0.67 056 3
C102 293 504 350 160 077 056 3
B =3.46,a = 0.075 fm
rqed029 713 713 180 180 0.52 052 3
ms=my  1qed030 319 319 355 355 0.68 068 3
X450 265 265 400 400 073 0.73 3
B450 421 421 270 270 061 061 16
_ S400 354 445 310 260 066 061 20
M= Msymm \y01 287 464 375 250 072 0.60 20
D450 216 480 480 200 078 055 32
B451 422 577 270 200 062 054 3
L B452 352 548 310 200 065 054 3
s = Msph Ny50 987 528 375 200 070 054 3
D451 219 507 480 200 078 054 32
B = 3.55,a — 0.064 fm
B250 713 713 250 250 044 044 3
me=me X250 350 350 445 445 065 065 3
X251 268 268 540 540 071 071 3
H200 422 422 390 390 061 061 3
N202 414 414 390 390 061 061 20
N203 348 445 445 375 065  0.61 20
= Magmm 5201 290 471 540 360 071 061 3
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. continued from the previous page

trajectory id M. /MeV Mg /MeV — ny ns  re/fm  rg/fm N
N200 286 466 540 360 0.69 058 20
D200 202 484 660 290 078 055 20
E250 131 493 795 285  0.82 054 32
N204 353 549 445 285 066 054 3
s = s pn  N201 9287 527 540 285 072 054 3
D201 200 504 660 285 077 054 3

B —=3.7,a—=0.049fm
ms—my  N303 646 646 440 440 051 051 3
N300 425 425 640 640 059 059 18
. N302 348 455 750 620 0.64 059 20
M= Msymm 5303 259 479 950 525 070 055 3
E300 176 496 800 310 0.67 044 16
N305 428 584 640 465 0.60 052 3
s = fspn N304 353 558 750 465 062 051 3
J304 261 527 950 465 070 052 3
B = 3.85,a = 0.039 fm

ms —my  N500 604 604 650 650 048 048 3
- 7500 413 413 1000 1000 0.57 057 3
symm- 501 336 448 1225 1025 0.61 057 3

Table 15. Numbers of smearing iterations ny, and ng for the light and strange quarks, respectively,
as well as the corresponding root mean squared smearing radii 7, and r;. We also include the
number of sources Ng,.. employed for point-to-all propagators.

E.2 Source positions and extraction of the masses

We distinguish between open boundary conditions (obc) and periodic boundary conditions
(pbc) in time. Regarding obc, we expect order g?a lattice artefacts as well as physical
states of scalar quantum numbers (the lightest one having a mass of approximately 2M)
to propagate from the boundaries into the bulk. These contributions will be exponentially
suppressed with the distance from the boundaries. Therefore, at some minimum separation
thound, translational invariance in time is effectively restored for most of the two-point
functions. Below we explain how we estimate tpound, how two-point functions with different
source and sink positions are combined in the analysis, how the fit ranges are chosen and
how the pseudoscalar, AWI quark and baryon masses are extracted.

We employ several temporal source positions ty for point sources for each configuration
as indicated in the last column of table 15. With pbc one can naively average the two-point
functions over the source positions. In this case, for the mesons we can naively average
forward and backward (¢t — —t) propagating two-point functions, while for the baryons, in
addition, we have to replace vy — —7o within the projectors in eqgs. (E.6) and (E.7). Also
the backward propagating two-point functions for pseudoscalar mesons that are destroyed
by local axial currents (which are used to compute the AWI quark masses, see eq. (2.2))
acquire a minus sign. We label the time slices as

t'=0,a,...,T —a, where T = Na. (E.12)

— &7 —



With pbc the temporal dimension of the lattice is T', while with obc it is T'— a. In the latter
case, the two-point function starting at ¢y, propagating in the forward direction, can be
averaged with that starting at T — a — g, propagating in the backward direction, as above.
Other than this, we keep the source positions separate throughout the analysis, enabling us
to detect any violation of translational invariance. Moreover, the source and sink positions
t' = tg and ' = to + ¢ (with ¢ positive or negative), respectively, should be restricted to
thound < t' < T — a — thound With thoung yet to be determined (see below). This means that
for large values of |t| a smaller number of sources contributes than indicated in table 15.

In the case of pbc, the spatial and temporal source positions are selected randomly for
each configuration, while for obc we employ fixed temporal (but random spatial) positions,
where for each source at t' = t(, we also place a source at t' =T — a — t.

Regarding the pseudoscalar (and pseudoscalar-axial) two-point functions, additional
measurements have been carried out employing the “one-end-trick” [201, 202], using spin-
explicit [203, 204] stochastic complex Za-sources. These techniques were first combined in
ref. [205]. It turns out to be advantageous in terms of the signal over noise ratio not to seed
the stochastic source on the whole time slice ¢y but just on a subset [201]. We carry out this
“thinning” in a random pattern (to exclude overlap with non-zero momentum contributions),
with the occupation ratio 0.02. Each source consists of one random vector for each of the
four spin components with support on the thinned set of points. In the case of obc, the
temporal positions of the one-end sources usually are tg = a and ty9 = T — 2a, one time
slice away from the boundary, at the positions of the first non-trivial spatial links. In some
cases the distance was chosen somewhat larger. We employ two stochastic estimates for
each of the two time slices. For pbc on each configuration we use four different randomly
selected time slices. The sources and sinks of the one-end two-point functions used in this
analysis are local, without quark smearing applied. We separately analyse the mesonic
two-point functions from the conventional point sources and from the one-end sources and
find consistent results. Whenever this leads to an error reduction, we carry out a combined
fit to the data obtained using the two methods.

When determining the boundary region on obc ensembles, we observe by varying the
source position, ty, that the pion two-point function is more sensitive with respect to the
proximity of the source or the sink to the boundaries than any other two-point function.
Moreover, if the pion source is placed in the centre of the lattice, ground state dominance
is achieved at smaller source-sink separations ¢ than for the one-end sources near the
boundaries. Therefore, we define t,oung as the minimum separation of the sink from the
boundary for the local-local pion two-point function with the source placed at ty = a, that
is needed for the boundary/excited state contributions to become smaller than one quarter
of the statistical error. In this determination we follow the strategy that we also employ for
the ground state mass extractions that is described below. All the point source positions
that we use are outside of the respective boundary regions, defined in terms of tpound. An
overview of the resulting ranges is provided in table 16. Note that none of the § = 3.34
ensembles have obc, while at § = 3.46 only two ensembles with obc exist, where one-end
source measurements were taken (S400 and N401).
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B 3.4 3.46 3.55 3.7 3.85

thound/a  24-29 31-32 31-40 31-43  45-55
thound/fm 2-2.5 2.3-24 2-25 1521 1.7-21

Table 16. Ranges for the separation tpoung from the boundaries of obc ensembles.

Our mass determinations follow a two step procedure: first we determine a time range
of ground state dominance and then we carry out one-state fits for the hadron and AWI
quark masses. We carry out both uncorrelated and correlated fits. The latter fits are
utilized to monitor the fit quality in terms of the x?/Npp-values. However, in many cases
the statistics is insufficient for a reliable determination of the large covariance matrices
between the values of the two-point functions at different times. Therefore, the final results
are obtained from uncorrelated fits and the errors computed via the bootstrap procedure,
also taking autocorrelations into account, see appendix F. We remark that the mean values
for correlated and uncorrelated fits are in good agreement in almost all of the cases.

Starting from the mesonic two-point functions with pbc, we carry out fits according to
the ansatz

Cp(t) = Apcosh [Mp(t — T/2)] + Bp cosh [Mp(t — T/2)] (E.13)

with the fit parameters Ap, Bp, Mp and M}, increasing the minimum ¢-value until we find
an acceptable representation of the data (by means of the correlated x?/Npp-value). In the
spirit of ref. [206], we determine the minimum value ¢, as the value from which onwards
the (effective) contribution of the excited state term (proportional to Bp) to the two-point
function Cp(t) becomes smaller than one quarter of the statistical error of the data. Note
that whenever more than one two-state fit was found to adequately represent the data, the
largest resulting value for ¢, is chosen. To obtain the ground state mass, we subsequently
fit Cp(t) within the range tmin <t < tmax = T — tmin to the ground state only, i.e. we set
Bp = 0 within eq. (E.13). The analogous procedure is implemented for the ratio eq. (2.2)
of smeared pseudoscalar-local axial over smeared pseudoscalar-local pseudoscalar two-point
functions to obtain AWI quark masses,

Met(t) = m + By, cosh [m/(t — T/2)], (E.14)

where the second term is a lattice artefact (B, = O(a?)) and m’ ~ M} — Mp. Once the
region of ground state dominance has been determined, m(t) is averaged over this region.

The above procedure is illustrated for the pbc ensemble B450 in figure 30, where we
show data both for point sources (smeared-smeared for the pion, smeared-local for the AWI
quark mass) and for stochastic one-end sources (local-local in both cases, hence the larger
values of tyi, for the pion). In the left of the figure, the effective mass

arccosh (CP(t_a)> — arccosh (Cp(t—i—a))‘ (E.15)

Mpe = Cp(T)2) Cp(T/2)

S
2a
is compared to |(d/dt) arccosh[Cp(t)/Cp(T'/2)]|. Both expressions will approach Mp in the
limit 7" >t > 0.
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Figure 30. Left: the effective mass aM; g of the pion for ensemble B450 (pbe, a ~ 0.075fm,
M, =~ 420 MeV, see table 2). The upper plot shows the “point-to-all” smeared-smeared data and
the middle plot the “one-end-trick” local-local data. The two-point functions have been averaged
over sixteen and four source positions, respectively. The red line corresponds to the fit result of the
two-state ansatz given in eq. (E.13). The vertical orange bars indicate the resulting fit ranges for
one-state fits (setting Bp = 0), see the main text for details. In the last row the effective masses for
both data sets are shown, together with the final (one-state) fit result, where the solid black line
with orange error band indicates the result. The data that are not included in the fit are shown as
light symbols. Right: the corresponding figures for the AWI quark mass, using the parametrization
eq. (E.14) and setting B,, = 0 for the ground state fit. In this case the point-to-all two-point
functions are smeared-local and the one-end ones local-local.

Regarding obc, the above expression is replaced by

Cp(t) = Ap [exp (—Mpt) — exp (—Mp(2T" — t))] + Bpexp (—Mpt) (E.16)

with an additional fit parameter 7" ~ T. The forward and backward propagating two-point
functions are symmetrized as explained above so that ¢t > 0. The ground state mass is then
extracted via a fit to

Cp(t) = Ap eXp(—Mpt), (El?)

for the fit range tmin < t < tmax. The start time tn,;, is determined in the same way as
described above as the time where the excited state contribution, proportional to Bp,
becomes smaller than one quarter of the statistical error of Cp(t). The upper limit of the fit
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range, tmax < 1 —a —thound, corresponds to the time at which A peMp (t=21")

becomes larger
than one quarter of the statistical error. Since the resulting values of ¢ and tpax will
depend on the statistical error of the two-point function, one danger of this procedure is that
for each individual source position a value for t,;;, may be suggested that is smaller than if
the correlators for all the different sources were averaged. For pbc we average the two-point
functions over all the source positions in any case. The same is carried out for obc data with
one-end sources since these are always placed at the same distance from the boundaries.
Regarding obc two-point functions with point sources, we first reconfirm that translational
invariance is effectively restored within the region tpound <t +to < T — @ — tphound for the
different source positions tg, before we average two-point functions obtained for nearby
values of ty into up to four groups. We then determine the fit range for each of this smaller
number of groups. We implement the same procedure for the baryonic two-point functions.

In the left of figure 31, the determination of the fit ranges is shown for the pion mass
on ensemble D200. The one-state fit to determine the ground state mass (shown in the
bottom left of the figure) is carried out simultaneously for the different source positions,
using the respective fit ranges. The effective mass

Mper(t) = éln (W) (E.18)

is compared to the derivative of the parametrization —(d/dt)In Cp(t). Both expressions
will approach Mp at large values of .

Turning to the AWI quark mass with obc, we encounter, in addition to the usual lattice
artefacts, also contributions from the boundary. This motivates the ansatz

Meft(t) = M + By, exp (—m't) + Dy, exp (m”'t) (E.19)

with the fit parameters m, By,, Dy, m’ & Mp — Mp and m” =~ 2M,, where m is the
AWI quark mass of interest, the second term describes the usual lattice spacing effects
or, if one-end sources are used, also boundary effects and the last term encapsulates the
boundary effects at large times. Using this ansatz, we determine t,;, and tp, in the same
way as above and carry out the fit to a constant for the resulting range. This is shown
for the example of point sources for ensemble D200 in the right of figure 31. As with pbc,
smeared-local and local-local two-point functions are used to obtain the AWI quark masses
with point sources and with one-end sources (not shown), respectively.

As was already noticed and explained in appendix B of ref. [207] (see also ref. [208]),
the relative error of two-point functions other than for the pseudoscalar mesons increases
exponentially with ¢. In view of this, we use the ansatz

Cp(t) = Apexp(—mpt) + Bp exp(—m/st) (E.20)

for the baryons, both for obc and pbc, to determine the value of ¢, for the subsequent
one-state fit, where tpound < tmin and tmax <1 — @ — thound. In addition, we restrict tpax
to values where the noise over signal ratio of the two-point function satisfies the condition
ACp(t)/Cp(t) < 0.25. In figure 32, we show the effective masses for the nucleon on ensemble
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Figure 31. Left: the effective mass of the pion for ensemble D200 (obc, a &~ 0.064 fm, M, =~
200 MeV, see table 2). Data from eighteen point source positions are shown, which are pairwise
forward/backward averaged between to and T' — a — ty. Within each panel, in addition we average
data from three nearby source positions. The red lines, orange bars, black line and orange error
band in the four panels have the same meaning as in figure 30, however, the fit form defined in
eq. (E.16) is used for the two-state fit and eq. (E.17) for the one-state fit. Right: the same for the
light AWI quark mass, where two additional source positions (shown in the fourth row) are within
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the range that we average over. The fit range is determined using eq. (E.19).
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Figure 32. Effective masses for the nucleon for ensembles B450 (pbc, a =~ 0.075 fm, M, ~ 420 MeV)
and D200 (obc, a = 0.064 fm, M, =~ 200 MeV) are shown (top left and top right panel, respectively)
as well as for the Z and the Q baryon for D200 (lower left and lower right panel, respectively). For
B450 the two-point function has been averaged over sixteen sources. For D200 twenty sources have
been used within the range 37a <ty < 90a, where for the average over the two-point functions also
the sink positions ty + t are restricted to the same range. The red lines and the orange bands have
the same meaning as in figure 30, however, the fit form defined in eq. (E.20) is used for the two-state
fit and Bp is set to zero within this equation for the one-state fit.

B450 as well as for the nucleon, the Z and the 2 baryons on ensemble D200. Also shown
are the two-state fits, used to determine %.,;,, and the results of the subsequent ground
state fits. The data shown are averaged over the different source positions. For the baryon
spectroscopy only smeared-smeared two-point functions with point sources are employed.

Note that i, is determined on binned data, where a suitable bin size is chosen in order
to account for autocorrelations. The data shown in figures 30-32 are binned accordingly.
The final statistical errors of the masses and derived quantities are computed from bootstrap
distributions, as detailed in appendix F.1. The widths of these distributions are rescaled,
taking autocorrelations into account by means of a binning analysis, see appendices F.2
and F.3. Note that the mean values are always extracted from unbinned data, while the
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Figure 33. Starting times ¢, of the one-state fits for the nucleon N (left) and the = baryon
(right) for the subset of ensembles with high statistics.

error bands shown for the masses resulting from the one-state fits correspond to the infinite
bin size. In addition, for each ensemble a normalized covariance matrix between all the
meson, baryon and AWI quark masses is computed as explained in appendix F.3, which
also incorporates the autocorrelation effects. For mys = my the dimension of this matrix is
four (meson mass, quark mass, octet baryon mass and decuplet baryon mass), while for
ms # my it is twelve (two meson and two quark masses each, as well as four octet and four
decuplet baryon masses). For fits of the baryon masses as functions of the meson masses we
take correlations between the two mesons, the four octet baryons and the four decuplet
baryons into account as well as between the baryons and the mesons, see appendix F.4.

We have kept the smearing radii almost constant across the different lattice spacings,
however, the fit ranges will also depend on the quark masses and, in particular, on the
statistics. In addition, at least for the AWI masses, tni, will decrease with the lattice spacing.
This complicates a systematic comparison of fit ranges across the different ensembles. In
figure 33 we show the i, values for the nucleon and the cascade baryon for ensembles
where we have particularly good statistics. These are sorted in the order of a decreasing
lattice spacing. Within each lattice spacing group (distinguishable by the first numerical
digit of the ensemble id, see table 2), the squared pion mass M2 oc 3my decreases from left
to right for the nucleon, while the squared ng mass Mgs x 2mg + my, which is more relevant
for the = baryon, increases. Regarding the cascade, we omit ensembles with ms = my, since
in this case the two-point functions for the two baryons are the same. With our smearing
and statistics, tmin typically varies between 0.8 fm and 1fm for the nucleon and on average
it is somewhat larger for the = baryon.

E.3 Tables of the masses and to/a?

In table 17 we list for the mgs = my ensembles the pseudoscalar meson mass Mp = M, = Mg,
the AWI quark mass m, = My = ms, the octet baryon mass mo = my = mp = mx = mz
and the decuplet baryon mass mp = ma = my+ = m=+ = mq as well as the scale parameter
to, all in lattice units. In table 18 the pseudoscalar meson masses M, and My, the AWI
quark masses my and mg as well as the scale parameter ¢y are displayed for the ensembles
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trajectory id aMp amg amo amp to/a2

B = 3.34,a = 0.098 fm

A651  0.27507(87)  0.017314(93)  0.6715(44) 0.8033(63)  1.9200(47)

me = My A652  0.2140(10)  0.010782(97)  0.5842(41)  0.689(13)  2.1697(56)

A650  0.1835(13)  0.00803(10)  0.5469(54)  0.663(13)  2.2878(72)

M= Meymm  A653  0.21245(93)  0.010663(88)  0.5855(37) 0.7168(73)  2.1729(50)
B =3.4,a = 0.085fm

rqed019  0.26281(66)  0.018095(73)  0.6268(23)  0.7353(54)  2.4795(81)

ms=my  rqed021  0.14702(88)  0.005983(59)  0.4508(47)  0.566(12)  3.032(15)

rqed017  0.1022(15)  0.002793(89)  0.388(13)  0.514(20)  3.251(13)

. U103 0.18158(60)  0.008936(42) 0.5193(30)  0.638(10)  2.8815(57)

SYREUHI01  0.18286(57)  0.009197(39)  0.5074(18)  0.6178(71)  2.8545(81)
B =3.46,a = 0.075 fm

rqed029  0.27253(52)  0.021714(49)  0.6169(22) 0.7162(42)  2.976(11)

ms=m;  1qed030  0.12221(68)  0.004750(40)  0.3957(90)  0.466(22)  3.914(15)

X450  0.10144(62)  0.003300(28)  0.3764(61)  0.4902(68) 3.9935(92)

T = Meymm  B450  0.16103(49)  0.008118(33)  0.4582(24) 0.5619(47)  3.663(11)
B = 3.55,a = 0.064 fm

B250  0.23052(70)  0.018769(37)  0.5237(29) 0.6104(35)  4.312(18)

M = My X250  0.11321(39)  0.004899(21)  0.3597(51)  0.435(28)  5.283(28)

X251 0.08684(40)  0.002877(23)  0.3185(85)  0.382(42)  5.483(26)

H200  0.13653(53)  0.006865(23)  0.3968(30) 0.4792(67)  5.150(16)

T Mmoo No09 0.13389(35)  0.006856(15)  0.3799(18)  0.4637(61)  5.165(14)
B =3.7,a = 0.049 fm

ms = My N303  0.16153(30) 0.012570(12) 0.3742(21) 0.4391(40)  7.743(23)

T = Meymm N300  0.10647(38) 0.0055137(68) 0.3035(13) 0.3711(54)  8.576(21)
B =3.85,a=0.039 fm

ms = My N500  0.11862(67) 0.0084940(80) 0.2878(22) 0.3333(55) 12.912(72)

T = Meymm  JH00  0.08119(34) 0.0042100(37) 0.2313(26) 0.2834(35) 14.013(34)

Table 17. The pseudoscalar mass aMp, the AWI quark mass am,, the octet baryon mass amo
and the decuplet baryon mass amp as well as the scale parameter ty/a” in lattice units for the
ensembles with equal light and strange quark masses mg = my. The decuplet baryon will become
unstable in the infinite volume for the two entries indicated in underlined Italics.

not listed in table 17 (i.e. for mg # my). In table 19 the octet baryon masses my, my, my

and mgz are shown for the ensembles not already listed in table 17. In table 20 the decuplet

baryon masses ma, my«, mz=+ and mgq are collected for the ensembles with mg # my. We

regard two of the A and two of the ¥* entries as unreliable since the respective mass values

are larger than those of non-interacting pairs of a nucleon or a A and a pion in a P-wave for

these volumes. The corresponding entries are displayed in [talics. A much larger number of

decuplet baryon entries will become unstable at the given quark masses in an infinite volume.

We indicate these cases, where one would expect large volume effects, in underlined Italics.
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aﬁu

trajectory id aM, aMy ams to/a?
8 = 3.34,a = 0.098 fm
M= Meymm  A654  0.1673(11)  0.22719(91)  0.006501(83)  0.018108(90)  2.1950(77)
B8 =3.4,a =0.085fm
U102  0.15498(84)  0.19251(61)  0.006380(59)  0.013791(58)  2.8932(63)
H102a 0.15321(98)  0.19091(78)  0.006436(67)  0.013789(61)  2.8840(89)
H102b  0.15499(92)  0.19194(77)  0.006554(60)  0.013866(54)  2.8792(90)
U101 0.1184(24)  0.2005(13) 0.00362(11)  0.018393(95)  2.934(11)
_ H105  0.1215(13)  0.20234(64)  0.003976(68)  0.018714(58)  2.8917(65)
TP Memm o N101 0.12133(58)  0.20156(30)  0.003972(33)  0.018685(23)  2.8948(39)
S100  0.0929(31)  0.20551(57)  0.00229(11) 0.02117(10)  2.9212(91)
C101  0.09589(63)  0.20561(33)  0.002427(27)  0.021210(33)  2.9176(38)
D101 0.0958(11)  0.20572(45)  0.002500(35)  0.021280(33)  2.910(10)
D150  0.05500(79)  0.20834(17)  0.000799(20)  0.023643(24)  2.9476(30)
H107  0.15921(73)  0.23746(53)  0.006656(47)  0.023976(52)  2.7193(76)
ms =mspn  HI06  0.1182(20)  0.22472(67)  0.003799(62)  0.024031(68)  2.8227(68)
C102  0.09647(77)  0.21783(36)  0.002468(39)  0.023958(37)  2.8682(47)
B = 3.46,a = 0.075 fm
S400  0.13554(42)  0.17035(38)  0.005679(28)  0.012605(28)  3.6919(74)
T = Meymm  N401  0.10987(56)  0.17759(37)  0.003795(28)  0.016460(35)  3.6844(52)
D450  0.08256(41)  0.18354(12)  0.002077(18)  0.019429(19)  3.7076(75)
B451  0.16141(57)  0.22047(32)  0.007893(32)  0.022061(32)  3.4265(72)
SO B452  0.13492(47)  0.20973(34)  0.005525(30)  0.022001(26)  3.5286(66)
Mo T Merh N0 0.10067(31)  0.20176(18)  0.003659(18)  0.022044(19)  3.5920(42)
D451  0.08371(31)  0.19385(15)  0.002120(16)  0.021843(19)  3.6684(36)
B = 3.55,a = 0.064 fm
N203  0.11249(30)  0.14399(24)  0.004739(16)  0.011051(13)  5.1465(63)
$201  0.09453(47)  0.15228(37)  0.003135(19)  0.014142(17)  5.1638(91)
T = Meymm  N200  0.09244(29)  0.15061(24)  0.003156(12)  0.014146(12)  5.1600(71)
D200 0.06544(33)  0.15652(15)  0.0015521(84)  0.0172194(86)  5.1793(39)
E250  0.04228(23) 0.159370(61)  0.0006446(73)  0.0188850(74)  5.2027(41)
N204  0.11427(33)  0.17734(29)  0.004792(13)  0.018906(12)  4.9473(79)
ms =mspn  N201  0.09276(31)  0.17040(22)  0.003149(14)  0.018853(14)  5.0427(75)
D201 0.06476(42)  0.16302(18)  0.001551(15)  0.018872(15)  5.1378(66)
B =3.7,a=0.049 fm
N302  0.08716(41)  0.11373(36)  0.0037228(78)  0.0090864(78)  8.539(19)
= Meymm  J303  0.06488(19)  0.11975(16)  0.0020511(61) 0.0123411(47)  8.615(14)
E300  0.04403(20)  0.12397(15)  0.0009277(55) 0.0145418(80)  8.6241(74)
N305 0.10719(35)  0.14598(34)  0.0054860(88) 0.0152409(83)  8.181(19)
Mms = mspn N304 0.08855(33)  0.13961(31)  0.0037156(93) 0.0152961(80)  8.322(20)
J304  0.06545(18)  0.13181(14)  0.0020500(61) 0.0152663(44)  8.497(12)
B = 3.85,a = 0.039 fm
= Meymm  J501  0.06599(26)  0.08799(23)  0.0027380(36)  0.0071717(31)  13.928(39)

Table 18. The pion mass aM,, the kaon mass aMg, the light AWI quark mass amy, the strange
AWI quark mass amg and the scale parameter to/a? in lattice units for the ensembles with m # my.
Results for the other ensembles are shown in table 17.
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trajectory id ampy amp ams, amz
B =3.34,a = 0.098 fm

M = Msymm  A654  0.5423(65) 0.5711(48) 0.5850(40)  0.6070(30)
B =3.4,a =0.085fm
U102  0.4899(43) 0.5059(49) (41) (31)
H102a 0.4797(28) 0.4986(26) (26) (23)
H102b  0.4747(39) 0.4948(34) (32) (27)
U101 0.456(11) 0.4888(80) (64) (53)
H105  0.4397(66) (33) (22) (17)
N101 0.4412(38) (18) (18) (11)
S100  0.4219(91) oO. 4731(60) 0.5019(33)  0.5465(21)
) (17) (19) (11)
(66) (59) (42)
(40) (25) (14)
(36) (35) (28)
(44) (37) (33)
) (48) (33)

m= Msymm

C101  0.4237(35
D101 0.427(10)  0.4775(66
D150  0.4033(88)  0.4594(40

H107  0.4997(45)  0.5408(36
s =mspn  HI06  0.4594(54)  0.5053
Cc102 0. 4341(48) 0. 4927(58

$400 0.4261(22) 04441(17) (17) (14)
= Meymm  N401  0.3965(38)  0.4309(26) (25) (17)
D450  0.3653(50)  0.4252(21) (24) (13)
B451  0.4721(42) 0.5043(31) 0.5203(26)  0.5452(22)
( (39) (29) (20)
( (43) (48) (29)
( ) (28) (16)

B452  0.4403(52) 0.4764(39
N450  0.3985(68) 0.4471
D451  0.3694(49) 0.4335(27

Ms = Ms,ph

N203 0.3624(18) 0. 3782(15) 0.3863(15)  0.3980(13)
S201  0.3549(69) 0.3799(56) 0.3942(49)  0.4151(31)
M = Msymm  N200  0.3423(22) 0.3727(14) 0.3863(13)  0.4084(10)
D200  0.3156(17) 0.3605(13) 0.3816(14) 0.41547(84)
E250  0.3020(48) 0.3497(33) 0.3764(30)  0.4188(14)
N204  0.3721(24) 0.4056(19) 0.4201(21) 0.4469(16)
Ms=mspn  N201  0.3415(32) 0.3870(22) 0.4029(27)  0.4352(21)
D201  0.3200(50) 0.3709(36) 0.3875(48)  0.4243(22)
B8 =3.7,a =0.049 fm
N302  0.2862(19) 0.2992(16) 0.3065(16)  0.3161(14)
M= Msymm  J303  0.2583(16) 0.2862(11) 0.3012(12) 0.32079(82)
E300 0.2384(40) 0.2784(23) 0.2972(25)  0.3258(14)
N305  0.3092(18) 0.3325(16) 0.3414(17)  0.3595(14)
ms =mspn N304  0.2892(36) 0.3175(26) 0.3299(27)  0.3509(21)
J304 0.2674(22) 0.2996(17) 0.3169(17) 0.3395(13)

8 = 3.85,a = 0.039 fm
M= Meymm  J501  0.2165(17) 0.2304(15) 0.2351(17)  0.2442(14)

Table 19. The octet baryon masses amo, O € {N, A, ¥, Z}, in lattice units for the ensembles with
ms # my. Results for the other ensembles are shown in table 17.
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trajectory id ama ams* amg= amg
B =3.34,a = 0.098 fm
= Meymm  A654  0.6954(74)  0.7115(59)  0.7289(69)  0.7459(67)
B8 =3.4,a = 0.085fm
U102  0.6131(79) 0.6276(63)  0.6417(53)  0.6563(56)
H102a  0.588(11)  0.6092(52)  0.6258(40)  0.6417(32)
H102b  0.5866(69)  0.6046(52)  0.6220(41)  0.6388(34)
U101 0.586(13)  0.600(21)  0.633(11)  0.6734(82)
H105  0.576(13)  0.6033(89)  0.6360(79)  0.6689(69)
1= Maymm 01 0.577(14)  0.6028(80)  0.6359(46)  0.6681(31)
S100  0.567(11)  0.597(11)  0.6429(69) 0.6838(40)
C101  0.556(17)  0.6020(66) 0.6394(43)  0.6817(27)
D101 0.5833(91)  0.587(19)  0.634(12)  0.676(14)
D150  0.477(22)  0.578(13)  0.6402(51) 0.6892(38)
H107  0.637(10)  0.6712(54)  0.7055(41)  0.7378(40)
ms=mspn HI06  0.581(21)  0.613(12)  0.6662(68) 0.7066(53)
C102  0.5846(44) 0.606(10)  0.6579(65) 0.7078(47)
B8 =3.46,a = 0.075fm
S400  0.5473(56)  0.5539(69) 0.5635(51)  0.5759(40)
= Meymm  NAOL  0.5141(84) 0.5428(53) 0.5728(43)  0.5979(32)
D450 0.488(10)  0.5362(60) 0.5730(48) 0.6111(44)
B451  0.584(12)  0.6142(51) 0.6414(38)  0.6683(30)
SO B452  0.556(20)  0.5879(91)  0.6196(75)  0.6476(59)
e = Maph - \y50 0.508(12)  0.5600(94) 0.6059(61)  0.6417(41)
D451 0.5096(96) 0.5429(85) 0.5866(50) 0.6285(33)
B = 3.55,a = 0.064 fm
N203  0.4467(89) 0.4620(67) 0.4743(60)  0.4871(45)
S201  0.467(14)  0.467(14)  0.477(12)  0.5035(74)
T = Meymm  N200  0.426(13)  0.4575(69) 0.4845(39)  0.5083(24)
D200 0.4228(47) 0.4581(41) 0.4898(27) 0.5247(18)
E250  0.8374(19)  0.4503(83) 0.4906(49) 0.5287(29)
N204  0.470(10)  0.4996(55) 0.5271(42) 0.5519(34)
Ms =mspn N201  0.4441(81) 0.4763(68) 0.5109(48)  0.5451(33)
D201 0.433(11)  0.4575(81)  0.4948(62) 0.5308(55)
B8 =3.7,a = 0.049 fm
N302  0.368(11)  0.3754(72) 0.3846(44)  0.3943(32)
= Meymm  J303  0.3330(91) 0.3572(50) 0.3811(28)  0.4034(16)
E300  0.332(10) 0.3651(55) 0.3920(30) 0.4191(23)
N305  0.3901(42) 0.4085(33) 0.4258(28)  0.4426(24)
ms =mspn N304  0.3610(74)  0.3865(55)  0.4098(29)  0.4331(36)
J304  0.3445(71) 0.83704(44) 0.4010(31)  0.4257(26)
B =3.85,a = 0.039 fm
= Meymm  J501  0.2796(42) 0.2877(32) 0.2945(27)  0.3010(27)

Table 20. The decuplet baryon masses amp, D € {A, X
with mg # my. Results for the other ensembles are shown in table 17. Masses for decuplet baryons
that can strongly decay into pairs of octet baryons and pions in the finite volume are unreliable and
displayed in [talics. Additional entries for baryons that will become unstable in the infinite volume
are indicated in underlined Italics.
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F Statistical analysis

We detail our statistical methods, starting with an exposition on jackknife [209, 210]
and bootstrap [211, 212] resampling techniques that are used with respect to primary
(correlation functions), secondary (masses determined on individual ensembles) and tertiary
(extrapolated masses, LECs etc.) observables. In appendix F.2 we then explain how we
take into account autocorrelations in the Monte Carlo time series both for the variances of
observables and for the reduced correlation matrices between observables by means of a
binning and extrapolation procedure. This is illustrated for some examples in appendix F.3.
Finally, in appendix F.4 we detail how we take into account the errors of the arguments of
our fit functions as well as correlations between the fitted masses and the arguments, also
incorporating prior information on tg/a? and the = baryon mass into the fits to secondary
data. We also employ a model averaging procedure which is explained in section 6.4 of the
main text.

F.1 Resampling: jackknife and bootstrap analysis

We assume that a particular ensemble contains N gauge configurations and that I different
observables A%, i =1,..., I are computed on these configurations, with the set of results
given as {A%, A% ... A4}, These could, e.g., be correlation functions Cp(t) for a hadron
H at a time ¢, where H and t are encoded as the superscript ¢. For these observables we
define ensemble averages

1 X
:NZ%A;. (F.1)

We can then move on to compute secondary observables (also known as derived observables),
e.g., hadron masses, from these ensemble averages:

fr = [{(AD}) = fe((A)), (F.2)

where the dependence on the arguments could be non-parametric, e.g., the result of a
least squares fit. Above, we introduced the short-hand notation (A) = {{A?)}. Within the
remainder of this subsection we will omit the superscripts 7 but keep in mind that in general
the secondary observables fi will depend on several primary observables A.

In addition to the original sample {A1,..., Ay} we can also introduce a single elimina-
tion jackknife sample {Ag‘]), e ,Ag\{)}, where
0 _ 1 ,
Ay = m(N(A) —Aj). (F.3)

In this case the number of jackknifes equals the number of configurations: J = N. Note
that

1K)
N A=
J:

however, for secondary quantities in general

Z k.j #fk A)), where f/i‘,]]) :fk(Agj)).
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It can easily be checked that the single elimination jackknife error of A is identical to its
standard deviation, where for the moment being we neglect autocorrelations:
N_1X J 9 1 N
AA?2 =2 N (AY) ) = — =N (A4, — (A2 F.4
¥ Z( WD) = v =gy 2 A= () (F.4)

n

For secondary quantities no error propagation is needed but the jackknife error

2 N-1 2
(80) = S () - A7) w5
or the covariance matrix
o _ N1 (J6) — 1Y (45— ) (F6)
ke N _ k,j k l,5 l ’ .

J

where C’li‘,? = (A(J ) fk)Q, can be computed directly.

Instead of single elimination jackknife, one can “block” the N original measurements
into J < N bins, averaging over S = | N/J| € N subsequent configurations and construct
jackknifes out of these J bins. This will reduce — or if S > 7 (where iy is the largest
integrated autocorrelation time of the fi) effectively remove — autocorrelations. It turns
out that due to the reduced variance between jackknife samples, the jackknife is a more
stable procedure than the bootstrap explained below. Therefore, at the initial stage of the
analysis, different bin sizes are realized, and the jackknife errors of the f are computed
as a function of the bin size. These are then extrapolated to infinite bin size (as will be
detailed in appendix F.2 below), giving the scale factors

_ AUIRIS]
Sk = Sh_?;o T)fk ~ 27’k,int7 (F7)

where A(/) fx[S] is the jackknife error on fj, obtained for the bin size S, and 7y iyt is the
integrated autocorrelation time of fy.

We wish to combine information from different ensembles with different numbers of
configurations to perform various extrapolations and interpolations. The binning approach
would require a bin size S that is larger than twice the maximal integrated autocorrelation
time that we encounter for any of our observables. In addition, a fixed dimension of the
resampled data across ensembles is preferable. Our strategy to achieve this is to resample
all data into a bootstrap ensemble of a fixed dimension B = 500 but to rescale the resulting
distributions of f; by the scale factors s; introduced above. For correlated fits, in addition
the extrapolated covariance matrices eq. (F.6) are needed, see appendix F.2.

The bootstrap sets are generated, randomly dialling b, € {1,..., N} for each b =
1,...,B. The bootstrap sample b then contains {A;,, Ap,, -, Ap, }. We do not require the
whole sample but only the corresponding bootstrap averages

1 N
Al()B) = N Z Abn? (F8)
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which can be generated directly from the original data with a well-defined random number
sequence. This sequence is stored so that additional observables can be added when they
are computed at a later time.

As discussed above, prior to any analysis we rescale the bootstrap distributions of f
by the scale factor sg:

1 = fit s (A7) = ] (F.9)

We then define the bootstrap average of f;, as
B _ 1<~ 3
fi = Esz,b : (F.10)
b

In the limit N — oo and for sufficiently large B: f,gB) — f&, up to 1/N corrections. There
is a bias between the true (but unknown) result f; and the estimate f;, obtained using a
finite sample size: by, = f — f;. Assuming that a similar skew exists between the average
of the resampled distribution f,EB) and the original ensemble average, one obtains [212]

by ~ f,gB) — fr. Subtracting this bias gives the so-called “unbiased estimate”:

fim2f— 1P (F.11)

We have decided to quote as our central values either the original ensemble averages fj or
the (statistically more robust) median of the bootstrap histogram, since the bias can only
amount to a fraction of the statistical error.

In the absence of autocorrelations, one can determine the covariance matrix from the
bootstrap ensemble instead of the jackknife sample. However, the results for the off-diagonal
matrix elements would be incorrect if obtained from the rescaled bootstrap ensemble.
Therefore, we also keep the binned jackknife samples, from which the relevant covariance
matrix elements can be reconstructed if needed, extrapolating the definition (F.6) to infinite
bin size, as will be detailed below.

The above errors and the covariance matrix (which will assume a block-diagonal form
when data from different ensembles are combined) are needed for subsequent fits to the
secondary fi data. However, it is also possible to quote an (in general asymmetric) error
range, by sorting the bootstrap results and discarding the upper and lower 16% of the
distribution, resulting in upper and lower 68% confidence limits (+10 error band).?> We
monitor the differences b, between f,gB) and fi as well as the deviation of the width of
the confidence band from 2A f,gB), as a measure of the non-Gaussianity of the resampled
distribution.

The analysis described above factorizes into two stages. The output of the first stage is
the ensemble average fi, the resampled (and rescaled, see eq. (F.9)) bootstrap distribution
{ f]g'z), b=1,...B} and jackknife ensembles for different bin sizes. From this the errors and
covariance matrix can be reconstructed and further fits carried out. In principle, one could
compute sub-bootstraps on the individual bootstrap ensembles, aiming at constructing

22Note that if the unbiased estimate f; rather than the ensemble average f is quoted, the 68% confidence
range should be shifted accordingly.
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separate covariance matrices for each bootstrap. These will be subject to larger statistical
fluctuations, potentially resulting in non-positive or unusually small eigenvalues on some of
the samples. Instead, we implement the more robust frozen covariance matrix approach,
employing one and the same matrix on all the bootstraps in the subsequent fits to the
secondary data. This approximation is justified by the fact that differences between the
two methods should be of order 1/N in the sample size N.

F.2 Binning and autocorrelation times

We consider the autocorrelation function of the covariance matrix element between two
primary observables A and B, i.e. in the notation of the previous subsection 4 = A! and
B = A2

Nt
Cap(t N1 > (Ariy — (A) (By, — (B)),
to=1
Tpa(—t) = Tag(t) for >0, (F.12)

where t € Z, |t| < N and the Monte Carlo time series is defined by {4,,B,},n=1,...,N.
(A) is the ensemble average defined in eq. (F.1). Above, we assume phase conventions such
that (A4), (B) € R and we have taken into account that the length of the time series available
for a given value of t is N —t. Note that B = A is included as a special case. The discussion
for the primary observables below can easily be generalized to secondary observables. We
remark that estimates of the errors of (normalized) autocorrelation functions (which are
errors of errors), including the case of secondary observables, can, e.g., be obtained following
the procedure detailed in appendix C of ref. [213], see also refs. [214, 215].

Next we define the normalized autocorrelation function,?
Lap(t) 1/
t) = = ca ke e Wk F.13
paB(t) SMOINTIO) Ek: AKCBk (F.13)

where 7, is the autocorrelation time of the mode k of the system and the largest exponential
autocorrelation time is defined as Texp, = maxg{7;}. The coefficients c4 and cpy that
describe the couplings of the observables A and B to the mode k are normalized: ), ci}k =
Ckchi =1

Extending the autocorrelation function to infinite times, the integrated autocorrelation
time is defined as

1 [ © 1
TAB,int = 5/ dt pap(t) = /0 dt 3 [paB(t) + ppa(t)]

[e§)
= Z CA,kCB,k/ dt eft/Tk = Z CAKCBkTE - (F.14)
k 0 k

23 This equation is justified by the fact that the HMC algorithm is ultra-local in the Monte Carlo time, i.e.
only the configuration at the time ¢ is used to obtain the ¢ + 1 result. Note that our convention differs for
A # B from pap(t) =T ap(t)/T ap(0), which is sometimes found in the literature.
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It corresponds to the weighted average of autocorrelation times of modes contributing
both to A and B. We remark that for A # B in principle 74p in; can be negative. The
Cauchy-Schwarz inequality implies that

2
TAB,int < TA,intTB,int, (F.15)

where T4 int = TaA,int is the integrated autocorrelation time of the observable A, needed to
compute the scale factor s4 ~ 274 in; of egs. (F.7) and (F.9).
The variance of A can be obtained from I"44(t):

V&I‘(A) = /_OothAA(t) = <(A — <A>)2> /_OodtpAA<t>
= (27am) (N — 1)o?[1], (F.16)

where the argument “[1]” denotes the bin size S =1 (no binning) and

P01 = - (A= (4)*) = Caall (F.17)

is the naive squared standard deviation, ignoring autocorrelation effects. In appendix F.1
we referred to it as AAZ.

It is well known that autocorrelation times can also be estimated employing a binning
procedure: we define J bins of length S = | N/J| with 1 < S < N and we will only average
over the first N = JS measurements. We define §4,, = A, — (4) and compute the standard
deviation on the binned ensemble:

1 J—1 1 S
oAlS] = JT-D > (5 > 5Aj5+s>

2

7=0 s=1
Iy (N—1oif], S [*
- m Z Z 0Ajs+s0Aj54t ~ S(N’—S)2/od8 /dtPAA(t— s)
=0 s,t=1 s
AN - DA e B o
=T wog |- g (i-e 9]
(N -1 s o

In the approximate step?* we replaced the autocorrelation function I' 4 4 (¢) by the normalized
autocorrelation function pa(t) times (N — 1)0%[1], whereas in the second last step we
employed eq. (F.13). Using N — 1~ N’ — S gives the leading order expectation

a4lS]
o4l1]

~ 274 int (1 - Cg) , (F.19)

where c4 = >, 0124,le§ /Tint > 0. Therefore, up to 1/S corrections in the bin length, the
ratio of binned over unbinned squared standard deviations approaches twice the integrated

24This approximation is valid for S,7, > 1. The most general case can be obtained by employing
incomplete geometric sums: ZtS:s+1 eV = (e — eIy (T — 1) m (e — 75T,
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autocorrelation time. This suggests, in a first step, to compute this ratio in a self-consistent
way, e.g., at So & 27y and then to estimate the remaining ratio 0[oc]/0%[So] via a fit to
the data obtained with bin sizes S > Sy We remark that for 7 = 7, = 7t one can write:

~ 21 [1 - % (1- 6—5/7)] . (F.20)

Taking into account the exponential corrections to eq. (F.19), we obtain

2
a4 [9] cA 1 2 —8/r
R 2TA e |1 — = + g CAETE) € k1 F.21
o3 [1] m l S STam 4 (ca4m) (-21)
which suggests the three-parameter fit
2
OA[S] ( ca | da —S/7a >
~2TAmt | 1 — —= + —= Ayint F.22
U%[H TA,int S + g € ) ( )

where c4 > d4 > 0. The rationale for this parametrization is that on the one hand large
values of 74 iyt imply large couplings to slow modes, in which case one may be unable to
resolve the exponential correction to the coefficient of the leading 1/S decay. In this case
eq. (F.19) should be adequate, unless of course only one mode dominates, see eq. (F.20).
If, however, 74 in; is dominated by the faster modes then effectively replacing the smaller
Ti-values by 74 ¢ in eq. (F.22), thereby reducing the number of fit parameters, should be
a sensible approximation.

The above equations also hold for jackknifed primary data and therefore, within the
jackknife approach, generalize identically to secondary observables such as hadron masses.
Therefore, this method can directly be used to determine the corresponding integrated
autocorrelation times from binned jackknife estimates. We remark that the I'-method of
ref. [214] has the advantage of exponential as opposed to power-law corrections. However,
binning provides smaller errors at a given value of S and is more robust in the case of
limited statistics. For a recent discussion of the I'-method and its application to secondary
observables, see ref. [215]. As pointed out above, the generalization to secondary observables
is trivial.

Assuming a normal distribution of independent measurements, i.e. S 2 27, the error
on 02[S], that is needed to fit the 1/S tail, can be estimated as [216]

A (318]) = 2({721)03[5}, (F.23)

where J = N'/S ~ J — 1 is the number of bins.
The same binning can be performed for off-diagonal elements of the covariance matrix.
We define unbinned covariance matrix elements Cap[l], see eq. (F.6) for the jackknife
definition of the covariance matrix, where A and B can also be secondary data. For
observables that are simple ensemble averages the relation Cap[l] =Tap(t =0)/(N —1) =
paB(0)oa[l]op[l] holds. The autocorrelation time-corrected covariance matrix is given as
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Figure 34. Bin size extrapolation of the variance of ty/a? according to the one-parameter fit
eq. (F.20) for the ensembles A653 (left), D200 (centre) and J501 (right). The bin size S is in units of
4 MDU. The error bands indicate the extrapolated values. Note that the central plot has a different
scale on the y-axis than the other two panels. The respective simulation parameters can be found in
tables 1, 2 and 21 (for D200 in table 2 of ref. [78]). An overview in terms of the pion masses and
lattice spacings is also provided in the middle panel of figure 1.

Cap[oc], where C4p[S] denotes the covariance matrix, computed for the bin size S. The
resulting expression reads:

C
CaB[S] = 27aB o a[1]oB[1] <1 — % + z:cA_kCBJf Tk ;ke_S/T’“> , (F.24)
& TAB,int

where, for A # B, cap is not necessarily semi-positive and 74p in, may be negative.
Naively reconstructing the autocorrelation time-corrected covariance matrix from the
rescaled bootstrap data eq. (F.9) would amount to assuming 74p int > 0 and 7-31 BinCa B[l] =
TAintTB,int0 A[1]o [1], which in general does not hold. Therefore, to facilitate correlated fits
to secondary data, in addition to the diagonal integrated autocorrelation times, giving us
the rescaling factors, we need to estimate the off-diagonal elements of C[o0], using eq. (F.24).
Combining the inequality (F.15) with C35[1] < 04[1]o%[1] is consistent with the necessary
condition C3 z[oc] < 0% [o0]o[00], which we take as an upper limit for our extrapolation.
In the end we store the normalized covariance matrices Cj; = Cji[o0]/(0y,[00]ay,[00]) for
the secondary data {f;}. Since we also keep the binned jackknife distributions, this matrix

can be enlarged to incorporate further observables at a later stage.

F.3 Examples of infinite bin size extrapolations

We show some examples for the extrapolation discussed above of statistical errors to infinite
bin sizes, starting with to/a?. In the case of this observable our data, including the smallest
bin size S = 1, are well-described by the one-parameter fit eq. (F.20), indicating that this
quantity basically only couples to one — possibly the slowest — mode of the system. In
figure 34 we show the extrapolation for three representative examples: A653, at the coarsest
lattice spacing (5 = 3.34, a ~ 0.098 fm) and a large pion mass M, ~ 429 MeV, D200, a finer
lattice (8 = 3.55, a ~ 0.064 fm) at a small pion mass M, ~ 202 MeV and J501, at the finest
lattice spacing (8 = 3.85, a =~ 0.039 fm) at an intermediate pion mass M, ~ 336 MeV. A653
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Figure 35. Bin size extrapolation of the variance of the pion mass M, according to the three-
parameter fit eq. (F.22) for the ensembles N200 (left, M, ~ 280 MeV) and D200 (right, M, ~
200 MeV), both at a ~ 0.064 fm. Successive measurements are separated by 4 MDUs and the fit
starts at thrice the integrated autocorrelation time. The red error band indicates the fit range and
the extrapolated value.

has periodic boundary conditions in time while the other two ensembles have open boundary
conditions. Note that the data for different bin sizes are highly correlated. Therefore, the
uncorrelated x? /Npp-values are all much smaller than one.

The integrated autocorrelation times (which in this case seem to coincide with the
exponential autocorrelation times) in units of four MDUs can be read off the figures by
dividing the extrapolated results (error bands) by a factor of two. The general trend for
the autocorrelation times is to increase with § towards smaller lattice spacings, with the
exception of § = 3.34, which, being about the coarsest lattice spacing that we can simulate
with our action, also suffers from large autocorrelations. Some time series are depicted
in figure 6. We list the extracted autocorrelation times for ¢ty and their errors in the last
column of table 1 in section 2. In some cases our statistics are insufficient for a reliable
estimation of the error of the autocorrelation time (indicated in Italics). Note that the
ensembles that are labelled as “rqecdOmn” have been generated using BQCD [85] instead of
OPENQCD [89].

The hadron masses couple to more than just one mode and cannot be described in
terms of eq. (F.20). However, the data are in agreement with two- and three-parameter fits
according to egs. (F.19) and (F.22), starting from some minimum bin size. We find that
the results from these parametrization usually agree, however, the three-parameter fits turn
out to be more stable. Therefore, we extrapolate the error according to eq. (F.22), where
we self-consistently start the fit range at a bin size that is larger than thrice the extracted
integrated autocorrelation time. As a general pattern, we find larger autocorrelation times
for hadrons that contain strange quarks and also the autocorrelation times for pseudoscalar
mesons are larger than those for baryons. In all the cases the integrated autocorrelation
times turn out to be much smaller than for to/a.

In figures 3540 we illustrate the extrapolations for the examples of N200 (M, ~
280 MeV) and D200 (M, =~ 200 MeV), both at a ~ 0.064 fm, with successive measurements
separated by 4 MDUs. Regarding the AWI quark masses (figures 39 and 40) the data show
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Figure 36. The same as figure 35 for the kaon mass M.
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Figure 37. The same as figure 35 for the nucleon my.
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a preference for the two-parameter fits (F.19), which we carry out using the S 2 47,¢ data.

Figure 38. The same as figure 35 for the cascade mass mz=.

Finally, in figures 41 and 42 we extrapolate the covariance matrix elements between the pion

and the kaon masses and between the light and strange quark AWI masses, respectively.

The starting bin size of the fit always corresponds to the maximum of the starting bin sizes

for the corresponding fits to the two corresponding diagonal elements. In the first case
the data are well described by the three-parameter fit (F.22), while for the AWI masses

we employ the two-parameter fit (F.19). In some cases (not shown) we also encountered

- 107 -



5]/, 1]

2
my

N200

S T’FLL, XQ/NDF =0.31

2.5 —_—
—
. e
2.0 2
)
15 ~iE
X b

1.01* . . . .

0 5 10 15 20 25
bin size S

D200

_ ﬁu, )(Q/NDF 20.18

2.5

] | | |’|‘
2.0
1.5

¥
¥
1.01* ] ] ] ]
0 5 10 15 20 25
bin size S

Figure 39. The same as figure 35 for the light AWI quark mass m,. However, the two-parameter
fit (F.19) was employed, starting at four times the integrated autocorrelation time.
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Figure 40. The same as figure 39 for the strange AWI quark mass.
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Figure 41. Bin size extrapolation of the covariance of the pion mass M, with the kaon mass Mg
according to the three-parameter fit eq. (F.22) for the ensembles N200 (left, M, =~ 280 MeV) and
D200 (right, M, ~ 200MeV), both at a ~ 0.064 fm. Successive measurements are separated by
4 MDUs.
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Figure 42. The same as figure 41 for the strange AWI quark mass ms. However, the two-parameter
fit (F.19) was employed.

covariances that became smaller or changed sign when the bin size was increased, which is
to be expected. These were then parameterized according to eq. (F.24).

F.4 Least squares fits with errors on the arguments and priors

We wish to fit expectation values y., e.g., a baryon masses determined on an ensemble
e, e € {1,...,n.}, to a parametrization f(z.;{a‘}), where z. could be the expectation
value of the pion mass on ensemble e. The function depends on a set of parameters {a’},
¢ e{l,...,np}. The baryon mass has an error Ay, the pion mass an error Az, and, for
the moment being, we neglect correlations between the two. The result can be obtained
using Orear’s “effective variance method” [217, 218] by minimizing the functional

2
gy s e T ()]
x"{a’}] ;Ayg+[df($e;{a£})/dxe Awe]Q

(F.25)

with respect to the parameters {aé}. This is easily generalizable to simultaneous fits to
several baryon masses, which may also depend on more than one parameter, e.g., on the
pion as well as on the kaon mass. Correlations can easily be taken into account too.
The drawback of this method is that derivatives of the function(s) with respect to the
argument(s) have to be computed for each update of a parameter value a’ and, in the case
of correlated fits, the resulting new covariance matrix needs to be inverted each time.
While the x-errors affect the weights within the Orear x2-functional, it is the y-
difference that is minimized. It appears more natural to minimize the shortest (weighted)
distance between the curve and a data point instead. We remark that within the Gaussian
approximation both views are equivalent. A more efficient and stable class of algorithms
that are based on the latter minimization strategy was suggested in ref. [219]. Here we
describe a related approach, which we employ in our study, in a form that is as general as
needed within the present analysis. This method places the expectation value(s) that appear
as argument(s) of the fit function(s) on an equal footing with the expectation value(s) that
are to be approximated by the fit function(s). The y2-functional is then constructed such
as to minimize the ¢2-distance between the fitted parametrization and the data, where the
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distance is defined through a scalar product involving the inverse covariance matrix. We
remark that the uncorrelated case of this generalized least squares method is actually the
starting point of Orear’s derivation [218] of his effective variance method.

We define expectation values z%, e.g., the mass of the baryon i, i € {1,...,n} on
ensemble e.?’> These are parameterized in terms of functions

ffa'}) = it el {a')) (F.26)

that depend on a set of parameters {af } as well as on the arguments 27, j € {n+1,..., N},
e.g., the pion and the kaon mass on ensemble e. So the first n elements of x. are functlons
of the subsequent N — n elements. We define the N x N covariance matrix C. on ensemble
e whose elements Céi/ are computed according to eq. (F.6) (and extrapolated to infinite bin
size, e.g., via eq. (F.24)). There exist no correlations between different ensembles.

Instead of minimizing the differences |z° — f.'({a’})| using, e.g., the Orear effective
variance method outlined above, we define a parametrization Pk ke {l,. —n}, both
of the functions f.° and of the original arguments xl, 7 >n. The functlonal forms in terms
of the pf are defined as follows:

fei({aé}) — {fi(pé,”"pé\/—n;{aé}) ) 1<n ' (F27)

po " ,n<i<N

Then the differences §f.° =
functional

2t — f.'({a’}), i € {1,...,N}, are minimized via the x*-

Clla =3 S o5 (A (F.28)
e=1ii=1

with respect to {a‘} and {p¥}. Note that the f.’ for i < n contain products of the p* and o
parameters. Therefore, this is not a linear fit. However, the ne(/N —n) additional parameters
are not overly problematic in terms of the fit stability or the algorithmic efﬁciency since
these directions alone have a well defined minimum at the start values p* = z7*+*. (For
i >n: 6f.t =t —pi™.) The additional multipliers do not alter the number of degrees
of freedom Npr = n.n — n,. We remark that in our case, for the ensembles along the
symmetric line where Mg = M, and all octet (or decuplet) baryons collapse to one mass
value, the sums over 7 and ¢ only run up to two. Therefore, the number of degrees of
freedom is Npp = (ne — Ngymm )N + Ngymm — Np, Where n, is the total number of ensembles,
Nsymm 1S the number of ensembles along symmetric lines, n is the number of different
baryons included in the fit and n,, is the number of fit parameters. In the case of joint octet
and decuplet fits the second ngymm in the above formula has to be multiplied by two.

We rescale all dimensionful data and fit parameters into units of to/a?, set the lattice
spacing using tj/a? separately for each S-value and use mz=/GeV to set the overall scale.
We incorporate these additional measurements and information as “priors” into our fits.
We are not able to resolve any correlations between to/a? and our masses. This is not

ZThese z¢ correspond to the expectation values of secondary observables fi for an ensemble e, as
introduced in section F.1.
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surprising, given the fact that ¢o/a? has a much larger autocorrelation time, coupling to very
different modes. Therefore, we may treat ty/a? as independent measurements. For each of
the priors ¢* we add a term (¥ — ¢*)2/(Ag¥)? to the y?-functional. The central values ¢*
are drawn on a bootstrap by bootstrap basis according to a Gaussian pseudo-bootstrap
distribution with variance Ag¥, while the r* are additional fit parameters that modify the
fit functions f.'. Since the number of additional parameters equals the number of additional
measurements/priors, this procedure leaves the number of degrees of freedom invariant.
After the minimization one may compare the bootstrap histograms for the rf and the
priors ¢F. In our case these turn out to be fairly similar which means that the additional
knowledge of the hadron masses has little impact on the favoured values for to/a? or t/a?.

G HMC simulation parameters and reweighting towards the target
action

The CLS simulations are carried out with an action that differs from the target action in
terms of the rational approximation made for the Ny = 1 strange quark contribution and
a twisted mass term that is introduced to stabilize the Ny = 2 light fermion part of the
simulation. The difference is corrected for by reweighting the observables. For details see
ref. [78]. We list the simulation parameters for some of the ensembles in appendix G and
explain aspects of the computation of the reweighting factors in appendix G.2.

G.1 Technical HMC parameters

In table 21 we list the technical parameters for some of the recently performed simulations.
This table is a continuation of table 2 of ref. [78]. For details on the simulation of ensemble
E250 we refer to ref. [169]. The table includes the value of the twisted mass parameter agyg
used to stabilize the two flavour part of the simulation. The generated configurations are
reweighted accordingly when expectation values of observables are computed. The table also
includes the intermediate twisted mass values apu; (i > 0) employed in the corresponding
factorization of the fermion determinant. Ny¢o denotes the number of (lightest) pseudo-
fermion flavours that are integrated on the coarsest timescale in the multi-scale integration
scheme. The rational approximation of the one flavour part of the fermionic action utilizes
N, poles in the range [rq, 7). NI’7 of these poles are represented as single pseudo-fermions
in the simulation of which IV}, » are integrated on the coarsest timescale, using N2 steps
(at this timescale). Also the effect of the rational approximation is corrected for by a
reweighting factor during the measurement. The trajectory length is set to two molecular
dynamics units (MDUs). These notational conventions are the same as those used in ref. [78]
(in particular, in table 2). The ensembles named “rqcdOmn” (with anti-periodic fermionic
and periodic gluon field boundary conditions in time) are not part of the CLS project as
these have been generated using the BQCD code [85] on the (now decommissioned) QPACE
computer.
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ensemble id ajig aj; Nmea2 Np [Tas 7] N, Np2 Ns2 Nup  (Pacc)
A651r000 0.0 (0.0005,0.005,0.05,0.5) 1 11 [0.01,6.5] 5 2 7 4152 0.94
A651r001 0.0 (0.0005,0.005,0.05,0.5) 1 11 [0.01,6.5] 5 2 7 16252  0.94
A652r000 0.0 (0.0005,0.005,0.05,0.5) 1 11 [0.01,6.5] 5 2 6 3988 0.87
A652r001 0.0 (0.0005,0.005,0.05,0.5) 1 11 [0.01,6.5] 5 2 6 15992  0.85
A650r000 0.0 (0.0005,0.005,0.05,0.5) 1 12 [0.005,6.5] 5 2 7 2520 0.94
A650r001 0.0 (0.0005,0.005,0.05,0.5) 1 12 [0.005,6.5] 5 2 7 17728  0.94
A653r000 0.0 (0.0005,0.005,0.05,0.5) 1 11 [0.01,6.5] 5 2 7 20200  0.92
A654r000 0.001 (0.005,0.05,0.5) 1 11 [0.01,6.5] 5 2 7 20722  0.95
D150r000 0.003 (0.00045,0.0006, 3 16  [0.001,7.8] 9 3 20 1616 0.80

0.0055,0.06,0.7)
D150r001 0.003 (0.00045,0.0006, 3 16 [0.001,7.8] 9 3 20 796 0.77
0.0055,0.06,0.7)
X450r001  0.00065 (0.005,0.05,0.5) 1 15 [0.001,7.2] 8 3 8 1604 0.95
B450r000 0.001 (0.005,0.05,0.5) 1 13 [0.002,7.5] 7 4 7 6448 0.95
S400r000 0.00065 (0.005,0.05,0.5) 1 12 [0.01,7.3] 6 3 7 3488 0.92
S400r001 0.00065 (0.005,0.05,0.5) 1 12 [0.01,7.3] 6 3 7 8004 0.93
N401r000  0.00065 (0.005,0.05,0.5) 1 14 [0.002,7.5] 6 3 8 4400 0.87
B451r000 0.001 (0.005,0.05,0.5) 1 13 [0.002,7,5] 7 4 7 8032 0.97
B452r000 0.001 (0.005,0.05,0.5) 1 13 [0.002,7,5] 7 4 7 7776 0.98
N450r000  0.00065 (0.005,0.05,0.5) 1 14 [0.002,7.5] 6 3 8 3232 0.91
N450r001  0.00065 (0.005,0.05,0.5) 1 14 [0.002,7.5] 6 3 8 1548 0.87
D451r000 0.0003  (0.0007,0.007,0.07,0.5) 1 13 [0.006,7.8] 6 5 12 4112 0.87
N305r000 0.001 (0.005,0.05,0.5) 1 13 [0.008,7.0] 6 3 6 4004 0.95
N305r001 0.001 (0.005,0.05,0.5) 1 13 [0.008,7.0] [§ 3 6 4000 0.95
N304r000 0.001 (0.005,0.05,0.5) 1 13 [0.008,7.0] 6 3 6 3896 0.95
N304r001 0.001 (0.005,0.05,0.5) 1 13 [0.008,7.0] 6 3 6 3008 0.94
J304r000 0.00075 (0.002625,0.009187, 1 13 [0.008,7.0] 7 3 6 3320 0.90
0.032156,0.112547,0.5)
J304r001 0.00075 (0.002625,0.009187, 1 13 [0.008,7.0] 7 3 6 3216 0.90
0.032156,0.112547,0.5)

N500r000 0.0005 (0.01,0.05,0.5) 1 13 [0.0038,7.0] 6 3 6 3912 0.97
J500r004 0.0005 (0.01,0.05,0.5) 1 13 [0.0038,7.0] 6 3 6 6312 0.94
J500r005 0.0005 (0.01,0.05,0.5) 1 13 [0.0038,7.0] 6 3 6 2020 0.94
J501r001 0.0005 (0.01,0.05,0.5) 1 13 [0.0038,7.0] 6 3 6 6540 0.93
J501r002 0.0005 (0.01,0.05,0.5) 1 13 [0.0038,7.0] 6 3 6 1588 0.94

*300 MDUs at the beginning were excluded since the run was insufficiently thermalized.

Table 21. Simulation parameters for selected ensembles, which (to the best of our knowledge) have
not been reported elsewhere. The ensemble id consists of the id used for the ensemble plus a suffix
(r000, ...) to distinguish different replica runs. apo and ap; are the final and intermediate masses
used in the twisted mass reweighting and factorization, respectively, where Np¢2 of the lightest

twisted mass values are integrated on the coarsest time scale. NV, is the number of poles in the range

[ra,Ts], used for the rational approximation for the single quark flavour. ng poles are represented as
single pseudo-fermions of which N, » are integrated on the coarsest time scale using Nj 2 steps at
this level in the MD integrator. Nyp is the number of MDUs produced for this replica and (Paec) is
the average acceptance rate.
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G.2 Reweighting

We define the difference between the target action and the simulated action on a given
configuration ¢ as s;. The strange quark reweighting factor usually does not vary significantly.
However, there is an issue regarding the strange quark reweighting which is addressed in
ref. [220] and has been taken into account in the results presented in this article too. Here
we restrict the discussion to the factor that is associated with the twisted mass reweighting,
which can fluctuate considerably, in particular, at coarse lattice spacings and light quark
masses. By definition s; > 0 for this latter contribution. The weight factors w; = exp(—s;)
are stochastically estimated for each configuration. We remark that it is also possible to
estimate w; in a multi-step procedure. The discussion below trivially generalizes to this case.

Once the reweighting factors are known, expectation values of an observable A are
given as

(A = Ziiddi, (G.1)
> Wi
In the special case w; = w this corresponds to the usual ensemble average. It is straightfor-
ward to incorporate the reweighting into the construction of the jackknife and bootstrap
ensembles discussed above.

The potential problem that we face is that the inclusion of some configurations with
small but imprecisely determined weights can significantly affect ensemble average. While
this is more frequently observed for three-point functions than for two-point functions, we
shall also address this issue here. One (expected) observation is that the statistical error
ow, of the estimate w; is much bigger for small reweighting factors than it is for those
that are close to unity. In some of these cases the error on the reweighting factor even
exceeds its estimated value. Our strategy is two-fold. First, we introduce a more robust
estimate. Then, rather than keeping the number of estimates fixed, we increase it on a
given configuration ¢ until we would expect o,,, < 0.01. This is achieved by extrapolating
the squared error afui for large n; linearly in the inverse number of estimates 1/n;, where
n; < Nmax With npax fixed. In the cases where these target values are larger than np.y,
additional estimates are generated. In view of avoiding a bias, it is important that the
targeted number of estimates is predicted beforehand, based on existing measurements,
rather than continuing until the error has reached a certain threshold.

In the usual definition, w (where we drop the index 7) is estimated on each configuration:

S el (G.2)
J

S|

w= (e °) = /d,u(s) e ¥

where s(j) is the jth estimate of s. dju(s) denotes the measure associated with the probability
distribution of the random variable s. We define the probability density ps(s): du(s) =
ps(s)ds, [dsps(s) = 1. One can easily change the random variable. The substitution
s = f(t) implies that ps(s) = pe(t)/|f (1), i.e. du(s) = |f'(t)|du(t). Ideally, p,(w) with
s = — Inw would be a Gaussian of width Aw. This would guarantee uniform convergence of
the average, with an error o, = Aw/+/n — 1. Clearly, this is not the case for our distribution

- 113 -



B=34 B=37

id MMV N-NP o ops/ps? g/l i Mg /MeV No NP ops/py /il
U103 420 128243 0.142(7) 2.629(5) | N300 425 128-48% 0.071(9)  2.769(31)
H101 423 96-323  0.163(10)  2.574(26)

U102 357 128-243 0.120(18)  2.619(18) | N302 348 128-48% 0.071(9) 2.731(16)
H102a 359 96-323  0.132(18)  2.524(52)

U101 271 128-243 0.032(14)  2.669(12) | J303 259 192-64% 0.119(17) 2.777(26)
H105 281 96-32%  0.094(17)  2.665(24)

N101 281 128 -48% 0.201(12)  2.757(15)

S100 214 128-32% 0.018(16)  2.578(23)

c101 222 96 -48%  0.109(7) 2.684(15)

D101 222 128-64% 0.162(10)  2.683(15)

D150 127 128643 —0.078(21) 2.701(35)

Table 22. Skewness, ,ug/ug/Q, and kurtosis, ps/u3, of the distribution of the logarithm of the
estimates used to compute the reweighting factors, ¢t = In s at two different values of the coupling,
B =3.4and 8 = 3.7, for ensembles along the Tr M = const line. We also display the approximate pion
mass and the volume. For a Gaussian distribution, one would expect us/ pg/ >=0and pa/p3 = 3.

as s > 0. So one may anticipate a slow onset of the asymptotic convergence behaviour, in
particular, in the cases where w is not close to unity and the variance may be large.

One possibility would be that p,(w) is log-normal distributed, i.e. that ps(s) is a
Gaussian distribution centred about sg, with a width As:

s — 50)?
ps(s) = \/27:T32exp [_(%Asg)] . (G.3)

It is easy to see that in this case
A 2
w = (e %) =exp <—so + ;) ; (G.4)

i.e. we could obtain w from the average sop = (s) and its second moment As? = {(s — s0)?).
It turns out that also this is not the correct statistical model. Instead, the distribution
of s itself appears to be close to log-normal. We demonstrate this for two configurations
of ensemble S100 in figure 43, where in the second row we show histograms of ¢ = In s.
To further quantify the approximate log-normality, we compute ¢ty = (t) and moments
pn = ((t —to)™) for n = 2,3,4 (1 = 0 by definition). For a log-normal distribution of s
one would expect pus/ ,ug > ~ 0 and pa/ 13 ~ 3. The averages for some of our ensembles are
shown in table 22. Skewness and kurtosis are not universal but somewhat vary between
ensembles. However, we are unable to detect any patterns, regarding the pion mass, the
volume or the twisted mass parameter (not shown). Mostly the skewness is slightly positive
while the kurtosis is a bit smaller than three. While the distributions are not perfectly
log-normal, they are close to it.
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Figure 43. Examples of histograms of s (top row) and ¢ = Ins (bottom row) for S100r003n81
(left) and S100r003n381 (right). To study the distribution 200 estimates were computed. While the
distribution of s for reweighting factors close to one (S100r003n81: w = (e~%) ~ 0.998, left) typically
resembles a Gaussian, for only slightly smaller reweighting factors (S100r003n381, (e~*) ~ 0.851,
right) the distribution is in fact closer to a log-normal distribution. The curves in the bottom row
show a normal distribution ¢(t), using mean and variance of t. The curves in the top row ¢(log s)/s
correspond to this assumption.

The approximate log-normality of s suggests to estimate w by computing

1 & . 1< .
to~ Sons(j), A=~ - > lto — Ins(j))? (G.5)
J J
and then numerically integrating
1 o (t—to)?
= — dt exp | —————F— —¢
V2w At? /—oo P [ 2A¢2
1 min(3—tg,6At) t2
S — dt exp |— — elttto) | G.6
V2w At? /—GAt P l 2A¢L2 (6.6)

Note that this exponential integral cannot be solved in closed form. In the last step
above, subsequent to the substitution ¢t — tg — t, we neglected contributions from the

- 115 -



LE e T3
C ® - =
- - '
i ® ® ]
® - ®»

| . ® - ®

[ ® ®
01 F ® ® ® -
3 C ]
| R R owg P ¥ # EEEEE ]
h I ® % = % E% ﬁﬁ [ ®* % .
i s = - . |
Wy T T s wihe Vi

® ? §El§!§ % - ® ® % [ %
B - = naive +—=—f ]
f | | | | | ‘integratec‘l i
0 1000 2000 3000 4000 5000 6000 7000 8000

7[MDU]

Figure 44. Deviations of the reweighting factors from one for ensemble C101 (M, ~ 222 MeV,
a =~ 0.085fm), computed using the naive definition, eq. (G.2) and the definition assuming a log-
distribution of the estimates, eq. (G.6). The reweighting factors have been computed with the target
precision g, < 0.01, as predicted employing a smaller number of estimates. For better readability
we shifted the points horizontally and plotted only every 40th MDU.

regions ¢t > 3 — t(, which gives a numerical precision better than 10~8. We remark that for
t < —(3+tp), it is safe to approximate the integrand by a Gaussian.

The error of this improved estimate (which we coin the “integrated” method) is
determined by resampling over the stochastic estimates. In figure 44 we compare the results
of the two methods for ensemble C101 where a particularly large number of reweighting
factors is small. As expected, the two sets of reweighting factors agree within errors. The
integrated procedure should be more reliable in terms of the error estimate, in particular,
whenever w is close to zero. However, with the increased number of estimates that we
employ, only for very few configurations are differences visible between the two definitions
on the scale of the figure.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.

References

[1] M. Liischer, Properties and uses of the Wilson flow in lattice QCD, JHEP 08 (2010) 071
[Erratum bid. 03 (2014) 092] [arXiv:1006.4518] [INSPIRE].

[2] M. Bruno, T. Korzec and S. Schaefer, Setting the scale for the CLS 2+ 1 flavor ensembles,
Phys. Rev. D 95 (2017) 074504 [arXiv:1608.08900] [INSPIRE].

- 116 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP08(2010)071
https://arxiv.org/abs/1006.4518
https://inspirehep.net/literature/859240
https://doi.org/10.1103/PhysRevD.95.074504
https://arxiv.org/abs/1608.08900
https://inspirehep.net/literature/1484681

3]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

PACS-CS collaboration, Physical Point Simulation in 2 + 1 Flavor Lattice QCD, Phys. Rev.
D 81 (2010) 074503 [arXiv:0911.2561] [INSPIRE].

S. Capitani et al., Scale setting via the Q baryon mass, PoS LATTICE2011 (2011) 145
[arXiv:1110.6365] [INSPIRE].

BMW collaboration, High-precision scale setting in lattice QCD, JHEP 09 (2012) 010
[arXiv:1203.4469] [INSPIRE].

RBC and UKQCD collaborations, Domain wall QCD with physical quark masses, Phys. Rev.
D 93 (2016) 074505 [arXiv:1411.7017] [INSPIRE].

D.J. Wilson et al., The quark-mass dependence of elastic mK scattering from QCD, Phys.
Rev. Lett. 123 (2019) 042002 [arXiv:1904.03188] [INSPIRE].

N. Miller et al., Scale setting the Mobius Domain Wall fermion on gradient-flowed HISQ
action using the Q baryon mass and the gradient-flow scales tg and wqy, Phys. Rev. D 103
(2021) 054511 [arXiv:2011.12166] INSPIRE].

S. Diirr et al., Ab-Initio Determination of Light Hadron Masses, Science 322 (2008) 1224
[arXiv:0906.3599] [INSPIRE].

PACS collaboration, Finite size effect on vector meson and baryon sectors in 2+ 1 flavor
QCD at the physical point, Phys. Rev. D 100 (2019) 094502 [arXiv:1907.10846] [INSPIRE].

QCDSF collaboration, Nucleon mass and sigma term from lattice QCD with two light
fermion flavors, Nucl. Phys. B 866 (2013) 1 [arXiv:1206.7034] [INSPIRE].

C. Alexandrou et al., Simulating twisted mass fermions at physical light, strange and charm
quark masses, Phys. Rev. D 98 (2018) 054518 [arXiv:1807.00495] [INSPIRE].

QCDSF and UKQCD collaborations, Wilson flow and scale setting from lattice QCD,
arXiv:1508.05916 [INSPIRE].

HPQCD collaboration, The Upsilon spectrum and the determination of the lattice spacing
from lattice QCD including charm quarks in the sea, Phys. Rev. D 85 (2012) 054509
[arXiv:1110.6887] [INSPIRE].

R.J. Dowdall, C.T.H. Davies, G.P. Lepage and C. McNeile, Vus from pi and K decay
constants in full lattice QCD with physical u, d, s and ¢ quarks, Phys. Rev. D 88 (2013)
074504 [arXiv:1303.1670] [NSPIRE].

ETM collaboration, Ratio of kaon and pion leptonic decay constants with Ng =2+ 1+ 1
Wilson-clover twisted-mass fermions, Phys. Rev. D 104 (2021) 074520 [arXiv:2104.06747]
[INSPIRE].

S. Borsanyi et al., Full result for the QCD equation of state with 2+1 flavors, Phys. Lett. B
730 (2014) 99 [arXiv:1309.5258] INSPIRE].

MILC collaboration, Gradient flow and scale setting on MILC HISQ ensembles, Phys. Rev.
D 93 (2016) 094510 [arXiv:1503.02769] [INSPIRE].

FERMILAB LATTICE, MILC and TUMQCD collaborations, Up-, down-, strange-, charm-,
and bottom-quark masses from four-flavor lattice QCD, Phys. Rev. D 98 (2018) 054517
[arXiv:1802.04248] [INSPIRE].

B. Strassberger et al., Scale setting for CLS 2+ 1 simulations, PoS LATTICE2021 (2022)
135 [arXiv:2112.06696] [INSPIRE].

- 117 -


https://doi.org/10.1103/PhysRevD.81.074503
https://doi.org/10.1103/PhysRevD.81.074503
https://arxiv.org/abs/0911.2561
https://inspirehep.net/literature/836856
https://doi.org/10.22323/1.139.0145
https://arxiv.org/abs/1110.6365
https://inspirehep.net/literature/943412
https://doi.org/10.1007/JHEP09(2012)010
https://arxiv.org/abs/1203.4469
https://inspirehep.net/literature/1094385
https://doi.org/10.1103/PhysRevD.93.074505
https://doi.org/10.1103/PhysRevD.93.074505
https://arxiv.org/abs/1411.7017
https://inspirehep.net/literature/1329971
https://doi.org/10.1103/PhysRevLett.123.042002
https://doi.org/10.1103/PhysRevLett.123.042002
https://arxiv.org/abs/1904.03188
https://inspirehep.net/literature/1728655
https://doi.org/10.1103/PhysRevD.103.054511
https://doi.org/10.1103/PhysRevD.103.054511
https://arxiv.org/abs/2011.12166
https://inspirehep.net/literature/1832617
https://doi.org/10.1126/science.1163233
https://arxiv.org/abs/0906.3599
https://inspirehep.net/literature/804184
https://doi.org/10.1103/PhysRevD.100.094502
https://arxiv.org/abs/1907.10846
https://inspirehep.net/literature/1746369
https://doi.org/10.1016/j.nuclphysb.2012.08.009
https://arxiv.org/abs/1206.7034
https://inspirehep.net/literature/1120519
https://doi.org/10.1103/PhysRevD.98.054518
https://arxiv.org/abs/1807.00495
https://inspirehep.net/literature/1680431
https://arxiv.org/abs/1508.05916
https://inspirehep.net/literature/1389184
https://doi.org/10.1103/PhysRevD.85.054509
https://arxiv.org/abs/1110.6887
https://inspirehep.net/literature/943740
https://doi.org/10.1103/PhysRevD.88.074504
https://doi.org/10.1103/PhysRevD.88.074504
https://arxiv.org/abs/1303.1670
https://inspirehep.net/literature/1222849
https://doi.org/10.1103/PhysRevD.104.074520
https://arxiv.org/abs/2104.06747
https://inspirehep.net/literature/1858190
https://doi.org/10.1016/j.physletb.2014.01.007
https://doi.org/10.1016/j.physletb.2014.01.007
https://arxiv.org/abs/1309.5258
https://inspirehep.net/literature/1254865
https://doi.org/10.1103/PhysRevD.93.094510
https://doi.org/10.1103/PhysRevD.93.094510
https://arxiv.org/abs/1503.02769
https://inspirehep.net/literature/1351452
https://doi.org/10.1103/PhysRevD.98.054517
https://arxiv.org/abs/1802.04248
https://inspirehep.net/literature/1654552
https://doi.org/10.22323/1.396.0135
https://doi.org/10.22323/1.396.0135
https://arxiv.org/abs/2112.06696
https://inspirehep.net/literature/1988945

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

N. Carrasco et al., QED Corrections to Hadronic Processes in Lattice QCD, Phys. Rev. D 91
(2015) 074506 [arXiv:1502.00257] [INSPIRE].

V. Lubicz et al., Finite-Volume QED Corrections to Decay Amplitudes in Lattice QCD, Phys.
Rev. D 95 (2017) 034504 [arXiv:1611.08497] [INSPIRE].

A. Patella, QED Corrections to Hadronic Observables, PoS LATTICE2016 (2017) 020
[arXiv:1702.03857] [INSPIRE].

R. Sommer, Scale setting in lattice QCD, PoS LATTICE2013 (2014) 015
[arXiv:1401.3270] [INSPIRE].

H. Hamber and G. Parisi, Numerical Estimates of Hadronic Masses in a Pure SU(3) Gauge
Theory, Phys. Rev. Lett. 47 (1981) 1792 [InSPIRE].

D. Weingarten, Monte Carlo Evaluation of Hadron Masses in Lattice Gauge Theories with
Fermions, Phys. Lett. B 109 (1982) 57 [iINnSPIRE].

C.W. Bernard, T. Draper and K. Olynyk, Hadron Mass Calculations in QCD, Phys. Rev. D
27 (1983) 227 [INSPIRE].

P. de Forcrand et al., Exzploring Hadron Masses in Lattice QCD With Light Quarks and an
Improved Fermion Action, Phys. Lett. B 200 (1988) 143 [INSPIRE].

APE collaboration, § = 6.0 quenched Wilson fermions, Phys. Lett. B 258 (1991) 195
[INSPIRE].

M. Guagnelli et al., The Quenched mass spectrum in lattice QCD on a 1-gigaflops computer,
Nucl. Phys. B 378 (1992) 616 [INSPIRE].

M.-P. Lombardo, G. Parisi and A. Vladikas, Lattice QCD spectroscopy with an improved
Wilson fermion action, Nucl. Phys. B 395 (1993) 388 [hep-1at/9206023] [INSPIRE].

UKQCD collaboration, Quenched light hadron mass spectrum and decay constants: The
effects of O(a) improvement at 8 = 6.2, Nucl. Phys. B 407 (1993) 331 [hep-1at/9307009]
[INSPIRE].

F. Butler et al., Hadron masses from the valence approximation to lattice QCD, Nucl. Phys.
B 430 (1994) 179 [hep-lat/9405003] [INSPIRE].

QCD-TARO collaboration, Quenched Wilson hadron spectroscopy on a 323 x 48 lattice at
B = 6.3, Nucl. Phys. B Proc. Suppl. 34 (1994) 338 [INSPIRE].

T. Bhattacharya, R. Gupta, G. Kilcup and S.R. Sharpe, Hadron spectrum with Wilson
fermions, Phys. Rev. D 53 (1996) 6486 [hep-lat/9512021] [INSPIRE].

QCDPAX collaboration, Hadron masses and decay constants with Wilson quarks at § = 5.85
and B = 6, Phys. Rev. D 53 (1996) 6443 [hep-lat/9512031] [iINSPIRE].

C.R. Allton, V. Gimenez, L. Giusti and F. Rapuano, Light quenched hadron spectrum and
decay constants on different lattices, Nucl. Phys. B 489 (1997) 427 [hep-lat/9611021]
[INSPIRE].

F.X. Lee and D.B. Leinweber, Light hadron spectroscopy on coarse lattices with O(a**2)
mean field improved actions, Phys. Rev. D 59 (1999) 074504 [hep-lat/9711044| [NSPIRE].

CP-PACS collaboration, Quenched light hadron spectrum, Phys. Rev. Lett. 84 (2000) 238
[hep-1at/9904012] [NSPIRE].

- 118 —


https://doi.org/10.1103/PhysRevD.91.074506
https://doi.org/10.1103/PhysRevD.91.074506
https://arxiv.org/abs/1502.00257
https://inspirehep.net/literature/1342455
https://doi.org/10.1103/PhysRevD.95.034504
https://doi.org/10.1103/PhysRevD.95.034504
https://arxiv.org/abs/1611.08497
https://inspirehep.net/literature/1500210
https://doi.org/10.22323/1.256.0020
https://arxiv.org/abs/1702.03857
https://inspirehep.net/literature/1513147
https://doi.org/10.22323/1.187.0015
https://arxiv.org/abs/1401.3270
https://inspirehep.net/literature/1277080
https://doi.org/10.1103/PhysRevLett.47.1792
https://inspirehep.net/literature/11291
https://doi.org/10.1016/0370-2693(82)90463-4
https://inspirehep.net/literature/167832
https://doi.org/10.1103/PhysRevD.27.227
https://doi.org/10.1103/PhysRevD.27.227
https://inspirehep.net/literature/178103
https://doi.org/10.1016/0370-2693(88)91126-4
https://inspirehep.net/literature/248641
https://doi.org/10.1016/0370-2693(91)91231-J
https://inspirehep.net/literature/305444
https://doi.org/10.1016/0550-3213(92)90610-N
https://inspirehep.net/literature/339718
https://doi.org/10.1016/0550-3213(93)90222-B
https://arxiv.org/abs/hep-lat/9206023
https://inspirehep.net/literature/337521
https://doi.org/10.1016/0550-3213(93)90061-S
https://arxiv.org/abs/hep-lat/9307009
https://inspirehep.net/literature/356390
https://doi.org/10.1016/0550-3213(94)90654-8
https://doi.org/10.1016/0550-3213(94)90654-8
https://arxiv.org/abs/hep-lat/9405003
https://inspirehep.net/literature/37901
https://doi.org/10.1016/0920-5632(94)90384-0
https://inspirehep.net/literature/385622
https://doi.org/10.1103/PhysRevD.53.6486
https://arxiv.org/abs/hep-lat/9512021
https://inspirehep.net/literature/403568
https://doi.org/10.1103/PhysRevD.53.6443
https://arxiv.org/abs/hep-lat/9512031
https://inspirehep.net/literature/404006
https://doi.org/10.1016/S0550-3213(97)00042-4
https://arxiv.org/abs/hep-lat/9611021
https://inspirehep.net/literature/426358
https://doi.org/10.1103/PhysRevD.59.074504
https://arxiv.org/abs/hep-lat/9711044
https://inspirehep.net/literature/451332
https://doi.org/10.1103/PhysRevLett.84.238
https://arxiv.org/abs/hep-lat/9904012
https://inspirehep.net/literature/498945

[40] CP-PACS collaboration, Light hadron spectrum and quark masses from quenched lattice
QCD, Phys. Rev. D 67 (2003) 034503 [hep-1lat/0206009] [NSPIRE].

[41] K.D. Born et al., Hadron Properties in Lattice QCD With Dynamical Fermions, Phys. Rev. D
40 (1989) 1653 [INSPIRE].

[42] MT(c) collaboration, The Hadron spectrum in QCD with dynamical staggered fermions,
Nucl. Phys. B 389 (1993) 445 [INSPIRE].

[43] K.M. Bitar et al., Hadron spectrum in QCD at 6/g* = 5.6, Phys. Rev. D 42 (1990) 3794
[INSPIRE].

[44] K.M. Bitar et al., Hadron spectrum in QCD with valence Wilson fermions and dynamical
staggered fermions at 6/g® = 5.6, Phys. Rev. D 46 (1992) 2169 [hep-lat/9204008] [INSPIRE].

[45] M. Fukugita et al., Full QCD hadron spectroscopy with two flavors of dynamical
Kogut-Susskind quarks on the lattice, Phys. Rev. D 47 (1993) 4739 [InSPIRE].

[46] K.M. Bitar et al., Hadron spectrum and matriz elements in QCD with dynamical Wilson
fermions at 6/g* = 5.3, Phys. Rev. D 49 (1994) 3546 [hep-1at/9309011] [INSPIRE].

[47] TxL collaboration, Light and strange hadron spectroscopy with dynamical Wilson fermions,
Phys. Rev. D 59 (1999) 014509 [hep-1at/9806027] [INSPIRE].

[48] UKQCD collaboration, Light hadron spectroscopy with O(a) improved dynamical fermions,
Phys. Rev. D 60 (1999) 034507 [hep-1at/9808016] [INSPIRE].

[49] CP-PACS collaboration, Light hadron spectroscopy with two flavors of dynamical quarks on
the lattice, Phys. Rev. D 65 (2002) 054505 [Erratum ibid. 67 (2003) 059901]
[hep-1at/0105015] [INSPIRE].

[50] JLQCD collaboration, Light hadron spectroscopy with two flavors of O(a) improved
dynamical quarks, Phys. Rev. D 68 (2003) 054502 [hep-lat/0212039] [InSPIRE].

[51] ETM collaboration, Light baryon masses with dynamical twisted mass fermions, Phys. Rev.
D 78 (2008) 014509 [arXiv:0803.3190] INSPIRE].

[52] ETM collaboration, Low-lying baryon spectrum with two dynamical twisted mass fermions,
Phys. Rev. D 80 (2009) 114503 [arXiv:0910.2419] [INSPIRE].

[563] A. Chowdhury et al., Pion and nucleon in two flavour QCD with unimproved Wilson
fermions, Nucl. Phys. B 871 (2013) 82 [arXiv:1212.0717] [inSPIRE].

[564] BGR collaboration, QCD with Two Light Dynamical Chirally Improved Quarks: Baryons,
Phys. Rev. D 87 (2013) 074504 [arXiv:1301.4318] [INSPIRE].

[55] C. Alexandrou and C. Kallidonis, Low-lying baryon masses using Ny = 2 twisted mass
clover-improved fermions directly at the physical pion mass, Phys. Rev. D 96 (2017) 034511
[arXiv:1704.02647] [INSPIRE].

[56] C.W. Bernard et al., The QCD spectrum with three quark flavors, Phys. Rev. D 64 (2001)
054506 [hep-lat/0104002] [INSPIRE].

[57] A. Walker-Loud et al., Light hadron spectroscopy using domain wall valence quarks on an
Asqtad sea, Phys. Rev. D 79 (2009) 054502 [arXiv:0806.4549] [INSPIRE].

[68] PACS-CS collaboration, 2+1 Flavor Lattice QCD toward the Physical Point, Phys. Rev. D
79 (2009) 034503 [arXiv:0807.1661] [NSPIRE].

- 119 -


https://doi.org/10.1103/PhysRevD.67.034503
https://arxiv.org/abs/hep-lat/0206009
https://inspirehep.net/literature/588434
https://doi.org/10.1103/PhysRevD.40.1653
https://doi.org/10.1103/PhysRevD.40.1653
https://inspirehep.net/literature/283196
https://doi.org/10.1016/0550-3213(93)90328-M
https://inspirehep.net/literature/334491
https://doi.org/10.1103/PhysRevD.42.3794
https://inspirehep.net/literature/27989
https://doi.org/10.1103/PhysRevD.46.2169
https://arxiv.org/abs/hep-lat/9204008
https://inspirehep.net/literature/334893
https://doi.org/10.1103/PhysRevD.47.4739
https://inspirehep.net/literature/337330
https://doi.org/10.1103/PhysRevD.49.3546
https://arxiv.org/abs/hep-lat/9309011
https://inspirehep.net/literature/35928
https://doi.org/10.1103/PhysRevD.59.014509
https://arxiv.org/abs/hep-lat/9806027
https://inspirehep.net/literature/472310
https://doi.org/10.1103/PhysRevD.60.034507
https://arxiv.org/abs/hep-lat/9808016
https://inspirehep.net/literature/474951
https://doi.org/10.1103/PhysRevD.65.054505
https://arxiv.org/abs/hep-lat/0105015
https://inspirehep.net/literature/556770
https://doi.org/10.1103/PhysRevD.68.054502
https://arxiv.org/abs/hep-lat/0212039
https://inspirehep.net/literature/605638
https://doi.org/10.1103/PhysRevD.78.014509
https://doi.org/10.1103/PhysRevD.78.014509
https://arxiv.org/abs/0803.3190
https://inspirehep.net/literature/781844
https://doi.org/10.1103/PhysRevD.80.114503
https://arxiv.org/abs/0910.2419
https://inspirehep.net/literature/833820
https://doi.org/10.1016/j.nuclphysb.2013.02.013
https://arxiv.org/abs/1212.0717
https://inspirehep.net/literature/1205303
https://doi.org/10.1103/PhysRevD.87.074504
https://arxiv.org/abs/1301.4318
https://inspirehep.net/literature/1215094
https://doi.org/10.1103/PhysRevD.96.034511
https://arxiv.org/abs/1704.02647
https://inspirehep.net/literature/1590898
https://doi.org/10.1103/PhysRevD.64.054506
https://doi.org/10.1103/PhysRevD.64.054506
https://arxiv.org/abs/hep-lat/0104002
https://inspirehep.net/literature/554883
https://doi.org/10.1103/PhysRevD.79.054502
https://arxiv.org/abs/0806.4549
https://inspirehep.net/literature/789316
https://doi.org/10.1103/PhysRevD.79.034503
https://doi.org/10.1103/PhysRevD.79.034503
https://arxiv.org/abs/0807.1661
https://inspirehep.net/literature/790480

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[71]

[72]

[73]

HADRON SPECTRUM collaboration, First results from 2 + 1 dynamical quark flavors on an
anisotropic lattice: Light-hadron spectroscopy and setting the strange-quark mass, Phys. Rev.
D 79 (2009) 034502 [arXiv:0810.3588] [INSPIRE].

MILC collaboration, Nonperturbative QCD Simulations with 2 + 1 Flavors of Improved
Staggered Quarks, Rev. Mod. Phys. 82 (2010) 1349 [arXiv:0903.3598] [INSPIRE].

PACS-CS collaboration, SU(2) and SU(3) chiral perturbation theory analyses on baryon
masses in 2+ 1 flavor lattice QCD, Phys. Rev. D 80 (2009) 054502 [arXiv:0905.0962]
[INSPIRE].

W. Bietenholz et al., Flavour blindness and patterns of flavour symmetry breaking in lattice
simulations of up, down and strange quarks, Phys. Rev. D 84 (2011) 054509
[arXiv:1102.5300] [INSPIRE].

S.R. Beane et al., High Statistics Analysis using Anisotropic Clover Lattices: (IV) Volume
Dependence of Light Hadron Masses, Phys. Rev. D 84 (2011) 014507 [arXiv:1104.4101]
[INSPIRE].

QCDSF and UKQCD collaborations, Isospin breaking in octet baryon mass splittings, Phys.
Rev. D 86 (2012) 114511 [arXiv:1206.3156] [INSPIRE].

A.S. Francis et al., Properties, ensembles and hadron spectra with Stabilised Wilson Fermions,
PoS LATTICE2021 (2022) 118 [arXiv:2201.03874] [inSPIRE].

C. Alexandrou et al., Baryon spectrum with Ny = 2+ 1+ 1 twisted mass fermions, Phys. Rev.
D 90 (2014) 074501 [arXiv:1406.4310] INSPIRE].

N. Miller et al., The hyperon spectrum from lattice QCD, PoS LATTICE2021 (2022) 448
[arXiv:2201.01343] [INSPIRE].

BUDAPEST-MARSEILLE-WUPPERTAL collaboration, Isospin splittings in the light baryon octet
from lattice QCD and QED, Phys. Rev. Lett. 111 (2013) 252001 [arXiv:1306.2287]
[INSPIRE].

S. Borséanyi et al., Ab initio calculation of the neutron-proton mass difference, Science 347
(2015) 1452 [arXiv:1406.4088] [INSPIRE].

R. Horsley et al., Isospin splittings of meson and baryon masses from three-flavor lattice

QCD + QED, J. Phys. G 43 (2016) 10LT02 [arXiv:1508.06401] [inSPIRE].

ALPHA collaboration, Effects of Heavy Sea Quarks at Low Energies, Phys. Rev. Lett. 114
(2015) 102001 [arXiv:1410.8374] INSPIRE].

ALPHA collaboration, How perturbative are heavy sea quarks?, Nucl. Phys. B 943 (2019)
114612 [arXiv:1809.03383] [INSPIRE].

N. Husung, P. Marquard and R. Sommer, Asymptotic behavior of cutoff effects in Yang-Mills
theory and in Wilson’s lattice QCD, Eur. Phys. J. C' 80 (2020) 200 [arXiv:1912.08498]
[INSPIRE].

RBC and UKQCD collaborations, Continuum limit physics from 2 + 1 flavor Domain Wall
QCD, Phys. Rev. D 83 (2011) 074508 [arXiv:1011.0892] [INSPIRE].

S. Aoki et al., 1+ 141 flavor QCD + QED simulation at the physical point, Phys. Rev. D
86 (2012) 034507 [arXiv:1205.2961] [iNSPIRE].

J. Finkenrath, F. Knechtli and B. Leder, One flavor mass reweighting in lattice QCD, Nucl.
Phys. B 877 (2013) 441 [arXiv:1306.3962] INSPIRE].

- 120 -


https://doi.org/10.1103/PhysRevD.79.034502
https://doi.org/10.1103/PhysRevD.79.034502
https://arxiv.org/abs/0810.3588
https://inspirehep.net/literature/800040
https://doi.org/10.1103/RevModPhys.82.1349
https://arxiv.org/abs/0903.3598
https://inspirehep.net/literature/815945
https://doi.org/10.1103/PhysRevD.80.054502
https://arxiv.org/abs/0905.0962
https://inspirehep.net/literature/819636
https://doi.org/10.1103/PhysRevD.84.054509
https://arxiv.org/abs/1102.5300
https://inspirehep.net/literature/890745
https://doi.org/10.1103/PhysRevD.84.014507
https://arxiv.org/abs/1104.4101
https://inspirehep.net/literature/896799
https://doi.org/10.1103/PhysRevD.86.114511
https://doi.org/10.1103/PhysRevD.86.114511
https://arxiv.org/abs/1206.3156
https://inspirehep.net/literature/1118275
https://doi.org/10.22323/1.396.0118
https://arxiv.org/abs/2201.03874
https://inspirehep.net/literature/2008862
https://doi.org/10.1103/PhysRevD.90.074501
https://doi.org/10.1103/PhysRevD.90.074501
https://arxiv.org/abs/1406.4310
https://inspirehep.net/literature/1300824
https://doi.org/10.22323/1.396.0448
https://arxiv.org/abs/2201.01343
https://inspirehep.net/literature/2001765
https://doi.org/10.1103/PhysRevLett.111.252001
https://arxiv.org/abs/1306.2287
https://inspirehep.net/literature/1237923
https://doi.org/10.1126/science.1257050
https://doi.org/10.1126/science.1257050
https://arxiv.org/abs/1406.4088
https://inspirehep.net/literature/1300659
https://doi.org/10.1088/0954-3899/43/10/10LT02
https://arxiv.org/abs/1508.06401
https://inspirehep.net/literature/1389860
https://doi.org/10.1103/PhysRevLett.114.102001
https://doi.org/10.1103/PhysRevLett.114.102001
https://arxiv.org/abs/1410.8374
https://inspirehep.net/literature/1325110
https://doi.org/10.1016/j.nuclphysb.2019.114612
https://doi.org/10.1016/j.nuclphysb.2019.114612
https://arxiv.org/abs/1809.03383
https://inspirehep.net/literature/1693299
https://doi.org/10.1140/epjc/s10052-020-7685-4
https://arxiv.org/abs/1912.08498
https://inspirehep.net/literature/1771515
https://doi.org/10.1103/PhysRevD.83.074508
https://arxiv.org/abs/1011.0892
https://inspirehep.net/literature/875390
https://doi.org/10.1103/PhysRevD.86.034507
https://doi.org/10.1103/PhysRevD.86.034507
https://arxiv.org/abs/1205.2961
https://inspirehep.net/literature/1114491
https://doi.org/10.1016/j.nuclphysb.2013.10.019
https://doi.org/10.1016/j.nuclphysb.2013.10.019
https://arxiv.org/abs/1306.3962
https://inspirehep.net/literature/1238814

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[94]

W. Bietenholz et al., Tuning the strange quark mass in lattice simulations, Phys. Lett. B 690
(2010) 436 [arXiv:1003.1114] [InSPIRE].

M. Bruno et al., Simulation of QCD with Ny =2+ 1 flavors of non-perturbatively improved
Wilson fermions, JHEP 02 (2015) 043 [arXiv:1411.3982] [INSPIRE].

RQCD collaboration, Lattice simulations with Ny = 2 + 1 improved Wilson fermions at a
fized strange quark mass, Phys. Rev. D 94 (2016) 074501 [arXiv:1606.09039] INSPIRE].

ALPHA collaboration, Critical slowing down and error analysis in lattice QCD simulations,
Nucl. Phys. B 845 (2011) 93 [arXiv:1009.5228] [INSPIRE].

M. Liischer and S. Schaefer, Lattice QCD without topology barriers, JHEP 07 (2011) 036
[arXiv:1105.4749] [INSPIRE].

B. Sheikholeslami and R. Wohlert, Improved Continuum Limit Lattice Action for QCD with
Wilson Fermions, Nucl. Phys. B 259 (1985) 572 [INSPIRE].

J. Bulava and S. Schaefer, Improvement of Ny = 3 Lattice QCD with Wilson fermions and
tree-level improved gauge action, Nucl. Phys. B 874 (2013) 188 [arXiv:1304.7093] [nSPIRE].

P. Weisz, Continuum Limit Improved Lattice Action for Pure Yang-Mills Theory. 1., Nucl.
Phys. B 212 (1983) 1 INSPIRE].

Y. Nakamura and H. Stiiben, BQCD — Berlin quantum chromodynamics program, PoS
LATTICE2010 (2010) 040 [arXiv:1011.0199] NSPIRE].

J. Bulava, M. Della Morte, J. Heitger and C. Wittemeier, Nonperturbative renormalization of
the azial current in Ny = 3 Lattice QCD with Wilson fermions and a tree-level improved
gauge action, Phys. Rev. D 93 (2016) 114513 [arXiv:1604.05827| [INSPIRE].

ALPHA collaboration, Non-perturbative quark mass renormalisation and running in Ny = 3
QCD, Eur. Phys. J. C' 78 (2018) 387 [arXiv:1802.05243] [INSPIRE].

P. Korcyl and G.S. Bali, Non-perturbative determination of improvement coefficients using
coordinate space correlators in Ny = 2+ 1 Lattice QCD, Phys. Rev. D 95 (2017) 014505
[arXiv:1607.07090] [INSPIRE].

M. Liischer and S. Schaefer, Lattice QCD with open boundary conditions and twisted-mass
reweighting, Comput. Phys. Commun. 184 (2013) 519 [arXiv:1206.2809] [INSPIRE].

K. Jansen et al., Nonperturbative renormalization of lattice QCD at all scales, Phys. Lett. B
372 (1996) 275 [hep-lat/9512009] [INSPIRE].

M. Liischer, S. Sint, R. Sommer and P. Weisz, Chiral symmetry and O(a) improvement in
lattice QCD, Nucl. Phys. B 478 (1996) 365 [hep-lat/9605038] [INSPIRE].

T. Bhattacharya et al., Improved bilinears in lattice QCD with non-degenerate quarks, Phys.
Rev. D 73 (2006) 034504 [hep-1lat/0511014] INSPIRE].

G.S. Bali, K.G. Chetyrkin, P. Korcyl and J. Simeth, Non-perturbative determination of
quark-mass independent improvement coefficients in ny = 2 + 1 Lattice QCD, in preparation
(2023).

Y. Taniguchi and A. Ukawa, Perturbative calculation of improvement coefficients to O(g%a)
for bilinear quark operators in Lattice QCD, Phys. Rev. D 58 (1998) 114503
[hep-1at/9806015] [INSPIRE].

- 121 —


https://doi.org/10.1016/j.physletb.2010.05.067
https://doi.org/10.1016/j.physletb.2010.05.067
https://arxiv.org/abs/1003.1114
https://inspirehep.net/literature/847700
https://doi.org/10.1007/JHEP02(2015)043
https://arxiv.org/abs/1411.3982
https://inspirehep.net/literature/1328089
https://doi.org/10.1103/PhysRevD.94.074501
https://arxiv.org/abs/1606.09039
https://inspirehep.net/literature/1472963
https://doi.org/10.1016/j.nuclphysb.2010.11.020
https://arxiv.org/abs/1009.5228
https://inspirehep.net/literature/871175
https://doi.org/10.1007/JHEP07(2011)036
https://arxiv.org/abs/1105.4749
https://inspirehep.net/literature/901132
https://doi.org/10.1016/0550-3213(85)90002-1
https://inspirehep.net/literature/213238
https://doi.org/10.1016/j.nuclphysb.2013.05.019
https://arxiv.org/abs/1304.7093
https://inspirehep.net/literature/1230816
https://doi.org/10.1016/0550-3213(83)90595-3
https://doi.org/10.1016/0550-3213(83)90595-3
https://inspirehep.net/literature/179017
https://doi.org/10.22323/1.105.0040
https://doi.org/10.22323/1.105.0040
https://arxiv.org/abs/1011.0199
https://inspirehep.net/literature/875095
https://doi.org/10.1103/PhysRevD.93.114513
https://arxiv.org/abs/1604.05827
https://inspirehep.net/literature/1449901
https://doi.org/10.1140/epjc/s10052-018-5870-5
https://arxiv.org/abs/1802.05243
https://inspirehep.net/literature/1654908
https://doi.org/10.1103/PhysRevD.95.014505
https://arxiv.org/abs/1607.07090
https://inspirehep.net/literature/1477817
https://doi.org/10.1016/j.cpc.2012.10.003
https://arxiv.org/abs/1206.2809
https://inspirehep.net/literature/1118167
https://doi.org/10.1016/0370-2693(96)00075-5
https://doi.org/10.1016/0370-2693(96)00075-5
https://arxiv.org/abs/hep-lat/9512009
https://inspirehep.net/literature/403162
https://doi.org/10.1016/0550-3213(96)00378-1
https://arxiv.org/abs/hep-lat/9605038
https://inspirehep.net/literature/419085
https://doi.org/10.1103/PhysRevD.73.034504
https://doi.org/10.1103/PhysRevD.73.034504
https://arxiv.org/abs/hep-lat/0511014
https://inspirehep.net/literature/697075
https://doi.org/10.1103/PhysRevD.58.114503
https://arxiv.org/abs/hep-lat/9806015
https://inspirehep.net/literature/471837

[95]

[96]

[97]

[100]

[101]

[102]

[103]

[104]

[105)

[106]

[107]

[108]

[109]

[110]

M. Constantinou et al., Renormalization of local quark-bilinear operators for Ny = 3 flavors
of stout link nonperturbative clover fermions, Phys. Rev. D 91 (2015) 014502
[arXiv:1408.6047] [INSPIRE].

J. Heitger, F. Joswig, P.L.J. Petrak and A. Vladikas, Ratio of flavour non-singlet and singlet
scalar density renormalisation parameters in Ny = 3 QCD with Wilson quarks, FEur. Phys. J.
C 81 (2021) 606 [Erratum ibid. 82 (2022) 104] [arXiv:2101.10969] [INSPIRE].

ALPHA collaboration, Non-perturbative determination of improvement coefficients by, and
ba — bp and normalisation factor ZyZp/Za with Ny = 3 Wilson fermions, Eur. Phys. J. C
79 (2019) 797 [arXiv:1906.03445] [INSPIRE].

RQCD collaboration, Nonperturbative Renormalization in Lattice QCD with three Flavors of
Clover Fermions: Using Periodic and Open Boundary Conditions, Phys. Rev. D 103 (2021)
094511 [Erratum ibid. 107 (2023) 039901] [arXiv:2012.06284] [INSPIRE].

M. Constantinou, M. Hadjiantonis, H. Panagopoulos and G. Spanoudes, Singlet versus
nonsinglet perturbative renormalization of fermion bilinears, Phys. Rev. D 94 (2016) 114513
[arXiv:1610.06744] [INSPIRE].

A. Skouroupathis, M. Constantinou and H. Panagopoulos, Two-loop additive mass
renormalization with clover fermions and Symanzik improved gluons, Phys. Rev. D 77 (2008)
014513 [arXiv:0801.3146] [INSPIRE].

S. Aoki and Y. Kuramashi, Determination of the improvement coefficient csw up to one loop
order with the conventional perturbation theory, Phys. Rev. D 68 (2003) 094019
[hep-1at/0306015] [INSPIRE].

S. Aoki, R. Frezzotti and P. Weisz, Computation of the improvement coefficient cgw to one
loop with improved gluon actions, Nucl. Phys. B 540 (1999) 501 [hep-1at/9808007]
[INSPIRE].

O. Béar and M. Golterman, Chiral perturbation theory for gradient flow observables, Phys.
Rev. D 89 (2014) 034505 [Erratum ibid. 89 (2014) 099905] [arXiv:1312.4999] [INSPIRE].

M. Bruno et al., The A-parameter in 3-flavour QCD and as(myz) by the ALPHA
collaboration, PoS LATTICE2016 (2016) 197 [arXiv:1701.03075] [INSPIRE].

A. Skouroupathis and H. Panagopoulos, Lambda-parameter of lattice QCD with Symanzik
improved gluon actions, Phys. Rev. D 76 (2007) 114514 [arXiv:0709.3239] [INSPIRE].

ALPHA collaboration, QCD Coupling from a Nonperturbative Determination of the
Three-Flavor A Parameter, Phys. Rev. Lett. 119 (2017) 102001 [arXiv:1706.03821]
[INSPIRE].

RQCD collaboration, Leading order mesonic and baryonic SU(3) low energy constants from
N; = 3 Lattice QCD, Phys. Rev. D 105 (2022) 054516 [arXiv:2201.05591] [NSPIRE].

N. Husung, P. Marquard and R. Sommer, The asymptotic approach to the continuum of
lattice QCD spectral observables, Phys. Lett. B 829 (2022) 137069 [arXiv:2111.02347]
[INSPIRE].

FLAVOUR LATTICE AVERAGING GROUP (FLAG) collaboration, FLAG Review 2021, Eur.
Phys. J. C 82 (2022) 869 [arXiv:2111.09849] [INSPIRE].

J. Gasser and H. Leutwyler, Light Quarks at Low Temperatures, Phys. Lett. B 184 (1987) 83
[INSPIRE].

- 122 —


https://doi.org/10.1103/PhysRevD.91.014502
https://arxiv.org/abs/1408.6047
https://inspirehep.net/literature/1312381
https://doi.org/10.1140/epjc/s10052-021-09387-z
https://doi.org/10.1140/epjc/s10052-021-09387-z
https://arxiv.org/abs/2101.10969
https://inspirehep.net/literature/1842836
https://doi.org/10.1140/epjc/s10052-019-7287-1
https://doi.org/10.1140/epjc/s10052-019-7287-1
https://arxiv.org/abs/1906.03445
https://inspirehep.net/literature/1738938
https://doi.org/10.1103/PhysRevD.103.094511
https://doi.org/10.1103/PhysRevD.103.094511
https://arxiv.org/abs/2012.06284
https://inspirehep.net/literature/1836150
https://doi.org/10.1103/PhysRevD.94.114513
https://arxiv.org/abs/1610.06744
https://inspirehep.net/literature/1493848
https://doi.org/10.1103/PhysRevD.77.014513
https://doi.org/10.1103/PhysRevD.77.014513
https://arxiv.org/abs/0801.3146
https://inspirehep.net/literature/777809
https://doi.org/10.1103/PhysRevD.68.094019
https://arxiv.org/abs/hep-lat/0306015
https://inspirehep.net/literature/621083
https://doi.org/10.1016/S0550-3213(98)00742-1
https://arxiv.org/abs/hep-lat/9808007
https://inspirehep.net/literature/474461
https://doi.org/10.1103/PhysRevD.89.034505
https://doi.org/10.1103/PhysRevD.89.034505
https://arxiv.org/abs/1312.4999
https://inspirehep.net/literature/1272688
https://doi.org/10.22323/1.256.0197
https://arxiv.org/abs/1701.03075
https://inspirehep.net/literature/1508616
https://doi.org/10.1103/PhysRevD.76.114514
https://arxiv.org/abs/0709.3239
https://inspirehep.net/literature/762185
https://doi.org/10.1103/PhysRevLett.119.102001
https://arxiv.org/abs/1706.03821
https://inspirehep.net/literature/1604894
https://doi.org/10.1103/PhysRevD.105.054516
https://arxiv.org/abs/2201.05591
https://inspirehep.net/literature/2011376
https://doi.org/10.1016/j.physletb.2022.137069
https://arxiv.org/abs/2111.02347
https://inspirehep.net/literature/1959499
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://arxiv.org/abs/2111.09849
https://inspirehep.net/literature/1971260
https://doi.org/10.1016/0370-2693(87)90492-8
https://inspirehep.net/literature/234952

[111]

[112]

[113]
[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

J. Gasser and H. Leutwyler, Spontaneously Broken Symmetries: Effective Lagrangians at
Finite Volume, Nucl. Phys. B 307 (1988) 763 [InSPIRE].

J. Bijnens and T. Réssler, Finite Volume at Two-loops in Chiral Perturbation Theory, JHEP
01 (2015) 034 [arXiv:1411.6384] [INSPIRE].

M. Gell-Mann, Symmetries of baryons and mesons, Phys. Rev. 125 (1962) 1067 [INSPIRE].

S. Okubo, Note on unitary symmetry in strong interactions, Prog. Theor. Phys. 27 (1962)
949 [INSPIRE].

E.E. Jenkins and A.V. Manohar, Baryon chiral perturbation theory using a heavy fermion
Lagrangian, Phys. Lett. B 255 (1991) 558 [INSPIRE].

J. Gegelia and G. Japaridze, Matching heavy particle approach to relativistic theory, Phys.
Rev. D 60 (1999) 114038 [hep-ph/9908377] [INSPIRE].

T. Fuchs, J. Gegelia, G. Japaridze and S. Scherer, Renormalization of relativistic baryon
chiral perturbation theory and power counting, Phys. Rev. D 68 (2003) 056005
[hep-ph/0302117] [INSPIRE].

B.C. Lehnhart, J. Gegelia and S. Scherer, Baryon masses and nucleon sigma terms in
manifestly Lorentz-invariant baryon chiral perturbation theory, J. Phys. G 31 (2005) 89
[hep-ph/0412092] [INSPIRE].

L. Geng, Recent developments in SU(3) covariant baryon chiral perturbation theory, Front.
Phys. (Beijing) 8 (2013) 328 [arXiv:1301.6815] [INSPIRE].

P.J. Ellis and K. Torikoshi, Baryon masses in chiral perturbation theory with infrared
reqularization, Phys. Rev. C' 61 (2000) 015205 [nucl-th/9904017] [INSPIRE].

J. Gasser, M.E. Sainio and A. Svarc, Nucleons with Chiral Loops, Nucl. Phys. B 307 (1988)
779 [INSPIRE].

V. Bernard, N. Kaiser, J. Kambor and U.-G. Meifiner, Chiral structure of the nucleon, Nucl.
Phys. B 388 (1992) 315 [INSPIRE].

X.-L. Ren et al., Octet baryon masses in next-to-next-to-next-to-leading order covariant
baryon chiral perturbation theory, JHEP 12 (2012) 073 [arXiv:1209.3641] INSPIRE].

B.C. Tiburzi and A. Walker-Loud, Decuplet baryon masses in partially quenched chiral
perturbation theory, Nucl. Phys. A 748 (2005) 513 [hep-1at/0407030] [nSPIRE].

V. Bernard, T.R. Hemmert and U.-G. Meifiner, Chiral extrapolations and the covariant small
scale expansion, Phys. Lett. B 622 (2005) 141 [hep-lat/0503022] [INSPIRE].

J. Martin Camalich, L..S. Geng and M.J. Vicente Vacas, The lowest-lying baryon masses in
covariant SU(3)-flavor chiral perturbation theory, Phys. Rev. D 82 (2010) 074504
[arXiv:1003.1929] [INSPIRE].

X.-L. Ren, L.-S. Geng and J. Meng, Decuplet baryon masses in covariant baryon chiral
perturbation theory, Phys. Rev. D 89 (2014) 054034 [arXiv:1307.1896] InSPIRE].

T.R. Hemmert, B.R. Holstein and J. Kambor, Chiral Lagrangians and A(1232) interactions:
formalism, J. Phys. G 24 (1998) 1831 [hep-ph/9712496] [INSPIRE].

M. Procura et al., Nucleon mass: From lattice QCD to the chiral limit, Phys. Rev. D 73
(2006) 114510 [hep-1at/0603001] [INSPIRE].

- 123 -


https://doi.org/10.1016/0550-3213(88)90107-1
https://inspirehep.net/literature/252207
https://doi.org/10.1007/JHEP01(2015)034
https://doi.org/10.1007/JHEP01(2015)034
https://arxiv.org/abs/1411.6384
https://inspirehep.net/literature/1329799
https://doi.org/10.1103/PhysRev.125.1067
https://inspirehep.net/literature/2477
https://doi.org/10.1143/PTP.27.949
https://doi.org/10.1143/PTP.27.949
https://inspirehep.net/literature/8640
https://doi.org/10.1016/0370-2693(91)90266-S
https://inspirehep.net/literature/300913
https://doi.org/10.1103/PhysRevD.60.114038
https://doi.org/10.1103/PhysRevD.60.114038
https://arxiv.org/abs/hep-ph/9908377
https://inspirehep.net/literature/505669
https://doi.org/10.1103/PhysRevD.68.056005
https://arxiv.org/abs/hep-ph/0302117
https://inspirehep.net/literature/613372
https://doi.org/10.1088/0954-3899/31/2/002
https://arxiv.org/abs/hep-ph/0412092
https://inspirehep.net/literature/666362
https://doi.org/10.1007/s11467-013-0327-7
https://doi.org/10.1007/s11467-013-0327-7
https://arxiv.org/abs/1301.6815
https://inspirehep.net/literature/1216678
https://doi.org/10.1103/PhysRevC.61.015205
https://arxiv.org/abs/nucl-th/9904017
https://inspirehep.net/literature/497966
https://doi.org/10.1016/0550-3213(88)90108-3
https://doi.org/10.1016/0550-3213(88)90108-3
https://inspirehep.net/literature/251672
https://doi.org/10.1016/0550-3213(92)90615-I
https://doi.org/10.1016/0550-3213(92)90615-I
https://inspirehep.net/literature/338932
https://doi.org/10.1007/JHEP12(2012)073
https://arxiv.org/abs/1209.3641
https://inspirehep.net/literature/1185791
https://doi.org/10.1016/j.nuclphysa.2004.11.012
https://arxiv.org/abs/hep-lat/0407030
https://inspirehep.net/literature/655010
https://doi.org/10.1016/j.physletb.2005.06.088
https://arxiv.org/abs/hep-lat/0503022
https://inspirehep.net/literature/678618
https://doi.org/10.1103/PhysRevD.82.074504
https://arxiv.org/abs/1003.1929
https://inspirehep.net/literature/848182
https://doi.org/10.1103/PhysRevD.89.054034
https://arxiv.org/abs/1307.1896
https://inspirehep.net/literature/1241826
https://doi.org/10.1088/0954-3899/24/10/003
https://arxiv.org/abs/hep-ph/9712496
https://inspirehep.net/literature/452764
https://doi.org/10.1103/PhysRevD.73.114510
https://doi.org/10.1103/PhysRevD.73.114510
https://arxiv.org/abs/hep-lat/0603001
https://inspirehep.net/literature/711495

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

B.C. Tiburzi and A. Walker-Loud, Strong isospin breaking in the nucleon and Delta masses,
Nucl. Phys. A 764 (2006) 274 [hep-1at/0501018] [INSPIRE].

V. Pascalutsa and M. Vanderhaeghen, The Nucleon and delta-resonance masses in relativistic
chiral effective-field theory, Phys. Lett. B 636 (2006) 31 [hep-ph/0511261] [INSPIRE].

E.E. Jenkins and A.V. Manohar, Chiral corrections to the baryon axial currents, Phys. Lett.
B 259 (1991) 353 [nSPIRE].

A. Walker-Loud, Octet baryon masses in partially quenched chiral perturbation theory, Nucl.
Phys. A 747 (2005) 476 [hep-1at/0405007] [INSPIRE].

S.R. Beane, Nucleon masses and magnetic moments in a finite volume, Phys. Rev. D 70
(2004) 034507 [hep-1at/0403015] [INSPIRE].

V. Bernard, U.-G. Meifiner and A. Rusetsky, The Delta-resonance in a finite volume, Nucl.
Phys. B 788 (2008) 1 [hep-1at/0702012] [iNSPIRE].

H. Akaike, Information theory and an extension of the maximum likelihood principle, in 2nd
International Symposium on Information Theory, Tsahkadsor, Armenia, USSR, September
2-8, 1971, B.N. Petrov and F. Cséki eds., Akadémiai Kiad4, Budapest (1973), p. 267;
reprinted in Selected Papers of Hirotugu Akaike, Springer Series in Statistics (Perspectives in
Statistics), E. Parzen et al. eds., Springer, New York (1998), p. 199213
[DOI:10.1007/978-1-4612-1694-0_15] [INSPIRE].

S. Borsanyi et al., Leading hadronic contribution to the muon magnetic moment from lattice
QCD, Nature 593 (2021) 51 [arXiv:2002.12347] [INSPIRE].

W.I. Jay and E.T. Neil, Bayesian model averaging for analysis of lattice field theory results,
Phys. Rev. D 103 (2021) 114502 [arXiv:2008.01069] [INSPIRE].

P.E. Shanahan, A.W. Thomas and R.D. Young, Sigma terms from an SU(3) chiral
extrapolation, Phys. Rev. D 87 (2013) 074503 [arXiv:1205.5365] [INSPIRE].

S. Diirr et al., Lattice computation of the nucleon scalar quark contents at the physical point,
Phys. Rev. Lett. 116 (2016) 172001 [arXiv:1510.08013] [INSPIRE].

M.F.M. Lutz, R. Bavontaweepanya, C. Kobdaj and K. Schwarz, Finite volume effects in the
chiral extrapolation of baryon masses, Phys. Rev. D 90 (2014) 054505 [arXiv:1401.7805]
[INSPIRE].

M.F.M. Lutz, Y. Heo and X.-Y. Guo, On the convergence of the chiral expansion for the
baryon ground-state masses, Nucl. Phys. A 977 (2018) 146 [arXiv:1801.06417] INSPIRE].

P.L.J. Petrak et al., Towards the determination of sigma terms for the baryon octet on
Ny =2+ 1 CLS ensembles, PoS LATTICE2021 (2022) 072 [arXiv:2112.00586] INSPIRE].

R.F. Dashen and A.V. Manohar, 1/N, corrections to the baryon azial currents in QCD, Phys.
Lett. B 315 (1993) 438 [hep-ph/9307242] [InSPIRE].

PARTICLE DATA GROUP collaboration, Review of Particle Physics, PTEP 2022 (2022)
083C01 [iNSPIRE].

M. Hoferichter, J. Ruiz de Elvira, B. Kubis and U.-G. Meifiner, Roy-Steiner-equation analysis
of pion-nucleon scattering, Phys. Rept. 625 (2016) 1 [arXiv:1510.06039] INSPIRE].

M. Hoferichter, J. Ruiz de Elvira, B. Kubis and U.-G. Meifiner, High-Precision Determination
of the Pion-Nucleon o Term from Roy-Steiner Equations, Phys. Rev. Lett. 115 (2015) 092301
[arXiv:1506.04142] [INSPIRE].

- 124 -


https://doi.org/10.1016/j.nuclphysa.2005.08.013
https://arxiv.org/abs/hep-lat/0501018
https://inspirehep.net/literature/675277
https://doi.org/10.1016/j.physletb.2006.03.023
https://arxiv.org/abs/hep-ph/0511261
https://inspirehep.net/literature/698597
https://doi.org/10.1016/0370-2693(91)90840-M
https://doi.org/10.1016/0370-2693(91)90840-M
https://inspirehep.net/literature/313958
https://doi.org/10.1016/j.nuclphysa.2004.10.007
https://doi.org/10.1016/j.nuclphysa.2004.10.007
https://arxiv.org/abs/hep-lat/0405007
https://inspirehep.net/literature/649989
https://doi.org/10.1103/PhysRevD.70.034507
https://doi.org/10.1103/PhysRevD.70.034507
https://arxiv.org/abs/hep-lat/0403015
https://inspirehep.net/literature/646217
https://doi.org/10.1016/j.nuclphysb.2007.07.030
https://doi.org/10.1016/j.nuclphysb.2007.07.030
https://arxiv.org/abs/hep-lat/0702012
https://inspirehep.net/literature/744087
https://doi.org/10.1007/978-1-4612-1694-0_15
https://inspirehep.net/literature/1795438
https://doi.org/10.1038/s41586-021-03418-1
https://arxiv.org/abs/2002.12347
https://inspirehep.net/literature/1782626
https://doi.org/10.1103/PhysRevD.103.114502
https://arxiv.org/abs/2008.01069
https://inspirehep.net/literature/1809826
https://doi.org/10.1103/PhysRevD.87.074503
https://arxiv.org/abs/1205.5365
https://inspirehep.net/literature/1115831
https://doi.org/10.1103/PhysRevLett.116.172001
https://arxiv.org/abs/1510.08013
https://inspirehep.net/literature/1401013
https://doi.org/10.1103/PhysRevD.90.054505
https://arxiv.org/abs/1401.7805
https://inspirehep.net/literature/1279604
https://doi.org/10.1016/j.nuclphysa.2018.05.007
https://arxiv.org/abs/1801.06417
https://inspirehep.net/literature/1649096
https://doi.org/10.22323/1.396.0072
https://arxiv.org/abs/2112.00586
https://inspirehep.net/literature/1981966
https://doi.org/10.1016/0370-2693(93)91637-3
https://doi.org/10.1016/0370-2693(93)91637-3
https://arxiv.org/abs/hep-ph/9307242
https://inspirehep.net/literature/356128
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://inspirehep.net/literature/2106994
https://doi.org/10.1016/j.physrep.2016.02.002
https://arxiv.org/abs/1510.06039
https://inspirehep.net/literature/1399197
https://doi.org/10.1103/PhysRevLett.115.092301
https://arxiv.org/abs/1506.04142
https://inspirehep.net/literature/1376131

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165)

Y .-B. Yang et al., Proton Mass Decomposition from the QCD Energy Momentum Tensor,
Phys. Rev. Lett. 121 (2018) 212001 [arXiv:1808.08677] [INSPIRE].

Y.-C. Jang et al., Nucleon electromagnetic form factors in the continuum limit from
(24 1+ 1)-flavor lattice QCD, Phys. Rev. D 101 (2020) 014507 [arXiv:1906.07217]
[INSPIRE].

MILC collaboration, Lattice QCD Ensembles with Four Flavors of Highly Improved Staggered
Quarks, Phys. Rev. D 87 (2013) 054505 [arXiv:1212.4768] InSPIRE].

Y. Lin et al., Nucleon mass with highly improved staggered quarks, Phys. Rev. D 103 (2021)
034501 [arXiv:1911.12256] [INSPIRE].

FERMILAB LATTICE, LATTICE-HPQCD and MILC collaborations,
Hadronic-vacuum-polarization contribution to the muon’s anomalous magnetic moment from
four-flavor lattice QCD, Phys. Rev. D 101 (2020) 034512 [arXiv:1902.04223] [INSPIRE].

K. Ottnad et al., Mass and isovector matrix elements of the nucleon at zero-momentum
transfer, PoS LATTICE2022 (2023) 117 [arXiv:2212.09940] [InSPIRE].

Y.-H. Chen, D.-L. Yao and H.Q. Zheng, Analyses of pion-nucleon elastic scattering
amplitudes up to O(p*) in extended-on-mass-shell subtraction scheme, Phys. Rev. D 87
(2013) 054019 [arXiv:1212.1893] [INSPIRE].

J. Ruiz de Elvira, M. Hoferichter, B. Kubis and U.-G. Meifiner, Extracting the o-term from
low-energy pion-nucleon scattering, J. Phys. G 45 (2018) 024001 [arXiv:1706.01465]
[INSPIRE].

ETM collaboration, Direct Fvaluation of the Quark Content of Nucleons from Lattice QCD
at the Physical Point, Phys. Rev. Lett. 116 (2016) 252001 [arXiv:1601.01624] INSPIRE].

RQCD collaboration, Direct determinations of the nucleon and pion o terms at nearly
physical quark masses, Phys. Rev. D 93 (2016) 094504 [arXiv:1603.00827] [INSPIRE].

xQCD collaboration, 7N and strangeness sigma terms at the physical point with chiral
fermions, Phys. Rev. D 94 (2016) 054503 [arXiv:1511.09089] [INSPIRE].

JLQCD collaboration, Nucleon charges with dynamical overlap fermions, Phys. Rev. D 98
(2018) 054516 [arXiv:1805.10507] [INSPIRE].

A. Agadjanov et al., The nucleon sigma terms with Ny = 2+ 1 O(a)-improved Wilson
fermions, arXiv:2303.08741 [INSPIRE].

C. Alexandrou et al., Nucleon azial, tensor, and scalar charges and o-terms in lattice QCD,
Phys. Rev. D 102 (2020) 054517 [arXiv:1909.00485] [INSPIRE].

S. Borsanyi et al., Ab-initio calculation of the proton and the neutron’s scalar couplings for
new physics searches, arXiv:2007.03319 [INSPIRE].

R. Gupta et al., Pion-Nucleon Sigma Term from Lattice QCD, Phys. Rev. Lett. 127 (2021)
242002 [arXiv:2105.12095] [NSPIRE].

M.F.M. Lutz, Y. Heo and X.-Y. Guo, Low-energy constants in the chiral Lagrangian with
baryon octet and decuplet fields from Lattice QCD data on CLS ensembles,
arXiv:2301.06837 [INSPIRE].

M. Gockeler et al., Scattering phases for meson and baryon resonances on general
moving-frame lattices, Phys. Rev. D 86 (2012) 094513 [arXiv:1206.4141] [InSPIRE].

- 125 -


https://doi.org/10.1103/PhysRevLett.121.212001
https://arxiv.org/abs/1808.08677
https://inspirehep.net/literature/1691570
https://doi.org/10.1103/PhysRevD.101.014507
https://arxiv.org/abs/1906.07217
https://inspirehep.net/literature/1740388
https://doi.org/10.1103/PhysRevD.87.054505
https://arxiv.org/abs/1212.4768
https://inspirehep.net/literature/1208113
https://doi.org/10.1103/PhysRevD.103.034501
https://doi.org/10.1103/PhysRevD.103.034501
https://arxiv.org/abs/1911.12256
https://inspirehep.net/literature/1767417
https://doi.org/10.1103/PhysRevD.101.034512
https://arxiv.org/abs/1902.04223
https://inspirehep.net/literature/1719943
https://doi.org/10.22323/1.430.0117
https://arxiv.org/abs/2212.09940
https://inspirehep.net/literature/2616272
https://doi.org/10.1103/PhysRevD.87.054019
https://doi.org/10.1103/PhysRevD.87.054019
https://arxiv.org/abs/1212.1893
https://inspirehep.net/literature/1206632
https://doi.org/10.1088/1361-6471/aa9422
https://arxiv.org/abs/1706.01465
https://inspirehep.net/literature/1602952
https://doi.org/10.1103/PhysRevLett.116.252001
https://arxiv.org/abs/1601.01624
https://inspirehep.net/literature/1414204
https://doi.org/10.1103/PhysRevD.93.094504
https://arxiv.org/abs/1603.00827
https://inspirehep.net/literature/1425694
https://doi.org/10.1103/PhysRevD.94.054503
https://arxiv.org/abs/1511.09089
https://inspirehep.net/literature/1407157
https://doi.org/10.1103/PhysRevD.98.054516
https://doi.org/10.1103/PhysRevD.98.054516
https://arxiv.org/abs/1805.10507
https://inspirehep.net/literature/1675018
https://arxiv.org/abs/2303.08741
https://inspirehep.net/literature/2642384
https://doi.org/10.1103/PhysRevD.102.054517
https://arxiv.org/abs/1909.00485
https://inspirehep.net/literature/1752292
https://arxiv.org/abs/2007.03319
https://inspirehep.net/literature/1805465
https://doi.org/10.1103/PhysRevLett.127.242002
https://doi.org/10.1103/PhysRevLett.127.242002
https://arxiv.org/abs/2105.12095
https://inspirehep.net/literature/1864945
https://arxiv.org/abs/2301.06837
https://inspirehep.net/literature/2623774
https://doi.org/10.1103/PhysRevD.86.094513
https://arxiv.org/abs/1206.4141
https://inspirehep.net/literature/1118737

[166]

[167]

[168]

[169]

[170]

[171]

[172]

[173]

[174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

[184]

W. Detmold and A. Nicholson, Low energy scattering phase shifts for meson-baryon systems,
Phys. Rev. D 93 (2016) 114511 [arXiv:1511.02275] [INSPIRE].

C.W. Andersen, J. Bulava, B. Horz and C. Morningstar, Elastic I = 3/2 p-wave nucleon-pion
scattering amplitude and the A(1232) resonance from Ny = 2+ 1 Lattice QCD, Phys. Rev. D
97 (2018) 014506 [arXiv:1710.01557] [INSPIRE].

G. Silvi et al., P-wave nucleon-pion scattering amplitude in the A(1232) channel from lattice
QCD, Phys. Rev. D 103 (2021) 094508 [arXiv:2101.00689] [INSPIRE].

D. Mohler, S. Schaefer and J. Simeth, CLS 2+ 1 flavor simulations at physical light- and
strange-quark masses, EPJ Web Conf. 175 (2018) 02010 [arXiv:1712.04884] [INSPIRE].

G.S. Bali et al., Hyperon couplings from Ny =2+ 1 Lattice QCD, PoS LATTICE2019
(2019) 099 [arXiv:1907.13454] [InSPIRE].

RQCD collaboration, Nucleon azial structure from lattice QCD, JHEP 05 (2020) 126
[arXiv:1911.13150] [INSPIRE].

D. Krause, JUWELS: Modular Tier-0/1 Supercomputer at the Jilich Supercomputing Centre,
JLSRF 5 (2019) A135 [INSPIRE].

D. Krause and P. Thornig, JURECA: Modular supercomputer at Jilich Supercomputing
Centre, JLSRF' 4 (2018) A132.

P. Arts et al., QPACE 2 and Domain Decomposition on the Intel Xeon Phi, PoS
LATTICE2014 (2015) 021 [arXiv:1502.04025] [INSPIRE].

B. Hagemeier, HDF Cloud — Helmholtz Data Federation Cloud Resources at the Jiilich
Supercomputing Centre, JLSRF 5 (2019) A137 [INSPIRE].

ScIDAC et al. collaborations, The Chroma software system for lattice QCD, Nucl. Phys. B
Proc. Suppl. 140 (2005) 832 [hep-1at/0409003] [INSPIRE].

S. Heybrock, M. Rottmann, P. Georg and T. Wettig, Adaptive algebraic multigrid on SIMD
architectures, PoS LATTICE2015 (2016) 036 [arXiv:1512.04506] [INSPIRE].

P. Georg, D. Richtmann and T. Wettig, DD-aAMG on QPACE 3, EPJ Web Conf. 175
(2018) 02007 [arXiv:1710.07041] InSPIRE].

A. Frommer et al., Adaptive Aggregation Based Domain Decomposition Multigrid for the
Lattice Wilson Dirac Operator, SIAM J. Sci. Comput. 36 (2014) A1581 [arXiv:1303.1377]
[INSPIRE].

M. Liischer, Deflation acceleration of lattice QCD simulations, JHEP 12 (2007) 011
[arXiv:0710.5417] [NSPIRE].

J. Bijnens, Violations of Dashen’s theorem, Phys. Lett. B 306 (1993) 343 [hep-ph/9302217]
[INSPIRE].

B. Moussallam, A Sum rule approach to the violation of Dashen’s theorem, Nucl. Phys. B
504 (1997) 381 [hep-ph/9701400] [INSPIRE].

J. Gasser, A. Rusetsky and I. Scimemi, Electromagnetic corrections in hadronic processes,
Eur. Phys. J. C 32 (2003) 97 [hep-ph/0305260] [INSPIRE].

S. Aoki et al., Review of lattice results concerning low-energy particle physics, Eur. Phys. J.
C 77 (2017) 112 [arXiv:1607.00299] NSPIRE].

- 126 —


https://doi.org/10.1103/PhysRevD.93.114511
https://arxiv.org/abs/1511.02275
https://inspirehep.net/literature/1403560
https://doi.org/10.1103/PhysRevD.97.014506
https://doi.org/10.1103/PhysRevD.97.014506
https://arxiv.org/abs/1710.01557
https://inspirehep.net/literature/1628655
https://doi.org/10.1103/PhysRevD.103.094508
https://arxiv.org/abs/2101.00689
https://inspirehep.net/literature/1839330
https://doi.org/10.1051/epjconf/201817502010
https://arxiv.org/abs/1712.04884
https://inspirehep.net/literature/1643031
https://doi.org/10.22323/1.363.0099
https://doi.org/10.22323/1.363.0099
https://arxiv.org/abs/1907.13454
https://inspirehep.net/literature/1747224
https://doi.org/10.1007/JHEP05(2020)126
https://arxiv.org/abs/1911.13150
https://inspirehep.net/literature/1767624
https://doi.org/10.17815/jlsrf-5-171
https://inspirehep.net/literature/1740981
https://doi.org/10.17815/jlsrf-4-121-1
https://doi.org/10.22323/1.214.0021
https://doi.org/10.22323/1.214.0021
https://arxiv.org/abs/1502.04025
https://inspirehep.net/literature/1344781
https://doi.org/10.17815/jlsrf-5-173
https://inspirehep.net/literature/1764494
https://doi.org/10.1016/j.nuclphysbps.2004.11.254
https://doi.org/10.1016/j.nuclphysbps.2004.11.254
https://arxiv.org/abs/hep-lat/0409003
https://inspirehep.net/literature/658088
https://doi.org/10.22323/1.251.0036
https://arxiv.org/abs/1512.04506
https://inspirehep.net/literature/1409505
https://doi.org/10.1051/epjconf/201817502007
https://doi.org/10.1051/epjconf/201817502007
https://arxiv.org/abs/1710.07041
https://inspirehep.net/literature/1631654
https://doi.org/10.1137/130919507
https://arxiv.org/abs/1303.1377
https://inspirehep.net/literature/1222681
https://doi.org/10.1088/1126-6708/2007/12/011
https://arxiv.org/abs/0710.5417
https://inspirehep.net/literature/765891
https://doi.org/10.1016/0370-2693(93)90089-Z
https://arxiv.org/abs/hep-ph/9302217
https://inspirehep.net/literature/34319
https://doi.org/10.1016/S0550-3213(97)00464-1
https://doi.org/10.1016/S0550-3213(97)00464-1
https://arxiv.org/abs/hep-ph/9701400
https://inspirehep.net/literature/439899
https://doi.org/10.1140/epjc/s2003-01383-1
https://arxiv.org/abs/hep-ph/0305260
https://inspirehep.net/literature/619470
https://doi.org/10.1140/epjc/s10052-016-4509-7
https://doi.org/10.1140/epjc/s10052-016-4509-7
https://arxiv.org/abs/1607.00299
https://inspirehep.net/literature/1473344

[185] S.R. Coleman and S.L. Glashow, Electrodynamic properties of baryons in the unitary
symmetry scheme, Phys. Rev. Lett. 6 (1961) 423 [INSPIRE].

[186] R.F. Dashen, Chiral SU(3) x SU(3) as a symmetry of the strong interactions, Phys. Rev. 183
(1969) 1245 [INSPIRE].

[187] R. Horsley et al., Lattice determination of ¥-A mixing, Phys. Rev. D 91 (2015) 074512
[arXiv:1411.7665] [NSPIRE].

[188] QCDSF-UKQCD collaboration, Reply to “Comment on ‘Lattice determination of X-A
mizing’”, Phys. Rev. D 92 (2015) 018502 [arXiv:1507.07825] [INSPIRE].

[189] QCDSF-UKQCD collaboration, The nucleon mass in Ny = 2 Lattice QCD: Finite size
effects from chiral perturbation theory, Nucl. Phys. B 689 (2004) 175 [hep-1at/0312030]
[INSPIRE].

[190] L.-S. Geng, X.-L. Ren, J. Martin-Camalich and W. Weise, Finite-volume effects on
octet-baryon masses in covariant baryon chiral perturbation theory, Phys. Rev. D 84 (2011)
074024 [arXiv:1108.2231] [INSPIRE].

[191] W. Detmold and C.J.D. Lin, Twist-two matriz elements at finite and infinite volume, Phys.
Rev. D 71 (2005) 054510 [hep-1at/0501007] INSPIRE].

[192] J. Gasser and H. Leutwyler, Chiral Perturbation Theory: Expansions in the Mass of the
Strange Quark, Nucl. Phys. B 250 (1985) 465 [INSPIRE].

[193] A. Meurer et al., SymPy: symbolic computing in Python, PeerJ Comput. Sci. 3 (2017) €103
[INSPIRE].

[194] MILC collaboration, Results for light pseudoscalar mesons, PoS LATTICE2010 (2010) 074
[arXiv:1012.0868] [INSPIRE].

[195] RQCD collaboration, Masses and decay constants of the n and n' mesons from lattice QCD,
JHEP 08 (2021) 137 [arXiv:2106.05398] [INSPIRE].

[196] J. Bijnens and G. Ecker, Mesonic low-energy constants, Ann. Rev. Nucl. Part. Sci. 64 (2014)
149 [arXiv: 1405.6488] [INSPIRE].

[197] S. Giisken et al., Nonsinglet Axial Vector Couplings of the Baryon Octet in Lattice QCD,
Phys. Lett. B 227 (1989) 266 [INSPIRE].

[198] S. Giisken, A Study of smearing techniques for hadron correlation functions, Nucl. Phys. B
Proc. Suppl. 17 (1990) 361 [INSPIRE].

[199] M. Falcioni, M.L. Paciello, G. Parisi and B. Taglienti, Again on SU(3) glueball mass, Nucl.
Phys. B 251 (1985) 624 [INSPIRE].

[200] G.S. Bali, B. Lang, B.U. Musch and A. Schéfer, Novel quark smearing for hadrons with high
momenta in lattice QCD, Phys. Rev. D 93 (2016) 094515 [arXiv:1602.05525] [INSPIRE].

[201] R. Sommer, Leptonic decays of B and D mesons, Nucl. Phys. B Proc. Suppl. 42 (1995) 186
[hep-lat/9411024] [INSPIRE].

[202] UKQCD collaboration, Hadrons with a heavy color adjoint particle, Phys. Rev. D 59 (1999)
094509 [hep-1at/9811010] [INSPIRE].

[203] S. Bernardson, P. McCarty and C. Thron, Monte Carlo methods for estimating linear
combinations of inverse matrixz entries in lattice QCD, Comput. Phys. Commun. 78 (1993)
256 [INSPIRE].

- 127 -


https://doi.org/10.1103/PhysRevLett.6.423
https://inspirehep.net/literature/40202
https://doi.org/10.1103/PhysRev.183.1245
https://doi.org/10.1103/PhysRev.183.1245
https://inspirehep.net/literature/55136
https://doi.org/10.1103/PhysRevD.91.074512
https://arxiv.org/abs/1411.7665
https://inspirehep.net/literature/1331418
https://doi.org/10.1103/PhysRevD.92.018502
https://arxiv.org/abs/1507.07825
https://inspirehep.net/literature/1383289
https://doi.org/10.1016/j.nuclphysb.2004.04.018
https://arxiv.org/abs/hep-lat/0312030
https://inspirehep.net/literature/635921
https://doi.org/10.1103/PhysRevD.84.074024
https://doi.org/10.1103/PhysRevD.84.074024
https://arxiv.org/abs/1108.2231
https://inspirehep.net/literature/922866
https://doi.org/10.1103/PhysRevD.71.054510
https://doi.org/10.1103/PhysRevD.71.054510
https://arxiv.org/abs/hep-lat/0501007
https://inspirehep.net/literature/674587
https://doi.org/10.1016/0550-3213(85)90492-4
https://inspirehep.net/literature/200027
https://doi.org/10.7717/peerj-cs.103
https://inspirehep.net/literature/1620083
https://doi.org/10.22323/1.105.0074
https://arxiv.org/abs/1012.0868
https://inspirehep.net/literature/879625
https://doi.org/10.1007/JHEP08(2021)137
https://arxiv.org/abs/2106.05398
https://inspirehep.net/literature/1868050
https://doi.org/10.1146/annurev-nucl-102313-025528
https://doi.org/10.1146/annurev-nucl-102313-025528
https://arxiv.org/abs/1405.6488
https://inspirehep.net/literature/1298035
https://doi.org/10.1016/S0370-2693(89)80034-6
https://inspirehep.net/literature/277896
https://doi.org/10.1016/0920-5632(90)90273-W
https://doi.org/10.1016/0920-5632(90)90273-W
https://inspirehep.net/literature/290567
https://doi.org/10.1016/0550-3213(85)90280-9
https://doi.org/10.1016/0550-3213(85)90280-9
https://inspirehep.net/literature/206605
https://doi.org/10.1103/PhysRevD.93.094515
https://arxiv.org/abs/1602.05525
https://inspirehep.net/literature/1422054
https://doi.org/10.1016/0920-5632(95)00201-J
https://arxiv.org/abs/hep-lat/9411024
https://inspirehep.net/literature/379909
https://doi.org/10.1103/PhysRevD.59.094509
https://doi.org/10.1103/PhysRevD.59.094509
https://arxiv.org/abs/hep-lat/9811010
https://inspirehep.net/literature/478948
https://doi.org/10.1016/0010-4655(94)90004-3
https://doi.org/10.1016/0010-4655(94)90004-3
https://inspirehep.net/literature/365602

[204]

[205)

206]

[207]

208

[209]

[210]
[211]

[212]

[213]

[214]

[215]

[216]

217]

[218]

[219]

[220]

TxL collaboration, Improving stochastic estimator techniques for disconnected diagrams,
Nucl. Phys. B Proc. Suppl. 63 (1998) 269 [hep-1at/9710050] [INSPIRE].

UKQCD collaboration, Decay width of light quark hybrid meson from the lattice, Phys. Rev.
D 73 (2006) 074506 [hep-1at/0603007] INSPIRE].

ALPHA collaboration, HQET at order 1/m: II. Spectroscopy in the quenched approximation,
JHEP 05 (2010) 074 [arXiv:1004.2661] [INSPIRE].

H.W. Hamber, E. Marinari, G. Parisi and C. Rebbi, Considerations on Numerical Analysis of
QCD, Nucl. Phys. B 225 (1983) 475 [INSPIRE].

G.P. Lepage, The analysis of algorithms for lattice field theory, in From actions to answers.
Proceedings, Theoretical Advanced Study Institute in Elementary Particle Physics, Boulder,
CO, U.S.A., June 5-30, 1989, T.A. DeGrand and D. Toussaint eds., World Scientific,
Singapore (1990), p. 97-120 [D0I:10.1142/0971].

M.H. Quenouille, Approximate tests of correlation in time-series, J. Roy. Statist. Soc. B 11
(1949) 68.

M.H. Quenouille, Notes on bias in estimation, Biometrika 43 (1956) 353.

B. Efron, Bootstrap Methods: Another Look at the Jackknife, Annals Statist. 7 (1979) 1
[INSPIRE].

B. Efron, The Jackknife, the Bootstrap and Other Resampling Plans, STAM CBMS-NSF
Regional Conference Series in Applied Mathematics (Book 38), Reading, MA, U.S.A. (1982)
[DOI:10.1137/1.9781611970319).

N. Madras and A.D. Sokal, The Pivot algorithm: a highly efficient Monte Carlo method for
selfavoiding walk, J. Statist. Phys. 50 (1988) 109 [NSPIRE].

ALPHA collaboration, Monte Carlo errors with less errors, Comput. Phys. Commun. 156
(2004) 143 [Erratum ibid. 176 (2007) 383] [hep-1at/0306017] [INSPIRE].

A. Ramos, Automatic differentiation for error analysis of Monte Carlo data, Comput. Phys.
Commun. 238 (2019) 19 [arXiv:1809.01289] INSPIRE].

J.F. Kenney and E.S. Keeping, Mathematics of Statistics, Part 2, D. Van Nostrand Company,
2nd edition, Princeton, NJ, U.S.A. (1951).

D.R. Barker and L.M. Diana, Simple method for fitting data when both variables have
uncertainties, Am. J. Phys. 42 (1974) 224 [INSPIRE].

J. Orear, Least squares when both variables have uncertainties, Am. J. Phys. 50 (1982) 912
[INSPIRE].

S.L. Marshall and J.G. Blencoe, Generalized least-squares fit of multiequation models, Am. J.
Phys. 73 (2005) 69.

D. Mohler and S. Schaefer, Remarks on strange-quark simulations with Wilson fermions,
Phys. Rev. D 102 (2020) 074506 [arXiv:2003.13359] [INSPIRE].

- 128 —


https://doi.org/10.1016/S0920-5632(97)00742-1
https://arxiv.org/abs/hep-lat/9710050
https://inspirehep.net/literature/449649
https://doi.org/10.1103/PhysRevD.73.074506
https://doi.org/10.1103/PhysRevD.73.074506
https://arxiv.org/abs/hep-lat/0603007
https://inspirehep.net/literature/711762
https://doi.org/10.1007/JHEP05(2010)074
https://arxiv.org/abs/1004.2661
https://inspirehep.net/literature/852021
https://doi.org/10.1016/0550-3213(83)90528-X
https://inspirehep.net/literature/191106
https://doi.org/10.1142/0971
https://www.jstor.org/stable/2983696
https://www.jstor.org/stable/2983696
https://doi.org/10.1093/biomet/43.3-4.353
https://doi.org/10.1214/aos/1176344552
https://inspirehep.net/literature/1775627
https://doi.org/10.1137/1.9781611970319
https://doi.org/10.1007/BF01022990
https://inspirehep.net/literature/273633
https://doi.org/10.1016/S0010-4655(03)00467-3
https://doi.org/10.1016/S0010-4655(03)00467-3
https://arxiv.org/abs/hep-lat/0306017
https://inspirehep.net/literature/621085
https://doi.org/10.1016/j.cpc.2018.12.020
https://doi.org/10.1016/j.cpc.2018.12.020
https://arxiv.org/abs/1809.01289
https://inspirehep.net/literature/1692759
https://doi.org/10.1119/1.1987652
https://inspirehep.net/literature/96668
https://doi.org/10.1119/1.12972
https://inspirehep.net/literature/165981
https://doi.org/10.1119/1.1781663
https://doi.org/10.1119/1.1781663
https://doi.org/10.1103/PhysRevD.102.074506
https://arxiv.org/abs/2003.13359
https://inspirehep.net/literature/1788607

	Introduction
	Overview of the ensembles
	Wilson flow scales and the determination of action-specific parameters
	Order a improvement of the coupling constant
	The critical hopping parameter and combinations of renormalization  constants and improvement coefficients
	The scale parameter t(0)
	The quark mass dependence of the t(0)- and the t(0)**(*) /a**(2)-values
	Survey of the t(0)/a**(2) data
	Interpolating formula for t(0)**(*) /a**(2)
	Global interpolation of t(0)/a**(2)

	Summary of the main results for t(0), a and the low energy constant k(1)
	The symmetric point parameters

	Physical point extrapolation strategy
	The continuum limit
	Parametrization of the quark mass, lattice spacing and volume dependence
	Finite size effects

	The continuum limit dependence of baryon masses on the meson masses
	Linear: NLO BChPT
	BChPT: NNLO BChPT
	Octet-decuplet BChPT: including the small scale expansion
	GMO: Taylor expansion about an SU(3) symmetric point

	Results for the scale t(0,ph), the spectrum and the low energy constants
	Fits carried out and the naming conventions used
	Fit strategy and data cuts
	Illustration of the scale setting procedure
	Determination of the scale parameter sqrt(8t(0,ph))
	The baryon spectrum
	The sigma terms of the octet baryons and the Omega baryon
	SU(3) and SU(2) (H)BChPT low energy constants
	Discussion of t(0,ph), the baryon spectrum and sigma(pi N)

	Summary of the main results
	Results that are specific to the lattice action
	The sigma terms and the BChPT low energy constants
	The scale parameter t(0)
	The light baryon spectrum

	Conclusions and outlook
	Correcting for electrical and mass isospin breaking effects
	Finite size effects on baryon masses
	The sigma terms
	The sigma terms from the meson mass dependence
	Impact of corrections to the GMOR relations on the sigma terms

	SU(2) BChPT low energy constants
	Details of the spectrum and quark mass determinations
	Hadron interpolators and smearing
	Source positions and extraction of the masses
	Tables of the masses and t(0)/a**(2)

	Statistical analysis
	Resampling: jackknife and bootstrap analysis
	Binning and autocorrelation times
	Examples of infinite bin size extrapolations
	Least squares fits with errors on the arguments and priors

	HMC simulation parameters and reweighting towards the target  action
	Technical HMC parameters
	Reweighting


