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COMPUTATIONAL METHODS FOR LARGE-SCALE INVERSE
PROBLEMS: A SURVEY ON HYBRID PROJECTION METHODS*

JULIANNE CHUNGT AND SILVIA GAZZOLA?

Abstract. This paper surveys an important class of methods that combine iterative projection
methods and variational regularization methods for large-scale inverse problems. Iterative methods
such as Krylov subspace methods are invaluable in the numerical linear algebra community and
have proved important in solving inverse problems due to their inherent regularizing properties and
their ability to handle large-scale problems. Variational regularization describes a broad and impor-
tant class of methods that are used to obtain reliable solutions to inverse problems, whereby one
solves a modified problem that incorporates prior knowledge. Hybrid projection methods combine
iterative projection methods with variational regularization techniques in a synergistic way, provid-
ing researchers with a powerful computational framework for solving very large inverse problems.
Although the idea of a hybrid Krylov method for linear inverse problems goes back to the 1980s,
several recent advances on new regularization frameworks and methodologies have made this field
ripe for extensions, further analyses, and new applications. In this paper, we provide a practical and
accessible introduction to hybrid projection methods in the context of solving large (linear) inverse
problems.

Keywords: inverse problems, projection methods, regularization, Krylov meth-
ods, Tikhonov regularization, variational regularization, image deconvolution, com-
puted tomography

1. Introduction. We provide a gentle introduction to hybrid projection meth-
ods for regularizing inverse problems by answering three essential questions: (1) what
is an inverse problem?, (2) what is regularization and why do we need it?, and (3)
why should we use hybrid projection methods?

1.1. What is an inverse problem?. Inverse problems arise in various scientific
applications, including astronomy, geoscience, biomedical sciences, mining engineer-
ing, and medicine (see, e.g., [4, 23, 24, 32, 55, 75, 108, 111, 132, 136, 147, 235]). In
these and other applications, one formulates an inverse problem for the purpose of
recovering, from measured noisy data, the hidden object or phenomenon that gave
rise to such data. In this survey, we are mainly interested in large, linear inverse
problems of the form

(11) b= Axtruc+ea

where a certain unknown quantity of interest is stored in Xy, € R, the observed
measurements are collected in b € R™, the matrix A € R™*" represents the forward
data acquisition process, and e € R™ represents inevitable errors (noise) that arise
from measurement, discretization, or floating point arithmetic. Given measured data,
b, and knowledge of the forward model, A, the goal is to compute an approximation
of X¢rue, 1.€., a solution to the inverse problem.

It is worth mentioning that, in stating (1.1), we have made three simplifying as-
sumptions. First, we assume that the matrix A is known exactly while, in practice,
one should take into account the error between the assumed mathematical model and
the underlying physical model. Second, many inverse problems have an underlying
mathematical model that is not linear, i.e., b = F(Xyye) + €, where F(:) : R" — R™
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is a nonlinear operator that is sometimes referred to as the ‘parameter-to-observation’
map. For these cases, more sophisticated methods should be used to solve the non-
linear inverse problem; see, e.g., [126, 171, 234]. However, many of these methods
require solving a subproblem with an approximate linear model, and the methods de-
scribed in this survey paper have been successfully used for this purpose; indeed, these
simplifying assumptions will be dropped in section 4. Finally, we only consider an
additive noise model, although other realistic assumptions (e.g., multiplicative noise
or mixed noise models) may need to be incorporated in the model.

Two model applications. In this paper, we focus on two model inverse prob-
lems from image processing: image deconvolution and tomographic reconstruction.
These two problems will be used throughout the paper for illustrative purposes, so
we briefly describe them here. Although the sizes of the problem considered here are
typically too small to naturally appear in real-world applications, they are adopted
for pedagogical reasons. All of the test problems presented in this survey can be
generated using the MATLAB toolbox IR TooLs [82]!; see also section 5.

Image deconvolution (or deblurring) problems are very popular in the image and
signal processing literature, and are of core importance in fields such as astronomy,
biology, and medicine. More precisely, the mathematical model of this problem can
be expressed in the continuous setting as an integral equation

(1.2) b(s) = / a(s, t)x(t)ds  +e,

where s,t € R? represent spatial locations. The kernel or point spread function (PSF)
a(s,t) defines the blur, and, if the kernel has the property that a(s,t) = a(s — t),
then the blur is spatially invariant and the integration in (1.2) is a convolution. From
equation (1.2) it can be observed that the blurred image is formed by integrating
the PSF with the true image (represented as a scalar-valued function of the spacial
location t), which is further corrupted by adding a random perturbation e.

In a realistic setting, images are collected only at discrete points (pixels), and
are only available in a finite region (i.e., in a viewable region). Thus, the basic image
deconvolution problem is of the form (1.1) where x4 represents the vectorized sharp
image, A represents the blurring process which specifies how the points in the image
are distorted, and b contains the observed, vectorized, blurred and noisy image. Here
we assume that the true and corrupted images have the same size, so that A € R®*",
The kernel a(s, t) has small support, and so pixels in the center of the viewable region
are well defined. This results in a sparse, structured matrix A. However, pixels of the
blurred image near the boundary of the viewable region are affected by information
outside the viewable region. Therefore, in constructing the matrix A, one needs to
incorporate boundary conditions to model how the image scene extends beyond the
boundaries of the viewable region. Typical boundary conditions include zero, periodic,
reflective, and antireflective. We highlight that the discrete problem associated to
(1.2) often gives rise to matrices A with a well-defined structure: for instance, if
the blur is spatially invariant and periodic boundary conditions are assumed, then
A is a block circulant matrix with circulant blocks and efficient implementations of
any image deconvolution algorithm can be obtained by exploiting structure of the

1The MATLAB programs used to produce the illustrations and experiments reported herein
are available at the website: https://github.com/juliannechung/surveyhybridprojection. The com-
mented lines in the MATLAB files are designed to make the various commands comprehensible to
readers with basic programming experience.
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(a) true image (b) PSF (c) observed image

Fic. 1.1. Image deblurring test problem. (a) Sharp image of 256 X 256 pizels. (b) Zoomed
image (400%) of an anisotropic Gaussian PSF. (¢) Blurred and noisy image.

matrix A. We refer to [4, 17, 136, 200] for a discussion of the many fundamental
modeling aspects of the image deconvolution problem and relevant features of the
discrete problem.

In Figure 1.1 we display the test data that will be used through this paper, and
that can be generated running the MATLAB script generate blur. The size of the
images are 256 x 256 pixels, so n = 2562 = 65, 536. The matrix A models a spatially
invariant blur, with reflective boundary conditions and an anisotropic Gaussian PSF
associated to the kernel

1 Tyr—1 U% PQ
a(s,t) = exp —§(s—t) K (s—t)), where K= 2 o2

and 0?03 — p* > 0.

Tomographic reconstruction (or computed tomography, CT) is a critical tool in
many applications such as nondestructive evaluation and electron microscopy; the ad-
vent of newer technologies (e.g., spectral CT and photoacoustic tomography) prompts
more efficient and more accurate reconstruction methods. CT consists in computing
reconstructions of (parameters of) objects from projections, i.e., data obtained by
integration along rays (typically straight lines, also called X-rays) that penetrate a
domain. More precisely, this problem can be modelled by the Beer-Lambert law as
follows: assuming that the initial intensity Ij of the X-ray ¢ is known, the intensity I}
recorded after the X-ray £ has penetrated the object (characterized by the attenuation
coefficient z(t), t € R?) is I} = I} exp(— [, z(t(£))d¢) + e;, where dl is the Lebesgue
measure along the X-ray £ and ey is the noise in the measurements. As a consequence,
the data collected for the X-ray £ can be represented by the integral

(1.3) — log (g) = /Zx(t(é))dé— log (2@) .

If we consider the so-called parallel-beam geometry, X-rays are typically parametrized
by the angle with respect to the horizontal axis and the distance from the origin,
and the integral appearing in (1.3) is the Radon transform of z(t); note that other
geometries are possible. We assume that m measurements of the form (1.3) are
available, collected along m different X-rays at different distance from the origin
and rotated by different angles. Employing a classical discretization scheme, which
subdivides the object into an array of pixels and assumes that the function z(t) is
constant within each pixel, the above integral can be expressed as a discrete sum and
the following expression for the (¢, j)th entry a;; of the sparse matrix A can be readily

3
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(a) true image (b) tomography setup (c) observations

F1G. 1.2. Parallel X-ray CT test problem. (a) Phantom of size 256 x 256 pizels. (b) Illustration
of 2D X-ray parallel-beam tomography setup, modified from [202]. (c) Observed sinogram containing
data.

derived as

{Lij ifjes

Qi = . )

0 otherwise

where S; is the set of indices of those pixels that are penetrated by the ith X-ray, L;; is
the length of the ith X-ray through the jth pixel. Thus, the basic CT problem (1.3) is
of the form (1.1), where X, represents the unknown material attenuation coefficients,
A represents a physical attenuation process, and b is the vectorized version of the
so-called sinogram, i.e., a 2D array displaying the data measured by a detector, with
the projection angles on the horizontal axis and the distance from the origin on the
vertical axis. In most cases of tomography, A is a rectangular matrix, where m < n
if fewer measurements are collected than the number of unknowns, or m > n if many
projections can be obtained, or parameterization reduces the number of unknowns.
Note also that, differently from the image deconvolution example where the forward
operator maps images to images, in CT the forward operator maps images to sinogram
space: this fundamentally affects the theory and solvers for the two applications. We
refer to [32, 133, 174] for more details on tomography reconstruction problems.

In Figure 1.2 we display the test data for tomography that will be used through
this paper, and that can be generated running the MATLAB script generate_tomo:
this program still draws on IR TooOLS, which itself calls functions available within
the MATLAB package AIR ToorLs II [132]. The object we wish to recover is the
Shepp-Logan ‘medical’ phantom of size 256 x 256 pixels, so that n = 65,536. The
system matrix is modeled after a parallel tomography process, where p parallel rays
are generated from a source ideally placed infinitely far from a flat detector; moreover,
the source-detector pair is rotated around the object, and measurements are recorded
for N angles. Hence the number of observations is m = pN. One can vary the
parameters that define the measurement geometry, such as the number of angles or
the number of rays. For this example, we take measurements from 0 to 179 degrees
in intervals of 1 degree, resulting in a set of data with m = 64798 measurements, so
that m < n.

Now that we have addressed what is an inverse problem and looked at some exam-
ples of inverse problems, our focus turns to computing solutions to inverse problems,
and for this we need regularization.

This manuscript is for review purposes only.
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Fic. 1.3. For each of the image deblurring and tomography test problems, we provide the
computed unregularized A~'b or Atb in logarithmic scale on the left, and a regularized solution
on the right. Clearly the unregularized solution is heavily corrupted with noise and errors, while the
regularized solution can provide a good approximation to the true object.

144 1.2. What is regularization and why do we need it?. Solving inverse prob-
145 lems is notoriously difficult due to ill-posedness?, whereby data acquisition noise and
146 computational errors can lead to large changes in the computed solution. For in-
147 stance, if A is invertible, the solution A~'b is dominated by noise and is useless for
148 all practical purposes. The same happens for a more general A and for the minimal
149 norm least squares solution expressed as

150 (1.4) x = A'b,

151 where AT is the generalized inverse of A; see [105]. We illustrate this phenomenon for
152 the described test problems, where a tiny amount of noise (here, |le||2/||AXtruell2 =
153 107%) enters the data collection process. ‘Naive’ solutions for the image deblurring
154 and tomography test problems are displayed in the first and third frames of Figure 1.3,
155 respectively. It is clear that these solutions are unacceptable approximations to Xiyye
156 (so much that, for image deblurring, the available corrupted image b even looks
157 better!).

158 Regularization can be applied to inverse problems in order to overcome the in-
159  herent issues described above and compute a meaningful solution. The basic idea of
160 regularization is to augment the model in (1.1) with additional information. If proper
161 regularization is applied, a regularized solution (e.g., the ones shown in the second
162 and fourth frame of Figure 1.3) should be close to the true solution. Regularization
163 techniques come in many forms, and more details will be unfolded in the coming sec-
164 tions. However, for now, we consider two types of methods: variational regularization
165 methods and iterative regularization methods.

166 Variational reqularization methods for (1.1) involve solving optimization problems
167 of the form,

168 (1.5) mig J(b— Ax) + AR(x),
xe
169 where J is a loss (or fit-to-data) function, R is a regularization functional® X\ >

170 0 is a regularization parameter that controls the amount of regularization, thereby
171 determining how faithful the modified problem is to the original problem, and C

2Here we consider the discretized problem, but point the reader to [73, 126] for discussions on
the full implications of ill-posedness in continuous formulations.

3Commonly-used regularization functionals are defined in terms of operators that enforce some
smoothness assumptions on the solution (see subsection 4.1) or Gaussian priors (see subsection 4.4).
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denotes the set of feasible solutions (e.g., those that satisfy some constraints). The
main advantage of formulation (1.5) is that general constraints and priors can be
easily incorporated in the problem. Furthermore, well-known optimization methods
can be used to solve (1.5). For the particular case where C = R™ and J(-) = R() =
|| - |13, direct factorization methods can, in principle, be used to compute a solution
(see subsection 2.1), although this is often computationally infeasible for large-scale
problems. In this setting, the main disadvantage is the need to select the regularization
parameter \, often prior to solution computation.

On the other hand, iterative regularization methods for (1.1) typically consist in
applying an iterative solver to

(1.6) m)in J(b — Ax),

and computing a regularized solution by early termination of the iterations. In prac-
tice, when J is expressed in the 2-norm, the iterative methods of choice are often
subspace projection methods, whereby the problem is projected onto increasing (but
relatively small) subspaces, and a projected subproblem is solved at each iteration
by imposing certain optimality conditions on the approximated solution. Although
an explicit choice of the regularization parameter A is no longer required (contrary
to (1.5)), the stopping criterion essentially serves as a regularization parameter, as
it balances how ‘faithful’ the projected problem is to the original problem, Ax = b.
In this setting, the main disadvantage is that general constraints cannot be easily in-
corporated, and, even when they can, they can only be handled through complicated
nested iterative schemes.

Hybrid regularization methods combine variational and iterative regularization
methods, leveraging the best features of each class, to provide a powerful compu-
tational framework for solving large-scale inverse problems. In this paper, we focus
specifically on hybrid projection methods that start off as iterative regularization meth-
ods, i.e., the original problem (1.1) is projected onto a subspace of increasing dimen-
sion, and then the projected subproblem is solved using a variational regularization
method.

1.3. Why should we use hybrid projection methods?. The main moti-
vations for using hybrid projection methods to solve large inverse problems can be
grouped as follows.

e For many multidimensional inverse problems (such as the model ones de-
scribed in subsection 1.1), the matrix A is very large (to the point that it
cannot be explicitly stored). In this setting, only matrix-vector multiplica-
tions with A (and possibly AT) can be performed, most often taking ad-
vantage of high-performance computing or tools such as GPUs. Therefore,
methods that compute a factorization of A (such as the singular value decom-
position) or require access to its entries are ruled out. Hybrid regularization
methods can be implemented without explicitly constructing and storing the
matrix A, by treating A and AT as linear operators.

e Even when adopting a variational regularization method (1.5), one may not
know a good regularization parameter X in advance, and standard methods to
estimate A can be expensive: indeed, these typically require first approximat-
ing problem (1.1), or solving many instances of (1.1) with different regular-
ization parameters. Hybrid projection methods provide a natural setting to
estimate an appropriate value of A during the solution computation process:
often in a heuristic way, but in some cases with theoretical guarantees.

6
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e As mentioned above, many iterative solvers for (1.6), such as projection meth-
ods onto Krylov subspaces, have inherent regularizing properties and avoid
data overfitting by early termination of the iterations. By using hybrid meth-
ods, it is possible to stabilize and enhance the regularized solutions computed
by these methods. Moreover, hybrid methods enjoy nice theoretical proper-
ties. For instance we know that, for many hybrid frameworks, iterates ob-
tained by first projecting the problem and then regularizing are mathemati-
cally equivalent to iterates obtained by first regularizing and then projecting
the regularized problem.

e Hybrid methods provide a convenient framework for the development of ex-
tensions to general models and regularization terms. For instance, one could
incorporate a variety of regularization terms of the form R(x) = ||Lx||3, where
L € RP*™ or also consider functions R(x) that are not expressed in the 2-
norm. As we will see in section 4, this amounts to modifying the projection
subspace that can be used within hybrid methods. By doing so, other pop-
ular (but expensive) iterative regularization schemes (which are often based
on nested cycles of iterations) can be avoided.

1.4. Outline of the paper. The remaining part of this survey is organized
as follows. In section 2, we describe the general problem setup to provide some
background for hybrid methods, including an overview of the most relevant direct and
iterative regularization techniques. Then, in section 3, we discuss hybrid projection
methods. After providing a brief summary of the historical developments of hybrid
methods, we address the two main building blocks of any hybrid method: namely,
generating a subspace for the solution (subsection 3.2.1) and solving the projected
problem (subsection 3.2.2). Important numerical and theoretical aspects will also
be covered: these include strategies to efficiently set the Tikhonov regularization
parameter and stop the iterations (subsection 3.3) and available convergence proofs
and approximation properties (subsection 3.4). In recent years, we have witnessed
the extension of hybrid methods to solve a larger scope of problems and to cover
broader scientific applications. In section 4, we provide an overview of some of these
extensions:

e Beyond standard-form Tikhonov: Hybrid projection methods for general-
form Tikhonov; see subsection 4.1.
e Beyond standard projection subspaces: Enrichment, augmentation, and re-
cycling; see subsection 4.2.
e Beyond the 2-norm: Sparsity-enforcing hybrid projection methods for ¢, reg-
ularization; see subsection 4.3.
e Beyond deterministic inversion: Hybrid projection methods in a Bayesian
setting; see subsection 4.4.
e Beyond linear forward models: Hybrid projection methods for nonlinear in-
verse problems; see subsection 4.5.
Pointers to relevant software packages are provided in section 5. Conclusions and
outlook on future directions are provided in section 6.

Notations. Boldface lower-case letters denote vectors: e.g., ¢ € R"; ¢,
1 < i < n denotes the ith entry of the vector c¢. Boldface upper-case letters de-
note matrices: e.g., C € R™*"; unless otherwise stated, ¢; ;, 1 <i<m, 1< j <n,
denotes the (i, j)th entry of the matrix C. Indexed matching boldface lower-case let-
ters denote matrix columns: e.g., ¢; € R™, j = 1,...,n denotes the jth column of
the matrix C. I, denotes the identity matrix of size p, whose columns e;, j =1,...,p

7
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are the canonical basis vectors of RP. The column space of a matrix C is denoted
by ran(C). Lower-case Greek letters, sometimes indexed, are often used to denote
scalars. In the following, when there is no ambiguity (essentially until section 4), the
shorthand notation [-|| = ||-||, will be used.

2. Background on direct and iterative regularization. For the simplified
case where J (b — Ax) = ||b — Ax|]*, R(x) = ||x||°, and C = R™ in (1.5), we get the
so-called standard-form Tikhonov problem,

(2.1) m}ingfo||2+)\||x||2.

We stress that the standard-form Tikhonov problem has been widely studied in both
the mathematics and statistics communities and has been used in many scientific
applications. However, computing Tikhonov-regularized solutions can still be chal-
lenging if the size of x is very large or if A is not known a priori. In fact, being able
to efficiently compute solutions to (2.1) was a main motivation for much of the early
works on hybrid projection methods. For a discussion on extensions of hybrid meth-
ods to solve more general problems including the general-form Tikhonov problem, see
section 4.

2.1. SVD-based direct regularization methods. In this section, we begin
with the standard-form Tikhonov problem (2.1), and describe a direct approach based
on the singular value decomposition (SVD) of A to compute a solution. For the prob-
lems of interest, direct application of this approach is not computationally feasible.
However, the formulations briefly explored here will be useful for analysis and in-
terpretation later in this paper. Furthermore, in the hybrid framework, the direct
methods described here can be used to solve the projected problem. We point the
interested reader to [126] for a more thorough exposition of direct methods.

Let us assume that A € R™*" with rank(A) = n < m*. The SVD of A is defined
as

(2.2) A=Us*(VHT,

where U* = [u} ... u}] € R™™ and VA = [v{ ... vj] € R™" are orthog-
onal and ¥* = diag(c$,...,02%) € R™*" contains the singular values, o > o4 >
o> oh > 0.

The solution to (2.1) can be written as

" ur)™b at)?
(2.3) x(\) = ;Qbi()\)(;;vi ,  where ¢;(\) = ((7;)2)—5-%

are the Tikhonov filter factors. Tikhonov regularization is one example from a wider
class of spectral (or SVD) filtering methods that compute regularized solutions by
imposing suitable filtering on the SVD components of the solution. The problems we
are considering have some very small singular values, and the filter factors ¢; should
be close to 1 for small 7, and should approach 0 for large i. The Tikhonov filter factors
¢i(\) have this property, with the amount of filtering prescribed by the regularization
parameter A. If A = 0, then the filter factors are all equal to 1, and (2.3) is the
unregularized solution (1.4). In this case, for small ¢;, components u; e are magnified
and overwhelm the solution (see Figure 1.3). For nonzero A, ¢; approaches 1 as o;

4SVD-based methods can be defined more generally, see e.g., [126].

8
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increases, so if o; is large with respect to A, the i-th contribution to the solution is
close to what it is in (1.4), while for small o;, the contribution is reduced by the filter
factor. We refer the reader to the images provided in Figure 2.3 for an illustration of
the impact of the regularization parameter A on the solution.

Also the truncated SVD (T'SVD) method, which regularizes (1.1) by computing

ANT n ANT
(k) = 3 P n = 57 D) Py,
i-1 T i=1 i
is a filtering method, with filter factors obtained by first setting a truncation index
ke {1,...,n}, and by then considering ¢;(k) = 1, if i < k, and ¢;(k) = 0 otherwise.
Note that choosing k& = n returns the unregularized solution of (1.1). Therefore, k
plays the role of regularization parameter.

Every spectral filtering method requires the selection of a regularization param-
eter. Common strategies to do so include the discrepancy principle [170], the gen-
eralized cross-validation (GCV) method [98], the unbiased predictive risk estimation
(UPRE) method [227], the L-curve [165], and the normalized cumulative periodogram
(NCP) [135]. Since there is not one method that will work for all problems, it is usu-
ally a good idea to try a variety of methods. For problems where the SVD of A
is available, one can efficiently apply these regularization parameter strategies. For
problems where computing the SVD is not feasible, parameter choice strategies are
limited. However, we will see in subsection 3.3 that many of these existing regulariza-
tion parameter selection techniques are not only feasible but also can be successfully
integrated within hybrid projection methods.

The SVD of A (2.2), besides being an essential building block of SVD-filtering
methods, is a pivotal tool for the analysis of discrete inverse problems [73, 125, 126].
For instance, looking at the decay of the singular values, one may infer different degrees
of ill-posedness: typically, following [142], a polynomial decay of the form o* = ¢i™°,
¢ > 0, is classified as mild (if 0 < « < 1) or moderate (if a > 1) ill-posedness,
while an exponential decay of the form o = exp(—ai), a > 0, is classified as severe
ill-posedness. Referring to the model applications presented in subsection 1.1, image
deblurring is severely ill-posed, while computed tomography is only mildly ill-posed;
see, e.g., [136, Chapter 4] and [133, Chapter 7] for a justification, respectively. The
Picard condition, which in the continuous setting provides necessary and sufficient
conditions for the existence of a solution of the form (1.4) [73], can be adopted in a
discrete setting. Indeed, the so-called ‘discrete Picard condition’ is satisfied when the
magnitude of (u?) b, on average, decays to zero faster than the singular values o2.
Since these quantities appear in the expression of the (filtered) solutions, assessing
if the discrete Picard condition holds can inform us on the existence of a meaningful
solution to (1.1) as well as the effectiveness of any (filtering) regularization method
applied to (1.1); see [123] for additional details. Tools such as the so-called ‘Picard
plot’ [126] can be used to visually assess the validity of the discrete Picard condition.
In Figure 2.1 we provide an illustration of two instances of the Picard plot for the
image deblurring test problem introduced in subsection 1.1, one for uncorrupted data
and one for data affected by Gaussian white noise: we can clearly see that the discrete
Picard condition holds in the first instance (provided that numerically zero quantities
are excluded because of the effects of rounding errors), but not in the second instance.

2.2. Iterative regularization methods. Next we describe iterative regular-
ization, where an iterative method is used to approximate the solution of the unreg-

9
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Fi1Gc. 2.1. Picard plots for the image deblurring test problem. On the left frame we consider
noiseless data, i.e., the inverse problem reads AXirue = b =: btrue: in this case, the discrete
Picard condition holds and it is possible to compute (an approzimation of ) Xtrue without resorting
to regularization. On the right frame we consider data b corrupted by Gaussian white noise e, such
that ||e||/||biruel| = 1072 in this case, the discrete Picard condition does not hold, and a meaningful
approximation of Xtrue can be computed only employing reqularization. We can clearly see that the
singular values for this test problem decay exponentially.

ularized least-squares problem,
(2.4) min |[b — Ax|]* ,

and early termination of the iterative process results in a regularized solution. We
focus on projection methods where the underlying concept is to constrain the solution
at the kth iteration to lie in a k-dimensional subspace spanned by the (typically
orthonormal) columns of some matrix Vi = [vi -+ vi], where v; € R". That is,
the regularized solution is given as

(2.5) Xy = Viyr, where yj =argmin|b— AVyy|®.
yERF

We are interested in projection methods using Krylov subspaces [205]. Given
C € R"™ and d € R", a Krylov subspace is defined as

Ki(C,d) = span{d, Cd, C?d,...,C*~Vd}.

Here and in the following, we assume that the dimension of Ky(C,d) is &k (i.e., no
degeneracy). When Krylov methods are employed to solve problem (2.4), C and d are
defined in terms of A and b, respectively. In iterative regularization methods based
on the Arnoldi process (such as GMRES), the columns of Vi, form an orthonormal
basis for K (A, b), where A must be square. However, for problems where A is not
square (e.g. in tomography), iterative regularization methods based on the Lanczos or
Golub-Kahan bidiagonalization process (such as LSQR [185, 186] or LSMR [78]) are
used, and the columns of V. form an orthonormal basis for Kr(ATA, ATb). Note
that LSQR is mathematically equivalent to CGLS, i.e., the conjugate gradient (CG)
method applied to the normal equations. All the Krylov methods mentioned so far
are minimum residual methods, so that the kth iterate can be written as x; = Viyx,
where yi solves (2.5). More details regarding the generation of these basis vectors
will be addressed in subsection 3.2.1.
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Fic. 2.2. Illustration of the semi-convergence phenomenon for the image deblurring test problem
using the CGLS method to solve (2.4). In the plot we provide the relative reconstruction error norms
[[xk — Xtruell/||Xtrue|| per iteration k and the relative residual norms |b — Axg||/||b|| per iteration
k. Image reconstructions at iterations 10, 49 and 200 are provided and correspond to the stars in
the plot.

A crucial feature of classical Krylov methods when applied to ill-posed inverse
problems is that, oftentimes, these iterative methods exhibit a regularizing effect in
that the projection subspace in early iterations provides a good basis for the solution.
One of the first Krylov methods that was proven to have regularizing properties is
CGLS [119, 175]. Indeed, the CGLS iterates can be expressed as filtered SVD solu-
tions [126]. Since these iterative methods converge to the least-squares solution, we
get a phenomenon commonly referred to as ‘semi-convergence’ (after [174]), whereby
the relative reconstruction errors decrease at early iterations but increase at later iter-
ations due to noise manifestation and amplification. See Figure 2.2 for an illustration.
Because of this, for iterative regularization, the stopping iteration plays the role of
the regularization parameter. There have been many investigations into developing
stopping criteria for iterative methods for inverse problems. If a good estimate of the
amount of noise is available, the most widely used and intuitive approach is to stop it-
erating as soon as the value of the objective function in (2.5) reaches the magnitude of
the noise: this is the so-called discrepancy principle. GCV and modifications of GCV
have also been used for stopping criteria [20, 22, 59]. We again refer to subsection 3.3
for more details about these strategies. The main challenge is that for some problems,
the reconstruction can be very sensitive to the choice of the stopping iteration. Thus,
if the method stops a little too late, the reconstruction is already contaminated by
noise (i.e., under-regularized). On the contrary, if the iterations are stopped too early
(i.e., over-regularization), a potentially better reconstruction is precluded. We remark
that it has been observed that semi-convergence may appear somewhat ‘prematurely’
and that it is sometimes important to have a larger approximation subspace (which
would otherwise be beneficial for the solution; see [144, 182]).

In some circumstances, even if direct regularization methods are feasible, one
may prefer to adopt iterative regularization methods. Some reasons are highlighted
in [120], where the following heuristic motivation is given: contrary to TSVD, Krylov
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methods (such as LSQR) generate an approximation subspace that is tailored to the
current right-hand-side vector. Therefore, the basis vectors for the solution may be
better ‘adapted’ to the given problem than the right singular vectors.

In many fields from numerical linear algebra to differential equations, iterative
methods and, in particular, preconditioned Krylov methods, have been immensely
successful in solving large, sparse systems of equations efficiently [205]. Iterative
methods have also gained widespread use in the inverse problems community. One of
the main reasons for this is that neither the matrix A nor its factorization need to be
constructed, and thus, these methods are ideal for large-scale problems. Furthermore,
it has been observed many times that the generated Krylov subspaces are rich in
information for representing the solution (i.e., corresponding to the large singular
vectors). Thus, a reasonable solution can be obtained in only a few iterations. The
greatest caveat for inverse problems is semi-convergence, so great care must be taken
to find good stopping criteria. In subsection 3.4 we will dwell more on the properties
of the approximation subspaces generated by different projection methods.

2.3. Iterative methods for solving the Tikhonov problem. As described
in subsection 2.1, the Tikhonov problem (2.1) can be easily solved if the SVD of A
is available and, in this case, many well-regarded parameter choice strategies can be
applied to compute a suitable value of the regularization parameter \. Nonetheless,
for large-scale problems where A cannot be constructed but matrix-vector products
with A and AT can be computed efficiently, iterative projection methods [185, 186]
can be used to solve the equivalent Tikhonov problem,

[/X&IJX{M

However, this approach may not be convenient if a suitable value of A is not known a
priori. In this case, often one must solve problem (2.6) from scratch for many different
values of A and this eventually results in an expensive approach (note that for specific
iterative solvers, one may adopt smart strategies to reduce computations; see [81]).

Similar to the discussion in subsection 2.1, the value of A\ can have a considerable
impact on the quality of the reconstructed solution. Moreover, when using iterative
methods to solve the Tikhonov problem, one can to some extent leverage the number
of iterations to enforce additional regularization. For illustration, we use CGLS to
solve (2.6) for various choices of A for the image deblurring example and provide
relative reconstruction error norms per iteration in Figure 2.3. Notice that if \ is
chosen too small, severe semi-convergence appears and a good stopping iteration is as
crucial as for the ‘purely’ iterative (i.e., A = 0) methods introduced in subsection 2.2;
on the contrary, if A is chosen too large, the solution is over-regularized and additional
iterations cannot mitigate this phenomenon.

We can draw the following conclusions about the successful working of a stan-
dard iterative method to solve a Tikhonov regularized problem. First, the user must
be confident in the choice of the regularization parameters. Second, the user must
be cognizant about the interplay of A and k for (2.6), as both of these contribute
to a suitable regularized solution. As we will see in the next section, hybrid projec-
tion methods provide an alternative approach of combining an iterative method and
Tikhonov regularization, whereby a regularization parameter can be automatically
and adaptively tuned during the iterative process.

2
(2.6) min

X

3. Hybrid projection methods. A hybrid projection method is an iterative
strategy that regularizes problem (2.4) by projecting it onto subspaces of increasing
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Fic. 2.3. Illustration of the interplay of the regularization parameter and the number of itera-
tions when using CGLS to solve the Tikhonov problem with a fixed regularization parameter. We
provide the history of the relative reconstruction error norms for (2.6) versus the number of CGLS
iterations, for different values of the reqularization parameter X. Image reconstructions at iteration
300 are provided for different choices of X (these correspond to the stars on the error plots). Notice
that for too small values of \, semi-convergence can be still detected (i.e., the behavior is similar to
the ‘unregularized’ X\ = 0 case, also displayed in Figure 2.2). For too large values of X, the iterative
method can only produce smooth reconstructions that never achieve high accuracy.

dimension and by solving the projected problem using a variational regularization
method. Formally, recalling the framework for iterative projection methods unfolded
n (2.5), the solution at the kth iteration of a hybrid projection method for standard
Tikhonov can be represented as

(3.1) xi(M) = Viyr(\r), where yi(A\p) =argminJ (b — AVyy) + A [ly]® .

yERF

Notice that the solution incorporates both regularization from the projection subspace
(determined by the choice of the projection method, i.e., Vi and k) and a potentially
changing variational regularization term (defined by A;). Again, for simplicity and
for historical reasons, in this section we focus on the standard-form Tikhonov problem
(2.1); extensions will be considered in section 4.

An illustration. Before we get into the details of hybrid projection methods, we
begin by illustrating the benefits of allowing adaptive choices for the regularization
parameter, where a different regularization parameter can be used at each iteration,
i.e., A = A\g. In Figure 3.1 for the image deblurring problem, we provide relative re-
construction error norms per iteration in the left panel and computed regularization
parameters per iteration in the right panel. Here, ‘opt’ refers to selecting at each it-
eration the regularization parameter that delivers the smallest relative reconstruction
error. Parameter selection methods ‘DP’ and ‘wGCV’ and others will be discussed
in subsection 3.3. Notice that relative reconstruction errors using (appropriately se-
lected) adaptive regularization parameters can overcome semi-convergence behavior
(see Figure 2.2) and result in reconstruction errors that are close to a pre-selected
optimal regularization parameter. For early iterations, a small A (corresponding to
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Fic. 3.1. Illustration of a hybrid projection method where an iterative method is run with an
adaptive regularization parameter selection method, applied to the image deblurring test problem.
In the left panel, we provide the history of the relative reconstruction error norms per iteration k,
for A = X\ set adaptively at each iteration using the discrepancy principle (DP) and weighted GCV
(wGCV); see subsection 3.3 for more details. The optimal (opt) parameter corresponds to selecting
the A that minimizes the relative error at each iteration k. In the right panel, we provide the
computed regularization parameters, where the three horizontal lines correspond to A = 5-1073,2.
1072 and 5- 107 1.

little variational regularization) is sufficient, but as iterations progress, the adaptive
methods should select regularization parameters close to the optimal one.

An algorithm. Now that we have seen the potential benefits of a hybrid projection
method, let us discuss the general structure of such algorithms. A sketch of a hybrid
projection method for standard Tikhonov regularization is provided in Algorithm 3.1,
with links to the appropriate sections of the paper for more details. Notice that
each iteration requires the expansion of the projection subspace and the solution of
a projected regularized problem where a regularization parameter can be selected at
each iteration.

Algorithm 3.1 Hybrid projection method for standard Tikhonov

Input: A, b, k =1, projection method, regularization parameter selection method
1: while stopping criterion not satisfied do
2:  Expand the projection subspace ran(Vy); see subsection 3.2.1

3 Select a regularization parameter Ag; see subsection 3.3

4 Solve the projected regularized problem (3.1); see subsection 3.2.2
5 k=k+1

6: end while

Output: xj(A\x)

An outline of the remaining part of this section is as follows. We begin in sub-
section 3.1 with a brief historical overview of hybrid projection methods. Details and
derivations for hybrid projection methods can be found in subsection 3.2, where we
describe some techniques for steps 2 and 4 of Algorithm 3.1: namely, expanding the
projection subspace (e.g., via the Arnoldi or Golub-Kahan process) and solving the
projected regularized problem. One of the main advantages and features of a hybrid
projection method is the ability to select regularization parameters automatically and
adaptively (i.e., during the iterative process as in step 3 of Algorithm 3.1). Thus, we
dedicate subsection 3.3 to providing an overview of regularization parameter selection
methods, with a particular emphasis on methods that have been critical for the success
of hybrid projection methods. Although we still do not have a complete analysis of
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the regularizing properties of every hybrid projection method, important theoretical
results and properties have nonetheless been established for specific methods, and we
highlight some of these in subsection 3.4.

3.1. Historical development of hybrid methods. Since the seminal publica-
tion by O’Leary and Simmons in 1981 [182], there have been four decades of progress
and developments in the field of hybrid projection methods. A quick google scholar
search shows that the number of citations for this paper alone nearly doubles in each
subsequent decade. In this section, we provide a brief overview of the main contribu-
tions and highlights by decade. This is by no means an exhaustive list of publications,
and we realize that there may be bias in the selections, but our goal is to provide the
reader with some historical context. For a novice reader, this section can be skipped
upon first reading.

1981-1990. To the best of our knowledge, the first journal publication to intro-
duce a hybrid projection method was by O’Leary and Simmons in 1981 [182], in
which they describe a ‘projection-regularization” method that combines the Golub-
Kahan bidiagonalization for projection and TSVD for regularization. In the paper,
the authors mention that a different hybrid algorithm was proposed independently,
with a reference to a technical report by Bjorck in 1980 [19]. Bjorck’s work appeared
in BIT in 1988 [20], where a key difference was that the right hand side vector b was
used as the starting vector, since it was noted that allowing the algorithms to start
with an arbitrary vector did not always perform well. Other algorithmic contributions
included the use of cross-validation to determine stopping criteria and transformations
to standard form based on Eldén’s earlier work [71]. Example problems from time
series deconvolution were used in [182], but the computational technology at the time
was still quite limited [214].

1991-2000. During this period, hybrid projection methods gained significant trac-
tion in the numerical linear algebra community as well as practical utility in various
seismic imaging applications [206, 239]. As described in Bjorck’s book [21], vari-
ous researchers were interested in characterizing the regularizing properties of Krylov
methods (e.g., see Nemirovskii [175] and various works by Hanke and Hansen [121]),
where the main motivation was to determine appropriate stopping criteria for itera-
tive methods when applied to ill-posed problems. Advancements in hybrid methods
included investigations into stable computations (e.g., reorthogonalization) by Bjorck,
Grimme and Van Dooren [22] as well as new methods for selecting regularization pa-
rameters. For example, Calvetti, Golub and Reichel [34] proposed a hybrid approach
where a so-called ‘L-ribbon’ was computed using a partial Lanczos bidiagonalization.
The first application of hybrid methods for large, nonlinear inversion was described
in Haber and Oldenburg [114], and hybrid approaches based on projections with GM-
RES or Arnoldi were described by Calvetti, Morigi, Reichel, and Sgallari in [41]. In
terms of software, Hansen laid some groundwork for hybrid methods in the REGU-
LARIZATION TOOLS package [124], where routines for computing the lower bidiagonal
matrix and the SVD of a bidiagonal matrix were provided.

Not all of the work on hybridized methods during this time followed the project-
then-regularize framework. Related work on estimating the regularization parameter
for large-scale Tikhonov problems by exploiting relationships with CG also appeared
during this time. For example, Golub and Von Matt [107] estimated the GCV param-
eter for large problems using relations between Gaussian quadrature rules and Golub-
Kahan bidiagonalization, and Frommer and Maass [81] exploited the shift structure
of CG methods to solve Tikhonov problems with multiple regularization parameters
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simultaneously.

2001-2010. With significant improvements in computational resources and ca-
pabilities, researchers became interested in how to realize the benefits of hybrid
projection methods in practice. In this decade, we saw a surge in the develop-
ment of regularization parameter selection methods for hybrid projection methods
[35, 59, 160, 168, 231] and various extensions of hybrid methods to include general
regularization terms (e.g., total variation [39] and general-form Tikhonov [140, 159]).
Still, the main focus was on TSVD and Tikhonov for regularization. New interpre-
tations of hybrid methods based on Lanczos and TSVD were described in [120], and
noise level estimation from the Golub-Kahan bidiagonalization process, which can be
used for determining the stopping iteration, were described in [139]. A fully automatic
MATLAB routine called ‘HyBR’ was provided in [59], where a Golub-Kahan hybrid
projection method with a weighted GCV parameter choice rule was implemented for
standard Tikhonov regularization. Hybrid methods were implemented on distributed
computing architectures [63] and were used for many new applications such as cry-
oelectron microscopy and electrocardiography [153]. An overview can be found in
[57].

2011-present. At present, hybrid projection methods have gained significant in-
terest in many research fields, and contributions range from new methodologies and
advanced theories to innovations in scientific applications. Many of the recent devel-
opments in hybrid methods will be elaborated on in section 4, so here we just provide
some highlights. In particular, there have been many papers on the Arnoldi-Tikhonov
method [91, 93]. Flexible and generalized hybrid methods based on state-of-the-art
Krylov subspace methods have been introduced for including more general regular-
ization terms and constraints [54, 61, 84, 88, 162, 192]. There have been connections
made to the field of computational uncertainty quantification [209] and new insights in
the regularization parameter selection strategies [198], and regularization by approx-
imate matrix functions [25, 64, 180]. There exists a plethora of papers in application
and imaging journals, and a new software package called IR TooLs [82]. We also
refer interested readers to an older comprehensive survey paper on Krylov projection
methods and Tikhonov regularization [94]. Other survey papers focusing on specific
aspects of hybrid methods, such as their use in image restoration problems [16] or
strategies for computing regularization parameters [85] appeared recently.

3.2. Algorithmic approaches to hybrid projection methods. Following
derivations of iterative methods for sparse rectangular systems, in subsection 3.2.1
we first describe common techniques to iteratively build a solution subspace and to
efficiently project problem (2.4) onto subspaces of increasing dimension. Then, in
subsection 3.2.2, we describe techniques to solve the projected regularized problem.

3.2.1. Projecting onto subspaces of increasing dimension. In this section,
we address the first building block of a hybrid projection method, which is to use an
iterative method to build a sequence of solution subspaces of small but increasing
dimension, and to efficiently project the problem onto them. The first important
question to address is: in practice, what makes a good solution subspace? Indeed, a
clever choice of basis vectors should satisfy multiple requirements. Since the number
of iterations required for solution computation should be small, a good basis should
be able to accurately capture the important information about the solution in a few
vectors. In this sense, the dominant SVD basis vectors (i.e, the first columns of V*
in (2.2)) would be ideal (recall discussion about filtered SVD in subsection 2.1). Un-
fortunately, computing the SVD can be infeasible for very large problems. Thus, we
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seek a subspace sequence that exhibits a rapid enough decrease in the residual norm
[r]|2 = ||b— Ax||®> in (2.4) so that early termination provides good approximations
[105]. Another desirable property is that the solution subspace can be generated
efficiently. Here we mean that the main computational cost per iteration is manage-
able, i.e, requires one matrix-vector multiplication with A and possibly one with AT.
Lastly, for numerical stability it may be desirable to have an orthogonal basis for the
solution subspace [181]. Although a variety of projection methods and solution sub-
spaces could be used, here we focus on two of the most common projection methods
on Krylov subspaces, namely the Arnoldi process and the Golub-Kahan bidiagonal-
ization process. We will argue that these algorithms compute good solution spaces,
according to the criteria listed above.

Arnoldi process. The Arnoldi process generates an orthonormal basis for i (A, b)
at the kth iteration [205]. Given matrix A € R™*" and vector b € R”, with initial-
ization v = b/, where 81 = ||b||, the kth iteration of the Arnoldi process generates
vector vi11 and scalars h;y for i = 1,...,(k 4+ 1) such that, in matrix form, the
following Arnoldi relationship holds,

(3.2) AVk = Vk+1Hk,
where
hii hig -+ hig
hox hapo -+ hog
Hy= |0 . o 0 | eRODF VL = vy, viga] € RPUFD,
. . hk,k
0 o 00 hpgik

and where, in exact arithmetic, VkTHVkH = Ij;4+1. Notice that Vi1 contains an
orthonormal basis for Kiy1(A,b) and Hy, is an upper Hessenberg matrix (i.e., zero
below the first subdiagonal). The Arnoldi process is summarized in Algorithm 3.2.

Algorithm 3.2 Arnoldi process
Input: A e R"™*" beR" k
- vi = b/|bl|
2: for j=1,...,k do
33 v=Av;
4 fori=1,...,jdo hw-:vTvi end for
5 v=v =3 hivi
6 Vip1 =V/hji1; where hjy; = ||v]|
7: end for
Output: Vi, Hy,

Notice that the main computational cost of each iteration of the Arnoldi process
is one matrix-vector multiplication with A. Breakdown of the iterative process may
happen (when hjii; = 0), but we are typically not concerned about this because
these methods are meaningful only when the number of iterations is not too high. We
further note that there is a mathematically equivalent but numerically more stable
implementation of the Arnoldi process based on Householder transformations.

One caveat, especially for inverse problems such as tomography, is that the
Arnoldi method relies on the fact that A is square. For rectangular problems, one
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could apply the Arnoldi process to the normal equations AT Ax = A Tb, in which case
the Arnoldi algorithm simplifies to the symmetric Lanczos tridiagonalization process
where, thanks to symmetry, Hj, is tridiagonal rather than upper Hessenberg. How-
ever, a numerically favorable approach would be to avoid the normal equations and
to work directly with A and AT separately. This is achieved by adopting the Golub-
Kahan bidiagonalization process, which we describe next; we will also state more
precisely the links between the Golub-Kahan bidiagonalization and the symmetric
Lanczos process.

Golub-Kahan bidiagonalization process. Contrary to the Arnoldi process that gen-
erates only one orthonormal basis (i.e, for K;(A, b)), the Golub-Kahan bidiagonal-
ization (GKB) process generates two sets of orthonormal vectors that span Krylov
subspaces Kr(ATA, ATb) and Ki(AAT,b) [99]. Given a matrix A € R™*" and a
vector b € R™, with initialization u; = b/ where 81 = ||b|| and vi = ATu;/ay
where o = ||ATu1| , at the kth iteration of the GKB process, we generate vec-
tors ug4+1, Vi+1, and scalars ag4q and Piy1 such that in matrix form, the following
relationships hold,

(33) AV, = U+1Bg - ATUk_H = VkBZ —_tak+1vk+1ez+1
= UpByj i + Beri1uptre, = Vk+1Bk+1,k+1 ’
where
fa; 0 --- 0 7
B2 a2 B
B, — . _ kk_ | RUE+1)xk ’
k 0 163 . 0 [ﬁk_ﬂeﬂ
IR Qy
L0 -+ 0 Brel
is bidiagonal, Uy, 1 := [uy, ..., ups1] € R™*E+HD and Vi, := [vy,...,vi] € R"¥F, In

exact arithmetic U}, 1 has orthonormal columns that span Kz 1 (AAT,b) and V}, has
orthonormal columns that span K,(ATA,ATb). The GKB process is summarized
in Algorithm 3.3.

Algorithm 3.3 Golub-Kahan bidiagonlization (GKB) process

Input: A, b, k
1: f1u; = b, where 51 = ||b||
: apvy = ATuy, where ag = HATulH

2
3: fOI‘j: 1,...,k do

4: ﬁj+1uj+1 = AVj — ajuy, where 6]'4_1 = ||AVj — O[jlle

5 Qj41Vji41 = ATuj+1 — ﬁj-i-lvjv where Q41 = ’|ATUJ‘+1 — 6j+1vj||
6: end for

Output: Ugi1, Vig1, Bg

The main computational cost of each iteration of the GKB process is one matrix-
vector multiplication with A and one with AT. Breakdown in the GKB algorithm
would occur when 3,11 = 0 or aj41 = 0 but, similarly to the Arnoldi process, we
will assume that breakdowns do not happen. A potential concern with the GKB
process is loss of orthogonality in the vectors of U1 and Vi, for which it may be
necessary to use a reorthogonalization strategy to preserve convergence of the singular
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values. Indeed, it has been shown that reorthogonalization of only one set of vectors
is necessary [11, 215]; more details are provided in subsection 3.4.

As mentioned above, GKB (3.3) is related to the symmetric Lanczos decompo-
sition. Notice that, multiplying the first equation in (3.3) from the left by AT, and
using the second equation in (3.3), we obtain

T T T T T
A AV=A Up1Br=Vi 1By 1 01Br = Vi By B +ag 1 Bry1viriey
~
=Tk

The above chain of equalities is the symmetric Lanczos algorithm applied to AT A and
A b, generating an orthonormal basis for Ky 11 (ATA, ATb). Similarly, multiplying
the second equation in (3.3) (written in terms of Uy) on the left by A, and using the
first equation in (3.3), we obtain

(3.4) AATUkZAVkB;Cr’kZUk Bk,kB;k +ak6k+1uk+1e,—€r.
—_——

=Tgk

The above chain of equalities is the symmetric Lanczos algorithm applied to AAT
and b, generating an orthonormal basis for K1 (AAT,b).

Comparison of Solution Subspaces. Although the choice of a projection method
relies heavily on the problem being solved, there have been some investigations into
which projection methods might be better suited for certain types of problems, es-
pecially in light of some recent work on flexible methods, general-form Tikhonov
regularization, and matrix transpose approximation. We remark that the discussion
here also relates to the material in subsection 3.4.

For Arnoldi based methods, which build the approximation subspace starting from
b, a potential concern is the explicit presence of the (rescaled) noise vector among the
basis vectors [148]. For problems with very low noise level, this is not a significant
drawback [38]. However, various methods have been developed to remedy this. For
example, the symmetric range-restricted minimum residual method MR-II [118] and
the range-restricted GMRES (RRGMRES) method [37] discard b and seek solutions
in the Krylov subspace Ky(A, Ab). For various projection methods, Hansen and
Jensen [131] studied the propagation of noise in both the solution subspace and the
reconstruction, noting the manifestation of band-pass filtered white noise as ‘freckles’
in the reconstructions.

For both the Arnoldi and the GKB process, notice that each additional vector
in the Krylov solution subspace is generated by matrix-vector multiplication with
A or ATA respectively. Therefore the vectors defining the Krylov solution space
are iteration vectors of the power method for computing the largest eigenpair of a
matrix, and hence they become increasingly richer in the direction of the dominant
eigenvector of A or AT A. For many inverse problems (and due to the discrete Picard
condition), the orthonormal basis vectors generated in early iterations tend to carry
important information about the low-frequency components (i.e., the right singular
vectors that correspond to the large singular values) [126]. Therefore, the Krylov
subspaces considered in this section can be appropriate choices for use in hybrid
projection methods.

It is important to note that the choice of Krylov subspace may be problem depen-
dent. For some image deblurring problems, it has been observed that Arnoldi-based
methods may not be suitable since multiplication with A corresponds to recursive
blurring of the observation, resulting in a poor solution subspace. For tomography
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applications where the coefficient matrix is often rectangular, it is natural to consider
Golub-Kahan based methods; even if the matrix A modeling a tomographic acqui-
sition problem happens to be square (because of a specific scanning geometry), it
should be stressed that standard Arnoldi methods would not generate a meaningful
approximation subspace for the solution. This is because multiplication with A maps
images to sinograms, and subsequent mappings to sinograms are neither physically
meaningful nor fit for image reconstruction.

Various modifications based on ‘preconditioning’ of the Krylov methods intro-
duced so far have been proposed: namely, a ‘preconditioner’ A is introduced and
standard iterative methods are applied to left- or right-preconditioned problems,

(3.5) AAx=Ab or AAy=b with x=Ay,

respectively. Notice that left preconditioning is less commonly used when solving
inverse problems, as it also acts on b and may change the noise statistics of the
problem; both left and right preconditioning change the Krylov approximation sub-
space for the solution and smart, problem-specific choices of A can result in efficient
methods that perform much better than their unpreconditioned counterparts. For
example, for image deblurring problems with nonsymmetric blurs and anti-reflective
boundary conditions, a computationally efficient preconditioner A ~ AT representing
a low-pass filter and enforcing a more symmetric blur, was used to improve the quality
of the computed solution when using Arnoldi-Tikhonov methods [68]. In tomography,
in order to perform faster computations, one may naturally consider systems of the
kind (3.5), where A and A ~ AT constitute an unmatched pair of forward and back
projector; see [129], where formulations (3.5) are analysed in the framework of the
so-called BA- and AB-GMRES methods.

It should be noted that preconditioning ill-posed problems can be a tricky business
[122]. Indeed, besides improving the solution subspace, preconditioning can also be
cautiously used with the classical goal of accelerating convergence (provided that
it does not exacerbate the semi-convergence phenomenon). Sometimes additional
vectors (that are hopefully meaningful to recover known features of the solution)
can be added to the approximation subspace, where the goal is not necessarily to
accelerate convergence, but rather to improve the solution subspace. This is the idea
behind the so-called enriched or recycling methods (see, for instance, [69, 128]); these
are described in more detail in subsection 4.2.

In Figure 3.2, we show a few of the basis vectors for the solution generated by
the Arnoldi and the GKB algorithms applied to the image deblurring and the tomog-
raphy reconstruction problems described in subsection 1.1. The displayed images are
reshaped columns of V. For the deblurring example, we observe that, as expected,
the first basis vector for the GKB process (i.e., ATb/||ATb||) is smoother or more
blurred than that from the Arnoldi process (i.e., b/||b||). However, we notice that
the 4th basis vector computed by Arnoldi may have more details but is more noisy
than that for GKB. It is interesting to note that, although any vector vi spans a
Krylov subspace that has been obtained from the previous one by adding an increas-
ingly blurred vector of the form Avy_; (for Arnoldi, see Algorithm 3.2) or AT Avy_y
(for GKB, see Algorithm 3.3), a linear combination of the columns of Vy results in
a restored image where the blur has been removed: this is because Krylov methods
compute polynomial (and regularized) approximations to a solution of (2.4). We refer
to [125, Chapter 6], [146], and the references therein for more details and insight. For
the tomography example, we provide some of the GKB solution basis vectors, for
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which we note that the basis vector for the first iteration is the scaled vector ATb,
which can be interpreted as an unfiltered backprojection image; see [174].

deblur (GK) deblur (Ar)

tomo (GK)

Fic. 3.2. For the deblurring example and the tomography example, we provide basis images
(i.e., the basis vectors vy for the solution that have been reshaped into images) for iterations k =
1,2,4,10. Notice that, since the coefficient matriz in the deblurring example is square, we can
compare the Arnoldi and GKB basis vectors, while for the tomography example, we consider only
GKB approaches.

3.2.2. Solving the regularized, projected problem. In subsection 3.2.1, we
described two iterative projection methods that can be used to generate and expand
the projection subspace ran(Vy) (step 2 in Algorithm 3.1). Although projection
onto subspaces of increasing dimension (e.g., Krylov subspaces) can have an inherent
regularizing effect (recall the discussion in subsection 2.2), a key component of hybrid
projection methods is the combination of iterative and variational regularization, i.e.,
the inclusion of a regularization term within the projected problem. We remark that
Steps 3 and 4 in Algorithm 3.1 are closely intertwined and could easily be addressed
together. However, for clarity of presentation, methods to select the regularization
parameter )\, and the stopping iteration k will be addressed in detail in subsection 3.3,
and this section will focus on solving the projected regularized problem (3.1). Notice
that at step 4 of Algorithm 3.1, we have computed Vi and Ag, and the stopping
criterion is not yet satisfied.

Computing a solution to (3.1) can be done efficiently by exploiting components
and relationships from the projection process ((3.2) for Arnoldi and (3.3) for GKB).
In this section, we denote the solution subspaces for Arnoldi and Golub-Kahan as

2 and V¥ respectively. Recall that for a matrix Vj, that contains orthonormal
columns, V, V=1 and ||[V,y|| = |ly| for any y € R¥.
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766 The hybrid GMRES iterate at the kth iteration is given by

767 xp(Ak) = Viiyk(Mr), where yr(Ax) = argniin b — AVyy |2 + Ak ||yH2
yERF
i . . N 2 2
768 (3.6) = argmin ||V bl er — Vi Hey||” + A [yl
y€ERF
769 = argmin ||||b]| ex — Hyy|> + A |yI° .
770 yERF

771 Since V3~ contains orthonormal columns, we can equivalently write

772 xp(\g) = argmin [|b — Ax|® + M Ix]|* = VErye(Ae) .
x€Eran(Var)

773 Oftentimes, the hybrid GMRES approach is referred to as an Arnoldi-Tikhonov ap-
774 proach [38, 94, 166].

75 Similar derivations can be done for the Golub-Kahan projection method. In
776 particular, the hybrid LSQR iterate is computed as

77 xk(Ak) = Vi¥yr(Ar), where yi(Ax) = argmin|b — AV,nyH2 + A\ ||y||2

yERF
778 (3.7) = argmin ||re; — Bry||> + A& |ly|I?
779 yERF
780 or, equivalently,
781 xk(Mx) = argmin |[b— Ax|® + A [x]° = VE¥yr(A).

x€ran(VEK)

782 The hybrid LSMR iterate [60] is computed as

. 2
783 Xgp(Ak) = Vi®yr (M), where yi(\z) = argmin HAT(b — AV,ny)H + A Hy||2

YERF
2
. = B'B
i (38) —argumin ey — [ P PE]y| vl
785 yeR® Ft1C

786 where By = oS-
787 Table 3.1 provides a summary of common methods with their defining subspace
and corresponding subproblem.

TABLE 3.1
Solution subspaces Vi, and corresponding subproblems defining y(Ax) for different hybrid pro-
jection methods.

method subspace subproblem
hybrid GMRES | Arnoldi, ran(V,") min || fre; — Hyy||> + A ||y

hybrid LSQR Golub-Kahan, ran(V§X) | min ||81e; — Bry||” + A |y |I°
2

_ T
hybrid LSMR Golub-Kahan, ran(Vg*) | min||f1e1 — [ﬁBk P;l%} vl + eyl
k+1€
788
789 One important property to highlight is that, for these methods, the generated
790 subspace is independent of the choice of the regularization parameter ;. This is
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not always true (e.g., in the flexible methods presented in subsection 4.3). A very
desirable consequence of this is that one can avoid computing the regularized solution
at each iteration. For many of the regularization parameter selection methods, the
choice of the parameter \; at each iteration does not depend on previous or later
iterates. Thus, it is possible to delay regularization parameter selection and solution
computation until a solution is needed or some stopping criterion is satisfied.

Next, we draw some connections and distinctions to standard iterative methods
for least-squares problems (i.e., for the case where A = 0 in subsection 2.2 or A\ = A,
fixed along the iterations, in subsection 2.3). For problems where no regularization
is imposed on the projected problem (i.e., Ay = 0), we recover standard iterative
methods GMRES for Arnoldi (solving (3.6)) and LSQR for GKB (solving (3.7)).

For hybrid projection methods, a potential concern is the need to store all of
the basis vectors V. For Arnoldi based methods for solving Tikhonov regularized
problems, this requirement is the same as for standard iterative methods. However,
for Golub-Kahan based methods, this potential caveat warrants a discussion. Indeed,
it is well-known that the LSQR iterates can be computed efficiently using a three-
term-recurrence property by exploiting an efficient QR factorization of By. As shown
in [185], such computational efficiencies can also be exploited for standard Tikhonov
regularization if A is fixed a priori. This can be done by exploiting the fact that the
Krylov subspace is shift invariant with respect to A. However, semi-convergence will
be an issue if A = 0 and the entire process must be restarted from scratch if a dif-
ferent A is desired. This computational flaw is even more severe when using iterative
methods such as LSQR for general-form Tikhonov regularization, since the solution
subspace typically depends on the regularization parameter and the regularization
matrix (although some strategies to ease this dependence are described in subsec-
tion 4.1). For hybrid projection methods based on GKB, storage of the basis vectors
is the main additional cost associated with the ability to select A adaptively during
the hybrid projection procedure. For problems that require many iterations, potential
remedies include developing a good preconditioner, compression and/or augmentation
techniques [152].

3.2.3. A unifying framework. All the methods described so far can be ex-
pressed by this partial factorization,

(3.9) AV = UGy,

where the columns of Vj, are orthonormal and span the k-dimensional approximation
subspace for the solution, the columns of Uy, are orthonormal with u; = b/ ||b|| and
span a (k + 1)-dimensional subspace (e.g., associated to AT), and G isa (k+1) x k
matrix that has some structure and represents the projected problem. For hybrid
GMRES, Vi = V', Ugyr = Vi = Vi, and Gy, = Hy, are given in (3.2). For
hybrid LSQR and hybrid LSMR, Vi, = V¢¥, Gy, = By, and Uy are given in (3.3).
Let the SVD of the matrix Gy be given by

(3.10) Gy =UZe(VE)T,

where U¢ € RF1XE+1 and V€ € R¥*F are orthogonal, and £¢ = diag(c¢,...,0%) €
RE+HDXE contains the singular values of Gj. Note that, for notational convenience,
we have dropped the subscript k.

For hybrid GMRES and hybrid LSQR with standard Tikhonov regularization,
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the solution to the regularized projected problems (3.6) and (3.7) have the form,
yr(A) = argmin [b — AVey|* + Ae 1y |
y
: 2
(3.11) :argmmHU;—Hb—kaH + Ak ||y||2,
Yy

and thus one may express the kth iterate of the hybrid projection method as

(3.12) Xk (M) = Vi(G] Gi + MIx) 'GL U/ b,

=:Alcs (i,k)

Note that U,/ ;b = ||blle; by construction.

For many of the regularization parameter selection methods described in subsec-
tion 3.3 and the theoretical results in subsection 3.4, it will be helpful to define the
so-called ‘influence matrix’,

(3.13) AAl (M k) = Up1GR(G) G + A\eI) 'GLU,

reg

For purely iterative methods (where i = 0), the influence matrix is given by

AAl, (k) = Up1GLGIUL,,, where Af

reg reg

(k) = ViGLU[,,.

Also, it will be helpful to define the so-called ‘discrepancy’ (or ‘regularized residual’)
at the kth iteration as

(3.14) r(xk(A)) = b — Axp(\) = (L, — AAl (A, k)b,

for hybrid methods; the same definition applies to iterative methods, with A\ = 0. In
the following, we will adopt the notation Ajcg()\) and r(x(A)) to denote the regularized
inverse and the discrepancy associated to (direct) Tikhonov regularization, coherently
to (3.12) and (3.14), respectively. When no regularization method is specified, X;eg,

Aieg and ry¢; denote a generic regularized solution, inverse, and residual, respectively.

3.3. Regularization parameter selection methods. The success of any reg-
ularization method depends on the choice of one (or more) regularization parame-
ter(s). This was illustrated in section 2 for Tikhonov regularization and for iterative
regularization methods; also, when the Tikhonov-regularized problem is solved using
an iterative method, both the Tikhonov regularization parameter and the number
of iterations should be accurately tuned (see subsection 2.3). Similarly, for hybrid
projection methods, there are inherently two regularization parameters to tune: (1)
the number of iterations k (i.e., the dimension of the projection subspace), and (2)
the regularization parameter for the projected problem (e.g., Ay for Tikhonov). It is
important to note that, when carelessly applied to hybrid projection methods where
both regularization parameters must be determined, standard regularization parame-
ter choice strategies may not produce good results. Instead, a two-pronged approach
is typically adopted, where a well-established parameter choice strategy is used to
determine A and one or more stopping rules are used to terminate the iteration,
typically by monitoring the stabilization of some relevant quantities; see, for instance,
[34, 59, 91, 160, 198].

In subsection 3.3.1 we comment on a few factors that are unique to selecting reg-
ularization parameters in a hybrid projection method, and that should be considered
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TABLE 3.2
Summary of reqularization parameter choice rules described in subsection 3.3.

assumption method
requires noise magnitude | discrepancy principle (DP)
(subsection 3.3.2) unbiased predictive risk estimation (UPRE)
does not L-curve
require noise magnitude | generalized cross-validation (GCV)
(subsection 3.3.3) normalized cumulative periodogram (NCP)

when determining which parameter selection methods to employ. Parameter choice
rules represent a large and still growing body of literature in the field of inverse prob-
lems, with papers ranging from theoretical developments of regularization methods
to papers focused on methods specific to applications. Although there are extensive
survey papers describing parameter choice methods in the continuous setting (see,
for instance, [12, 13, 191]), we focus on parameter selection strategies for discrete
inverse problems that have proven successful in conjunction with hybrid projection
methods. We describe two main classes of parameter choice methods: (1) those that
require knowledge of the noise magnitude in subsection 3.3.2 and (2) those that do not
require knowledge of the noise magnitude in subsection 3.3.3. These are also listed
in Table 3.2. In almost all the considered strategies for hybrid methods, there are
common quantities that must be monitored. These include:

1. the norm of the approximate solution, ||xx(Ax)ll,

2. the norm of the residual, ||r(xx(Ag))]|, and

3. the trace of the influence matrix, trace(AAICg(/\k, k)).
Computing these quantities can be done very efficiently by monitoring the correspond-
ing projected quantities and exploiting the orthogonal invariance of the 2-norm. This
fact along with the relatively cheap computation of (3.10) make the adaptation of
standard parameter choice strategies particularly appealing in the setting of hybrid
methods. Simplified formulations for these quantities using the SVD of the projected
matrix can be found in Appendix A.

Appendix B unfolds some connections between specific parameter choice rules for
(unprojected) Tikhonov regularization (2.1) and corresponding strategies for hybrid
methods. These leverage the fact that many parameter choice rules for setting A in
(2.1) involve at least one evaluation of a quadratic form of the matrix AT A or AAT,
which can be expressed as particular Riemann-Stieltjes integrals (written in terms of
the SVD of A). When dealing with large matrices A whose SVD is not available, the
latter can be approximated by Gauss or Gauss-Radau quadrature rules, which are
related to the symmetric Lanczos and the GKB algorithms; see [101] for full explana-
tions of these relations. Exploiting these links is crucial to provide computationally
affordable approximations of the original quadratic forms in terms of quantities (such
as the upper bidiagonal matrix By) generated at the kth iteration of GKB-based hy-
brid methods that, under some assumptions, can be proven to provide upper or lower
bounds for A\ that get increasingly accurate as k increases.

3.3.1. General considerations on selecting \; and k.

Selecting A\. Assume that k is fixed and consider the case of standard form
Tikhonov regularization. First, for standard Krylov subspace projection methods
including those described in subsection 3.2.1, the projection subspace is independent
of the current value of the Tikhonov regularization parameter. This is due to the
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so-called ‘shift-invariance’ property of the computed Krylov subspaces, and this has
the effect that the approximate solution at the kth iteration only depends on the
current regularization parameter A;. Second, notice that, for a fixed k, the projected
problem (3.11) is a standard Tikhonov-regularized problem. A natural idea would be
to directly apply well-established (e.g, SVD-based) parameter choice strategies that
were developed for Tikhonov regularization; however, care must be taken to ensure
accurate results in the hybrid setting. Third, since the number of iterations k is
significantly smaller than the size of the original problem (i.e., k¥ < min{m,n}) and
the projected problem has order k (i.e., the coefficient matrix Gy has size (k + 1) x
k), computations with Gy, can be performed easily. For many methods, there are
computational advantages to using the SVD of G (3.10). Indeed, for most problems,
the computational cost of obtaining (3.10) is negligible compared to the computational
cost of performing matrix-vector products with A (and possibly AT) to expand the
approximation subspace. We will see how some common parameter choice methods
can be efficiently formulated using the SVD.

Selecting k. Various rules have been developed for selecting the stopping iteration
k, and these rules can be employed quite generally (and independently of the param-
eter choice rule for ;). The main idea is to terminate iterations when a maximum
number of iterations is achieved or when one or more of the following conditions are
satisfied:

Ak — Ak—1] < TaAk—1,
(3.15) [r(xk(Ae)) — r(xp—1 (M=) < 7ellr(xp—1(Ae—1))]l +
%k (M) = xp—1(Ax—1)|l < Tellxe-1(Ak-1)Il s

where Ty, 7, T, are positive user-specified thresholds. The rationale behind these ap-
proaches is that, often and broadly speaking, when stabilization happens, the selected
value for the regularization parameter is suitable for the full-dimensional Tikhonov
problem and the approximated solution cannot significantly improve with more it-
erations. Although this argument is mainly empirical, in some cases it is supported
by theoretical results; see Appendix B. This property is also heavily exploited in
[56, 106, 197], where the regularization parameter (and other relevant quantities) for
the original Tikhonov problem are estimated by projecting the original problem onto
subspaces of smaller dimension. Once the regularization parameter is estimated, it is
fixed and any iterative method can be used to solve the resulting Tikhonov problem;
therefore, these methods are not considered hybrid projection methods as defined in
this manuscript; see section 1 and subsection 2.3. The left frame of Figure 3.1 displays
the typical behavior of adaptively chosen regularization parameters where, relevant
to the first criterion in (3.15), some stabilization is visible as the iterations proceed.
Returning to the issue of selecting a stopping iteration for hybrid projection methods,
we remark that, with a suitable choice of Ag, hybrid methods can overcome semi-
convergent behavior, as illustrated in Figure 2.2. Thus, an imprecise (over-)estimate
of the stopping iteration does not significantly degrade the reconstruction quality. In
fact, one can typically afford a few more iterations without experiencing deterioration
of the solution (on the contrary, the solution may improve because it is computed
by solving a well-posed problem in a larger approximation subspace). This insight
is also linked to the ability of the considered Krylov projection methods to ‘capture’
the dominant (i.e., relevant) truncated right singular vector subspace information to
reconstruct the solution; we present more details about this in subsection 3.4.
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3.3.2. Methods that require knowledge of the noise magnitude. The
discrepancy principle selects a regularized solution X, satisfying

(3.16) b — Axreg|| = 7e

where ¢ is an estimate of the norm of the noise ||e|| and 1 > 1 is a safety factor (the
larger 7, the more uncertainty on €). Note that if the noise e is assumed Gaussian
with covariance matrix 02I,,, i.e., when

(3.17) e~ N(0,0%L,),

then the expected value of ||e||? is E(||e||?) = mo?. The discrepancy principle typically
works well if a good estimate of € is available. For Tikhonov regularization (subsec-
tion 2.1), Xpeg = x(A) and (3.16) is a nonlinear equation in A > 0 (that should be
solved by employing a zero-finder, typically of the Newton family [193]); for iterative
regularization methods (subsection 2.2), Xes = xj, and the iterative method should
stop as soon as the kth iterate satisfies

(3.18) b — Axy]| < e

Using the discrepancy principle, one can typically prove regularization properties such
as Xreg — Xirue 35 ||€]| — 0; see [40, 73, 119].

When considering hybrid solvers, the most common approach is to solve the
nonlinear equation,

(3.19) b — Axi(A)[|= U1 b — Gryr(Aw) | = e

to determine the Tikhonov regularization parameter Ax to be employed at the kth
iteration. Notice that once the discrepancy principle is satisfied (typically after a
few iterations are performed), one may stop the iterative process. However, it has
been observed that the quality of the solutions improves if more iterations are per-
formed, as the regularized solutions belong to richer approximation subspaces. This
phenomenon is described at length in [166, 192]. In this case, one may resort to one
(or more) stopping criterion of the form (3.15). Another approach is to update the
regularization parameter for the projected problem in such a way that stopping by
the discrepancy principle is ensured [86, 91]. That is, the discrepancy principle can
be used for setting both k£ and A, but only one iteration of a root-finder algorithm
for (3.19) is applied at each iteration of a hybrid method. The approach is derived in
[91] and its underlying theory is analyzed in [86], by leveraging the tools described in
more details in Appendix B. Note that, thanks to the first equality in (3.19), when
applying the discrepancy principle within hybrid methods, one can exclusively per-
form computations with projected quantities, which are cheap when k < min{m,n}
(see Appendix A for more details).

UPRE (unbiased predictive risk estimation) selects the regularization parameter
that minimizes the expectation of the mean squared norm of the predictive error,
E(||p(xreg)||?) , associated to the regularized solution X;eg = Al b, where the pre-
dictive error is defined as

p(xreg> = Axreg — birue = AA:[egb — birue = (AAIeg - In)btrue + AA;[ege;
where AAIeg is assumed to be symmetric (this is the case for all the regularization
methods considered so far). When considering (direct) Tikhonov regularization and
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when e represents Gaussian white noise with standard deviation o (3.17), one should
compute the regularization parameter to be the minimizer of

E[p(x(A\)[I* = [(AAL(\) = Ln)buue|* + otrace ((AAL () T (AAL, (V) .
To circumvent the fact that the first term in the above expression of p(x(})) is in

practice unavailable, one can perform some algebraic manipulations and approxima-
tions. The UPRE parameter is then given by

(3.20) A= aggéglin [r(x(\)|? + 202trace (AAIeg()\)) —mo? .
+

=:U(N)

Note that the expected value of U(\) is the expected value of the predictive risk, i.e.,
E(U(N\)) = E(|lp(x()))]|?). We refer to [234] for more details on the derivation of the
UPRE method. UPRE can also be used as a stopping rule for iterative methods, e.g.,
for nonnegatively constrained Poisson inverse problems [9]. When considering hybrid
methods, applying UPRE to the projected problem is quite straightforward, and was
first considered in [198]: it is essentially a matter of replacing r(x(\)) and AICg()\) in

(3.20) by r(xx(X)) and Al (Mg, k), respectively. Since the influence matrix (3.13)
is still symmetric, performing some algebraic manipulations leads to the following

projected UPRE functional

Us(N) = (Gk(GL G + ML) 'G)l — L) U b2
+ 20%trace(Gy (G G + ML) 'G[) — (k+1)0?,

which is minimized at each iteration of a hybrid method to find A\;. Note that the
functional Ug()) is expressed with respect to projected quantities only, which are
not computationally expensive to evaluate as far as k < min{m,n} (see Appen-
dix A for more details). An interesting (and still partially open) question (common
to other parameter choice strategies) is determining wether the regularization pa-
rameter A\, so obtained is a good approximation of A. To answer this question, the
authors of [198] first consider the direct regularization method to be obtained by
combining TSVD and Tikhonov regularization methods (sometimes referred to as
‘FTSVD’, i.e., filtered TSVD), so that the variational regularized solution belongs
to the subspace spanned by the dominant right singular vectors; they deduce that,
if the k-dimensional projection subspace generated by the hybrid method captures
the relevant (i.e., dominant) spectral information about the original problem, then
trace(Gr(G, Gi + M) "'G[) ~ trace(AA],,) (the latter being specified for the
FTSVD), and A, =~ A*.

We conclude this subsection by mentioning that, although it may seem to be
a disadvantage that these methods require knowledge of the noise magnitude, there
are actually various approaches for estimating the noise level from the data: here
we describe a couple of them. A first approach uses statistical tools and performs
quite well at estimating the variance [70]. Assuming Gaussian white noise (3.17), an
estimate & of the standard deviation o can be obtained from the highest coefficients
of the noisy data under some transformation (e.g., wavelet). For instance, given an
observation vector b, the following MATLAB code can be used to estimate the noise
variance

(7, cD]
sigmahat

dwt (b, ’db1’);
median(abs(cD(:)))/.67; °
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where the first line returns the detail coefficients of a single-level 1D discrete wavelet
transform of b using the Haar wavelet and the second line computes an estimate of the
variance. In many inverse problems, it is common to work with a relative noise level
rather than the noise variance directly. For a simulated example, a noisy measurement
can be generated as

”btrueH
el

b = biue + noiseLevel *

)

where e is a realization from a standard Gaussian and the relative noise level is given in
noiseLevel. Thus, an estimate of the relative noiseLevel obtained running (3.21)
is &y/m/ [bl.

Still assuming Gaussian white noise, a second approach to estimate relevant noise
information (including |le||) is to leverage some theoretical properties of the Krylov
subspaces generated as projection subspaces for the solution: this is especially rele-
vant in the context of hybrid regularization. To the best of our knowledge, the first
detailed analysis of how the noise affects the approximation subspace generated by
the GKB algorithm can be found in [139], where the authors show how to estimate
at a negligible cost the (assumed) unknown amount of noise in the original data. By
exploiting the connections between GKB and Gaussian quadrature rules (recalled in
Appendix B), theoretical estimates prove that the norm of the residual computed by
LSQR stabilizes around the noise magnitude. This can lead to the construction of
stopping criteria for the bidiagonalization process as well as to the application of any
of the parameter choice rules described in this section, using the information gathered
about the noise. Extensions of the analysis in [139] to projection methods based on
the Arnoldi algorithm can be found in [93].

3.3.3. Methods that do not require knowledge of the noise magnitude.
In many situations, assuming that an accurate estimate of € = ||e|| is available is un-
realistic, and one cannot confidently apply the methods described in subsection 3.3.2.
However, a number of strategies can be adopted when dealing with direct, iterative
and hybrid methods: for the latter, most of these parameter choice rules can be
regarded as the projected variants of their full-dimensional counterparts.

The L-curve criterion was popularized by [137]: it relies on the intuition that
a good choice of the regularization parameter should balance the contribution of
the so-called perturbation error (i.e., the error due to overfitting the noisy data,
which would lead to an under-regularized solution) and regularization error (i.e., the
error due to replacing the original problem with a related one, which would lead to
an over-regularized solution). The L-curve is a plot of the norm of the regularized
solution ||Xyeg|| versus the norm of the regularized residual ||ryeg|| for varying values of
the regularization parameter, and it is named after the desirable shape of its graph.
When Tikhonov regularization is considered (i.e., when the L-curve is a parametric
curve with respect to ), one can prove that the L-curve is convex (see, for instance,
[126, Chapter 4]). The ideally steep or vertical part of the curve corresponds to
small amounts of regularization, so that such solutions are dominated by perturbation
error. The ideally flat or horizontal part corresponds to too much regularization,
so that such solutions are dominated by regularization error. Therefore the corner
represents the point on the L-curve where both errors are balanced. The L-curve is
commonly plotted in logarithmic scale, e.g., (logio(||rregll),10g10([|Xreg]l)); to better
highlight the corner (and also because of the large range of values of the plotted
quantities). For the L-curve to be effective it is necessary to have monotonicity in
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Irreg|| and ||xyegl|l (this is not always the case, e.g., alternative L-curves have been
devised for GMRES [38]). Moreover, it can be experimentally noted that, when the
decay of the singular values, as well as the impact of noise on the computed solution
happen slowly, the L-curve does not exhibit a distinct corner, making the L-curve
criterion less successful; this is often the case for large-scale inverse problems. For
hybrid projection methods, since we need to select two parameters (namely, Ay and
k), the L-curve can be interpreted as a surface, which can be challenging to analyze.
However, by exploiting connections to Gaussian quadrature rules (see Appendix B),
a variant of the L-curve called the L-ribbon has been considered that inexpensively
constructs a ribbon-like region that contains the L-curve of the (direct) Tikhonov
regularization applied to the full-dimensional problem [35, 41, 45]. Note that the
points on the L-curve can be computed using the projected quantities only, which are
not computationally expensive to evaluate as far as k < min{m,n} (see Appendix A
for more details).

An approach related to the L-curve, which still aims at finding the right balance
between the regularization error and the perturbation error, was described in [14, 233],
where the estimated regularization parameter A for (direct) Tikhonov regularization
is obtained as the fixed point of the ratio between the residual norm ||r(x()))|| and
the solution norm ||x(A)||. This same strategy can be used to select a regularization
parameter at each iteration of hybrid projection methods, namely, by computing the

fixed point Ay of the function %: this is done in [231] for a hybrid method based

on GKB and Tikhonov regularization. The fixed point approach can be regarded as
a realization of a parameter choice rule due to Reginiska [190], and its performance
strongly depends on a good initial guess of .

The generalized cross-validation (GCV) method is another popular approach
for selecting regularization parameters when the noise level is unknown. The GCV
method is a ‘leave-one-out’ prediction method. That is, the basic idea behind GCV
is that, if an arbitrary element of the observed data is left out, a good choice of the
regularization parameters should be able to predict the missing observation [98]. For
(direct) Tikhonov regularization applied to the full-dimensional problem (2.1), the
parameter computed by GCV is the one that minimizes the GCV function

n [r(x(\)|?
(trace (Im — AAIeg()\)> ) ’

In [20] Bjorck suggested using GCV in conjunction with TSVD for hybrid projec-
tion methods and using GCV to determine an appropriate stopping iteration as well.
However, it was observed in [59] that the GCV method tended to perform poorly
when used within hybrid methods based on GKB and Tikhonov regularization, due
to over-smoothing. To remedy this, a weighted GCV (wGCV) method was intro-
duced, which can be interpreted as a weighted ‘leave-one-out’ approach; an adaptive
approach to estimate the new weight parameter was also described. At each iteration
k, the weighted GCV functional for estimating A is given by

n e (e (M)
(trace (Im — wAA (), k))>2 ’

(3.22) G =

(3.23) Guw(\ k) =

where we get the standard GCV function for w = 1. By minimizing the above func-
tional with respect to both A and k, it is possible to set both regularization parameters
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involved in a hybrid method. One can use an alternating approach to sample the 2D
GCV surface (3.23) as follows: first, a projected version of the GCV functional (3.23)
is minimized for fixed k to get Ay (this is sampling the GCV functional along lines);
second, the GCV functional (3.23) is minimized for fixed A;. Note that both the nu-
merator and the denominator of the functional G, (), k) can be expressed with respect
to projected quantities only, which are not computationally expensive to evaluate as
far as k < min{m,n} (see Appendix A for more details).

The NCP (normalized cumulative periodogram) approach for selecting regulariza-
tion parameters does not require an estimate of the noise level, and it uses the residual
components rather than the residual norm to estimate the regularization parameter
[201]. This approach was used within a projection framework in [135], although this
was not a hybrid projection method according to the criteria given in the present pa-
per. It is used a stopping criterion for purely iterative methods (namely, the so-called
algebraic iterative reconstruction techniques for computed tomography) in [134].

3.3.4. Illustrations on the behavior of parameter choice in hybrid meth-
ods. We use the image deblurring and tomography test problems from subsection 1.1
to show how different regularization parameter selection methods can perform within
GKB-based hybrid projection methods.

In Figure 3.3 we display the so-called ‘RRE surfaces’, i.e., the values of the relative
reconstructions error (RRE) norms ||xx (A ) —Xtruell /|| Xtrue|| versus the pair (k, Ag), at
k=1,...,100 and at logarithmically equispaced values of A\, between 1076 and 102.
We can clearly see that, for both the image deblurring and the computed tomography
problems, there are combinations of values of £ and A\, that deliver minimal relative
reconstructions error norms, and that both the discrepancy principle (DP) and the
weighted GCV (wGCV) method are able to compute couples (k, A;) that eventually
(i.e., for k big enough) lay in such regions.

In Figure 3.4 we only consider the computed tomography problem and we illus-
trate the behavior (in terms of relative reconstruction errors and selected values of
A) of different regularization parameter choice strategies (DP, wGCV, optimal pa-
rameter minimizing the relative error at each iteration) as the number of iterations
progresses. We can clearly see that the behavior of the GKB-based hybrid method is
quite desirable for all the regularization parameter rules: namely, all approaches are
successful in avoiding semiconvergence and, after a very rapid decrease in the relative
error norms, at about the 20th iteration both the quality of the solution and the value
of the regularization parameter stabilize (only the parameter set by wGCV displays
slight variations). We observe that the first stopping criterion in (3.15) (stabilization
of A\ at consecutive iterations, denoted by an asterisk), applied with 7, = 1074, is
very effective when the DP is used (i.e., it prescribes to stop very close to the itera-
tion where the relative error is minimal (denoted by a circle). This is not the case for
wGCV, although there is no adverse impact on the quality of the solution computed
when the solver stops, thanks to the long-term stable behavior of relative errors.

Finally, for both the image deblurring and computed tomography test problems,
we generated observations with 100 noise realizations at noise level 10~2 and used
GKB-based hybrid methods where the regularization parameter is chosen using the
DP with the true noise level and wGCV with automatically selected weighting pa-
rameter. The computed values are displayed as histogram plots in Figure 3.5: looking
at them we can infer that such strategies exhibit consistent behavior within different
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Fic. 3.3. Illustration of the behavior of the GKB-based hybrid methods when the regularization
parameter is chosen according to the discrepancy principle and the wGCYV criterion. First and
second row: the relative error norm for each sampled (k, \) is recorded, to form the so-called ‘RRE
surfaces’, which are displayed as 8D surface plots (first row) and as 2D contour plots (second row),
where the computed couples (k, \) obtained by applying the discrepancy principle and wGCV are
highlighted by special markers.
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Fic. 3.4. Illustration of the GKB-based hybrid method with different adaptive parameter choice
strategies, applied to the computed tomography test problem. In the left panel, we provide the his-
tory of the relative reconstruction error norms per iteration k obtained when using the discrep-
ancy principle (DP) (3.19) and the weighted GCV (wGCYV) (3.23). The optimal (opt) parameter
is the A\ that minimizes the relative error at each iteration k. In the middle panel we provide
the computed regularization parameters at each iteration. Special markers highlight the iteration
satisfying the first stopping criterion in (3.15) with 7y = 10~% (asterisks), and the iteration de-
livering the best relative error (circle), for each approach (DP, wGCV, opt). In the right panel
we display the best solution computed when applying wGCV, having relative reconstruction error
[[x30 — Xtruell2/||Xtrue|l2 = 0.1574. We refer to Figure 3.1 for a similar illustration for the image
deblurring problem.
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Fic. 3.5. An illustration of the behavior of the GKB-based hybrid methods when the regular-
ization parameter is chosen according to the discrepancy principle and the wGCV criterion. The
test problems are run 100 times, each with a different noise realization (noise level is always 1072 ).
Histogram plots of the stopping iteration k and the corresponding chosen regularization parameter
A are displayed.

noise realizations.

To conclude, we emphasize that every problem is different, and there is not one
approach that will work for all problems. Thus, it is good to have a variety of methods
that can guide one in selecting a suitable set of parameters.

3.4. Theoretical insights. The goal of this section is to give the reader a flavor
of the kinds of theoretical results that have been investigated for hybrid projection
methods. This section is organised in subsections, which present specific classes of
results and elaborate on their significance. Specifically:

e We can characterize the kth iterate of a hybrid projection method for a fixed
regularization parameter; see subsection 3.4.1

e We can study how noise in the data propagates to the projected problem
using subspace approximation properties, and we can use this information
for parameter selection and analysis; see subsection 3.4.2

e We can study the behavior of the projected problem and draw connections
to TSVD; see subsection 3.4.3

e We can investigate Krylov subspace methods for continuous formulations to
get insight into the adopted SVD approximations and the convergence of
hybrid methods; see subsection 3.4.4

3.4.1. Project-then-regularize versus regularize-then-project. For stan-
dard Tikhonov regularization, an insightful result deals with characterizing the iter-
ates from a hybrid projection method. For a fixed regularization parameter, there is
a result regarding the equivalence of iterates from two approaches: ‘first-regularize-
then-project’ and ‘first-project-then-regularize’ [121, 126]. See Figure 3.6 and the
following theorem.

THEOREM 3.1. Fiz A > 0 and define x;,(\) € R™ to be the kth iterate of conjugate
gradient applied to the Tikhonov problem,

min ||b — Ax|]* + A |x|°.
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FiG. 3.6. For fized regularization parameter A and in exact arithmetic, both approaches ‘first-
reqularize-then-project’ and ‘first-project-then-regularize’ result in the same solution approximation.
A similar figure can be found in [126].

Let yi(\) € RF be the exact solution to the regularized, projected problem
. 2 2
min [Bre1 — Bryll” + Allyll”,

where By, and Vi, are derived from GKB applied to the original problem. Then
z1.(\) = Viyr(\) = xx(N).

The significance of this result is that, for large-scale problems where the ‘first-regularize-
then-project’ approach is not feasible (e.g., because obtaining a good regularization
parameter is too expensive a priori, see Figure 2.3), the hybrid projection methods
that follow the ‘first-project-then-regularize’ approach produce, at the kth iteration,
the same regularized solution (in exact arithmetic and with the same regularization
parameter). Extensions of this result to the case where TSVD regularization is used
instead of Tikhonov can be found in [160].

3.4.2. Subspace approximation and noise propagation. Since the approx-
imation subspace for the solution plays a pivotal role in the success of both purely
iterative and hybrid projection methods, there have been recent investigations on
subspace approximation properties, including results quantifying how much the ap-
proximation subspace can be expanded and how the noise in the data affects the
approximation subspace.

The authors of [94] prove that, when GKB is applied to a severely ill-posed prob-
lem with noiseless data, the product of the entries of the last column of the bidiagonal
matrix By decays as (k:a,@)g; note that these entries are somewhat related to how much
the Krylov subspace K, (AT A, ATb) is expanded at the kth iteration. Under similar
assumptions, when employing the Arnoldi algorithm, the rate of decay of the last en-
try of the Hessenberg matrix Hy, (i.e., [Hg]xy1,%) is comparable to koj. The authors
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of [139] study how noise in the measurements (right-hand side of (1.1)) propagates to
the projected problem and, in particular, how it enters the basis vectors spanning the
approximation subspace. This leads also to efficient estimates of the noise level that
can be used to set the regularization parameter \; for hybrid methods, or a stopping
criterion (see subsection 3.3). Specifically, assuming that the Discrete Picard Con-
dition holds, the noise amplification (i.e., the appearance of high frequency noise) is
described as an effect of damping the smooth components due to convergence of Ritz
values to large eigenvalues of AT A and the orthogonalization in the GKB algorithm.
After the noise has ‘revealed’ itself in the so called ‘noise-revealing’ iteration, the
LSQR relative residual can be used as a noise level estimator. This investigation is
extended in [138], to consider the most popular iterative solvers based on GKB and to
establish explicit relations between the noise-contaminated bidiagonalization vectors
and the residuals of the considered regularization methods. In particular, it is shown
that the coefficients of the linear combination of the computed bidiagonalization vec-
tors reflect the amount of propagated noise in each of these vectors; influence of the
loss of orthogonality is also discussed. Some of these investigations (most relevantly,
the analysis of the residual vector) have been also performed in [92, 93] for methods
based on the Arnoldi algorithm, mainly using tools from approximation theory.

Finally, the propagation of noise in the approximation subspace and the residuals
associated to purely iterative methods based on the GKB algorithm (such as LSQR)
and the Arnoldi algorithm (such as GMRES and RRGMRES) is studied in [148].
The latter may not be successful in filtering the noise out, because of the so-called
‘mixing’ of the SVD components in the approximation subspace; this issue may ac-
tually be irrelevant, if features of the solution can be reconstructed anyway thanks
to the presence of favourable vectors in the Krylov approximation subspace and it
can be mitigated using some ‘preconditioning’ [130]; see also subsection 4.1. Some
‘preconditioners’ that can be used together with (RR)GMRES to correct for severe
asymmetries in the discretized forward operator are proposed and analyzed in [90].
Focusing on image deblurring problems, and exploiting the two-dimensional discrete
cosine transform, [131] also analyzes how noise from the data enters the solution com-
puted by LSQR, GMRES, RRGMRES, MINRES, and MR-II, concluding that the
noise mainly affects the reconstructions in the form of low-pass filtered white noise,
and discouraging the use of GMRES and MINRES for image deblurring.

3.4.3. The projected problem and connections to TSVD. Beyond inves-
tigations into the approximation subspace, another class of results pair the analysis
of the approximation subspace for the solution with the analysis of the behavior of
the projected problem, or focus solely on the latter, including results on the approx-
imation of the singular value decomposition. These results shed light on how the
ill-conditioning of the original problem transfers to the projected problem, on the
semi-convergence phenomenon, and on how properties such as the so-called discrete
Picard condition are ‘inherited’ by the projected problem.

Bounds on the ‘residuals’ associated to the SVD approximations obtained by the
GKB and Arnoldi decompositions (i.e., the matrix 2-norm of the difference between
the original coefficient matrix (2.2) and the approximated SVD obtained at each step
of a Krylov subspace method) are presented in [94], where it is concluded that, de-
pending on the method and on the residuals, these could either be 0, or their norm
may decay as the singular values of the original coefficient matrix. The authors of
[92] prove that, starting from a full-dimensional problem satisfying the discrete Pi-
card condition (i.e., typically assuming noise-free data), the discrete Picard condition
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holds when the problem is projected using the Arnoldi or the GKB algorithms: this is
achieved by combining some SVD update rules and a backward induction argument
(i.e., going from the full-dimensional problem to projected problems of decreasing di-
mension). Naturally, much analysis focuses on establishing theoretical and heuristic
links between the performance of TSVD (which can be regarded as a least-squares
solver projecting the full-dimensional problem (2.4) onto the subspace spanned by the
dominant right singular vectors) and Krylov projection methods. Some early investi-
gations, such as [120], find that, since the projection attained with the LSQR method
is tailored to the specific right-hand side b, this results in a more rapid convergence
of the solver. Also, when it comes to computing TSVD-like approximations, the au-
thors of [16] exploit a classical property of GKB (namely, the approximation quality
depends on the relative distance between the singular values of A [203]) to conclude
that, since for discrete inverse problems the relative gap between large singular values
of A is generally much larger than the relative gap between its small singular values,
the singular values of By converge very quickly to the largest singular values of A.
Also, links between the TSVD and Lanczos algorithms (for symmetric problems) are
investigated in [95] where, thanks to the speed at which the nonnegative subdiagonal
entries of T} decay to zero, the solution of the discrete ill-posed problems can be
efficiently and effectively (i.e., without significant, if any, reduction of the quality of
the computed solution) expressed in terms of the Lanczos basis vectors rather than
the eigenvectors of A; this extends to the solution subspace determined by LSQR and
the right singular vector subspace.

More recently, a body of papers by Jia and collaborators puts some renewed
emphasis on the investigation of the relations between the TSVD solutions and the
solutions computed by some popular purely iterative regularization methods (such as
LSQR, LSMR, and MINRES). In particular, assuming distinct singular values, [144]
establishes bounds for the distance between the k-dimensional Krylov subspace asso-
ciated to LSQR and the k-dimensional dominant right singular space associated to
TSVD, and concludes that the former better ‘captures’ the latter for severely and
moderately ill-posed problems than for mildly ill-posed problems. This implies that
LSQR performs better as a stand-alone regularization method for severely and mod-
erately ill-posed problems, but should be paired with additional regularization (i.e.,
in a hybrid framework) for successfully handling mildly ill-posed problems. Estimates
for the accuracy of the rank-k approximation generated by GKB are also provided.
This topic is further investigated in [149, 150], where an analysis of the approximation
of the large singular values of A by the Ritz values is also performed to assess if this
happens in natural order (i.e., largest singular values first). The paper [151] extends
the same investigations to the case of multiple singular values, with similar findings.

3.4.4. Continuous formulations. Although the present survey paper consid-
ers discrete inverse problems, in many situations (especially when analyzing some
convergence properties of solvers or inferring the behavior of the projected problems)
looking at the continuous formulation (i.e., within a Hibert space H) can be bene-
ficial. Indeed, it is well known that some discretization schemes (e.g., those based
on boundary element methods) actually project the continuous problem onto finite
dimensional vector spaces, and that such a projection has a regularizing effect; see
[121, 160]. Indeed, with ‘proper conversion’, many of the presented derivations for
Krylov methods in finite dimension can be translated to the continuous setting; see
[73]. CG was historically among the first Krylov methods to be analyzed in a contin-
uous setting: [102] reports relevant results and references. More recently, the authors
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of [40] show that, when the error-free data vector by lies in a finite-dimensional
Krylov subspace, then the (continuous) GMRES method is a regularization method
if the iterations are terminated by a stopping rule based on the discrepancy princi-
ple. Methods based on the Arnoldi algorithm (either FOM or GMRES) have been
analyzed in a continuous setting [178]: here, some of the properties described (and
somewhat heuristically justified) in a discrete setting in [94] are fully established (and
sometimes strengthened) in a continuous setting. More specifically, assuming that we
are dealing with Hilbert-Schmidt operators (like Fredholm integral equations of the
first kind with square-integrable kernels), it can be shown that the rate of conver-
gence of these solvers is related to the extendibility of the Krylov subspace Ki(A,b),
which is also comparable with the rate of decay of the singular values of A. Moreover,
it is proven that the dominant singular values can be approximated with improved
accuracy as the iterations proceed, further supporting the statement that methods
based on the Arnoldi algorithm are regularization methods. This investigation has an
impact on the finite-dimensional setting, too: for instance, having proven convergence
of the SVD approximation obtained by the Arnoldi algorithm, implies that many pa-
rameter choice rules that are intrinsically based on the success of this approximation
(see subsection 3.3) are meaningful when used within hybrid methods. An analo-
gous investigation appeared in [51], where the infinite-dimensional GKB algorithm
and LSQR are considered. In [179] the case of Krylov solvers applied to general-form
Tikhonov regularization (still in a continuous setting), with a fixed regularization pa-
rameter; both solvers based on the Arnoldi algorithm and on the GKB algorithm are
considered and the resulting scheme is dubbed ¢ Krylov-Tikhonov’. Denoting by u'
and ug the solution to the continuous problem and the Krylov solution, respectively,
the main investigation in [179] is concerned with proving that such Krylov methods
are orthogonal projection methods for the linear operator equation associated to the
normal equations for the continuous Tikhonov formulation: because of this, there
exists a (semi)norm E(-) in H such that E(uy — u') converges to zero as k goes to
infinity.

4. Extensions. The goal of this section is to describe some extensions and re-
cent advancements in hybrid projection methods. In particular, in subsection 4.1 we
describe various hybrid projection methods that have been developed for general-form
Tikhonov regularization. In subsection 4.2 we describe hybrid projection approaches
that go beyond the standard projection subspaces by enrichment, augmentation and
recycling of approximation subspaces for the solution. Then in subsection 4.3 we
go beyond 2-norm regularization and consider the ¢, regularized problem. In par-
ticular, we focus on recent advancements in flexible iterative methods (which are re-
lated to flexible preconditioning where the preconditioner changes during the iterative
process) and extensions to hybrid frameworks. In subsection 4.4 we describe the in-
creasingly important role that hybrid iterative methods play in the field of large-scale
computational uncertainty quantification. We first give a brief introduction to draw
connections between traditional variational regularization and statistical (Bayesian)
inverse problems, and we describe various scenarios where hybrid projection methods
have enabled researchers to go beyond point estimates and perform efficient UQ. In
subsection 4.5, we describe the role that hybrid projection methods have played in
solving nonlinear inverse problems, where the forward model is nonlinear. Table 4.1
presents a compact summary of the problem formulations considered in the following
subsections, highlighting similarities and differences in the choice of the fit-to-data
and regularization terms.
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TABLE 4.1
Variational regularization methods of the form minykegrn J(x,b) + AR(x), where J and R are
a fit-to-data and regularization term, respectively, considered in each subsections.

subsection | J(b,x) R(x) notes

4.1 b — Ax]||2 [Lx[|? | LeR™"

4.2 b — Ax|3 Ix|3 projection on sums of subspaces
4.3 b — Ax]||2 b extends to J(b,x) = ||b — Ax||]
1 b= AxZ . | x5

4.5 Ib—Fx)3 | [Ix]3 F : R™ — R™ nonlinear operator

A common theme in all the following subsections is that extensions of hybrid pro-
jection methods beyond the standard approaches described in section 3, in order to
be effective in a large-scale setting, require the efficient computation of an appropri-
ate solution subspace and adaptive regularization parameter choice for the projected
problem (i.e., within the solution subspace), giving rise to hybrid formulations. Al-
though the computed solution subspaces may not be as straightforward as standard
methods, they can incorporate some prior knowledge or meaningful information about
the solution or the kind regularization functional to be considered, eventually leading
to superior reconstructions with respect to the ones delivered by standard methods.
Most often this means that the standard GKB or Arnoldi decompositions have to
be modified, for example, to formally work with variable preconditioning, to enforce
orthogonality or optimality properties in a different norm, or to incorporate a low-
dimensional subspace representing prior information. Also, most often, such tools
have already been developed for use in other settings, e.g., for the solution of well-
posed problems (e.g., PDEs). Therefore, a considerable part of this section is devoted
to reviewing such tools, tailoring them to the problems at hand, and drawing possible
analogies between them.

4.1. Beyond standard-form Tikhonov: Hybrid projection methods for
general-form Tikhonov. Thus far we have focused mainly on the standard-form
Tikhonov problem (2.1), where the regularizer ||x||?> promotes smoothness by penaliz-
ing solutions with large norm; however, other smoothness properties may be desired.
Many researchers have considered the general-form Tikhonov problem,

(4.1) min b — Ax|? + AL

where L € RP*" ig called the regularization matrix. We assume that the null spa-
ces of A and L intersect trivially, so that [AT, LT]T has full column rank and the
solution to (4.1) is unique. Typical choices of L include discretizations of a differ-
ential operator (e.g., the discrete first or second derivative, which promote further
smoothness by penalizing derivatives of solutions with large norms). An important
observation is that the general-form Tikhonov solution can be written as a spectral
filtered solution, where both the filter factors and the basis for the solution are de-
termined by the generalized singular value decomposition (GSVD) of {A L}; see,
e.g., [126, Chapter 8]. However computing the GSVD is not always feasible, e.g., for
large-scale unstructured problems. In these settings, the most immediate approach
is to apply an iterative solver (e.g., any of the solvers listed in subsection 2.2) to
the equivalent least-squares formulation of (4.1): however, a suitable value of A must
be fixed ahead of the iterative method. Since such X is typically not available, one
should apply an iterative solver to (4.1) repeatedly (once for every tested value of \),
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as dictated by some well-known parameter choice strategies (such as the ones listed
in subsection 3.3): this eventually results in a costly strategy, and alternatives have
been sought in the literature.

A common approach to handle the general-form Tikhonov problem is to transform
it to standard form [71]. That is, one computes

_ o . = T2 —_12 = b*AX%

(42) 71.0) = srgmin [ALLY B £ Mg[*, where [0 = B
and where x{ is the component of the regularized solution xg,(\) in the null space of L.
Here LL is the A-weighted generalized inverse of L, defined by
LL = (I, — (A(I, — LTL))TA)LT; see [125, Section 2.3] and [127] for a geometrical
interpretation (in terms of projections). Note that, if L is invertible, then LL =L,
and, if L has full column rank, then LL = Lf. If L is an underdetermined matrix,
then L}; may not be the same as L. In the Bayesian inverse problems literature,
this particular change of variables is referred to as priorconditioning [33, 36, 47, 48],
because the matrix L is constructed from the covariance matrix of the solution mod-
eled as a random variable (see also subsection 4.4.1). The main idea is to interpret
L as a preconditioner; however, while preconditioning for iterative methods is often
discussed in the context of accelerating iterative methods (typically via clustering of
the eigenvalues), priorconditioners in (4.2) change the subspace for the solution by
including information from the prior (recall also the discussion in subsection 3.2.1).
Indeed, in earlier work that leveraged this idea without collocating it within the
Bayesian framework, this approach was dubbed ‘smoothing norm preconditioning’
and was first adopted in connection with CGLS [117, 121], and then GMRES [130].
Once formulation (4.2) is established, the hybrid projection methods of section 3 can
be applied, which define the approximation subspace for the solution with respect to
the matrix ALL. For instance, in the case of GKB, the kth approximation subspace
for the solution is defined as follows:

Kr((ALY)TAL, (ALY)"b) = span{((ALf)TAL} )" (AL}) b}, .41

For some problems, multiplication with ALL can be done by solving a least-squares
problem followed by an oblique projection; see [124, 130] for details. Furthermore,
there are some regularization operators L for which sparsity or structure can be ex-
ploited so that multiplications with LL can be done efficiently (e.g., banded matrices,
circulant matrices, and orthogonal projections [46, 72, 169, 196]). However, in gen-
eral, performing multiplications with L; may be computationally difficult especially
for large-scale problems (e.g., when L is defined as a product of matrices or as a sum
of Kronecker products).

In the framework of hybrid projection methods, alternative approaches to approx-
imate the solution of (4.1) have been devised without resorting to a standard-form
transformation. For instance, Kilmer, Hansen and Espanol [159] developed a hybrid
projection method that simultaneously bidiagonalizes both A and L (here L can be
rectangular and does not need to be full rank), using a joint bidiagonalization algo-
rithm inspired by Zha [240]. More precisely, a partial joint bidiagonalization for A
and L is updated at each iteration: at the kth iteration, it reads

(4.3) AZ, =U Bf,  LZ,=UpB},

where Zy, = [21,...,21], Ugt1(Be1) = b, and 5 = ||b||. Although this algorithm only
requires that products with A, L and their transposes can be computed, the cost of
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generating the partial factorization (4.3) is somewhat difficult to quantify: indeed, the
kth step requires one call to LSQR to produce orthogonal projections that are needed
to update the partial joint bidiagonalization (4.3), and each LSQR iteration requires
four matrix-vector products (with each of A, AT L, and LT). Taking x € ran(Zy),
ie., x = Ziw, in (4.1) results in the following equivalent problems

AZ, bl . B Bei

v, [0 )] e [0
Since the last problem in the above equations is a Tikhonov problem of dimension
O(k) involving only bidiagonal matrices, it is significantly cheaper to solve than (4.1),
especially for k small. Let us denote by wy(A) the minimizer of (4.4), then x;(A\) =
Ziwi()) is the minimizer of (4.1), constrained to ran(Zg). For fixed A, the joint
bidiagonal structure leads to short recurrence updates (in k) for wy (), for the residual
norm ||Axg(A\) — b||, and for the regularization norm term ||Lx(A)|: this is relevant
if the solution xx(A) = Ziwg(\) has to be computed at fixed pre-sampled values of
A, e.g., when applying the L-curve criterion. The discrepancy principle to set A = Ay
adaptively at each iteration can also be efficiently employed. It can be shown that
the approximation subspace ran(Zy) is meaningful, as xj(\) ‘resembles’ a truncated
GSVD regularized solution to (1.1).

Reichel, Sgallari, and Ye [192] describe an iterative approach that simultaneously
reduces square matrices A and L to generalized Hessenberg matrices using a gener-
alized Arnoldi process, originally introduced in [167]. The formal full factorizations
associated to this method consist of

(4.4) min

weRE

(4.5) AQ = QH#,  where A =0 ifi>2j+1,
: =0

LQ = QHY,  where AY ifi>2j+2,

and where Q is orthogonal. In practice, k iterations of the generalized Arnoldi
algorithm can be computed with initial vector q; = b/||b|| = b/S to generate the
first k columns of the generalized Hessenberg matrices HA and HY appearing above,
and the corresponding columns of Q. The columns of Q span a so-called generalized
Krylov subspace obtained by multiplying q; by A and L in a periodic fashion. Let
HA € REHDXE and HE € R(Zk+2)Xk he the principal submatrices of the matrices
HA and HY, and let Q; = [qi1,...,qx] € R™* be obtained by taking the first k
columns of Q. Taking x € ran(Qy), i.e., x = Qgw, in (4.1) results in the following

equivalent problems
AQy IR | — Hp _ [ Bes
VALQ;, |V Lo ||| Twer ||| vaEE [V 0 |

Note that the approximation subspace for the solution of (4.1) can alternatively be
generated starting from q; = Qe; = Ab/||Ab||, leading to minor adjustments in
the above projected problem (analogous to the range-restricted approach described
in subsection 3.2.1). Similar to the method in [159], the present approach allows
adaptive selection of the regularization parameter A\ = \; at the kth iteration, with a
negligible computational overhead. Different from [159], the present method can work
only if both A and L are square (but this restriction can be overcome, e.g., by zero-
padding). Furthermore, the present method does not require the action of AT and
LT, and no (inner) calls to LSQR are needed to generate the factorization (4.5). While
these are clear advantages of the solver presented in [192] compared to that presented
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n [159], the downsides are that the structure of the generalized Hessenberg matrices
H‘,’s‘ and Hi‘ cannot be immediately exploited (as was possible for bidiagonal matrices
B# and BY in (4.3)); moreover, to the best of our knowledge, no heuristic insight is
available to justify the choice of the approximation subspace ran(Qyg) for the solution
(in particular, no links with truncated GSVD have been established). Despite this,
some specific features of the solution of (4.1) can be enhanced by pairing the present
method with so-called ‘selective regularization’, i.e., by augmenting the approximation
subspace for the solution associated to this specific method; generic (i.e., not specific to
the generalized Arnoldi algorithm) schemes for achieving augmentation are described
in subsection 4.2.

Lampe, Reichel, and Voss [162] propose an alternative projection method for
approximating the solution (4.1), which is initiated by picking an approximation
subspace V C R"™ of small dimension k¥ < min{m,n} spanned by the orthonormal
columns of a matrix V;, € R"**. This can be done, for instance, by running k
GKB iterations, so that ran(Vy) = Kx(ATA, ATb). Denote by x;(A) the solution
of the constrained Tikhonov problem obtained by imposing x € V in (4.1), i.e., take
xk(A\) = Viyr(A), where

v (A) = argmin
yERF

[ \/‘g";k ]w— [ '3 }H = (Vi (ATA+AL'L)V,)"'V/ATb
=T\

Note that yx(\) can be computed efficiently by using a ‘skinny’ QR factorization
of [(AVg)T,(LVy)T]T, which can be updated as k increases. A suitable value of
the regularization parameter A = Ay can be determined using any of the strategies
described in subsection 3.3. Once x(A) is computed, the original search space V €
R"** is expanded by the normalized gradient of the functional in (4.1) evaluated at
xk(\). Namely, one considers

Vit = [V, View],  Where  View = (T(\)xk(Ai) — ATb) /| T(A\r)xk (M) —ATb]|.

Although vy,eq s0 defined is orthogonal to ran(Vy), this can be enforced numerically
using reorthogonalization techniques, if loss of orthogonality is a concern. In general,
the approximation subspace ran(Vy) for the solution of (4.1) is not a Krylov subspace
and it is therefore called a ‘generalized Krylov subspace’: note however that it is yet
a different generalized Krylov subspace than the one used in [192]. The process
of solving problem (4.1) constrained to the updated approximation subspace V is
repeated, and expansions of V are generated until a stopping criterion is satisfied.

Hochstenbach and Reichel [140] use a partial GKB built with respect to A and b
to generate, at the kth iteration, the solution subspace K(ATA, ATb), onto which
they project the regularization matrix L in order to compute an approximate solu-
tion. A similar idea was used in [94, 232]. Note that, contrary to all the strategies
summarized so far in the present section, when using these approaches, the matrix L
does not enter the approximation subspace for the solution.

4.2. Beyond standard projection subspaces: Enrichment and recycling.
The success of Krylov projection methods, and in particular the regularizing proper-
ties of Krylov methods, depends on the ability of the associated Krylov subspace to
capture the most salient features of the solution. In the previous section, we surveyed
approaches to solve the general-form Tikhonov problem (4.1), where the choice of
the matrix L # I,, may affect the solution subspace for the iterative method (e.g.,
via subspace preconditioning or priorconditioning with a change of variables). Such
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transformations result in Krylov subspaces that are ‘better suited’ for the problem
[47, 130]. This means that the basis vectors can capture the essence or important
features of the solution, which can lead to faster convergence properties since fewer
iterations are needed to obtain an accurate solution. However, in some applications,
the regularized solution can be further improved by extending or enhancing the ap-
proximation subspace.

In this section, we assume that we are given a low-dimensional subspace that rep-
resents prior information or expert knowledge. More specifically, we assume that we
are given a suitable set of basis vectors, denoted W, € R™"*?_ for which W,, = ran(W,,)
should be used in addition to a Krylov subspace in order to improve the solution. We
call W, the ‘prior solution subspace’ (not to be confused with priors or priorcondition-
ing methods). The main assumption is that the solution has a significant component
in the given subspace W, and the goal is to incorporate the provided subspace ju-
diciously in order to obtain improved regularized solutions. These methods are often
referred to as enrichment, augmentation, and recycling techniques.

We begin with some motivating scenarios where such techniques may be desired.
First, experienced practitioners may have solution basis vectors containing important
information about the desired solution (e.g., a low-dimensional subspace) from previ-
ous experiments or theoretical analyses. By incorporating these solution basis vectors,
the solution accuracy can be significantly improved, depending on the quality of the
provided vectors. Second, for very large inverse problems where many iterations are
needed or where there are many unknowns, one of the main computational disadvan-
tages of most hybrid methods compared to standard iterative methods is the need to
store the basis vectors for solution computation, namely V}, (using the same notations
as in (3.9)). Therefore, for problems with slow convergence, extracting important in-
formation from existing Krylov subspaces and restarting the iterative method can
speed up convergence while keeping memory requirements low. Third, and this is
related to subsection 4.5, hybrid methods may be embedded within nonlinear opti-
mization frameworks, e.g., optimal experimental design [113, 115] or nonlinear inverse
problems [112]. In these cases, a sequence of inverse problems must be solved, e.g.,
where the forward model may be parameterized such that the change in the model
from one problem to the next is relatively small, or the goal may be to compute and
update solutions from streaming data. Rather than start each solution computation
from scratch, techniques described in this section can be used to improve the given
subspace and to compute a regularized solution efficiently in the improved subspace.
In the context of solving inverse problems, we describe extensions that go beyond the
standard projection subspaces.

Enrichment methods. We begin with enrichment methods, which we define
as methods that, at the kth iteration, compute regularized solutions in a solution
subspace that is a direct sum of the prior solution subspace and a k-dimensional Krylov
subspace K corresponding to a standard iterative approach, see e.g. subsection 2.2.
That is, hybrid projection methods with enrichment construct iterates defined as

(4.6) xx (M) = argmin |[b — Ax|* + A ||x]°,
XESp k
where
(4.7) Spr =W, &K ={x+y|xeW,andy € Ki}.

Enrichment methods can improve the solution accuracy by incorporating information
about the desired solution into the solution process, i.e., by enriching the solution
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subspace. Methods for enriching Krylov subspaces have been described in the context
of both Arnoldi and Lanczos projection methods.

For Arnoldi based methods, the Regularized Range-Restricted GMRES method
(RBGMRES) [69] extends the RRGMRES approach (see subsection 3.2.1) to include
a subspace that represents prior information about the solution where the approach
is to compute xx(A;) as in (4.6) with S, = W, ® Ki(A,Ab) and A\, = 0. Effi-
cient implementations are described in [69, 218], but these are not considered hybrid
methods. If additional regularization is desired, hybrid versions can be developed.

For Lanczos-based projection methods, enrichment methods seek solutions in the
solution space (4.7) with K,(ATA, ATb). A modification of CGLS method (some-
times also denoted in the literature with the acronym CGNR) was described in [44],
where Krylov subspaces are combined with vectors containing important information
about the desired solution (e.g., a low-dimensional subspace). Given an enrichment
subspace W, the enriched CGLS method determines the kth iterate in the subspace
W, ® Ki.(ATA, ATb). The enriched CGLS method was used for Tikhonov problems
(e.g., penalized least-squares problems), where several linear systems were solved for
different choices of the regularization parameter as described in Frommer and Maass
[81]. More specifically, a sequence of Tikhonov problems for regularization parameters
A=) = 277 for j = 0,1,... are solved, until for some Aj, the corresponding solu-
tion satisfies the discrepancy principle. In [128], a hybrid enriched bidiagonalization
method was developed. For a fixed regularization parameter, the iterates of the en-
riched bidiagonalization method take the form (4.6) with S, x = W,®K,(ATA, ATb)
and are mathematically equivalent to those of the enriched CGLS method [44]. The
main contribution of [128] was to turn the basic algorithm into a hybrid method
with automatic selection of Ax, where the Lanczos bidiagonalization algorithm was
used to compute an orthonormal basis for K, (ATA, ATb) that is augmented by a
user-defined low-dimensional subspace W, in each step of the algorithm.

Finally, we remark that a subspace-restricted SVD was described in [141], where
a modification of the singular value decomposition permits a specified linear subspace
to be contained in the singular vector subspaces. That is, the user can prescribe some
of the columns of the U and V matrices for all truncations, and truncated versions
as well as Tikhonov problems can be solved. For inverse problems, such approaches
can give more accurate approximations of the solution when compared to standard
TSVD and Tikhonov.

Recycling techniques. Hybrid methods have been considered in the context
of subspace recycling methods, which were developed for solving sequences of linear
systems with slowly changing coefficient matrices, multiple right hand sides, or both.
Krylov subspace recycling methods can exhibit accelerated convergence by reusing
subspace information that is typically generated during a Krylov method on one or
more of the systems. We point the interested reader to recent surveys [219, 220] and
references therein.

A general framework to combine recycling techniques with tools from compression
in a hybrid context is described in [152]. More specifically, the approach consists of
three steps. First, a suitable set of orthonormal basis vectors W, is provided (e.g.,
from a related problem or from expert knowledge) or may need to be determined (e.g.,
via compression of previous solutions). This prior solution subspace may even include
an initial guess x* for the solution. Let

(4.8) AW, = V,R

be the ‘skinny’ QR factorization, where V,, € R™*? contains orthonormal columns
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and R € RP*? is upper triangular. The second step is to use a recycling GKB process
to generate the columns of V, € R™*¢ that span the Krylov subspace

Kr(ATPy A,ATPy 1),

where r = b — Ax* and P\l,p =1- VpV;— is the orthonormal projector onto VpL
where V, = ran(V,). The third step is to find a suitable regularization parameter A
and compute a solution to the regularized projected problem in the extended solution
space. The recycled, hybrid iterate is given by

xi(A) = argmin [|Ax — b[|* + A [[x]*, x €W, & Ke(ATPy A, ATPY r).

This process can be repeated in a cyclic fashion, and it is successful in solving a broad
class of inverse problems (e.g., solving very large problems where the number of basis
vectors becomes too large for memory storage, solving a sequence of regularized prob-
lems (e.g., changing regularization terms or nonlinear solvers), and solving problems
with streaming data). We also mention that there have been various works on devel-
oping hybrid methods for solving systems with multiple right hand sides. In [182],
the authors suggest using the block Lanczos algorithm [100]. Recent works extend
hybrid methods for multiple right hand sides via global iterative methods [226], block
reduction [3], and tensor-tensor products [194, 195], with applications to color image
and video restoration.

The development of recycling techniques is deeply intertwined with the develop-
ment of augmented iterative methods. For example, the recycling GKB process is sim-
ilar to that used in the augmented LSQR method [7, 8]. For well-posed least-squares
problems that require many LSQR iterations, augmented LSQR methods use har-
monic Ritz vectors that approximate singular vectors associated with the small singu-
lar values, thereby reducing computational cost and improving convergence. However,
when applied to ill-posed inverse problems, the augmented LSQR method without an
explicit regularization term exhibits semi-convergent behavior.

For all of the methods described in this section, the improvement in solution
accuracy significantly depends on the quality of the vectors in W,,. Some suggestions
for subspaces are provided in [141, 152]. For problems with unsuitable augmentation
spaces, an adaptive augmented GMRES was considered in [161], which automatically
selects a suitable subspace from a set of user-specified candidates.

4.3. Beyond the 2-norm: Sparsity-enforcing hybrid projection meth-
ods for /, regularization. Although widely used, it is well known that standard-
form Tikhonov regularization (2.1) and even its general-form counterpart (4.1) can be
rather restrictive and that other regularization terms can yield better approximations
of Xtrye in (1.1). For example, if X¢rye 1S known to be sparse (i.e., when most of its
entries [X¢rueli, @ = 1,...,n, are expected to be zero), the variational formulation

(4.9) min [[Ax — b3 + Al|x|[F, with 0 <p <1,

is commonly considered in the literature, especially since the advent of the compressed
sensing theory; see, e.g., [50]. Indeed, while sparse vectors have a small y-‘norm’
(denoting the number of nonzero elements), replacing the f,-norm in (4.9) by an
lo-‘norm’ would yield an NP-hard optimization problem (see, for instance, [80]). A
well-established practice to remedy this drawback is to consider £, regularization
terms with 0 < p <1 to promote sparsity, noting that the objective function in (4.9)
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is non-differentiable at the origin and it is nonconvex when 0 < p < 1 (see, e.g.,
[143, 163, 164]). Note that, if sparsity of the solution in a different domain (e.g.,
wavelets, discrete cosine transform, gradient) is desired, a regularization term of the
form ||L(x)||5 should be considered, where L is a linear operator that, in this setting,
is typically called ‘sparsity’ transformation (i.e., it maps x from R” to a domain where
x is sparse); this situation will be considered in subsection 4.3.4. Also, sometimes, an
¢,norm with ¢ # 2 has to be used to evaluate the fit-to-data term in (4.9): this is
appropriate, for instance, when the noise term in (1.1) is modeled as impulse noise;
see, e.g., [28].

Optimization problems involving the ¢, norm, such as the ¢5-£, regularized prob-
lem (4.9), can be solved using a variety of general nonlinear solvers and optimization
methods; see, for instance, [15, 96, 183, 211, 238] and the references therein. A
common drawback of these approaches is that a suitable value of the regularization
parameter A should be set a priori implying that, if such value is not available, sev-
eral instances of problem (4.9) with different values of A should typically be solved
to determine an appropriately regularized solution. Here we focus on solvers that
approximate the regularization term in (4.9) by a sequence of weighted ¢ terms (i.e.,
iteratively reweighted schemes); as we will highlight in the next section, these meth-
ods all support an adaptive choice of the regularization parameter. Such iteratively
reweighted schemes intrinsically rely on the interpretation of problem (4.9) as a non-
linear weighted least-squares problem of the form

(4.10) min || Ax — |3 + Allx[[} = min || Ax — b]|3 + X[ W® (x)x]]3,

where the diagonal weights in W) (x) are defined as

(4.11) W (x) = diag ((|$i|%)i:1,...,n> :

Since we are considering 0 < p < 1, division by zero might occur if x; = 0 for any

i € {1,...,n} and, in fact, this is common situation in case of sparse solutions. For
this reason, instead of (4.11), we can consider the following closely related weights

(4.12) W) (x) = diag (((ml2 + 7'2);)4;2%:1)“,,“) ,
where 7 is a parameter that, to keep the derivations simple, we will consider fixed and
chosen ahead of the iterations (although some authors adaptively choose it). Problem

(4.10) is then replaced by

(4.13) min [[Ax — b||2 + A\[W®7 (x)x|)2,

T(®:7)(x)

where 7 # 0 ensures that 77 (x) is differentiable at the origin for p > 0. Note that
problem (4.10) can be recovered from problem (4.13) by setting 7 = 0.

A well-established framework to solve problem (4.13) is the local approximation
of T?"7) by a sequence of quadratic functionals T}, (x) that, for k = 1,2, ..., gives rise
to a sequence of quadratic problems of the form

(4.14) X)» = argmin ||Ax — b||3 + \|Wix||5 + c,

=T (x)
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where W, = W) (Xk—1,%), cx is a constant (with respect to x) term for the kth
problem in the sequence, and A has absorbed other possible multiplicative constants so
that Ty (x) in (4.14) corresponds to a quadratic tangent majorant of 7?7 (x) in (4.13)
at X = Xp_1,.4, 1., Tp(x) > T(p’T)(x) for all x € R”, Ty(Xp—1,+) = T@®:7) (Xk—1,4)s
and VTx(Xp_1.) = VT®7)(x;,_1 .); see also [143, 199]. Because of this, iteratively
reweighted schemes (4.14) can be regarded as particular instances of majorization-
minimization (MM) schemes, and convergence to a stationary point of the objective
function in problem (4.13) can be guaranteed; see [143, 145, 163].

The vector Xy, . denotes the solution of (4.14). For moderate-sized problems, or for
large-scale problems where A has some exploitable structure, x;, ~ may be obtained by
applying a direct solver to (4.14). However, for large unstructured problems, iterative
solvers can be used in different fashions to approximate the solution of (4.14): this
leads to either schemes based on nested (inner-outer) iteration cycles for the sequence
of problems (4.13) or schemes that adaptively incorporate updated weights at each
iteration of a single iteration cycle. The former are detailed in subsection 4.3.1, while
the latter are detailed in subsections 4.3.2 and 4.3.3.

4.3.1. Strategies based on inner-outer iterations. Iteratively Reweighted
Least Squares (IRLS, [21, Chapter 4], [67]) or Iteratively Reweighted Norm (IRN, [109,
199]) methods are very popular schemes that can handle the smoothed reformulation
(4.13) of problem (4.9). Let x;,; denote the approximate solution at the {th iteration
(of an inner cycle of iterations) for the kth problem of the form (4.14) (i.e., at the
kth iteration of an outer cycle of iterations); one typically takes xj . = Xj; when a
stopping criterion is satisfied for the inner iteration cycle. IRLS or IRN methods based
on an inner-outer iteration scheme are very popular and have been used in combination
with different inner solvers, such as steepest descent and CGLS [79, 199].

If W}, is square and invertible (note that this can be assumed when the weights
are defined as in (4.12) with 7 > 0 for any fixed p > 0), problem (4.14) can be easily
and conveniently transformed into standard form as follows

(4.15) Xk« = argmin |AW, 'x — b||3 + \|x]|3, sothat xj. =W, '%..

The interpretation of the matrix W,;l as a right preconditioner for problem (4.14)
can be exploited under the framework of priorconditioning; see subsection 4.1 and
[33]. Similar to the approaches mentioned for (4.14), Krylov methods can be straight-
forwardly adopted to compute an approximate solution of the equivalent kth problem
of the form (4.15) (i.e., at the kth iteration of an outer cycle of iterations) through an
inner cycle of iterations. In particular, variants based on hybrid projection methods
(such as hybrid GMRES or hybrid LSQR) have been successfully considered, with
the added benefit that adaptive regularization parameter choice strategies (based,
e.g., on the discrepancy principle, UPRE, and GCV) can be considered, effectively
overcoming a common drawback of other popular optimization methods for £, regu-
larization; see [198]. Specifically, at the Ith iteration of a Krylov method for (4.15), let
Vi € R™*! be the matrix whose columns span a (preconditioned) Krylov Subspace
K, of dimension [; the precise definition of K ; depends on the selected projection
method. Problem (4.15) can be projected and solved in K ; by computing

(4.16) iy = argmin |[A Wi 'V, 7 — b2 + A Vieyl2,
y N——

::Zk,l
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so that X, ; = Vi1 ¥&,1, and
1 - 1 _ _
Xpi =W X =W, Vi Vi1 =Zg 1 Yk, -

Once xj,; has been computed and once the weights Wy = W) (xg,1) have
been updated according to (4.12), the (k + 1)st problem of the form (4.15), with
k replaced by k 4 1, needs to be solved: to achieve this, one needs to compute a
new Krylov subspace from scratch, defined with respect to the new coefficient matrix
AW/ZL- For this reason, this approach may become computationally expensive.

4.3.2. Strategies based on generalized Krylov methods. One way to avoid
inner-outer iterations when applying the IRN method described in subsection 4.3.1
is to exploit generalized Krylov subspaces (GKS), like the ones described in sub-
section 4.1: this approach underlies the so-called GKSpq [163] and MM-GKS [143]
algorithms, which we summarize below.

Given the initial subspace K,(ATA,ATb) = ran(Vy) generated by the GKB
algorithm, where h is small (typically h < 5) and Vy € R™*" has orthonormal
columns, at the kth iteration of the MM-GKS method, a GKS V) spanned by the
orthonormal columns of Vy, € R™*("+F) is computed, and it is used to project problem
(4.14) as follows

yr = argmin ||[AV,y — b2 + \|W Viy||3.
yERh+E

Equivalently, introducing the ‘skinny’ QR factorizations
(4.17) AV, =Q*R*, WV, =QVRWY,

the above problem can be reformulated as the low-dimensional (if h+k < min{m, n})
problem
yr = argmin [R%y — (Q*) Tb|3 + A|IRWYy/3 .
yERR+F
After the kth approximation to problem (4.14) is formed by taking x; = Vyx, one
computes the residual of the normal equations associated to (4.14)

ry = (ATA+AW3)x, — ATb.

The subspace Viy1 = ran(Viy1) is then expanded by adding the vector ry/||ry|l2;
reorthogonalization of the columns of V1 may be advisable to enforce accuracy.
An initial guess x( for X ye is needed to define the first weights W1, and the authors
of [143] suggest to take xo = b, although this only works when A is square. We
emphasize that the regularization parameter A can be adaptively set during the GKS
iterations, effectively overcoming a common drawback of other popular optimization
methods for ¢, regularization; see [27, 28]. Also, an expression for the quadratic tan-
gent majorant (4.14) different from Tj(x) can be devised, which allows for a cheaper
GKS computation, in that smart updates of the QR factorization (4.17) are per-
formed: we refer to [143] for the details. Finally, such strategies based on GKS can
also handle generalizations of problem (4.9) where weights are also included in the
fit-to-data term.

4.3.3. Strategies based on flexible Krylov methods. Another approach
that avoids inner-outer iterations when applying the IRN method described in sub-
section 4.3.1 is to exploit flexible Krylov subspaces (FKS): this approach underlies
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hybrid methods based on the flexible Arnoldi algorithm [88] and the flexible Golub-
Kahan algorithm [54], as well as the more recent IRN-FKS methods [89]. The starting
point of this class of methods is the formulation (4.15) of the kth reweighted problem.
Flexible Krylov methods, which are classically employed to handle iteration-dependent
preconditioning [177, 204, 216], provide a natural framework to update the inverted
weights W;l as soon as a new approximation of X, 18 computed. That is, at each
iteration, the updated inverted weights are immediately incorporated within the ap-
proximation subspace for the solution to the next problem in the sequence stemming
from (4.15), for k=1,2,... .

Formally, both the flexible Arnoldi and the flexible Golub-Kahan algorithms look
very similar to their standard counterparts (3.2) and (3.3), respectively. If A is square,
taking vi = b/ ||b]|, and defining W using an initial guess xo (W1 =1L, if x¢g = 0),
the ith iteration of the flexible Arnoldi algorithm [204] applied to problem (4.15) (with
k = i) computes

(4.18) zi=W;'vi, v=Az,v=>1,-V,V))v, viii=v/|v],,

where W; = VA\//(pvf)(xi_l) is defined as in (4.12), x;_1 being the solution obtained
at the previous iteration (approximately solving problem (4.15) with &k =i — 1), and
where V; = [v1,...,v;] € R"*? has orthonormal columns. k iterations of the flexible
Arnoldi algorithm can be equivalently expressed as the partial matrix factorization

Z, = [Wi've,...,W.lvy] eRnxk

(419) ,AZ]€ = Vk;+1Hk 5 where Hk. V;—+1Azk c R(k+1)Xk .

Here the columns of Zj span the approximation subspace for the solution, Vi1 is
defined as in (4.18) and, by construction, Hy is upper Hessenberg. If A is either
square or rectangular, taking u; = b/||b||,, the ith iteration of the flexible Golub-
Kahan algorithm [54, 89] applied to problem (4.15) computes
(4.20)
v=ATu, v=01, - V..,V )v, vi=v/|v|,,
zi=(W;H%v;, u=Az, u=(I,-UU )u, uip =u/||uf,,

(2

where the inverted weights W~ L are updated as in the flexible Arnoldi case, and both
V,; = [v1,...,vi] € R"*" and U; = [uy, ..., u;] € R™** have orthonormal columns. k
iterations of the flexible Golub-Kahan algorithm can be equivalently expressed as the
partial matrix factorizations

(4.21)
B Zi = [(Wi2vi, . (W h)2vg] € RF
ig% B gkﬂglk , where My, = U/, AZ, e Rk
k+1— k+19k+1 Sk+1 — V];r+1AUk+1 c R(k+1)><k

Similar to (4.19), the columns of Zj span the approximation subspace for the solution
Xk, V41 and Ugyq are defined as in (4.20) and, by construction, My and Sgy;
are upper Hessenberg and upper triangular, respectively. We emphasize that, in
both (4.19) and (4.21), ran(Zy) is not necessarily a Krylov subspace (see [216]), and
interpreting it as standard preconditioned Krylov subspaces is not straightforward
(see [177]). As in section 3, we assume that both (4.19) and (4.21) are breakdown-
free, i.e., at iteration k¥ < min{m,n}, ran(Z;) has dimension k. The approximate
solution x; computed at the kth iteration is used to update the matrix Wy,1 to be
employed to expand the solution subspace at the (k + 1)st iteration, as in (4.18) and
(4.20).
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In summary, all the available strategies [54, 88, 89] that approximate the solution
of problem (4.15) through flexible Krylov methods compute, at the kth iteration,

(4.22) yr = argmin |AZyy — b|j3 + A|Pryll3, xr = Zrys € ran(Zy),
y

and essentially differ in the choice of the regularization matrix P, € RP**. Specifi-
cally,

(i) The method in [88] and one of the methods in [54] (dubbed ‘hybrid-I") take

Py =1
(ii) One of the methods in [54] (dubbed ‘hybrid-R’) takes Pj, = Ry € R*** where
R is the upper triangular factor in the ‘skinny’ QR factorization of the basis
vectors, i.e., Zr = QrRy, which can be efficiently updated for consecutive k.
(iii) The methods in [89] take Py = RYV € R**k where R}V is the upper trian-
gular factor in the ‘skinny’ QR factorization of the transformed basis vectors,
ie., WipZ;, = QXVRXV. Note that, unless Wy is a multiple of the identity
matrix, the QR factorization cannot be efficiently updated for consecutive
values of k, but it is still feasible to compute if & < min{m,n}.
The three options above reveal that, when using hybrid projection methods based on
flexible Krylov subspaces, even if problem (4.14) is transformed into standard form
(4.15), projecting and regularizing are not interchangeable anymore. Indeed, option
(i) corresponds to a ‘first-project-then-regularize’ scheme (i.e., it penalizes the 2-norm
of the projected solution yy) while option (iii) corresponds to a ‘first-regularize-then-
project’ scheme; option (ii) penalizes the 2-norm of the full-dimensional solution xy.
When option (iii) is used, exploiting the majorization-minimization framework guar-
antees that the sequence of approximate solutions {xj}r>1 to (4.22) converges to a
stationary point of problem (4.13). We refer to [89] for more details. Note that,
by exploiting the properties of the matrices appearing in (4.19) and (4.21), the fit-
to-data term is equivalently expressed as |Hpy — ||b|2e1]|3 in the flexible Arnoldi
case, or ||My — ||bllze1||3 in the flexible Golub-Kahan case. Although the regular-
ization parameter A in (4.22) is displayed as independent of k, a heuristical adaptive
choice is possible employing any of the strategies described in subsection 3.3, effec-
tively overcoming a common drawback of other popular optimization methods for ¢,
regularization. As illustrated below, a suitable approximation to a solution of (4.9)
is efficiently computed if, for small k, the columns of Zj, can be used to capture the
main features thereof.

An illustration. We use the tomography test problem from section 1 to show the
behavior of a hybrid method based on the flexible Golub-Kahan algorithm (4.20),
for the solution of problem (4.9) with p = 1; specifically, the regularization term in
the projected problem (4.22) is chosen as in (i) and the regularization parameter is
adaptively set at each iteration using wGCV (3.23). We run the method for 100
iterations. In the top row of Figure 4.1 we display the weights W} at iterations
k = 4,10,12,20, reshaped as images. We can clearly see that, as the iterations
proceed, the weights become increasingly accurate and structured. Namely, for k = 4,
the weights almost uniformly penalize each entry of the solution x4 and therefore
are not so effective in enforcing sparsity in x4. Starting at k& = 10, larger weights
are located in spatial positions corresponding to the zero background or the zero-
valued pixels at the center of the phantom to be reconstructed (see also frame (a)
in Figure 1.2), and therefore further penalise the corresponding entries of x19. This
forces them towards zero. This trend continues and improves in future iterations, e.g.,
at k = 20, the zero-valued regions and their spatial boundaries are heavily penalised

49

This manuscript is for review purposes only.



1881
1882
1883
1884
1885
1886
1887
1888
1889
1890
1891
1892
1893

1894
1895
1896

1897

1898
1899
1900
1901
1902
1903

1904

k=10 k=12 k=20

k=4
36403
26402
1e+01
9e-01

Fi1Gc. 4.1. For the tomography example, and for a hybrid method based on the flexible Golub-
Kahan algorithm (4.20) for £1-norm regularization, we display the weights Wy (upper rows) and
the basis vectors zy, (lower rows), all reshaped as images, generated at iteration k = 4,10, 12, 20.

+6e-03

-4e-03

-1e-02

by the weighting matrix Wyg. In the bottom row of Figure 4.1 we display the flexible
Golub-Kahan basis vectors z; generated at iterations k£ = 4,10,12, 20, reshaped as
images. All of these vectors capture the zero spatial locations of the phantom to be
reconstructed, and hence a linear combination of these vectors can produce an accurate
solution, where information about the phantom sparsity is encoded. In contrast, the
basis vectors computed by the standard GKB-based hybrid method applied to the ¢5-
norm Tikhonov problem (2.1) are not able to capture the sparsity in the phantom: we
refer to Figure 3.2, where the GKB basis vectors generated at iterations k = 1,2,4,10
are displayed, and Figure 3.4, where a GKB-based hybrid reconstruction is displayed.
The reconstruction computed at the 91st iteration of the hybrid flexible Golub-Kahan
method is displayed in Figure 4.2; looking at the upper-right corner of the phantom
displayed as a surface, it is evident that zero pixels can be accurately reconstructed
with a flexible method.

4.3.4. Sparsity under transform. Many of the methods described above for
problem (4.9) can be generalized to approximate a solution to the more general vari-
ational regularization problem,

(4.23) min ||Ax — b||3 + AR(x), for many choices of the functional R(-).
X

All the methods based on inner-outer iterations described in subsection 4.3.1 and the
methods based on GKS described in subsection 4.3.2 can handle regularization terms
of the form R(x) = ||L(x)[[), where L is a linear operator: this can be done efficiently
if, e.g., L(x) = Lx, and matrix-vector products with L are cheap to compute. Note
that the discrete total variation (TV) regularization functional can be expressed in
this framework. Specifically, discrete anisotropic TV can be expressed as

I, ®D
TV(x) = [[L(x)[[1, where L(x)= { D, ®11: } x
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Fic. 4.2. For the tomography example, we display the reconstruction obtained at the 91th
iteration of a hybrid method based on the flexible Golub-Kahan algorithm (4.20) for £1-norm regu-
larization. The relative reconstruction error is ||Xtrue — X91||2/||Xtruell2 = 0.1046. On the left the
reconstructed phantom is displayed as a grayscale image; one the right, the the top right corner of
the reconstructed phantom is displayed as a surface.

and where 72 = n, ® is the Kronecker product, and D,, is a one-dimensional finite

difference discretization of the derivative operator (so that the upper and lower block
in D represent discretizations of the derivatives in the vertical and the horizontal
directions of the vectorized image x, respectively. The discrete isotropic TV can be
expressed as

(4.24) TV(x) = |L(x)

21 =3 lle] L(x)[2, L(x) = [(Ta @ Dy)x, (Dyy @ Tpx]

Both the discrete TV functionals have the effect of enforcing sparsity of the unknown
L(x) (i.e., the (magnitude of the) discrete gradient of x).

An IRN method for handling TV-like regularizers was proposed in [237] that
employs CGLS during the inner iterations, while [6] uses preconditioned LSQR applied
to a problem that is effectively transformed into standard form. The transformed
problem amplifies directions spanning the columns of the prior covariance matrix,
thereby improving convergence. The authors of [83] propose an inner-outer iterative
method that enhances edges through multiplicative updates of the weights, and which
exploits the hybrid projection method based on joint bidiagonalization method (4.3).
The methods based on flexible Krylov subspaces described in subsection 4.3.3 can be
as well extended to handle problem (4.23), but the strategies adopted to achieve this
are regularizer-dependent: in other words, no universal approach is possible, even for
the special case R(x) = ||[Lx||b. For instance, [54] describes an approach that works
when L is an orthogonal wavelet transform for methods based on both the flexible
Arnoldi and the flexible Golub-Kahan algorithms. Also, [84] describes an extension
of FGMRES that handles total variation (4.24) by first transforming the original
problem into standard form. Finally, hybrid Krylov projection methods based on
either an inner-outer iterative scheme or a flexible scheme, have been used for nuclear
norm regularization R(x) = ||x||«, which is meaningful when x is a vectorization of a
low-rank 2D quantity (such as a low-rank 2D image); see [87].

4.4. Beyond deterministic inversion: Hybrid projection methods in a
Bayesian setting. Recently, hybrid projection methods have found utility in the
framework of statistical inverse problems, within a Bayesian approach. Our goal in
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this section is to draw important connections between deterministic and statistical
inverse problems, so that the reader can understand the role that hybrid projection
methods can play in the Bayesian setting. For more detailed descriptions, we refer the
reader to excellent books and reviews on Bayesian inverse problems [42, 48, 49, 155]
and computational uncertainty quantification [10], and references therein.

Traditionally, regularization can be interpreted as a practical approach to replace
an ill-posed problem by a nearby well-posed one. For example, Tikhonov regulariza-
tion was originally motivated as a tool to stabilize the solution process by computing
one single deterministic solution of a modified problem [224, 225]; see also section 2.
However, the Bayesian framework provides a systematic way for solving and ana-
lyzing inverse problems by modelling the unknown as a random variable. Although
Bayesian inverse problems can be analyzed in a continuous setting [222], here we focus
on discrete inverse problems, where the underlying mathematical models have been
discretized before applying Bayesian analysis.

In subsection 4.4.1 we will draw connections between regularization and Bayesian
inversion. Then, in subsections 4.4.2 and 4.4.3, we describe some computational tools
for UQ that can exploit hybrid projection methods. These tools bridge developments
in the numerical linear algebra community with those in the UQ community for more
efficient and practical inversion that can benefit a wide range of applications.

4.4.1. Connections between regularization and Bayesian inversion. Con-
sider the stochastic extension of (1.1) where b, x, and e are random variables. For
notational clarity, note that we have dropped the subscript on x. Assume that x and
e are independent and normally distributed,

(4.25) x ~N(pn,a?’Q) and e~ N(0,0°R)

where p € R™ is the prior mean and Q € R™*™ and R € R™*™ are symmetric positive
definite (SPD) covariance matrices for the prior and noise respectively. Here we
assume that a and o are known. Although it is typically not necessary to include these
parameters (i.e., they can be absorbed in the definition of Q and R), we include them
for clarity and to draw connections to hybrid projection methods in subsection 4.4.3.

The probability density function for b given x is given by the likelihood function,

1 m/2 1 )
W]ike(b | X) = (W) exp (-w”b — AX||R1> B

where |-| denotes the determinant of a matrix and ||z||3; = z' Mz for any z € R™ and
M € R"*™ SPD. The estimate that maximizes the likelihood function (dubbed the
maximum likelihood estimator or MLE) is the solution to an unregularized weighted
least-squares problem, i.e.,

XMLE = arg max mike(b | x)
_ . 2 _ . 2
= argimn 2f‘QHb — Ax||g-1 = argimn 2f‘2||LR(b — Ax)||3

where maximizing the likelihood function is equivalent to minimizing the negative log-
likelihood function and R™! = L Lr is a symmetric (e.g., Cholesky) factorization.
Note that if R = I,,,, then we get a standard least-squares problem. The likelihood
function is defined solely based on the assumptions for the noise model and extends
naturally for nonlinear problems, e.g., for nonlinear forward model, b = F(x) + e
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where F(-) : R™ — R™ and e ~ N (0,R), the MLE estimate is the solution to the
nonlinear least-squares problem, miny 515 ||b — F(x)||%_,. Additive Gaussian noise
is the most common noise model used in the literature, but it is worth mentioning
that in many medical and atmospheric imaging applications, a Poisson noise model
is appropriate. Specifically, in the linear case and assuming independence, [b]; ~
Poisson([Ax];); the likelihood model takes the form

m ]

7Thke b ‘ X = H eXp( [Ax]l)7

i=1

where the notation [-]; stands for the ith entry of a vector. For general data-fit terms,
hybrid projection methods described in subsection 4.3 can be used to approximate
the MLE. For the remainder of this section, we consider additive Gaussian noise.

Next, we consider assumptions on prior information about x, as described in
(4.25), where the prior density function is given by

1 n/2 1 )
Tprior(X) = (27“12Q|) exp (_M”X - N||Q1> :

Using Bayes’ Theorem, we can derive the posterior density function

Tike (b ‘ X)ﬂ—prior(x)
7r(b)

1
xexp (= 5rs b~ Axls — ol ul )

Tpost(X | b) =
(4.26)

where o stands for ‘proportional to’. A crucial point to note is that for Bayesian
inwverse problems, the posterior density function is the solution to the inverse problem.
The posterior distribution provides the full information about the distribution of
parameters in x, given the data b. However, for practical interpretation and data
analysis, it is necessary to describe various characteristics of the posterior distribution
[223]; thus leading to the field of uncertainty quantification.

For example, a common goal is to compute the realization of largest a posteriori
probability corresponding to the maximum of (4.26), i.e., the so-called maximum a
posteriori (MAP) estimate. We denote this as

(4.27) XMAP = arg max Wpost(x | b)
. 1 2
= argmin o b~ A s + o x - pl
(4.28) —(ATR'A+AQ ) T (ATR b+ AQ 1p),

where A\ = g—z and the closed form solution in (4.28) can be obtained by setting the
derivative to zero.

Furthermore, it can be shown that, under the above assumptions (linear prob-
lem with Gaussian noise and prior), the posterior is Gaussian, where the posterior
covariance matrix and the posterior mean (i.e., the MAP estimate) are given as

(4.29) T=(5Q '+ LATR'A)™ and xwap =D(HATR b+ LQ 'p),

respectively [155]. In the following sections, we describe approaches that can exploit
hybrid projection methods for MAP estimation and subsequent UQ.
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4.4.2. Hybrid projection methods for MAP estimation. Recall that the
solution to a Bayesian inverse problem is the posterior distribution, and the goal is
to describe and explore it. For linear inverse problems with Gaussian priors, if the
regularization parameters o and « are set in advance, the posterior is Gaussian with
covariance matrix (4.29), and various tools can be used for UQ. However, if the reg-
ularization parameters are not known in advance, one may consider a fully Bayesian
framework, where all unknown parameters (including the regularization parameters)
are treated as random variables, and use hierarchical models [10], also defining hyper-
priors for these hyperparameters. For example, for Gaussian priors, since ¢ and « are
unknown, we can assume that they are random variables with hyperpriors 7(o) and
m(a), respectively. Then, using again Bayes’ law, we have the full posterior density,

(4.30) Tpost (X, T, &|b) o Tiike (b|X) Tprior (X) 7 (o) 7 (v).

For linear inverse problems with Gaussian priors, common choices are Gamma hyper-
priors, i.e.,

fo =t eXp(fp)/UU),

(@) oc a’e ! exp(—vaa),

(o) x o

where 85,7, Ba, and v, are parameters. In addition to requiring the user to pre-
define these additional parameters for the hyperpriors, a potential computational
disadvantage of this approach is that the posterior (4.30) is no longer Gaussian, so
more sophisticated sampling techniques (e.g., hierarchical Gibbs sampling) should be
used.

Instead, we can consider an alternative approach by observing that (4.27) is a
general-form Tikhonov problem, thus establishing a main connection between hybrid
projection methods and Bayesian inverse problems. Therefore, a simple practical al-
ternative to adopting a full Bayesian paradigm is to first use a hybrid projection
method to compute a MAP estimate efficiently while selecting the regularization pa-
rameter automatically (often based on some statistical tools, see subsection 3.3), and,
once this is done, perform standard UQ with fixed hyperparameters [209].

Next we discuss some examples of priors and hybrid methods that can be used
to approximate the corresponding MAP estimates. Gaussian priors are the most
common priors used in the literature. We split the discussion into three scenarios.
First, for cases where the symmetric factorization of the precision matrix (i.e., the
inverse of the covariance matrix) is computationally feasible, i.e., Q=% = LgLQ, the
MAP estimate is the solution to the optimization problem,

o1 1
min 55 lb — Ax[E1 + 55 Lalx — ).
With a simple change of variables, y = x — p and d = b — Ap, the problem reduces

to solving
1

1
min >~ d = Aylh-: + 55 Loyl

Let R =1I,,: then, this is general-form Tikhonov problem (4.1), and hybrid projection
methods to solve this problem were discussed in subsection 4.1. For this scenario, a
prevalent approach in the literature models Lq as a sparse discretization of a differ-
ential operator (for example, the Laplacian or the biharmonic operator). This choice
corresponds to a covariance matrix that represents a Gauss-Markov random field.
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Since for these choices, the precision matrix is sparse, working with Lq directly has
obvious computational advantages.

Second, for the case where application of Q! is feasible (e.g, it is a sparse ma-
trix) but computing the symmetric factorization is too expensive, a factorization-free
preconditioned LSQR approach called MLSQR was proposed in [6]. The approach
is analytically equivalent to LSQR applied to a preconditioned least-squares problem
with the preconditioner L(_Ql, but avoids the factorization by using weighted inner
products to implicitly apply the preconditioner. The authors considered applications
in the context of nonlinear regularizers.

Third, there are many prior models where the precision matrix Q' and its fac-
torization are not available, but matrix-vector multiplications with Q can be done
efficiently. For example, for Gaussian random fields, entries of the covariance matrix
are computed directly as ¢;; = x(x;,%;), where {x;}7_; are the spatial points in the
domain and k is a covariance kernel function (e.g., y-exponential, or Matérn class).
Although there are many modeling advantages, the main challenge is that the result-
ing prior covariance matrices are often very large and dense; explicitly forming and
factorizing these matrices is prohibitively expensive. For such prior models, efficient
matrix-free techniques (e.g., FFT embedding and H-matrix approaches) can be used,
for example, to compute matrix-vector products with the prior covariance matrix Q.
Generalized hybrid projection methods were proposed in [61] to compute Tikhonov
regularized solutions (i.e., MAP estimate (4.27)) effectively. The approach relies on
a change of variables and uses a generalized GKB algorithm for projection [5]; note
that this is a fundamentally different algorithm than the one presented in subsec-
tion 4.3.2 for ¢y — £, regularization that is based on GKB (for initialization) and some
generalization of Krylov projection methods.

Non-Gaussian priors are also common in the literature, but are more challenging
to handle. Ome class of priors contains the so-called sparsity-promoting priors or
¢p-priors, which have the density function,

(4.31) Tprior (X) = exp(—al[x[[P), for 0<p <1

One of the main challenges in considering (4.31) is that the posterior distribution is
no longer Gaussian. However, one could still compute the MAP estimate, which is
the solution to optimization problem,

1 )
min = b — Ax|/%-. + o]},

Note that p = 1 corresponds to a prior where the components of x are independent
and follow the univariate Laplace(0, «~!) distribution [10, Chapter 4.3]; the Laplacian
prior promotes sparsity in x. On a related note, Besov priors can preserve sharp
discontinuous interfaces in Bayesian inversion, and when combined with a wavelet-
based approach, they can promote sparsity in the MAP estimates [30, 66, 229] but,
to the best of our knowledge, hybrid projection methods have not been used in this
setting. For many non-Gaussian priors, the methods described in subsection 4.3 may
be used to approximate the MAP estimate.

Similar approaches have been considered for hierarchical Bayesian models, where
hyperparameters (e.g., from hyperpriors from generalized gamma distributions) are
estimated during MAP estimation [43]. For example, priorconditioned Krylov sub-
space solvers with early stopping (e.g., via the Morozov discrpancy principle) have
been used within alternating optimization schemes for reconstructing sparse solutions
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[42, 47]. Such approaches can be used to estimate a very large number of hyperpa-
rameters (e.g, prior variances for individual components of the solution), but require
solving a sequence of optimization problems similar to reweighted inner-outer itera-
tions, c.f. subsection 4.3.

4.4.3. Exploiting hybrid projection methods for variance-covariance es-
timation and sampling. Handling unknown hyperparameters is not the only task
where hybrid projection methods can be beneficial for efficient UQ. In the remaining
part of this section, we consider other practical scenarios that combine hybrid projec-
tion methods (in particular, low-rank approximations) with UQ. We still focus on the
Gaussian, linear case where the posterior is given in (4.26) and consider the simple
case where R =1,, and Q =1,.

Assume that a hybrid projection method was used to compute an estimate xj(\x)
of xpap where Ap was determined using techniques in subsection 3.3. The posterior
variances corresponding to the diagonals of the posterior covariance matrix I" in (4.29)
provide a measure of the spread of the posterior distribution around the posterior
mean. For many problems, I' is large and dense, so forming it explicitly to obtain
the diagonal entries may be infeasible. Instead, we can exploit available information
from the subspace projection process (c.f., subsection 3.2.1) to estimate the posterior
variances.

Using notation from subsection 3.2.3, after k iterations of the projection process,
we have matrices Gy, Uy 1 and Vi, satisfying (3.9). Let G] Gy = V(%) TE%(Ve)T
be the eigenvalue decomposition with eigenvalues (0§)2,...,(c%)? and let Z) =
V. VE, then we get the following low-rank approximation,

(4.32) ATA ~ VGG V] = Z,(Z°)"=°Z] .

Assume we have an estimate of the noise variance ¢? and fix A\ = )i, then
using (4.32) and the Woodbury formula, we obtain the approximation

T'=0?(\L,+ ATA) = o?(\, + Zp(2€)"T2°Z, ) !
= (AL, = AT Z (T + A((Z9)TES)THTZ))
=?(\0, — ZrAVZ]) =T

where

(o)
(0F)2+A
(4.33) Ay =21 € RFxF,
(o)’
@F)?+x

Notice that we have an efficient representation of I'y, as a low-rank perturbation of the
prior covariance matrix, oA~ 1I,,. Thus, diagonal entries of I';, can provide estimates
of diagonal entries of I', where the main computational requirement is to obtain the
diagonals of the rank-k perturbation. In addition, one can approximate the sum of
all values in the posterior covariance matrix 1TT'1 as

(4.34) 1T 1=0?(\""n—1TZ,ALZ[ 1)

where 1 is an n x 1 vector of ones. These approximations were considered for dynamic
inverse problems using generalized Golub-Kahan approaches in [52, 62].
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FIG. 4.3. For the deblurring and tomography examples, we provide estimates of 1T I'1 using
both the GKB approzimation and the RSVD approrimation. Solution variances computed at the
stopping iterate (corresponding to the vertical line) are provided for GKB. Solution variances that
can be obtained using an RSVD approximation with comparable computational cost are provided as
well.

In fact, there has been plenty of work at the intersection of Krylov methods
and UQ. For example, the idea of using low-rank perturbative approximations for the
posterior covariance matrix previously appeared in [29, 31, 77, 221]. Along these lines,
there has also been some work on using randomized approaches to efficiently compute
a low-rank approximation for use in UQ settings [210]; however, such methods are
not ideal for inverse problems where the decay of the singular values is not sufficiently
rapid (e.g., in tomography applications). In Figure 4.3, we provide estimates of (4.34)
at various iterations k of the GKB process. In exact arithmetic, the values converge
to 1'T'1. We also provide estimates that use a randomized SVD approximation
of the original matrix A, where to ensure that the main computational cost is the
same, the iteration corresponds to the number of matrix-vector multiplications with
A and AT. See Appendix C for details on the RSVD approximation. We observe
that for both the deblurring and tomography examples, the GKB approximations
of the sum of elements in the posterior covariance matrix exhibit faster decay (and
hence better approximations) than the RSVD approximations. For the automatically
selected stopping iteration, denoted with a vertical line, we provide an image of the
solution variances (corresponding to the diagonal entries of T'y) for both GKB and
RSVD.

Theoretical results on approximating the posterior distribution and posterior co-
variance matrix can be found in [209, 215]. Beyond variance-covariance estimation,
previous work on Lanczos methods for sampling from Gaussian distributions can be
found in, e.g., [53, 188, 212, 217], but these algorithms are meant for sampling from
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generic Gaussian distributions and do not exploit the structure of the posterior covari-
ance matrix (4.26). Low-rank approximations for proposal sampling are commonly
used for efficient UQ. In [26], the authors consider a fully Bayesian approach with as-
signed hyperpriors and use MCMC methods with Metropolis-Hastings independence
sampling with a proposal distribution based on a low-rank approximation of the prior-
preconditioned Hessian. In [208], these ideas are combined with marginalization. We
point the interested reader to [10, 49] for more examples where Krylov methods are
used for UQ.

4.5. Beyond linear forward models: Hybrid projection methods for
nonlinear inverse problems. In this section, we consider the role that hybrid pro-
jection methods have played in the context of solving nonlinear inverse problems. We
remark that the literature on nonlinear inverse problems is vast, and it is not our in-
tention to survey this topic. We point the interested reader to books on this topic, see
e.g., [74, 171, 213], and we focus on frameworks and methodologies for solving nonlin-
ear inverse problems that have successfully utilized or incorporated hybrid projection
methods.

We are concerned with nonlinear inverse problems, where the forward model de-
pends nonlinearly on the desired parameters. Consider the discrete nonlinear inverse
problem,

(4.35) b = F(Xtrue) + €

where F': R™ — R"™ is a transformation representing the forward model. Notice that

the linear model (1.1) is a special case of (4.35) with F'(Xtrue) = AXtrue-
Regularization methods for nonlinear inverse problems typically follow a varia-

tional approach, where the goal is to solve an optimization problem of the form,

(4.36) min 7 (b, F(x)) + AR(x)

where similar to (1.5), J is some loss function, R is a regularization operator, and
A > 0 is a regularization parameter.

There are two main computational difficulties in solving problems like (4.36),
especially for large-scale problems. First, the regularization parameter is unknown,
and estimating it may require a significant computational effort to solve the same
nonlinear optimization problem multiple times for various parameter choices, which
can be a very expensive and time-consuming task; see [73]. Second, since the opti-
mization functional to be minimized is nonlinear, gradient-based iterative techniques
(even Newton-type approaches) are needed, but computing derivatives can be costly
[112]. We remark that similar challenges arise for linear inverse problems with nonlin-
ear regularization terms (see, e.g., (4.10)), where sophisticated nonlinear optimization
schemes are required; we point the reader to the discussion in subsection 4.3 for some
efficient approaches to deal with these kinds of nonlinearities. Alternatively, a two-
stage method could also be used that splits the inversion process. First the misfit J
is reduced to some target misfit value. In the second stage, the target misfit is kept
constant and the regularization term R is reduced. Although very popular in practice,
this approach is not guaranteed to converge (in fact it diverges in some cases) and
appropriate safety steps and ad hoc parameters must be used; see [65, 189].

Specifically for nonlinear least-squares problems, other solvers can be used, such
as the one described in Haber and Oldenburg [114], which combines a damped Gauss-
Newton method for local regularization with a GCV method for adaptively selecting
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the global regularization parameter. To the best of our knowledge, this is the first pa-
per that exploits hybrid projection methods for selecting the regularization parameter
for solving large-scale nonlinear inverse problems. Thus, we further describe the ap-
proach. Consider problem (4.36) where J (b, F(x)) = ||F(x) — b||§ and R(x) = ||x||§,
such that we get the Tikhonov-regularized nonlinear problem,

(4.37) min | F(x) = bl + A x5

Let’s begin by assuming that A is fixed. If we differentiate the objective function in
(4.37) with respect to x and set the result to zero, we get

(4.38) g(x) = 2(J(x) T (F(x) — b) + Ax) = 0,

where g(x) is the gradient and J(x) = ?TI;: € R™*" is the Jacobian matrix that
contains the partial derivatives or sensitivities of the forward model. If we find a
solution to (4.38), we have the desired solution to (4.37) for fixed A\. Rather than
using Newton’s method, which requires calculating the second derivative of F' with
respect to x (i.e., differentiation of g(x)), a damped Gauss-Newton approach can be
used. That is, let F(x 4+ dx) = F(x) + J(x)dx + R(x,0x), be a linearization of F.
Since R(x,dx) is assumed small, we aim to solve the Gauss-Newton equations,

(4.39) (J(x)TI(x) + A\L,)ox = —J(x) " (F(x) — b) — \x.

or equivalently the least-squares problem,

J(x) Sx b — F(x)

VAL, | 7% Vix ’

The Gauss-Newton method is an iterative approach where given an initial guess xg,
the update at the kth iteration is computed by solving (4.40) for the perturbation
0x and updating the solution estimate as xpy1 = Xj + apdx, where oy is a line-
search parameter. Notice that, for a given )\, Krylov iterative methods could be used
to efficiently estimate the solution to (4.40). However, the authors of [114] propose
a reformulation that enables the direct use of hybrid projection methods described
in Section 3. The astute observation is that at each iteration of the Gauss-Newton
method, we have the option to solve directly for the step dx or to solve for the updated
solution xxy1. To see the latter option, substitute x4+ = xj + 0x into (4.39) to get
least-squares problem,

(4.40) I%in

2
(4.41) min

X

[f/%fj - [b - F(xk)of J(xk)xk}

2
At this point, (4.41) is just a standard-form, linear Tikhonov problem, and hybrid
projection methods can be used in each nonlinear step to simultaneously estimate
the regularization parameter A and compute an approximate solution. Although the
hybrid projection method solves the linearized problem with automatic regularization
parameter selection, a major concern is that the objective function changes from
iteration to iteration because the regularization parameter is changing. Furthermore,
we are not guaranteed to reduce the nonlinear function that we seek to minimize.
A remedy is to consider the solution to (4.41) as a proposal x},, and to take the
step direction to be a weighted version of the perturbation dx = Xi_,'_l — xX3. The
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Algorithm 4.1 Gauss-Newton with hybrid projection for nonlinear problem (4.37)
Input: F, b, xg, k=0

1: while stopping criterion not satisfied do

2:  Calculate J(xi) and r(xy)

3:  Compute xiﬂ by solving (4.41) using a hybrid projection method

4:  Calculate the perturbation dx = x}_ | — xy

5:  Update X411 = X}, + adx where « ensures reduction of the nonlinear function

6

7

k=k+1
end while
Output: x;

general damped Gauss-Newton approach with a hybrid Krylov solver is summarized
in Algorithm 4.1.

Another adaptive approach to select the regularization parameter when solving
nonlinear inverse problems is based on continuation or cooling approaches [112]. By
reformulating the Tikhonov problem as a constrained optimization problem where the
objective function is given in terms of the regularizer, and the constraints are given
in terms of the data misfit, and exploiting the connection between the regularization
parameter and the inverse of the Lagrange multiplier for the constraint, the regu-
larization parameter can be selected to be a large value initially, and then gradually
reduced to an appropriate value.

Finally, in the context of solving large-scale nonlinear inverse problems, there is
another class of nonlinear inverse problems that have greatly benefited from recent
developments in hybrid projection methods. These are separable nonlinear inverse
problems, where the unknown parameters can be separated into two distinct compo-
nents such that the forward model is linear in one set of parameters and nonlinear in
another set of parameters. This situation corresponds to problem (4.35) with

nl l
F(Xtrue) =A (Xgrul) X‘Er)uev

Xtrue true true true

(nl)

true-

-
where Xirue = [ (nl) xb ] , with xm) € Rf and x € R** and A is a lin-

ear operator defined by a set of nonlinear parameters x Therefore F' is linear in

x{") . and nonlinear in x"”). Furthermore, it is often the case that £ < n — £. Such
problems arise in imaging applications such as blind deconvolution, super-resolution
imaging, and motion correction [55, 58], but also in other inverse problems; see [97].
Although one could treat separable nonlinear inverse problems using standard op-
timization techniques, approaches that exploit their separable structure have been
successfully used to improve convergence. For example, a decoupled or alternating
optimization approach is a simple approach where, for fixed x("), a hybrid projection
method could be used to solve the resulting linear inverse problem, and, for fixed x(,
a nonlinear optimization scheme can be used to solve the smaller dimensional opti-
mization problem. However, a potential disadvantage of these alternating approaches
is slow convergence and sensitivity to initializations. An alternative approach is to
use the variable projection method [97, 103, 104, 157, 184], where the linear variables

are implicitly eliminated and a reduced optimization problem is solved. Consider the
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full Tikhonov problem,

2

A (x("l)) b
; (nl) ) _ B2 @02 — @) _
(4.42) x(g%l;l(l) |A (x ) X b5 + A|x"Y||5 = H { VAL, x 0

A variable projection approach applied to (4.42) would seek the solution to the reduced
optimization problem,

2

(4.43) min | A(x")) x (") ~ b3,
where
(nl) 2

Each iteration of a nonlinear optimization method to solve (4.43) would require solv-
ing linear subproblems (4.44). Since this is a linear inverse problem, hybrid projection
methods can be used (especially in the large-scale setting), and the regularization pa-
rameter can be estimated automatically, giving rise to an inner-outer iterative scheme
[55, 58]. A more recent hybrid regularization method, which avoids inner-outer iter-
ations by exploiting inexact Krylov solvers, is presented in [86]. For solving inverse
problems with coupled variables, an approach called Linearize and Project (LAP) was
described in [173] as an alternative to variable projection methods. LAP can support
different regularization strategies as well as equality and inequality constraints, and
thus is more broadly applicable than variable projection. Hybrid regularization meth-
ods are used in LAP to simultaneously compute the search direction and automatically
select an appropriate regularization parameter at each iteration.

Although hybrid projection methods have found practical uses in various non-
linear scenarios, there are still open questions and yet-to-be-explored uses of hybrid
projection methods for solving nonlinear inverse problems. Recent advancements
in flexible hybrid methods and iteratively reweighted approaches for solving linear
inverse problems with nonlinear regularization terms have opened the door to new
approaches for handling nonlinear optimization problems. Furthermore, the train-
ing of many state-of-the-art deep neural networks can be interpreted as a separable
nonlinear inverse problems [176], and there is great potential for the use of hybrid
projection methods for training deep neural networks [156].

5. Software. We start this section by listing some software packages for inverse
problems that contain implementations of some hybrid projection methods. To the
best of our knowledge, one of the most recent ones is called IR TooLS [82], and it runs
in MATLAB. This toolbox provides implementations of a range of iterative solvers,
including many of the hybrid projection methods discussed in this paper and extend-
ing the GKB-based hybrid solver originally implemented in [172]. Various examples
(including image deblurring and tomography reconstruction) are also provided as test
problems. For specific details, we point the reader to the IR TOOLS software package
and documentation [82]. Here we only highlight a few important design objectives
and considerations for the implementation of hybrid projection methods for inverse
problems, which are also adopted within IR TooOLS:

e The implementation should work for the common scenarios where the coeffi-
cient matrix is only available as a (sparse) matrix, a function handle, or an
object. Matrix-vector multiplications with the coefficient matrix represent a
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core component (and oftentimes the computational bottleneck) of iterative
projection methods. High performance or distributed computing tools can
be used to accelerate the task of matrix-vector multiplication. For example,
hybrid projection methods were used with message passing tools for cryo-EM
reconstruction [63] and were included in a high-performance java library in
[236].

e The software should enable automatic regularization parameter selection and
automatic stopping criteria, but at the same time provide easy-to-use func-
tionalities for users to manually change any algorithm parameter.

e Compared to some standard iterative methods, one of the main disadvan-
tages of hybrid methods is the need to store the basis vectors for solution
computation. Thus, it is often assumed that solutions can be captured in rel-
atively few iterations or that appropriate preconditioning can be used. Thus,
it is desirable that implementations of hybrid projection methods can incor-
porate preconditioning techniques or exploit recycling techniques. Another
potential issue is the computational costs associated with reorthogonalization,
especially with GKB-based hybrid methods [11, 22].

e The software should provide basic outputs (e.g., the solution automatically
computed with default solvers’ settings) as well as a range of outputs that
provide relevant information (e.g., for subsequent UQ or prediction).

The illustrations for this paper were made using the IR TOOLS software, and MAT-
LAB scripts for reproducing the experiments reported herein are available at
https://github.com/juliannechung/surveyhybridprojection. Although IR TOOLS contains
implementations of many state-of-the-art hybrid projection methods, it is by no means
exhaustive and the authors encourage further extensions. For some recent work on
generalized hybrid projection methods and subsequent UQ (including those described
in subsection 4.4), and hybrid methods with recycling (including those described in
subsection 4.2), see https://github.com/juliannechung.

Leaving aside hybrid methods’ implementations, but still considering software
packages written in MATLAB, we point the reader to REGULARIZATION TOOLS [124]
for getting familiar with some small-scale test problems and basic direct and iterative
regularization methods, RESTORE ToOOLs [172] for image deblurring problems, and
ATR Toots II [132] for tomographic reconstruction problems. For computational
UQ, we refer to the accompanying MATLAB codes for the book [10].

Leaving aside MATLAB, a number of general purpose or application-specific li-
braries for the solution of inverse problems exists, which are mainly written in Python
or C++. To the best of our knowledge, at present, such software collections do not
contain implementations of hybrid projection methods, and therefore providing an
exhaustive account of such packages is outside the scope of this paper. We mention
anyway a few of them, which currently appear to be among the most popular ones
within communities of researchers in inverse problems. Concerning Python-based
general-purpose ones, we list:

e The Operator Discretization Library (ODL) [1], which mainly provides a
unified framework for the discretization of a variety of forward operators and
optimization algorithms for variational regularization.

e The Inverse Problem PYthon library (hIPPYlib) [230], which implements
state-of-the-art algorithms for PDE-based deterministic and Bayesian inverse
problems.

Concerning application-specific software, many recent libraries target tomography
reconstruction problems, to match the latest technological advances in the field that
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enable enhanced and innovative imaging modalities: these packages typically provide
extensive modular optimization toolboxes to be used in connection with variational
regularization methods, powerful data processing and visualization tools, as well as
new challenging test cases and datasets. We mention the Python-based Core Imaging
Library (CIL) [154, 187], the Python-based platform tomoPy [110] for the analysis of
tomographic datasets acquired with synchroton light sources. Aside from Python, the
toolboxes TIGRE [18] and ASTRA [228], and the CCPi-Regularisation toolkit [158],
all feature building blocks in C or C++ and user interfaces in MATLAB (TIGRE,
ASTRA, CCPi) and Python (CCPi and ASTRA only).

6. Concluding remarks and future outlook. This survey provides an over-
view of hybrid projection methods for solving large-scale inverse problems. Our aim
is to provide a gentle introduction to the area for budding scientists and interested
researchers working in related fields. We explain the general principles underlying hy-
brid projection methods for standard Tikhonov regularization (Algorithm 3.1), and
carefully describe the most common algorithmic choices (including subspace projec-
tion approaches and parameter choice techniques), and finish with a summary of
extensions that go beyond standard approaches and uses.

The field of hybrid projection methods has gained significant momentum in the
past few years, and there are many new areas of exploration. Large-scale inverse
problems continue to motivate the development of more efficient and accurate solvers,
which often leverage tools from different areas of numerical linear algebra, optimiza-
tion, and statistics. We envisage that a lot of scientific research will be devoted to
using hybrid projection methods to incorporate more sophisticated priors and for per-
forming subsequent UQ), e.g., for further prediction and forecasting, in forthcoming
years. There is still need for the development and analysis of new parameter selection
rules, and strategies that can incorporate supervised learning techniques in optimal
experimental design and deep learning frameworks seem promising [2]. Efficient im-
plementations of hybrid methods will be needed for advanced distributed computing
architectures and sampling techniques for massive or streaming data problems. With
the plethora of examples of inverse problems in areas ranging from biomedical imaging
to atmospheric monitoring for threat detection, it is inevitable that many scientific
and engineering applications will benefit from recent and forthcoming advancements
in hybrid projection methods for inverse problems.

7. Acknowledgements. The authors would like to thank Carola-Bibiane Schén-
lieb for encouraging us to write this review article. This work was partially supported
by the National Science Foundation (NSF) under grant DMS-1654175 and 1723005
(J. Chung) and by the Engineering and Physical Sciences Research Council (EPSRC)
under grant EP/T001593/1 (S. Gazzola). The authors are especially grateful to Per
Christian Hansen, Jim Nagy, Dianne O’Leary, and the anonymous referees for helpful
feedback.

Appendix A. SVD formulations of quantities used for regularization
parameter selection. As emphasised in subsection 3.3, many of the regularization
parameter selection strategies for hybrid projection methods require solving a nonlin-
ear optimization or root finding problem to estimate A;. As far as k < min{m,n},
one can exploit the SVD of the matrix G appearing in the projected problem (3.11)
for efficient computation of the norm of the approximate solution, the norm of the
residual, and the trace of the influence matrix, which all depend on A\;. We remark
that these efficiencies are especially impactful when these quantities need to be com-
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puted for many regularization parameters (e.g., to obtain a representative L-curve, or
when many iterations of the nonlinear optimization solver or zero finder for \; have
to be performed). In this section, we provide SVD formulations for these quantities
for Tikhonov regularization, but remark that similar derivations can be made for any
spectral filtering method (e.g., TSVD) used to solve the projected problem (3.11) in
a hybrid projection method.

Let the SVD of Gy, € REFDXE he given as in (3.10) and let

6 = U/H_lUG = [ﬁl ﬁk+1] and {7 = V;CVG = [Vl Gk] ]

notice that these contain orthonormal columns. Then the solution of the regularized,
projected problem (3.12) has the form

xe(Ar) = V(B9 T2 4+ X\Ip) (=9 TU D

k =T G)2

W b_ G (Uz>
=3¢ i where ¢f = —t0
Z(bz o Vir Where o; (052 + An

i=1 g

The influence matrix (3.13) can then be represented as

AAl (A, k) = USC((2)TEC + \I,) (=) TU .

reg

Using the above formulas, the squared norm of the solution can be represented as

k ~T 2
2 _ «u; b
Ixx(Ae) || = Z (¢i e )

i=1 g

and the trace of the influence matrix takes the form
k
trace(AAIeg()\k, k)) = Z 5.
i=1

To obtain an expression for the norm of the residual, we exploit the fact that U
has orthonormal columns to get
e (e (M) II* = [[UZC((2€) 'S¢ +AL,) 1 (39) U b~ UU |
= I(Z°((=°) "2 + M) (29T ~ L) U b,

Let b = UTb € R¥+! with entries b;, then

k
e er DI = By + D (05 — 1),

i=1

Thus, computing the norms of candidate solution and residual vectors, and the trace
of the influence matrix can be done efficiently exploiting the SVD of Gy, without
forming the solution, the residual or the influence matrix.

Appendix B. Parameter choice rules that exploit the links between
GKB and Gaussian quadrature rules.

As mentioned in subsection 3.3, connections between GKB and Gaussian quadra-
ture rules can be naturally exploited in the framework of hybrid projection methods,
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for both defining the kth projected problem (3.7) or (3.8) and computing an approx-
imation Ay of the regularization parameter A\ for the Tikhonov problem (2.1). Such
connections are underpinned by a solid and elegant theory: in this appendix we will
mention without proof some basic facts, which are fully unfolded in, e.g., [101]. Since
all the parameter choice rules described for Tikhonov regularization in subsection 3.3.2
and subsection 3.3.3 involve the discrepancy norm ||r(x(\))]|, and since

[r(x(A\)]|? =A2bT (AAT +2L,) " %b
(B.1) = MbT(AAT)b, with ¥(t) = (t + )72,

in the following we provide the details of the approximation of such a quadratic form
and for an overdetermined A (i.e., m > n) only. However, the derivations below can
be extended to consider other quadratic forms commonly appearing in regularization
parameter choice strategies, such as [|x(\)]|.

Considering the eigendecomposition AAT = U*Z*(X*)T(UA)T given in terms
of the SVD of A (2.2), and setting

A* i=diag(\f,.. ., A8,0,...,0) = B4(Z*)T e R™™, b= \NU*)"b,

it can be shown that
A

(B.2) XbTH(AAT)b = BT(ANb = [ (t)dw(t) = 1),

0
where the discrete measure w(t) is a non-decreasing step function with jump discon-
tinuities at the A’s and at the origin. It is well-known that the above integral can
be numerically approximated using a Gaussian quadrature rule, whose nodes are the
zeros of a family of orthonormal polynomials with respect to the inner product in-
duced by the measure w(t). Such polynomials satisfy a three-term recurrence relation
whose coefficients coincide with the entries of the tridiagonal matrix computed by
the symmetric Lanczos algorithm applied to AAT with initial vector b (specifically,
the entries on the kth column of such tridiagonal matrix define the kth orthonormal
polynomial). Note that such decomposition can be conveniently obtained from the
partial GKB decomposition, as shown in (3.4).

Consider the eigendecomposition Ty = UB(X")2(U®)T given in terms of the
SVD of the matrix By ;. appearing in (3.3), i.e., Bgj = UBPE®(V®)T. Then it is
well-known that the k-point Gauss quadrature rule for approximating (B.2) is given
by

k
Gr(¥) = X*||b|® Zw((ff?)Q)(elTUBGk)2 = N?[[b]%e] UPy((S7)*)(U”) ey

(B.3) = M?[[b|*e{ v(Tx)er = (Al[bller) "v (B By ) (Allbller),

i.e., the quadratic form v evaluated with respect to the projected matrices. The
k-point Gauss-Radau quadrature rule for approximating (B.2), with one node at
the origin, can be evaluated similarly, replacing the matrix Bk,kBg’k by the ma-

trix Bk,lBZ_l, where Bj_; € RF*(#=1) i5 computed at the (k — 1)st GKB iteration.
That is,

(B.4) Ri(¥) = (Albller) " (Br_1B;_;)(Al|bller).
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Since 1) defined in (B.1) is a 2k-times differentiable function, the quadrature errors
Eo, () == I(¢) — Qk(1) associated with the k-point Gauss and Gauss-Radau quad-
rature rules (i.e., with Qr(¢) = Gx(¢0) and Qx (1)) = Ri(¢)), respectively), are given
by

(2k) oo k
fo.(6) = g [T Graste).

k

(2k—1) (-, +o0 B
Er, (Y) = W/o tH(t — (i) dw(t)

where (g, , (r, € [0,\}], and the (;’s and the (;’s denote the nodes of the Gauss and
the Gauss-Radau quadrature rules, respectively. Since 1/(2*=1(¢) < 0 and ) (t) > 0
for t > 0, the Gauss-Radau quadrature rule (B.4) is an upper bound for ||r(\)||?, while
the Gauss quadrature rule (B.3) is a lower bound for |[r()\)|?.

The idea of exploiting Gaussian quadrature to approximate functionals used to
set the Tikhonov regularization parameter was first presented by Golub and Von
Matt [107], with derivations specific for GCV. This investigation can be regarded as
a particular case of the broader explorations of the links between some Krylov meth-
ods and Gaussian quadrature conducted by Golub and collaborators; see again [101]
for a complete overview of the accomplishments in this area. An important remark
concerning GCV is that a different treatment is needed to derive bounds for the nu-
merator and denominator of the GCV function (3.22): since a trace term appears in
the denominator, a randomized trace estimator can be used to compute its approxima-
tion (see, e.g., [107, 207]), while Gauss-quadrature bounds can be used to handle the
numerator, which is essentially of the form (B.1). Note, however, that the approach
in [107] cannot be regarded as a hybrid solver according to the framework adopted
in this paper, since a Krylov projection method is adopted to set the regularization
parameter A for the full-dimensional Tikhonov problem (2.1), which is then solved
using an iterative method. To the best of our knowledge, Gaussian-quadrature-based
regularization parameter choice strategies were first adapted to work within hybrid
solvers in [34]: here the algorithm involved in setting the regularization parameter
according to GCV is identical to the one described in [107], and the computations
performed to approximate the numerator of the GCV functional in (3.22) are then
also employed to define approximation subspaces (of increasing dimensions) for the
solution, effectively making this approach a hybrid solver. A similar strategy, still
tailored to GCV, is presented in [76].

Regularization parameter choice rules for hybrid methods that exploit the links
between GKB and Gaussian quadrature rules are especially successful and well-
understood when the L-curve is employed. Gauss and Gauss-Radau quadrature rules
provide computationally inexpensive upper and lower bounds (i.e., boxes) for each
point on the L-curve associated to the full-dimensional Tikhonov problem, creating a
so-called ‘L-ribbon’; see, e.g., [35, 45]. Since the L-curve bounds are nested (i.e., they
become tighter as the number of GKB iterations increases), when the ‘L-ribbon’ is
narrow it is possible to infer the approximate location of the ‘vertex’ of the L-curve
from its shape. For hybrid methods, the ‘L-ribbon’ may first conveniently determine
narrow bounds for the (direct) Tikhonov L-curve (thereby performing a suitable num-
ber of GKB iterations), and then easily locate the approximate vertex of the L-curve.
Most recently, the authors of [85] introduce a new principled and adaptive algorithmic
approach for regularization, which provides reliable parameter choice rules by leverag-
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ing the framework of bilevel optimization, GKB-based hybrid methods, and the links
between Gauss quadrature and GKB.

To conclude, exploiting the connections between GKB and Gaussian quadrature
rules can lead to the derivation of new regularization parameter choice rules that
can naturally be employed within GKB-based hybrid methods; error estimates for
Gaussian quadrature rules can allow further theoretical analysis of the approximation
properties of GKB-based hybrid methods.

Appendix C. Low-rank Approximation of the Posterior Covariance us-
ing RSVD. In subsection 4.4.3, we described low-rank approximation techniques
based on hybrid projection methods that can be used for efficient computation of
desired variance-covariance estimates. In this section, we describe an approach based
on a randomized version of the SVD (henceforth called RSVD) for computing a rank
k approximation of an m X n matrix A [116]. Then, we use the RSVD approximation
to approximate the posterior covariance matrix (see subsection 4.4.3).

The idea underlying the RSVD approach is to find a matrix Q whose range ap-
proximates that of A. This is done by first drawing a standard Gaussian random
matrix G € R"*#+P) where k is the desired target rank and p > 0 is an oversam-
pling parameter. Then, the matrix Y = AG, computed with k£ + p matrix-vector
multiplications with A, contains random linear combinations of columns of A. We
can obtain a matrix Q such that ran(Q) ~ ran(A) using a thin QR factorization
Y = QR. A low-rank approximation can be obtained as

A~ QQTA _ QUBEB(VB)T
B

The process is summarized in Algorithm C.1.

Algorithm C.1 RSVD

Input: matrix A € R™*" with target rank k, and oversampling parameter p such
that k +p < mln{m n}

Output: Ue Rk S e RF>k - and V e Rnxk

: Draw standard Gaussmn random matrix G € R"*(++p)

Multiply Y = AG

Compute thin QR factorization Y = QR

FomB=QTA

Calculate thin SVD B = ueseP(ve) T

Set U = QUB(:,1: k), EA]:EB(l ck, 1 k), and V = VE(:,1:k)

Notice that the total number of matrix-vector multiplications with A is k4 p and
with AT is at most k + p. If the singular values of A decay rapidly or if the rank of
A is exactly k, then ran(Q) is a good approximation of ran(A). Moreover, the above
algorithm can be combined with a power iteration (replacing line 2 of Algorithm C.1
with Y = (AAT)7AG for ¢ > 0) for tighter approximation bounds, but this would
require additional matrix-vector multiplications with A and AT. Assuming that
we a rank-k RSVD approximation A = UEVT, an approximation of the posterior
covariance matrix can be obtained as

(C.1) T~ o?(\ 4+ VS SVT)-
67

This manuscript is for review purposes only.



[\~
ot
(=]

[\~

ot ot

(1 BN G1 I |
~

[N}

2559

2560
2561
2562
2563
2564
2565
2566

NN NN DNNDN
Ot Ot Ot Ot Ot C
=~

DD DN DD DN DN NN DN NN NN NN
Ut Ut Ot Ot Ot U1 Ot O Ut Ot Ot
O © 000 Otk W+

t
> <
~

2609
2610
2611
2612
2613
2614

Results comparing the GKB approximation and the RSVD approximation for variance-
covariance estimation are provided in Figure 4.3 for the deblurring and tomography
examples.
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