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NONLINEAR ELLIPTIC PROBLEM RELATED TO THE HARDY
INEQUALITY WITH SINGULAR TERM AT THE BOUNDARY

B. ABDELLAOUI, K. BIROUD, J. DAVILA, AND F. MAHMOUDI

ABSTRACT. Let Q C RN be a bounded regular domain of RY and 1 < p < co.
The paper is divided in two main parts. In the first part we prove the following
improved Hardy Inequality for convex domains. Namely, for all ¢ € Wol’p(Q)7
we have

—1\? [ 1ol DY)
|V|Pdz — (L) P ge > [ |velP (log (7)) dz,

where d(z) = dist(z,0Q), D > sup d(z) and C is a positive constant depend-
z€Q
ing only on p, N and 2. The optimality of the exponent of the logarithmic term

is also proved. In the second part we consider the following class of elliptic

problem
q

—Auy = i in Q,
d2

u=0 on 09,
where 0 < ¢ < 2* — 1. We investigate the question of existence and nonexis-
tence of positive solutions depending on the range of the exponent q.

1. INTRODUCTION

The starting point of this work is the following Hardy inequality stating that
given a smooth bounded domain  of RN and 1 < p < N, then

P
(1.1) Ap/%d:c < /|v¢|de for all ¢ € WyP(Q),
Q Q

where

d(z) = dist(z,0Q)
P
and 0 < A, < (pp%l) . In the case where the domain Q is convex, then A, =
P

pp%l and it is never achieved, see for instance [5], [16] and [17]. We refer also to

[12] for details and more general Hardy type inequalities.
Many improvements of (1.1) have been found. In [9], the authors obtain a
remainder term for the Hardy inequality, namely they show that for any 1 <p < N

and p < g < p* = & there exists a positive constant C' = C(p, ¢, N, ) such that

/|V¢|pd < > |¢|pd > /|¢|de Vo e WP (Q).
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In the case where ¢ = p*, then

var— (B2 (1000 > cpoo [ [ aojgpea (0
IVo|Pdax » g 8= Ui |¢|9d Vo e Wy P(Q)
Q Q Q

where D;,; = sup d(z, 92), a > 0 is any positive constant and ¢ = ¢(p, ¢, N, ) > 0.
zeQ

Another approach was elaborated in [2] with d(x) replaced by dg (x) = dist(z, K)
where K is a piecewise smooth surface of codimension k, 1 < k < N. In [2] it is
proved that, for any D > sup d(z, K) and for all u € W, ?(Q),

€N

(1.2)
k—p T el D\’
/ w5 [ (=(3))

for all ¢ € WyP(Q). In our setting, we are interested in the case K = 90 and
so k = 1. Also in [2] the authors proved that for 1 < ¢ < pand g > 1+ g, the
following inequality holds true

P p —1 k-
o, 5 016
J dye 2p P

— 1 P |¢|p p_1q D —B !
(1.3) |Vo[Pdx— <p> Pldr > ¢ |Vo|lda <1Og ()) de 7

for all ¢ € WO1 "P(Q), where ¢ > 0 is a universal constant. The exponent of the
logarithm term in this inequality is optimal.

The first goal of this paper is to improve the above inequality (1.3). In fact we
prove the following result.

Theorem 1.1. Let Q C RN be a convex bounded domain. Suppose that 1 < p < oo

and let D > sup d(x). Then for all ¢ € C§°(Q):
zeQ

1) if p < 2, there exists a constant positive C such that

4\ P —p
(1.4) /|V¢|pda: - (”;) /'%d:p > 0/ IVo|P <log (g)) dz,
Q Q Q

2) if p > 2, then there exists a constant positive C such that

D p— 1 P |¢|p P D -
(1.5) /\V¢| dx — (p) /dex > C/|V¢\ <10g (d)) dx.
Q Q Q

Estimates (1.4), (1.5) are sharp in the sense that the exponents of the term log(2)
in right hand sides cannot be bigger than p and 2 respectively.

The aim of the second part of this paper is to study a class of nonlinear ellip-
tic equations with a singular potential, more precisely we consider the following
problem:

—Au = Z—Z in Q,
(1.6) u>0 in Q,
u=~0 on 0,
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where Q C R is a smooth bounded domain and 0 < ¢ < 2* — 1, where 2* = 22
for N > 3.

The case ¢ = 1 is widely studied in the literature and it is strongly related to

the Hardy inequality (1.1) and the geometry of the domain Q. If Q is a regular

1
bounded domain with —Ad > 0 in the sense of distribution, then Ay = 1 and it

never is achieved [2]. Hence the problem (1.6) has no positive solution. Notice
that if Q is a convex bounded domain, then the above condition is satisfied, see for
instance [2].

1
IfAs < T then As is achieved and the problem (1.6) with ¢ = 1, up to a positive

constant in the right hand side, has a positive bounded solution u € VVO1 2(Q) such
that
C1d*(z) < u(z) < cod(x) for all x € Q

1++v1—-4A,

explicit domains where the Hardy constant is attainted.

For g # 1, the situation is totally different and it is, in some ways, surprising.

Let us describe some previous results when we replace d?(z) by the weight |z|?.
If 0 € Q then we have existence of positive solutions only if ¢ < 1. If ¢ > 1, then the
equation has no weak (distributional) solution, see [3]. In the case where 0 € 992,
the situation is different. Indeed, for ¢ < 1, the problem has bounded solutions with
finite energy. For ¢ > 1, in [7] it is shown that the existence of solutions depends
on the geometry of the domain. In fact, if the domain is starshaped with respect
to the origin, there are no finite energy solutions. However, in dumbbell domains
they proved, using truncation arguments, that the equation has positive bounded
solutions.

For the problem (1.6) instead, the situation is quiet different. Indeed, for ¢ < 1
we prove a complete blow-up for a natural approximation scheme.

where o = . We refer to [16] for more details and for an example for

Theorem 1.2. Assume that g < 1 and let u,, be the unique positive solution to the
problem

Aup = — " g

) — un_(d(x)Jr%)? in €,
’ Uy >0 in €,
Uy =0 on 0f2.

Then u,(x) — oo for all z € ).

As a consequence we show that the problem (1.6) has no very weak solution, in
a suitable sense that we describe next.

Definition 1.3. Let h(z,u) be a Caratheodory function in Q x R. We say that
u € LY(Q) is a very weak solution to the equation

—Au=h(z,u) in ),
u=0 on 0N,

if h(z,u) € LY (d,Q) and for all ¢ € C2() with 1 = 0 on 99Q, we have
u(—AY)dx = | fidx.
[ o]

Q
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As a consequence of the blow-up result in Theorem 1.2, we have the following
non-existence result.

Theorem 1.4. Assume that 0 < g < 1. Then the equation (1.6) has no very weak
positive solution in the sense of Definition 1.3.

For ¢ < 0, we know from the result of [8] that the problem (1.6) has no regular
solution u € C2(2) N C(Q), however Theorem 1.4 provides a strong non existence
result.

If we replace the weight d? by d® for some s positive, we can prove the existence
of a very weak solution in the sense of Definition 1.3. More precisely we have the
next existence result.

Theorem 1.5. Assume that 0 < ¢ < 1. Then for all s < 2, the problem
a

—Au:% mn €,
u>0 in €,
u=20 on 052,

has a positive solution u in the sense of Definition 1.3.

Going back to equation (1.6) in the range 1 < ¢ < 2* — 1 and using blow-up
arguments, we are able to show the existence of a solution as a limit of mountain
pass solutions of approximated problems.

Theorem 1.6. Assume that 1 < g < 2* — 1, then the problem (1.6) has a bounded
positive solution u € W01’2(Q).

For the critical case ¢ = 2* — 1 and if Q = B;(0) is the unit ball in R, we prove
existence of a bounded radial positive solution.

Theorem 1.7. Let Q = Br(0) Assume that N >3 and g =2"—1 or N = 1,2
and q > 1. Then problem (1.6) has a positive radial solution u.

The paper is organized as follows. In the next section we give some prelimi-
nary tools that will be used systematically in the rest of the paper. In particular
inequality (2.2) which can be seen as an extension of the Hardy inequality.

Section 3 will be devoted to the ”improved Hardy inequality”. We first prove
(1.4) and (1.5) see Theorem 1.1. In the last part of the proof we show the optimality
of the exponent of the logarithmic term in (1.4) and (1.5).

Problem (1.6) with ¢ < 1 will be studied in Section 4. We begin by proving a
complete blow up for solutions of the approximated problems. As a consequence,
we get the non-existence result. Then, we show that this nonexistence result is
strongly related to the weight d? in the sense that if we replace d? by d® for some
s < 2, then the problem has at least a distributional solution. Some estimates on
the behavior of the solution near the boundary are also obtained.

The case 1 < g < 2*—1 is considered in Section 5. Then using the mountain pass
theorem, we get the existence of a solution to a family of approximated problem.
Hence, to get the desired existence result, we pass to the limit using Blow-up
technics and the nonexistence results obtained by Gidas-Spruck in [10].

In Section 6 we analyze the critical case ¢ = 2* — 1, then if Q = Br(0), using the
concentration-compactness argument, we are able to show the existence of a radial
positive solution.
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In the last Section we collect some open problems.
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2. PRELIMINARIES AND PREVIOUS RESULTS

In this section, we collect some preliminaries and useful known results. We begin
by the following vectorial inequalities that will be used systematically in first part
of the paper. We first recall the following lemma (see [18] and [13] for complete
proofs)

Lemma 2.1. Assume that 1 < p < oo, then there exists a positive constant ¢ =
c(p) > 0 such that for all a,b € RN we have

1) If p < 2, then

b

2.1 a—>bf —laf >cr—r—
2 S (R

— plaP~2a.b.

2) If p > 2, then

ja =" —af” > cla’~?[b|* — plal""2a.b,

(2.2) la —bP — |a|P > ¢|b]P — pla|P~2a.b.
Then, we recall the following extension of Hardy inequality obtained in [12].
Theorem 2.2. Let Q be bounded domain in RN and suppose that D > sup d(x).

zEN
Then there exists a positive constant Co = C'(N,p) such that for all u € C§°(Q),

p D\ P
/% (log( d)> dx < C’o/\VUV’d”_ldaj.
Q Q

When dealing with the problem (1.6), the next comparison principle will be of
great utility, see [4] for the proof.

Lemma 2.3. (Comparison principle) Let f be a continuous function such that

fQsu)

is decreasing. Assume that u,v € Wol’z(Q) satisfy

—Au > f(z,u), u>0, inQ,
—Av < f(z,v), v>0, inQ.

Then v > v in .

The following weak version of the Harnack inequality is obtained in [3].
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Lemma 2.4. Let h € L>®(§) be a nonnegative function and assume that v solves

—Av = h(z) in Q,
v =0 on Of.

Then
96)
h(z)d(x)dz,  for all z € Q.

l’

In the following C' will denote a constant which may vary from line to line.
Sometimes, when needed, we will explicit the dependence of the constant C on
some of the parameters.

3. AN IMPROVED HARDY INEQUALITY

Proof of Theorem 1.1. We divide the proof into four steps.

(1) The case p = 2.
Let ¢ € C§° (Q) by a direct computation we get

¢? pVeVd 1 ¢ 2
<d>Vd 1 —§E|Vd| ,
thus
s 197 1¢ 1 ¢?
[Vl —4d2—’V¢5—Vd +§V (d) Vvd.

Since —Ad > 0 in D’'(Q2), then

(3.1) Q/ (|v¢s|2 - 4612) dx > /‘w - WVd

Recall that D > sup d(z), thus (10g(%))_a € L*°(Q) for all @ > 0. Hence
z€Q
we get the existence of a positive constant C' > such that

2
dz.

1 2 D\ 2 1
‘w - igw >C <log(d)> Vo — —?
Therefore
1 2 D\ 2 1, vd
vo-32vd 2 (D) (1vor+ Je T - 2vavs).

By integration and using Young’s inequality, it follows that

/'w—w
>C (1—5)/|v¢\2 (m(?) C’/ (log >_2d;v

Using inequality (1.2) with p = 2 and taking in consideration (3.1) and
(3.2), the result follows in this case.

2
dx

(3.2)
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(2) The case p > 2.

Let ¢ € C§°(2) and define u = ,?1 .
dr
From [9], we get the existence of a positive constant C; = C;(p, N) such

that

/|V¢|pd ( ) /|¢|pdx>c /dp YVulPda.

Since Vu = d~ %) (Vo — EQVd), then the last inequality became
P
(3.3) /|v¢|pd ( ) |¢| V42 > ¢4 / ‘qu - ——Vd

Using the fact that p > 2, following the arguments of the first case, we
get the existence of positives constants which are independent of ¢ such

dx.

that
‘w - Tléw >c <log(§)> “lvs Tlc%w
By (2.2), hence
ot (o) e (2]
—»|(22) ol 1|V¢|},

where ¢(p) > 0. Thus by integration and using Young inequality, we get

[Scues:
Q
> ¢ (1—5)Q/|V¢P <log(d ) _c. /¢p <1og )_pdx

Using again (1.2), combining estimates (3.3) and (3.4), we reach (1.5) and
then we conclude.
(3) The case 1 < p < 2. From [2], we know that

dzx

(3.4)

P -1 p
(3.5) /|V¢>|pd ( )) W Pl >0 /X2 PV — (p)) °9d| de.
p p d
Q
where X = X(%) with X (t) = (1 —logt)~! and R = sup d(x).
€N
Since D > R, we can find 8 > 0 such that
D —-p
(36) xer 2 (o))
Thus combining (3.5) and (3.6), we obtain that
p=D\" [IoP DN p—1\ o [
Q Q Q
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For a constant C'5 > independent of ¢.
Using (2.1), we obtain

(1s2))
¢ (12)) <|V¢|p ~p|(21) §va

Therefore, by Young’s inequality,

[ ) o (57)
Q
>Cq(l—e¢ /|V¢|p (log(d ) - C: /dp (log ) pdx ,

which implies,
-1
vo- ()
p

[t

Q

>C [ (vor (bg(?))p dz.
Q

Now, using Theorem 2.2 with u = (b 1 , we get

(3.8) /2’;7 <log(D > dx<C/‘V¢S— 7fw

Thus, by (3.7) and (3.8), it follows that

/|V¢|"dx — (19;)) |§f
>Cl/‘v¢ ( ) (de
L0, / (o)) " foe - (25) v

>0 [1vor (1og(5)) " ae
Q

Hence the result follows at once.

Lo

¢—4—**Vd >
p

p—1
o)

dx

dm.

dzr

p
dx

Optimality of exponents.
To prove the optimality of exponents of log(%) in the right hand side of
inequalities (1.4) and (1.5), we use closely the arguments introduced in [9]

Without loss of generality assume that 0 € 92 and we consider Bs(0),
the ball centered at the origin with § sufficiently small.



(3.9)

(3.10)

Y
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L*l_;’_
For e > 0, we set w. =d'»

© (log ( )) where 6 > 0, to be chosen later.

D
d
Let ¢ € C3(9), be such that 0 < ¢ < 1, supp(¢) C Bs(0) and ¢ = 1 in

B;(0).
Define U, (z) = ¢(x)

we(x

), then supp (U.) C Bs(0).

Let us begin by proving the optimality in the case p > 2. We argue by
contradiction. Suppose the existence of positive constants C' and v such

that

-1 P D\\ *7
/\vuv’dx— (pp> |“| B gz > C’/|Vu|p <1og<d)> da
Q

holds for all u € Wol"p(Q). Since U, € W, P(Q) for all £ > 0, it follows that

_ p DN\ 277
/|VUE|de7 <pp> /'Z‘ dz > C/|VU5|T’ (log <d>) da.
Q Q Q

Let analyze each term in the above inequality.
Ifo < %7 then following closely the arguments in [9], their results that

/|VUE\Pd:c - (p
Q

|U:|P 0
) / 7 de < ce' 7P,
Q

Now we estimate the second member of right hand in (3.9).
Notice that VU, = w.V¢ + ¢Vw,, then

—2—~
/|VU€|” <log <§>) dx
Q

v

v

Y

D\\ *7
/ VU, P (log ()) dx
B3 (0) d
D\\ *7
/ |Vw|P (log ()) dz
B4 (0) d

e D D
/ - 1+7= (log(2)p@-v-2v 2Ly 100Dy _ppas.
B (0) d p d

Using (2.2), there results that

= ton(5) - o]

Hence

p—1

o) (tox( )"~ 1 (10a(3)

Q/ VU (log (’3))_2_W da

D
ow [ a (1og (
Bg(o)

I — L.

d

pO—2—7 D po—3—~
)) dz — c(p, 9)/ d—1tee <10g ()) dx
B3 (0) d
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By using the change of variables r = Dst in I; and 15, we obtain

L -1, =

e 92—
—pO+~y+1 nype () p—1 1 ? K
(3.11) 5 DP< |¢(p) s log . ds
0
e )e [ 51 (log (1)) ds} .

Combining (3.10) and (3.11), we reach that

(z5)° 1\ \ P27
Dre {c(p)/ sP~1 (log (s)) ds
0

(z5)° 1\ \ 7?37
(3.12) —c(p, 6)5/ sP~t <log <s)> ds] > Ce™ .
0

Since p > 1, then, for all v > 0, as € — 0, we have

1 1 po—2—v 1 1 po—3—~
c(p)/ sP~1 (log ()) ds + c(p, 9)/ sP~1 (log ()) ds < 00,
0 s 0 s

hence we reach a contradiction with (3.12) and the result follows in this
case.
(4) The case p < 2 follows using the same arguments. L]

Remark 1. In the case where p = 2, then we can define a new space H as the
completion of C§° () with respect to the norm

ol = [ (1998 - 15 )

Q
It is clear that H is a Hilbert space. By Theorem 1.1, it follows that

Wo(Q) ¢ H G W'(2) Vg < 2.

4. THE PROBLEM (1.6) WITH ¢ < 1

First we give the proof of Theorem 1.2 about the blow-up for the approximated
problem.

Proof of Theorem 1.2 in the case 0 < ¢ < 1. Notice that the existence and the
uniqueness of u,, follow using classical minimizing arguments and the comparison
principle Lemma 2.3. It is clear that {uy}, is an increasing sequence in n.

We argue by contradiction. We assume that there exist some xy € €2 such that
un(29) < C for all n. Then, by Lemma 2.4 it follows that

un (o) ud
iy = | T o

n

Hence we conclude that

Q/ md(y)dy <C.

n
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Since {u,}, is an increasing sequence in n, we get the existence of a measurable
function u such that u, T v a. e. in  and

Ld(y) — . strongly in  L'(Q)
(d(y) + 3)? d(y) '
Let p be the unique solution to the problem
(4.1) ~Ap=1, peW,?(Q).

It is clear that p € C*(Q) and p ~ d. Using p as a test function in (1.7) we reach

that
/ d / U g <c/ U (2)de < C
Updr = | ——————=pdr < —n <(C.
) J )+ 22" =) )+ 1y

Hence [[uy /12 (0) < C and then u, — u strongly in L'(£2). In the same way and by

an approximation argument we can take %, 0 < s <1, as a test function in (1.7).
u

n
‘We obtain that

1 s ‘ n|2
1_8 dr = dex

Q

Since ul=* — ul=* strongly in Ll(Q), then

/7“(1_8 dz < C
O pdx < C.
d(x) + £)?
J (d@) +7)

Therefore using Fatou’s lemma we obtain that

ud=?

/ de < C forall0<s<1.
d(z)

As a conclusion we have proved that

ud=*

ud
— € LY(Q) and d

d
Fix s such that ¢ < s < 1, then sinc

€ L) forall 0<s<l1.

S

a9
s

F= ("Lq)tq eLﬁ(Q) and GE(UZS) e Li(Q).

d
Therefore, using Holder’s inequality we reach that FG € L'(Q). On the other
hand notice that FG = 1 ¢ L1(Q), a contradiction. We then conclude that wu, (z) —
oo for all x € Q. L]

Remark 2. In the case where ¢ = 0, if we consider the problem
1

(4.2) —Aw = 7
where s < 2, we can prove the following assertions:

(1) If s < 2, then the problem (4.2) has a unique positive bounded solution

we Wy2(Q).

(2) If s =2, then there is non positive bounded solution.
Notice that, if s > 1, then 3= ¢ L' () UM() where M() is the space of bounded
Radon measures.
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For simplicity of writing, we set ¢ = —q.

Proof of Theorem 1.2 when ¢ < 0. Let u, € L>®(f2) be the unique positive
solution to the problem

—Aup = ————  inQ,

(4.3) ug (d(z) + %)2
' Up > 0 in §,
Un =0 on 0f).

We claim that w,(zg) — oo for all o € Q.
The main idea is to construct a suitable subsolution blowing-up at each point of

Q.
For s > 0, we set
s \Te
H(s) = (log(s +1) = =)™
then )
H(s)= ——°> g
= iyt @
and ) )
H"(s) = — 7 S 2p—20-1 571 gos).

Define v,, = H(Con¢y) where ¢, is first eigenfunction of the laplacian and Cj is a
positive constant that we will chose later.
In what follows, C' will denote a constant which can vary from line to line and
that is independent of n.
By a direct computations, we reach that
—Av, = ConH'(Cone1)(—=A¢1) — Cin*H" (Cng1)|Vér|?
< ColngH' (Cong) + C2n2|H" (Congy) ||V 12
Notice that
1 (Coan)l)z _ 1
C H'(C = H™7(C < —
ong1H'(Congy) o1 (Condy) +1)7 (Congr) < H7 (Condn)
C

((Co¢n) + 7)2H (Congr)

On the other hand we have

C C? Cop1 \?
C2n2H" (C vo 2| < 2 0 091 H°"(C +
CotH (ConulVorP| < s T e cong (Gar g 1) B (Cone)
eler 1

o+ 1((Cor) + £)2H (Congr)
Using the fact that (%)QH_Q_l(S) < C, it follows that
s
CcCg 1
o+ 1((Copr) + £)2H? (Congpr)
Going back to the problem of v,,, we reach that

—Av, < ¢
"7 ((Copr) + )07

|CEn*H" (Cone1) |V |*| <
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Since ¢1(x) > C1d(x), then choosing Cy such that Coey(x) > d(x), it follows that

—Avp, < ———— .
(d(@) + )28
We set 0, = ——v,, then @, satisfies
Ca+1
1
(d(x) + )07

n

Thus @, is a subsolution to problem (4.3) and then by the comparison principle in
Lemma 2.3, we conclude that o,, < u,. It is clear that 0, (z¢) — oo for all zg € Q.
Hence we conclude. [

Proof of Theorem 1.4. We argue by contradiction. We assume that the problem
(1.6) has a non-negative solution u in the sense of Definition 1.3. By the strong
maximum principle w > 0 in Q. Then, we consider the unique solution u,, to the
approximated problem (1.7). It is clear that u is a super-solution to problem (1.7).
Hence using a variation of the comparison principle Lemma 2.3 we obtain that

Up < Upt1 S U for all n.
Hence we get the existence of u € L*(2) such that u,, — @ strongly in L!(€2). This

is a contradiction with the result of Theorem 1.2. Thus we conclude. n

Remark 3. Notice that the existence of u, follows by minimizing the functional

_1 2 1 Kl
Jn(v)—§ [V dx—q+1 (d<x>+%)2dx
Q Q

in Wy (Q). It is clear that

_ q+1
In(un) = min Jn(v) = ! q/ Un dx < 0.

ewi 2@\ oy} 1+a)

We claim that J,(u,) — —00 as n — oo. Indeed, define w = ¢ where ¢y is the
first eigenfunction and % <a< qﬁ, thus
Vw = ¢ V.
Recall that ¢1 = d(x), then since 2(a — 1) > —1
IVwl? = o267 V|V |? € L1(9).

Hence we conclude that

1 0 1 wdtl!
Inlen) < Iulw) =g JIVelde =g | gy + 1™
Q

Q
a(g+1)

1 o3
< C-— dx.
- q+1/(d(x)+i)2 ’

Q
On the other hand it is clear that
¢?(q+1) da(q-‘,—l)

(d(@) + ) (d(z) + )

n n
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Then by the monotone convergence Theorem we reach that
dela+1)
(d(@) + )

Since a < we conclude that

+1’
/da(q+1)—2 = 00
Q

To prove Theorem 1.5 we need the following result.

a(g+1)—2

Proposition 4.1. Assume that 0 < r < 1, then the problem

w
(4.4) w >0 in €,

has a unique positive solution w such that w € Wol’Q(Q) N L>(Q), moreover, there
exist two positive constants C1,Cy such that

(4.5) Cid(z) < w < Cad(z).

The proof of Proposition 4.1 follows using sub-supersolution arguments.

Proof of Theorem 1.5. We follow by approximation. Let u, be the unique
positive solution to the problem

A i in O
—Au, = ——>—— inQ,
(4.6) (d(x) + %)g
' Uy >0 in Q,
U, =0 on 0f).

Let w be the solution of problem (4.4) withr =s—1<1ifl <s<2andr € (0,1)
is arbitrary if 0 < s < 1. Using w as a test function in (4.6), we reach that

Up, ud w

—dr = | ———dux.
[ =] (@) + 5
Q Q

Using estimate (4.5), the definition of r and the Hélder inequality, we obtain that

/ d<C/Jw<d/%®ﬂ/EMY?

Q Q

Since, in any case, r < 1, then % € LY(Q), thus /Z—:dx <C.

Using the fact that the sequence {u,}, is monotone in n, we get the existence

of a measurable function u such that —= — — strongly in L'(Q). It is clear that
dr dr

ud " ud

(d(x) +3)*

thus w is a distributional solution to problem (4.6). It is not difficult to prove

that w is a solution to (4.6) in the sense of Definition 1.3. Notice that if s < %,

strongly in  L'(d(z), Q)
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we can prove that u € VVO1 (), moveover, using elliptic regularity we reach that
u € L™(Q). L]

Remark 4.

(1) Using the fact that —Au® >

2 Tsomags Jor any 0 < o <1-gq, we obtain

that w> CdT7.

(2) Notice that if ¢ +1 < s < 2, then % ¢ LY(Q2), hence by Lemma (2.4), it
follows that

u,
i) > C'Q/ md(y)dy for allxz € Q

which implies that u(z) > Cd(z) for all x € Q. Thus

%
1 Q

since s —q > 1.

9 _
(3) If 1+ q < s < 2, then for all ﬁ < 0 < 1, there exists C(6) > 0 such that

u>CH)d  in Q.

9 _
This follows using the fact that if T Z <0 <1, then
q6
—A¢Y <C ‘le

where ¢ is the first eigenfunction of the laplacian. Thus by the comparison
principle Lemma 2.8 and up a constant we reach the desired estimate.

Remark 5. If we consider the problem

1
—Au = in Q
7 U W () in Q,
(4.7) u>0 in €,
u=~0 on 0N

where s < 2, then using sub-supersolution arguments and apriori estimates, we can
prove that, for all o > 0, the problem (4.7) has a unique bounded positive solution.
We refer to [8] for more details and extensions.

5. THE PROBLEM (1.6) WITH 1 < ¢ <2* —1

Proof of Theorem 1.6. As in the previous section, we argue by approximation.
Let u, € L=(Q) N W, () be the “mountain pass solution ”to the approximated
problem

u,
(d(@) + 3)?
(5.1) Up >0 in Q,

—Au, = in Q,

U, =0 on 0f).
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Notice that u,, is a critical point of the functional

o]+

1 , 1
J7L(v)—§/\Vv| dm_q—i—l/(d(m)—i—;)?dx'
Q Q

Using [1], we obtain that J, (uy,) = ¢, where

. = inf J(y(t
¢n = Inf, max (v(?))

and
I = { € C([0,1],R with v(0) = 0 and v(1) = v; € W*(Q), Jn(v1) < 0}.

It is not difficult to prove that there exist v; € C§°(f2) such that J,(v1) << 0
uniformly in n.

-1
Since ¢,, = % J |Vun|?dz, then using the fact that 0 < ¢, < maxye(o,00) J (tv1) <
p Q

C for all n, we reach that the sequence {uy}, is bounded in W, ().
We claim that

[tnll Lo (@) < C for all n.

To prove the claim we use blow-up technique as in [6] and [10]. Let {x,}, C Q be
such that ||u, ||z Q) = un(z,) and suppose by contradiction that u,(x,) — oo as
n — oo. Since {x,}, is a bounded sequence, we get the existence of Z € Q such
that (up to a subsequence) z,, = T .

We divide the proof in two cases:

Up (fin 2 + Ty

(1) The first case: T € Q. We set v,(2) = — where M,, = u,(x,)
. n
and p, = Man , then v,, solves
q
—Av, = n in Q,,

(d(pnz + 20) + 5)?
v, > 0in Q,,

v, = 0on 09Q,,

where 2, = ML(Q — ) is given by the transformation x — z = i ; Tn
It is clear that, for 2 fixed, d(tnz 4+ ©,) + 1 — d(T) = C as n — oo.
By elliptic regularity, see [11], we have that v,, € C% for some 0 < v <
1/2, moreover, ||vy, || co» < C uniformly in n.
Passing to the limit as n — oo, we get the existence of v € CO¥ (RN )N
L>(RY) such that v(z) < v(0) = 1 and v solves

—Av = CvY, v>0 inRY.

Since ¢ < 2* — 1, we get a contradiction with the non-existence result in

[10].
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(2) The second case: T € 9. In this case we set p, = M7 (d(zn) + +),

(5.2)

then v,, solves

d(z,) + + 2
—Auv, (Zn) + 5 1) in Q,,

v

”(d(unz + ) + &
v, > 0in Q,,

v, = 0on 0Q,,

d(zn) + 1
d(pnz + ) + 2
limit as n — oo, we get the existence of v such that either, v € C2(RY) N
L>(RY) such that v(z) < v(0) = 1 and v solves

—Av = Cve, v>0 inRN7
or, up to a translation, v € C*(RY) N C°({z € RY,zy > 0}) such that v

solves

—Av = CvY, v>0 inRﬁ, v=0 on zy=0.

Fix z € RY, then — 1 as n — oo. Thus passing to the

Since ¢ < 2" — 1, we again get a contradiction with the non-existence result
in [10]. Hence the claim follows at once.
On the other hand it is clear that

l|tn]|Le > C for all n.

Otherwise, for some subsequence, we have ||uy,||p=~ — 0, then u, solves

ou
—Auy, < ||un) |92 p7 : T u, € Wy ().
n

Choosing n large, we reach that ||u,||92" << Ay, a contradiction with the
Hardy inequality (1.1). Hence we conclude that ||u, ||z~ > C for all n.
Recall that u(z,) = [|un||L~, we claim that d(x,) > C; > 0 for all n.
We argue by contradiction, if, for some subsequence, x,, — T € 92 and
||tn||L — C2 > C. Then as in the proof of the previous uniform estimate,

we set
_ un (nz + xy)

Un(z) M.
n

where
1—g 2 1 1
pon = Mp? (d (xn)""_g)z

It is clear that pu, — 0 as n — co. As above we reach that v,, — v strongly
in C(RY) where v solves

—Av =Cv? in RV,

a contradiction with the result of [10]. Hence the claim follows.

We then conclude that {u,}, is bounded in L>°(92) N W,"*(Q) and hence there
exists u € L®(Q) N W, *(Q) such that

U, — u weakly in W, *(Q) and w, — u strongly in LP(Q)

for all p > 1.
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To finish we have just to prove that u Z 0. We argue by contradiction, if u = 0,
then u, — 0 strongly in LP(Q) for all p > 1. We claim that

/|Vun|2¢1 —0 as n — 0o,
Q
where ¢; is the first eigenfunction of the laplacian.

To prove the claim we use u, (¢1+ %) as a test function in (5.1) for ¢ > sup ()
Q T
Therefore we obtain that

q+1
/|Vun|2(¢1 + 2) + /unVunV¢1 < c/ :n
Q

I
Q Q

Hence

c M udtl
vn2 - 2 < n
/| u|(¢1+n)+72/n¢1 < ¢ i+ 1
Q Q

Q
() ()

< C( U%H) —0asn — oo.

Q

N

IN

Nl=

Thus [ |Vu,|?¢1 — 0 and the claim follows.
)

By elliptic regularity we conclude that w,, — 0 strongly in C;,.(2). Since d(x,) >
C > 0 for all n, then up to a subsequence, u,(z,) — 0 as n — oo, a contradiction
with (5.2). Hence u > 0 and then the existence result follows. ]

6. THE PROBLEM (1.6) WITH THE CRITICAL POWER ¢ = 2* — 1

In this section we will consider (1.6) in the case ¢ =2* —1if N >3 and ¢ > 1
it N =1,2. We will assume that 2 = Bg(0) is the ball of radius R centered at
the origin and we will work in the space W,2(Bg(0)) defined as the subspace of
Wy 2(Br(0)) of radial function.

For N > 3, we define

/ |V¢|2dm
(6.1) S(R)=  inf 220
SEWi; (BR<0))</ |9| dx)?*
Br(0) @*(z)

Since ¢ is a radial function, then

2 R
/|v¢| dx / |¢/(7”)|27‘N_1d7“
0

Q
2* 2 - R 2% B 2
(Q dfix)dz) (_/0 (qub—| T)QTN 1dr)

Let us begin by proving the following Proposition.

Proposition 6.1. Assume that S(R) is defined as in (6.1), then
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(1) S(R) >0 for all R > 0,
(2) S(R) = R==5(1).
Proof. We begin with the first point. Let 0 < Ry < R, then

o

R o R o R
|9l N1, / 'e N-1 / [ N-1
/0 7(]%770)27“ dr = ; 7(1%770)27" dr + . (R—r)2r dr

= I(Rl) + J(Rl)
It is clear that

1 r 2% N-—1 2*
I(B) < s | 16T < COR RN 6150

We deal now with J(R;). For 0 < Ry <r < R, we have

R R
6(r)] < / 16/ (s)lds < / 16/ (s)|sN 181N s
R 1 R 1
< ([ s as) ([ e vas)
C(R)(R—r)\3%
< o ——2A 7
< Ol (< =)
where
1 if N=3,
C(R):{ RN=3 if N >4
Hence
C PN o R R )Iol12, (B < C(N R R Mgl
R, (R—1)? B e "o Jr, - P Ws* (Br(0)”
Therefore
J(R1) < C(N, R, RO 2 5. o)
and then )
R)>———_ >0.
S( )7 C(NvRaRl) >0

This complete the proof of the point (1).

To prove the second estimate (2) we consider ¢ € WL2(B1(0)) and we define
for 0 < r < R, the function ¢(r) = ¢(%). It is clear that ¢» € W/;?(Bg(0)) and a
direct computation yields

R 1
[ wwpe | 1ewpEtar
0 R3* 0

= o = 1 o E
(/0 (I;p— r)QTN?ldT) (/0 (1|qil r)2rN71dr>

= 5(1).

N

Thus, taking the infimum on the above identity, we get S(R) = R

We are now in position to prove Theorem 1.7.

Proof of Theorem 1.7 when N > 3. It is clear that if u is a solution to (1.6)
in By(0), then v(r) = u(f) is a solution to (1.6) in Br(0). Hence we have just to
show that problem (1.6) has a solution in some ball Br(0).
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Notice that S(1) < S, the Sobolev constant. Hence fix R < 1 such that S(R) <
S. To get the desired result we have just to show that S(R) is achieved. Let
{un}n € WEL2(Bg(0)), be a minimizing sequence of S(R) with
o

R
|un N—1
/0 WT d’f’ =1.

Without loss of generality we can assume that w, > 0.
Hence we obtain that [[us||yy12(5, ) < C and then we get the existence of

u € WL2(Bgr(0)) such that

u, — u weakly in W2?(Bg(0)), wy, — u strongly in L*(Bg(0))Vs < 2*
and u, — u strongly in L?(Br(0)\B:(0)) for all ¢ > 1 and for all ¢ > 0. If u # 0,
then we get easily that u solves (1.6) with ¢ = 2* — 1.

Assume that u = 0, then u,, — 0 strongly in L7 (Br(0)\B:(0)) for all ¢ > 1 and
for all e > 0. Fix 0 < Ry < R, then

|un|2* 2* 2X_g
EnE O, By Ba)lln 22 (o (B = 1) 7
Since 27 — 2> —1, then by the dominated convergence theorem, it follows that

n |un|2 N-1
/ 72r*dT—>0asn—>oo.
Ry (R—7)

Thus, for all 1 < Ry < R, we have
/ Mdm —lasn— o0
Br, (0) (R —|z])? .

Using the Ekeland variational principle, we obtain that, up to a subsequence,

*
u2 —1

(6.2) —Au, = S(R)—="—5 +0(1).
(R — [z[)?
Now, by the concentration compactness principle, see [14] and [15], it follows that
(1) |Vun|?> = dp > podo, |un|> — dv = vydp,
(2) po = SQ%VO
weakly in the sense of measure, where dg is the dirac measure centered at the origin.
Let now ¢ € C§°(Bgr(0)) N W,%2(Br(0)) be such that
0<¢p<1, ¢=1 in B0) and ¢=0 in Bg(0)\B:(0),
then using u,¢ as a test function in (6.2) and letting € — 0, we reach that
po < S(R)vo.

Since pg > Sa* Vg, then pg < 5:9(5) vg.
=

If po = 0, then vy = 0. Hence

Jun|* Jul*
———dr — ———dr =1
/BR(O) (R — [x)? Bro) (R = [2])?

a contradiction with the fact that u = 0.

Now, if vy > 0, then §7* < S(R). Recall that S(R) = Rz S(1), since S(1) < S,
we conclude that S > R™72 Notice that the Sobolev constant S in independent
of the domain, and in particular it is independent of R. Hence, letting R — 0, we
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reach a contradiction. Thus u # 0 and solves (1.6) with ¢ = 2* — 1. The strong

maximum principle allows us to get that v > 0 in Bg(0).
Notice that, from the above computation, we can conclude that

e uf?
— dxr — ——dz =1
/BR@ B[22 7 ) (B ]2

and then w is a minimizer of S(R).

For the case N = 1,2 we need the next proposition.

Proposition 6.2. Define

/ Vo[dz
Br(0)

inf .
$EWL? (Br(0)) (/ |¢|"“dx)q%
Br(0) d?(z)
Then

(1) S4(R) >0 for all R > 0,
(2) S4(R) = RT15(1).

Se(R) =

Proof. We begin by proving that S,(R) > 0.
If N =1, then W,}2(Bg(0)) C L>°() with a compact inclusion. Hence using
Hardy inequality we obtain that

/ 91" 1 < Jlojoc? / O 4 < cullgliott,
Br(0) d?(x) Br(0) d?(x) Wra™(Br(0)

Thus
/ Vo
BRr(0) 1

>
a+1 2 =
(/ |¢2‘ da:) o oy
Br(0) d? ()

1
As a consequence Sq(R) > —5 and the result follows in this case.
Cy
Assume that N = 2. We follow closely the computation of Proposition 6.1.
Given 0 < R; < R, then

R R R
||t _ b glett |glat!
/0 7(R_r)2rdr = /0 (17%_71)27%7“—1—/1%1 (R_T)zrdr
I(Ry) + J(Ry).

> 0.

It is clear that

_
(R— Rp)?
We deal now with J(Ry). It is clear that for R; < r < R, we have

R
41 g+1
I(Ri) < /0 (@1 rdr < COR BNy o))

R—r%
¢(r)] < ||¢>\|ng<BR<o>><Tlr)> ’
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Thus
R q+1 R 241
| e < CR Bl o [ (R0

r (R—1)2 Wre? (Br(0
Since ¢ > 1, then fli (R —r)" ~2dr < co. Therefore,

J(Rl) < C(N’ R7 R1)||¢||%12(BR(0))

Combining the above estimates, we reach the desired result.
The point (2) follows exactly as the point (2) in Proposition 6.1. Hence we omit
it here. This conclude the proof of the desired result. ]

Proof of Theorem 1.7 when N = 1,2. We have just to show that S,(R) is
achieved.
Let {un}n, C W,L2(Br(0)) be a minimizing sequence of S,(R) with

R 1
|un|qu N—1
/0 7( — T)ZT dr =1.

It is clear that the sequence {u,}, is bounded in W,};2(Bg(0)) and then u, — u
weakly in W,%2(Bg(0)).

If N =1, then, up to a subsequence, u,, — u strongly in C(Q).

Since [un(r)| < [[unllyyr2 g5, 0)) (B — r)z, then we conclude that

|un|q+1 -3
m SC(R—T) 2,

Since ¢ > 1, then (R — 7")(1%3 € L'(0,R) and then by the dominated convergence
Theorem we reach that
|un‘Q+1 |u|q+1
_>
(R—7r)2 " (R-r1)

5 strongly in LY(0, R).

‘U|Q+1

Thus fOR mdr = 1 and then u solves (1.6). It is not difficult to prove that

u, — u strongly in W%2(Br(0)).

Consider now the case N = 2. It is clear that, for Ry < R fixed we have

‘un|Q+1 |u|q+1
(R—12  (R—7)

5 strongly in L0, Ry).

To deal with the set (Ry, R), we use the estimate

R—1r.\3
()] <l ()

The existence result now follows using the dominated convergence Theorem.



NONLINEAR ELLIPTIC PROBLEM 23

7. FURTHER RESULTS AND OPEN PROBLEMS

Assume that 0 < g < 1 < p and consider the following concave-convex problem

uP
—Au = i+ 7 i Q,
u >0 in Q,
u=~0 on 0f),

where A > 0. Using a sub-supersolution arguments we can prove that, for A\ small,
problem (7.1) has a positive bounded solution for all p > 1. To see that we have
just to build a suitable supersolution.

Let ¢ € VVOI’2 (©2) be the positive solution of the problem

(7.1)

1 .
—Ay = o in Q,
=0 on 09},
with 0 < 8 < 1. Tt is clear that Cid(x) < ¢ < Cod(z) for some C1,Cy > 0. Since
p > 1, then we can choose 5 < 1 such that p > 2 — 8. Hence we can choose A > 0

such that A is a supersolution to the problem (7.1) at least for A small. It is clear
that if w, the unique positive solution to

{ —Aw =X w? in €,

(7.2)

w =70 on 012,

is a subsolution to (7.1) with w < At (that follows using the comparison principle
in Lemma 2.3). Thus an iteration argument allows us to conclude.
For problem (7.1), we can summarize the main results in the following Theorem.

Theorem 7.1. Define

M =sup{X > 0: the problem (7.1) has a positive solution }

then M < oo and

(1) For all A\ < M, then problem (7.1) has a minimal positive bounded solution.
(2) If A\ > M, there is no positive solutions.
(8) If p < 2* — 1, there exilts a second positive solution at least for X small.

7.1. Open problems. In this subsection we collect some open problems.

(1) In Theorem 1.7, we have considered the case 2 = Br(0) and we have proved
the existence of a positive radial solution. The behavior of the minimizing
sequence near the boundary of € was of great utility to get the compactness
of the minimizing sequence. However the arguments used are not applicable
for a general domain 2. It seems to be interesting to develop new arguments
in order to analyze the critical problem in general domains.

(2) The case ¢ > 2* — 1, is also interesting including for radial domain (when

N > 3). Notice if we set
| veps
Su(R) = o

= i1r1f1 ) o 5
PEW (/ de) q
Br(0) d

then S(R) = 0 for all R > 0. However it is not clear how to prove that the
unique “bounded” solution is 0.
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