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Abstract

Factor graphs provide a unified framework for the discussion of constraint satisfaction problems (CSPs)
like boolean satisfiability or graph coloring, communication through noisy channels using e.g. LDPC
or LDGM codes, statistical inference tasks like community detection, and spin glasses such as the
Potts or the p-spin model. However, their most intriguing feature is that these objects are both
versatile and conceptually simple.

Intuitively, a factor graph G is a bipartite graph. The nodes are given by variables and factors,
and each factor is equipped with a weight function, whose arity agrees with the factor degree. Values
assigned to the variables of G are communicated through the edges of the graph to the factors, which
then allows to evaluate the weights. The total weight g (o) of an assignment o is then the product
of the individual weights over all factors.

Variants of factor graphs were developed and studied independently in mathematics, physics and
computer science since the 1960’s, up until the discovery of similarities in the model and problem
descriptions in the 1990’s. Subsequently, the fusion of the available methods, both rigorous and
non-rigorous, and of the established approaches led to major breakthroughs in the field.

We study phase transitions in random factor graph models, that is we specify a distribution on
(factor) graphs with n variables, such that the (expected) factor to variable ratio has the desired
asymptotic behavior as n grows large. Then, we analyze the limiting behavior of quantities derived
from the random graph as functions of the factor to variable ratio. For a given ratio, a phase transition
occurs whenever the limiting behavior significantly changes at this point (e.g. a discontinuity).

We exclusively consider graphs with weight functions of constant arity, or equivalently k-wise
interactions for fixed k, and finite constant variable domains, so all weight functions are of the form
{1,...,¢}* — Rs¢. Further, we only discuss the arguably most widespread models, the (binomial
or uniform) Erdés—Rényi and the (uniformly) random regular factor graph. The key quantity of our
discussion is the partition function Z(G) = >, ¥¢(0), i.e. the sum of the total weights (o) over
all assignments o € {1,...,q}" to the n variables under the factor graph G.

In the first part of this thesis we consider the Erdés—Rényi model at positive temperature, meaning
that all weights are strictly positive. Under mild assumptions on this model, denoted by G, we estab-
lish the location of the condensation threshold a. € Rxg, that is for all (limiting) factor to variable
ratios a € [0, o] below the threshold, the unruly quenched free entropy (density) coincides with the
very accessible annealed free entropy (density), i.e. lim, o E[1 In(Z(G))] = limy,, £ In(E[Z(G))),
while for ratios a > «. above the threshold the quenched free entropy is strictly smaller than the
annealed counterpart. We establish this result by proving that the quenched free entropy of the
planted model converges to the supremum of the corresponding Bethe free entropy, which with some
additional effort further allows to establish the limiting mutual information (for graphical channels)
and the information-theoretic threshold (for community detection). Due to significantly weaker as-
sumptions and stronger (quantified uniform) results, this part is devoted to a direct generalization
and strengthening of the results by Coja-Oghlan, Krzakala, Perkins and Zdeborova in 2018.

The location of the condensation threshold in this generality is still an open problem if the weights
may vanish, specifically for CSPs, where the weights only take values in {0,1}. In this context, the
condensation threshold is conjectured to be responsible for the easy to hard transition, that is below the
threshold solutions can be found easily, using local search methods, while finding solutions efficiently
above the threshold may not be possible at all or require advanced techniques like survey propagation.
In the remainder of this thesis, we turn to the satisfiability thresholds of CSPs, that is below the
threshold there exist solutions (with high probability) and hence they can be found in exponential
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time, while above the threshold the solution space is empty, hence no algorithm finds solutions in
this regime. Deriving general results for these thresholds is very ambitious, so we confine ourselves to
specific problems. In the second part of the thesis we discuss implications of the satisfiability threshold
for perfect matchings in hypergraphs, which has been established by Kahn in 2022. Moreover, Kahn
showed that this threshold coincides with the threshold for the existence of isolated vertices in a
very strong sense, that is, in the standard hypergraph process formulation the hitting time for the
disappearance of the last isolated vertex coincides with the hitting time for the existence of a perfect
matching (and the bounds on the hitting time yield the location of both thresholds). Riordan,
extended by Heckel in 2021, used an ingenious coupling to derive the threshold for k-clique factors,
that is a set of disjoint cliques of size k in the graph such that every vertex appears in exactly one
clique, from the perfect matching threshold. We use Kahn’s hitting time result to strengthen Riordan’s
and Heckel’s result, by establishing that the hitting time for the k-clique factor coincides with the
hitting time for the k-clique cover, i.e. a set of k-cliques in the graph such that every vertex appears
in at least one clique. These results are not only of interest in their own right, they also illustrate
how closely thresholds may be related and that very involved problems can possibly be reduced to
significantly simpler problems, e.g. by checking for necessary conditions.

In the last part of this thesis we turn to an extension of the perfect matching threshold for random
regular k-uniform hypergraphs. This threshold has been established by Cooper, Frieze, Molloy and
Reed in 1998. Both this problem and the existence of exact covers, studied by Moore in 2016, are
equivalent to the 1-in-k occupation problem, i.e. a selection of vertices such that each hyperedge
contains exactly one selected vertex. We discuss the 2-in-k occupation problem and show that the
first moment bound (the root of the annealed free entropy) is tight for all k. In the proof we exploit
the connection of an associated optimization problem regarding the overlap of satisfying assignments
to a fixed point problem inspired by belief propagation, a message passing algorithm developed for
solving such CSPs.
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Zusammenfassung

Faktorgraphen bieten eine einheitliche Modellierungsgrundlage fiir Constraint Satisfaction Problems
(CSPs, auch Bedingungserfiillungsprobleme) wie das Erfiillbarkeitsproblem der Aussagenlogik oder
Graphenfirbung, fiir die Kommunikation iiber einen gestorten Ubertragungskanal, zum Beispiel mit-
tels LDPC oder LDGM Codes, fiir statistische Inferenz-Probleme wie die Gemeinschaftserkennung
und fiir Spin-Glaser wie das Potts- oder das p-Spin-Modell. Insbesondere zeichnen sich diese Objekte
jedoch dadurch aus, dass sie sowohl vielfaltig einsetzbar als auch konzeptionell einfach sind.

Unter einem Faktorgraphen G kann man sich einen bipartiten Graphen vorstellen. Die zwei
Knotenmengen sind Variablen und Faktoren, und jeder Faktor ist mit einer Gewichtsfunktion aus-
gestattet, deren Stelligkeit mit dem Faktorgrad tibereinstimmt. Den Variablen zugewiesene Werte
werden iiber die Kanten des Graphen den Faktoren kommuniziert, wo dann die zugehorigen Gewichte
bestimmt werden. Das Gesamtgewicht ¢g(o) einer Belegung o ist schliefilich das Produkt der indi-
viduellen Gewichte iiber alle Faktoren.

Varianten von Faktorgraphen wurden seit den 1960er Jahren unabhéngig in der Mathematik, der
Physik und der Informatik entwickelt und untersucht, bis in den 1990er Jahren Ahnlichkeiten bei den
Modellen und Fragestellungen bemerkt wurden. Daraufhin fithrte die Zusammenfiihrung bekannter
Verfahren, ob rigoros oder nicht, und etablierter Ansétze zu bedeutenden Durchbriichen.

Wir untersuchen Phaseniibergénge in zufélligen Faktorgraphmodellen, das heifit wir legen eine
Verteilung auf (Faktor-)Graphen mit n Variablen fest, sodass das (erwartete) Verhéltnis von Faktoren
zu Variablen mit wachsendem n das gewiinschte asymptotische Verhalten zeigt. Dann analysieren
wir das Grenzverhalten von aus dem Zufallsgraphen abgeleiteten Gréflen als Funktionen des Faktor-
Variablen-Verhaltnisses. Fiir ein gegebenes Verhéltnis findet ein Phaseniibergang statt, wenn sich das
Grenzverhalten an diesem Punkt mafigeblich dndert (zum Beispiel eine Unstetigkeitsstelle).

Wir betrachten ausschliellich Graphen mit fester Stelligkeit, anders ausgedriickt k-weise Interak-
tionen mit festem k, und endlichem festen Wertebereich fiir die Variablen, das heifit alle Gewichtsfunk-
tionen sind von der Form {1,...,¢}* — R>q. AuBerdem besprechen wir nur die wohl am weitesten
verbreiteten Modelle, den (binomialen oder gleichverteilten) Erdés—Rényi- und den (gleichverteil-
ten) zufélligen reguliren Faktorgraphen. Unsere besondere Aufmerksamkeit gilt der Zustandssumme
Z(G) =Y ,v%a(0), also der Summe der Gesamtgewichte ¢g (o) iiber alle Belegungen o € {1,...,q}"
der n Variablen im Faktorgraphen G.

Im ersten Teil der Dissertation widmen wir uns dem Erdés—Rényi-Modell bei positiver Tem-
peratur, was bedeutet, dass alle Gewichte strikt positiv sind. Unter sehr schwachen Modellan-
nahmen bestimmen wir den Kondensationspunkt o, € R>q, das heifit, fiir alle Faktor-Variablen-
Verhiéltnisse a € [0, a.| unter dem Schwellwert stimmt die eigensinnige Quenched Free Entropy (Den-
sity) mit der sehr zugénglichen Annealed Free Entropy des zufilligen Faktorgraphen G {iberein,
also limy, o0 E[2 In(Z(Q))] = limy—e0 + In(E[Z(G)]), wiihrend fiir Verhéltnisse o > ac iiber dem
Schwellenwert die Quenched Free Entropy strikt kleiner ist als die Annealed Free Entropy. Wir
iiberzeugen uns von diesem Ergebnis, indem wir beweisen, dass die Quenched Free Entropy eines
verwandten, gewichteten, Modells gegen das Supremum des entsprechenden Bethe-Funktionals kon-
vergiert, was mit etwas zusétzlichem Aufwand die Bestimmung des Grenzwertes der gegenseitigen
Information (fiir eine Klasse von gestérten Ubertragungskanilen) und des informationstheoretischen
Schwellenwertes (fiir Gemeinschaftserkennung) erméoglicht. Wegen wesentlich schwéicherer Annahmen
und stirkeren (quantifizierten, gleichméfigen) Ergebnissen, widmet sich der erste Teil also der direkten
Verallgemeinerung der Resultate von Coja-Oghlan, Krzakala, Perkins und Zdeborova aus 2018.

Fiir nichtnegative Gewichte ist der Wert des Kondensationspunktes in dieser Allgemeinheit weit-
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erhin unbekannt und damit insbesondere fiir CSPs, bei denen die Gewichte nur die Werte {0,1}
annehmen. In diesem Zusammenhang wird vermutet, dass der Kondensationspunkt fiir den Uber-
gang von einfachen zu schweren Instanzen verantwortlich ist, das heifit, unterhalb des Schwellen-
wertes konnen Losungen, mithilfe lokaler Verfahren, einfach und effizient bestimmt werden, wéhrend
die effiziente Berechnung von Losungen {iberhalb des Schwellenwertes aussichtslos, oder zumindest
auf konzeptionell anspruchsvollere Methoden wie Survey Propagation angewiesen ist. Im weiteren
Verlauf dieser Dissertation befassen wir uns mit dem Schwellenwert fiir Erfiilllbarkeit von CSPs.
Unter dem Schwellenwert existieren also (mit hoher Wahrscheinlichkeit) Losungen und kénnen in
exponentieller Laufzeit bestimmt werden, wihrend der Lésungsraum iiber dem Schwellenwert leer ist
und dementsprechend kein Algorithmus Losungen berechnen kann. Allgemeine Ergebnisse fiir solche
kritischen Werte zu beweisen, ist sehr ambitioniert und daher beschrinken wir uns auf spezifische
Probleme. Im zweiten Teil dieser Dissertation besprechen wir Implikationen der Schwellenwerte fiir
perfekte Matchings in Hypergraphen, die letztes Jahr von Kahn bestimmt wurden. Dariiber hinaus
zeigte Kahn, dass der Zusammenhang dieser Schwellenwerte mit den Schwellenwerten fiir die Existenz
von isolierten Knoten sehr tiefgehender Natur ist, namlich dass die entsprechenden Ubergangszeiten
im gewohnlichen Hypergraphenprozess iibereinstimmen (und die Schranken an die Ubergangszeiten
die Schwellenwerte implizieren). Riordan, erginzt durch Heckel im Jahr 2021, benutzte ein brilliantes
Coupling, um aus Kahn’s Schwellenwert fiir perfekte Matchings den Schwellenwert fiir k-Cliquen-
Faktoren abzuleiten, also eine Menge von disjunkten Cliquen der Grofle & im binomialen Zufalls-
graphen, sodass jeder Knoten in genau einer Clique enthalten ist. Wir verwenden Kahn’s Ergebnis
fiir die Ubergangszeiten, um Riordans und Heckels Ergebnis zu verstirken, indem wir zeigen, dass
im gewohnlichen Graphenprozess die Ubergangszeit fiir k-Cliquen-Faktoren mit der Ubergangszeit
fiir die Existenz einer k-Cliquen-Uberdeckung iibereinstimmt, also einer Menge von k-Cliquen im Zu-
fallsgraphen, so dass jeder Knoten in mindestens einer Clique enthalten ist. Diese Ergebnisse zeigen
also insbesondere auf, dass solche kritischen Werte sehr eng miteinander verbunden sein kénnen und
dass sehr komplizierte Probleme unter Umsténden auf sehr viel einfachere Probleme reduziert werden
kénnen, zum Beispiel durch das Uberpriifen von notwendigen Bedingungen.

Im letzten Teil dieser Dissertation wenden wir uns der Verallgemeinerung der Schwellenwertergeb-
nisse fiir perfekte Matchings im zufélligen reguléren k-uniformen Hypergraphen zu. Dieser kritische
Wert wurde von Cooper, Frieze, Molloy und Reed im Jahr 1998 bestimmt. Sowohl dieses Problem
als auch die von Moore im Jahr 2016 untersuchten exakten Uberdeckungen sind dquivalent zum 1-
in-k Occupation-Problem, also eine Auswahl von Knoten, sodass jede Hyperkante genau einen dieser
Knoten enthélt. Wir besprechen das 2-in-k Occupation-Problem und zeigen, dass die durch die er-
wartete Anzahl von Losungen gegebene Schranke (die Nullstelle der Annealed Free Entropy) scharf ist,
fiir alle k. Unser Beweis erfordert die Losung eines Optimierungsproblems beziiglich der Uberlappung
von zwei Losungen des Occupation-Problems, welches wir auf ein Fixpunktproblem reduzieren, das
von Belief Propagation inspiriert ist, ein fiir die Losung solcher CSPs entwickelter Message-Passing-
Algorithmus.
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1 Introduction

We motivate and prepare the upcoming formal discussion, and define central notions, including con-
straint satisfaction problems, phase transitions, satisfiability thresholds and factor graphs. Next to
illustrating the broad scope of applicability, the presented examples introduce the relevant models
and existing results that are extended in this work.

1.1 Constraint Satisfaction Problems

Right from the definition, it will be obvious that constraint satisfaction problems (CSPs) are both
conceptually simple and immensely useful in practice. An instance C' of a CSP is given by n variables
[n] = {1,...,n} taking one of ¢ values [¢] on the one hand, and m constraints [m] on the other, where
each constraint a € [m] is equipped with a set V, C [n] of involved variables and a set S, C [q]¥=
of satisfying assignments. An assignment o € [g|" is a solution of C' if for all a € [m] we have
(04)iey, € Sa, i.e. the assignment o satisfies each constraint a.

Given C, there is a number of associated problems. First and foremost, we have the problem
of identifying a solution, and the closely related decision problem if a solution even exists. On a
more granular level, we may attempt to determine the entire solution space, and in particular the
number of solutions. Whether solutions exist or not, we may ask for one (or all or the number of)
assignments that satisfy the maximum number (or at least a specified number) of constraints. All
of these problems, including the decision, the enumeration and the optimization version, are NP-
complete in general, meaning that we assume that it will take exponentially long (in terms of n) to
solve any of these for some instance.

We illustrate these concepts using a well-known problem from graph theory, namely coloring. To be
specific, we consider the decision problem ¢-COL if a given graph with n vertices and m edges admits a
proper coloring with g colors. An instance of ¢-COL is just a graph G, which is, formally, equipped with
an (irrelevant) order (eq)qefm) of the edges, the involved variables being the edge e, = {ia,ja} C [7],
and the satisfying assignments being S, = {7 € [¢]®* : 73, # 7j,}. Now, the solutions of G in the sense
above are exactly the proper colorings of G. Thus, the decision problem asks if G is g-colorable, the
enumeration problem asks for the number of such colorings and the optimization problem asks for a
not necessarily proper g-coloring of G with as few monochromatic edges as possible. We know that
also the subclass ¢-COL of all CSPs is NP-complete for ¢ > 3. Another classic NP-complete example
is the exact cover problem in hypergraphs. Recall that the hyperedges of a k-uniform hypergraph
H = ([n],€) with |€] = m are k-subsets £ C ([Z]), where ([Z]) ={FE C [n]:|E| = k}. A solution of the
exact cover problem is a subset V C [n] of the vertices such that each hyperedge E € £ is incident to
exactly one vertex in V. In the CSP version of this problem we choose ¢ = 2 over the values {0, 1},
i.e. a binary CSP. Then, we associate the constraints with the hyperedges E € £ as for ¢-COL, thus
the involved variables are F, and the satisfying assignments are {7 € {0,1}¥ : ||7||; = 1}, where | - ||,
for 7 € [1,00] is the r-norm on R?. Clearly, the solutions o € {0,1}" of H are exactly the indicators
of the solutions V = o= 1(1) C [n].

However, CSPs and subclasses thereof are not only present in graph theory. A detailed overview
of both CSPs and their applications in discrete mathematics, complexity theory, physics, artificial
intelligence, image processing, mechanical engineering, transportation, scheduling, natural language
processing, robotics, biology and more can be found in [85, 118, 8], 124] and references therein.
Since these problems appear in so many disciplines, but are so hard to tackle in both theory and
practice, a great amount of research over the last centuries and in particular the last four decades is
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devoted to separating easy from hard instances, respectively to identifying structural properties that
are responsible for this hardness. One approach is to systematically identify subclasses of CSPs and
instances for which the decision problem can be solved, say hypergraphs with maximum degree 1 for
the exact cover problem, or the enumeration and optimization versions are tractable.

1.2 Random CSPs, Phase Transitions and Satisfiability Thresholds

We follow another line of research, where we equip the instances of (a subclass of) CSPs with proba-
bility distributions, usually for fixed n. For example, this allows to determine whether solutions exist
for most instances in a rigorous manner, or to determine the average number of solutions. The cer-
tainty that CSPs over a small number n of variables can be eventually dealt with using computational
power, combined with the simplifications that arise from the restriction to asymptotics, steers our
focus towards large n. Now, a fairly weak version of the decision problem asks if most instances are
satisfiable, in the sense that the probability that a solution exists tends to 1 as n increases.

This approach was introduced by Erdés and Rényi in their seminal paper [47], where they discussed
the decision problem if a giant component exists. To be specific, consider the (uniform) Erdés-Rényi
graph G, ,, which is obtained by choosing a set of m edges from ([g]) uniformly at random. For a
given average degree d € R>¢ let P;(n) be the probability that there exists a (connected) component
in G, where m = [dn/2] = maxZ<gy s, of size at least \/n. The results of [47, 57] suggest that
there exists a sharp phase transition at d = 1, that is, for d > 1 there exists a component of size at
least \/n with high probability (whp), meaning lim,, ,~, Py(n) = 1, and for d < 1 there exists no such
component whp, meaning lim,,_,, Py(n) = 0.

Ever since, such phase transitions have been established for various problems, a rather recent
prominent example being the satisfiability threshold for random k-SAT for large & [40]. Not only the
existence, but also the location of the satisfiability threshold for ¢-COL, that is, a critical average
degree d. € R such that G, ,, is g-colorable whp for d < d. and G, is not g-colorable whp for
d > d., are conjectured for decades, but still outstanding [14].

Moreover, such results have not only been extended to other problems, but to other models as well.
Both the uniform and the closely related binomial Erdos-Rényi graph have been discussed since the
50s, and have subsequently been generalized to the uniformly random k-uniform hypergraph, where
a set of m hyperedges in ([Z]) is drawn uniformly at random, and the binomial k-uniform hypergraph,

where each hyperedge in ([Z]) is included independently with the same probability. The third standard
model is the random d-regular k-uniform hypergraph, which is chosen uniformly at random from the
set of all d-regular k-uniform hypergraphs, i.e. hypergraphs with hyperedges in ([Z]) such that each
vertex is incident to exactly d hyperedges. As opposed to the other two closely related models, this
model is far more rigid and usually requires additional or different arguments. However, also for this
model, methods have been developed that allowed to rigorously locate satisfiability thresholds, one
example being the exact cover [96, [36] introduced above.

1.3 Factor Graphs

Now, we turn to the representation of CSPs using factor graphs. For this purpose, fix the number ¢
of values, the total number n of variables as before, and further let m be the number of factors, which
can be thought of as generalized constraints. Each factor a € [m] is equipped with an arity k,, an
ordered neighborhood v, € [n]*s and a weight function 1, : [¢]** — R>g. This determines the factor
graph G = (vg,%4)a, where we keep the number n of variables implicit. Depending on the context,
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Ois

(a) Factor Graph Visualization (b) Factor Graph With Ordered Neighborhoods

Figure 1: On the left, we see a factor graph for k = 3, where the rectangles and circles depict the
factors and variables respectively. The weights and the neighborhood orders are kept implicit. The
figure on the right shows the same factor graph, with explicitly modeled ordered neighborhoods.

the factor graph G can be thought of as a bipartite graph (cf. Figure , with the vertices given by
the variables [n] and the factors [m], or as a hypergraph, with variables as vertices and factors as
(labeled) hyperedges. The weight of an assignment o € [¢]™ under G is

v6(0) = ] walow), ov=(0um),cpy v € 01"
a€m)]

Assuming that for all a the weight function 1, : [¢]*s — {0,1} is an indicator, we recover an instance
of a CSP where the constraint a € [m] involves the variables V, = {v,(h) : h € [k,]} and is satisfied
by Sa = {7 € [¢]V* : Ya((Tu,(n))hepr)) = 1}- Usually, here we also consider k, distinct variables Vg,
so the arity kg = |V, is the number of involved vertices. Notice that the weight (o) € {0,1} of
o € [g]" indicates if o is a solution to the CSP, so the solution space is simply @/;51(1).

The values [q] are also referred to as spins or colors, the variables [n]| as particles and the as-
signments o € [¢]" as (spin) configurations or spins. Another key quantity is the partition function
Z(G) = Y pelgn Ya(0), or the number of solutions in the context of CSPs. If the partition function

is positive, the Gibbs measure or Boltzmann distribution pg : [¢]" — R0, 0 — %CE(G‘T)), is closely

related to structural properties of the solution space in the context of CSPs. Hence, this simple model
captures all relevant aspects of CSPs regarding the problems in Section [1.1

For example, to model ¢-COL we let k, = 2, further let the involved variables V, # V}, be distinct,
and let the two variables v, = (v4(1),v4(2)) be distinct, to ensure that G reflects a simple graph,
where v, € [n]? represents an edge. The appropriate weight 1, (7) = 1{7; # 72} indicates if the colors
of the endpoints are distinct, further 1)¢(o) indicates if o € [¢]™ is a proper coloring and Z(G) is the
number of proper g-colorings of G viewed as a graph.

We proceed similarly for the exact cover, using ¢ = 2, colors {0,1}, and 1,(7) = 1{||7]1 = 1}.
However, for this example there are two prominent ways to map the factor graph to a hypergraph. As
above, we may map the variables to the vertices and the factors to the hyperedges, enforcing distinct
involved variables V, # V, and distinct neighbors (v4(1),...,v4(k)). Then, a solution o € ¥5*(1)
corresponds to an exact vertex cover ¢~ '(1) C [n], i.e. each hyperedge V, is incident to exactly one
vertex in ¢~!(1). On the other hand, we may map the variables to the hyperedges and the factors
to the vertices, so here we would enforce distinct neighborhoods F; = {a € [m] : ¢ € v,([k])} and
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unique neighbors, i.e. [u;1(i)] = 1 for a € F;. Now, a solution ¢ € ¥5*(1) corresponds to a set
M = {F; : i € 071(1)} of hyperedges, such that each vertex a € [m] is incident to exactly one
hyperedge in M — thus, the solutions are perfect matchings.

1.4 Factor Graph Models and Applications

Analogously to the discussion in Section [I.2] we introduce some well-known distributions on general
factor graphs in Section The related teacher-student model is introduced in Section where
the random graph prefers a large weight on a specific assignment. In Section we discuss phase
transitions and thresholds, like the satisfiability threshold in Section [I.2] for general factor graph
models. Then we introduce several applications of factor graphs, to motivate the generalization. In
Section [1.4.4] we introduce spin glass models from physics, and the stochastic block model in Section
1.4.5] which is prominent in statistics, machine learning and network science. In Section [1.4.6| we
discuss examples from coding theory.

1.4.1 Random Factor Graph Models. As for (hyper-) graphs and as motivated above, we also
consider random factor graphs. The uniform Erdés-Rényi model is given by the following parameters.
The number ¢ > 1 of colors.

The arity k£ > 1.

« A random weight function 1 : [¢]* — R>¢ with law p.

e The number n > 0 of variables.

e The number m > 0 of constraints.

The uniformly random factor graph G, ;m = (Va, ¥a)eelm) 13 obtained by choosing all neighborhoods

v, € [n]¥ uniformly at random, and 4, from p, all mutually independent. The closely related binomial
factor graph G, for w € [0, 1] is obtained by including each neighborhood v € [n]¥ with probability
7 and a weight function 4, from p for each (included) neighborhood, all mutually independent. For
CSPs, we would usually replace [n]* by the subset of pairwise distinct variables, or even by unordered
neighborhoods ([Z]), depending on the context. Moreover, as discussed above, we would usually
enforce that the neighborhoods are distinct. These restrictions can be achieved by conditioning on
the respective events and lead to the desired standard models. However, for the sake of brevity we only
consider possibly duplicate neighborhoods [n]k unless stated otherwise and postpone the extension to
the other models. Finally, for a degree d > 0, the random regular factor graph G,, 4 (with possibly
duplicate neighborhoods) is obtained from the uniform factor graph G, ,, over ([Z]) by conditioning
on the event that all variable degrees [{a € [m] : i € v,}| for i € [n] are equal to d, or alternatively
by choosing a (d, k)-biregular graph uniformly at random and equipping it with weights as above (if
this is well-defined).

1.4.2 The Teacher-Student Model. The three factor graph models introduced so far are unbiased,
in the sense that there is no preference of certain neighborhoods or weights inherent to the model,
relative to the law p. While these are the most prominent distributions for random CSPs, other
relevant distributions have emerged over the decades. A particularly prominent family is the planted
model, where we consider the random factor graph conditional to the event that a specific assignment
o € [¢]™ is a solution. In this context, the three unbiased random factor graphs introduced so far are
the null models, while the planted models generalized from CSPs, where the weights are indicators,
to general factor graphs are given as follows.

For an assignment o € [q]", the ground truth, and the uniform null model G, ,,, whenever the
weight is positive with positive probability P(¥q, ,,(c) > 0) > 0, the teacher-student model, or
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planted model, G7, (o) is given by the Radon-Nikodym derivative G +— ¥ (0)/E[¢q, ,,(o)] with
respect to G, . The planted model for the regular null model G, 4 is defined analogously. For the
binomial null model G, -, we take a slightly different approach to maintain independence. Let (v, )
be independent, with v uniform from [n]* and 4 from p. If we have E[1)(o,)] > 0, then the planted
model G}, (o) is obtained by independently including each neighborhood v € [n]* with probability

%%EZZHW and the weight is given by the Radon-Nikodym derivative ¢ — v (0,)/E[¢(0,)] with respect
to ¢. Notice that the expected number of factors in both the binomial null model and planted model
is n®r, which is the motivation for the scaling with E[1)(0,)] in the definition.

Finally, we consider the uniformly random ground truth o* € [¢]", independent of anything else,
for the same reason that we consider random CSPs, as detailed in Section Further, we choose the
uniform distribution for o* because in most assignments all colors appear roughly the same number
of times, and because this is consistent with the partition function Z(G) = >, ¢¥¢ (o) = ¢"E[pa(o™)].

The planted model has already been mentioned in the seminal paper [47] by Erdés and Rényi,
and has accompanied the null model ever since. In the context of CSPs, the planted model serves as
a tool to focus on (typical) factor graphs that admit a specific solution, to analyze their structural
particularities, their solution spaces, to compare them to factor graphs admitting a different solution,
and to compare them to factor graphs from the null model. Inspired by the cavity method from physics
and based on rigorous results for a large class of CSPs [32], for CSPs that are not biased towards
specific colors we assume that (o*, G}, ,,,(0*)) and (og, ., Gnm), Where og with probability mass
function pg are the Gibbs spins, are very similar for sufficiently small constraint densities, mutually
contiguous to be precise, that the partition functions Z (G, ) and Z(Gj, (")) are comparable and
tightly concentrated, amongst other properties — in a nutshell, the planted model with the ground
truth can be used to analyze the null model and its solution space through the Gibbs spins. For
larger constraint densities, the planted model significantly differs from the null model. The reason
is that factor graphs with many solutions are preferred in the planted model since any such solution
can serve as ground truth, and the impact of this bias is significant for larger densities. The same
reasoning holds for general factor graphs [30] [32].

1.4.3 Phase Transitions. Next to the very intuitive satisfiability threshold in Section based
on the discussion in Section we assume that another phase transition occurs, in general factor
graphs, at the condensation threshold. A formal definition, discussion and rigorous results can be
found in [30, B3, B2]. Also further phase transitions are conjectured, for example at the clustering,
rigidity and freezing threshold. An excellent overview can be found in [58| [94].

Proving the existence, let alone the location, of phase transitions in factor graph models is highly
non-trivial even for fairly simple specific problems. Celebrated contributions establishing such tran-
sitions and the behavior of related quantities, include the quenched free entropy (density) for the
Sherrington-Kirkpatrick model [123], inspired by the replica method [106], verifications of physics
predictions [79, [78, [60] for channel coding, results [3], [43] for the limiting mutual information in the
stochastic block model (SBM), the freezing threshold [88] and the condensation threshold [18] for
¢-COL, for large enough ¢, as well as the satisfiability thresholds for A--NAESAT [35] and k-SAT [40],
for large enough k, and all inspired by the cavity method. Next to such problem specific discus-
sions, also problem independent results were derived. However, a truly general theory is non-existent,
certain cases still have to be distinguished. We focus on the (almost) sparse regime, that is, the
number of (hyper-)edges is (almost) linear in the number of vertices. Within this regime, we focus on
Erdés-Rényi type and regular factor graphs as introduced in Section [[.4.1

The seminal paper [54] proves the existence of certain phase transitions. The results in [33]
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establish not only the existence [4], but also the exact limit of the mutual information, the closely
related quenched free entropy, moreover the limit of a certain relative entropy and the (standard)
quenched free entropy up to the condensation threshold, and also a qualitative description beyond the
threshold, all at positive temperature. These results were subsequently extended and improved under
partially weaker, partially stronger, and other assumptions in [30], to determine limiting distributions,
to compare and characterize thresholds and bounds, and establish mutual contiguity of models, which
is highly useful for a number of applications. The contribution [32] further extends these results to
zero temperature, which is e.g. crucial for CSPs.

Rigorous results for satisfiability thresholds at zero temperature for CSPs do not exist for larger
classes of models, but a few specific thresholds have been established [85]. A rather recent result
is the perfect matching threshold for the Erdés-Rényi hypergraph [7I]. In fact, the result is even
stronger in that it establishes that the hitting time for the existence of a perfect matching coincides
with the hitting time for the existence of a hyperedge cover whp, in the corresponding hypergraph
process. The location of this threshold was successfully translated to the threshold for the existence
of a k-clique factor in the Erdés-Rényi graph using an ingenious coupling [113] [63].

Satisfiability threshold results for the regular hypergraph also include the perfect matching thresh-
old [36], or equivalently the exact cover threshold [96], amongst others [89, [17, 73] [29] 4T} [42].

1.4.4 Spin Glasses. A very influential concept that fueled the intuition for a plethora of results and
gave rise to countless conjectures, is the cavity method and the closely related replica theory from
physics, the foundation of spin glass theory [87, 85| [77]. For simplicity, we focus on spin glasses that
correspond to the uniformly random factor graph from Section [I.4.1] for now.

Let e : [¢]* — R be the random energy for given spins 7 € [¢]*, then the Hamiltonian E :
[g]" — R is the energy E(0) = 3 e €a(0w,) of the spin configuration o € [¢]", where G, =
(Vas €a)ac[m) is obtained by independently choosing v, uniformly from [n]* and e, from e. For a
given inverse temperature § € R>q the weight of o € [¢]" is ¢Ygq,, ,..8(0) = e PE(@)  the partition
function is Zg,, ,,(8) = X5 Ya, m.5(0) and pa, . 5(0) = Ve, ...8(0)/Za, . (B) defines the Boltzmann
distribution. Hence, for given e and 3, this model is equivalent to the factor graph model given
by (1) = e Pe(T) € Ryy. This defines a diluted mean-field spin glass model, that is, we do not
(necessarily) consider all possible combinations [n]¥, and all neighborhoods are equally likely to be
considered. We further focus on the sparse case as before, where the number of factors is linear in
the number of particles, and fix m = |[dn/k] for given d € R>¢. This model represents microscopic
variables (e.g. atoms or electrons) and their interactions, but in this context we are mostly interested
in macroscopic properties (e.g. locations of glass transitions). Hence, similarly to CSPs we focus on
the thermodynamic limit, that is, the asymptotics in n for fixed § and d. As opposed to CSPs, for
the definition of phase transitions we usually keep d fixed and consider a variation of 3.

Here, the two limiting cases 8 = 0 and 8 — oo deserves special attention. The infinite-temperature
limit 5 = 0 corresponds to total chaos, meaning that there is no interaction between the particles
[n], or formally, that the contributions Se, = 0 are trivial. On the other hand, the zero temperature
limit f — oo mimics the case that the weight 1 (7) = e Pe(") may vanish. While this does establish a
connection to the previously discussed CSPs, which is used in applications (e.g. simulated annealing),
it is highly non-trivial to determine whether the limit 5 — oo can be used to analyze the model at
zero temperature, i.e. the model for g = oc.

To illustrate the phase transitions and the zero-temperature limit in spin glasses, we consider



1. Introduction 7

the arguably most studied quantity, the free entropy (density) ¢nm(8) = LIn(Zg, .. (5))E| The
conceptually simple example e € {0, 1} almost surely is not only typically used to approximate CSPs,
but also serves as a reasonable base case, for which we notice that ¢, n(5) € [In(q) — B%",ln(q)]
almost surely, i.e. this quantity remains bounded in the thermodynamic limit. In general and under
weak assumptions, the free entropy is self-averaging, that is, it concentrates around the quenched free
entropy @qn,m(8) = E[¢pnm(5)]. Here and in the following we restrict to spin glasses for which the
discussed quantities are well-defined and finite. In particular, we also assume that this holds for the
annealed free entropy ¢a,nm(8) = 2 In(E[Zg,, . (8)]), as well as the limits ¢q.q(3) = limy—cc Gqn,m(5)
and ¢, q(8) = limp—00 Gan,m(B){| Similar to the discussion in Section for sufficiently high
temperatures we expect the partition function to be sharply concentrated (we even have Zg,, . (0) = ¢"
almost surely), and in particular that ¢qq(5) = ¢a,4(5). The latter is very convenient since the
annealed free entropy can be easily computed. For sufficiently small average degrees d, say no factors,
the quenched and annealed averages even coincide for all temperatures. However, as before, we expect
that this ceases to be true for larger densities, and that a phase transition occurs. For this purpose,
as indicated in Section we consider the teacher-student model Gy, ,, (o) using the established
representation of the spin glass as a factor graph, and let ¢Z,d(5) = limn_ﬂx,E[% In(Zg: (0+)(8))]-
For not too small d we expect the condensation threshold f.(d) = inf{3 € R>¢ : ¢a4(5) < %bg’d(ﬁ)} to
be in Rsg, further ¢qa(8) = daa(B) = 6% 4(B) for B € [0, Be(d)] and dqa(B) < daa(B) < 6 4(B) for
B > Be(d). For sufficiently well-behaved spin glasses, we expect the following picture. Consider the
threshold d. = inf{d € R>¢ : B.(d) < oo} at zero temperature. For d < d. we expect to have S.(d) =
0o, and for d > d. the curve f.(d) € Rsg is continuous and non-increasing, thereby separating the
replica-symmetric regime on the bottom-left from the condensation regime on the top-right. Further,
next to the accessible annealed free entropy ¢a,q(3), also the limit ¢7 ;(8) has been established for a
large class of models [33][30], which facilitates the computation of 5.(d). Usually for e € {0,1} almost
surely, we also consider the spin glass at zero temperature, i.e. § = 0o, which is a CSP. Using minor
modifications’, we may consider the free entropies ¢qq(00), @ad(o0) and @7 ;(o0). For a large class
of models, it has been established that these are the limits of the positive temperature free entropies
and that the threshold d. is the condensation threshold d. = inf{d : ¢, 4(00) < ¢q4(c0)}[32]. So,
next to the importance of the free entropy for spin glasses, where it is e.g. crucial for the analysis
of the Boltzmann distribution and the identification of ground states, meaning minimum energy
configurations, the free entropy at positive temperature can also be used as an approximation of the
free entropy at zero temperature, i.e. a rough estimate for the size of the solution space.

1.4.5 Stochastic Block Model. Community detection in the stochastic block model (SBM) re-
ceived considerable attention over the last decades [I], [97], in particular since the seminal paper [38].
The problem is stated as follows. For fixed weights w = (wg,w1) € R, and a fixed ground truth
o € [q]", we choose a graph G, ,,(0) on n > ||w|« vertices by including each edge {u,v} indepen-
dently with probability <% if o, = 0, and probability 7! otherwise. Now, a teacher samples a ground
truth o* uniformly from [¢]", then the graph G’,"%w(a*), and reveals the graph to a student who is
tasked to recover (as much information as possible about) the ground truth from the graph (knowing
the model parameters). This recovery problem is usually subdivided into the following types: exact

'The free energy f%¢n,m(5) is more common than the free entropy introduced in [85].

*Establishing merely the existence of the limiting quenched free entropy is already highly non-trivial [62} 53] 4] and
still open in many cases.

3The free entropy may not be finite, so we replace 1 In(Z) by related quantities like £ In(Z +1) or Z'/™ [32], or avoid
the expectation and consider ¢, »(co) directly [33].



8 1.4. Factor Graph Models and Applications

recovery, almost exact recovery, partial recovery and weak recovery [I]. Another problem which is
closely related to weak recovery, is the distinguishability problem. Here, the teacher flips a fair coin
c € {0,1} and then chooses a graph from G}, ,,(*) for ¢ =1, and the standard binomial graph G,

for ¢ = 0, where each edge is included with probability p = % + (q_q#. Now, the student has to
guess the value of ¢ from the observed graph, with high probability.

This model can be (asymptotically) captured by the binomial factor graph from Section with
arity k = 2 over neighborhoods ([3]), where the null model takes the role of the reference distribution
G, and the teacher-student model G, . (o*) the role of the stochastic block model. Recall the
discussion in Section There, we argued that for sufficiently small average degrees d the planted
model can be used to approximate the null model. Here, this means that the student cannot distinguish
the models. To further deepen the connection using the CSP perspective, corresponding to wg = 0,
for small average degrees the solution space covers almost all of [¢g]” in almost all graphs (in both
models since they are similar), and any such solution might be the ground truth, equally likely, so
we cannot extract any significant information about the ground truth. On the other hand, for large
average degrees, as argued before, the null model and the planted model cease to be similar due
to the fluctuation of the number of solutions. Further, the smaller solution spaces shatter into not
too large (symmetric) clusters, which allows the student to make a guess that performs better than
an entirely random guess. Thus, the replica-symmetric regime which is desirable for CSPs and spin
glasses, is catastrophic in terms of statistical inference, since in this region both weak recovery and
distinguishability are information-theoretically impossible. While this picture is still non-rigorous in
general, the distinguishability threshold, the weak recovery threshold and their equivalence to the
condensation threshold were rigorously established in [33], 30, B2] for the disassortative case, that is,
for the case where wy > wg.

1.4.6 Coding Theory. First, we focus on the following example from channel coding, namely
low-density generator matrix (LDGM) encoded communication through a binary symmetric channel
(BSC). A priori, we choose the generator matrix M € {0,1}™*" by choosing k positions for the
1’s uniformly at random from [n], independently for each row. Then, guided by a reasoning similar
to Section and Section we consider a stream of independent uniform input bits for the
communication, which we partition into blocks of size n for the encoding process, a strategy commonly
used for block codes. Let x € {0,1}" be one such input message, drawn uniformly at random.
Encoding the message & amounts to matrix multiplication with M, over the field Fs, resulting in the
codeword y = Ma € {0,1}™. Now, the encoded bits y are communicated through the noisy BSC,
which means that each bit is flipped independently with probability € € (0,1/2) (given y), and results
in the scrambled output z € {0,1}™.

Clearly, the purpose of communication is to convey as much information as possible. Here, a widely
used and reasonable measure is the conditional mutual information I(x, z| M) of  and z given the
generator matrix M. Using the data processing inequality, the chain rule for the conditional mutual
information and independence, we obtain the upper bound mec, where ¢ = 1 — H(e)/H(1/2) is the
capacity of the BSC and H(¢) = —eln(e) — (1 —€) In(1 — ¢) is the entropy. In fact, this upper bound
is tight if and only if y € {0,1}" (given M) is uniform. This is indeed the case, whp over M,
for sequences m = m(n) = o(y/n). Now, we fix an average degree d € R>p and let m = |dn/k],
as before. In this sparse regime, the bound mc is out of reach due to the arising dependencies.
However, we may still hope that the normalized mutual information %I (z,z| M) converges to c for
small d. Indeed, there does exist a threshold d. such that lim, ., %I (x,z|M) = c for d < d., and
limy, 00 =1 (x, 2| M) < c for d > d. [33].
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Clearly, the choice of M is reminiscent of the choice of the neighborhoods (in ([Z])) for the null
model, however, it is not immediate how this model relates to the discussed factor graph models. As
it turns out, we can choose the weight v such that, with the other parameters unchanged, the mutual
information I(z, z|M) = I(o*, G}, ,,(6)) coincides with the mutual information of the ground truth
and the teacher-student model. Details can e.g. be found in [33] or further below.

While this model is certainly oversimpliﬁedﬁ from an application perspective, it does allow to
focus on the highly non-trivial discussion of the limiting mutual information, without requiring the
additional, highly non-trivial treatment of desirable degree sequences — thus, since the former is
already involved enough as is, we circumvent the latter. The extension to general degree sequences
can be found in [31].

Next to this somewhat indirect example from channel coding, planted models are also proposed as
one-way functions in cryptography, and used as benchmark tests for SAT solvers. An example for the
former is parity-majority in [32], an example of the latter and the ties to cryptography is discussed in
[19]. Another prominent example is k — LIN(n) [33, 10, 12, 1], and both planted XORSAT and SAT
models are thoroughly discussed in [51].

2 Main Results

Now, we turn to the new contributions established in this work, respectively in the underlying papers
[102, 64, 103]. In Section we extend the results in [33] for the uniform ground truth with applica-
tions in Section [I.4.4] Section [[.4.5] and Section [I.4.6] to the biased case, which manifests as external
fields in spin glasses, as a community size bias in the (generalized) SBM, and as a biased distribution
of the input bits for the LDGM-BAC pair, where the binary asymmetric channel (BAC) covers the
BSC as a special case. The proofs and further discussion can be found in Section

After this discussion of general Erd6s-Rényi factor graphs with strictly positive weights, the posi-
tive temperature case, we turn to a very specific example of the zero temperature case in Section
namely perfect matchings in 3-uniform hypergraphs. To be specific, we pinpoint the location of the
hitting time for a triangle factor in the standard graph process, i.e. the 2-uniform hypergraph, and
relate it to the hitting time for a triangle cover. This result is not only of interest in its own right, the
embedding of the model and the problem into the general framework also gives an interesting perspec-
tive. In particular, next to the practical requirements of the LDGM-BAC pair, also the embedding
of this graph-theoretical model and problem into the general factor graph framework highlights the
importance of further generalizations and the discussion of seemingly unintuitive distributions. The
proofs and further discussion with respect to this result can be found in Section [4]

In Section [2.3] we leave the realm of Erdés-Rényi hypergraphs entirely and move to regular hyper-
graphs, where we extend the existing results for the perfect matching satisfiability threshold [36], 9],
viewed as 1-in-k occupation problem, to the 2-in-k occupation problem. As opposed to the hitting
time result, the embedding of this problem into the general framework is canonical and simultaneously
covers two equivalent problems on hypergraphs. On the other hand, as opposed to the Erdos-Rényi
hypergraph, the rigid structure of the regular hypergraph requires different arguments, that typically
pave the way to the treatment of more complex prescribed degree distributions. Further details and
the proofs for the occupation problems are postponed to Section

“In the relevant sparse regime a linear number of columns in M is likely to be trivial, so a linear number of input
bits are discarded in the encoding.
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2.1 Mutual Information, Entropy and Condensation at Positive Temperature

The results in this section have been established in [I02] and are based on the cavity method [86]
from statistical mechanics, which is closely related to the powerful belief propagation [59, 107] and
survey propagation [25] [83] algorithms as well as the Bethe free entropy [21], [126].

In Section [2.1.1] we motivate the results and present extensions of the applications in Section
Then, we extend the models from Section [1.4] and discuss the main results in Section [2.1.2

2.1.1 Motivation and Applications. In Section we briefly explain the extension of the
unbiased models (without external fields) in Section to biased models (with external fields). In
Section [2.1.1.2] we propose a significant extension of the SBM from Section [[.4.5] as an application,
and in Section [2.1.1.3] we present the LDGM-BAC pair as another application.

2.1.1.1 Biased Ground Truths. As indicated in Section a common assumption in essentially all
previous related works is that the ground truth ¢* is uniform. To build some intuition on why this
choice is so convenient, we slightly extend the SBM from Section for two colors as follows. Now,
we choose o* = (o7); € {0,1}" independently with success probability p. € (0,1). Then, edges within
community ‘0’ are chosen with probability pg, within community ‘1’ with p;, and in between the two
with po1. As discussed in Section [1.4.5] we are interested in weak recovery, knowing pc, po, p1, po1- To
this end, a simple idea is to compute the expected community sizes ng, n; and the expected vertex
degrees dy, dy. For dy < di we may put the ng vertices with smaller degrees into community ‘0’, and
the remainder into the other. However, if the instance is balanced, meaning that dy = d;, we might
not be able to beat a completely random guess. Certainly, the most simple such case occurs when
po = p1 and p. = 1/2, which is exactly the symmetric SBM on two colors from Sectionm However,
the instance may be ‘difficult’, that is, balanced, even if p. # 1/2, and thus recovery may be highly
non-trivial. On the other hand, the assumption that the two communities are symmetric seems overly
restrictive. Similarly, for the LDGM codes from Section the assumptions that the input bits
are uniformly distributed and that the distortion of individual bits is symmetric certainly reflect the
most relevant case, but understanding biased inputs and asymmetric distortions is clearly also highly
desirable. Such symmetry assumptions are omnipresent and necessary in previous works; the absence
of symmetry is not just a technical inconvenience, but introduces fundamentally new phenomena and
requires a different analysis.

Our main contribution here is the development of a general and readily applicable theory for sparse
and not necessarily symmetric factor graph models. Under certain assumptions, we study asymptoti-
cally several key observables that enable us to obtain a fine-grained understanding of important phase
transitions in these models. Specifically, as in [33], we perform a thorough study and determine for-
mulas for central quantities, like the mutual information, the quenched free entropy and the relative
entropy. Additionally, we provide convergence guarantees that are polynomial in the system size,
and uniformly so, under a variation of the model parameters. We further locate the condensation
threshold and derive strong bounds for the quenched free entropy above the threshold. Including
these, our contributions are as follows:

e We cover all reasonable, meaning balanced, pairs of model and ground truth that satisfy our
assumptions (which are significantly weaker than in previous work).

e Both verifying and refuting one of the model assumptions is very hard, since it amounts to the
solution of an infinite dimensional optimization problem. In the spirit of [I05], we present a
broader than ever, and in particular explicit class of models that satisfies this assumption. To our
knowledge, this class covers all models from all contributions that worked with similar assumptions,
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and many, many more. We provide a comprehensive list in Section [3.1.1}

e In previous work, limits have been established. We do not only establish limits, we give convergence
guarantees, and the order of convergence is polynomial. Moreover, we provide error bounds that
are uniform over all model parameters, that is, the expected degree, the ground truth and the
weight distribution. As mentioned above, we further strengthen comparable results.

Before we proceed with the general exposition in the following section, we demonstrate the applicabil-

ity of our results by discussing in more detail two fundamental specific models, whose treatment was

out of reach with current methods. We keep the discussion of the applications as casual as possible
to build intuition for the upcoming formal treatment. Details for the SBM (on hypergraphs) can be
found in Section and in Section for the LDGM-BAC and more general channels.

2.1.1.2 The Stochastic Block Model. The symmetric SBM in Section is a special case of the
following general SBM, where we replace the weights w by a symmetric matrix ¢ € Rq;oq of weights.
Further, fix a ground truth distribution v € P([g]), where P([g]) is the set of all probability measures
over [g]. For a fixed parameter d € R>o, a given number n € Zs gy, of vertices [n] and a ground truth
o € [¢]™ we obtain the graph G*(o) by including each edge {i,j} € ([Z]) independently with probability
%w(ai,oj). The coordinates of the random ground truth o* € [¢]" are identically independently
distributed (iid), with distribution ~, which we denote by o* ~ ~®". The random graph G*(o*) is
the stochastic block model (SBM).

We can easily check if (1,7) is balanced, meaning, check if all vertices in G*(o) have the ‘same’
expected degree for likely o. Assuming the model is balanced, we focus on two accessible types, the
assortative and disassortative SBMs, defined as follows. First, we introduce a hierarchy on the colors
[q], to model how similar they are. A hierarchy with L € Z~ levels is given by partition refinements
C = (Cy)¢, where Cy : [q] — [q] is the color class on level 0 < ¢ < L, such that all colors o € [g] on
level 0 are in the parent class Cy(o) = 1, and colors on level L are separated, i.e. C(0) = o. Partition
refinement means that for each level ¢ € [L] and class ¢ € Cp_1([q]) on the lower level, the classes
C = {Cy(0) : 0 € C;(c)} on the higher level refine ¢, i.e. Uyee C; ' (¢) = C, Y (c). Now, we assign a
weight w (¢, c) € R to each class ¢ € [q] on each level ¢, and let

L
W(0) =Y 1{Ci(o1) = Ci(o)}w(l, Colon)), o € [g]*.
/=0

This is well-defined if ) > 0 (componentwise), and then 1) defines a (hierarchical) SBM. The SBM is
assortative if w(¢,c) > 0 for all £ and ¢ € [g], and disassortative if w(¢,¢) <0 for all £ > 1 and ¢ € [q].
For both types, it’s not only easy to check if (1,~) is balanced, it is easy to exactly determine all
balanced (¢, ) (thanks to nice convexity properties).

The highly non-trivial study of these models received an enormous amount of attention in the
last decade. Driven by the conjectures in the seminal paper [38], a long line [84} 99] 4, [16), [7, 8, 9] of
research iteratively improved the results. A major success was the localization of the thresholds for the
binary balanced symmetric two-part SBM in [100], followed by the celebrated localization of the weak
recovery threshold for the balanced symmetric disassortative two-part SBM in [33], for all q € Z~1,
and the distinguishability threshold in [30]. Both thresholds coincide with the condensation threshold
dcond, and the crucial step in [33] was to establish dcong using the limit of the mutual information
L1(o*,G*(0*)) of the SBM and the ground truth, a measure of how much information on o* is
captured by G*(o*).

Regarding the general balanced disassortative SBM, where the number of parts is almost arbitrary,
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and the ground truth - is not the uniform distribution, much less is known. This general case can
be readily treated with our results, and we provide a detailed picture. In particular, we establish the
limit of 21(¢*, G*(c*)) of the mutual information and the condensation threshold deona(¢/). We also
obtain the limit of the relative entropy 1 Dky, (0%, G*(0*)||oc, G), where o is the posterior given a
graph G (our guess what o is, given G) and G is the corresponding null model, that is the binomial
graph with the edge probability chosen such that the average degrees in both models coincide. Finally,
we show that the convergence to the limits is polynomially fast, and uniformly over d, -y, 9.

2.1.1.8 LDGM Codes. We extend the LDGM-BSC pair from Section as follows. The input
message is  ~ y®" for some distribution v € P({0,1}) and n € Z~q; we say that the input is binary
and memoryless. The parameters for the code are the arity k € Z>9 and the block length m € Z>y,
and the parameters for the noisy channel are the error probabilities 0 < § < ¢ < % Given the
parameters, we randomly choose a generator matrix M € {0, 1}"*" by choosing the positions for the
1’s in each row independently and uniformly from ([Z]) as in Section Also, as before, we obtain
the codeword y = Ma € {0, 1}™ using matrix multiplication over Fy. Finally, we transmit y through
the BAC, that is, given y, each bit is transmitted independently, flipped with probability ¢ if it is 0,
and otherwise flipped with probability . Let z € {0,1}" be the produced output message.

Similar to Section for sequences m = m(n) = o(y/n) and whp over M, the bits of the
codeword Y = (Ya)ac[m) are conditionally iid given M. So, if we let b = (by);, € {0, 1}* be iid with
law ~, further let the sum y, = Zszl by, € {0,1} over Fy be the input to the BAC with output zo,
then whp the law of (Y4, 24)q given M is (yo, 2o)®™. Hence, in this case, the mutual information of x
and z given M is exactly mI(y., zo). Since it’s very likely that M is of this form, this also holds for
the expectation of the mutual information of  and z given M, which is nothing but the conditional
mutual information I(x, z|M).

This reasoning naturally raises the question: Up to which point can we expect this to be true,
i.e. up to what block length m are the dependencies in the generation of y so weak that we do
have %I (x,2z|M) ~ I(yo,2,)? Phrased asymptotically, and in terms of the rate ™ as is common,
the question is: What is the value of R*(y) = inf{R : lim, o0 =I(x,2|M) = I(yo,20)}, where
m = m(R,n) > 0 is such that lim, ;. -+ = R?

Motivated by a conjecture in [80] and based on [91], where bounds and concentration were estab-
lished, this question was studied for uniform + and the binary symmetric channel, i.e. 6 = ¢, in [4],
where the existence of the limit was established, and in [33], where the conjecture was settled. The
mutual information limit was explicitly determined and it was shown that R*() is the condensation
threshold. Crucially, these contributions paved the way for follow-up work [[3I] that extends the
results to more general degree distributions, since the Poisson ensemble is not suitable for encoding
due to the non-vanishing fraction of trivial columns in M.

Our results directly yield the mutual information limit and R*(y) for any +, be it uniform or
not. More importantly, not only for the binary symmetric channel, i.e. for § = &, but for any binary
asymmetric channel, i.e. for any § < ¢, for any choice of v, and for even k the mutual information
limit and R*(v) are also directly implied. A noteworthy special case in the above is when I(y., 2o)
is the channel capacity of the BAC. In particular, this is the case for uniform « and § = ¢, since
the XOR of k£ uniform bits is uniform, which is the capacity achieving distribution for the BAC with
0 = e. For the BAC with § < ¢ and even k we have explicitly computed the two possible choices for
the distribution of the input bits such that the normalized mutual information reaches capacity for
sufficiently large rates, and thereby completed the picture for the general case.
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2.1.2 Free Entropies, Divergence and the Mutual Information. We turn to the main results.
First, we extend and adjust the notions from Section then we discuss the required assumptions
in general and for a more accessible class of models. Subsequently, we present the results for the
planted model quenched free entropy, the relative entropy, the condensation threshold and the mutual
information. Related results in the literature, extensions of the results in this section, their proofs
and their connection to the applications in Section [2.1.1| can be found in Section

2.1.2.1 Factor Graphs. In this section, we introduce an adjusted version of the factor graphs in Section
3] and Section [I.4.1] In particular, we manipulate the partition function and the Gibbs measure to
take the bias into account. As before, fix a number ¢ € Z>; of colors and a factor degree k € Z>;
throughout. Further, we fix a small lower bound ¢, € (0,1) for the weights and let ¢y = 1/{1 be the
upper bound. We also fix a large upper bound dy € R for the expected variable degree.

Now, for a given distribution v* € P([q]), a number n € Z~ of variables and a number m € Zx>g
of factors, a factor graph G = (va,%a)ac|m] is given by the ordered neighborhoods v, € [n)* and the
weight functions v, : [¢]¥ — [0}, 14]. For an assignment o € [¢]" and v € [n]* we use the shorthand
ov = (0(vn))nep € [a]*. The weight ¢g(0) of o and the Gibbs measure piy+ (o) are given by

*®n
= I wulon)s iete) = ST 2@ = 3 (). ()
a€lm] o€lg”

Further, let ¢+ (G) = %ln(Zy*(G)) be the free entropy. For the random factor graphs, fix a random
weight v : [¢]F — (¢, 4] with distribution p. Then the null model is the random factor graph
Grmyp ~ (u([n)*) @ p)®™, where u([n]*) is the uniform distribution, as before. The teacher-student
model G}, ,,, (o) for a fixed ground truth o € [q]", is still given by the Radon-Nikodym (RN) derivative
G = Yg(o)/E[Ya, ., ()] with respect to G m.p-

As opposed to the previous models and applications, we work with random factor counts for
convenience in the following. Thus, for given d € [0, dy] we let (073 ,,, mayn) ~ 7v*©" @Po(dn/k) be the
ground truth and factor count pair, where Po(\) is the Poisson distribution. Random factor counts
other than m are discussed in Section [3.1.3] In the following we suppress dependencies, so e.g. we
abbreviate G = Gpm.p, Gm = Gnmyp, G*(0) = G}, ,, ,(0) and G}, (0%) = G}, ,, ,(07).

n,m,p n,m,p

2.1.2.2 The Assumptions. Next to the assumption ¢ < 1 < 1)y, we assume that the following two
properties hold for the pair (p,v*). Let P?([q]) = P(P(]q])) be the set of probability distributions
over the simplex P([g]) € R, and PZ..([q]) = {m € P*([q]) : E[vx] = 7v*}, where v, ~ 7.

BAL: For Z; : P([q]) = Rso, 7 = X6 E[3(0)] ITh=1 ¥(0n), and & = || Z¢]lec we have Zi(v*) = &,
POS: For all my,m € Pfﬁ*([q]) and using A(z) = zIn(z), (¥,v1,72) ~ p @ 7 @ 75* | we have

k
E |A(Ze(¢,m)) + (k= DA(Ze(9,72)) = > A Zgm (2, h, 7)) | >0,
h=1

where
k
Zs(¥,7) Z H on)s  Zam(h, hy) =D (o) vin(on) [ vw (ow).
he1 v h'#h

The assumption BAL does not only ensure that the model is balanced, it also requires that the
expected weight E[ig(0)] is maximized by assignments o with color frequencies close to v*. The
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assumption POS originated as a convexity assumption [4] that ensured subadditivity of the planted

model quenched free entropy. Notice that BAL requires the solution ¢ = || Z¢||oc of a (¢ — 1)-

dimensional optimization problem. Depending on the problem, this may already be intractable,

but POS requires to solve an optimization problem over P?_.([q]). Thus, in order to facilitate the

application of the main results, we introduce the following natural and explicit classes of random

weights, that turn out to satisfy POS.

1.Let a € R>p and b, fj,;(0) € R for 0 € [q], i € Z~¢ and h € [k]. Let >, > [T}, fri(on)| < oo al-
most surely, A(o) = >, > 1, fri(on) and |b||| Al < 1 almost surely. Let (a,b) and (fr,i(0))n.i0
be independent, and let the k sequences (f1,i(0))i, - - -+ (fri(0))io be iid. Let E[jab|*],E[|A[/%] <
oo and E[ab’] > 0 for all £ € 2Z~¢ + 1. Assume that 1(c) = a(l — bA(0)).

2. Assume that 9 is of Type |1} that fy,;(0) =0 fori > 1, o € [¢], and E[ab] =0 for £ € 27~ + 1.

3. Assume that v is of Type |l|and that f; ;(c) > 0 for h, i and o.

4. Assume that (o) =T, fun(on) for f € (Rio)k, possibly dependent.

For even k, let P be the union of Type [I]and @] For odd k, let P be the union of Type and
Finally, let 2( be the set of all pairs (p,v*) that satisfy BAL and POS.
Proposition 2.1. We have {(p,v*) € P x P([q]) : Z¢(v*) =&} C 2.

We will prove Proposition under weaker assumptions. We will further show that the set 2 is
closed with respect to dozens of operations, and that it is convex (cf. Section [3.5.5)).

2.1.2.3 Uniform Convergence. In the following, all bounds only depend on g = (¢, k,%,d4), i.e. they
are uniform in p, v* and d. For this purpose let f(n) = Ou(g(n)) if there exists no(g) € Z~o and
c(g) € Rsg such that |f(n)| < cg(n) for n > ne.

2.1.2.4 The Quenched Free Entropy of the Planted Ensemble. Our first main result yields the limit of
the teacher-student model quenched free entropy. Recall A, Z¢, P?([q]), 73377* ([g]) from the assumption

POS. For d' € Zso and (¥, h,7) € (R x [k] x P([g])*)%>0 let
V’Y dlth Z’Y H (ZR{T(}L _U}w H’Yah’ )
o€lq) acd] \relq* W #ha
Let m € P*([q]), (d, %, h,) ~ Po(d) ® (p @ u([k]) ® 79F)®%>0, (o, 7o) ~ p® 79, further let

1
&

~ D A (Ze(por o))

A(ZV7’Y* (d7/l/)7 h77)) kfp

By y-a(m) =E [
be the (limiting) Bethe free entropy (for G, (c*)), and B; p 4« (d) = SUPrep?  ([q)) By o+ a(m).
Theorem 2.2. There exists p(g) € Rso such that for (p,v*) € 2 we have
E ¢ (G (0"))] = E [0 (2, (G(0)))] = Bi(d) + Ou(n~*).

This result establishes that the Bethe functional is the limit of the planted model quenched free en-
tropy density and thereby rigorously establishes the predictions from physics using the cavity method.



2. Main Results 15

2.1.2.5 The Information-Theoretic Threshold. The second main result addresses the relative entropy
of (6%, Gy,(0*)) with respect to (64+.G,,, Gm), Where o+ g ~ i+ ¢ are the Gibbs spins from Equa-
tion (I). If @ has a RN derivative r with respect to b, let Dky,(a||b) = E[In(r(a))] and Dkp,(a||b) = oo
otherwise. Further, let ¢,(d) = ¢ap(d) = %ln(fp).

Theorem 2.3. With p from Theorem[2.9 and for (p,7*) € A we have
1 * * * —
~Dxi(e”, Gra(07)lo G Gm) = Bi(d) = a(d) + Ou(n™").

Intuitively, Theorem [2.3] states that the teacher-student and the null model are similar in the
replica symmetric regime B, = {(p,7*,d) € P : By(d) = ¢a(d)}, P = A x [0,dy], while they are
significantly distinct in the condensation regime P = P\ P, = {(p,7*,d) € P : By(d) > ¢a(d)}.
Hence this result establishes that for some rough approximations we can sample from (o*, G}, (o"))

instead of (4G, Gm) (cf. Section and Section [1.4.5)).

2.1.2.6 The Condensation Threshold. We confirmed that the replica symmetric and the condensation
regime govern the behavior of the relative entropy. Next, we ensure that the quenched free entropy
for the null model indeed behaves as expected. For this purpose let

Pqtpy (d) = hTILn_igP E[¢7* (Gm)], Pqlpy (d) = linrggf E[¢7* (Gm)]-

Further, let deond(p,7*) = inf{d € Rs¢ : B+(d) — ¢a(d) > 0} be the condensation threshold.

Theorem 2.4. Recall p from Theorem [2.3.
a) We have ¢+ (Gum)] = ¢a(d) + Ou(n=?/2) for (p,7*,d) € L.
b) There exists c(g) € Rsq such that for (p,~v*,d) € B we have

Ga(d) — dgr(d) > ¢ sup (By(d') — ¢qu(d))?.
d’€[0,d]

c) We have By = [0, deond] and Pe = (deond,00)-

Theorem [2.4b)| allows to establish upper bounds for ¢q4(d), the simplest by considering d’ = d and
solving the quadratic inequality, i.e. (since ¢ is such that 6*(d) < 1/(4c))

Pald) — pqr(d) > 5(d) — \/d(d)2 — 6*(d)2, 4(d) = o= —6*(d), &%(d) = Br(d) — ¢a(d).

Again, this result rigorously establishes the behavior predicted by the cavity method, and discussed in
Section Theorem [2.3| provides a finite size interpretation of the condensation threshold, and the
combination of these results establishes the asymptotic relationship of the planted model quenched
free entropy, the annealed free entropy, the relative entropy, and the null model quenched free entropy
(below the threshold).

2.1.2.7 The Mutual Information. We turn to the fourth and last main result, regarding the limit of
the mutual information. In general the mutual information is given by I(a,b) = Dkr(a,blla ® b).

Theorem 2.5. With p from Theorem and for (p,v*,d) € P we have

L1 (o* Golo™) = 2

n = e EA @) = Byd) + O™, (,0) ~pa e
P
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This result establishes the asymptotic relationship of the mutual information with the other key
quantities. Moreover, the phase transition for By(d) at deong corresponds to a phase transition for
the mutual information, since we can replace B} by ¢, below d¢ona. Regarding the applications, we
obtain the desired limiting mutual information for the LDGM codes (cf. Section and Section
, and the expected phase transition occurs exactly at deong. Further, this mutual information

is also a key quantity in the analysis of SBMs (cf. Section and Section [2.1.1.2]).

2.2 Triangle Factors in the Graph Process

The main result in this section has been established in [64] and is based on the hitting time results for
hypergraphs in [71] as well as the translation of the binomial hypergraph threshold to the binomial
graph via the ingenious coupling in [I13], 63]. Instead of discussing these results in full generality, we
focus on triangles in simple graphs, the most demanding case, and only briefly sketch the extension
to larger cliques and cliques in hypergraphs.

In Section 2:2.1] we discuss the satisfiability thresholds for hyperedge covers and perfect matchings
in the binomial hypergraph, as well as the hitting time version [49, 120} 23] [71]. In Section m
we discuss the satisfiability thresholds for k-clique covers and k-clique factors in the binomial graph
[68, 113, [63]. Then we turn to the main result, namely the hitting time version, in Section and
in Section [2.2.4] we briefly discuss how the problems can be modeled as random CSPs.

2.2.1 Covers and Matchings. Recently, Jeff Kahn [71] answered a question by Schmidt and Shamir
[50, 120] — a well-studied problem that has been open for four decades — and in particular showed that
the threshold for the existence of a perfect matching coincides with the threshold for the existence
of a hyperedge cover. To be precise, let k € Z>2 and m € [0,1]. As in Section Section m
Sectionand Sectionwe consider the binomial k-uniform hypergraph Hy(n, 7) with vertices
[n] where each hyperedge is included independently with probability 7. A hyperedge cover C of
Hj(n,p) = ([n],H) is a subset C C H of the hyperedges such that Jgce £ = [n], and a perfect
matching, or 1-factor, is a hyperedge cover composed of vertex disjoint hyperedges. Let
In(n) % g(n)

n—1 ’

(: 1)
where ¢ : Z~o — R>¢ is any sufficiently slowly increasing function with lim,_, g(n) = co. Erdés and
Rényi [49] established for the special case k = 2 that there are no hyperedge covers (and hence no
perfect matchings) in Hy(n,7_) whp, and on the other hand that there exists a perfect matching
(and hence a cover) in Hy(n,n4) whp. Twenty years later, Schmidt and Shamir [50), 120] asked if a
similar bound exists for k > 3. Forty years later and after extensive research, Jeff Kahn [71] finally
extended the result by Erdés and Rényi for k = 2 to arbitrary k-uniform hypergraphs.

However, Jeff Kahn established a significantly stronger and more instructive result, namely that the
hitting times for the existence of hyperedge covers and perfect matchings in the k-uniform hypergraph
process coincide whp, which yields the answer to the question by Schmidt and Shamir as an immediate
corollary. To be specific, let Hy, ,, = (H}, ,(5))s be the standard k-uniform hypergraph process, where
H;, ,,(0) = ([n], 0) is empty and we obtain Hy, (S +1) from Hj, ,(S) by adding one hyperedge, chosen
uniformly at random from all hyperedges that are not present in Hy, ,,(S). Let S¢ be the minimum step
S € [(})] such that a hyperedge cover exists in Hy, ,(S), and let S be the minimum step S € [(})] such
that a perfect matching exists in Hy, ,(S). Further, let (S_,S;) be independent of Hy,,,, where S is
binomial with parameters (}}) and 7, and S_ given S, is binomial with parameters Sy and m_ /7

T+ =
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(for sufficiently large n). Bollobds and Thomason [23] established for k = 2 that S_ < S, = Sf < S
whp, i.e. they showed that the appearance of an edge cover coincides with the appearance of a perfect
matching whp. Jeff Kahn [71] extended this result to & > 3 (using the bounds from [39]).

Theorem 2.6. For k € Z>9 we have S_ < S, < 8, whp, and Sf = S. whp over n € kZ~y.

Notice that St is finite if and only if n € kZ~ since the size of a perfect matching has to be n/k.

2.2.2 Covers and Factors. Oliver Riordan [I113] and Annika Heckel [63] devised ingenious couplings
to derive k-clique factor thresholds for the binomial graph from Theorem To be precise, let
G(n,p) = Ha(n,p) for p € [0, 1] be the binomial graph. For k € Z>9, recall that a clique E of size k,
or k-clique, in G(n,p) = ([n],G) is a set E € ([Z]) such that (5) C G. A k-clique cover C of G(n,p) is
aset C C ([Z]) of k-cliques in G(n, p) such that Ugce E = [n], and a k-clique factor is a k-clique cover
composed of vertex disjoint cliques. Using g from Section [2.2.1] consider the critical window

k
2

In(n)" ) £ g(n)
-1
(e-1)
It is well-known [68] that whp there is no k-clique cover in G(n,p_), and that whp there is a k-clique
cover in G(n,p4). For the k-clique factor threshold, notice that the case k = 2 follows from Theorem

2.0| since these are perfect matchings. The k-clique factor threshold for k& > 4 was established by
Oliver Riordan [I13], and by Annika Heckel [63] for k& = 3.

P+ =

Theorem 2.7. For k € Z>q there exists no k-clique cover (and hence no k-clique factor) in G(n,p-)
whp, and there exists a k-clique factor (and hence a k-clique cover) in G(n,p+) whp, over n € kZ~y.

The result for k-clique covers holds over n € Z~, only for k-clique factors we need n € kZ~y.

2.2.3 Clique Factor Hitting Time. Our contribution [64] is the hitting time version of Theorem
i.e. the analogue to Theorem for k-clique covers and k-clique factors. To be specific, let
G, = (G,(s))s be the standard graph process, where G,(0) = ([n],0) is empty and we obtain
G,(s + 1) from G,(s) by adding an edge, chosen uniformly at random from all edges that are not
present in Gy (s). Let s be the minimum step s € [(5)] such that a k-clique cover exists in Gy(s),
and let s; be the minimum step s € [(3)] such that a k-clique factor exists in G,(S). Further, let
(s—,s4) be independent of G, where s is binomial with parameters () and p4, and s_ given s
is binomial with parameters s; and p_/p; (for sufficiently large n).

As before, the case k = 2 reduces to perfect matchings, i.e. sc = s whp was already established
in [23]. In [64], we establish s, = s¢ whp for all £ > 3 and further extend this result to k-clique covers
and factors in hypergraphs. Here, we exclusively focus on the case k = 3.

Theorem 2.8. For k = 3 we have s— < s, < s whp, and st = s, whp over n € 3Z~g.

The case k = 3 is a special case which requires special attention, as can be seen in both [113], 63]
and [64]. While the treatment of overlaps is slightly simpler (two triangles can only overlap in zero to
three vertices), we typically have to deal with about In(n)? copies of a certain subgraph, coined clean
3-cycle, which significantly complicate matters compared to the case k > 4. Moreover, the discussion
of the graph case is more involved compared to the hypergraph case, since in the former we have to
deal with non-trivial overlaps. Thus, we choose to thoroughly discuss the most demanding case, and
in turn refrain from establishing the general result, for the sake of accessibility. For the general case,
we refer the reader to [64].
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2.2.4 Matchings, Factors and CSPs. Finally, we address the question how Theorem Theorem
and Theorem can be embedded into the framework presented in Section [I For this purpose
we first discuss how perfect matchings in hypergraphs can be modeled as solutions of a CSP. So, given
a hypergraph H = ([n], H) let the factor graph F' = (V, F,v,1) be given by the variables V = H, the
factors F = [n], the unordered neighborhoods v = (v4)aepn) With v, = {E € H : a € E} for a € [n], and
the weights ¢ = (V) ae[n With ¢ : {0,1}% — {0,1}, 7 — 1{||7[}1 = 1}. An assignment o € {0,1}" to
the variables V = H, i.e. to the hyperedges, is nothing but a selection o~!(1) C H of the hyperedges.
If this selection is such that ¥p(0) = [, ¥a(0y,) = 1, then all constraints a € F = [n], i.e. all
vertices, are satisfied, meaning that each vertex is incident to exactly one hyperedge in oc~!(1) and
hence o~ 1(1) is a perfect matching. For the cover we only have to relax the weights to 1{||7||; > 0}.

Turning to the binomial hypergraph Hy(n,7) = ([n],H), it is obvious that the corresponding
factor graph significantly differs from the models in Section [1.4.1] The reason is that we consider
a fixed number n of factors, but a random number |H| of variables, and neighborhoods of varying
arity, while the variable degrees are constant and equal to k. So, although we consider the arguably
simplest, most widespread hypergraph model Hy(n, ), due to the non-standard mapping of vertices
to factors, we need a completely different model in terms of factor graphs. Next to the LDGM code
example in Section and Section this application also stresses the necessity of extensions
of the factor graph model to more general distributions on both the variable and the factor side.

Modeling k-clique covers and k-clique factors in the binomial graph G(n,p) = ([n],G) further
stresses the necessity to consider more general distributions. For a graph G = ([n],G) the associated
factor graph F' = (V, F,v,1)) is given by the variables V = H, where H = {F € ([Z]) : (g) C G} are the
cliques in G, by the factors F = [n], the neighborhoods v = (v4), With v, = {F € H : a € E}, and the
weights 1 = (Yg)q with ¥, (7) = 1{||7||1 = 1} for k-clique factors, respectively 1, (7) = 1{||7||1 > 0}
for k-clique covers, as before.

Turning to the binomial graph G(n,p), we proceed as above. However, for hypergraphs it would
have been sufficient to draw the variables independently as suggested above, while here we have to
deal with dependencies for the distribution of the k-cliques and thus for the variables. This advanced
example showcases that next to the models from Section even much more elaborate models [31]
are still not even close to cover all conceptually simple applications.

Notice that the standard hypergraph process Hy , can be canonically extended to factor graphs.
In this example, with unordered unique neighborhoods, we would choose one new neighborhood
v, € ([Z]) uniformly in each step a, where the step a is nothing but the factor. Independently, we
would choose a weight 1, from the reference distribution. This process further canonically extends to
other versions, e.g. neighborhoods in [n]k chosen with repetition. However, due to the identification
of vertices with factors and hyperedges with variables, this and related processes are not suitable for
an embedding of Theorem [2.6] and Theorem [2.§]

Thus, the results in this section demonstrate how far the general theory for factor graph models
is from capturing even the simplest models. So, while it is undoubtedly most valuable to further
develop the general theory, a case by case analysis of random factor graphs will still be indispensable
for decades to come.

2.3 Satisfiability Thresholds for Regular Occupation Problems

In this section, we present the results established in [I03], which are based on the results for the
one-dimensional problem in [36] and [96].
In Section [2.3.I] we introduce the specific type of occupation problem under consideration. Then,
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(a) Solution of the 2-occupation problem (b) A 2-factor in a hypergraph

Figure 2: On the left we see a solution of the 4-regular 2-in-3 occupation problem on a 4-regular
3-factor graph, where the rectangles and circles depict the constraints (factors) and variables (filled
if they take the value one in the solution). The figure on the right shows a 2-factor in a 3-regular
4-uniform hypergraph, where the circles, solid and dashed shapes represent the vertices, hyperedges
in the 2-factor and the other hyperedges respectively.

in Section we discuss the existing results. In Section we establish the main result of this
part.

2.3.1 Occupation Problems. Let k, d € Z~1 and r € [k — 1] be fixed. Additionally, we are given
non-empty sets [n] of variables and constraints [m]. An instance G of the d-regular r-in-k occupation
problem is given by a sequence G = (v4)ae[m) of subsets v, € ([Z]) such that each of the n variables is
contained in d of the subsets. The instance G has a natural interpretation as a (d, k)-biregular graph
(or d-regular k-factor graph) with node sets [n], [m] and edges {i,a} € € if i € v,. By the handshaking
lemma, such objects only exist if dn = km, which we assume in the following.

Given an instance G as just described, an assignment = € {0,1}" satisfies a constraint a € [m] if
Y icv, Ti = T, otherwise x violates a. If x satisfies all constraints a € [m], then x is a solution of G.
Notice that d times the number of 1’s in = matches the total number rm = rdn/k of 1’s observed on
the factor side, so k has to divide rn, which we also assume in the following. We write Z(G) for the
number of solutions of G. Figure [2a] shows an example of a 4-regular 2-in-3 occupation problem.

Further, for given m, n € Z~g let G = Gy, q.n,m denote the set of all instances G with variables
[n] and constraints [m]. If G is not empty, then G ~ u(G) is the random d-regular r-in-k occupation
problem and Z = Z(G) its number of solutions. The random CSP above is given by G/, 4 from Section
[1.4.1] equipped with the weights 1{||z,|1 = r}, where z,, = (i)icv, € {0,1}" for z € {0,1}". The
graph G from above is just G, 4 without the weights, since these are given by the problem definition.

2.3.2 Perfect Matchings. Notice that for » = 0 and r = k we always have Z > 0 almost surely since
the all-0, respectively the all-1, assignment is a solution. Also, notice that the r-in-k and the (k—r)-in-
k problems are equivalent, by switching 0 and 1, so we may restrict to k > 2r > 0. For the case r = 1,
the existence and the location of the satisfiability threshold for the regular r-in-k occupation problem
have been rigorously established in [36], [96]. Recall the entropy H(p) = —pln(p) — (1 — p)In(1 — p)
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for p € [0, 1] and let

* r -1
d:<k>=kH(§§ﬁ”}jl(w§>eR>o, wi=" w;=<k> @)

be the satisfiability threshold estimate obtained from the first moment method. Notice that kH (w?)
is the entropy of k iid Bernoulli variables with success probability w] and — In(ws3) is the entropy of
the uniform distribution on ([f]).

Theorem 2.9. Forr =1 and k € Z>2 we have Z > 0 whp if d < d}(k), and Z = 0 whp if d > d}(k).

Strictly speaking, Theorem was established in [36] 96] for different models than the one con-
sidered here and only for the case k > 3. Perfect matchings were studied in [36] on hypergraphs,
as opposed to the biregular graphs from Section On the other hand, in [96] the result was
established for the exact cover, also on hypergraphs. However, using standard arguments that are
explained in the following, and the proof in [96], we verified that Theorem holds for all models
and extends to the case k = 2 as pointed out in [96].

2.3.3 Extension to 2-Factors. In the context of (hyper-) graphs (cf. [36]), perfect matchings, or 1-
factors, can be generalized to r-factors, a collection of (hyper-) edges such that each vertex is incident
to exactly r hyperedges. The exact cover problem (cf.[96]) can be generalized analogously, and both
problems on regular uniform hypergraphs are variants of the d-regular r-in-k occupation problem (on
biregular graphs) as defined in Section [2.3.1] The discussion in [I03] covers the case r = 2, which is
the main result of this section.

Theorem 2.10. Let k € Z>4, d € Z>2, and let Z be the number of solutions from Section |2.5.1]
There exists a sharp satisfiability threshold at d*, i.e. for any increasing sequence (n;)icz., C N =
{n:dn, 2n € kZ-o} and m; = dn;/k we have

lim P(Z > 0) =

1—00

1 ,d<d*
0 ,d>d*’

We provide a self-contained proof for Theorem [2.10] using the first and second moment method
with small subgraph conditioning for Z. In particular, a main technical contribution in proving
Theorem is the optimization of a certain multivariate function that appears in the computation
of the second moment, which encodes the interplay between the ‘similarity’ of various assignments and
the change in the corresponding probability of being satisfying that they induce. A direct corollary of
this optimization step at the threshold d* is the confirmation of the conjecture by the authors in [101].
Among other things, at the core of our contribution we take a novel and rather different approach to
tackle the optimization, inspired by [114] and [126] as well as other works relating the fixed points of
belief propagation to the stationary points of the Bethe free entropy, respectively to the computation
of the annealed free entropy density; see Section for details. Finally, we show that d* is not an
integer in Lemma below, so as opposed to the case r = 1 [96], for r = 2 there is no need for a
dedicated analysis at criticality.
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3 Condensation Threshold

This section is devoted to the proofs of the results in Section Moreover, we discuss significant
extensions of the results, thoroughly discuss applications and their embedding into the general frame-
work, related work and open problems. A more detailed overview of the contents and the structure
is presented in Section (3.1

3.1 Preliminaries

We start with the discussion of related work to put the results into context, in Section[3.1.1} Our proof
strategy is presented in Section [3.1.2] to provide an overview of the required steps to establish the
main results on a high level. In Section we address several extensions of the main results that we
establish as well, but chose to omit in the introduction for brevity and simplicity. The terminology and
notions with respect to uniform bounds are clarified in Section Then, we explain the structure
of the following discussion in Section In Section [3.1.6] we introduce some basic notation and
results from the literature.

3.1.1 Related Work. Not only the symmetric SBM has received a great deal of attention [, [97],
also the general (asymmetric) SBM is discussed algorithmically [5] 6} [7, 9, [61], and in particular using
the cavity method [38], 130, (93] 112]. Partial threshold results where the Kesten-Stigum bound is tight,
and general bounds for the binary asymmetric SBM can be found in [26]. The mutual information
limit under weak convexity assumptions in the dense regime can be found in [ITI]. We are not aware
of a discussion of the general (dis-) assortative SBM in the literature, however, conceptually similar
examples like the ¢; + g2 SBM in [112] have been analyzed. The mutual information of the ground
truth and the planted model was established in [33] for the symmetric disassortative case, which we
extend here to the general disassortative case. The binary assortative case was recently discussed in
[3] and [43].

The existence of the mutual information limit for graphical channels was established in [4], and the
limit was determined in [33] under similar assumptions, in both cases for uniform input messages. We
extend the class of channels for which it is known that the results are applicable (BISO and SAT-type
channels) two-fold via direct extension and via closure properties, and further determine the limit for
any binary memoryless source, uniform or not. As a special case, we obtain the mutual information
limit for the BAC (and even k). We also extend a generalized version of Gallager’s mapping (cf. [90])
to factor graphs (cf. Section . The uniform convergence results in this work combined with
the continuity of the limit give a theoretical justification for such approximations in the large n limit.

The results in this work rely on a convexity-like assumption, based on Hypothesis H in [4] with
respect to channels. Intuitively, such channels have the property that more information can be
transmitted reliably using a single code of block length n; + n1, rather than a code of block length
n1 and a code of block length ny. Techniques that do not rely on this assumption were used in
[3], the spatial coupling in [60], and proofs based on convex relaxation hierarchies [66]. Bounds on
the Chi-squared mutual information and connection to percolation probabilities were obtained in [2].
More general factor graphs have also been discussed [24], B1], under stronger assumptions.

The contributions [30}, 32] address more general weights, and stronger results below the threshold
are derived, namely for the partition function, and the result for the relative entropy is strengthened to
mutual contiguity, next to additional results. However, both contributions rely on other assumptions,
in particular on MIN. Conversely, previous work [30, B3, [32, BI] benefits from the discussion of
POS in Section and in particular from the models in Section (inspired by [105]), which
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extends the scope both theoretically and application-wise. We did verify that these models cover k-
SAT, k-NAESAT, k-XORSAT, the k-spin model, k-COL, the Potts model, and the binary memoryless
symmetric channels (covering BISO, BSC and BEC), which were discussed in [33, 33}, 32], BT, (4 3].
We use the weakened assumption POS (cf. [30]), which is (conceptually) significantly weaker than
Hypothesis H. In particular, this is why we do not only cover all examples, but also the counterexample
(the 3-XORSAT) in [4]. The issue with the parity of k is discussed in Remark Our discussion
of the closure properties also implies that permutation invariance assumptions for weights [30] are not
required (cf. [31]). The absence of SYM and the uniform prior allows to naturally cover all products
Y =[]}, ¥n, which is desirable from a theoretical viewpoint.

The strengthened results required an improvement and a generalization of the pinning lemma.
This amounts to explicit bounds on the probability for given parameters, and not only for two, but
for any number of coordinates. We derived a proof based on [33, 92], a similar result has been
established independently in [66]. A general theory is discussed in [I3].

We adapt the strategy in [33] to establish the main results. Thus, we combine the pinning lemma
with the Aizenman-Sims-Starr scheme and the interpolation method to obtain the limit for the planted
model quenched free entropy. As noted in [32] and [31], this strategy compresses the (compressed) 85
pages of proofs in [33] into one sentence. Explaining all modifications, tweaks and boosts is equivalent
to explaining the proof, so we present an arbitrary selection. We modify every second argument to
avoid using SYM, mostly by constructing more subtle couplings. Accommodating general ground
truth distributions is canonical at times, on other occasions the model complexity (e.g. interpolation
method), the proof complexity (e.g. Gibbs marginal distributions) and generalizing definitions requires
a deep understanding of the interplay of the objects involved. Establishing uniform convergence mostly
requires explicit bounds and dedicated bookkeeping, the polynomial convergence guarantee on the
other hand required fundamental changes and improvements, say, the resolution of the double limit
into a single limit, which requires to increase the pinning probabilities and thereby an adjustment of
the couplings, or boosting the concentration of the posterior from o(1) to subgaussian concentration.
The improved condensation threshold bound and connection to applications is self-evident.

3.1.2 Outline of the Proof. Without further mention, assume that (p,v*,d) € B, i.e. (p,y*) satisfy
BAL and POS, and d < dy. The bounds in the following results only depend on g = (q,k, v, d}).
We obtain Proposition [2.1] by direct verification for the the trivial weights, and otherwise using a
Taylor series expansion, similar to POS in [33]. Then we use a new twist to show that the resulting
contributions are non-negative. The proofs of all main results rely on the properties of the Nishimori
ground truth &p y+nm € [q]". We present the details in Section Next, we derive two crucial
properties of the free entropies in the main results: concentration and Lipschitz continuity of the
conditional expectations. Details can be found in Section [3.1.2.2

The proof of Theorem [2.2) relies on the pinning lemma discussed in Section [3.1.2.3] In Section
we explain its application and the steps required to obtain Theorem Theorem [2.3] follows
from Theorem [2.2| using the properties of &,. The result is immediate for Dk, (G}, (6'm)||Gm), only
the discussion of the conditional relative entropy requires some care. The proof of Theorem [2.4] is
also rather short, but relies on two clever ideas. Compared to the preceding two results, for the proof
of Theorem [2.5] it is rather cumbersome to decompose the mutual information into the ground truth
weight and the free entropy, and to derive the asymptotics of the former using &,.

8.1.2.1 The Nishimori Ground Truth. As explained in Section [2.1.2.5] we need to consider Gibbs
measures i+ ¢ that are consistent with o*. In order to control both piy+ ¢ and o* given G, (6*), we
recover the Bayes optimal case and hence ensure that the Nishimori condition holds (Section 1.2.2 in
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[129]), by introducing the Nishimori ground truth &,,, given by the RN derivative

Elam)(0)]

Pparmm : [q]" = R o,or—>—
" g E[Z(G(m)]

with respect to o*. Let my = 2dyn/k, and let ||ja — b||¢v = supg |u(E) — v(€)| be the total variation
distance of a, b Wlth laws 4, v respectively. Let vu,(7) = 2|{i € [n] : (i) = 7}|, 7 € [g], be the color
frequencies of o € [¢]".

Proposition 3.1. Let m € Zx>o with m < my.

a) There exists ¢ € Rsg with 7, < c.

b) There ezists ¢ € Rsg such that #,(0) > exp(—c||yne — Y*||2n).

c¢) The ground truths o* given Yoo+ and &y, given vy s, have the same law.
d) We have (6m, G}, (0m)) ~ (04 G (m.6(m))> Gm(Om))-

3.1.2.2 Concentration and Continuity. Before we turn to the proof of Theorem we establish
concentration (self-averaging) and continuity of the free entropies.

Proposition 3.2. Let m € Z>g, o € [q]" and G° € {Gy,, G}, (0), G} (0%), G (6:m) )

a) There exists ¢ € Rsqg such that |« (G°)| < ckm/n almost surely.

b) There exists ¢ € R, such that P(|¢,«(G°) — E[p+(G°)]| > 1) < Ccoe™ N for m < my and
re Rzo.

¢) For o >4 /2 and m < my, o’ € [q]", m' € Z>o and m°® € Z3, we have

km  km

[E(6, (G5 (0)] ~ Bl (G < L (I = ol + |

)

n
kms3 ka

Bl (G(mS)] — E[p (G(m3)]| < L ‘ _ km3

n n

Proposition with the concentration of m around its expectation dn/k, suggests that we can
restrict the expectations accordingly, and Proposition ensures that the conditional expectations
asymptotically coincide close to the expectation dn/k. Regarding the ground truths, we recall that
P(|Vno* — V*|ltv > 1) < ¢ exp(—cr?n) for suitable ¢, ¢/, and hence we can restrict to converging color
frequencies (since the free entropies are uniformly bounded for m < my). Proposition then
ensures that the conditional expected free entropies asymptotically coincide.

8.1.2.83 The Pinning Lemma. Proposition and Proposition establish that the quenched free
entropy (densities) for o*, &, asymptotically coincide. The following pinning lemma illustrates why
working with &, is desirable. Recall that the product measure a = @), j, Va,n Of the marginals 7 is used
in the definition of Z¢, Z, for the Bethe free entropy. The law « corresponds to the joint distribution
of py« Gx (o) on a random number of variables in the finite size case. One of the main obstacles is
to show that these joint distributions indeed asymptotically factorize, and this is exactly where the
pinning lemma comes into play. For o € [¢]" with law y, £ € Z+q and v € [n]¢ let pl, be the law of
o, € [q]°. For £ = 1 we use the shorthand oy = plv. Further, let to(p,v) = Dxr(ploll @p ttlon))
and tp(p) = Efto(p, v)] with v ~ u([n]f). For & € [¢]* and U C [n] let [u]}/{ﬁ € P([q]") be the
law of o|(a(i))icu = (6(7))icu, if this is defined. The next result generalizes Lemma 3.5 in [33],
corresponding to ¢ = 2, and states a stronger version that addresses the conditional relative entropy
directly.
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Lemma 3.3. For n € Zwg, it € P([q]"), £ € Z=o and ©% € (0,n] the following holds. Let @ ~
u([0,04)), further iid Bernoulli w € {0,1}" with success probability /n € [0,1], U = u~ (1) and
o ~ pu with (o,U) ~ o @U. Then we have E[L([M]i’{,a,)] < (5) In(q)/6*%.

8.1.2.4 The Planted Model Quenched Free Entropy. We use the interpolation method to obtain the
lower bound in Theorem

Proposition 3.4. We have E[¢p,(G},(0))] > By(d) — Oy(n=/*).
We use the Aizenman-Sims-Starr scheme to obtain the upper bound in Theorem [2.2]
Proposition 3.5. There exists p € Rsq such that B[« (G, (%)) < Br(d) + Ou(n™").

Both methods require that m ~ Po(dn/k) is Poisson distributed. Further, we need the pinning
lemma in both cases. For this purpose we decorate the graphs with an additional type of factors, say
pins, to turn p14+ ¢ into [,uﬂ,gg]i, 5> which then ensures asymptotic independence. A careful calibration
of the parameters ensures that the effect of this pinning procedure on the quenched free entropy is
asymptotically negligible, while breaking dependencies sufficiently fast.

For the interpolation method we need an additional type of factors, say interpolators, to morph the
decoupled model, underlying the Bethe functional, into the graph. The derivative of this transition
is (almost) the map in POS, so this assumption yields the lower bound in the end.

The Aizenman-Sims-Starr scheme only relies on the standard factors and pins (and external fields).
Here, we use that the quenched free entropy density can be rewritten as the average difference of the
quenched free entropies for n 4+ 1 and n. Hence, deriving the limit of the difference yields the limit of
the quenched free entropy density. This limit is asymptotically equal to the expectation of the Bethe
free entropy over a certain distribution 7, € P7_([q]).

So, in a nutshell, the first part of the proof clarifies how exactly we can utilize the pinning lemma
and justifies the application. In the second part we implement the interpolation method using the
fully decorated graphs, followed by the implementation of the Aizenman-Sims-Starr scheme with the
slightly simpler graphs in the third part.

3.1.3 Extensions and Remarks. For the sake of brevity we did not present our main results in
their full generality. In the following, we discuss the actual scope and strength of our results, further
implications and related work.

The main results hold for more general (m}),. To be specific, let ey, dm : Z=o — Rso with
limy, oo em(n) = lim, 300 Om(n) = 0 and d* = limsup,,_,.o E[m}]. Then the results hold for m
replaced by m}, and d replaced by d* if P(|d}, — d*| > dm(n)) < em(n), E[1{|d} — d*| > om(n)}d}] <
em(n) for all n € Zsg and d* < dy, where d}; = km;,/n. Also uniform convergence holds, i.e. the
results hold for g = (¢, k,p, 7", dt, 0m, em)-

The results cover maximizers v* € P([q]) with any support (cf. Section , but uniformly over
fixed support. We also establish the results for all standard Erdés-Rényi type models in Section [3.5.7]
Results for graphs with external fields are discussed in Section We also establish convergence
in probability for the conditional expectations given m™ in Section

3.1.4 Global Parameters and Uniform Convergence. Let ¢,k € Z~q, ¢ € (0,1/q), Y» = 1/1,

and dy € Ry (cf. Section [2.1.2.1) and Section [2.1.2.3]). Further, let dy,em @ Zsg — Ry with
limy, 00 m(n) = 0, lim;, o0 €m(n) = 0 be the bounds for m* from Section [3.1.3] Hence, the global

parameters are g = (¢, k, |, dt, 0m,em). We keep g fixed throughout the remainder and do not track
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dependencies on g. Thus, all values depending on g, meaning all functions of g, and only such values,
are considered to be constant. Still, we may write ¢4 to stress that c only depends on g.

Without loss of generality we may assume that ¢ is arbitrarily small and that d; is arbitrarily large
since this only increases the set of model parameters. We further assume without loss of generality
that e, and é,, are non-increasing. After we restricted to the dy,-ball around d, the largest average
degree to be considered is d + 6, (1) < dy + 0m(1). Without loss of generality we take d,(1) = dy, so
myn = 2dyn/k from Section is the desired maximal factor count.

We use the Bachmann-Landau notation O(f(n)),o(f(n)),2(f(n)),w(f(n)),O(f(n)) only with
constants, as disussed in Section (but without subscripts).

3.1.5 A Roadmap to the Proofs. Throughout the remainder we assume without loss of generality
that g, k > 2, except for Section where we justify this assumption. In Section [3.2) we derive basic
results. Specifically, in Section [3.2.1] we introduce decorated graphs and establish basic properties.
In Section we discuss basic properties of the Nishimori ground truth &, including the proof of
Proposition 3.1} In Section [3.2.3] we establish boundedness, continuity and concentration for the free
entropy, including the proof of Proposition [3.2

Section [3.3] is devoted to the proof of Theorem Specifically, in Section [3.3.1] we discuss
the Gibbs measures of decorated graphs, establish the pinning lemma [3.3] and apply it to the graphs,
establish a result for reweighted marginal distributions of general measures and apply it to the graphs,
and finally discuss projections of P2([q]) onto P?([g]). In Section we turn to the interpolation
method including the proof of Proposition|3.4] The discussion in Section|3.3.3|addresses the Aizenman-
Sims-Starr scheme including the proof of Proposition [3.5] where we also establish Theorem 2.2

In Section [3.4] we present the proofs of the remaining main results. We establish Theorem in
Section [3.4.1], followed by the proof of Theorem [2.4] in Section [3.4.2] and conclude the proof of the
main results with Theorem 2.5] in Section B.4.3]

The remainder is discussed in Section [3.5] where we in particular formalize the statements and
prove the claims in Section discuss the assumptions 2 and prove Proposition and finally
formalize the statements and prove the claims in Section [2.1.1.2] and Section [2.1.1.3

3.1.6 Notions, Notation and Results from the Literature. We consider a sufficiently rich
probability space (€2, F,P). Random quantities (variables, vectors) are measurable maps a : @ — A
and denoted in bold. An event £ € F holds (almost surely) if P(£) = 1. The (a,b)-derivative is
the Radon-Nikodym derivative of a with respect to b. Further, we use AU B for the disjoint union,
[n] = ZN[1,n], 2° for the power set of S, (“;l) C 29 for the a-subsets B C A with |B| = a, AP for
the maps f : B — A, and AB = {f € AB :Va € A|f~'(a)| < 1} for the injections, with A" = A,
An = A" We consider spaces equipped with their canonical structure unless mentioned otherwise,
mostly subspaces of R*. We use < for componentwise inequalities and = for componentwise equality.
We use ~ for equality in distribution. A space A is a copy of a space B if it carries the same structure
under some bijection, in which case we identify A with B. We identify p € P(Z) with its probability
mass function p : Z — [0, 1]. We further use similar identifications to focus on the relevant arguments
while avoiding technical routine discussions.

We (partially) suppress dependencies for brevity, e.g. fo(z) = fo = f. Clearly, this leads to ambi-
guities, e.g. G* may refer to G*(m,o*), G*(m, o) or any other combination. Hence, when we omit
a dependency, the dependency is the same quantity as in the definition and thereby uniquely identi-
fied. Further, we keep the notation consistent to earn this degree of flexibility. Finally, we may use
fax = fa(x) = f(a,x) interchangeably, for readability or to indicate the distinction between variables
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and parameters. Similarly, we use mixed notation for random quantities & and their distributions
(laws) & ~ p, e.g. Dxr(@1[|®2) = Dxr(p1|p2)-

We extend (0;);ejn) € [¢)" to maps, i.e. for v € [n]* let 0y = (0 (k))n » and let pl, be the law of o,
with o ~ pu, as in Section If v is the enumeration of V C [n], i.e. the unique strictly increasing
map v : [[V|]] = V, we use the shorthands oy = 0, and p[y = pl, and in particular o; = oy,
pli = pygy- Further, let pl. = 37, Lp); € P([q)) be the law of o; € [q¢], with (0,4) ~ p ® u([n]). We
denote the total variation distance by ||u — v||¢+v = supg |u(€) — v(€)] and let T'(p1, p2) € P(X) x Xa)
be the couplings of p; € P(X1) and pug € P(Xs), i.e. for v € T'(u1, u2) we have v|; = p; and vl = uo.

Observation 3.6. Notice that the following holds.

a) For p € P([q))* we have || — pollew = gl — pall1-

b) For pe (P([q])")* we have || @; 1, — @; przillew < X2 |11 — p2gillev-

¢c) For w,a’ € [q] and y(z) € [¢'], x € [q], we have |(z,y(z)) — (@', y(@"))|tv = [z — 2’|t

d) For £ € 72 with {1 < Uy, further v; € [n]'D, i € [2], with v; = Vo [g(1)], and p € P([q]™)? we have
£ oy = p2lo lov < M[Balvs = p2lvs lov and |[pn e — polsllee < Ellluali — palillev]-

e) For a coupling y of 1, x3 € [q] we have ||x1 — x2lltv < P(y1 # y2) and there exists y € T'(x1, x2)
with ||x1 — 2|ty = P(y1 # y2).

f) For @1, 3 € [q] we have ||x1 — 2ltv < \/3Dxr (1] 22).

g) For a measurable set X, P(X) equipped with | - |ltv and the Borel algebra, and for p € P(X), the
pair (p,xp) is well-defined, where x, ~ p for p € P(X).

Proof. Part can be found on page 153 in [68], Part @ on page 10 in [125], Part is
Pinsker’s inequality, e.g. Equation (2.8) in [33]. For Part [3.6b)| we have

201 @ p2 — 1 @ valley = Y [ (1) p2 (@) — vi(a1)va(zs)|
x

<Y m(n)|pa(wa) — va(a2)| + Y va(wa) (1) — (1),

so the assertion holds for n = 2. The general case follows by induction analogous to the above. Part
3.6k )| follows similarly, using Part distributivity and normalization of the conditional laws. For
Part m notice that

[ f(z1) = f(@2)[ltv < |21 — 22|tw

holds in general and specifically for restrictions. The second part of the assertion follows from Part
and the triangle inequality. For Part let ¥ be the o-algebra of X, and k : ¥ x P(X) — R,
(&,p) = p(€). Clearly, £ — k(&,p) is p € P(X), and p — (&, p) is 1-Lipschitz since |p(€) — p'(€)| <
lp — p'||tv by the definition of || - ||tv, for all £ € X, so & is a kernel. Thus, for given p we recover the
composition p®@ k € P(X x P(X)). O

We use the Poisson distribution Po()), the binomial distribution Bin(n, p), the uniform distribution
u(S)) and the one-point mass pess € P(S) on s € S.

Observation 3.7. Let m € R>o and m ~ Po(mm).

a) We have P(m = m)m = mP(m =m —1).

b) Let k € Z>o and p € P([k]). Further, let n ~ @, Po(pkm), and let n(m) € Zgo be multinomial
with parameters m and p, then we have (3, n;,m) ~ (m,n(m)).

¢) Form' € Rsg, m' ~ Po(m') we have Dy (m|m') =m —m+ mn(m/m').
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d) There exist c,d € Rsg with P(|lm —m| > r) <  exp(— *+r) forr € Rxg.
e) Let p € P([K)), and let x ~ p®N be multinoulli. Let m € Zzo be multinomial with N and p, and
Un ~u({z € [K]N : (Jz7 (y)|)y = m}). Then we have x ~ Up,.

Proof. The first three parts can be easily verified directly, the last part follows from Theorem 2.1 with
Remark 2.6 in [68] and ¢ = 1/2, ¢ = 2, where we notice that for T = r = 0 the exponent is 0. The
last part follows by direct computation. ]

For z € R let [#] = minZs, and |x] = max Z<,. For n,k € Zxq let nk = [J}Z o(n — h) = |[n]k.

3.2 Preparations

Decorated factor graphs, the central objects in the proof of Theorem [2.2] are introduced in Section
The Nishimori ground truth is discussed in Section The we turn to the concentration of
the free entropy and the Lipschitz continuity of the conditional expectations in Section [3.2.3

3.2.1 Decorated Factor Graphs. Let Dy = [¢, 4] [4° be the domain of the weights and let
Gnm = ([n]¥ x Dy)™ be the domain of the graphs without external fields.

8.2.1.1 Random Decorated Graphs. The decorated factor graphs are given by

e a weight function v, € Dy with law py and expectation ¥, = E[t),],

 a ground truth distribution v* € P([q]) with v* > ¢,

o an average degree d € [0, d4] such that (ug,~*,d) € P =2 x [0,d4],

« a Gibbs marginal distribution 7 € P2_.([q]),

« an interpolation time ¢t € [0, 1],

e a pinning bound OV € R>o,

e a number n € Z. g, of variables,

« a number m € Zxq of factors,

e a ground truth o € [q]

e interpolator counts m* € Z%, with Ao = {i,h) 14 € [n], h € [m]’]},

o pins U C [n] and

e a pinning assignment & € [¢]",

which we will keep fixed throughout the remainder. For G = (v,¢)) € G let [G]L. = G’ = (v}, ¥} )aca
be given by A = [m]U[n], G’[m] =G and (v),9),) = (a,v*) for a € [n], i.e. we attach the unary weight
~v* to each variable. Similarly, for Y € DGAT, DY = [1/@,1%] let [G]o po = G = (v, Yg)aca
be given by A = [m]UA®, [m] =G and (v a,w(’l) = (i,97}) for a = (i,h) € A7, ie. to each
variable i € [n] we attach m{” unary interpolation weights @Z)Z h» b € [m;”]. Finally, the pinned graph
is [G]Zb& =G = (V,,¥))aca given by A = [m]UU, G’m] = @ and the unary wires-weight pairs
(i, Ha,[q,5(:)) for i €U.

For G’ = [G]" we let [G']** be the graph obtained from G’ by attaching interpolators analogously to
the above, and also define other combinations analogously. Further, we define the combined operators
analogously, e.g. [G]'* attaches external fields and pins.

For the interpolation weight in the null model let (0o, h,~) ~ py ® u([k]) ® 7% and

Vg 1 = [ 0], 00 Y0 L = otabe(r) T v(m)- (3)

T€g]* h#h
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With p = (pw,v*, m,n,m,m",U) the null model G, = [w ]wH . is given by (w, 97, 6) ~ wRYT R0,

Wiy nm = (Vnm, Ypgm) ~ WE™, Wouyn = Vo, Youy) ~ w([0]*) ® pw, ¥, 1o rpmer ~ YT
and &, ~ u([q]™). The standard weight, Gibbs measure, partition function and free entropy density

of G = (v, ¢) = [(v,¢)]" <+ are

ng’ H¢ UU - *(Xm( )]l{O’u—O’u} H ¢a Oy a)) H ¢;_J>L(O—l)a

acA a€[m] (¢,h)e AT
Yg,clo 1
:ug’G( ) - ZgG(G)) o'g,G ~ Ng Ga Z ¢gG ) E ln(Zg(G))
& o€

Let ¢, (0) = E[o(0)];, ¥mp(0) = E[ga(0)], Zmp = E[Z5(G)] and ¢, = E[pg(G)], and let
G, (o) be the teacher-student model given by the (G*(0), G)-derivative G+ g G(0) /Py, ().

Now, let Og, ~ u([0,07]), for § € Rxq let 1409, € {0,1} be Bernoulli with success probability
Pron =0/n € [0,1], @y pn ~ 0" andUe, ,, = g g(1). Let mg,e. , ~ Po(t7dn/k), m? e ~ Po((1-

t)d), m,., ~m$®" and let the joint distribution be given by (m, m<,U) ~ m@mT @U. Let

JJW n = km/n be the average degree (with respect to the standard factors) and dc<l_>t<_’ n =||m*|1/n
be the average degree with respect to the interpolators. Finally, we consider o7 ,, to be independent

of (m,m* U).

Remark 3.8. As discussed in Section the change in notation is required due to the complexity.
The expected average degree d corresponds to the expected degree d in Section and to the
limit d* for m* in Section hence we let d = d = d* in the remainder without further mention.
Similarly, the law py is clearly p from Section [2.1.2.1] so we let p = py in the remainder without
further mention.

3.2.1.2 Factor Assignment Distribution. Recall Z; ,, and ,, from Section [2.1.2.2, For v € P([q])
and 7 € [g]* let I T gy € P([¢]*) be given by

NT\F,'y(T) == @0(7) H Y(Th)- (4)

We will see that jipp is the law of the assignment to a factor induced by o under G*(o). Further, it
is clearly closely related to 7.

Observation 3.9. Let v € P([q]) and notice that the following holds.

a) We have ¢ < o, g, Zt,& < 1hy.

b) The map Z; is a q-variate polynomial of degree k on a compact set and hence attains €.
¢) There exists Ly € Rsg such that Z¢ is L-Lipschitz.

d) There exists cg € Rsq such that Zg(y) > € —c|y — v*||3.-

e) There exists Ly € Rxq such that e : P([q]) — P([q]¥) is L-Lipschitz.

f) There exists cg € Rsg such that ¢ <1 < ¢! for the (T 0 ~®F)-derivative 1.,

g) There exists Ly € Rsq such that r : P([q]) — [>q]0 , Y > Ty, is L-Lipschitz.

h) There exists ¢y € Rsq such that ¢ <1, <c ! for the (KT |55 7)-derivative 7y .
i) There exists Ly € Rsq such that v, : P([q]) = R, v — 74, is L-Lipschitz.

j) |« =" and hence 1y« = 1.
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Proof. Recall that 1, € Dy, ¥, = E[tpo], Z¢(v) = E[ﬂo(oﬂ;k)] and & = sup,, Z;() for Part For
Part notice that Z¢ is the restriction of f : RY — R, & — > ¢, (7) [T, z;n) to P([q]) € RY.
Since we need the derivatives anyway, notice that the 7-th partial derivative f(z) of f for 7 € [g] at
x € RY, using the product rule, is given by

fT(w) = ZZ@O(T/)]]‘{T;l - T} H Lr!(h')> (5)
h 7/

h'£h

so k) < fr(y) < ki for v € P([g]). Now, the (one-dimensional) fundamental theorem of calculus
ensures that

1Ze(11) — Zi(12)] < krllvn — velli = 2k |y — Yellev

for v € P([q])?. For Part we compute the Hessian

Hx,‘r = Z Z%o(T/)ﬂ{Tf/L = T} H Tp, T € [q]2'

helk]2 T’ h'@{hy,ha}

This yields k(k — 1)y < Hy < k(k — 1)i. So, using that Z¢(v*) = £ is the maximum for * in the
interior, i.e. the first derivative vanishes, yields the assertion using the first order Taylor approximation
with the Lagrange form of the remainder and ¢ = 2k(k — 1)1);.

For Part [3.9¢)| we use the triangle inequality, boundedness and Lipschitz continuity of Z; and
Observation [3.6] to obtain

1 Zi(y
ety = sl < 5 1 = 50+ 03158 = 3o < 2evn =l
Part follows from Part with ¢ = 1/)%, Part from Part and Part since

179 =l = XT: Zf(;bl")(ZTf)(WIZf(%) — Zt(12)] < 2kd" ¥ 72 = llevs v € P([a)-

Part follows from Part and y®¥|, = ~. For Part we use the triangle inequality and
Part m to get

®kN\{h} @K\ {h}
oo < 5 1y [ (inan) 9 (o)
i i B T,h k ' €lq)* " Zf(’YQ) Zf(’)/l)

Relabeling, the triangle inequality and Observation yield

7 = Pl < qu (r(k = Dllve = il + 93 [Ze(n) = Zi(32))

so Part completes the proof. Finally, for Part we recall the partial derivative f.(v*) =
kZe (v ) e+ 1« (7) /7 (T) = kZe(v*)rs4+(7) from Equation and that v* is a maximizer, so the
derivatives in the directions iq () — fte [gl,q» T € [¢ — 1], vanish and hence 7, ,+(7) = 7. 4+ (q) for all 7,
which completes the proof. O

Remark 3.10. Let v € P([q]) be a stationary point of Z; if and only if v is a stationary point of
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the restriction Z¢ : P(y 1 (Rsg)) — Rso, 7' + Zt(7'), or |y} (Rso)| = 1. In the proof of Observation
we have actually proven that ppr.«|« = 7" if and only if v* is a stationary point of Z.

3.2.1.8 FExpectations and Bounds. We derive naive bounds and compute the expectations, which

ensures that the teacher-student model is well-defined since ¢, > 0 and ¢g, p1 are well-defined since
Zg > 0.

Observation 3.11. Let M = m + |m*||;.

a) We have B[] =& and o) < 5 < 4.

b) We have " 1{oy = 5} (0) < hg,a(0) < M 1{oy = 61}y (o) for G € [G]" .

¢) We have 17" (5) < Zy(G) < w1y (ey) Jor G € [G7.

d) We have wQM]P’(O' =olo}; = ou) < pga(o) < 1/12M]P’(0' = olo}, = 6y) for G € [GIF Y.

¢) We have Yy, (o) = g eIy e (o) Z; (7, o)™

f) We have Zy, = ¢ MM IWE[Z¢ (v, 54)™)].

Proof. For Part we use independence, further = € P2 < ~+([g]) for the expectations, Zi(y*) = ¢
for the normalization and Observation [3.9)] to obtain

Z Z 1{r, = 7} (7 H V(i) = Erene(T) =&, 7 € [q],

K #£h

while ¥¢” € DY is immediate from Observation [3.9p)] Part 3.11b)| follows with Part [3.11h)] and
Observation Part [3.11k)| follows with Part [3.11p)] Part [3.11[)| follows with Part [3.11b)| and
Part [3.11c). Part 3.11f)| follows with independence, Part [3.11k)| and

1

E[tgw(0)] = Eltpo (0w, )] <Z Yo (T Z 1k Hoy, = 7'}> = Zf('yn,a)m

Part [3.11)| follows from Part [3.11f)| by summing over o. O

Next, we notice that m* (cf. Section [3.1.3)) can be chosen to be m, for very restrictive bounds.

Corollary 3.12. Let r € R>o, B° = (td—r,t7d+r) and BC = (1 —t7)d—r, (1 —t7)d+r). We
have |m* |y ~ Po((1 — t)dn). Further, there exists c; € R, such that

P(d ¢ B°), P(d” ¢ B7), E[1{d ¢ B°}d], E[1{d" ¢ B"}d"] < c;exp <_?f :) -

Proof. We have ||[m*||; ~ Po((1 — t*)dn) by Observation Further, we have
2

> — rm < coexp %

Tk k(ted+r)

with ¢ € RZ, from Observation [3.7d)| and hence the first part follows with ¢;/(kdy), using t7 < 1
and dy > 1. For the third part, fix some large p € Ryg. For r < p/y/n, ¢1 > 0 notice that

exp(—c1r?n/(14 1)) > e < so for ¢y > dTeC”’2 we have

t<dn
k

P(|ld—t7d| >r)=P (‘m —

1 ] 7 7 - 2
E[L{|d —t7d| > r}d] < E[d] = t7d < dy < c2exp <_i1:7:> .
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So, let r > p/+/n. Using Observation and the triangle inequality yields

t<dn rm —k
> — | < — >

and rn —k > %TTL + %p —k > %rn using n > 1, so the first part completes the proof, since the results
for d* follow analogously. O

t<dn

k

E[1{|d —t7d| > r}d] = t7dP <’m +1-—

3.2.1.4 Independent Factors. Let v = 7, ». Further, let the teacher-student model wires-weight pair
w) be given by the (w},w,)-derivative (v,v) — (0y)/Z¢(y). For 7 € [q] the interpolation

o,y , 1,0

weight 55, o« « - is given by the (77,57 )-derivative ¢ — ¢(7)/¢. Finally, let

* *4 *®m ® *>@mIT
(wU‘Il7n7m70'7 M\I/,’Y*JTJMWH U ® ’(/)O U(Z
i€[n]

Observation 3.13. We have G*(0) ~ [wX]a™" with a = (57, U, o).

Proof. Let v = v, and 7(v,¥) = ¥(0y)/Z¢(7), rE () = ¥(7)/€ denote the derivatives. Observation

7_

3.11k)| shows that v*®" (o) cancels out in the (G*(¢), G)-derivative and further

P(G*(0) € £) =E |¢"1{oy = v} [[ r(wa) H o (¥in)1 {[ ]Zfziu& € 5}
a i,h

Recall that []u . only depends on ¢ through the values d;; to be pinned, so on the event gy =

we have [w] J:iua_ = [w ]iﬁi After this substitution we can take the expectation over ¢ due to
independence, i.e. E[g“!1{o;, = &}] = 1. This completes the proof, due to independence. O

Remark 3.14. Observation allows to discuss the standard graph w*, the interpolators ¥}~
and the pins separately in most situations. We will make use of this convenient feature to reduce the
(notational) complexity and increase the transparency. For example, in the following we will discuss
the law of the standard graph, further notions and properties. This discussion directly applies to w*
and in this sense to G*(0).

3.2.1.5 Factor Side Assignments. For G = (v,) € G let 73,60 = (0y(a))ac[m] Pe the assignment to
the factors induced by o under G, and 7, ., il = Tg,G*(0),0 = Tgw*(0),c the induced ground truth
factor assignment. Using v = ynq, let Dr, =7 ! (Rsg) C [g] and notice that 7, ¢ » € (D{iﬁ)m

On the other hand, let 77, . ~ prr, With ,LLT|F from Section [3.2.1.2] and notice that the
support of 77 is D{iﬁ by Observation For 7 € Dk et wy o= (v3,5) ~ vl @5, where

U por ~ Qpulc (1)) and Y5 1y - 18 given by the (1,bo, 1,00) derivative 1 + ¥(7) /1, (7). Finally, for
TE (D{i S let w0 (0,7) ~ Qe W (0

Observation 3.15. We have (15, w*(0)) ~ (T7,w*(0, 7)), T ~ 75", v = Y-

Proof. We restrict to (73, w} ,-) and (oyz, w3) using independence. Now, the assertion holds since

B((r2 wi(r2)) € £) = 3 I = T

Zi et B (LT v.1b0) € £)] = Bl(o0z.w]) € £).
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O]

In words, the law of 7*(0) factorizes and w*(o) conditional to 7*(o) = 7 is given by w*(o, 7).
Let G*(0,7) be given by the law of G*(o)|7} = 7.

3.2.1.6 Variable Degrees. For T € ([¢]*)™ and 7/ € [¢]* let

A e G0 o
Oém’T(T)—T—EHaE[m].Ta—T}’. (6)
Notice that oy, is not well-defined for m = 0, but may, is. We reserve the preimage notation 7-1(7/)
for 7/ € [g]* (as opposed to 7/ € [g]). For G = (v,9) € G let A, (i) = {a € [m] : i € va([k])} be the
(factor) neighborhood of i € [n] and d¢ (i) = |Av,q(7)| the (factor) degree.
Similarly, let Hy (i) = {(a, h) : va(h) = i} be the (wire) neighborhood of i and dy (i) = |Hy,c(7)]
the (wire) degree. Finally, let pg .y n0(03) = P(i € v, ([k])).

Observation 3.16. Let i € [n], ¥ = o, = pirjr and n = E[[vi 1 (i)]].
a) We have pg =1 if n =1 and pq € (0,1) otherwise.
b) We have n = kulr(oy)

ny(oi)

¢) There exists cg € Ruo with = < pa(0;) < n < £ and pa(o;) > n— .

Proof. With Observation [3.15] we obtain pgq and 7, i.e.

T* o; k
pa = Bl € 0t (1K) = PGh € (K] 72, = 05,07 e () = 1) = e £ (AN o))

ny(03)
C k(o)
U—ZP h—z ;P(vo,ﬂf,h_ )= ny(od)

With the union bound we have pq(c;) < n and with ¢ from Observation further n < ke/n. For
n = 1 we clearly have pg = 1, n = k and hence both lower bounds hold for ¢ > £k — 1. For n > 1 we
have n — 1 > n/2 and hence

o n— k 2 k—1
pd=E ["’J’o( 'Uo)]]_{i c ’Uo([k])}} > wi <1 _ (nk1)> w <£> (n— 1)Z

Z(7) nk

/=0
R
nk = 2k=1p’

This also shows that pq € (0,1) for n > 1. The upper bound on the derivative gives

1 palon) < V2 [jo5 0] — 140 € (kD)) = 2T (kn~1 — (nF — (n — 1)%)
k

TR T

w2k1 k w2k2 k
= > (k- z-1)<€>( -~ <L (k- eq)(ﬁ)

=0 =0
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Next, we apply the bounds for the success probabilities to the degrees. Let dg ,, ., (i) ~

Bin(kmou |«(0i), m) anddf ., (i) = Bin(m,pa(0;)). Notice that both degrees only depend
on ¢ through o;. 7

Observation 3.17. Notice that the following holds for i € [n].
0’) We have dw,w*(a,f) (Z) ~ d:v(z) and E[dw,w*(a) (Z)] = mEHU;,_Ul(Z)H
b) We have d (5 (i) ~ d (i) and E[d - (»)(7)] = mpa,c (o).

Proof. Notice that

kmau 7|« (0i) = ZZ 1{r, = 0;} Z Hra =7} = {(a,h) : 7o = 04}
h 7/ a

Hence, Part |3.17p)| and Part [3.17b)| follow from Observation and Observation O

By an abuse of notation we use the shorthands di, (i) = dy wr(0,r)(7) and df(i) = dg e (o)(7)-
Combining these observations does not only yield uniform bounds (also in the choice of o!), we also
obtain the law of the degrees and bounds under the Poisson number of factors, and uniform Lipschitz
continuity of the degree in o.

Corollary 3.18. Leti € [n], ¥ = Mo, = fiT|ry, MO = MO ; and M = t<dn/k.
a) We have df < d,. Further, there exists c¢g € Rso such that ’Z—ZL < E[df] < Eld;,] < C]“Tm and
Eld;] — Bld;] < 9.

b) We have (di ,,,, m — di ;) ~ Po(pam, (1 — pa)m). Further, there exists cg € R>o such that %‘i <
Eld},,] < E[d ] < ct?d and E[d}, ,,,] — E[d; ,,] < <2

¢) Using 0 = ||vn,0c — 7*||tv, there exists cg € Rsq such that

‘E[d’v‘; = < R g ) - t7d| < et ds,
k) n n ’
km ckm 1 . - 1
Eldf, |——| < — - Eld: 1 —t7d| < et™ )
' i) === < = <6+n>, [df ] — t d’ <ct d(5+n>
Proof. Using w* = (v*,4*) and n = E[|v:~1(i)|], for Part [3.18)| we have
di = 3 1Bhekviy =it < 3 |0 (0)] =i

a€[m] a€m]

further we have E[df] = mpq and E[d}] = mn from Observation [3.17] hence the bounds follow from
Observation by rescaling with k& > 2. The law in Part [3.18b)| follows from Observation [3.17p)
and Observation [3.7b)l The bounds are obtained by taking expectations in Part For Part

we use Observation Observation and Observation to obtain

‘E[d;‘v - km| _ km e q,,l«(0) NT\F,:*’*(UZ') < ckm o
’ n n Vn,a(o'i) Y (UZ) n
The remainder is now immediate from Jensen’s inequality and Part O

3.2.1.7 Neighborhood Decomposition. Let D_ = ([n] \ {i})* be the factor neighborhoods excluding i
and D4 = [n]* \ D_ the neighborhoods covering i. For n > 1 let w_q 1y ni = (V—omnis Yo puy) ~
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u(D-) ® py and let w*, .,  be given by the (w*,, w_o)-derivative (v, ) — ¥ (0v)/Eltp—o(0w_,)]-
Let Wiopugni = (ViomirWrouy) ~ 1W(Dy) @ py and let wi, , ., be given by the (wi,, wio)-
derivative (v,v) — ¥(0y)/E[Y4o(0w,,)]. For given d € Z N[0, m] let

*

* *®(m d) *®d
" pwmim—dior Wi g mdiio) ~ W- ® wi".

(w

For given A € ([ZZ]) let ay : [d - A, a_ : [m —d — [m]\ A be the enumerations, and let

WS4 = (1 4(a))aepn) be given by w4 (a) — w (a7} (a)) for a € A and w?_4(a) — w* (a(a)) for
€ [m] \ A. Finally, let A4 .4 = u((“g})) and Wi, ide = Wa 4,

Observation 3.19. We have w}(i,d;(i),0) ~ w*(o).

Proof. With w* = (v*,¢*), A* = {a € [m] : i € v}([k])} and b* = (1{a € A*}), we have b* ~ b:®™
where b} € {0, 1} is given by the success probability pq(o;). So, for b € {0,1}"™ using p, = P(b} = b,),
w = (v, ) from Section and b = (1{i € v, ([k])})a we have

"/’a(o'v(a))ﬂ{ba = ba}
1;[ 7f ('}’n,a)pa

]P’(w*GS]AZA):El IL{weS}].
Now, the (w_o, w,)-derivative is (v, ) — 1{i & v([k])}/P(i € vs([k])), so the (w*,, w,)-derivative is
(0,0) > 1{i & 0((K]) }6(0) /BI1{i & v0((K]) }ba(,)]. But for any a € b='(0) we have

7t o = Zi(n o )E [j:(( 22 1{i v [ 1)}] — B[L{i ¢ va([k]) (0w,

Similarly, the (w4o,w,)-derivative is (v,v) — 1{i € v([k])}¥(0y)/E[1{i € vo([k])}ts(0w,)] and
Zt(Yn0)Pa = E[1{i € vo([k])}1po(0s,)] for a € b=1(1). So, w*|A* = A and w} a4 have the same law.

Next, notice that w* ~ w* o a for any permutation « € [m|™ of the factors which yields A" ~
a(A¥), hence that A*||A*| = d is uniform and thereby has the same law as Aq. This shows that
w*||A*| = d has the same law as w] and thereby completes the proof. O

Remark 3.20. Notice that w! __ does not depend on ¢; due to the definition of v_,.

0,—0

8.2.1.8 Standard Graphs. In this section we discuss the relation of the decorated factor graphs from
Section [3.2.1.1] and the standard factor graphs from Section [2.1.2.1L For this purpose let Gq, G}
denote the decorated graphs and Gy, G the standard graphs.

Observation 3.21. Let OV = 0 and t© = 1. Let Gq = Gammou, Gi = Gipumou: Gs =

Gum and G5 = G, Then we have Ga ~ (G, Gi(0) ~ (G0N, p6,(0) ~ 17 (7) b (o),

Zg(Gd) ~ Z’Y* (GS)? Zg(G;ki(o-)) ~ Z’Y*(G:(O—)) and Ue,Gq ™~ Hy*,Gs» .ug,Gz(o) ~ Py GE (o)

Proof. Notice that m* = 0 and U = (). Further, we have G4 ~ [Gs]' by definition, hence ¥y g () ~
VO (o), (0) and E[Yg a, (0)|m] = v*@"(0)E[¢he, (0)|m], so as for Observation v*@" (o) cancels

out in the (G*(0), G)-derivative and thereby Gij(c) ~ [GZ(o)]'. Finally, notice that Z,-(G) =

YoV E(0)a(0) = X, Yigr(o) = Z¢([G]"). The remainder follows analogously. O

Notice that the result for ¢g4, ¢ is implied. Thus, the standard graphs follow as a special case.



3. Condensation Threshold 35

3.2.2 The Nishimori Ground Truth. In this section we discuss the Nishimori ground truth &
from Section 3.1.2.1] and its relation to o*. In Section [3.2.2.1] we show that & satisfies the Nishimori
condition for the decorated graph and prove Proposition In Section we discuss the
color frequencies 3« ,, = Yn.o*; Yug,v*nm = Tn,é and the conditional laws o*|v*, &%, including the
proof of Proposition the upper bound in Proposition and the lower bound in Proposition
3.1b)l Finally, in Section we bound the total variation distance of Nishimori ground truths for
different values of m.

3.2.2.1 Decorated Graphs. Recall the (6, 0*)-derivative 7, v+ n m from Section 3.1.2.1}

Observation 3.22. Notice that the following holds.
a) We have P(6 = o) = ¢, (0)/Zm and #(0) = Z¢(1n0)" /E[Zt(Yn,0+)™].
b) The Radon-Nikodym derivative of (&, G*(&)) with respect to o* @ G is

Yg.c(0)
G) — o
¢) The (G*(6),G)-derivative is G v+ Zg(G)/Zm.
d) We have (6,G*(6)) ~ (04.G-6), G*(F)).

Proof. With Gy denoting the standard graph and using Observation we have

B(6 = o) = V0BG ()] _ Elgicr(9)]
E[Z'y* (GS)] E[Zg( GS]F)] ’

i.e. the ratio of the expectations for the decorated factor graph without interpolators and pins. But

with Observation |3.11) and Observation [3.11f)| this gives

() Zi ()" Do)
E[jf('yn,a*)m] Zm

Using Part [3.22) (0%, G) ~ 0* @ G and for an event £ we have

P =0)=

A %A _ Em(a*) ( 7(;(0'*) *
P((6,G*(6)) € €&)=E @ (o) Zm agm(a_*) {(e*,G) € &} .

This shows that the (G*(&), G)-derivative is >, 'y*®"(a)7:ég7;f;;% = Z%(G). This also shows Part

3.22d)| since the joint derivative is the product of the individual derivatives. O

Since pg jr = pys ¢ and G = [G)" is a bijection, Propositionfollows with Observation
and Observation [3.22d)|

3.2.2.2 Ground Truths. Since both ground truths o*, & are invariant to decorations we assume that
m =0 and U = () in this section. Using v = yn o let S = {0’ € [¢]" : Yno» =7} and o1 ~ u(S).

Observation 3.23. Notice that the following holds.

a) We have (v*,0%) ~ (v*, 01 4+).

b) There exist cg € RZ with P(||v* — v*||ty > 1) < c2e™ M for 1 € Rxg.
¢) There exists ¢ € Rsg such that E[||v* — v*|ltv] < ¢/v/n.

d) There exists ¢ € R~g such that E[||v* —v*||2,] < ¢/n.
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Proof. The first part is clear, further the union bound with Hoeffding’s inequality yields

P(lv* =7l > ) <PEr € lally*(7) =" ()| = 2r/q) < 2gexp (—;27”2 ) .

For the next part we have E[||[v* —v*|lw] < [5° coe= Ny = 20\2/*0/11;. Similarly, for the last part we
have E[[|[v* — v*||2,] < [oF coe™1™dr = e O

Next, we establish the bounds for ¥, and Z,.

Lemma 3.24. Notice that the following holds for m < my.

a) There exists cg € R such that c§™ < o < E™. B

b) There exists cg € Rso with exp(—c||yne — 7 [|An)EMY* € (o) < (o) < My € (o).
o)

Proof. Observation|3.1 IE) yields ¥, (o) = v*@"(a) Zg ()™ < 4*E(0)E™, 80 Zyy < E™, where ¥ = Yy 4.
Next, with & from Observation [3.9d)|let ¢q = 8d+éA(¢4)/k and § = || yn,e — 7* ||ty For 62 > 1/(2¢¢4)

we have
Em(o-) wi " _ o —4din/k c —c6%n
SEn(g)Em = (W) =i T =exp (‘2&/%") =e

For 6% < 1/(2&4) we have Zﬁ(ﬂ >1- % > 1 Forte R>1/ we have In(t) > (2¢ — 3)(1 —t) and
thereby

Zt(7) 2262\ @62 2¢62 9, (o) ( 2m¢é<52> es?n
1 - “s o [ — _
n( ; )Z <” m)mz by Emen(e) P\ g ) 2

So, by Jensen’s inequality and with ¢ from Observation [3.23d)| we have

N

m

T 2 E Jexp (—elly" =7 I2n) | = exp (—Elllv =7 IuIn) > exp(—ca).

m

Now, we prove the remainder of Proposition and translate Observation to &.

Corollary 3.25. Notice that the following holds for m < mx.

a) There exists cg € R such that 7 < c.

b) There exists cq € Rsq such that (o) > exp(—c|| e — v [|%0).

c) We have (4,6) ~ (¥,014).

d) There ezist cg € R with P(||5 — v*|lew > 1) < Ccoe™ N for 1 € R>o.

e) There exists ¢ € Rsg such that E[||5 — v*||tv] < ¢/v/n.
f) There exists ¢ € R~ such that E[||§ —v*||Z] < ¢/n.

Proof. With Observation [3.22h) ¢ from Lemma [3.24h)] and Lemma [3.24b)| we have # < &'. With
¢ from Lemma [3.24p)| and Lemma [3.24h)| we have #(0) > exp(—c|mo — 7*[|&n). The next part

is immediate from the result for # in Observation ﬂ which also shows that 1, is invariant to
permutations of o. The last parts follow from Part 3.25EZ| applied to Observation O
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3.2.2.8 Coupling Nishimori Ground Truths. Since & is invariant to decorations we assume that m =
0 and U = (). In this section we derive a bound for ||6/,+1 — 6l|tv, Which then extends to any &,
&7, using the triangle inequality.

Observation 3.26. Notice that the following holds for m < mx.
a) There ezists cg € Rsg with 1 — c||ymoe — 7|2 < 7(0) <14 £ for the (6my1, 6m)-derivative .
b) There exists cg € Rsq such that ||[Gmi1 — Omllev < ¢/n.

Proof. With Observation [3.11k)| and ¢’ from Observation we obtain

Em,m—&—l (U)

Vinm (0)
This equality and ¢” from Corollary [3.25f)| further yield

= Zt(me) € 1€ = ¢lme =" I7 €]

Zmmil _ g [Z(3n)] = €~ (B[4 =7 I3] = € -

m,m n

C/ C//

and the upper bound £. Hence, we have

P(6my1 = 0) d .12 d |2
— T I >1 - = o — >1—— o — .
]P’(é'm _ 0_) el f H’Yn, Y Htv - 1/% HV& Y Htv

For n < n, with no = 2¢'¢’ /€ < 2¢'¢’)4 we use Observation [3.29h)| to obtain

4dsno [k
Moy 7/ <14 27" exp(1 + %c’c”A&bT)dT)'
n

P(&m+1 = O')

2m
< T<1
PGn=0) V1 =%

For n > n, we use the bounds above and 1/(1 —¢) < 1+ 2t for ¢t € [0,1/2] to obtain

/N 2///
" << g 20
P(6y, = 0) 1— <8 &n n

which completes the proof of Part Combining this result with Observation gives

. . 1 . c . . 1
[6mi1 = Sl = SE (@) = 10 < 5 (E[I13 =771 + 7).

which completes the proof using Corollary [3.25f)| O

This completes the discussion of the Nishimori ground truth &.

3.2.2.4 Ground Truth Given the Graph. In this section we consider arbitrary choices of m* and U.
Due to the Nishimori condition [3.22d)| the Nishimori ground truth & conditional to G*(&) has the
same distribution as the Gibbs spins o. Hence, we only need to discuss the kernel for o given G*(o*).
For this purpose let 74 5(G) = ¢g,c(0)/1hy(0) be the (G*(0), G)-derivative, r5(G) = E[rg o (G)] and
for G € [G]T let o, ¢ € [g]" be given by the (o7 ;, 0%)-derivative 75 ¢(0) = 140(G)/15(G).

Observation 3.27. Let G* = G*(0*) and M =m + |m*||;.
a) The (G*, G)-derivative is ry with wa(qw¢)|u| <rg < w%MqW'.
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b) We have (0*,G*) ~ (05 g+, G*).

Proof. For G = [(v,)]" <+ and using Observation we have

Ya(07(s)) in0) 1 Lo} =5} oM
G =E | =22 : - > “
ri(@) ! mwﬂ@JLH : lg | v )

using v (5y) > w|¢u| and the upper bound follows analogously with v*®¥(&;,) < 1. For the second
part with (*,G) ~ 0" ® G we have

P ((ag,G*, G*) € 5) =E [r;(G)rS,G(a*)n {(6*,G) € 5}] —P((c*,G*) €&).
O

3.2.2.5 Gibbs Spins. In this section we consider arbitrary choices of m* and U. Due to the Nishimori
condition [3.22d){ we have 6 ~ o g+(5). Hence, we only need to discuss o, g«(g+)-

Observation 3.28. Let v = 1o with 0 = 04 g+ (o+) and m < ZmT.
a) There exists cg € ]R2>0 such that P(||y — v*|l¢v > 1) < coe™ 7",

b) There exists cg € Rsq such that E[||y —v*[|«] < ¢/v/n.
¢) There exists cg € Rsg such that E[||y — v*||2,] < ¢/n.

Proof. Let ¢* € R%, be from Observation 3.23p)} ¢ € R2>0 be from Corollary [3.25d)[ and ¢’ € Rsg
from Corollary [3.25p)l With r* = /L we have

*T*Z

* /2 A * A * * * —
P(lly =7 [lev 2 7) <" "PY = Nlow =7 17 =7 llew <77) +c3e™4

1 A2 C*él
< exp (2017"271 Goe M chexp | — 21 - rn),
c

n

which completes the proof with co = é + ¢5 and ¢1 = min(é1/2,¢jé1/(2¢')). The remainder is
completely analogous to the proof of Observation [3.23 O

8.2.2.6 Relative Entropies. We compare the various assignments using relative entropies.

Observation 3.29. Let G* = G*(0™) and m < my.

a) There exists ¢g € Rsg with Dy, (6)0*) < c.

b) There ezists cg € R with Dky,(0*]|6) < c.

¢) There ezists cg € Rsq such that E[E[Dky, (0 g+ ||log,c+)|G*]] < c.

Proof. With ¢ from Corollary [3.25a)| we have Dkp(d|o*) = E[ln(#(6))] < In(¢/). With ¢ from
Corollary [3.25b)| and ¢ from Observation [3.23d)| we have

Dk (o*||6) =E [ln (f(a'*)_l)} < nE M’y* - ’y*va} <.
Using the definitions, the (Ugvg*,ag’G*)—derivative s, can be composed of

o) = @@ (o) :E[
T el 70246 |7

(o) ] '

(Ug,G)
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Now, with ¢’ from Corollary [3.25a), ¢” from Corollary [3.25b){and g ¢ = Yn,0, o We have
roa(0) = exp (= me = 7' [1%n) /¢
Hence, with the tower property, Observation and ¢ from Observation [3.23d)| we have

E[E[DkL(0gc+[0g.6-)

G*]] = E[-In(rs g+ (™)) <In(d) + """
O

3.2.3 Concentration and Continuity. In this section we prove Proposition and related results.
In Section we establish boundedness and Lipschitz continuity of the free entropy on the factor
graph level for general decorated graphs, yielding Proposition

In Section[3.2.3.2) we establish Lipschitz continuity of E[¢g(G)] for m** = 0 and ¢ = (). Then we es-
tablish Lipschitz continuity for E[¢g (G, ;e 14(0, 7))] and E[¢g (G, e 14(0))] in Section yield-
ing Proposition In Section and for m® = 0 and U = () we show that E[¢.(G},(6m))] =
El¢s (G, (0*))] + o(1) which explains why using & for Proposition is reasonable, and we further
show that E[¢g (G, (07))] = Elpe (G (0*))] + o(1), which supports the corresponding claim in Sec-
tion |3.1.3| regarding m™* and Theorem Based on these results we then establish concentration for
m® =0, U = () in Section yielding Proposition
3.2.3.1 The Free Entropy. Let G = [w];ﬁ%wH,MJ with w = (v,9) € Gpm and G = [ﬁ}];ﬁ%&ﬂg,& with
W = (9,) € Gum. Let V% = [n] \ (Y UU) be the unpinned variables, V% ={ieUnU:o; =5}
the variables pinned to the same value, and V¥ = V% U V% . Further, let mn = min(m,m), m5 =
(min(m;”,m;7))i, AS = {(i,h) : i € [n],h € [mn;]} and

A= = {a € [ma)  wa = o, va([k]) SV}, A2 = {(5,h) € AT s 0}, = G50 € V.

Now, let D = m —mn + Y ;(m —mS,;), D = m — mna + Y ;(m — m&;) be the excess factors,
Dn = mn — [A=| + [AF \ AZ| the bad factors and let dg(G, G) =D+ D + 2D +n — |V be the
distance of G and G.

Observation 3.30. There evists c; € Rsg such that |¢4(G) — ¢4(G)| < =dg(G, G) and |¢g(G)| <
& (m A [|m® [y + [U]).

Proof. Let G, G be as in the definition of dg. First, we get rid of the excess factor and the bad factors,
ie.

Zy(G) > YR

Uy =g oy = opd 11 valon) 1] w:fz(ar)]-

a€A= (i,h)EAL

*

Ti» S0 we can use independence, v* > 1

Now, all but the first part of the indicator only depends on o
and further transition to G, i.e.

Z,(G) ZwiDjLDnJrILI\Vz”IE [H{U% :61;;} H @Za(aga) H iﬁl(a:‘)] .

ac€A— (i,h)e AL
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—In(yy)

This clearly gives ¢g(G) > — " dy(G, G) + ¢5(G), the upper bound follows analogously and hence
the first part of the assertion holds with ¢ = In(1/y). The second part holds due to Observation [3.11fc)|
and v* > 1. O

Proposition [3.2k)| follows from Observation applied to Observation [3.30]

8.2.8.2 Continuity for the Null Model. In this section we establish Proposition for the null
model, implied by the following result for the decorated graph version. Recall ¢, = E[¢g(G,y,)] from

Section B.2. 111

Lemma 3.31. There exists Ly € Rsq such that [y, (m1) — ép(mo)| < L|E™ — %| Jor m € 7%,
m™ =0 and U = 0.

Proof. For m* = 0 and U = () we have dg(G,G) = m + m — 2|A—| in Section [3.2.3.1, Assume

without loss of generality that m; < msy and consider the canonical coupling of G (m1) = [wy,,]|"
and G(mz2) = [Wpm,]", i.e. Wm, = Wy, [m,]- Under this coupling we have A— = [m;] and hence
dg(G(m1),G(mg2)) = ma — my, so Jensen’s inequality and Observation yield
_ _ d kmy  kmg
Bualmn) — Gualma)] < Ell65(G ) — 0(Glma)) < & (my —my) = p M1 K2
with L = ¢/ /k, and thereby complete the proof. ]

Proposition [3.2c)| for the null model follows from Observation applied to Lemma [3.31]

3.2.8.8 Continuity for the Teacher-Student Model. In this section we establish a version of Proposition
3.2c)| for the expected free entropy ¢*(m,o,7) = E[¢g(Gr, e 14(0,7))] over the two-sided planted
model and the more general decorated graphs. The result for the teacher-student model then follows
as a corollary.

Lemma 3.32. Let v, > %wi, m < my, further m € Z>o, 6 € [q]" and T € (D{iﬁ)m. There exists
Ly € Ry such that

St~

6% (m,0,7) — 67 (17,5, 7)) < = (I — 751+ [M0mr — s ]1)
Proof. Let ¥ = Yo, ¥ = Yn,5, @ = m r and & = oy 7. First, we show that ¢*(m, o, 7) = ¢* (M, 5, 7)
for the special case that m = m, ¥ = v and & = a, i.e. there exist permutations v € [n|® and
w € [m]™ such that 6 ov = ¢ and 7 o u = 7. Similar to the proof of Observation we consider a
permutation p of the factors, and moreover a permutation v of the variables. For given (v, %) € G let
f(v,9) = (9,9) € G be given by 0,,4),5 = V(va,n) and 9,4y = 1. Notice that ui*((},%) -f(w*(o,7))
since f is a simple relabeling of variables and factors. Further, let f< () = ¢ with w;_gi) n="h

and notice that < ~ f< (). Finally, using i o v = m* and U = v(U) we have

0s (10002 e 1) = 0 (1B, e )

i.e. the free entropy is invariant to a relabeling of factors and variables. This shows that

0¢ (G e (0.7)) ~ g (LF (@ (0TI o oy i) = B (G u(0,7)) -
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Since both m* and U = u; 4(1) are obtained from i.d.d. random variables (given ), we have

G%’mﬁoy’y(u)(é,%) ~ Gy, moy(6,7) and thereby ¢*(m,0,7) = ¢*(m,5,7). This completes the

proof of the special case and in particular shows that ¢*(m,ny, ma) = ¢*(m, o, 7) is well-defined.
Hence, for the general case we assume without loss of generality that m < /m and that o, 7, &

and 7 are ordered as follows. Let nar = (min(nvy(7'),ny(7')))¢q and nn = |[nar|li. Analogously,
let maa = (min(ma(r’),ma(7’))) ¢jgr and mn = ||maal1. We assume that oy, = 6}, and
Tima] = Timo]-

Next, we consider the following union. Let ny = n+(n—nn) and oy = (0, G[n)\[n])- Analogously,
let my = m+ (m —mn) and 75 = (7, Fm)\[m])- Let v1 : [n] — [n] be the identity, v2 : [n] —
[nA] U ([nu] \ [n]) the enumeration, pq : [m] — [m] the identity and us : [m] — [ma] U ([my] \ [m]) the

enumeration. The union graph Gy = [wu]fniiw*ﬁ U0, 18 given by
U ¥Yu k)

(wU7mU<_>a w@Hqu) ~wy (mﬁa'ﬁbaﬁ) ®UU7

where wy ~ wy;, (0yu,7u) and the remainder is given as follows. The interpolator counts m; are given

by mif[n] ~mS’ and m{ oy = m ovy, i.e. we copy the values to the remaining positions. Given
m{ we have ¥ ~ by for the interpolation weights. Similarly, for the pins let @, € {0, 1}

be given by 1y g (] ~ Utn,e and gy gove = Uy govi. Further, let U = dt_ul,en(l) with 6, ~ u([0,0%])
from Section [3.2.1.1] In words, we obtain m{; and Uy, by choosing the correct distribution on [n] and
copying the values to the remainder (yielding the correct distribution there), and then take the law
G*(oy, 10).

Given a graph G = [(”vau)]gz?zp@,uu,au from Gy and i € [2], let G;(GL) = [(v,w)]aﬁ%wﬁyp
be given by m™ = m ov;, v = 7 o vy, U = v {UL), ¥ = Yy o pi, vla,h) = v (vu(ula), b))
if vy(p(a),h) € vi([n]) and otherwise v(a,h) ~ u(S;) independent of everything else, where S; =
v; 1(Sy) and Sy = oyt (7u(pi(a), k). Notice that 7,(u1(a), h) = 7(a, h) and further Sy = o~ (7,.1).
Analogously, we obtain Ss = &_1(%(17;1).

Now, we claim that G1(Gu) ~ Gy, o (0, 7) and G2(Gu) ~ GF, o 14(6, 7). Due to the absence
of dependencies and by construction it is straightforward to see that the pinning indicators (sets), the
interpolator counts, the interpolation weights and the standard weights have the correct distribution,
which leaves us with the (standard) neighborhoods. But using Gy = [(vu,¥0)]" 7Y, G1(GL) =
[(v,)]T4, for a € [m], h € [k] and i € 0~ (7,,) we have

P(v(a,h) = i) = P(vy(a, h) = 1) + P(vy(a, h) & 0_1(7'@7;1), v(a,h) =1)
1 00" (Ta)| = lo™ ()] 1 _ 1

oo ran)| 05" (7o) o= (ran)|  lo™ (Tapn)]

9

and thereby also v(a,h) ~ u(c~1(7,)) has the correct distribution. This shows that G1(Gy) ~
G me u(o,7), and we obtain G2(Gu) ~ G, ,,, 14(F, ) analogously.
In the next step we want to apply Observation hence we have to bound dg(G1, G2) using

G, =Gi(Gy) = [(Umlﬂz‘)];?{wvu%%ow. By construction we have m* =m{? =m§ and U = U, =

U (almost surely), so V% = [n]\U, V% =UN[nA), VY = ([n]\U)U[nq], min(m,m) = m, m&5 = m*,
S =A5e,D=0,D=m—m, Dy =m—|A=|+|AT\AZ | and dg(G1, G2) = m—m~+2Dq+|U\[nA]|.
Notice that A2 C A_ with

AL = {a € [mn] s vua(K]) € [nn]}



42 3.2. Preparations

and {(i,h) : i € [nn],h € [m{7]} C AZ by construction, so

Dn <m —mn+ [{a € [mn] : Fh € [k]vu(a, h) > na}| + Z m;’.
’i=7’Lm+1

Hence, we can upper bound the number of factors by the number of wires, which is then the total
degree of the variables [ny] \ [nn] with respect to the factors [mn], i.e.

DA <m —mn+ [{(a,h) € [mn] x [k] : vu(a,h) > na}| + Z m;’

i:nn+1

ny n
=m-—mn+ Y d@i)+ Y m,
i:nm+1 i:nm-i-l

d(i) = [{(a, h) € [mn] x [k] : vu(a, h) = i}|.
Notice that d(i) is exactly the (wire) degree of i € [ny] in wy, (0U, TU[m,)), SO the discussion in
Section [3.2.1.6| applies. Further, notice that
ny n
dg(G1,G2) <m+m—2ma+ Y. d(i)+ > mf.
1=nn+1 i=nn-+1

Now, taking the expectation, using the coupling, Jensen’s inequality and ¢ from Observation [3.30]
yields

[¢*(m, 0,7) — ¢* (0,5, 7)| <

S0

i:nm +1 i:nm—i-l

(Th—i—m—me—l— zu: E[d(i)] + Z E[mf})

By definition we have E[m{*] = (1 — t7)d < d, and by Observation [3.17h)| we have d(i) ~
Bin(|H|,1/|o5 (")) for i € [ny] \ [nn], with ¢’ = oy(i) and H = {(a, h) € [mn] x [k] : Tu(a, h) = o’}
from the proof of Observation [3.17a)| This gives

A= |/H| kmn ka
B0 = (=100 = o 1(0)] = 2

= ddyr.
Using [|[ny — n9|[1 = 2(n —nn) = nu — nn and ||ma — ma|; = m + m — 2mn yields
IS c . ~
|¢7(m, 0,7) = ¢* (10,6, 7)| < — (ma — mé|[1 + (4drtpr + di)llny = n7lla)

and completes the proof with L = edy (414 + 1). O

Remark 3.33. In preparation of the upcoming Aizenman-Sims-Starr scheme, notice that the coupling

construction works because we consider fixed t, d, ©F and n, i.e. we have the same type of decorations
for Gl(Gu), GQ(Gu)

Now, we obtain the result for ¢*(m, o) = E[¢g(G}, me 14(0))] as a corollary.
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Corollary 3.34. Let v, o > %1/%7 m < my, m € Z>o and & € [q]". For some Ly € R~ we have

km  km

6"(m,0) = & (7,6)| < L (e — el + |7 = ).

n

Proof. Let v = Yn,6, ¥ = Tns and assume without loss of generality that m < m. Using the coupling
lemma fix a coupling p of ppr, and prrsy and let 7 ~ p®™. With Observation we have

* * ~

m,m“*,lx[(a) ~ G;l,m‘_’,u(av Tl,[m})? G;kh,mH,Ll(0—> ~ Gm,m‘_*,lzl(av 7-2)'

With the tower property of the expectation, Jensen’s inequality and L* from Lemma [3.32| we have
*

L
[¢7(m, 0) = ¢" (1, )] < —~E[[lny = nFllL + [Ima — méll1]

with a@ = O,y (g and & = am . The triangle inequality gives

[m
m
Imac —mali <3| D) [Hra=7}-Una=7}+ D Hma=7"}
7' \a€[m] a=m+1

and hence E[|ma — mal|;] < 2mP(111 # T2.1) +m —m = 2m||ppry — por5llee + 7 — m, so with
L’ from Observation we have

v o . 2L'L* km ~ L* (ki  km
|p*(m, o) — ¢*(m, )| < 2L* |y — Fllev + - n”,y_ﬂh_}_k( - )7
so the assertion holds with L = %(k + 2L'dy). -

Observation and Lemma yield Proposition [3.2c)| for the planted model.

3.2.8.4 Teacher-Student Model Asymptotics. Throughout this section we assume that m® = 0 and
U = () for convenience. We discuss the behavior of the expected free entropies under random factor
counts and random ground truths. For this purpose let I'" = ([ny*(7)])-, T~ = (|nv*(7)])+, further
let I' € Z%, be such that T~ < I' < I'" and |||y = n, so for ° = LT" we have 7° € P([g]) and
17° = 7 lloc < 1/n. Let 0° € [¢]" be the non-decreasing assignment with v, ;o = 7°. Finally, let
m°® = |dn/k| and recall m*, ey, 6, from the introduction to Section

Corollary 3.35. Let m < mqy, m© =0, U =0 and ¢},(0) = E[¢ps(G*(0))].

a) For some ¢y € Ry we have |E[¢},(0)] — ¢5,(0°)| < ¢//n, also for o™ replaced by &-.

b) We have E[¢%,(0%)] = ¢0(0°) + O(em + dm + n~Y2) and the same holds for o* replaced by &, .
Further, this statement also holds for m replaced by m*.

Proof. For n > 21y we have v° > 1) /2. Hence, with Jensen’s inequality, L from Corollary and
c* from Observation [3.23c)| we have
B[, (o)) = ¢r,(0°)| < LE[|v* —~°[lw] < ¢'/v/n

with ¢ = Lc¢*, and the same holds for * replaced by ¢ and ¢ = Lé with é from Corollary [3.25¢)} so
Part [3.350)| holds with ¢ = Lmax(c*,¢) = Lé for n > 2¢y. For n < 214 we take ¢’ from Observation

to obtain [E[¢}, (6*)] — ¢},(0°)] < 2¢'m/n < 4cdy/k < ¢//n with ¢ = /2¢44cd dy k.
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For 6y, em sufficiently large and using Corollary [3.12] we may consider m to be a special case of
m*. With ¢ from Observation [3.30 notice that

cm*} n cm® c 2cdy  cdy
k k

B = [El6n (6me)) — 61 (0°)] <E | < Lot X O

is uniformly bounded for all n. For n > 214 recall that v° > /2 and m° < my. Using Jensen’s
inequality, L as above, ¢ from Corollary [3.25¢)|, d° = km°/n and the triangle inequality we obtain
F < LFE{ + LE5 with

A o 2 * q
Er = Ef[[Ame =27 llw] < Ell¥me =" lo] + 5

< B[L{]d” —d| < 8u}Ame = 71"ll] + 2+ 5 :

+%,

¢
< —
* o * 7] k
By =E[|ld" - d°|] <E[|d" —d[] + ~
- - _ k k
< b+ E[1{]d" — d] > Gn}d] + dP(|d" —d| > ) + ~ < b+ Em + dyem + .

The result for o* follows analogously with ¢ replaced by ¢* from Observation [3.23c)| O

3.2.8.5 Concentration. Throughout this section we assume that m* = 0 and U = ) for convenience.
First, we establish concentration for the models over iid factors.

Lemma 3.36. Let m© =0, U =0 and m < my. There exists cg € R2>0 such that
—C T2TL
P(l¢g(G) — Elog(G)]| = 1) < coe™
for r € R>g and the same holds for G replaced by G*(o,7) and G*(0).
Proof. Recall the proof of Lemma For m = m in Section we have
dg(G, G) = 2m — 2| A—| = 2/{a € [m] : (va,a) # (Ta, Pa)}|.
So, for |[A=| = m — 1 and ¢ from Observation we have |pg(G) — ¢g(G)| < 270/ Since ¢(G) =

¢g([w]') is a function of m iid pairs McDiarmid’s inequality yields

—c1rm2n

P(|¢g(G) — Elpg(G)]| > ) < 2exp < e

with ¢ =2 and ¢; = ﬁ. Using Observation [3.13 and Observation [3.15] the proofs for G*(o) and

G*(0, 1) are completely analogous, with the same constants. ]

Remark 3.37. This proof extends to any fixed ¢ (and &) since this determines the pinning weights
due to fixed o, and to not too large ||m*||; analogously to the standard factors.

Next, we establish concentration for random ground truths.
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Lemma 3.38. Let m™ =0, U = ) and m < m4. There exists cg € R, such that
(g™ * (K —c1r?n
P(l¢g(G*(07)) = El¢g(G™(07))]| = 1) < cpe™

for r € R>q and the same holds for o* replaced by &.

Proof. Let ¢*(0) = E[¢o(G*(0))] and ¢* = E[¢*(a*)]. With ¢ from Corollary let p = 3¢°, and
with L from Corollary let no = max(2¢r, (3¢L/p)?). In the following we consider the case n > n,
and r > p/y/n, then the case n < no, and finally the case r < p/\/n.

For n > n, and r > p//n the following holds. Using ||7° —7*||cc < 1/n < 1/n° we have v° > 4 /2
and hence Corollary applies and yields |¢*(o*) — ¢*(0°)| < L||v* —7°|ltv. Notice that 4° is also
sufficiently close to v* relative to r, to be precise we have ||[7° — v*||¢y < & < qup\/ﬁ < g7 The
same holds for the expected free entropy, i.e. [¢*(0°) — ¢*| < \C/% ﬁ < %r. So, using the triangle

inequalities suggested by the above yields

66" (0) — 571 < 0@ (0") = 970N + L (1" ="l + 57 ) + 57

On |¢g(G*(0%)) = ¢*| > r we have ||[y* —*[lw > 7/(6L) or [¢5(G* (7)) — ¢*(0*)| = /3, s0 with cf
from Observation [3.23b)| and ¢y, from Lemma we have

P =P (|l¢g(G"(c7)) = Elgg(G™(a7))]| = 7)
cr

L Cm,1 2
< crpexp ( ] r2n) + cm,2 €Xp (3T2n> < 6,26 cir’n

3612

. /o _ . Cr,1 Cm,1 . .
with ¢ = cr2 + cm2 and ¢; = min(g557, “5~). For n < no with ¢y from Observation we have

|pe(G*(0%)) — ¢*| < eymy/n = ry with rp = 2c4dy/k. For 7 < r4 we have

P<1=djexp (—clr%no) < 0'2’6*6”’2”
with ¢ = exp(clr%no), but for r > ry we have P =0 < je=e1*n For r < p/\/n we have

P<1= eclr2n€fclr2n < 6/2//67017"211
with ¢/ = e“¢*. Choosing ¢y = max(ch, 4, c4') completes the proof, since cf replaced by ér from
Corollary [3.25d)| yields the analogous result for &-. O

Observation Lemma and Lemma yield Proposition [3.2b)

3.3 The Planted Model Quenched Free Entropy

We turn to the proof of Theorem In Section we prove Lemma , apply it to G*(&), G*(o™)
and show that the pinning does not alter the quenched free entropy too much.

In Section [3:3:2] we use the interpolation method to prove Proposition [3:4 Then, we can finally
discard the interpolators. In Section [3.3.3] we use the Aizenman-Sims-Starr scheme for the simplified
model. Finally, in Section [3.3.3.18 we complete the proof.



46 3.3. The Planted Model Quenched Free Entropy

3.3.1 Pinned Measures and Their Marginal Distributions. This section is composed of four
parts. First, we prove Lemma based on [33], [92], in Sections [3.3.1.1)to[3.3.1.4] Then, we discuss
the pinning of Gibbs measures in Section [3.3.1.5] and Section [3:3.1.6] In the third part, Section
we discuss the marginal distributions of (pinned) measures and prove another proposition for
general (pinned) measures. In the last part, Sections|3.3.1.8|and [3.3.1.9] we apply this proposition to
decorated graphs and discuss projections onto P2([q]).

In Section [3:3. 1.1 we discuss the underlying model, the erasure channel, and the conditional entropy
of the assignment. In Section we take the derivative of the conditional entropy with respect to
the pinning probability, yielding the crucial connection to the mutual information. In Section [3.3.1.3
we introduce the total correlation, and then establish Lemma [3.3] in Section [3.3.1.4}

In Section[3.3.1.5we apply Lemma3.3]to Gibbs measures 14 of decorated graphs. In Section[3.3.1.6]
we show that pinning does not alter the quenched free entropy too much for ©+ = ©+(n) = o(n).

Next, we introduce empirical marginal distributions in Section further conditional and
reweighted versions of the marginal distribution, and show that these asymptotically coincide if the
empirical color frequencies concentrate and the measure is e-symmetric, e.g. most pinned measures.

In Section [3.3.1.8] we show that the empirical color frequencies of the Gibbs spins concentrate and
hence in particular the proposition for general measures applies to the Gibbs measure induced by the
graph. Finally, in Section we introduce a projection of P%([q]) onto P2([q]), and then show
that the distance of the Gibbs marginal distribution to its projection vanishes.

3.8.1.1 The Erasure Channel, Conditional Entropy and Random Conditioning. For q € Z>9 and
(x,y, z) € [q]%, the cross entropy, the entropy and the relative entropy are

H(z|ly) =) ~P(z = 2)In(P(y = 2)), H(x) = H(z|z), Dxv(zlly) = H(z|ly) - H(z)

respectively. Notice that the definition of the relative entropy is consistent with the general case from
Section [2.1.2.5] and in particular both the cross entropy and the relative entropy are finite if and only
if & is absolutely continuous with respect to y. The conditional cross entropy, the conditional entropy
and the conditional relative entropy are

H(z|y|z) = E[E[H (x|y)|=]], H(x|z) = H(z|z|z), Dk(z|y|z) = EE[Dkw(z|ly)|z]]-

The conditional mutual information is I(x,y|z) = Dky(x,y||lx @ y|z). For now, we focus on the
following conditional entropy.

Let n € Zso, 1 € P([q]") and x,, ~ p a random vector of values. Further, let p € [0,1]" and let
r € {0,1}" be the revealment given by r ~ ), r; and Bernoulli variables r; with success probability
pi. Using the joint distribution (z,7) ~ x @7 let x = (r;x;); € [¢]2 with [¢]o = [¢JU{0} be the partial
observation. This approach reflects [92].

Fix values = € [g]", revealments r € {0,1}" and let x = (r;x;); be the partial observation, and
R = r71(1) = x"!([q]) the revealed coordinates. Further, fix known coordinates K C [n], tested
coordinates 7 C [n] and selected coordinates S C [n]. Now, let

Nnpp(S, T, X7) = H(xs|xe = o, X7 = XT)>
ﬁn,,u,p(sv K, T) = H(:l,'3|.’.l,']c7 XT) =E [77(8’ T, XT)]

be the (pointwise) entropy and the conditional entropy respectively. As already indicated by the
definition of v in Section [3.1.2.3| we consider selections with repetition. Hence, we establish that the
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definition above is indeed sufficient for our purposes and further derive a few useful basic properties.

Observation 3.39. Notice that the following holds.

a) We have n(S,zg, x7) = H(@s|x7 = X7), 1(S, 21, X0) = H(®5|®K = 2) and n(D,-,-) = 0.

b) Let s,k,t € Z>o, 0 € [n]*, k € [n]F and 7 € [n]' such that o([s]) = S, k([k]) = K and 7([t]) = T
Then we have H(xq|xy = xx, Xr = X7) = 0(S, 21, XT)-

¢) We have n(S,zx, x7) = n(S\ K, 2k, x7\x) = n(S \ K*, 2+, xp) with K* = KU (T NR).

d) For § = §; USy we have

(S, KT)=n(SI\ KK T\K) +7(S\ K, KUS, T\ K).

Proof. Recall well-known properties of the conditional entropy, in particular that H(a|b) = 0 if and
only if a is determined by b, and the chain rule. Further, notice that the conditional entropy is
exclusively a function of the laws, and that

Pla=a,a=a,b="0b,ci =c1lb=0b,b="b,c0 = c2) =P(a = alb=1b)
whenever ¢; = ¢1, ¢ = ¢o almost surely. This shows Part [3.39%)| and Part [3.39b)l Notice that

n(S,zx, x1) = H(xs|xx =z, X7 = XT)
= H(zs|zx = 21, TTR = T70R, 7T = 77) = H(ZT$\0+|TKc+ = TK*)
= 77(8 \ IC*? x/C*aX@)

using (z,r) = & ® r, so Part [3.39)| holds since this also holds for §° = S\ K, 7° = T \ K, and
KF = KU(T° AR) and S\ K* = 8°\ K*. With 8 = 8, \ K, 83 = 83 \ K, 8° = 89U 83, Part B3%)

and the chain rule for the conditional entropy we have
ﬁ(Sa IC) T) = ﬁ(‘soa IC, TO) = H(me |$]C, XTO) + H(mSS |m]CUSf ) XTO),
which completes the proof of Part [3.39d)| O

Based on Observation [3.39 we assume that SN K = (0 and 7 N K = (. Notice that Observation
3.39%c)| using R = T N+~ 1(1) yields the minimal form

(S, K, T)=E[n(S\R,zxur: X0)] =E {E [H(QUS\R\JCICUR)‘RH -

This representation reflects the approach in [33].

3.8.1.2 The Conditional Entropy Derivative. Let SNK = () and 7T NK = () in this section. Let %f(:v)
denote the i-th partial derivative of f at x.

Lemma 3.40. For i € [n| we have a%iﬁp(S,lC,T) = —Ui € TH(zs, zilxic, X7\ {i})-

Proof. With Observation and R = T Nr~1(1) we have

NS, K,T) =B [E [H(ws\g|zem)|R]]

= Y JIPeri=ri)H(zs\ -1 1)l Trcu—1))-
ref{0,1}7 i€T
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This shows that 57-7(S, K, T) =0 for i € [n] \ T. For i € T let 7° =T \ {s}. Then we have

0

NS, K. T)= Y, Plrre =rro)H(xs\ 1 (1y|Tror—101))(ri — (1 —17))
Opi re{0,1}7
=n(S\{i}, KU{i}, T°) —0(S, K, T°)
=08, KU{i}, T°) =0(S, K, T°) = —I(zs, x|z, x7°)
since I(a, blc) = H(b|c) — H(bla,c). O

3.83.1.8 Mutual Information, Relative Entropy and the Product of the Marginals. The last sections
were dedicated to the conditional entropy. Now, we turn to the following relative entropy. The
(generalized conditional) mutual information (total correlation) for (a,b) = ((@n)nen,b) is

b):H(a

For a = (a1, a2), this notion of I(a|b) coincides with I(a;, az|b) from Section [3.3.1.1

& an

heH

& an

heH

I(a\b) = DKL (a

b) H(alb) = > H(ay|b) — H(alb).

heH

Observation 3. 41 Let (a,b) € A™ x B"™ with m,n € Z>o and A, B # (. Further, let k,{ € Z>o,
v e [m]*, we [n], v([k]) and W = w([¢]).
a) For l' € Z>p, w' € [ 1€ with w'([(']) € W we have

I(ay, by |by) = I(ay]by) = Z [~ (i) H (as|by) — H(ay|by).
[m]

b) For j € Z>o and Uie[j]lCi = [k] with v'(i) = vk, we have
Iay|bw) = Y I(ay @ |bw) + I((@w@))icg|bw)-
i€ly]

Proof. Part [3.41k)|is immediate from the properties of the conditional entropy since

I(avv bw"bw) = Z H(av(h)|bw) + Z H(bw’(h)‘bw) - H(am bw’|bw)
helk] helt']

Z lv™ (i) H (as|bw) — H(ay[by).
[m]

The second part is also immediate from the conditional entropy representation since

I(ay|byw) = Y H(aym)lbw) — H(ay|by)

he(k]
=Y I(ay@lbw) + Y H(aym)|bw) — H(ay|bw)
i€lj] i€lj]

=Y I(ay i lbw) + I((ay))ieglbw)-
i€ly]



3. Condensation Threshold 49

O]

As for the conditional entropy, Observation yields a normalized form, and Observation
is a partitioning property of the mutual information.

Fix known coordinates K C [n], tested coordinates 7 C [n], further s € Z>g, a selection o € [n]®
and let S = o([s]). In the following we discuss the mutual information given by

bnyup (05 e, XT) = 1 (®o|TK =TI, XT = XT),
Z”:,U«,p(aa ’C> T) = I(ma‘mlﬁ XT) = E[L(U, LK, XT)]
Observation [3.41h)|ensures that it is sufficient to consider sets K, 7. Next, we establish basic properties
and build the connection to the conditional entropy.

Observation 3.42. Let D =0 S\ K), 0° =op and T° =T \ K.
a) Let K* =K U(TNR), D* =0 1(S\ K*) and 0* = op+. Then we have

L(U7 TK, XT) = [’(007 zri, XTo) = L(UO7 TKC*, X@) = L(U*7 TKC*, X@)

Further, we have v(o, xxc, x7) = >pn1{o(h)}, xxc, x7) — 0(S, 210, X7) -
b) We have t(o, K, T) =1(c°, K, T°) and t(o, K, T) = >, 7{c(M)}, K, T) —=7(S,K, T).
Proof. Observation [3.41h)| implies ¢(o, zxc, x7) = Snn({o(h)}, zic, x7) — 1(S, zic, x7), and further
Observation [3.39c)| yields

oy, xr) = Y |0 @) n({i}, 2, x70) = (S \ K, 2k, x7°)
i€S\K

= Y o @) n({i} 2 xp) — (S \ K 2k, xp),
1€S\K*

which establishes the remainder of Part [3.42h)| and Part 3.42b)| follows by taking expectations. [

Based on Observation [3.42] we assume that SN K = 0 and 7T N X = (. Notice that Observation
3.4%h)| using R = 7 Nnr~1(1) yields the minimal form

Z(O’, K, T) =E [L (Ua TICUR X@)] =E [L (U*a TICUR X@)] =E [E [I(QZU-* |$/CU'R)|RH )

where 0* = op with D = 0~(S \ R). This representation reflects the approach in [33].

Remark 3.43. In the proof of Lemma [3.40| we have already seen a recursive structure. Further,
Observation [3.42b)| yields a representation of 7 as a linear combination of 7-terms, while Observation
3.41b)| applied to Lemma yields a representation of the derivative as a linear combination of
I-terms (and hence 7j-terms). This is one way to obtain all higher derivatives of 77 and 7.

3.3.1.4 The Pinning Lemma. In this section we prove Lemma Recall the pinning operation [/A]i, 5

from Section [3.1.2.3/ and let p,, ., = [/‘]ifl(l) .

Lemma 3.44. We have ©(o, 0, [n]) = E[E[I(z,,0)|p]].

Proof. Notice that ¢(o, i, xg) = I(xpol|xK = 2x) = I(wML ,)» since by definition [u]i,c ,, is the law of
K,x? )

x|z, x = xx. Now, the assertion follows from Observationsince 2(0,0,[n]) = El(o, zr, X0)] =
E[E[I(@y,0)|p]]- O
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Fix £ € Z>o and p € [0,1]. Let p/ = (P)icn]s Vne ~ u([n]?), n;,u,f(p) = E[ﬁp/(v([@),@, [n])],
b t(P) = Eltp, (0,0, [n])] and 65, , ,(p) = ¢, 011(P) — 1, ,.0(P)-

Lemma 3.45. Let { € Z~o and v = vy 041 € [n]”l.
a) We have 5*( ) = L@y, Tpwpy [ Xp)» V)

b) We have 2 o (p) = =150 ().

Proof. Notice that vy ~ v, with vo = v, € [n)f, let x = Xp, and a = (Xp/,'v). We have

§*(p) = I(zv|a) — I(w’v[e] la) = I(zy]a) — I(xv[z] la) = I(@y,,,|a) = I(xv[e]?wume“ |a),
with Observation since I(bla) = Dk1,(b||bla) = 0 for b € B. For Part [3.45b)| we have

9= SB[ L, @.0.10)] = = 3 1 (0 @il ©)

Op i€[n] Opi i€[n]

=—nl (w”([@)’xWH‘X[n}\{WH}’U) =—nl (w”["']’x”Hl‘X[n]\{”“l}”v) ’
using Lemma and the chain rule. For given v and x with i = vy, 1 we have

Lo(X) = L@y Tilx = x) = (1 = 1) (@, TilTR\ (i} = TR\ (5})
= (L= 1)L (@oyy, il X[\ (i} = X[\ (3))-

Due to independence this gives I(zy ., Zi|x) = E[tv(X)] = (1 — p)I(@v,; Zi|X[n)\{i})- This completes
the proof by taking the expectation over v and using the first part. O

An immediate consequence of Lemma is a uniform bound for the integral over .*.
Corollary 3.46. For { € Z-q we have [y t*(p)dp < (5) In(q)/n.

Proof. With * =0 for £ = 1, a telescoping sum and Lemma [3.45b)| we have

/1 /M L 5*( 1 41

S swar< [ 3 0~ LS p0) - )
0 0 w 1 0 e' 1 ne':1

1

*ZH$1;/|'U£/ <*Zl q) <£>

) ] no \2

O

With p* = [:“]1%1,0 as defined in Lemma 3.3 we have p* ~ p,,, with p; = (p)ic[n) and p ~ u([0, P]),
P = ©'/n, so with Lemma Corollary and (p*,vy) ~ pu* ® vy we get
. P, n [P
BIE{ o)1, 0 = [ BB @)t oo = 7 [ By, (0,0, n]dp

¢ n
e¢/ pin < g [ < %f@'
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3.83.1.5 Asymptotic Independence of Gibbs Spins. We start with a few basic results.

Observation 3.47. Let ©F < n and § < ©%. We have |u; '(1)| ~ Bin(n,0/n), E[8] = ©'/2,
E[tio] = ©+/(2n) and E[|U|] = 6+/2.

Proof. The proof is left as an exercise to the reader. O

The following result is one of the main reasons to work with the Nishimori ground truth. Recall
the notions from Section [3.1.2.3] in particular ¢, ¢ and v for £ € Z>g. Notice that ¢, =0 for £ < 1.

Proposition 3.48. Let G*(0) = Gj;(0), ft = jig.G*(6); B = Hg,G*(o+) and £ € L.

a) We have E[(f1)], E[t(ftm.m=)] < (3) In(q)/O*.
b) There exists Cy € (0,1) x Rsq such that for ¢ € (0,C1] and m < my we have

Bl B )] < Cat0 = 1) (7 )

Proof. Notice that for any G' we have Py clt = L“g,G]ila and that U as defined in Section (3.2.1.1

1
U,o

coincides with Y from Lemma sowith (U, 0.¢) ~U® 0 q, G(G) = (eils we have 1, ¢(q) =

Uosc
[“g’G]it,og . and hence Lemma 3.3 yields E[t(p5,6(c))] < (5) In(q)/©*%. Since this holds for any G, the

expectation for the unpinned graph G°(o) = [w*(o)]gﬁwm is also bounded by E[t(1g c(ge(s)))] <

(g) In(q)/©*. Notice that by Observation the graphs G*(0) and G(G°(0)) differ exactly in the
choice of the pinning assignment, i.e. o for the former and oy go(r) for the latter. Since this bound
holds for any o, it holds for 6. But with Observation [3.22d)| (for U = () we have (o4 go(s), G°()) ~
(6,G°(6)) and using Observation further

G(G°(6)) = [G°(6)]; ~[G°(6)] s ~ G (6).

U,05,6°(6)

Thus, we have E[¢(f1)] < (5) In(q)/©%, and E[t(fim me)] < (5) In(q)/©' by taking expectations.
Now, let r € Rsq, cm € R% from Corollary c* € RZ,, from Observation [3.23b)|and ¢ € R+
from Corollary [3.25b)l Then for £ > 0 we have

to(pt,v) = D H (o) = H(plv) = 3 Hulomy) — H(plolplo)) < (€= 1)In(g),
h h>1

so we have «(u) < (¢ —1)In(q). Hence, for By = E[t(pn")], E2 = E[t(p), me)] and £ > Ot we have
By, Ey < co(f—1)(£/0%)% for ¢ € Rug ¥ R>n(g)- Otherwise, we have

By < e B [L{|[4 ~ " llee < r/vVi}u()] +8.

By < e™'E (L1 = 7" llev < 7/v/nym < mgbe(fm,me )] + 9,

with § = (¢ — 1) In(q)(cie " + cmae” ) and é = ¢y 1d?/(1 + dy) obtained by choosing r = dt in
Corollary to enforce d < t~d + dy < 2dy. With Part [3.48) and i € [2] we have

B < éran(Q) 14 5= (¢ N1 €66T2 * 70’1‘7*2 —cn
ise g lg) T = (£ —=1)1In(q) Sor T + Cm2e :
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In order to compensate the last contribution notice that £/0+ > 1/n, ¢ > 1 and hence

EeéTQ .2 1 g
< . / * —cir A —cn.
E; < ({—1)In(q) (c ol +che ) =g + Cm2 max ne
So, with Cy = 21In(q) max(c,c3), r = g ln(%) >0, C) = Ci—lc,{ and for £ > 0, ¢ € (0,C}] we have
E; < co(f —1)(£/6%)¢, and Part [3.48p)| holds since the assertion is trivial for £ = 0. O

Remark 3.49. The relative entropy in Section [3.1.2.3] can be extended to general f-divergences, in
particular to the total variation. Thus, let vo(p,v) = [|ufy — @, ptlo(n) lltv and ve(p) = Elvs (1, v)]. For
e €Rxplet Epee = {1 € P([q)") : v(i) < e} be the (g, £)-symmetric measures. Pinsker’s inequality
yields vo (@, v) < v/to(t,v)/2 and hence v(p) < \/¢(p)/2 using Jensen’s inequality.

3.8.1.6 Pinning Impact on the Quenched Free Entropy. We bound the distance of the pinned and the
unpinned quenched free entropy.

Proposition 3.50. There exists ¢y € Rso such that

* * * * C@'L
0 < Blou(Gi e o(0")] ~ Bl G e sulo)] <
and the same result holds for o* replaced by 6,.
Proof. Let G* =G ., 4(0*)and G = G mo u(0"). Recall that G ~ [G*]il,a* from Observation

so given (0%, G*) we can obtain G* by choosing U, which means that G* and G* then exactly
differ in the pins. Hence, using this coupling we have qﬁg(Gi) < ¢g(G*) and using the notions from

Section [3.2.3.1) with G* = (v*, ¢*) further

€U

dg(G*,GY) =2 (|{a € [m]:v([k))NU # 0} + me’) .

Bounding dg, using the sum over the (factor) degrees of i € U and ¢’ from Corollary [3.18n)| yields

cdkm

E [d,(G",GY)] < 2E K . t“)d) |u|] _ (17 +1 - t7) dO*,

using Observation . With ¢’ from Observation we have |E[¢q(G*)] — E[pg(GY)]| < % for
c=c"( +1)dy, and the result for & follows analogously. O

3.8.1.7 Reweighted Marginal Distributions. Recall the set P2([q]) from Section[2.1.2.2} In the following
we use Observation [3.6] implicitly when working with random measures, if required. The empirical
marginal distribution m, € P?([q]) of u € P([g]") is given by

"(€) = ~I{i €[] : uli € £}
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for an event £ C P([q]). Let o ~ p, ¥ ~ ™ and 7, = E[v]. For 7 € [¢] we have
= M| pla(7) = E [0 (7)] (7)
ze[n]

For o € [g]" and 7 € o([n]) let %0 € P?([q]) be given by

N
o= (7)]

For 7 € ¥ 1 (Rso) let #,, € 732([ ) be given by the (7, m)-derivative v — ~(7)/7(7). Recall the
couplings T'(7, ) from Section and for o € [¢]", 7 € o([n]) NF 1 (R>0) let

7€) = {i € [n]:o;=1,ul; €&}

dy (7, 7t) = Ell,r(lf . E[H’)’p, ’Yp,ZHtvL Yo ™~ P,

be the Wasserstein distance of 7 and #. Recall & ¢ from Remark [3.49}

Proposition 3.51. Let d,e,e5 € Rog and pn € P([q]") be such that 7 > /2, p € & 2 and
P(|[vn,0 — Flltv > 0) < e. Then there exists cg € Rsg such that

< 8 + e + el ety

E{ > du(for, r)

T€o([n])

Proof. If max(d,e,e5) > 1, then the assertion holds with ¢ > ¢ since the left hand side is at most ¢,
so let 6,¢,e5 € (0,1]. Notice that 71 (Rxo) = Usep-1(rog) o([0]), let o € p(Rso) and 7 € o([n]).
Let a € Zwo, B* = (a7 'Z2)71, Q, = [~1/(2a),1/(2a))? ! and Q, = b+ Q, for b € B*, then (Qp)pes=
is a partition of R?~!. This induces a partition (Qp)ses of P([q]), where

B= {61 ) : b € B nP(la)),
Q= {(b*, 1~ b)) : " € Qj, }.beB.

Notice that |[B| < (a4 1)?7! = |[B*N[0,1]"!|. For v € Qy we have 5 € Q;, where 5 = ~,_1) and
b= bjg—1], hence

qg—1
2a

R | ~ - -
Iy = bllew = SI7 = blls + 511 = 3l = @ = llbll)] < 17 = bl <

Next, let Ty = {i € [n] : pl; € Qp} and Zy+p = {i € [n] : 03 = 7, p|i € Qp}. Then we have

m(Qp) =

The expectation fﬂb = E[|f¢,777b]] is given by

Iy = Z {uli € Q}P(e Z Huli € Qoppuli(r) = my(T)7(Qp)-
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The variances, using p € & 5,2, are given by

V=3 Var(Zasal) = 3 (B [Foral?] - E[[Fural])
b,

b,

=> Y 1 {M|U(1),M|v(2) € Qb} (IP’ (ol =(r,7)) =P (‘7|v(1) = T) P (‘7|”(2) - T))

b,7 v€[n]?

<Y 3 Pl =n-P(rha =n)P(che = )|

v€[n]2 T€[q)?

=2 ) Hﬂ\v — o) ® M!v(z)HtV < 2n’e,,
v€[n]?

where in the extension of the summation region b is determined by u|v(1), i.e. the unique point b
with pf,1) € Qp, while we drop the restriction puf,2) € Qp. With the union bound and Chebyshev’s
inequality we have

. L\ V@IBE _ 24Bl
P Y o sl = Irp| > vn <§:]P’(‘Z — Iy > >< <
(b,T | G,T,b| T.b| = ) = £ | G,T,b| Tb| = adB|) = 2 r2
_ 1/(1+2q) .
for r = &5 . Next, we recall that the color frequencies concentrate and let

S = {O’ - [q]n : H’YH,O' — WHtv S (5, Z ’|.,z-0—77—7b| — f7—7b < ’I"TL} .
b,

Further, notice that dy (7, 7) € [0, 1] since || - ||+v € [0, 1], so

S L 2¢°|B|es
E Z dw (For 77)| <E |1{o € S} Z dw (o, T7) | + g+ —a2
T€a([n]) T€o([n])
For 0 € §, 7 € o([n]) and b € B we have
2] Z] Z] I

Aor(b) = |7(Qp) — ()| <

ny(r)  nA(T)

—1<bfu>wv»—%pv»+iMﬂ—fD-

o=t (M) nA(7)

-~ 3(7)
With 32,7, = [0~ 4(7)], 7 > ¥,/2 and [0 — 71 = 20 — Tllev < 26 we have

46 + 2r
(2

> As(b) <
b,

Now, let % ~ 7 and 4 ~ &. For v € P([q]) let b(y) € B be the unique index with v € Q. Then
we have Y, Ay 7 (b) = 2||b(%) — b(%)||tv. With the coupling lemma we obtain a coupling of b(%) and
b(¥) that extends to a coupling of ¥ and 4 via (§[b(%) = b) @ (§]b(%) = b) given (b(%),b(¥)) = (b,b)
(by an abuse of notation in that we use the same notation for the coupling). The triangle inequality
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yields ¥ — 4l < &F +116(%) — b(4)||tv and hence

20 + 1

P (I~ Al > 1) S BOG) # 3 = I3) ~ b3l = 5 3 A ) < 22
b

Using that || - [[+v < 1 this gives

Lo 5 . -1 20 +r
dy(#,7) <E[|¥ — Al ] < T+ .
a d}i

Hence, combining the results for o0 € S and o ¢ S yields

-1 92 29 1)2(a—Dg,
E| > dv(Forfr)| <q 1~ 4 orr +qe + q<a+2) :
reo([n]) a Uy "

Now, let a = [r~1|. With r = 5;/(2q+1) <1 we have a € Z>1, hence a +1 < 2a, a > %(a+ 1) > %
and further

E

1 2
Z dy (7?0’7,7?7)] <q <2(q —1)+ o + 22q—1q2> r+ Jqé + qe.
reo([n]) + +

O

3.83.1.8 Reweighted Gibbs Marginal Distribution. Using the notions from Section and for a
decorated factor graph G with Gibbs measure u = pg ¢ let m7g¢ = Ty, Vo0 = Vp» Tg,Groor = Tpor
and 7y ¢ = 7,,,. First, we focus on the expected Gibbs marginal Ve under various versions of the
teacher-student model, and start with G*(¢&).

Lemma 3.52. Let m < my, ¥ =Yg+, ¥ = Yoo, With 0y =036+, G*=G*(0), 0 =0 or 0 =0.
a) There exists c € R% such that P(|¥ — v*|ltv > 1) < coe
b) There exists c € R such that P(||y — v > 1) < coem 1N,
¢) There exists ¢ € Rsg such that E[||[F — v*|ltv] < ¢//n.

d) There exists ¢ € R~q such that E[||7 — v*||2] < ¢/n.

—C1 'f'2’fL

Proof. Let D(G) = Vg6 — 7*lltv and D(G) = [, — 7 lltv. With Equation and Jensen’s
inequality we have

D(G)* = [Ebieyel - 1'% < EID(G)), PP < B [erP(@P]

for z € R>1 and y € Rsq, so E[D(G*))*] < E[D(G*)?] and E[e*P(¢)?] < E[evP(E")?]. With Obser-
vation [3.22d)| we have D(G*(&)) ~ |5 — 7*||tv, so Corollary applies, and we have D(G*(o™*)) =

lv — v*||tv with « from Observation So, for some ¢ € R2, we have
P(D(G*)>r) < cpe A, E[D(G")] < c2/v/n, E[D(G*)?] < ca/n,

in both cases. Notice that D(G*) = |7 — v*||tv and recall that E[D(G*)*] < E[D(G*)*], so Part
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3.52c )| follows for = 1 and Part |3.52d)| follows for = = 2. Further, notice that
E {exp (ZID(G*)Zn)} = / P (exp <621D(G*)2n) > r) dr
0
0 21
=1 +/ P (D(G*) > H(T)) dr
1 cin

§1+02/ e*2n(7")dr:1+02/ —dr =1+ co.
1 1T

So, the bound above for y = ¢;n/2 and Markov’s inequality yield

P (ﬁ(G*) > r) =P (exp <021D(G*)2n> > exp (6217°2n)> < (1+c2)exp (—6217’271> .

This establishes Part [3.5%h)l Let ¢ € R2, be the constants from Part [3.52h), Then the triangle

inequality and the union bound yields
P(ly —Fllee = ) S BID(GY) 2 1/2) + B(D(G") = r/2) < exe™ " 4 che A/,

so Part [3.52b)| holds with ¢} /4 and c2 + . O

Remark 3.53. Similar to ¢(¢) and v(p) in Remark quantifying the ¢-wise dependencies of u,
we may consider P, : [0,1] — [0,1], 7 = P(|[m,0, — Vulltv > 7) to quantify the concentration of the

color frequencies. As for Proposition Lemma m suggests that E[P(u,r)] < Ccoe™ TN for
both g = p* and p = fi.

Lemma facilitates the application of Proposition For this purpose let

D(o, 1) = Z dW(ﬁu,a,Tafru,‘r)
T€o([n])

for pu € P([g]™) using the notions from Proposition [3.51}

Corollary 3.54. Let m < my, fi = g g+(6); H* = Hg,G+(o+) and o, ~ j. Denote the constants from
Proposz'tz'on by Cy € (0,1) x Rsg. There exists cg € Rsq such that the following holds.

a) We have E[D(é, )], E[D(op, )] < ¢/O%.

b) We have E[D(c*, u*)] < ¢/OY for ¢ € (0,C1], and E[D(op, )] < ¢/OY for ¢ € (0,C1/3].

Proof. For ©% <1 and ¢ € R>g x R>, we have E[D(:)] < ¢ < o071, Otherwise, notice that n > 1,
let 6 = e =1In(n)/\/n, es € Ryo and

M= {ue Pl s 17, =l < ) < 2, P 0) <

with P from Remark For € M we have |5, —7"|lco < %,/2, 507, >1,/2, and E[D(a, p)] <
cd(0 + e + /es/2) with ¢qg € R from Proposition using Remark With c. € R2>0 for both
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Lemma [3.52h)| and Lemma [3.52b)| Proposition and Markov’s inequality we have

2
C 1
P(ﬂ & M) < Cc,2 €XP <_ lewi n) + n(qf) + Ce2 67007152”

16 .04 €
< aenle _C b evn o (/e
= 013 " n(n ) = @¢1/3’
where ¢ is the implied maximum, e, = O+~ ¢ = &/ + ¢+ &, ¢! = max,>1n'/%e~™/¢ and

cy = max,~1 n®%e- ln(")2/5/ In(n) using ©% < n. Using D(-) < ¢ gives

R 2¢q In(n) cq qc c
E[D (o4, f1)] < 7 T J50ns T ens S onn
with ¢ = max(cq + g¢ + 2cq max,>1 In(n)/n'/%,q), so E[D(o4, ft)] < ¢/O/3 holds for all ©F > 0.
The Nishimori condition [3.22d)| completes the proof of Part [3.54a)l With C from Proposition [3.48b)|
branching off in the discussion above yields

¢ ,1w2 5201 C J
]P)([l,* € M) < Cc,2 €XP <_ ¢ ¢n> 2 c,2 e—cc,152n <

16 £,01C1 € — @lC1/3

with e, = ©+72¢1/3 and ¢ obtained analogously to the above. Repeating the remaining steps yields
¢g € Rug with E[D(a -, u*)] < ¢/©+C1/3. For the second part of Corollary 3.52’5) and ©% > 1 let ¢

from Corollary 3.25Ib), ¢* from Observation 3.23Ib) ¢ from Part 3.54|a) and r = \/ln(Gi)/((C{ +¢)n),
then we have

/

® ok er2n © *o—C r2n L
E[D(o*,p*)] <e ol + qcie™ = ol
with ¢ = ¢ + gcb and p = ¢} /(] + ¢). Recall from the proof of Proposition that p = Ci. O

3.3.1.9 Gibbs Marginal Distribution Projection. Let G* = G*(o) with ¢ = o or o = 6. Recall
that 7, g+ is defined as the expected law under the empirical marginal distribution @ = 7y g+, given
7. Lemma ensures that ¥« is close to v*, but this is not sufficient for POS and B, being
extremal only on P2([q]), meaning that the expectation has to be exactly v*.

Hence, we map w € P?([q]) to some w° € P2([g]) such that the Wasserstein distance dy, (7, 7°)
vanishes, which is sufficient because both the map in POS and B will turn out to be Lipschitz
continuous. First, we identify a suitable counterweight to 7.

Let ay : P([q]) — [0,1] and fy : P([q]) — P([q]), ¥ = [V]e, be given as follows. Let £, = £ (1))
with £. : [0,1) = R, £ — —(1 + A(¢))/In(¢) and ¢(v) = ||7 v*||2 for v € P([q]). For £(y) = 0 let
[]e = 7* and a(y) = 0. For £(7) € (0,6] let [1]e = 7" + <(g;>> (v* =) and a(y) = —A({(7)). F

0(7) = Lo let [le = 7* + 525(v* — %) and a(y) = £(7)/(0(7) + ).

Observation 3.55. The maps a and f are continuous with a()[y]c+ (1—a(v))y = ~* for v € P([q]).
With ¢ = (e — 1) /e we have {o € [e”¥1, =] and a is increasing in £(7).

Proof. Clearly, the maps ¢ and /. are continuous. Further, ¢ is strictly increasing with £.(0)

=0
and £.(1) = oo, so £, € (0,1) is well-defined. Hence, we have [y]. = v* + s(7)(v* — ) with s(vy) =
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min (v, £c(€(y)))/€(v) and thereby
H[’Y]c - ’Y*HOO < ||[’7]C - 'Y*HQ = min(¢¢z£c(€(7))) < ¢¢7

80 [7]e > 0 and thereby [y]c € P([g]). The map s is clearly continuous for v # v*. For 4(v) < 4,
we further have ||[y]c — v*|l2 = £c(¢(7y)) and hence f is continuous. Notice that ¢.(¢;) = 1| implies
—A(ls) = 4o/ (lo+1p) and hence « is clearly continuous for v # v*, while continuity for v = v* follows
from —A(¢(~*)) = 0. We have a(7)[v]c + (1 — a(v))y = v* by construction. With ¢.(¢) < —1/In(¢)
we have £, > e~ %t while the upper bound follows with £.(¢) > —c/In(¢). With ¢, < 1/q < 1/2 we
have cyy > 1, so « is increasing since A takes its unique minimum at e L. O

So, with the notation from Section [3.3.1.7] for the general case let

O_

m, = (1 —au)m, + a,me

with 7e = te p((g).1s ¥ = [Vule, and ay = (|7, —7*||2). For a decorated graph G let 7g o =7, . be

the projection of 7y ¢ onto P2([q]).

Lemma 3.56. Let m < my and G* = G*(0) witho =o0* or o =6.
a) For p € P([q]") we have 7, € PZ([q]) and dy(my, ;) < ay,.
b) There exists cg € Rxo such that Eldy(mgcx, T g-)] < ev/In(n +1)%/n.

Proof. With (b,~v0,71) ~ Bin(1, ay,) ® 7, @ me we have v ~ 7, and
E[v] = E[1{b = 0}y0] + E[1{b = 1}m] = (1 — )7, + au[¥le =77,
so m;, € PZ([q]). Further, we have

dW(W/uﬂ'Z) < E[l|v —volltv] = O‘ME[H’Yl —olltv] < Qe

With ¢ € (0,1] x R>; from Lemma [3.5%)[let 7 = y/In(n)/(2¢|n) and let no g € Z>3 be such that
2r < {, if n > n,. For n < ng we have

@*no |In(n+1)3

E[dw(ﬂ-va*7ﬂ-g7G*)} < q < ln(2)3 n

Otherwise, with dy(-) <1, the first part and ¥ =¥, - we have

Eldw (g6, mg g+ )] < E {7 —2"[l2 < 2rie(7 = " ll2)] + P>[F = 7*ll2 = 2r).

With ||F — v*|l2 < 2||F7 — v*||t+v and Observation we have

Eldy(my6r,mg )] < a(2r) + che 47" = —A(2r)

LG
v

Hence, for any sufficiently large ¢ we have

! 1 1)3 1 1)3
Eldo (mg -] < 7| ) () +e 2t 17 ¢ g, lnt D)
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O]

3.3.2 The Interpolation Method. Let 9$ : Zso — Rsg with ©F = w(1) and ©% < n, so depen-
dencies on ©' change to dependencies on n. Assume that d > 0. Recall the map in POS, i.e.

k
V:P*g)) >R, 7= E [A(Zf@ﬂa’)’l)) + (k= DA(Ze (¥, 72)) Z (Zi (Y, 1, 7)) | -

3.8.2.1 Owverview. Recall the Bethe free entropy in Section|2.1.2.4and the related notions, in particular
(¥0,75). The interpolation method relies on the derivative of the function

= Vg 1p (2o, 7o),

d)H o7t v dnn(t “)=E {qﬁg(é’)} T t9¢o, o = -

using the shorthand G = G e u(Om). If the derivative is (asymptotically) non-negative, then we
have ¢ (0) < ¢*7(1), and reahgnment yields Propos1t10n Hence, we determine the asymptotics of

the derivative. Recall mg ¢ from Section [3.3.1.8 and its projection 75 o € PZ([g]) from Section 3.3.1.9

Proposition 3.57. We have 82%gb“(t“) = E[V( ,7r)] 4 (’)(@)%1/3)_

=%
In order to establish Proposition we first compute the derivative of ¢*.
Lemma 3.58. We have &%QSH@H) = %AO + ¢o — A, where

= E[nog (G 1,mo u(0mi1))] — Elndg(Gry mo 1(m))];

A% = 3 (Blnd(Grnme s e 6m))] — El06g (G ()]

1€[n]

Proof. We consider n+1 independent Poisson variables m, m* depending on ¢, while the remainder
does not. Hence, we use the product rule, which amounts to taking each derivative individually using
Observation and Corollary But for & ~ Po(at + b) we have

gt Zf P(z = ) = —aE[f(z)] + aE[f(x + 1)].

O

The second contribution ¢, in Lemma [3.58| is exactly what we need. For the other contributions
recall (¢, h,vx) from the definition of V and let w = (7, &, 7).

Lemma 3.59. We have (AT = E[A(Zgn (Y, h,vx))]-

The proof of Lemma is presented in Section [3:3.2.2] The first contribution is demanding,
since the joint Gibbs law is not a product measure. This is where Proposition comes into play.

Lemma 3.60. We have EA° = E[A(Z¢ (¢, Yx1))] + O(O1/3).

The proof of Lemma [3.60] is presented in Section [3.3.2.3] Proposition [3:57] now follows by estab-
lishing Lipschitz continuity of V and thereby justifying the transition to the projection 7T; o The
proof is presented in Section [3.3.2.4f The proof of Proposition [3:4] and the respective version for

graphs with external fields over random factor counts m* is presented in Section [3.3.2.5
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3.8.2.2 Adding an Interpolator. Fix the variable ¢ € [n] with the additional interpolator and let
AL (i) = Elndg (G me 1y 10 (Fm))] = E[nog(Gryme 14(6m))]-

Lemma 3.61. With (G', ") ~ G @ ¥ we have

A (Z Mg,G'!z‘(TWH(T))] :
T€[q]

Proof. Using independence due to Observation we have a coupling (G-, G4) of G}, . 14(Gm)
and Gy, ey, iU u(Gm), ie. given 64, and G we attach the factor (m{” + 1) to i equlpped with
a weight given by ¢*H to obtain G4. Explicitly introducing the conditional expectation gives

AY () = GE

v vms, 7 vms, 7

AL (1) =B [Af s i(m,m™ U, b)), Alsi(m,m™ U, 0) = Elngs(Gy) — ngy(G-)].

With §(G,G") = ngy(G') — ngs(G) we have 6(G,G’) = In(Zy(G")/Zs(G)), and further Z,(G') =
> o Ve cr(0). If G’ is an extension of G as above, i.e. obtained by adding factors A, with wire-weight
pairs w = (Vaq,Ya)aca,, then we have 1, (o) = g c(0) Ha€A+ Ya(0y,). This gives §(G,G') =
10 (T . (1)) with

bulga(®) =D ngalo H¢wm-[H%(MM), (8)

ac Ay ac Ay

so the difference of the free entropies is the logarithm of the expected weight of the additional factors
of G', under the Gibbs measure of the (smaller) base graph G. So, using (G”(0),¥*,¢¥) ~
G (o) ® w:?(i) ® S for brevity, we have

Y (0i)
£
Taking the expectation over &, using G = G”(6) and the Nishimori condition [3.22d)| yields

A\;)ns =E {hl (EW‘g,G"(O’) (Z7 ’l,b*(_)))} =E |: In (@vﬁg,G”(a) (7’7 ¢H))] :

B[AG(0)] = E [ L1 (G tiw) | =B[22 1 (5,1, 6.97) .

For the leading coefficient we take the conditional expectation given G and 1“7, i.e. the expectation

over the Gibbs spins o, ¢ only, which exactly matches the definition of Ew|g and hence
E[AS (6)] = 1E A (9 T
[ vms(a)} - g [ <ww|g,G(7’v ’l/J ))} ww|g, Z Mg,G‘ )

T€[q]
O

Now, recall that we have A™ = E[AT (¢)] for ¢ ~ u([n]) and that pg l; ~ 7g,q. Further, recall

v
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(¥, h,~) and the definition of ¥ ~ " from Equation (3)), which gives

D g cli(m)T(T) ~ D pgali(r Z {7, =739 (7") [] (1) ~ Zim (b, by yar)
7€[q] T€q] h+#£h

with 7" = (mgq,7), (3,9%7) ~ ¢ ® ¥ and (¢, h,v,) from the assertion in Lemma This
completes the proof by considering the conditional expectation given G’ in A€

3.3.2.8 Adding a Factor. Using the shorthand ¢}, (o) = E[¢g(G, e 14(0))] we may rewrite A° =
E [ng, +1(Fm+1)] — E[ng;, (6m)]. In the first step we align the ground truths, i.e. we replace &1
by &m, and introduce the following typical event. With r(n) = In(n)/y/n and B° from Corollary
for r, let BU = {0 € [¢]" : |[ Ym0 — V*|ltv < v} and further £ = {d € B°, &y, € B'}.

Lemma 3.62. We have A° = nE [1E€(¢5, 1 (Fm) — &5 (m))] + O(r(n)).

Proof Let (6,,,6,,) be a coupling of 64, 6,41 from the coupling lemma and further & = {d ¢
B°,6,, € B, cr+ € B'}. With <1>+ = n¢m 1(65), @ = ngh,(6.), co from Observation °
from Corollary -, 3.12, Observation In(n)/y/n <2/e, n>1 and ©% < n we obtain

. i o |
E[1{d ¢ B°}8*)| <E |1{d ¢ B} co (d; F14+(1—t7)dn+ 2)] < chne~a W’

1 1 1 o
01:5,0220@ E+1+d’r+§ 02’

and we obtain the same bound for ®~. On the event d € B° we have m + 1 < my since dy is large.
But then with ¢ from Corollary [3.25d)| we obtain

. d o\ _, .,
IE[1{d € B°,6;;, ¢ B'}®"]| < cots (;” +1+dm+ 2) et < e n(m)?
d 1
Clllzél,cg:c.:péQ (£+1+d1~+2>.

The bound for 6., is the same, and the same bounds also follow for ®~. This shows that

A° — nE [ﬂgl(¢m+1( ) ok ( A;n))] + 0O (ne*?:ln(”)Q)

for ¢ = min(c}, ¢f). Since (67,61) is a coupling from the coupling lemma we can use ¢ from
Corollary 3.2Gb)| on £’. With ne g such that In(n)/v/n < 1 /4 for n > ne, we have v, ,— >1,/2 on
&' if n > no, so using ¢’ from Corollary and |7, 5+ — Vo6 ltv < 27(n) on & we obtain

B (1616, # 6 H 06 — ()] | < (20 + £ ) =0 (B2).

Now, we substitute &, and then drop 1{&;}, = 6,,,6;}, € B'} at expense O(1/n). O

With Lemma we obtain Gy, e 14(Gm) from G given (6'm, é’) by attaching a single addi-
tional standard factor m + 1, since the ground truths coincide, as do the decorations. So, we consider
Gow' follow the steps in Section [3.3.2.2|to reduce this to (G, v,1) ~ G @ w, and thereby, using

0,0m’
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Ym = Yn,é, Obtain

) e .
A°=FE [Zfﬁm)w(am,v) In (¢W|g7(;(v, 1!’))

+ O(r(n)).

Now, recall that & covers &, € B'', so with ¢ from Observation [3.9d){and Observation we have
1 —rer(n)? < Zi(Am) /€ < 1, which yields Z¢(4um,) /€ = 14 O(r(n)?) and

1£
£

With |¢(&m,v)ln(ﬂw|gé(v,'a,b))/ﬂ < w% In(¢) and the Nishimori condition m analogously to
Section [3:3.2.2] we obtain

A% = (14 O (W) [ (ma) n (B, 60 )| + Ol ().

8° =B [ (Bl 0)] + 00 0.

We can drop the restriction to £ due to the uniform bound 1/1% In(e)y) on the argument of the ex-

pectation at expense O(e~¢1("?) with & from the proof of Lemma Finally, we turn to the
application of Proposition [3.48] With ¢, from Section [3.3.1.5] and & from Proposition notice
that Efto(fm,m, )] = Eltg(fimm«)] for £ = k and hence we can use Proposition [3.48h), Markov’s

inequality and the bound 1[)% In(¢4) on the argument of the expectation with § = © ® to obtain

A°—E [ﬂ;A (B e 1/)))] £ O (r(n) + 074, € = {talftmmev) < 5}

With v, from Remarkand by Observation@there exists a coupling (7, 7') of u|, and @y, f1],(n)
such that P(7 # 7*) < vo(p,v) and hence |[E[¢(7) — ¢ (7')]| < 2¢4vo(p,v), ¥ € Dy. So, with
¢ = 3, (7)1 vy @lom) (Tn) we have ]ww‘g,é(’v,'tb) — (| < 2¢vo(ftm,me,v). Now, we can use
Lipschitz continuity of A on [¢, 4] since both arguments live in this interval, i.e. we obtain Ly such
that [A(Py, ¢(0,%)) = A(Q)| < 2L¢4¥s(ftm,me, ). With Remark we have [A($,,, o (v, %)) -

AQ)| < \/§Lw¢, [to(fom,me, V) < \/§Lw¢\/3 on £. Then we drop the restriction to £ and notice that

X Rk . .
(Hg &lon) )n m, ¢ Since v is uniform, so

§A° = E[A(Z¢ (Y, yx1))] + O (r(n) + @¢—1/3) _

This completes the proof since ©F < n and hence O+~1/3 = w(r(n)).
3.8.2.4 Proof of Proposition . Combining Lemma Lemma and Lemma W gives

67 () = S B 1m))] + O (871 4 6 — CEIAZin (4, )
i ]
= GElv(m)]+0 (619

using d € [0,d;] and | < & < 44 from Observation
Lemma 3.63. For some Ly € Ro¢ we have |V(my,m3) — V(m2, 73)| < Ldy(m1,m2), m € P?([q])3.
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Proof. Let {3 € Rsq be such that |A(t1) — A(t2)| < Llt1 — to| for t € [py,94]2. For a coupling
p € D(my,m2) let (3, h,y) ~ py @u([k]) @ (p2* @7$%) with v € (P([¢])¥)?, so with Jensen’s inequality
and the triangle inequality we have
§ = |V(m1,m3) — V(ma, m3)]
< E[|Ze(h,m1) — Ze($, ¥2)|] + KEE[| Zgm (Y, B, (71,73)) — Zim (¥, B, (v2,73))[]-

Expanding the definitions, using the triangle inequality, 1 < 1+ and Observation ields

6 < 4R + B E [[[v1,0 — Y2nllev] < LE[flvi1 — 2,1 lev]

® Yi,h — ® Y1,h
h h

tv

with L = 2k{1)4, which completes the proof since this holds uniformly for all couplings p. O

Now, Proposition follows from Lemma with Lemma V| < 2kA(%)y), further
Corollary and 1/0% = Q(1/n).
3.8.2.5 Proof of Proposition . First, we derive the result for graphs with pins and external fields,
but without interpolators.

Lemma 3.64. For t© =1 we have E[¢y(G)] > By + O(ﬁ + %)
Proof. From Proposition [3.57| we obtain c¢g € R-g such that

0 &0 c c
a2V G 2 ~gnp
since V| > 0 by assumption, so integration yields ¢ (1) — ¢ (0) > —¢/©%/3. But for t© = 0 with
4p; denoting the pin, i.e. ¢; = 1 for i ¢ U and ’l])l(’r) = 1{7 = 6} otherwise, and using the notions
from Observation [3.13 we have

6°(0) = ~E {ln (sz*vwim 11 d);i}?(ﬂ)]

hem$?]

sl [ln (zfy*vwim Il wzmr))]
i T he[m?]

Notice that ¢ ~ o* and m;” ~ Po(d), so

¢7(0)=E [ln (ZV*(T)%(T) I1 ¢fﬁ>(7)>] :
T he[mi?]

mi+1

Notice that the argument of the logarithm is in [t | ,w%nH] and the probability of ¥ = 1 is
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1 —-E[8/n] =1 — 6+/(2n), so we have
¢
57(0) = (1 - i) E [m (Z o) 11 wmﬂ)

hefmi]
0
L0 <@> |
n

We recover the first contribution to the Bethe functional with the (1%, ¥$7)-derivatives, so

+ (d+ 1) In(y4)O (T)

=E

In (ZV*(T) II ¢Tfﬁ(7)>
T he[mi?]

n

R 4
E [6,(G)] = B(r)+ 0 <@¢11/3 4 ®> .

O]

~ With Lemma we restrict to t© = 1, m™ = 0 in the remainder, where we also discuss all
d € [0,d;]. First, we turn to graphs with external fields. Recall m® and ¢° from Proposition

Proposition 3.65. Let m™ =0 and U = 0.

a) We have Elpg(G, (%)) > By + O(n~1/4).

b) For d =km/n < dy we have E[pg(G*(a*))] > By(d) + O(n~1/4).
¢) We have E[pg(Gi, (%)) > By + O(n~ Y4 + 61 + em).

Proof. With Lemma [3.64] and Proposition [3.:50| we have

1
& 64(Gin(m))] 2 B + O (@f/g + @> -

n

This yields E[¢g (G, (6m))] > By+O(n~4) for ©(n) = n3/* € (0,n] and d € (0,d4]. For d = 0 notice
that ¢g(G,(6m)) = 0 and B = 0. Without loss of generality let 6y, > 67, with 67, = In(n)/y/n <1
and g, > ep) with €7 = cpe™@ n(n)?/2 anqd ¢, co large, from Corollary since this does not affect
the assertions. Hence, we may take m* = m, and then Corollary applied to m* and to m
yields

E[¢g(Grn- (07))] = Eldg(Grre (0°))] + Olem + 6 +n %)
= E[¢g(Grp(6m))] + O(em + 6m + 1 1/?)
> B+ O(em + 0 + 114,
which establishes Part [3.65¢)l Now, consider the special case 6, = 0%, = o(n~"/*) and e, = €3, =
o(n~1/*), then Part[3.65h)| follows as a special case from Part @ But also Part [3.63b)| now follows
as a special case from Part by further considering d = d and m}, = m?, for n’ € Z~¢, which in
particular gives m* = m. O

Observation [3.21] yields the results for graphs without external fields, so Proposition [3.4] follows.

3.3.3 The Aizenman-Sims-Starr Scheme. This section is dedicated to the proof of Proposition
[3-5] and hence Theorem [2.2] Fix ¢t =1, m® = 0 in the remainder, which resolves dependencies on ,
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¢* and ¥*. With C; € (0,1) from Proposition 3.48b)|let ¢ = C1/3, p = ¢/(1+4c¢) and ©*(n) = n'~*.
Notice that p € (0,1/4) and ©* € [0,n]. Let d > 0 for now.

3.8.3.1 Owverview. We avoided the introduction of the projected Gibbs marginal distribution Te G
from Section [3.3.1.9]in Section [3.1.2.4] but now we can state the stronger version.

Proposition 3.66. We have E[¢y(G™)] = E[B(7; . )| + O(n™?) with G* = G}, ,(0").

We use the Aizenman-Sims-Starr scheme for Proposition [3.66] where the quenched free entropy
density is understood as the average change of the quenched free entropies, meaning

n—1
* * 1
E {¢g( n,m,u(o- ))} = Z ﬁq)A,n’v (I)A,n’ =E [(TL, + 1)¢g (G-hn/ﬂ —E [n,¢g (G—ﬂ/ﬂ )
n'/=0
G“F,n = Grl+17mn+17un+1 (0-’:/-}—1)7 G_»n = G’TL,mn,un (0-:1,)?
using E[n'¢g(G_ /)] = 0 for n’ = 0. Intuitively, we observe that if ®x, converges, so does the

quenched free entropy density, with the same limit. Hence, the main focus of this section is to
establish the following result.

Lemma 3.67. We have ®a, = E[B(m; o) + O(n™") with G* = Gy, 1,(c7).

Similar to Section [3.3.2] and Section we will control the difference ® A of the expectations by
introducing a coupling of G_ and G4, say (G~,G™). However, as opposed to the previous sections
we now have to deal with an additional variable. Since the average degree is d, i.e. we expect the new
variable to wire to d factors, but the expected difference in the number of factors is only J/ k, we will
have to rewire factors — like in Section But as opposed to Section we cannot afford rough
estimates, and have to control the behavior on a very granular level instead.

We can partially recover the convenient situation in Section by taking the intersection graph,
or base graph, as a starting point and then enrich this graph to obtain G~ and G each, say a triplet
(G, G~,G™). The expectations give dn/k factors for G~, d(n + 1)/k factors for G, with roughly

d wired to i = n 4+ 1. So, we can hope for w —d= d?” — @ factors in G and attaching the

remaining factors to obtain G~ and G+ respectively. This coupling allows to rewrite

Zy(GT) Zg(G™)

ostn =i (€] e ()]
Since the coupling is fairly involved, we present it in three parts. In Section [3:3.3.2] we use the
discussion in Section to couple the standard factor graphs. Then we couple the factor counts
using Observation [3.7] Finally, we turn to the pins in Section and combine the three parts.
In Section we show that the law of G is close to G, which allows to recycle our results
for the teacher-student model. Then, in Section [3.3.3.6] we show that our rough estimates for the
expectations are asymptotically correct.

Next, we discuss the asymptotics of the two contributions to ® (n) separately. We start with the
easier G~ -contribution, since only factors are added, which is covered by Sections |3.3.3.7| to [3.3.3.11}
Then we discuss the G -contribution in Sections 13.3.3.12| to 3.3.3.16l

While the discussion of the G~ -contribution is conceptually similar to the discussion in Section
there are several additional obstacles. In Section we discuss the restriction to typical
instances. In Section [3.3:3.8] we introduce an approximation of the joint distribution to resolve de-
pendencies. In Section |3.3.3.9| we use Proposition to transition to independent Gibbs marginals.
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In Section [3.3.3.10] we use Proposition [3.54] to resolve the dependencies of the Gibbs marginals on
the ground truth. Finally, in Section we discuss the remaining asymptotics, followed by the
Lipschitz continuity of the factor contribution to the Bethe free entropy, which allows to transition to
the projected Gibbs marginal distributions from Section [3.3.1.9

Sections|3.3.3.12[t0(3.3.3.16|are devoted to the respective steps for the G -contribution, approach-
ing the variable contribution to the Bethe free entropy. Finally, in Section we establish Lemma
Proposition m Proposition and the respective version for graphs with (normalized) ex-
ternal fields over general factor counts m*. In Section we derive Theorem for graphs
with (normalized) external fields over general factor counts m*, and thereby complete the proof of
Theorem

3.8.3.2 Coupling Standard Graphs. For the sake of readability we suppress dependencies in the
following sections unless required. Fix a ground truth o* € [¢]*T!

with o7 = 0'[—;] and m, =
(mm,mg,mzf,mz 4) € ZA;O, meaning mn factors in the base graph with variables [n], additional
m factors in G, additional mJAr_ factors in GT that do not wire to the variable i = n+ 1 and mZ n

factors that do wire to i. From these atoms we obtain the derived factor counts, namely

- _ - ot + + ot o +
m-=mn+mpy, M =mn+Mp_, My =MpA_ +Mp, M =M+ My
Recall the discussion in Section 3.2.1.7, We consider the wires-weight pairs
— ant *®mn REUON omy @M,
(wﬂ? Wp, WA, wA+) ~ w—o,n+1,i,a— ® w—o,n-{—l,i,a— ® w—o,n—i—l,i,a— ® w+o,n+1,i,a+'

This yields the graph w™ = (wn, w)) on n variables. Mimicking Section [3.2.1.7| for n + 1 variables,
T factors, i = n+ 1 and d = mZ, let wh = (wm,'wz_) be the pairs not connected to i and

'wi = wZ . the pairs connected to i. For A € ([”Zlﬂ) let w; 4 be the corresponding relabeling of
(wh,wh) and let w] = 'w+A with A ~ u((["g])). Further, recall the degree df , ~ Bin(m*’,pj)

with success probability pd = Pd 1,0+ (0] +) from Section [3.2.1.6, w* from Observatlon and wj
from Observation [3.19

Lemma 3.68. Leti=n+1andd= mX+

a) We have wn ym(07) ~ w (c7)~w’ _(07).

o) and w_ -
b

’I’Lmﬂ( n,m-—
b) We have win’m+’d(a+) ~ wd,n+1,m+,i,d(a+)'
¢) Let (mn,my_,m}_,d) € ZLy), m* = mn+m}_+d and wf(oc") = win’mtd(a*). Then we
+) if (m+7d) ~ (m+,d;+).

have wy (o) ~w) ) (0

Proof Recall from the proof of Observation [3.19| that the (w*,, wo)—derivative is given by (v,9) —
1{i & v([k])}(0y)/E[1{i & wvo([k ])}@bo(avo)], which yields w On+ o w* _ since clearly
Von+1|t & Vonti1([k]) ~ Von, and thereby completes the proof of Part mm Part holds

by construction since we explicitly mimicked the construction in Section [3.2.1.7, Part 3.6 follows

directly from Part and Observation O]

Remark 3.69. Notice that the coupling of the graphs does not require Poisson counts, but they
are very convenient to avoid case distinctions, as mentioned below. In particular, we could take
m* =m*, m~ =m" and let mn = min(m~,m" —d ).
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3.3.3.8 Coupling Factor Counts. In this section we introduce a coupling of m,, and m,,; that meets
the requirements of Lemma [3.68c)l For this purpose recall the Poisson parameter m,, = dn/k of m,,,
let m,; = m, and m,;" = M,41. Guided by Lemma ‘ and Observation ‘@ let mX L= pim*
and m* = (1 — pér)er. Inspired by Remark let M = min(m~, M), and denote the gaps by
My =M —Mmn and WX7 =, —mMn. So, the basic Poisson counts are

(mn,my, mL_,mL )~ Po(mn) @ Po(my) @ Po(mi_) @ Po(mg., ).
Let m™ = mn+m,, m"™ =mn+mj{_ + mz+ and wn, w—, w from Lemma@

Lemma 3.70. We have Wr . mqo+)(07) ~ w) 0oy (07), w o (07) ~wy . (07), wl (o) ~

W) (o1), further m™ ~ my, and m™ ~ my, ;.
Proof. With Observation [3.7b)| we have m~ ~ Po(m~) since m~ = mn + My, further m* =
mn + mjf_ ~ Po(m?l) since m* = mn + mL_ and m* ~ Po(m") since m* = mf + WXJF.

Hence, Observation further yields that (m*,m%_ ) ~ (m*,d}.), so Lemma [3.68)| applies,
and completes the proof with Lemma 5] Notice that m* depends on oF through pj and hence
mn = mpn(o™) depends on ot O

Remark 3.71. The notation for wn, w~ and w™ is inconsistent, so we change it as follows.
Let Wy(0") = (Wnmno+)(07) w,,—(07), w¥ (o)) and Winn(0™) = (Wp|(mn,m™,m*) = M)

m
be the pairs for random and given counts respectively. Let (wnm,(07),w, _(c7),w’ (o)) =

Wm,(mm,m—,m+) (G+) and Wp(0+) ~ (wﬂ,mn (o) (U_)a ’w;, (U_)v w;:l+ (U+))'
Also in the new notation we let mz+ ~ PO(WX+) be the factor degree of i =n + 1 in w

som’ =mt — mz_ ~ Po(m™) factors are not wired to 4 in w:ﬁ

+

m+
(o1). Similarly, we e.g. still have

(0-+)7

wm:[mm(ﬁ)] (‘7_) = wﬁ,mm(a‘*')(o- )

3.8.8.4 Coupling Pins. Notice that @iﬂ — 0} > 0. Let 6 ~ u([O,@fLH]) and let 6, = 6, be

given by 6, = 0 for 0 € [0,0}] and 6, ~ u([0, ©}]) otherwise. Recall § from Section [3.2.1.1
Lemma 3.72. We have 0~ < 07,0, ~ 0, and 0," ~ 6,,,1.

Proof. By construction we have 8} ~ 6,11 and 8~ < 8*. Further, for an event £ C [0,0}] and with
(u,0%) ~u®0%, u~u([0,0}]), I = [1{t € £}dt we have

I (®i+1 — @*)I
@;Ll+1 ®i+1®?¢1

PO c&E)=POTc&)+PO >0}, uck) = =P(0, €&).

For given 6~ € [0,n], 6% € [0,n + 1] with 6~ < 6" we consider the success probabilities

A o L0t
_n—i—l’pA_n(n—l—l)—n@"pA_n—i-l—H—'

Pn
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Let ﬂmo,ﬁgo,ﬁzo € {0,1} be given by the success probabilities pm,pg,pz respectively, Uy g- g+ =

N ¥ — ~+ 1 ~ —( y— ~t\ >
(uﬂo ® U’Ao ® UAO)®(n+ )7 u><,n - (uﬂ7uA7'u’A) - uXt,Gf,BJr and

Un = {i €[] in(i) > 0}, U™ = {i € [n] : un (i) + 5 (i) > O},
Ut ={ien+1]:an0) +ak() >0}

Recall the pinning set U, from Section
Lemma 3.73. We have U ~ U, and U ~ U, ;1.

Proof. Recall 1y, with success probability 6/n from Section [3.2.1.1, For given 6~ € [0,n], 61 €
[0,n + 1] with 6= < 07 let (Uno, tUx,, UL,) = Uno ® U,, ® UL, and notice that

P(thro + @, > 0) = pn + (1 — pn)pa = = ]P’(ﬁtoﬁf,n =1),

. . oF y
P(iino + @5, > 0) = pn+ (1= pr)pA = ~ 7 = Pllliogt npa = 1).
Now, let n= = n, nt = n+1 and Uyxy = (Ung, Uy ,dXt). Then the above shows that ﬂ;ti =
(min(1, @ny,; + ﬂit’i))ie[n:t] ~ ﬁa%i,ni’ so Lemma [3.72| yields UT = 11;;;1(1) ~U\+. O
Finally, we complete the coupling with o© ~ o pand o7 = 0'[';]. In order to clarify the depen-

dency structure recall Wy, ,(o") from Remark and that it determines the factor counts. On the
other hand we have U,, = (§~,07", 1) which determines Un, U~ ,U*. The joint distribution is now
given by (o, W,(0),U) ~ (67, W, (7)) ®@U. Now, the graphs are G= (o) = [wimi(aff)]}}i ot

_ FJ’ noi»"yn

and Gn = (W 0+) (07 )y -

Proposition 3.74. We have G ~ G:zm(aﬂ,um(a'_)’ further (6=, G~ (67)) ~ (O'*,G;kmu(d*)) and
(@G (0) ~ (0711, Gt m s Uy (T 1))

Proof. The result is immediate from Lemma [3.70, Lemma [3.73 and Observation [3.13] O

Notice that G~ (6~) and G* (o ™) are conditionally independent given (8~,0%, 6%, Gn) and ob-
tained as follows. For G~ (o~) we choose m, (") and the additional standard factors iid from

wz’ma_. Further, we perform a second sweep of pinning with probability Prgo— i.e. pinning each
(unpinned) variable i € [n] to o~ (i) independently with probability p, ,-.
For GT(o") we choose m{ (oT) and the corresponding additional standard factors iid from

oo Further, we choose m}r (o) and the corresponding additional standard factors indepen-

deﬁtiy from wiom ot Formally, we also have to randomly relabel all factors. Finally, we perform
a second sweep of pinning with probability pz79,79+ for the variables [n] and pin ¢ = n 4+ 1 with
probability 8% /(n + 1).

Since both G~ (o7 ) and G (o) are obtained from Gn exclusively by adding factors, the ratios
in ®a(n) = ®y(n) — ®¢(n) with

_ Zg(G* (o)) _ Zy(G" (o))
®,(n) =E lln (ZE(GQ)>1 , ¢(n) =E lln (Zg(C;'m))] , 9)
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can be understood as the expected additional weight caused by the new factors under the Gibbs spins
0¢.Gn» as in Section [3.3.2.2[ and Section [3.3.2.3
3.3.3.5 The Base Graph. We define a coupling for the pairs (6=, Gn) and (o7, G, ,,, 4 (07,)). For
this purpose we start with a coupling of (6=, mn(ot),Un) and (o), m,,U,). For o € [q]"! let
(mf ,, m;) be a coupling of mn (o) and m,, from the coupling lemma 3.6¢)l This conditional law and
(o/ . UL U') ~ (67, Un,UT) induce a = (o), m{(c,), m (o), U,,U’), which further determines
o, = o = o-jﬁ[n]. For given a = (o4, mn, m,Un,U) with 0 = o |, we obtain the graphs as
follows. For mn = m and Un = U let Gi(a) = G'(a) ~ G, (o), otherwise let (G (a), G'(a)) ~
G (9) @ Gy (9).-
Lemma 3.75. We have (0f,,GR(a)) ~ (67,Gn) and (0/,G'(a)) ~ (0, G}, (07)). Further, we
have P((or,, G (a)) # (o', G'(a))) = O(n™7").
Proof. We have (o',,0/,Uf,,GH(a)) ~ (oT,0~ um,Gmm(Uﬂum(a’_)) by definition, and further
(o, U,G'(a)) ~ (o=, U, G:;r,u— (7)), so the first two assertions hold by Proposition Since
the graphs coincide if the counts do, we have P((of,, GH(a)) # (o/,G'(a))) < P((m mT+,l/l') #
(m, ., U)) <P(m[, ., #ml.)+PU; #U'). For the latter we have P(UR # U') < P(] V"l( )| >
0), and further P(] V__l( )| > 0) < E[ji;y *(1)]] by Markov’s inequality, where

1
Elliz~ (1)) = nElpx (67)] < = (o)

(10)

For the factor counts we use the definition, i.e. the coupling lemma Pinsker’s inequality
and Observation [3.7c)| to obtain

B(mf, g+ # miyy) = E |[mo(o") —malu] < E [E W S Dkt (ma(o) )

\/mn —mn(et) + mMq(ot)In (W)] :

1
- —E

V2

mp

The argument of the expectation vanishes for min(o") = m~ = m,. Otherwise, we have Tin(o™") =
mt —mi, (oF) <m~, or A>0 with A =m}_ (6")—d/k, and using In(1 — ) < —t further

\}iE [11 (A0} \/A—mm(o”r)n?n]
E[1{A > 0}A]
f [1{A>0}\/ 1—>A1_ e

2my,

P(mﬁ(0'+) #my,) <

With ¢ from Corollary we have A < é&d — % , hence

P(mn(ot) £ my) < <5— ;) \/*/2% < <a— 1) vkdr

This completes the proof since ©/n = n=" = w(n=4). 0
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3.3.3.6 Factor Count Asymptotics. Let c,gq € Rsq be large, r(n) = ¢y/In(n)/n and B = {oT €
[d]" ™ ¢ [[Yno+ — V*]lev < r(n)}. In this section we show that for typical spins B and for sufficiently
large n the coupling of the graphs simplifies.

Lemma 3.76. Let 0 € BE. There exists cg € Rso such that Wi(a) < c. Further, there exists
Nog € Zso such that for n > no we have m% (o) =0 and
. d(k—1)

A (o) —d] [n(o) - =5

< cr(n).

)

]froof. 7With ¢ from Corollary and with df ,,, ~ Po(pam) from Corollary we have |WJAr L=
d| < éd(|lyor — 7 lew +n7") < @d(r(n) +n"). Using k > 2 fix

. ~ 1 k-1
No =min<ng € Zsz: sup ¢ (r(n)+—) < —— 7.

- n>ng n k
For n < 7_10 we have mi <mt < dy(no +1)/k. For n > n, we have WL —d| < J(k,_ 1)/k and
ML, —d| < 2&dwr(n) < 2édye:/\/e. The former yields m™ = m* —mji, <m" — 4% =m", so

WX, = 0. Finally, notice that

O]

3.8.8.7 Typical Events for the Factor Contribution. Analogously to the ball BE on (n+ 1) variables,
let B = {0 € [¢" : 7o — Y¥|ltv < 7(n)}, and B° = (d — 7(n),d + r(n)) for the average degree.

Further, let ®¢(n) = E[®] with ® = In(Zs(G~(07))/Zs(Gr)) and d~ = km ™ /n.

Lemma 3.77. We have ®¢(n) = E[1{ct € BL,0~ € BL,d~ € B°}®] + o(n™1).

Proof. With £ = {o* € BY ;0= € BL,d~ € B°} we have ®¢(n) = E[1E®] + ¢ with
e(n)=E |::H__\g$:| ,®=E {@‘mm(aﬂ,oﬁ,oﬁ,dﬂ .

With Jensen’s inequality we can consider the atypical events separately, i.e.

le(n)| < E[L{d" ¢ B°}[®|] + E[L{o" ¢ B} }|®|] + E[L{o~ ¢ BL}®]].

With & = n¢e(Z;(G~(07))) — ndg(Zs(Gn)), Jensen’s inequality, the triangle inequality, ¢ from
Observation Lemma Lemma and Observation we have

— @i @¢

So, with Lemma [3.70] and ¢ from Corollary [3.12] we have

7 F C = - - 2
E[l{d™ ¢ B°}[®|] < %E[l{d ¢ B°}d] + énlP(d & B°) < d'nexp <— 611:_ 7:)



3. Condensation Threshold 71

with ¢ = éco(2 + k) /k. With r = o(1) and ¢? > 2/c; we get
E[1{d~ ¢ B°}|®|] < ¢nexp (—(1 +o(1))e1c? ln(n)) = /p~(roM)ere+1 o(n™h).
With ¢ from Observation [3.23b)| independence and c? > 2/¢; we have

— 2
BlL{o" ¢ BL}B) <o (21 +1) caneor 00— (o) o),

and E[1{o~ ¢ BL}|®|] = o(n~!) follows analogously. O

The following result further restricts the very typical event in Lemma [3.77] to the typical event
that no variables are pinned in the second sweep.

Lemma 3.78. We have
Pr(n) =E[l{oc" € B}, 0" € BL,d” € B°,U” =U-}®] + O(n"").
Proof. With Lemma it is sufficient to consider E[1€|®|], where
£ = {a+ eB,o” B, d eB U # um}.

With ¢ from Observation we have E[1€|®|] < CE[1€dg(Gn, G~ (07))]. With the notions in
Section we have Vi = [n] \ U™, V = Up, V¥ = [n] \ Ua with Ux = U™ \ Up, further
mn =ma(a"), A= = [ma(a)]\ Ay,

Az = {a € [mn(o™)]: vha([k]) NUA # 0},

where vn, are the neighborhoods of G, so D =0, D = m™ — mn(0") = mi (o), Dn = | A,| and
hence dg(Gn, G~ (7)) = mx(o") + 2| Ax| + [Ua|. Recall that

AL < Y drwn (1) < Y de (D)

€U 1€EUA

with wn = Wn (o1 (07), W™ =w,,_(07) and di (i) from Section 3.2.1.6, With ¢ from Corollary
this gives

E [dg(Gm,G—(a-))\atmm(a+),m—,um,u—] <mi(o") +2Uslcd + U4

On & we further have d < dy + r(n). With this bound, standard bounds, and taking conditional
expectations we obtain E[1€|®|] < ¢Ey + ¢(2¢(dy + r(n)) + 1)E2, where

By =E[l{o" € B, U™ #Un}m,(07)], By = E[Ual).
With ¢ from Lemma we have M (1) < ¢, so as in the proof of Lemma we have

oe! o}
Ey < dPU™ #Un) < (1+0(1))d =%, By < (1+0(1))—*.
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This completes the proof since ©+/n = n=" = w(n™1). O

3.8.3.8 Normalization Step for the Factor Contribution. In Section we restricted the expecta-
tion over the coupled graphs to typical events, now we change the underlying law. In particular, we
replace G by G*(0) = G, 14(0) and m (") by a Poisson variable ma ~ Po(d(k —1)/k). Clearly,
we obtain the additional wires-weight pairs given o* from Observation [3.13] i.e. we consider

(G*(0),ma, w*(0)) ~ G*(0) ® ma ® wiT". (11)
Further, let ® = ln(iw‘g’c*(a*)(w;* [mA})) with 7W|g from Equation .

Lemma 3.79. We have ®¢(n) = E[1{c* € BL}®] + O(n~").

Proof. Let ® = In(Zy(G~(67))/Zs(Gn)), and let (Gn, ma, w* (o)) be conditionally independent
given 0. As explained in Section |3.3.3.4] and analogously to Section [3.3.2.3| on

£ = {a+ eB o eB . d eB U :um}

we have ®' ~ In(v. (w?_ [m_((ﬁ)])),

QLULIN
independent of the remainder and iid from the teacher-student model for the given ground truth. For
given ot € [g]"! let 6(0T) ~ Po(|m(07) — mal) with ma = @. For m (o) > ma and using
Observation we consider the coupling my(c%) = ma + 8(c"), and ma = mx(o7) + d(0o™)
otherwise. This gives

In <¢w|g,am (w:—,[mg(aﬂ])) —In (@w|g,Gm (w:'_,[mA]))’ < d(o™)In(yy).

With Lemma we can bound E[§(cT)] on &, so with Lemma we have

wle,Gn i.e. there are no additional pins, the additional factors are

Pe(n) =FE []15111 (@ng,Gm (w;—,[mA]))} + O (r(n) +n=").

Due to the independence of ma from the remainder we can use the upper bound ma In(¢) on the
argument of the expectation and then take the expectation with respect to ma to obtain the upper
bound ¢ = mia In(¢p4) < dy In(¢py)(k — 1)/k given the rest. This shows that reducing € to {o~ € BL}
causes an error of O(n~"). Also, with the coupling from Lemma we then get

(I)f(n) =K [:H.{O'* € BE}IH (@ng,G*(O’*) (’Ll)z.*’[mA]))} +0 (n*p)
since n™” = w(r(n)), which completes the proof. O

3.8.3.9 Gibbs Marginal Product for the Factor Contribution. Now, it is time to apply Proposition

Using the distribution let

® =1In (Z ( ® [ ]’Ya,h) (1) H ¢;(Ta)) = Z In (Ze(Y5,7a)) »
k

7 \(a,h)€[ma]x a€[ma] a€[ma]
where v = (tg, G (0*)lv*(a,n) Jahs (V7 %") = w*(0¥), and Z; from the Bethe functional.

Lemma 3.80. We have ®¢(n) = E[1{c* € B }®] + O(n"").
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Proof. Resolving the Radon-Nikodym derivative of the additional pairs in Lemma yields ®¢(n) =
E[1{o" € BL}®°] + O(n~) with w = (v,3) ~ (u([n]*) & p)*%0 and

Ya(05a))

Recall that for v' = vj,,) and a* = p*[, with p* = g G« (o+) We have

Uujger o) Wima)) = D (1) ] #alm):

T€([q]k)™a a€lma]

Let C from Proposition e = C1/3 and § = ©+72, Using t, from Section [3.3.1.5/let & =
{o* € B, 1, (u*,v') < §} and notice that to(p*,v') = 0 < 6§ on ma = 0. Hence, the bound
|®*| < ln(w?A)wimA < wimA and Markov’s inequality conditional to ma give A < & + O(n™"),
where A = | — E[1EP*]| and

g =FE |1{ma > 0}

Co(kma — 1) (kma\“" 3m,
) el wT )

Standard bounds imply &’ < éE[exp(éma)]/©¥ for some é € R-g. The canonical coupling of ma ~
Po(d(k — 1)/k) and mas ~ Po(dy(k — 1)/k) from Observation gives ma < maq and hence
¢/ < cElexp(¢may)]/ ©'¢. Finally, the moment generating function of the Poisson distribution gives
e = 0O+ #). But p =¢/(1 +¢) and O = n'=* yields ©% = n, thereby 6 = n=2 and &/, A =
O(n~*). Now, with & = Q4. n)e[ma]x[k] H" v/ (a,n) and

P = H Mln ( Z Oé(T) H ’lpa(Ta)) )
T€(

acima) 2£(77) GF)ma  acimal

notice that the arguments of the logarithm for both ®* and @ are in [¢)]**,¢}"*] and that the
logarithm is w;n A_Lipschitz on this domain, so

|@* — @ < ™2

Yo @t [ ) - Y al) [ e(ra)|-

Te([g]F)™a a€[ma] Te([g]F)™a a€ma]

This yields [®* — ®| < 2™ [|a* — allyy = 2{™2 v (p*,v') < V2™ \/1o(w*, v) with standard
bounds and Remark Since we have the same bound |®| < 1#?"“, we can spare another ¢’ from
above to obtain

e(n) = E[1€@] + O (V6 +n ") =E[1{o" € BL}®] + O (n").

The assertion follows by reintroducing w* using the Radon-Nikodym derivative in ®. ]
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With (1%,7,)a being iid given o* and E[mia] = d(k — 1)/k, Lemma yields

Be(n) = dk—1)p [ﬂ{a* € Bf}ln(Zf(lﬁ*,’Y))} +0 ("),

Vel and (w*, G*(0™)) conditionally independent

with w* = (v*,9%) ~ WS oe, ¥ = (g6 (07
given o*.

8.8.3.10 Marginal Distribution for the Factor Contribution. Now, we work towards the discussion
in Section 3.3.1.8 Let v = 4, G*(0) = G}, (o) and wg, 77, Dr from Section [3.2.1.5, Let
(V5 V7 Yorr) ~ WS 5 @ Qpefk] Tg,G*(0),0,r(h) fOr T € Drw further (7%(0),G*(0)) ~ 75, ® G*(0)

and 7 = 7*(o%).
Lemma 3.81. We have ®¢(n) = “-VE[1{o* € BT} In(Ze(¢%-, Yor 7+))] + O(n 7).

Proof. With Lemma Observation independence and py = g g+(;) We have

D¢(n) = d(kk_l)IE {]l{a* € BE}E(U*,T*)} +O(n="),

E(Uv T) =E |:hl (Zf (d@: (u;|vgvf(h))he[k]>>] , T € D{'C‘,fyv Y = Tn,o-

Next, we use independence, expand the definition of v; . and obtain

E(o,7) =E lz S P (u:\vm))he[k]))] .

The definition of T4 ¢ 5 -) completes the proof. O

Now, we can combine Lemma with Corollary Hence, we introduce the reweighted
marginals (v} (J T/ Yo,r) ~ wy, . ® ®he[k} Ty G* (0),r(h)-

Lemma 3.82. We have ®¢(n) = J(kk_l)E[]l{a* € BUYIn(Zi (ke Ao 7)) + O(n~P).

Proof. Fix o, 7, G = [w];}, with w € G and ¥ € Dy. Let E(0,7,G,¢) = E[ln(Z(s,7))],
where v ~ Q) Ty qor(n) and E(o,7,G,4) = E[ln(Zi(1,7))], where ¥ ~ &, fgcrn). Let m, €
T(%g.Gor(h)> Fa,Gr(n) be a coupling for h € [k] and (%,9) ~ ®j, 7, with 4,4 € P([q])*. We have
Ze(, %), Z¢(¥,5) € [y, 4], so the logarithm is ¢4-Lipschitz on this domain, and thereby using
Observation we obtain

Since this holds for any choice of coupling we have A < 21/1% >on Aw(Tg Gor(h)s Te,cr(n)). With 7 €
o([n])¥ and D(o, 1) from Corollary|3.54|this yields A < Zk@b%D(or, te.c). Hence, taking the expectation

A(o,7,G, ) = |E -

WE [z e

E| <
V3 13k — Anllev-
h

1T50G2) =TT An(75)
h

h
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and using ¢, C; from Corollary [3.54b)| with v, from Lemma gives
= [E[1{o" € BL} In(Zi($5-, Yo+ 7)) — E[1{o" € BL} In(Ze(95e, Ao 20))]|
< 2/{@&%1[*] [D(c*,G*(0))] < 2kir (@W + ¢P(m > mT)>

Recall that P(m > my) = o(1/n), ©F = n'=? with p = ¢/(1 + ¢), ¢ = C;/3, and notice that
(1—=p)C1=3p>p,s0 A =o(n"") and hence the assertion holds with Lemma O

3.8.8.11 The Factor Contribution. Now, we complete the discussion of ®¢. First, we resolve the
reweighting, and then project onto P2([q]). Let (v,~) ~ py ® ﬂ?éy*(o_*) with G*(0*) = G, 4 (07).

Lemma 3.83. We have ®¢(n) = J(]Zgl)E[A(Zf(l/),7))] +O(n"P).

Proof. Let ¥* = yng+ and ¥ = ¥, g=(¢+)- With ¢ from Lemma [3.52%)| we have

P(|[F — 7" lew > 7) < coe” M) L P(m > my) = o(1/n)

since ¢; > 1/¢; is large. Lemma using that the argument to the logarithm is in ¢, 4] (and the
leading coefficient in [0, d4]), with € = {o* € BL, |7 — v*|ltv < 7} yields

d(k —1)

O¢(n) = :

E[LE n(Ze (ke o -))] + O(n~").

Resolving the Radon-Nikodym derivatives gives ®¢(n) = d(kgl)E[ﬂf@] + O(n~") with

& _ Zwo Hm)(Th '1/”; H% Ze(4,7))
= Ay i)

On £ we have v*(7) /7" (1h) < 1+ ¢¥4|7v* — ¥ |loo, which with the corresponding lower bound yields
~*(1n) /7" () = 14+ O(r). With Observatlonand Observatlonwe further have Z¢(y*) /& =
1 + O(r?). Analogously to v* we get () /v*(mn) = 1+ O(r), s

(1) [T () TTn v (1) _ ” A(Zi(Y,7))
®=(1+0(r Z: T () (Z¢(,v)) = (1 + O( ))7§ :

With |®] < w% In(¢) and 7 = o(n™") we have ®¢(n) = (kgl)E[]lé'A(Zf('l,b ~))] + O(n~"). Since the
argument is still uniformly bounded, resolving £ comes at a cost o(1/n). O

Next, we show that we can replace 7y g+ (5+) by its projection g ;. . by using Lemma W For
this purpose we show that the factor contribution

d(kk;gl)E A (Ze(h,ve))l s (Y 97) ~ e @ 7@k

to the Bethe functional is Lipschitz in 7 with respect to dy.

B : P*([q]) = R, m—
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Lemma 3.84. There ewists Ly such that By is L-Lipschitz.

Proof. Let 7, € T'(my,m2) be a coupling of 7 € P?([q])? and (9, v1,72) ~ py @ 7% with 1,4 €
P([g])*. Using that A is L'-Lipschitz on [, 4] with L' = In(y4) + 1, we have

I —_
dr L (K 1)IE
ki

With the triangle inequality, ¥ < vy and Observation this gives

A = |Bi(m) — Bi(m)| < [ Ze(p,v1) — Ze(, 72) ] -

] = QdTL'w%(k — DE[|lv1,1 — 72,1

1
A <20 LY (k = 1) 30 Elllvn — 72 ol
h

This completes the proof since 7, € I'(71, m2) was arbitrary. O

Now, we are finally ready to establish the easier part of Lemma [3.67]
Lemma 3.85. We have ®¢(n) = E[B(7; )| + O(n™?) with G* = Gy, 4 (07).

. . f n)= f G* n . . mima -5. D

complete the proof, since dy, < ¢ and P(m > m4) = o(1/n).

8.8.3.12 Typical Events for the Variable Contribution. For the variable contribution to the Bethe

functional, let @ = In(Zz(G"(0"))/Zz(G)) for @ (n) = E[®] from Equation @ Recall r(n), BY
from Section |3.3.3.6, B° from Section |3.3.3.7|and let d* = km™ /n.

Lemma 3.86. We have ®,(n) = E[1{o* € BY, 0~ € BL,d" € B°}®] + o(n™1).
Proof. With € = {o" € B0~ € BL,d* € B°} we have ®,(n) = E[1£®] + ¢ with
e(n)=E {Il—é'@] ,®=E {‘I"mm(aﬂ,a’ﬂa_,cﬁ} :
With Jensen’s inequality we can consider the atypical events separately, i.e.
le(n)| < E[1{d" ¢ B°}[®[] + E[1{o™" ¢ BL}[®[] + E[1{o~ ¢ BL}®]].
With ® = (n+1)¢g(Zg(GT(01))) — nge(Zs(Gn)), Jensen’s inequality, the triangle inequality, é from

Observation Lemma Lemma [3.72) and Observation we have

_ o noy,

So, with Lemma ¢ from Corollary and n’ = n + 1 we have

2¢n’ 2

/
= E[1{d,s & B°}d,s] + én'P(d, & B°) < c/n’ exp (Cf:—:i )

E[1{d" ¢ B°}[®|] <

with ¢/ = éco(2+k)/k, so E[1{dT ¢ B°}|®|] = o(1/n). With ¢ from Observation [3.23b)}, independence
and ¢ > 2/c; we have

_ 2d ’
E[1{o" ¢ BL}[ < ¢ (]; + 1) eanle=e7 = o(n~1),
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and E[1{o~ ¢ BL}|®|] = o(n~!) follows analogously. O

The following result further restricts the very typical event in Lemma [3.80] to the typical event
that no variables are pinned in the second sweep.

Lemma 3.87. We have
d,(n)=E[l{ocT e B o™ e B, d" e B°,UT =U~®] + O(n"").
Proof. With Lemma it is sufficient to consider E[1€|®|], where
£ = {a+ eBY o~ eBl, d" e B Ut # um}.

As opposed to the proof of Lemma [3.78] we cannot use Observation [3.30| since now the numbers of
variables do not coincide. Let A~ UA; = [m™] be the partition of the standard factors of G (o)
such that An is the relabeling of the standard factors [mn] in Gn. Further, let vi=ut \Un be the
additional pins and A% = {a € An : v} ([k]) N V' # 0} with v being the neighborhoods in G* (™).
The bounds from the proof of Observation and normalization of the external field for the last
variable give

Zo(GH (o)) < W Z,(Gr), Zy(GT (o)) 2 ATV 2 (G,

This shows that |®| < In(¢4)(mf + 2|4 + |V}|). Bounding |A*| by the sum of the degrees of
i € VYN [n] in G and taking the conditional expectation as in the proof of Lemma w gives the
bound In(¢4)(m}f + 2¢¥22 V¥ N [n]| 4 |V¥|) with ¢ from Corollary With ¢ from Lemma
we get the bound In(¢4) (¢’ + 22 (d + )|V N [n]] + |V*]) on &, so for some ¢, € Rsg we have

E[1€]|B|] < PU' £U) + E[L{UT # UMNUT \UJ] < 2E[U \U]).

As in the proof of Lemma we trace this back to the indicators @} for the variables [n], and
pinning probability 6,,1/(n + 1) for i = n 4 1. This yields

+ ot —el) e
E[1€]2]] < 208 npz<o—,e+>+"+1] g.;(”( b= Oh) | Ohu )
n

n+1- 65 n+1

With ©%(n) = n'~* we have Gt—s—l —0)=(1-p) f:ﬂ t~Pdt < n~", and hence the assertion follows
since E[1E|®|] = O(n™7"). O

3.83.3.13 Normalization Step for the Variable Contribution. Now, we simplify the underlying law using
the typical behavjor. As before, we replace Gn by G*(07) = G;, 4(07), and m} (oT) by a Poisson
variable d ~ Po(d) reflecting the degree of i = n+ 1. Recalling Lemma we obtain the additional
wires-weight pairs given o+ from Observation i.e. we consider

(G*(07),d,w*(oh)) ~ G*(07) @ d @ w ="

+o,n+1,i,0t"
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Since we have an additional variable, we have to adjust the definition

ww\gG’ v 1/}

H Ya(o ] Lo~ piga @7, (v,9) € ([n+1]" x Dy)?,

from Equation , where G is still a decorated graph on n variables.
Lemma 3.88. We have ®,(n) = E[1{o~ € BE}ln(ﬂwg’m(af)(w;+’[d]))] + O(n=").
Proof. Let d and w*(o™) be independent of anything else and

E = {a+ eBl, o eBl, d" eB Ut :um}.

For n > n, with n, from Lemma [3.76] and on &, as explained in Section [3.3.3.4] and conditional to
o, Gn, Ut and dt = mJ_ (o"), we obtain G (o") from G, by adding the variable i = n+ 1 with
external field v* and d* standard factors with wires-weight pairs from (v*,9*) = w* = w;+’[ 4+
Hence, on £ we have

_ ZlGHe) Vel :
"= Gn ;_: (Gm) ael[—d[ﬂ Ipa ¢W|g Gm( )

We couple d* and d using 8(o ) ~ Po(|m%, (07) — d|) as in the proof of Lemma to obtain

‘ln( wlg,Gn ( 0+,[d+])) —In @w\g,Gm (w;‘*‘,[d]))’ <8(o™) In(yy).

With Lemma we can bound E[§(cT)] on &, so with Lemma we have
y(n) = E[1€In (Pyigqn (Whifq))] + O (r(n) +277),

since the expectations can be bounded by ¢ In(¢4) with ¢ from Lemma and In(11)d respectively
for n < no. This also shows that reducing € to {o~ € BL} causes an error of O(n~"), and that with
the coupling from Lemma we get

O, (n) =E []l{of €Bl}In (@W‘&G*(W) (wzﬂd}))} +0 (n7").
O

In a second normalization step we simplify w | d by establishing that i = n+1 typically does not
wire more than once to the same factor. Asseen in Sectlon 3.3.3.10} it is reasonable to expllcltly control
the factor assignments. With o € [¢]"t!, 0~ = [n], Y = Yo and 0° =0 let (7.1 ht )€

75 n,0t? Yonot

[q]F x [k] be given by

Wirh) —+ o _ T
>+, o\’ Zf (U Y ) = W(T7 h))
Zf (U y Y ) T,h

W h) = 1{n =0 0.) T v ()
R e[k\{h}

P(r} =7,ht =h) =
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So, with T% = {(7,h) € [¢]* x [k] : 7 = 0°, 7([k] \ {h}) € 07 ([n])} we have (7,5, h]) € TT almost
surely. Further, for ¢° € o7 ([n]) we have 7?(00,7_) = Zt(y )pl«(c°) /v (0°) with p = ppyp -
For (1,h) € T let (v(':g_mh, Yo ,) ~u(Vt) @ with ¥} from Section and V;L_mh ={ve
n+ 1% v, =n+ 1,VW € [k]\ {h}v(h') € o= (1)}

For d € Z>¢ and (7,h) € T2 let w:_ydmh ~ Qacd (’U:’U_J(a)’h(a), w:T(a)) and

(Grulo ) d i b)) ~ GryloT) @d@ (1), bl )50, (12)
Finally, let G*(67) = Gy, y(07), 71 = T;+7[d], ht = h;rt[d] and wt = w;r,,d,7_+7h+.

Lemma 3.89. We have ®,(n) =E[1{o~ € Bf}ln(ﬂmgg*(aﬂ(w*))] +O(n=").
Proof. Let ny =n+1 and i =n+ 1. Further, let Vo = V; UV, with
Vi={ven o (@) =1} Vo= {ven " o' (@) > 1}

For a € {0,1} let (vo,a,%oa) ~ u(Va) ® pw and let (v5,,%7,) be given by the Radon-Nikodym
derivative rq(v,v) = (07 )/24(0) with 2,(07) = Eftpoa(0y, ,)]. With (v,%) = (v6,0,%00), Po =
P(v € V2), P =P(v} € V2), vy ~ u([ny]*) and using r, € [wf,zp%] we have

B I/J%IP)(’UH €Vs) - w%IP’(vu €Va) w%(nﬁ —nk — knk-1)

P < 2P ¥i2"
=¥k = P(v, € Vo) — PluwelVy) knk=1 TR

C
n’ ko’

<

as in the proof of Observation Since the (vo,1,v)-derivative is ry(v) = 1{v € V1 }/P(v € V),
the Radon-Nikodym derivative of (v}, 1) with respect to (v, %) is 7(v,9) = r1(v,¥)rv(v) = 1{v €
Vit(of)/z7(eT) with 29(o) = E[1{v € V1 }4(0;})]. Clearly, we have 27(0") < z9(c™), and on the
other hand

_ 1 Bl {w € Vol (o) e BP0 PIP(vy € Vz)’
z{(ot) 29(07) P P(v e V) P(v, € V1)

so the bound for P from above yields 1 < R(o) <1+ £.
Now, we turn back to ®,. With Lemma we have @, (n) = E[1E°®] 4+ O(n~?), where

P = feo(w"), fo(w) =In(Pyy W), G=G"(07), w" =wyy 4.

Notice that [®| < dIn(¢y), and that w* given o, d are d iid copies of (v}, %5 ,) from above.
Hence, the bound on @ with the union bound yield A = |E[1£°1-E®]| < In(y4)E[d?]P. Recall
that d ~ Po(d), hence E[d?] = d + d*> < dy(dy + 1), and that P < ¢/n, so A = O(1/n) and
®y(n) = ®2(n) + O(n~?) with ®3(n) = E[1E°1EP]. Now, let w = (v,) ~ (vop,Po0)*Z>0 and
wriy ~ (v, ¢§71)®Z>0 be independent of anything else. With the shorthand w* = w? , we have

@3(n) = E [16° [] (1{va € Vi}ro(wa) fo(wi)| = E [16° falwly) R(a™) ).
a€ld]
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Using |fa(wy)| < dd, ¢ =1In(¢y), and 1 < R < 1+ § with R = R(0™) further gives

®3(n) — E [1° fa(wiy)] ] <CE[d(1-R?)| <¢E ld ((1 + Z)d - 1)] .

With dy ~ Po(dy), the standard coupling of d and dy, Lipschitz continuity (for dy > 0) and the
moment generating function of Po(dy) we have

A:

/ dT_l /
A<ZE ld% (1 + Z) ] <SR[t =0n™!), A =2+ (1 +

C) <24 &
n n

n
This shows that @, (n) = E[1£° fg(w[ti])] + O(n~"). Now, due to the conditional independence given

ot it suffices to show that w™ and wiy given o, d have the same law. Hence, for fixed o™ we have
to show that (v™,9™) ~ (v*,1*), where

(whgh) = (o7 ¥l ) (0 7) = (v,

}— 1— Il{v S V+} —+

<1 :wao@j): Z %wo(T)ZT:Zf )

v (T,h)eT+ v

similar to the discussion in Section [3.2.1.5, For v € V; let 7(v) = o, and h(v) € [k] uniquely
determined by v(h(v)) = i. Notice that we have )7 = 7(vS) and h} = h(vl) by definition, and
T+ ={(r(v),h(v)) : v € Vi}. So, for an event £ and with ¥ ~ py we have

B((wt ) € &) = Z 3 ) en v~ ()9 (7) {(% )€ )

|(rh)ETT vev?, ka Hh’;ﬁh ny~ ()

ZEZZ

Yo (T
| (rh)ET vev?, nk 121 ]
P((v”

=E [11(vo,1, ¥o,1)1{(Vo,1,%0,1) € E}| =

O]

8.8.8.14 Gibbs Marginal Product for the Variable Contribution. We are ready to apply Proposition
3.48, Using the distribution and the corresponding shorthands let (v*,%") = w™, 4T =

(1g,G* (o)l (a,h) )acld) szt (a)» TeCall Zy from Section 2.1.2.4 and let @ = In(Z, (d,%", ht,~%)),
where we dropped the redundant dependencies on 7, j(q) in the definition of Zs.

Lemma 3.90. We have ®,(n) = E[1{o~ € B }®] + O(n~").

Proof. Recall ny, i, Vi, (vo1,%01), (v51,%5,), r1, £ from the proof of Lemma and that
(U:r,q—j,h+’¢:_,7-o+) ~ (V51,95 1), all for given oT. First, we resolve the reweighting, i.e. we consider

(+,G*(a7),d,w) ~ (67, G*(67)) @d® (v1,%01)%%>°, and Lemma [3.89 yields &, = &2 +O(n~")
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with @5 = E[1E° [[aeiq 71 (Wa) M(Py)g g+ (o-) (W]g)))]- Next, notice that V' : [k] x =1 =V is a
bijection, where v' = V'(h,v) is given by vj, = n+1 and v’ on = v, with  : [k —1] — [k]\ {h} denoting
the enumeration. Notice that vo1 ~ V(h,v) with (h,v) ~ u([k]) ® u([n]*~1). So, with

(076 (0 ) d v ) ~ (.G ) @ d @ (u(lk) D u(fn) ) @ pe) "

we have ©7 = E[1E°®*], where ®* = [],¢(q) 71 (wa) In(Z7), w = (V(hq,a), %0a)a;

Z" =Yy aroy(wia) = D7 (0°) Do (1) [] valt(ra, 0% ha)),

a€ld]

further o* = p* |y, v/ = vg € ([n]"1)%, p* = le.G*(o-), and T/ = t(1,0°, h) € [q]F given by 7] = o°
and 7/ o n = 7 using the enumeration 7 : [k — 1] — [k] \ {h}. Now, regarding a*, the situation is
very similar to the proof of Lemma [3.80, in particular given d we have (u*,v’) ~ pu* @ u([n])®*—14,
Hence, let C' from Proposition @ e = (1/3 and § = ©+2%, Using ¢, from Section let
& ={o" € B, 1,(u*,v') < §}. Hence, the bound |®*| < ln(wg)z/z%d < w%d and Markov’s inequality
conditional to d give A <&’ + O(n~"), where A = |9, — E[1EP]| and

— — — Cl
1> o} 2 51)d 2 <(k @f)d> w%dl .

e =E

Standard bounds imply &' < éE[exp(éd)]/O" for some & € Rg. The canonical coupling of d ~ Po(d)
and Po(dy) gives ¢’ = O(©+7¢). Recall that § = n~2 and &/, A = O(n"?) as in the proof of Lemma

NOW, with o = ®(a,h)€[d}><[/€—1] ll‘*|v’(a,h)7 further

2=3" 70 Y al) [] pultreo” ha),

T a€ld]

and @ = [],¢q) 71 (wa) In(Z), notice that Z2*, Z € [wf,wd], so Lipschitz continuity of the logarithm
gives |®* — ®| < w%d|Z* —-Z| < 2w%d|]a* — |ty Remark yields |®* — ®| < \/ﬁw‘%d Lo(p*,v") <
ﬂw%d 0 on &£ and hence

b, =E[1E®] + O (Vi +n ") =E[1{o~ € BL}®] + O (n").

The assertion follows by reintroducing w™ using the Radon-Nikodym derivative in &®. ]

8.8.3.15 Marginal Distribution for the Variable Contribution. Now, we work towards the discus-
sion in Section [3.3.1.8] Using the distribution and for o™, d, 7, h let (WF,v,- 4rp) ~ wH ®
Qucid ek [h(a)} Te,G* (0o r(ah’)s 166 ¥ = Vo= art p+ and (vF,97) = wh.

Lemma 3.91. We have ®,(n) = E[1{oc~ € BL}In(Z,(d, ¥+, ht,7))] + O(n~").
Proof. As for Lemma the assertion is immediate using the definition of v and 7. O
Let (w+7$lcr—,d,7',h) ~wt® ®a€[d],h/€[k]\{h(a)} 7ATg,G"(0_),T(CL,h’)7 and ’Ay = ﬁ077d77+7h+'

Lemma 3.92. We have ®,(n) = E[1{o~ € BL} In(Z,(d, %", h",%))] + O(n").
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Proof. As for Lemma let A = |E — E| be the difference of E = E[In(Zy(d, 1, h,~))], where
Y ~ Qunith(a) Fa.co—rany, and E = E[In(Zy(d,, h,¥))], where ¥ ~ @ nsh(a) Fa.cir(ap)- For
couplings 7o n € I'(%g 6o r(a,n')s Te,Gir(a,p)) With h’ # h(a) we define (¥,%) ~ Qg n/£h(a) Ta,nr anal-
ogously. With Q/Jf < Zy(d, ¢, h,-) < 1[)? and Observation mm we get

Hence, we have A < 21/} an#h(a) Ww(Fg,Go— r(ah’)s G r(anr)), SO With D(o, ) from Corollary
this yields A < 2d(k — )w%dD( ~, tg,c). Taking the expectation and using Corollary m with -~y
from Lemma [3.91] gives

H ’Ya h (Ta h’) - H ﬁa,h’(Ta,h’)

a,h/#h(a) a,h/#h(a)

<202 3" E[|¥an — Yo lle]
a,h'#h(a)

A <YY"y (0°)E [Z

T

= |E[1{o~ € B} n(Z,(d, ¢, b, 7))] - E[1{o~ € B }In(Z,(d, 4", h*,4)))|
< E[2d(k — ){E [D(o~,G*(07))] = o(n")
as in the proof of Lemma by coupling d, Po(d), so Lemma yields the assertion. O

3.8.3.16 The Variable Contribution. In this section we complete the discussion of ®,. First, we resolve
the reweighting, then we turn to the projection onto P2([q]). Similar to Section [2.1.2.4 let

(d, 4, b, ) ~ Pold) @ (g ® u((k]) © 7%, )7
with G*(0*) = G}, 4(07), ¥ = Pg), h = hjg and v = (g by an abuse of notation.

Lemma 3.93. We have ®,(n) = E[¢~%A(Z,(d, v, h,~))] + O(n~").
Proof. Let i = n+ 1, v~ = 16—, 0° = o and ¥ = Ye,G*(o—)- With Lemma = we have
P(||F¥ — v*|ltv =) = o(1/n). Lemma with &€ = {o~ € BY, |7 — v*|ltv < r} yields

Oy(n) =E[LE®] + O(n™"), ® = In(Zi(d, 9", h", 7)),

using |®| < dIn(y4) and independence. Using (d, 4, h,) with o* replaced by o, resolving the
Radon-Nikodym derivatives and reusing the terms 1/k to introduce h gives ®(n) = E[1E®]4+O(n""),
where ® = r1In(Z,(d,, h,~)) and

_ H{7h(@) = 0} o(T) ngni) Y~ (h)  tha(7) Ya,u(Th)
" agi]z Zf( %Y ) wo(’r hh(a) 7(Th)
— ) = 0°3%a(T) Hnznia) Yo () nznia) ¥~ (Th)
agi]zT: Z{ (0°,77) Thsen(a) 7(h)

As in the proof of Lemma we have v~ (Th)/v ) =1+ O(r) and ¥(73,) /v* (1) = 14+ O(r) on £.

For r(n) < v, /2 we have v~ > 0 and hence Zf (0°,797) = Zi(v " )ul«(0°) /v~ (0°) with p = pir -
. . —+ . .

as pointed out after the definition of Z; , above Equatlon || As in the proof of Lemma with
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Observation and Observation m this yields 7; (6°,77)/E = (1+00H))1+0(r)) =1+0(r).

Hence, there exists ¢y € Rsg such that © < (1 + ¢r)4r® and 7° < (1 + cr)%r, where

Iy W) = 0°3a(T) [nstn(a) ‘Ya,h(Th).

a€ld] T 3

Now, with ®° = r°In(Z,(d, ¥, h,~)) and |®°| < ln(wT)dw%d we get
[E[1£®] -~ E[1£8°]| < E [In(yy)dd? (1 + er)® = (14 er) ™) | = O(r).

Since In(Z,(d, 1, h,~)) does not depend on o°, the sum over o° with o~ ~ o* yields the assertion. [

Next, we show that we can replace 7, g« (o) by its projection g ;. ) by using Lemma W For
this purpose we show that the variable contribution

By : P*([a)) = R, w1 E €A (Zo(d, 4, by 1))
(d, %, h,vx) ~ Po(d) ® (uw @ u([k]) @ 7¥F) 70,
to the Bethe functional is Lipschitz in 7 with respect to dy.
Lemma 3.94. There ewists Ly such that By is L-Lipschitz.

Proof. Let 7, € I'(m1,m2) be a coupling of m € P%([g])%. Further, let (v1,72) ~ (72%)®2>0 with
71,72 € (P([g])¥)?>°. With (d,,h) from the definition of B, let (d,, h,v1,7) ~ d®@ Y @ h ®
(v1,72). With the Lipschitz continuity of A yields

A = [By(m) = By(m)| < E [0 (dIn(y) + 1) |Z(d, ¢, hom1) = Zu(d, . b))

With the triangle inequality, ¥ < 1y and Observation this gives

A < E w dln wT Z Z H71 a,h’ '72,a,h’”tv

a€[d] h'#h(a)
= E [y (dIn(ey) + 1)d(k = DIE[|71,11 — 2,1 [lv] -
This completes the proof since 7, € I'(71, m2) was arbitrary. O
Now, we finally obtain the asymptotics of ®,.

Lemma 3.95. We have ®y(n) = E[By(7, . )| + O(n™?) with G* = G}, ,(0").

Proof. With Lemma we have ®,(n) = E[By(mg,g+)] + O(n™"). Lemma and Lemma (3.5Gp)
O

complete the proof, since dy, < ¢ and P(m > my) = o(1/n).

3.8.3.17 Proof of Proposition . First, we establish Lemma and Proposition m Then, we
establish a stronger version of Proposition for graphs with external fields.

Proof of Lemma[3.67. Lemma follows from Lemma and Lemma with Equation (9). O
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Proof of Proposition[3.66, With G* = G, ,(0*) let ¢; € R be such that |®a , — E[B(7g g+)]| <

cn”P. Recall that |E[ng.(G},)]| < ¢ (dTn + in!=P) with ¢ from Observation using Observation
and notice that ®a o = E[ng.(G},)] for n = 1. With |B| < EW?A(?&T)] —I—dwTA(@bT) < ¢ for some
cg € R>¢ the telescoping sum with the triangle inequality yields

El¢s(G")) — ElB(mg )l < O(n™") + = Zn'ﬂ—o NS [T

e el — 1) 1)
1+/ = O + A,

which shows that El¢g(G*)] = E[B(7; ¢«)] + O(n™?) and thereby completes the proof. O

In the remainder we let 7w = 72 . L) € P2([q]) be the projected marginal distributions including

pins. On the other hand, we let & = @ in the remainder, where we also cover the case d = 0. Now,
we turn to Proposition [3.5] for graphs with external fields.

Proposition 3.96. Notice that the following holds.

a) We have E[¢s(G,(0%))] = E[B(7)] + O(n™").

b) For d =km/n < dy we have E[¢ps(G},(0*))] = E[By(m)] + O(n™").

c) We have E[¢pg(Gr,(0*))] = E[B(m)] + O(0m + em +n7").

Proof. Proposition m Proposition and ©F = nl=* yield E[¢y (G, (0*))] = E[B(7)] + O(n~°)
for d > 0. Recall from the proof of Propos1t10nthat 0o (G, (07)) = ¢g(Gry(6m)) =0 and B =0

for d = 0, so Part - holds. The remainder follows similar to the proof of Proposition but
easier since the transition from & to o* is not required. O

Observation yields the corresponding results for graphs without external fields and thereby
completes the proof of Proposition
3.3.3.18 Proof of Theorem he following result for graphs with external fields implies Theorem
Recall p from Section and that m©® =0, U = 0, t© = 1 and ©% = 0, i.e. we consider
standard graphs with external fields only.

Theorem 3.97. Notice that the following holds.

0) We have Elog(Gi(0))] = By(d) + O(n 7).

b) For d =km/n < dy we have E[¢ps(G},(0%))] = Br(d) + O(n™").

¢) We have E[¢g(Gy(0*))] = By(d) + O(0m + em +n77).

Proof. The assertion follows from Proposition [3.65, Proposition [3.96, By < By(d), and p € (0,1/4) as
discussed in the introduction of Section [3.3.3] O

Observation [3.21] yields the corresponding results for graphs without external fields and thereby
completes the proof of Theorem

3.4 Relative Entropy, Condensation and Mutual Information

In this section we derive Theorem [2.3] Theorem [2.4) and Theorem [2.5] from Theorem [3.97] for both
graphs with and without external fields over more general factor counts m*. We also establish
Lipschitz continuity in the average degree for all key quantities, i.e. the corresponding versions of
Proposition Let m™ =0, U = () and p from Section [3.3.3]
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3.4.1 The Relative Entropy. We first discuss the annealed free entropy in Section |3.4.1.1} and
then turn to the proof of Theorem in Section [3.4.1.2

8.4.1.1 The Annealed Free Entropy. In this section we briefly discuss the properties of the annealed
free entropy. For this purpose recall ¢,(d) = %ln({) from Section [2.1.2.5

Observation 3.98. Let ¢(m) = L In(E[Z4(G))).
a) There exists ¢g € Rsq such that ¢ is ke/n-Lipschitz and |¢p(m)| < ckm/n.
b) We have ¢p(m) = ¢a(km/n) + O(1/n) for m < my.

¢) We have E[p(m*)] = ¢a(d) + O(em + 0 +n71), s0 E[p(m)] = ¢a(d) + O(y/In(n)/n).

Proof. With the proofs of Observation and Lemma we get [¢p(m)| < <% and |p(m)) —
P(mh)| < £|mf —mp| for m’ € Z2; and ¢ = In(vpy). With Lemmawe have ¢(m) = ¢a(km/n)+
O(1/n) for m < m4. With Part and the expectation bound we have E[¢(m*)] = E[1{|d* —d| <
dm}op(m*)] + O(en), so e.g. with Part and the probability bound we get E[¢p(m*)] = ¢a(d) +
O(em + 6m +n~1). The result for m then follows with Corollary and r = ¢y/In(n)/n for large
. O

3.4.1.2 Proof of Theorem . The Nishimori ground truth establishes a finite size connection between
the quenched free entropies, the annealed free entropy and the relative entropies.

Observation 3.99. With ¢(m) = L In(E[Zy(G)]) we have

Elpg(G*(6))] = ¢(m) + DkL(G*(6)]|G) = ¢(m) — DkL(G|G"(6)) = E[¢g(G)].
Proof. Notice that Observation yields both D1, (G*(6)||G) = E[¢s(G*(6))] — ¢(m) and
DkL(G||G"(6)) = ¢(m) — E[¢g(G)]. O

The asymptotics from Theorem [3.97] using Corollary and from Observation [3.98| with the first
equality in Observation yield the asymptotics of Dkr,(G*(6)||G). Now, we obtain Theorem [2.3
for graphs with external fields using the results of Section [3.2.2

Theorem 3.100. Let §(m) = LDy (0%, G*(07)||og,q, G) and §*(d) = B(d) — ¢a(d).

a) We have §(m) = 6*(km/n) + O(n~") for km/n < d;. )
b) We have E[6(m*)] = §*(d) + O(em + 0m + n7), so E[o(m)] = 6*(d) + O(n~").

Proof. The Radon-Nikodym derivative of (o*, G*(¢*)) with respect to (o4,q, G) is

V()0 Ze(C) _ Z4(C)
¢m(o)wg,G(O’) f(U)ij

and thereby 6(m) = ¢*(m) — 2 [ln(7f(’y*))]f ¢*(m) — ¢p(m) + &' (m) using Observation
with ¢*(m) = E[¢g(G*(0*))], ¢(m) = 2In(Zy,) and §'(m) = 2Dk (0*||6). For Part

(0,G) —~

and
5T0R) we

combine Theorem [3.97b)| with Observation [3.98b)| and Observation [3.29b)l For Part [3.100pb)| we use

Observation [3.29b)} Observation [3.11k)| and [3.11f)| to obtain

0 <EW(m) < £+ B | 1{m’ > mT}WJ)m*} _0 (i + sm) .

Now, the assertion follows with Theorem [3.97c)|, Observation and Corollary O]
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Let Gom, G3,,,(0") € G be the graphs without external fields from Section [2.1.2.1, We use
G =Gp, Go = Gomr, G*(07) = G}, (07) and G5 (0*) = G7 .« (07). Recall Z,«(G) from Section
2.1.2.1}and o+ ¢ from Section [2.1.2.5 for G € G. The expectation in Theorem [3.100b )| recovers

nE[d(m")] = Dxi(6", G*(0")||og.q, GIm") = Dki(0”,G* (") |0s,c, G).

Let (0, [G]Y) = Zg(G)/(#(0)Zm) be the Radon-Nikodym derivative of (o*, G*(o*)) with respect to
(0g,g, G) from the proof of Theorem Further, let

T Ne(0) 20 (G) 7 (o) Z([GIT)
Eltbg,Gom) (0)]7*#" (0 )Tl}g, (o) Ym(0)
be the Radon-Nikodym derivative of (o, G%(0*)) with respect to (o« g,, Go). Combining this with
Observation completes the proof of Theorem since

D1 (0", G (0")|og . G) =E[n (r (0", [Gi(@™)]"))| = EIn (ro (0, Gi(0™))]
= Dxi(0", Go(07)[loy g, Go)-

ro(0,G) = =r(0,[G]")

3.4.2 The Condensation Threshold. In this section we establish Theorem [2 First we show
Theorem [2 in Section [3.4.2.1] followed by the proof of Theorem [2.4p)| in Sectlon
3.4.2.1 The Replica Symmetric Regime. Recall that (py,v*,d) € 9B, means that By(d ) qba( 1).

Lemma 3.101. Assume that By(d) = Pa d) and let p(m) = E[¢4(G)].
a) We have ¢(m) = ¢a(d )+O( —P/2) if d = km/n.
b) We have E[¢(m*)] = ¢a(d) + O(0m + em +n"*/?), s0 E[¢(m)] = ¢a(d) + O(n~"/?).

Proof. Using Theorem [3.97 _ Corollary (3 and By(d) = ¢a(d) let ¢y € R-g be such that |p(m) —
¢a(d)| < 7, where ¢(m) = E[pg(G*(6))] and r =cn~P. With ¢ from Lemmaand E={G*(6) -

q@(m)| < r} we have P(=€) < & exp(—¢én'~2). Further, with

B <ln(262) > 1/(1=2p)

To,g =

A~

C1

we have P(€) > 1/2 for n > n, (for n < ne we use |¢(m) — ¢a(d)| < %ln(wT)dTng/Qn_/’/Q). Notice that

&, = {|G*(6)—¢a(d)| < 2r} holds on € by the triangle inequality, so with &, = {|¢g(G)—¢a(d)| < 27},
Z =7,(G)1&, nd Z = E[Z] Observation yields
7 =ZnE [Z 5(G) ]lé’a} = ZuP(&) > %Zm.

Further, we have Z2 = exp(2n¢y(G))1E, < exp(2npa(d) +2rn) = eQT"Z , using &, and the definition
of ¢,. Now, the Paley-Zygmund inequality yields

2 2
Z Z
P(Z> Z > Jm_ 2o,
( )—4E[zz1— A

m
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Using Z < Z,(G) and Z > $Z, gives Zy(G) > 12y 0

=

N
v
o[
N

3

In(4)

n

P=P (¢g(G) > pa(d) — ) =P (Zg(G) > 4Zm> > —= ez L2 g

Now, with ¢° from Lemma [3.36{and r, = 111(2;3) we have

_ 1 0,.2
P (6:6) > 6u(@ — " jou(@) — m] <) > P— g = 1P >0

n

On this event we have ¢(m) > ¢a(d) — 70 — %, which establishes Part since ¢a(d) > ¢(m)
by Observation and Lemma [3.24h)| and further

et In(4) _ %r N ln(fi202) N In(4) < dnbl? = 2c+ lno(3202) +In(4).
n A an n \ A

Observation and Lemma m give E[p(m*)] = ¢(|dn/k|) + O(0m + em +n"1), so Part [3.101k)
completes the proof. ]

Observation establishes Theorem 2.4k )|

3.4.2.2 The Condensation Regime. As opposed to all other results, Theorem does not address
asymptotics, only limits, so we don’t discuss finite size approximations like Lemma [3.101k)| Let

601 (d) = lm Sup E{0y( G, () = lim i B (G ).
Lemma 3.102. There exists cg € Rsq such that for d € [0,d;] we have

$a(d) = ¢gr(d) = ¢ sup (By(d') — ¢qi(d))*.
d’'€[0,d]

Proof. Observation Observation Theorem [3.97c)| and Corollary [3.35b)| yield
By(d) = ¢a(d) = ¢qi(d) = dqgi(d).

For d' € [0,d] with 6*(d') = 0, where 6*(d) = By(d) — ¢a(d), we have ¢q(d) = dar(d') = da(d') =
Bi(d') by Lemma and hence ¢, (d) — ¢qr(d) > c(By(d')—¢q(d'))? for all ¢ € R. Hence, assume
that 6*(d') > 0, let m}, = |d'n/k] and m,, = |dn/k|. Notice that m], < m, < din/k. Fix ¢ € (0,1)
with ¢ < 6*(d)/2 and let §'(n) = ¢*(m') — ¢(m’) with ¢*(m) = E[¢pg(G*(c*))] and ¢(m) = E[p.(G)].
With ¢; satisfying both Theorem and Observation for any small 6, > k/n, em > 0 and
using n=", let no(¢) = (¢/€) 7", so for n > no(e) we have |¢*(m') — B4(d')| < e and |p(m’) —¢a(d')| < e,
where ¢(m) = 1 In(Zy,). This yields §'(n) > 0 since

¢*(m') = Br(d') — € > ¢a(d) + > d(m) > ¢(m).

With ¢° from Lemma ¢* from Lemma ¢ from Corollary [3.25h)| and the canonical coupling
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(G, @) of Gy, and Gy, meaning G’ = R(G) with R([w]") = [w}]", we have
P(n) = P(¢4(G") < p(m') +£d")
< BeT I 4 P (g (G') < o) + 8, |06(G) — p(m)] <€)

Z4(G) , R
exp(n(p(m) — ¢)) H{pe(G') < ¢p(m') +e6'}

— g 4 M —MEIP (¢ (R(GH(6))) < p(m) +£5')

_ 0.2
<cge T4 R

where we used Observation [3.22c)l Observation yields R(G*(0*)) ~ G},,(0*), so Corollary
3.25h)| with Lemma yields

P < cge= 05 4 2en(Om =09 (4 (G (7)) < d(m') + 6')
< eI 4 ek exp(nfa(n)), Be(n) = ¢(m) — ¢(m) + ¢ — ¢f(1 — €)%,

where we used that ¢(m') + ed’ = ¢*(m’) — (1 — ¢)¢’. For f(e) = liminf, o B:(n) taking the
limits yields B(g) = @a(d) — ¢qr(d) — (1 — €)*(Br(d') — ¢qy(d'))? + . On the other hand, Lemma
yields P > 1 — ¢§exp(— nﬂs( )) with pL(n) = c§e2§’?. Since we assume §*(d) > 0, we have
B'(e) = iminf, o0 BL(n) = §e2(Br(d') — ¢pgr(d’))? > 0. This shows that lim,_,o, P(n) = 1, which in
turn yields (¢) > 0. Since f is a quadratic polynomial in ¢, and in particular continuous, we have
B(0) > 0, so the assertion holds with cj. O

Observation establishes Theorem [2.4p)

3.4.2.8 The Condensation Threshold. Recall from Theorem that 6*(d) = By(d) — ¢a(d) >

0.
Theorem implies that d1(d) = ¢a(d) — ¢qr(d) > 0, so in particular 0;(d) = ¢a(d) — ¢q (d) >
d+(d) > 0. Now, looking at Theorem [2.4b)| through the eyes of the annealed free entropy gives

51(d) > ¢ sup (6%(d) +d,(d))? > ¢ sup (6*(d) + 64(d'))>.
d’'€[0,d] d’'€[0,d]

With Theorem [2.4h)|suggests that ¢ (d) = ¢qt(d) = ¢a(d) = By(d) for d € [0, deona), since 6*(d) = 0,
and in particular (p,v*,d) € PB,. For d € (deond, 00) there exists d’ € [deond, d) such that 6*(d’) > 0,
so Theorem suggests that d4(d) > 0. But then Theorem requires that 0*(d) > 0 and thus
(p,7v*,d) € Pe. Since 6*(0) = 0 and §* is Lipschitz, we have (p,7*, dcond) € Pr-

3.4.3 The Mutual Information. We turn to the proof of the last main result. We show that the

mutual information for graphs with external fields converges to v*(d) = kgE[A("J’(O'))] — B4(d) from
Theorem and then obtain Theorem [2.5] as a corollary.

Theorem 3.103. Let «(m) = L1(o*, G*(c*)).
a) We have 1(m) = v*(km/n) + O(n=") for km/n < d;. B
b) We have E[t(m™*)] = *(d) + O(em + 0m +n7"), so E[t(m)] = *(d) + O(n™").

We prove Theorem 3.103]in three parts. For this purpose recall the notions from Section[3.3.1.1]and

o, from Section |3.2.2.4] First, we split ¢ into three contributions, the ground truth entropy H(v*), the
conditional cross entropy 7(m) = E[E[H (o G*(U*)Ho'g’G*(a*))|G*(0'*)]] and the conditional relative

entropy d(m) = E[E[DKL(U;G*(U*) ||0'g7c;*(o.*))|G*(0'*)]].
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Lemma 3.104. We have «(m) = H(v*) —n(m) + 6(m).
The proof is presented in Section [3.4:3.1] Then we determine the limit of 7.

Lemma 3.105. Notice that the following holds.
a) We have n(m) = H(v*) — *(km/n) + O(n~") for km/n < d;.
b) We have E[fj(m*)] = H(v*) — *(d) + O(em + Om + n77).

The proof is presented in Section [3.4.3.2] Finally, we complete the proof of Theorem [3.103] in
Section [3.4.3.3] where we also establish Theorem [2.5]

3.4.3.1 The Entropy Decomposition. Using G* = G*(0”), recall that (¢*,G*) ~ (o} g+, G") from
Observation so we have nu(m) = Dk (o} g«[|0|G*), using (o, G*) ~ 0* ® G*, by the chain
rule of the relative entropy. The decomposition into the (conditional) cross entropy and the entropy
gives nu(m) = H(oy g.||0|G*) — H(og ¢+|G™). Using linearity of the cross entropy in the first
component and independence, we can take the expectation over G* to obtain H(oy g.[|o|G™) =
H(o*) since 0, e+ ~ o*. We split the latter entropy into the cross entropy and the relative entropy
with respect to oy, yielding H(a;’G*]G*) = H(Ug,G*HUg,G*|G*) — DKL(a-;G* |log.c+|G*), and hence
v(m) = H(y*) = 7n(m) +6(m).

3.4.8.2 The Cross Entropy Contribution. By the definition of the cross entropy and o, we have
H(o; gllogc) = E[-In(Yg.c(oy ¢)/Zs(G))], so Observation yields

(m) = E[05(G")] - E | -1 (- (o) |

Unlike the partition function Zg, the weight 1y g+ (o) (o) ~ 7v*¢"(0) [Lacpm) ¥a(0w=(a)) factorizes, where
(v*, ") ~ wiZ™, and hence 7(m) = E[¢¢(G*)] + H(y*) — HE[In(¢*(07.))], where (v, 9*) ~ w}

Resolving the Radon-Nikodym derivative yields

v* 0,0%"

_A(:P(UT;))
| Ze(v")

with (0%, v, %) ~ 7**"@u([n]*)®@uy. Hence, with Observation@l, Observation and Theorem
3.97b)| we obtain Part|3.105h)| since o ~ o. For Part|3.105b)| we notice that |E[d*] — d| < 0 + drem,
hence Observation Observation [3.23p)| and Theorem [3.97c)| complete the proof.

3.4.3.8 Proof of Theorem |2.5. Part m is immediate from Lemma [3.104), Lemma 5] and
%ﬂs 5.10%p)

Observation Part [3.103b)| follows from Lemma Lemma Observation [3.29c)|
and the expectation bound for the relative entropy and m* > my, since the proof of Observation
reveals that the (og,c, o} )-derivative is rg(0) = VYg.c(0)/(7*¥"(0) Zg(Q)), thereby establishing

In(rg(o))| < 2mlin(ypy) and further Dk (o gllogc) < 2mln(yy) for G € G. This completes the
proof of Theorem Theorem [2.5] follows with Observation and analogously to the derivation
of Theorem [2.3] from Theorem B3.100l

(m) = Elgy(G")] + H(y") - E

3.5 Additional Discussion

In Section [3.5.1] we discuss the remaining cases k = 1 and g = 1, as well the treatment of ground truths
that are not fully supported. In Section [3.5.2] we translate the main results to graphs with external
fields. Different representations of B and V (cf. Section [3.3.2) are discussed in Section that
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are both instructive and of formal importance. Lipschitz continuity, boundedness and convergence in
probability for the target quantities is discussed in Section The closure properties for POS are
discussed in Section [3.5.5] followed by the proof of Proposition 2.1]in Section [3.5.6] In Section [3.5.7]
we translate the main results to all related standard models, that is, various versions of the uniform
and the binomial model. There, we also discuss (un-) balanced problems for the general case. The
SBM is then discussed in Section the spin glass version in Section [3.5.10) and graphical channels
are treated in Section [3.5.11] Finally, we discuss some open problems in Section [3.5.12}

3.5.1 Embeddings and Projections. In this section we argue that k,q € Z-(y can be chosen
arbitrarily large, which in particular covers the case ¢ = 1, and the case k = 1.

Observation 3.106. We may choose k and q arbitrarily large and assume that v* is fully supported
without loss of generality.

Proof. These transformations with respect to the assumptions will be discussed in Section [3.5.1] in
greater detail. Details on why it is sufficient to consider the weights 1), for the finite size models can
be found in Section m For a given model (py,7*) such that the support of v* is [¢'] with ¢’ < ¢
consider the model given by the restriction 9’ : [¢/]* — Rs, o + 1(0), with law juf,, suggesting that
the restriction v* € P([¢']) is now fully supported. Notice that the partition functions and Gibbs
measures of both the null model and teacher-student model are not affected because [g]™ \ [¢']" is
a null set under v*®", hence the left hand sides in the results are not affected. We observe that
the limiting quantities, i.e. the Bethe functional, the annealed free entropy density and the limiting
mutual information are also invariant to this restriction.

For k' > k, ¢’ > q let the projection f : [¢'] — [q] be given by f(o) = o for o € [¢] and f(0) = ¢
otherwise. Further, let ¢ : [¢/]" — Rsg, 0 — W((f(on))helr)> s0 ¥’ does not depend on the additional
coordinates, and only depends on the color class C = {0 :€ [¢'] : 0 > ¢q}. Let v/ € P([¢]) be given
by v'(c) = v*(0) for 0 < q and by v'(c) = v*(¢)/(¢ — g+ 1) for ¢ > ¢. It is sufficient to observe
that the weights do not depend on the additional coordinates, thus its distribution is the same under
both null models, hence the reweighting for the teacher-student model is not affected, and thereby
the teacher-student model weight function is not affected. The coefficient for the Poisson factor count
m changes, which results in the consideration of the average degree kd/k’. This exactly corresponds
to the rescaling of the limiting quantities. O

3.5.2 External Fields. In this section we follow up on the discussion of graphs with external fields in
Section For n: [q] = Rso and G = (v,¢) € G let [G];, = G’ = (v}, 1)) aca with A = [m] U [n] be
given by G’[m} =G, G}, = (a,n) for a € [n], i.e. a graph with fixed external fields. Let G, = [w]}, with
w from Section[3.2.1.1Jand let G (o) be given by the (Gi(0), Ge)-derivative G +— by ¢(0) /E[g . (0)].
Let Pe = {(pw,v*, d, cv*) : (ny,v*,d) € P, c € Ry} be the parameters including external fields. We
reduce the general case to normalized external fields via (bg([G]};) = gbg([G]};) —In([|n|1)-

Corollary 3.107. Theorem |3.97, Theorem Lemma |3.101, Lemma and Theorem
hold for G, G*, ¢g replaced by Ge, Gy, ¢g and (py, ", d, 1) € Pe.

Proof. We have ||cy*[1 = ¢ and hence ¢3([G]t,-) = %ln(c”Zg([G]E*)) —In(c) = ¢g([G]L-). Similarly,
notice that ¢, (r (o) = ", (yr, (0), so the Radon-Nikodym derivatives coincide in this sense and
) cy* 5 o*

analogously to Observation and thereby G (o) ~ [w*(0)]t,~. The remainder is analogous to the
translation of the results to graphs without external fields. Notice that the results are uniform over
(S R>0. O
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3.5.3 Reweighting and Relative Entropies. In this section we build some context for V from
Section and B from Section As opposed to the proofs, for the theory in this section
we exclusively consider the restrictions to P2([g]) with Z¢(v*) = & for v* € P([q]), i.e. we require v*
to be a maximizer of Zs.

Let r; : Dy x P([¢))* — Rso, (1,7) — Zi(¢,7)/€. Further, for o € [¢] and 7 € P2([q]) with
R ={(¥,h,7) : ¥ € Dy, h € [k],y € P([g))F\} let

Tvo R — Rso, (Tﬂ h ’Y Zﬂ{Th - 0}1/}( ) H ’Vh’(Th')'

W #£h

For m € P2([q])? let @; ~ pg @ 7%, i € [2], further h ~ u([k]) and for h € [k] let 23 ~ py ®
Qe T3.p With 73, = m and w3 = ma for ' € [k] \ {h}. Let xj, @3, x5, be given by the
Radon-Nikodym derivative 7y with respect to 1, x2, x3 ) respectively, and

Va(m, me) = E(E[n(Zt(21))] + (k — DE[In(Z;(253))] — FE[In(Z; (23 5)))),
Vi (1, m2) = E(Dkr(®1]|@1) + (k — 1) Dxw(®3/|e2) — kD (23 p|[23,8]R))-

For € P2([q]) let &t ~ pg@7%F, xy o = (¢, ,'yk]\{h}) where (¥, h, ) ~ pg@u([k]) @7k let zf be
given by the Radon-Nikodym derivative 7¢, and let 7 , , be given by the Radon-Nikodym derivative

v, for o € [¢]. Further, let (d, zy) ~ Po(d)®m®z>°, :cf, o mj;(%zfo and o* ~ v* with (d O", T o) ~
d@(0”, x} 5-). Finally, let Xy = @y [q), X7 =27 oo 45 Zv (V1) haps (Va0 )aeld) b h(a) = Zo(d b, )
and

d(k —1)

Bya(m) = E[ln (Z(X7))] -

v E[[ln (Z(2))],
d(k — 1)

k

k

B3 (1) = ¢a(d) + DxrL(X[[| Xy) — Dy (xf ||s).

Lemma 3.108. We have V = V3 = V3 and B = By = Bs.

Proof. For m € P2([q))* and (,v) ~ puy @ Qj, 7, we have E[Z¢(v,7)] = Zi(7*) = &, which shows
that x7, 3, 3, for V and x7 for B are well-defined. Let C = " “1(R-o) be the support of v*
and p = pipp+ from Section For |C| = 1 we have p|, = 7* since both are necessarily
one-point masses on the only element of C, otherwise we have u|, = 7* by Observation - (since

*

7* is a fully supported stationary point of Z; on P(C)). Hence, for 7 € P2([q])* and o € [q] with
(¢7 h’7) ~ Uy & u([k]) ® ®h 7, we have

E[Tvyo (’f’vhﬁ[kl\{h}ﬂ Z Zl{m—a}wo II () = HU)) = 1.

h'#h g (U

This shows that X is well-defined, and hence the assertion clearly holds. O

3.5.4 Lipschitz Continuity and Boundedness. In this section we stress the relevant properties
that allow to extend the main results to m* and the equivalence of various modes of convergence.

Let on(m) = El¢g(Gm)l, ¢ ,(m) = E[¢g(G7,(0))] and ¢}, (m) = Elgg(Gr, (7))

Lemma 3.109. Notice that the following holds. B B
a) There exists cg € R such that |p(m)] < ckTm. The same holds for ¢ replaced by ¢, ¢*.



92 3.5. Additional Discussion

b) There exists Ly € Rsg such that |¢(m1) — ¢p(mz)| < L ’k% - %
for ¢ replaced by ¢, *.

Proof. Part |3.109k)| follows from Observation and Observation For Part 3.109pb)| assume
that m; < mg and let G5, be G, or G},(0). Under the canonical coupling (using Observation |3.13])

we obtain G°(mz) from G°(m1) given G°(m1) by adding mg — m; factors with pairs drawn iid from
the underlying wires-weight pair distribution, then with ¢ from Observation we have

form € 2220' The same holds

|E[¢g(Gr,)] — Elog(Gry )| < Lma —mal|, L = ke.

The result for ¢* now follows from ¢*(m) = E[¢%.(m)] and Jensen’s inequality. O

On the finite size side let d,(m) = km/n. Lemma suggests that e.g. |p(m)| < cd(m) and
|p(m1) — ¢(ms)| < Lld(my) — d(ms)|. Next, we show that in general under these two properties
convergence in probability, convergence of the expectation and pointwise convergence with respect to
mS = |dn/k| coincide for m*. Let F, = R?>0%%20 = {f : 7o x Z>o — R}, and for ¢ € Rq let
Fe=FpeNF with

Fbe = {f € Fo :¥n¥m|f(n,m)| < an(m)},
Fe={feF:vn¥m <my|f(n,m) = f(n,ma)| < cldn(mi) = du(m2)|} -

Lemma 3.110. For c¢g € Ry, f € Fe, f* : R0 = R and gg : Z>o — R>o with g(n) = o(1) the
following statements are equivalent. Let Ag(n) = g(n) + dm(n) +em(n) +n=t.

a) We have | fo(m®) — f*(d)] = O(A(n). i

b) There exists Cy € Rsq such that P(|f(m*) — f*(d)] > CA(n)) < em(n).

¢) We have [E[fn(m*)] — f*(d)] = O(A(n)).
Proof. Using E(n) = E[f,(m*)] we have

E(n) < E[1{|d" — d| < 6} f(m*)] + cem < E[L{|d" — d| < 6} f(m®)] + O + com

< f(m®) + cd(m®)em + cOm + cem < f(M°) + 2cdy A

and analogously E(n) > f(m°) — 2cdyA, which shows that the statements [3.110k)| and [3.110c)| are
equivalent. Now, assume that [3.110f)| holds and let Cy be such that [f(m°) — f*(d)| < C'A. By the

triangle inequality we have | f(m) — f*(d)| < c'[d(m) —d(m°)[+C'A < (ck+C")A if |d(m) —d| < 6,
since then |d(m)—d(m°)| < (5m+% < kA by the triangle inequality, so|3.110b)|holds with C' = ck+C".
Conversely, let C’ be the constant from [3.110p)| and n. 4 such that e, < 1/2 for all n > n.. In this

case we have

P(|fo(m*) — f*(d)] < C'A(n), |d" — d| < 6) 21— 2em >0,

so there exists m with |f(m) — f*(d)| < C'A(n) and |d(m) — d| < 6m. As above, the triangle
inequality and Lipschitz continuity give | f(m°) — f*(d)| < C"A+ckA. By taking the limit this shows
that | f*(d)| < cd, so for n < n, we have |f(m°) — f*(d)| < 2cd < 2cdynoA and thereby Part [3.110k)

holds with C' = max(C" + ck, 2cdyn.). O

We only verify that Lemma [3.110{ holds for the target functions ¢, ¢*, further ¢,(m) = %ln(zm),
t(m) = 1I(o"‘, G*(0*)) and §(m) = %DKL(O'*, G*(0%)||ogc, G).

T n
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Lemma 3.111. There exists ¢y € Rsq such that b, 0", ba, 1,0 € Fo.

Proof. The assertion for ¢, ¢* follows from Lemma . The assertion for ¢, is Observation
For © we recall that ¢ = 1 Dky (04 g+[|o|G*) from Section with (o,G*) ~ 0" ® G*(o*) and
o, from Section given by the (og @, o)-derivative g, so with Observation we have
1%’" <rsg < 1/1%’” for G € G and thereby |¢| < 4In(¢y)m/n. Further, for G € G, and an extension
G’ € Gpy1 we have wﬁ'rs,g <rsar < Tﬁ%’l"s,g s0 [e(m1) — t(m2)| < 4kIn(yr)|d(m1) — d(ms)| using the
canonical coupling of G, (6*) and G}, (o) from the proof of Lemma For ¢ we recall the
derivative r(G) = Z4(Q)/(#(0)Zm) = 7*¥"(0)Zs(G) /(o) from the proof of Theorem and
notice that 17r(G) < r(G') < ¢2r(G) for an extension G’ € Gy of G € Gp, s0 [3(m1) — 6(m2)| <

2k In(pr)|d(m1) — d(my)], and [5(m)| < 2k In(ey)d(m). O

Remark 3.112. The combination of Lemma|3.111jand Lemma [3.110]yields all main results for graphs
with and without external fields for the modes of convergence in Lemma [3.110

For the limiting quantities, assuming Z¢(7*) = &, let
Fe=Af R0 = R:Vd|f(d1) — f(d2)| < c|dr — dal, f(0) = 0},

further ¢,(d) = dIn(€)/k, *(d) from Section and 0*(d) = By(d) — ¢a(d).
Lemma 3.113. There exists cg € R such that By, By, ¢a, 0%, 6" € Fe.
Proof. With Lemma [3.108] we have

d(k — 1)

(2 — 1) In(y)
. |

|Ba(m)| = | By,a(m)| < EldIn(3)] + :

ln(@bT) - d7 c=

For dy > dy we use the canoncial coupling of d; ~ Po(d;), i € [2], to obtain
E—1
k

This also yields |By(d)| < ed and By(d1) — By(da)| < c¢|dq — da|, where the former is obvious and the
latter follows by considering maximizing sequences (71, )n, (T2,n)n to obtain

’B27d1 (77) - B2,d2 (77)‘ < (dQ - dl) 111(%) + (d2 - dl) 1n(¢¢) = C‘dg — d1|.

By(di) = lim B, (m1,0) < lim Ba,(m1,5) + cld2 — di| < By(dz) + c[dz — |

and the analogous result by switching 1 and 2 in the above. The result for ¢, is immediate, which
directly implies the result for *. The result for .* follows from the result for By and the immediate
result dE[A(¢(0))]/ (k) € F. for ¢ = In(y4)/k using that (o,v) — ¢(0)/€ is a Radon-Nikodym

derivative for (o, %) since E[yp(0)] = Z¢(7*) = &. O
Specifically for the Bethe functional we also recall the Lipschitz continuity in 7.

Lemma 3.114. There ezists Ly € R-q such that By : P%([q]) — R is L-Lipschitz if d < dy. Hence,
there exists m € P2([q]) such that By(m) = By(d).

Proof. Lipschitz continuity follows from Lemma and Lemma [3.84] Recall from [33] that P2([g])
is a compact Polish space (Corollary 2.2.5, Theorem 2.2.7 and Proposition 2.2.8 in [104]), notice that
P2([q]) € P?([q]) is closed and hence compact, so by the extreme value theorem the maximum is
attained. O
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3.5.5 The Assumption POS. We discuss the difficult assumption POS in detail. Many of the
properties discussed below directly translate to other parts, say, from POS to BAL, from V (cf. Sec-
tion |3.3.2)) to B, or even to all quantities (cf. Observation [3.106)).

3.5.5.1 Eztended Definition. Equip P([¢]) with || - ||tv, Dy = Rg]ok with || - ||cc, and both with the
Borel algebra, which defines P?([q]) and P(Dy). Fix v* € P([q]) throughout the remainder, recall

Zin (P, hyy) = 22, (W)Y, (Yn) T zn 2,00 (yne) and Ze(3,71) = Zgm (1, by (71,711)) for o € Dy, h € [k]
and v € P([q])?**. Notice that

k
Vo: Dy x P([g)*** = R, (,7) = AZi(¥,m)) + (k — DA(Zi(,72)) Z (Ztm (¥, h, 7))

is well-defined and continuous. For fixed p € P(Dy), © € P%([q]) let (1,7) ~ p @ 7% @ 75", Notice
that min, ¥ (y) < Zgm (¢, -, ) < ||¢]|s and that A > —1/e, hence it is both sufficient and convenient
to consider

Dy = {p € P(Dy) : E[A([[¢h]|oc)] < 00} .

This does not only ensure that V : D, x P%([¢q])? — R, (p,7) — E[Vs(3,7)], is well-defined, but
also that the expectations of the contributions are. Using the tower property and independence
we have V(p,7) = E[V.(¢,7)] with Ve : Dy x P%([q])> = R, (¢, 7) + E[Vo(p,v)]. Finally, let
V,:Dpy xP(lq]) = R, (p,7) — infrep2 (g2 V(p,7), be our target function, and let A = VJI(RZO)
be the pairs satisfying POS. Let B(v*) = {p: (p,7v*) € A} = {p € Dy : V| (p,¥*) > 0} be the weights
for 4*. Throughout the remainder we fix p € Dy, v* € P([q]) and 7= € P ,-([q])* unless mentioned
otherwise.

8.5.5.2 Basic Observations. In this section we draw easy conclusions that help to build some intuition,
to identify special cases and to get rid of pathological cases. Thus, let py € Dp be the one-point mass
on the trivial weight, i.e. po(€) = 1{(0), € £}. For p € D, \ {po} let p° € P(Dy) be given by

(€) =p(E\{(0)5})/(1 = p({(0)5})), i.e. the law of th[tp # (0),. Let Dy = {p € Dy, : p({(0)s}) = 0}
and A° = {(p,7") : p € D3,V (p,v") = 0}

Observation 3.115. Notice that the following holds.

a) We have (po,v*) € A, and for p € Dy \ {po} we have P = P(||9|lxx > 0) > 0. Further, we have
E[A()] = PE[A()]][¢h]|oc > 0] and V(p,7) = PV (p°, ).

b) For v € Dy, v € P([q))F we have Vo(1h, (74)i) = 0, hence Vo(, (m, 7)) = 0 for all w € P2 (la])
and thus V| <0.

Proof. For ¢ = (0), all Zg, vanish, thus V, does, so V| (pg,7*) = 0 and hence (po,~v*) € . For

p # po we have E[A(%)] = E[1{|[#] > 0}A()] = P(|#]lnc > OE[A®)]| ]l > 0], and of course
P(||¥||cc > 0) > 0, so the left hand side is finite iff the right hand side is. The same argumentation

for V yields V(p,7) = P(||Y||lcc > 0)V(p°, 7), which completes the proof of the first part. For the
second part, notice that Zgy, (1, h,v) = Z¢(1, ¥2) if 71,5 = Y2,n, and the rest follows. O

Now, we may restrict to 2° and D}, and know that 2 = Vll({()}).

3.5.5.8 POS without POS and Products. In this section we establish the special role of product
weights, and provide pairs for which V is trivially non-negative. Fix ¢ € Dy, v € P([q])* and let
a = Qpvn If we have Z = Z;(v),y) > 0, let ps € P([q]¥) be given by ps(o) = a(o)v(0)/Z, and
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let o ~ ps. Let 7. € Pf’w*([q]) be the measure supported on the one-point masses, i.e. given by
19:(€) = 3, v*(1)1{6, € £}, where 6, € P([g]) is given by 6-(7) = 1. Further, let 7% € P2 .([q])
be the one-point mass on v, i.e. 75.(€) = 1{y* € £}.

Observation 3.116. Let ' € P2 .([q]), 7 = (73.,7') and v € P([q])*.

a) We have E[Vo(¢Y,v1,7)] = Z(>, H(own) — H(o)) > 0 with equality if and only if o ~ Qy, o
b) Let 7' = 73.. Then we have V(p, ) = 0 if and only if 1 is a product almost surely.

¢) For all m € P?_.([q]) we have Vo(ip,m) = 0 if ¢ is a product,

Proof. For the first part we notice that

E[Vo(v,v1,7)] = Y (o)A (o)) + (k = DA(Z) = X3 7" (1) AWy (7)),
h T

g

where ), : [q] = Rso, 7 — E[t)(c*)|o} = 7], and 0* ~ a. Now, notice that if Z = 0, then
a(o)y(o) = 0 for all o and hence the expectation is 0, which coincides with the right hand side. For
Z > 0 we expand the definition of A, the leading Z, v;,, and rearrange the sums to obtain

E[Vo(¥,71,7)] = D _ a(o)d(o) lhl(w(a)) (k—1)In(Z Zln (¥n(on) )]

o

Notice that we can restrict to o such that both « and v are non-trivial. Next, we distribute Z and
introduce appropriate masses to obtain

E[Vo(¥,y1,7)] =2 lDKL(UHU*) - ZDKL(C’hHU?Z)]
h

:Zl (alle™) =Y H(oulor) ZH(Uh)H(U)]ZZ[ZH(%)H(U)]-
h h

h

Since the sum of the coordinate entropies is at least the entropy, with equality iff the coordinates
are independent, the result follows. For the second part we have Vo(¢, ) = E[Vo(¢,v1,7*)]. For
f e RL)F let [f] : [g]F — Rso, o = [, fu(on) be the product. Since v* is fully supported we
have ¢y = 0 if and only if Z = 0. For Z > 0 there exists f with ¢ = [f] if and only if o ~
&, o1, for the following reasons. If there exists f, then we have Z = [, Zp, Zn = >, fn(7)v*(7),

and thus ps(o) = [, %ﬁ(ah) Conversely, if the law factorizes into some (pp,)p, then we have

@Hh v*(on) = IIppnlon), so (o) = 11, % factorizes, using that +* is fully supported.
But we have o ~ ), o, if and only if >, H(o}) — H(o) = 0, so we can rewrite {3f¢ = [f]} =
{Ve(¢p, ) = 0}. Since continuity is not abundantly clear, we may replace the entropy condition by
the total variation distance (half the 1-norm), in which case continuity in v essentially follows from
the definition. This shows that {3f 1 = [f]} is indeed an event, the event on which V, vanishes and
1 factorizes, while otherwise V, is positive and 1 does not factorize. So, V(p, 7) vanishes if and only
it P = [f]) = 1

For 16(a) = Tl ¥n(on), we have Za (s h,y) = 2(nsv1) [y sn (s va0), where 2(6',7/) =
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S A (T)Y (7). Using s;, = E[A(Y, h,vi1)], zn = z(¢n,y*) this yields

W #h W #h h W #h W #h h'g{hh

Zslh H Zp + -1 Zs2h H 2p — Z (sl,h H Zp + Z 89 b/ Zh H Zh”)
}

and thereby V4 (¢, m) = 0. O

This result suggests that V(p,7) < 0 for all 7 € Pfjv*([q])Q is equivalent to V(p,7) = 0 for all =
(because of m = (7w°,7*)), which is also equivalent to 1 being a product.

Also, the conditional expectation vanishes on products, so V(p, ) = P(E)V(p°, ), where £ is the
event that 1 is not a product and p°(F) = p(F N E)/p(€) is the law of ¥P|E. Notice that p° € D,
whenever p is, so as for the trivial weight, we may now assume £ almost surely. Finally, notice that
all weights for k = 1 are products.

Remark 3.117. Observation [3.116| can be extended. For v € P([g]) with E[y] = +* and a o-algebra
F' C F (cf. Section 3.1.6) let 4" = E[y[F'] and notice that E[y'] = 4*. It can be shown that
V(p,m,7') >0, where v ~ 7 and v/ ~ 7.

3.5.5.4 Scaling Invariance. In this section we discuss a) for given (a, ). Let

Ao : Dy x P([g)>* = R, (1,7) = Ze(h,m) + (k — 1) Ze(¥,72) Z Zn (Y, hy ).
h=1
Observation 3.118. Let a € R>q, (a,%) € R>9 X Dy, ¥ ~p € D, ap ~p' € D, and E[a] < co.
CL) We have Vo(awv 7) = aVO(wa 7) + Ao(wa ’)/)A(CL) and V'(awa 7'[') = av.(¢, 7T)‘
b) We have V(p',7) = E[a|V(p”,7), where p” € Dy, is given by the p’-p derivative E[a|]/E|al.

Proof. Notice that A(az) = aA(z) + zA(a), z € Rxo, and Zgy(a), h,v') = aZmm(, h,7'), so the
first part follows. Linearity of the expectation yields Ve(at),m) = aVe(¢,m) + Ae(¢, m)A(a) with

Ao(,m) = E[Ao(4h,7)]. This gives Ae(1h,m) = Ao(®h, (B[vinl)in) = Ao(¥, (E[y1,1])in) = 0 us-

ing linearity, the definition of v and = € P2([q])?. Thus, taking the expectation gives V(p/,7) =

ElaVe(1, 7)] = E[E[a|]Ve (1), 7)], which establishes that V(p',7) = E[a]V(p”, 7) since for (a,)) ~
a ® ¢ we have p” = p, and otherwise for 9" ~ p” we have p” € D, since

ElaE[A([[¢" )] = ElaA(][4]lo)] = E[A(at]lx) = [¢]lcA(@)] < oo.
O

3.5.5.5 Continuity. We equip P(Dy) and P?([g]) with the Wasserstein distance dy, (cf. Section
3.3.1.7), and P(Dy) x P%([q])? as well as P(Dy) x P([q]) with the 1-product metric. For 8 € R let

Dp(8) = {p € P(Dy) : E[l$]:77] < vy},

Observation 3.119. The map V is continuous on D3(B) x P([q])?, B € Rso. For all p € DY(f)
there exists m € P2-([q]) such that V(p,7*) = V(p, ), and V| is continuous on D3(B) x P([q]).

Proof. Let DY(B8) = Dg(8) x P*([q])? and Ly = A([[h[|s). For 5’ € [0, 8) there exists b € R such
that E[L“ﬁ] < + b for all (p,7) € DY(B). Let D, = Dy x P([¢))>** C RY, d = ¢* + (¢ — 1),
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equipped with || - ||oc and the Borel algebra. For Zg, j, : D, = R>o, (¢,7) = Zim (¥, h,7), we have

| Zem,n (¥, 7) = Zin n (', V)] < 1Y = W'lloe + 209l (H’h,h =Nl + D 2w = ’Yé,h/\ltv) ;

B #£h

using Observation SO Zgm,p, is continuous, and thus A, = A o Zp,;, is continuous. We equip
D* ={P € P(D,) : E[||v||1F7] < 1} € P(RY) with dy, the topology of weak convergence, and let

A:,h :D* — R, P~ E[Az,h(w”)/)];

using (¢,v) ~ P for P € P(D,), further Z = Zg, p(¢,7y) and L = A, p(¢p,v). We turn to the
continuity. For this purpose let P € D* and € € (0,1) small. Fix L € Ry large, then we have

Py +b P +b
.7 B,L'Bl .

T(L,P) = E[1{L; > L}L] < LP(L+ > L) + /L TR > t)dt < +

Consider the law P* of (1,v)|Ly < L and the following coupling. For (t2,72) ~ P* independent of
(¥,7), let (¥*,v*) = (¢,7v) on {L4 < L} and (¢*,~v*) = (¢2,72) on {Ly > L}. This yields

dw(P", P) = E[1E]|(v2,72) = (¥, 7)lloc] < P(E)(E[[[Y2]loc] + 2) + E[LE]|]|oc]

87 (14 By +b
<P() (P(Lf;m + 3) VEEL] < o + ( Bﬁ,)L(;”T ) e—(L. > 1),

for ¢4, L sufficiently large. Fix some small §,&" € (0,1) and let P € D* with dy (P, P) < §. Adapting
the notation above for P, we have T(L, P), T(L, P), dw(P*, P),dy(P*, P) < £’ for L sufficiently large.
This gives dy (P*, P*) < § + 2¢’ and further

[E[L] - BIE]| < 2¢' + [E[1{L; < L}L] ~ B[1{L; < L}E]].
Moving to the conditional expectation, we let L* = (L|L < L), adopt this for P, and derive
|E[L] — E[L]| < 2¢' + LP(Ly > L) + LP(Ly > L) + |E[L*] — E[L"]).

From the bound for T(L,P) we obtain |[E[L] — E[L]| < 4¢' + |E[L*] — E[L*]|. Now, let D° =
A;}L([—l/e, L)) and notice that A, : D° — [—1/e, L] is continuous and bounded. Thus, the Portman-
teau Theorem applies and offers ¢’ such that if dy, (P*, P*) < &, then |E[L*] — E[L*]| < £/2. Thus,
choosing 8§ and ¢ sufficiently small yields |E[L] —E[L]| < e. This shows that A}, is continuous. Next,
notice that the map f : P(Dy) x P3([q))? — P(D,), (p,7) — p @ 7PF @ 7$¥, is continuous, since
for couplings (¢, v’), (’yo,i,’y(’)yi), i € [2], we take the canonical coupling in the image, in particular

(71, 71) ~ @ (Yos Vo). This yields E[(1,7) — (8,7 )oe] < El# — 1|0c] + 2E[|y — ' l], which
shows that the map is 2k-Lipschitz using Observation Hence, the map Ly, : Dp(3) x P2([q])? — R,
(p,m) — E[A(Zan (2, h,7))], is continuous. This completes the proof, because V(p, ) = L1(p, 71, 71)+
(k — 1)Ly (p, w2, m2) — >4 Ln(p, m). Recall from the proof of Lemma that P2 .([g]) is compact,
so the infimum of V over P2, .([g]) is attained, yielding w € P2, .([g]) such that V(p,7) = V| (p,7*).
Continuity of V| is left to the reader. O

The fact that V| (over Dy (B)) is continuous is very useful, since it suggests that the set A =
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Vll(()) of pairs satisfying POS is closed, and thereby also limits of such pairs satisfy POS.

3.5.5.6 Convezity. Equip P(Dy) with the Borel algebra for |||t (so the metric dy, for P(Dy) and the
topology inducing the Borel algebra are not consistent, but that’s not a problem, just something to
be aware of), which defines P(P(Dy)), and let p — b, be the kernel from Observation Further,

let Dpp = {p € Dy : E[A([[¢h]loo)] < ¢4} and P (v*) = PB(Y") N Dpr = {p € Dy : V(p,7*) > 0}

Observation 3.120. Let p € P(Dy), fiz an event £ C P(Dy) with p € € almost surely, and let p’
be given by v, ~ p'. Notice that the following holds

a) For |E| < oo we have p' € Dy, if E C {p € Dp}, and p' € P(v*) if € C {p € P(v)}.

b) We have p' € Dpy if E C {p € Dpr}, and p' € Pr(v*) if € C {p € B+(v")}.

Proof. For € C {p € Dpt} we have E[A(||Ypl)] = E[LEA(||¢plls)] < ¥4 and hence p' € Dpy.
For £ C {p € P(y*)} we have p’ € Dyy by the above, and further V(p/,7) = E[1EV(p,7)] > 0,
TE Pf,y*([q]), using the tower property and independence. This shows that V(p/,7) > 0 and hence
P € P(~*). The first part is shown analogously. O

3.5.5.7 Permutation Invariance. For ¢» € Dy and ¢ € [k]! let [¢],, € Dy be given by [¢],,(0) =
(o o). Further, let [¢)] = {[¢]p, : ¢ € [k]'} be the equivalence class and [Dy] = {[¢] : ¢ € Dy}
the quotient space, i.e. n : Dy — [Dy], ¥ — [¢], is a quotient map, and equip [Dy]| with the Borel
algebra, so 7 is measurable. Let 7, : P(Dy) — P([Dy]) be given by n(p) ~ np(p) for p € P(Dy),
using ¢ ~ p. Finally, let [p] = ngl(np(p)) C P(Dy) be the equivalence class of p.

Fact 3.121. Notice that the following holds.
a) For v € [k]! we have Vo([Y]p,,, ™) = Ve(p, ).
b) For p € P(v*) we have [p] C P(v*).

Proof. Using v/ = ;01,7 = (v4,7%), and I’ = =1 (h) we notice that

Zgm(Y', hy ) Zw )vin(on) [T r25(05) =D o)y lon) T 12,i(05) = Zem(, B, 7").
j#h - j#h

Since h is only relevant for the negative contribution to V, where we sum over h, we obtain Vo (¢', )
Vo(1,~"). Finally, since 4; is exchangeable, we have (41 o t,72 0 t) ~ ~ and thereby V(¢ m)
Ve(®,m). This shows that Ve([¢],7) = Ve(¢,7) is well-defined, which shows that V([p],v*)
V,(p,7*) is well-defined and thereby completes the proof.

Ol

Thus, it doesn’t matter if we consider p, the symmetrized version [¢],, with (¢,¢) ~ p ® u([k]!)
or versions with minimal support. Of course, we may also permute colors using ¢ € [¢]!, but obviously
for ¢ and v* consistently.

3.5.5.8 Embeddings and Projections. In this section we consider the product space embedding for an
increasing number of coordinates and the color projection for a decreasing number of colors. For the

first type fix ¢ € R[ZQ]Ok X R[Zq]ok and let 119 : [q]’”kl — R0, 0 = Y1(op)2(o)), where we use
[k + k'] = [k]U[K']. For p € P(R[g]ok) X P(R[gok ) this yields the embedding p1ps € P(R[g]owk ), given
by 112 ~ p1pa with (1, 12) ~ p1 @ p2. On the other hand, let [¢/], : [¢ — 1]¥ — Rsq, o — 9(o) be

the restriction of ¢. For p € P(Dy) this yields the color restriction [p]q € P(Rgal}k) of p, given by
[Ylq ~ [plg- Let A =A(k, q).

Observation 3.122. Notice that the following holds.
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a) For p € P(R >0) X P(R[g]o ) with p1,p2 € Dy we have (p1p2,7*) € Ak + k', q) if and only if
(p1,7*) € Ak, q) and (pa,v*) € A(K',q). In particular we have p* € A(k + k', q) if and only if
p € Ak, q), here p* is the law of Yy and ¢ = 1.

b) For v*(q) = 0 we have (p,v*) € Ak, q) if and only if ([p]q,fy[*q_l]) e Wk,qg—1).

Proof. For the first part, recall the proof of Observation [3.116| to obtain V(pipa, 7) = Vi + Va,

k+k'
Vi=E |ZaA(Zn) + (k+ K —1)Z22M(Z12) — > ZozpuM(Zisp) | = Z2V (p1, ),
h=1

similarly Vo = ZoV(pa,m) and where Zi; = Z¢(Vi, ¥jk))s Zissh = Zi(Wi> by (V1) Vo, (k) fOr

h € [k;] and Z;zp, = Z¢ (i, o, [k% therw1se Z; = Zs(E[yp ] ( “Vhelk,])s kb1 =k and kg = k.
For v*(¢) = 0 and 7 € Pg, we have 7;(¢q) = 0 almost surely, since the v > 0 and
Elv;,»(q)] = 0. Hence, we have me(zb, h »Y) = Zim([¥]q, Py (Viyn,[g—1))i,n) almost surely. O

The corresponding result for BAL is immediate, completing the pending part in the proof of
Observation |3.106] m Next, we consider the following color embedding (inspired by Gallager’s mapping,
cf. [90]). Let ¢’ € Zs, and let |J,C, = [¢'] be a partition into color classes C = (C, )relq such that

T € C; forall 7 € [g]. For 7 € [¢/] let [r]c € [g] be the unique representant with 7 € Cf,,. For ¢ € RY ]

let [Y]e : [¢]F = Rso, 0 = (([on]e)n). For p € PRE)) let [ple € P(RY)") be given by [1h]e ~ [p]c.
For v € P([¢']) let [v]e € P([g]) be given by [v]e(T) = v(C;).

Observation 3.123. For p € D, and v* € P([¢']) we have ([plc,7*) € A(k,q') if and only if
(P, [7"]e) € Ak, q)-

Proof. First, notice that Zg, ([¢]c, h,Y) = Zem (¥, h, ([Vinlc)in). Thus, for 7 € Pfﬁ*([q’]) with v ~ 7
and [7]¢ € Pf7[7*]c([q]) given by [y]c ~ [7]c we have V([¢)]c, m) = Veo(¥, [7]c) and thereby V([plc,7) =

V(p, []c). Since PZ..(l¢']) = P? w1+ (1), ™ = [e, is surjective, the result follows. O

Next, we turn to a reweighting scheme in the flavor of Observation that heavily generalizes
Gallager’s mapping. Recall ¢’ and C from above. Using Observation [3.122 let r : [¢/] — R>o and
B* € P([¢']) be such that 3° . B*(p)r(p) = B*(C;) > 0. For p € [¢] let [p] € [g] be the unique

element with p € Cj, and let [0] = ([o4))n for o € [¢]*. For ¢ € R[gok let [¢] € R[zqgk be given by

[)(e) =TT, 7(on)i([o]), and let [p] € P(R[ﬁgk) be given by [] ~ [p]. For B € P([¢]) let [8] € R,
be given by [B](T) =3 ec, 7(p)B(p).

Observation 3.124. We have (p, [3*]) € A(k, q) if we have ([p], 3*) € A(k,q).

Proof. For T € [q] let 8, € P([¢']) be given by B.(p) = 5*(p)/5*(C;), p € C;. Notice that the inverse
of the map §° : P([¢]) — P([¢]), v = X, v(1)Br is v : P([¢]) — RLy, B — [B], meaning that
B°: P([q]) = B°(P([q))) is a bijection, and that 5°(y*) = 8%, where v* = [3*]. For m € P2_.([q]) let
(7] € P2;4.([¢]) be given by 3°() ~ [x], using vy ~ 7.

Next, notice that Z ([¢], h,¥) = Zgm (¥, h, ([Vi,n])i,n) which yields that Ve([¢], [7]) = Ve(¢,7)
for all w € P?_.([q]), which suggests that V([p], [x]) = V(p,7) and hence V ([p], *) < V (p,7*). O
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3.5.6 Valid Models. So far, we have discussed a plentitude of closure properties, but all models so
far are trivial in some sense. Let f: R? = R, (z,y) — 2% + (k — 1)y* — kayF~! and S = f~1(R>o).

Observation 3.125. We have Ron C S. For k € 27~ we have S = R2.

Proof. The first part holds because f(z,y) = (v — y)? Z]Z;OQ(E + 1)aF=2=4y¢. For the second part we
distinguish the following cases. First notice that f(z,0) = z¥ > 0 since k € 2Z~¢. For y # 0 let
r = z/y and notice that f(z,y) = g(r)y* with g(r) = ¥ + (k — 1) — kr. Using ¢'(r) = kr¥~! — k and
g"(r) = k2r¥=2 we notice that g is convex since k € 2Z~¢ and thus g” > 0. Hence, the only stationary
point at r = 1 is the unique minimum, with g(1) = 0. O

As simple as it seems, many proofs in the past twenty years relied on this result (cf. Remark |3.128)
Forpe P(T), T =R>o xR x R[q]k, let (a,b, A) ~ p. The base class of functions is

P = {p € P(T) : E[A(a)] < o0, P(bA[ < 1) =1}.
For p € Py, let ¢ : [¢]F = R, o+ a(1 — bA(0)), and let [p] be given by 1 ~ [p].

Observation 3.126. For p € By, we have V([p|, ) = > 2, ﬁE[abevo(ﬁ)],

VO(l) = Zp(A, 7)) + (k= DZe(A, %) =3 Zgn (AL h,y)
h

Proof. Notice that [|9]lcc < a(l + [[bAlls) < 2a almost surely, so [p] € Dy and thus V([p],7) is
well-defined. Using Observation we obtain V([p],7) = E[aVe(°,7)] with ¥° : [¢]¥ = R, 0
1—bA(0). Hence, we have V([p], 7) = E[aV(1°,v)]. Next, we use that A(1—¢t)+¢ =372, ﬁte
for |t| < 1. For this purpose we rewrite V([p], 7) = Ela(V.(¥°,~) + L) — aL] with

L = Zi(bA,7) + (k= 1)Ze(bA, 72) — 3 Ze(bA, h,7) € [k, .
h

Using linearity we obtain V([p],7) = Ela(V.(¥°,7v) + L)] since E[aL] = 0, using that all color
distributions have the same expectation. Using the power series we obtain

> abtVve © abiVv°

/=2 =2

d

Now, we formally introduce the non-trivial models from Section Recall that these models
are defined on 7 = R>g x R x ((R?)Z>0)* "ultimately still RZ, and thereby all of these spaces are Borel
(Definition 8.35 in [75]). Thus, we can work with Markov kernels without loss of generality. Further,
we can modify (a,b, f) as long as it does not affect 1), since this consequently does not affect the
assertion in Proposition [2.1]

Let F be the o-algebra from Section Y. the o-algebra of R>¢ x R, ¢ the o-algebra of
(R9)%>0 and Ly = B¢ ® Z?k. The following triplets (a, b, f) € T are of Type 1.

o There exists a sub-o-algebra ¥ C F and Markov kernels k. : Q x . — [0,1], rf : Q x X¢ — [0, 1]

with the following property. The product kernel k : Q x ¥y — [0,1], i.e. Ky = Kew ®m?f for w € Q,

is a regular conditional distribution for (a, b, f) given 3. 7
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« We have >, cq Yooy ‘Hﬁzl fh,,;(ah)’ < o0 almost surely. Redefine f by setting it 0 on the event

that the series diverges. Let A : [q]* = R, o+ >, 1), Fri(on)-
o We have |b|||A|lcc <1 almost surely.
o We have E[A(a)] < oo.
« We have E[|ab’|], E[||A|%] < oo for all £ € Z~y.
« We have E[ab’|X] > 0 almost surely for £ € 2Z¢ + 1.
Notice that redefining f on a null event does not change the distribution p of ¢. A triplet is of Type 2
if it is of Type 1, further f1;, =0, i € Z~1, and E[ab’|Z] = 0, £ € 2Z~¢ + 1, almost surely. A triplet is
of Type 3 if it is of Type 1 and f; > 0 almost surely. For i € [3] the distribution of o — a(1 —bA(0))
is of Type i if (a, b, f) is of Type i. Let PB; C D, be the set of all distributions of Type i € [3]. Let
B4 be the set of all distributions p of o = [], fu(on) for f € (RL,)* with p € D,. For k € 27Z let

P =Py UPy, otherwise let P = Po UP3 UPy.
Proposition 3.127. We have P x P([q]) C 2.

Proof. The set P4 was discussed in Observation [3.116] For p € Py, Observation [3.126] applies, and
there exists a o-algebra ¥ C F that yields conditional independence. Then we have

™) = 3 ! ab’ ° .
V(p, ) ;E(K_I)E[E{ b2 E[v°(0)1]

Now, we turn to the various cases. First, assume that k € 2Z. Recall that we have E[ab’|X] > 0
almost surely for the leading factors, by assumption for ¢ € 2Z~y+ 1, and for £ € 2Z~¢ because a > 0
almost surely and b’ > 0 almost surely. Hence, we focus on

o) Lk Lk L
Vo(@ = Z Z (H H S1im,h T (k‘ - 1) H H 82 im,h — Z H <Sl,im,h H 32,im,h’)>
m=1h=1 h

M=1i€Zp; \m=1h=1 m=1 h'#h

with Ty = {i € Z8q : ¥ im = M}, Sjih = 25 Vjn(0)Fni(0), using that the series underlying A
are absolutely convergent almost surely. Now, taking the conditional expectation yields

E[Vo(O)[2] = 3 > (Sk+ (k- 1)Sk, — kSiaSf5)

M=1i€lys

with S; ; = E[[],,, $j,i,.,1/2] using conditional independence and identical laws along the coordinates.
With k € 2Z~¢ and Observation [3.125 we're done. For p € P3 we argue exactly as above, only in the
very last step we use that S;; > 0 almost surely. For the remaining case we use that E[abé |X] =0
almost surely for odd /¢, to restrict to £ € 2Z~. Since we only have a single contribution in this case, the
set Zys is empty for M # k, thus we only have to evaluate i = (1), and thereby S; ; = E[3§,1,1|Z] >0
almost surely, so Observation [3:125] applies as above. ]

Proposition [2.1]is a corollary to Proposition [3.127], for bounded weights. Recall that all previously
established closure properties apply on top of Proposition

Remark 3.128. The issue with the parity of k has a long history. Maneva [95] noticed that the
restriction to even k in [53, [I05] was not necessary, regarding the Type 2 models. Then, it was
pointed out in [33] that the restriction to even k in [4] was not necessary, again, regarding the Type
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2 models. The restriction to even k in this work stems from the Type 1 model, which is new, to our

knowledge.

3.5.7 Related Models. In this section we discuss closely related models, given by the following
parameters. The individual variable neighborhoods are Uy = [n]*¥ or Uy = [n]E C Uy. A weight
Y 1 [q]F — Rsg is permutation invariant if (7 o ¢) = ¢(7) for all 7 € [¢]* and ¢ € [ ]' If 1 is

permutation invariant almost surely, let Us = {u € Uz : Vh < kup, < upy1} (which is ( ) and let
Ts={r€[qf :Vh < k1, < Thy1}.

Let Vi1 =U™ Vio=Ur* CV,q and V.3 = {v € V2 : Va < mv, < vg41} (using the lexicograph-
ical order, this is (Z;)) be the joint variable neighborhoods. Null model and teacher-student model
pairs are uniform or binomial. Let n. 4 be sufficiently large, mo g, = G(nk) sufficiently small, n > n,
and m < mo.
3.5.7.1 Model Definitions. Let wy sm = (Urs, Yrs) ~ u(Vys) ® ,uffm, and let G, 5, = ['w]g* be the
graph with external fields. Let ¢g () = [, ¥a(0v,) and ¥ga(0) = 7™ (0)hgw(c) be the weights,
and G, (0) given by G = 1yc(0)/9(0), where ¥, ,, = E[tgc(0)].

For the binomial null model let ¥, = E[tbo], 7o = Y0, ar = (|77 1(p)]), for 7 € [¢]¥, and

Ziat0) = L [[1007) = £ 5 0o (o),

I (na%(p)) 1 _
Zf2 70 Z H n"}’a Ot-r(p ( ) = Z F d0)

= &)
ns (p)
Zi3(70) = Z M@o(ﬂ = Z12(70)-

7'67'3 (Z)

Notice that each version is an expectation over 1., with respect to a compatible law. Recall the
expected number m = dn/k of factors. Let Pordn = % be the success probability. For the cass =1

let vy, ~ Po(py,)®Yr, otherwise let vy, ~ Bin(1, p,)®¥ . Further, let 1}, ~ ufu’"xzw, Wy, d = (v, ¥p)

and Gy, ., 7= = [wp]l-. Let Py U(T) = %pb’ further vb’ rsdo ™ Quew, Po(pf (o)) for s = 1 and
b~ Quew, Bin(1, pj(0y)) otherwise. Let ¥y , ~ Qyeyy, :%%M, where 17 . is given by the Radon-

Nikodym derivative ¢ ~— (7) /1, (7), and let wy o= (v ) ~ o @Yy, GY L H(o) = [w*]g*.

For w = (v,v) from wy, let Yg.(0) = [Tuey, HZ(ZUI) VYua(0oy) and ¢g7[w}5* (0) = 7*®"(0)hg (o). We
identify w = (v, (Yu,a)ae[v(u)) With its restriction, and also (Yu.a)eep] = Vu-

Remark 3.129. We defined the 18 model pairs as they appear in the literature, apart from minor
modifications (like the normalization constant for unconditional ‘binomial’ teacher-student model,
discussed later in more detail). The combination 7 = s = 1 is used in proofs, e.g. in this contribution,
and in software applications that tolerate repetitions, e.g. for performance reasons. The case r = 2
is used to prevent multiple occurrences of variables for weight functions that are not permutation
invariant (e.g. k-SAT). The case r = 3 is used for permutation invariant weights, especially on bipartite
or hypergraphs (e.g. occupation problems). The case s = 2 is used to enforce neighborhood uniqueness
with order (e.g. bipartite graphs, with » = 3). The case s = 3 is used to enforce neighborhood

5Notice that the name Poisson model would be more appropriate in this case.
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uniqueness without order (e.g. hypergraphs with » = 3). The binomial versions are used in proofs,
e.g. this contribution, and discussions of binomial bipartite or hypergraphs.

In the following we use main results to refer to Theorem [3 Theorem [3.100, Lemma
Lemma [3.102] and Theorem [3.103] further to Observation @ for completeness, and to Lemma
B.110, Lemma [3.111] for convergence in probability. With target functions we refer to the maps
énlm) = 3(EZ(G)), oim) = Bigu(G). 6'(m) = E6u(G"(0)]: dnlm) = Jn(EIL(G),
um) = LI(o*,G*(0*)) and d(m) = LDyi(0% G*(0)||ogc, G) (cf. Section These defini-
tions directly extend to the uniform model pair, for any r, s.

This covers convergence for m ~ Po(dn/k), pointwise for m < my, and for m*, for Bay O,
§(m), t(m), and ¢(m) if By = ¢a(d), with respective order of convergence (recall p € (0 1/4). This
also covers bounds for the limits ¢qr(d), ¢q)(d), boundedness and Lipschitz continuity of the target
functions and convergence in probability.

The binomial models are defined for d, not m, thus the situation is slightly different. The definitions
Bo(d) = E[LIn(Z(Gv)], 61(d) = Bl In(Zy(Gi(o))), 6u(d) = 1D (0%, Gi(0") oy, Gy) and
w(d) = LI(o*,G}(0™)) are consistent with the uniform models over random factor counts. The
annealed free entropy density for the binomial (null) model is ¢pa(d) = E[L In(E[Zy(Gb)|||vp|1])]. Let
m,, ;~ Po(m) for s =1, and m ~ Bin(||, ps) otherwise.

Observation 3.130. Notice that the following holds.

a) The main results hold for r = s =1, and are invariant to factors labels.
b) We have Gy, ~ Gy, for all r,s (up to factor labels).

¢) For s =1 and the uniform model, the case r = 2 covers r = 3.

d) The case s =2 covers s = 3.

Proof. For Part we notice that 7 = s = 1 is indeed exactly the case that we discussed. For
w = (v,9) from w let A, = {(va,%qe) : @ € [Mm]}, and Ay = {(u,Yua) : v € U,a € [v(u)]} for
w = (v,9) from wy. Then for any w from w or wy, we have Vgu(0) = Iy yp)ca, ¥(0u). The
corresponding result for [w}};* is immediate. Next, we show that the target functions only depend on
the graphs through the weights 1,. This holds for Z([w]') = 3, Yg jwjr (o) and hence for $a, ¢ and

#*. The Radon-Nikodym derivative for § is

) = L))

E[wg,G U)]

Hence, this also holds for d(m) = % [In(r(e*,G*(6*)))]. The Radon-Nikodym derivative for ¢(m) =
2 DxL(e,G*(o%)|o* @ G*(07)) is

(U G) wg G(U)/E[wg,G(U)]
Yo VE (0 )Yg,c(0*) [E[Yg.c(0%)]

so also t(m) = 2E[In(r(c*, G*(0*)))] only depends on t,. Thus, Part holds.

For Part @ let s = 1. With v, ~ Po(pp)®¥, with m ~ Po(m), and with v,, € U being
iid multinoulli with law u({), due to s = 1, the frequencies v}, = (|v,,!(u)|), are multinomial with
parameters m and u(lf), so the claim follows with Observation For s > 1 the neighborhoods

v, ~ Bin(1,pp,)®Y are iid Bernoulli, m ~ Bin(|i/|,py,) is binomial, and v, ~ u(V), so the result
follows with Observation |3.7)
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For Part |3.13(0c)| we recall that 1), is permutation invariant almost surely for = 3, and from Part
?] that 7 = 3 is covered by r = 2 if ¢y @, , ~ Vg,q5, and (o7, wg,G;l(a*)) ~ (o*, ¢g7G§’1(U*)). For
Vo ~ u(Us) we have vg ~ u(Us), where u® € Us is given by u°([k]) = u([k]), and thereby

¢g,w2 (U) = H¢a(0v3) ~ ¢g,w3 (U)’

which shows that G(c) is obtained from G3(0) via u — u([k]) and thus ¢y g3 (o) ~ Vg,G3(0)- For Part
3.130d){and w € V, 2 x Dy we let w® = (v°,4°) be given by the unique v° € V, 3 with v°([m]) = v([m]),
and ¢° = ('lpvfl(vo(a)))a, and proceed analogously. O

Since s = 3 is covered, we only work with labeled factors from here on.

3.5.7.2 Managing Ezxpectations. In this section we focus on the expected weights E:S (0) = Elpg w(o)]
and ¥,,(0) = Elga(0)] = 79" (0). Let wiy = (v*,9") ~ wi®", where w, = (v3,47) is
given by the derivative (u,v) — ¥(0y)/Z¢(v,) with respect to we, = (vo, %) ~ u(lf) ® py. Let
wy o ~ (wy|vy, € Va).

Observation 3.131. Notice that the following holds.
a) We have {1 (0) = Zt (7)™
— — — P(v}  €Ur) =
b) We have Zs (7o) = E[tpo(0w,,)], 50 Zir(70) = mzf,l(’yo)'

— P(v,€V2)—o
c) We have 9, 5(0) = mﬂjr,l(a)-

d) We have wo, ~ (wo1|von € Uy) and wg . ~ (w3 1[vs, € Us).

e) We have w1 ~ (Wo1|ve1 € Up)¥™, G 1(0) ~ [wiy]" and w; ~ (w,|vl, € U)®™.
f) We have wy ~ (wri1|vp1 € Va) and G (o) ~ [w,]".

g) We have Gi(0) ~ G}, (0) for s =1 (up to relabeling of factors).

Proof. The properties of the uniform distribution yield v,1 ~ u(l,)®™, vo, ~ (Vo1|vo1 € U,) and
Vr2 ~ (Vr1|vr1 € Va). Thus, independence gives wo, ~ (Wo,1|vo1 € Uy), Wy ~ W ~ (Wo1|Vo,1 €
U)®™ and wyo ~ (wr|ve1 € Vo). We verify Zgy = E[@o(avoz)] analogous to Observation
which implies the result for » = 3, analogous to the proof of Observation [3.130 This establishes Part

3.131k)| and Part 3.131]p)| since

=2 Jo(avo, ) —
B _ Zt,1(70)E {zf,l(%l) Hwvo € u’"}] Z11(V6)P(v5, € Uy)
Zf,T(VU) =E [%(Uvo,l) Vo,1 € u’"} = P(’U 1 €U, ) - ]P(’U 1 €U, )

. . . . Y(ow)H{velr}  _ P(oy)I{veldr}
Part |3.131c)|is obtained analogously. This also yields o (o (00 €U~ Zrr (v )B(v, L) and thereby

Part [3.131[)] With Part 3.13i5) and analogously to Observation obtain Gy (o) ~ [w;l]r,
and thereby Part [3.131f)l Part [3.131lf)| follows analogously to Part [3.131id)|

Part [3.131g)| holds due to Observation [3.7pb)] since v}, ~ ®, Po(p} (o)), thus ||[vf||1 ~ Po(m) since
YouPp(ow) = ME[(0v,,.)]/ Zt(7s) = T, further since m ~ Po(m), and since vy, € U is multinoulli

with parameters m and v,, i.e. probabilities Yolow) g (|t (u)|)y is multinomial with parameters

Zi(vo) |’
m and v, and thereby (|v}(u)|)y ~ vp. O

Combining Observation [3.130] and Observation [3.131] yields the following. The main results hold
for both model pairs for r = s = 1, where the binomial model is exactly the model in Section[I} Thus,
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for s = 1 we only have to establish the results for the uniform model and r = 2, which covers the
binomial model for » = 2 as well as the uniform model for » = 3, which in turn covers the binomial
model for r = 3. Then, for each r and both model pairs, we are only left to derive s = 2 from s = 1,
since s = 3 is covered by s = 2.

Next, we establish bounds for the error terms given by Observation

Observation 3.132. There ewists c¢g € R such that the following holds.
a) We have P(vo1 & Up),P(v%, ¢ Us),|In (Z” o) "I < e/n.
b) We have exp(—e(5)/U]) < B(vs € Um) Blat, € U2) < exp(— (3)/(cld])

Proof. The first claim holds since the (v}, v,)-derivative is uniformly bounded. For the second claim
let P =P(v € Up) and P* = ]P’('U € Uy). Using that the (v* U) derivative is uniformly bounded and
induction over m, we obtain []"'(1 — 7/JT ‘Z‘) < PP <"1 —q? I ‘f” ). Now, the assertion follows
with standard arguments. ]

3.5.7.8 Joint Distributions. In this section we establish joint distributions per model type over all
parameters. We start with the coupling of » = 1 and » = 2 for s = 1, which then completes the
discussion of s = 1. Then, we will couple s = 1 with s = 2 for each r and model type. For
w = (v,9) € Gpm, W = (V,9) € G, we recall the Hamming distance

min(m,m’)
dw,w') = > H(va,va) # (V3 ¥)} + [m —m|.
a=1

Observation 3.133. There exist joint distributions (w11, w12, B), (w] ;, w5, B) and cg € R>q such
that d(G1,1,G12) < B almost surely, d(G7 1(0), G} 2(0)) < B almost surely, and B ~ Bin(m, c/n).

Proof. Let w' = (v',4’) and w, = (v],%.) be the null models for » = 2 and r = 1, or the corre-

T

sponding teacher student models. We couple w’ and w) using rejection samphng, Le. let (v ) ~
( rov'l:b/ ) XZ>O) then we have ( r,a"lnb, ) ~ (’Ua 1?1nba 1) and ( a"ltba,) ( a,b ¢a,b(a))av
where b( ) = inf{b € Zso : Bap € [n]E}. We use this coupling to define the joint distribution of
w’ and w). Let s = (1{b(a) = 1}), be the indicator of where the coupling succeeded and notice
that s ~ Bin(m, P'), where P’ = P(vo1 € Us) for the null models and P’ = P(v}, € Us) for the
teacher-student models. This gives d(G', GL) < B° with B° = (m — s(a))q ~ Bin(m 1 — P'). Thus,
the maximal coupling of b° ~ Bin(1,1 — P')®™ and b ~ Bin(1,¢/n)®™, using Observation
completes the proof. ]

This defines a joint distribution for all null models (covering both uniform and binomial), and a
joint distribution for all planted models, for s = 1. Observation shows that B ~ Po(cm/n) is
Poisson with ¢imi/n = cd/k for the binomial models. The next result provides joint distributions for
s =1 and s = 2, for given r and model type.

Observation 3.134. There ezist (w“,'wr’g,B), (wy 1, wr o, B), (Wi, 1, W} .5, B') and ¢ € R
such that d(wy1,wr2) < B, d(w;,w),) < B, d(wy,,,w},,) < B’ almost surely, where B ~
Bin(m,ecm/|U|) and B’ ~ Bin(|U], cm2/]1/l|2).

Proof. We follow the proof of Observation m Hence, we introduce the reJection sampling (v, w)
( rov'lnbr ) XZ>O) notice that ( ra'lrbr) ~ (va 1a¢a 1) and that ( "/1) ~ ( a,b 'lnba,b )aa where
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b(a) = inf{b : Va' € [a — 1]¥p # Dy p@)}. For B° = (1{b(a) > 1}), we obtain the bound
P(B°(a)=1) < w%m/|2/l|, thus we have a joint distribution (G', G, B) with B ~ Bin(m, w%m/|2/{|)

For GE’LQ(O') = (v',%’) and Gbll( ) = (v, 9!) we have P(v/(u) > 0) = 1 —ePb < Py =
P(v'(u) > 0) and thus the maximal coupling yields B° ~ @, Bin(1, pf(c,) — (1 — ePs(7v))). Using
e —1—2 < (e—2)x? on [0, 1] we obtain the bound (e — 2)¢%m2/|2/l\2. O

3.5.7.4 Main Results. We extend the main results to all related models.
Corollary 3.135. The main results apply for all r,s € [3] and the uniform models.

Proof. For w € Gy and w’ € Gy, ,,y we recall the bounds

|1n <¢g,w(0) ) u ( Zg([w]F)>
wg,w’ (U) ’ Zg([w,]r)
[In (g(0))] , In (Z([w]")) | < In(ey)m
The latter also yield |In( S( l,|In(Z,s)] < In(yr)m, using the shorthand Z = E[Z4(QG)], and
)

thereby |@a(m)],|p(m)|, |¢*(m)| < In(¢pr)m/n. Using the proof of Observation [3.130} also the bounds
|0(m)| < 2In(y)m/n, |(m)] < 4 (1/}T)m/n follow. This justifies the restriction to m < m4. Obser-

vation [3.13T] and Observation 2| give

7: S 77‘ S 2 m2
() B (-2 (o 2) o
¥1,1(0) Z1a Ul n ) n
for a sufficiently large constant Cy; > 0. This directly yields |pa(m) — ¢a11(m)| < C/n, which
completes the discussion for ¢,. With Observation [3.133| and Observation |3.134] we further get

n Cm2
) = ] < 20 () < €

< 2In(¢y)d(w, w’),

)

‘Qg(m) - le,l(m)

which completes the discussion for the free entropies. The bound |§(m) — 61,1(m)| < C/n follows
analogous to the above. The nominator for ¢(m) follows analogously, for the denominator we use
that the bounds above for both the expected and the unexpected values are uniform, to recover
|t(m) — tr5(m)| < C/n. O

Before we establish the main results for the binomial models, we derive some basic results for
the binomial teacher-student model for s = 2. Let my, = ||vp||1, mj (o) = [[vill1, dy, = kmy,/n and
dj(o) = km*(c)/n. For i € [n] let df (i) = [{u € vy~ Y1) i € w(lk])}.

Observation 3.136. Notice that the following holds. B
a) We have E[my,] = Elm} (0)] = m and E[dy] = E[d},(0)] = d.
b) There exists cq € Rsq such that P(|dy, — d| > 7‘) (|db(a —d|>7r) <crexp (—CQTQ").

Proof. For s = 1 we have my(0) ~ my, ~ m. For s = 2, using Observation |3.131| notice that
E[m{(o)] = >, pi(0n) = ™. Hence, with the Chernoff-Hoeffding Theorem we recover the bounds in
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Corollary for both my, and mj (o) and thus dy,, df,(¢). For the second part, we have

1 Ga() nl{u Ui € ullk]).ou =7}
E|di, (0 }‘dzsz% u

in all cases. The case r = 3 reduces to r = 2, and we reduce r = 1 to r = 2 at the cost of the relative
error O(1/n). For r = 2 there exists a unique position with uj, = 7, hence we have

n|{u€U up =1,04 = T}|

2o(0) =B [d5,(0)] = 1+ 0/m)Y 7 Z ]

Earning another O(1/n), we move back to r = 1 to obtain \,(i) = (1 + O(l/n))d””" ‘( (?), with g,
from Observation [3.9] Lipschitz continuity and Observation [3.23] yield the expectatlon result. For
s =1 we have dj, (i) ~ Po(A (7)), while for s = 2 the degree dj, (i) is a sum of independent Bernoullis
with average success probability A\, (i) /U ( )| where U (i) = {u € U : i € u([k])}. Bernstein’s inequality
gives P(|d} (i) — Ao ()| > 1) < crexp(—c' 1 )) for both cases, and ¢y € R2). The result follows with
Lipschitz continuity and standard methods. O

This result implies that for any type of ground truth distribution, the average number of factors
and the average degree do not reveal any information about the chosen ground truth. It also shows
that for v* the individual degrees do not reveal any information, in particular not on the color of
the vertex. Looking into the proof, the result is significantly stronger. We showed that the variable
degrees do not reveal any information if and only if v* is a stationary point of Zs.

Corollary 3.137. All main results apply for the binomial model for s = 1. For s = 2 all main results
for ¢a, &, ¢* hold. Further, we have t.5(d) = t,1(d) + O(1/n*~1) and 6, 5(d) = §,1(d) + O(1/n*~1),
thus all results hold except for the pointwise asymptotics.

Proof. Since we entirely focus on the binomial model in this proof, we discard the subscript b. Corol-
lary [3:135] with Observation [3.130]and Observation [3.131] establishes the main results for the binomial
model for s = 1, where we notice that all target functions for the binomial model are expectations
over ||v||; ~ m, as for the case r = s = 1 from Section [I]

The case s = 2 differs from all previous cases because ||v*[|; and [[v[[1 do not have the same law.
Still, Observation shows that ¢ and ¢, are special cases of Corollary 3 Also, Observation
Im shows that m* is of the same quality as the Poisson distribution, so the pothlse results from
Corollary m imply the result for ¢*.

Thus, we turn to ¢(d) = E[X In(rj o+ (w}.))], where (o,w) — 7i,(w) is the (o*, Wy pe) t0 07 ®
Wy 9 5+ derivative. We approximate the binomial with the Poisson distribution to reduce the case
s =2to s = 1. Hence, we write 7 ,(w) = ro(w)rg(w)/r(w) in terms of the (0' wTQ ,) to (0' w; 1 o)
derivative r,(w), the (", w;, ,) to o @ wy; , derivative rg(w), and the o* ®@ wy, , to o* @ wy,

derivative 7(w). With p}(7) = g"(( ))p and p,(7) = po (T )Z“E g we have

r,2,0 r,1,0

Huevfl(l) po(0u) Huevfl(o)(l —py(ou))
[Tuco-101) (€775 po(04)) TTuep-1(0) € P70

E [H“e”il(l) Po* (UZ) Hu€v*1(0)(1 — Do+ (O'Z)):|
E [Hu&wl(l)(@_p;* @) pge () ueo-1(0) € Fo* (GZ‘)}

ro(v,) = = exp (O(pm) + O(p)|[v]l1)

’F(U, ¢) =

= exp (O(pm) + O(p)|[v]l1) -



108 3.5. Additional Discussion

Recall that we take the logarithm and the expectation to obtain ¢, so Observation [3.136] yields

7 1 o pm 1 o *
tro(d) =E [n In (7“0* (wﬁ7270*))] +0 (n) =E [n In (r,,* (“%«,2,0*))} +0 ( - 1)
Now, we recovered the the target function for s = 1, that is, the log-density
U(U Yu,a O'u)
1 1 [T Tlo= Zi(Yo)

n u) hu,a(0})
[H H =l Zi(vo *):|

Recall the distance from Sectionand notice that |1 (w)—ug(w')| < £d(w,w’) for some ¢g € Ry,
same as for the log-densities of all preceding derivatives. Hence, we couple wy, , and wy; ,, which
amounts to coupling Bin(p} (7)) and Po(p% (7)), due to independence and since the welghts have the
same law. We take P(x. ,, = x) = p(z) with

*a

p(0,0) = 1%, p(01) = ¥ — (1=p") pla,1) = 7L

, S Z>0’ p* = pz—(T)v

which gives @, (1) ~ Po(p*) and x,(2) ~ Bin(1, p*). This induces the coupling (s, ¥*) ~ @, (To,5,0, @
Y3 5, ), which bounds the distance with Dy = 3~ [€54(2) — 5. (1)[, and thereby

4l g

n

‘E[ r2a)}_E[Lg( rla’”< ED] [D0]7

where for D, = |x,(2) — x-(1)| we have ]P’(DO = D) = p(D) with p(0) = 1 —p* + e P p*, p(1) =
e —(1—p)+ %e_p*p*2 and p(D) = (D+1)'e P p*(D+1) for D € Z>s. Notice that with D < D + 1
we obtain Dp(D) < p*p(D — 1) = p*P(x,(1) = D) for D > 2, and thereby

2

MDJZMD+pW@JU22%=ff—(Mﬂﬂ—m%fﬁ_1+1€fp)_p__WP

2

for some ¢4 € Ry¢. This gives e(0) = (’)(1/@’“*1), uniformly in o, so taking the expectation over o*
and Jensen’s inequality yleld ltra(d) — tr1(d)] = O(1/nF=1).
The proof for §(d) = E[XIn(rqq«(w}.))] over the (o*, w}.) to (O [wirs w) derivative rq,(w) is
similar. With r,(v, ) = (pm) + O(p)||v]|1 from above, further with the (w2, w; 1)-derivative
) plvl (1 — pyUl=lvih

P ) = ST — SPOEm) + O@)v]),

and with the (", wi(0")) to (0 [, v, w1) derivative 5 we obtain Sra(d) = E[é5 (", w;o(a*))] +

O(1/nk+1), where
[ 11 dualors)
xmwzimmwwnzim([ e w-

Zi(o) o

Clearly, this map is Lipschitz, so we can reuse our coupling to establish the claim. O
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Finally, we notice that replacing Z¢(,) by £ in the binomial teacher-student model has no impact
on the results.

Observation 3.138. Corollary also holds with Z¢(~y,) replaced by .

Proof. We suppress the subscripts b for the binomial model. Notice that these models do not depend
on r, and that the results for ¢, and ¢ are not affected. Hence, let » = 1, s € [2], and let f(d) =
E[fg«(w™*)] be one of the remaining target functions from Corollary ie f=¢" with fo(w) =
pe([w]h), f = ¢ with f2(w) = 2 In(ri(o,w)), or f = § with f(w) = L In(rq(o,w)). Let g, g° denote the
counterparts with Z¢(7,) replaced by £. In the following we bound |f° — ¢°| and introduce a coupling
of the two corresponding planted models. For the latter, notice that the weights have the law given
by (o) /(o) with respect to py in both models, so it is sufficient to couple the neighborhoods.

First, notice that f°, ¢g° are bounded and Lipschitz, in the sense that |f5 (v, )|, |92 (v, ¥)| < %
and | fg(w) — fg(w')], |95 (w) —gg(w')| < £d(w, w’) for a constant ¢y > 0. Recall from Observation
that |In(Z¢(v5)/Zs1(70))| < ¢/n. Recall that Z¢; < &, and from Observation that Z¢1(v)/€ >
max(1 — c||y — v*||%, wf) for some other constant c.

Let pi(r) = %p, p*(T) = w"T(T)p < p;(7) be success probabilities, let v, ~ &, Po(p (ou)),
V1, ~ @, Po(ps (o)) be neighborhoods for s = 1, and v3 , ~ &, Bin(p;(ou)), v3, ~ &, Bin(p5(ow))
neighborhoods for s = 2. Notice that m3(c) = Y. m%(7) is a sum of independent binomials m* ~
&, Bin(|Ux(7)|, pi(7)), where Uk(T) = {u € U : 0, = 7}. This does not only suggest that mj is
subpoissonian, i.e. E[e™2(?)!] < E[e™], it also suggests that for the reweighted counts 175, we have
my ~ mb(o) + 1 and m; ~ m + 1, which holds for both sums of independent binomials, and for
Poisson distributions. Thus, this also holds for mj(c) = [|vf, |1 and their reweighted counterparts

m. Notice that due to the replacement we obtain E[m/(o)] = %m < m = E[m] = E[m*(0)]

and E[m)] = @m +1 <m+ 1= E[r,]. On the other hand, recall that Z¢(v,)/¢ > @/Jf, thus the
ratio of the expectations is uniformly bounded. Using that f°, ¢° < ¢||v|[1/n are bounded, the tail
expectation E[1{m, > my}m,] = E[m,]P(rn, > my) = o(n™%) is negligible for any choice of factor
count m,, and for m* < my the tartget functions are f°, g° < cmy/n < cdy/k are uniformly bounded.
Let By = C+/In(n)/n for some large Cy € R+, so that the probability bound in Observation is
of order O(1/n*). Then we have

f(d) =E[ {v* | < my, e =" llew < B} f-(w*)] + O (1/n*)

and the corresponding result for g. Using p* < p*, we obtain the coupling v} (u) = v} (u) + €1 (u) with
g1 ~ ®, Po(p* (o) — p*(0y)) and the coupling v3(u) = v§(u) + ea(u), where €2 ~ ®,, e2(u) € {0,1}¥
is given by e2(u) = 0 on v5(u) = 1 and (e2(u)|v3(u) = 0) ~ Bin(1, (p* (o) — p*(0w))/(1 — p*(0w))).
From the factor count discussion, we obtain E[||&;|1] = (1 — % m. With B we further obtain

the upper bound E[||e;||1] < ¢In(n) for some ¢g > 0. Now, Lipschitz continuity yields
Fd) =E[L{llv*]r < mp, llyor =7 lle < B} fo-(w®)] + O (In(n) /n),

where (o*,w®) is the distribution of the weight-adjusted model, in particular w® = (v°®,4*®) with
W® ~ 1p*. This completes the proof for ¢*, since in this case f° = ¢°. For the remaining four
functions ¢7, 67 we track the required replacements to replace f° by g°. We only discuss ¢, since
the discussion for § is analogous, but simpler. For the binomial version s = 2 we have to take care
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of (Z¢(75) /) and ((1 — p*)/(1— p*))MI=lvllin the nominator and denominator each. The log-
density of the first error is O(1)™* In(1 + O(In(n)/n)) = O(In(n)/n), due to the discussion of the
factor count expectations above, and using B. The base of the second error can be rewritten as

1— (lfj%@o(ou)p = 1— O(In(n)p/n), thus the log-density is once more of order O(In(n)/n).

For the case s = 1 we also have to account for (Z¢(v,)/€)I?I, analogous to the above. However,

instead of the quotient we now have to introduce exp(@m) to the nominator and the denominator

(the cooresponding terms €™ for f° cancel out), where the term in the denominator sits inside the

expectation. However, by rewriting the term as e™ exp((1— %)m), the first part cancels out in the

nominator and the denominator, while the log-density of the latter is, again, of order O(In(n)/n). O

3.5.8 Degrees and Balance. In this section we discuss the special role of the stationary points from
Remark [3.10] in particular why inference problems can be easily solved whenever v is not stationary.
We only present the discussion for the uniform model with » = s = 1 in Section [3.5.

3.5.8.1 Degree Distributions. In this section we prepare the discussion of unbalanced problems in
the next section by establishing convergence of the empirical degree distributions. Thus, we assume
neither POS nor BAL. First, we show convergence of the empirical distribution for iid discrete
integrable random variables. Then, we show convergence of the empirical degree distribution when
edges are drawn uniformly. This immediately yields the result for the null model. For the planted
model, we establish concentration of the ground truth and factor assignment frequencies, which then
allows to control the degree distribution also in this case.
For the first part let pnn. = (271 (y)|)yez be the empirical distribution of z € (Z%)".

Observation 3.139. For d € Zsq, ¢ € Rug, 0 : Zsg — Rg, 8 = w(n= VG2 there exists Edes =
o(1) such that the following holds. For xo € Z¢ with E[||Zo]|eo] < ¢ we have P(||pmz — ]|t > 6) < &,
where o ~ p and T, ~ p&m.

Proof. Let Y : Zvg — Rsyg with Y = O(RI/B), B = 3d + 2 be sufficiently large, n = 1/Y%*! and
YV={yeZ:|yloo <Y} Let p = pine and notice that nu(y) = 3; 1{z; = y} ~ Bin(n, u(y)) for
all y € Z%. For y € ), Chebyshev’s inequality yields

np(y)(1—p(y) 1

This yields P(x ¢ X) < efor X = {x € Z" : Vy € Y |pn(y) —1(y)| < n} with the union bound, where
€= %‘2 For x € X we have i, ,(Y) > u(Y) —|V|n and thereby pup . (Z3\Y) < p(Z4\Y)+|Y|n, which
gives ||pinz — pllt < |V + pinz(Z\Y) + n(Z\ Y) < 26(n), where d(n) = |Y|n + 3, using Markov’s
inequality. Finally, notice that |Y| = ©(Y?), so ¢ = ©(Y#) = o(1) and § = ©(n~1/7). O

Better bounds can be derived from [20)], in particular for the Poisson distribution. Now, we turn
to the empirical degree distribution. For a given total degree D € Zsg let V,, p ~ u([n])®P. For
given v € [n]P let dp, = (Jv™1()|); be the degree sequence and pup , = fn,dp,, the empirical degree
distribution. Finally, let pup , p = KDV, -

Observation 3.140. Let o € Ry and dp,ep : Zso — Rsg with op,ep = o(1l). There exists
d = (e, 0p,ep) and e = (o, dp,ep) with 6,6 = o(1) such that the following holds. For D € [0, an]
and D € Zxq such that P(|D — D| > dpn) < ep we have P(||pp,p — Po(2) ||y > 0) < e.
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Proof. Fix some n = o(1), D* < an, let D* ~ Po(D*) and assume that dp,ep = o(1) are sufficiently
slowly decreasing, so D* is a choice for D. Let D = {D € Z>( : |D — D*| < épn}, then we have

D* D*
P (Juon=ro ()], > ) = (feon 7o ()
n tv n

Now, let U ~ u([n])®%>0 and redefine pup p = 1p,U;p, - Notice that adding an edge changes exactly

>77,DED> + €p.

tv

one degree, so we have ||up p, — D, D, |[tv < %|D1 — Dy| for all D € Zon- With the triangle inequality
we have ||p. p, — D, D, ||ty < 20p for all D € D?, so for (D, D*) ~ D @ D* we have

D*
tv n

D*
? (oo e ()
n

Thus, we consider n = w(dp) with n > 26p. Now, notice that the degree sequence dp = dy,
is multinomial with D samples over the distribution u([n]), so Observati yields that dp- ~

>n— 26D) + 2¢p.

tv

Po( )@n Now, restricting 7 to n = w(n™/?), we summon Observation gwithd =1,c =«
and 5 =n—25p = (1 +0(1))n = w(n~'/%) to obtain &’ = £.5 = o(1). But for x, ~ Po(%) we have
Elz,] = D*/n < a, and for = dp- ~ x&™ we have un o = pp p-, since up, = Pndp 5 SO

D*
P (o —ro ()
n

The choice § = 1 and € = &’ + 2ep completes the proof. O

> 17—25]3) <g.

tv

Now, we immediately obtain the asymptotics for the null model G = (v, ). The variable degrees
are dmm = (Jv71(4)|); and their empirical distribution is 8, = fip a,,-

Observation 3.141. There exist 65,5 = o(1) such that P(|| 6= — Po(d)||ty > 6) < €

Proof. Let a = dy, op = 0y and ep = €y, and summon Observatlonmm obtain dg, eg = o(1). For
D =dn, D = km* we have P(|D — D| > épn) = P(|*2= — d| > 6r) < em =ep, D =dn < dyn = an
and vy« ~ Vp, 50 8+ ~ pp, p, which directly yields P(||8p — Po(d)]|ty > 6) < e. O

The situation for the planted model is far more involved. The strategy is to recover uniformly
distributed edges using Observation [3.15] for fixed o, m and 7. However, for this purpose we still
need concentration of 7, ;. Clearly, we can restrict to

km n . In(n)
ngn:{meZzo ‘n—d’<5 } Snﬁ*:{ae[q] M ="y < }

Let fiy, , = pir|r,y,,, and recall that 7,7, , ~ ,u®m Let prm,o = tnm,rz, , for m > 0.

Observation 3.142. There exists dg,¢q : Z>0 — R with 6, = o(1) such that the following holds.
For d > \/om +1/In(n), m € M and o € S we have P(||uTm,o — iy, |ltv > 9) <.

Proof. Observation [3.139| does not help in this case, thus we notice that pr(7) ~ Bin(m, pi, , (7
But now, Hoeffding’s inequality completes the proof, since it implies that P(|pr(7) — 1y, , (7)] > 6)

2exp(—26°m) < 2exp(—26%(v/0m + 1/In(n) — dm)n/k).
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We are finitely ready to derive the asymptotics of the planted model. For this purpose let d*(7) ~
PO(&“;Z'E;(;)), T ~ ~* and let u* € P(Z) be given by d*(7*) ~ p*. Further, for the planted model
G;kz,m(o-) = (U;"L,o?"p:@,o') let d?n,m,o = (’0*71(1)’)1 and 6:;1,0 = Hndz, -

Observation 3.143. There exists 6y, €4 = 0(1) such that P(||6},« 5+ — p*[ltv > ) < €.

Proof. We will mostly consider the colors separately. Thus, recall from Observation that p(7') =
piye |« (7") /¥ (') is uniformly bounded and let d*(7') ~ p’, = Po(dp(7’')). On the other hand, let
I,(t") ={i € [n] : 0y = 7'} and A-(7) = {(a, h) : 7o, = 7'}, for Observation Let w}, (o,7) =
(v5 ., %5 ;) from Observation Further, let v} = (v} .. )z be the decomposition into the

o,7,7’

independent components v}, ~ u(Z(7’' )®AT). This induces the independent degree sequences
dy = (v ()Diezry- Let No(7') = |Zo(7')| and D;(7') = |A.(7')]. In the following we use

Observation to restrict to ¢ € S and choose n sufficiently large such that v, , > /2, yielding
Z,(7") = ©(n) and in particular N(7’) > 0. Thus, we have v}, ~ V(1) p(r), where Vv p = Uy [p;
and Uy ~ u([N])®%>0, using the identifications Z(7') = [N(7)] and A(7') = [D(7')], suggesting that
Observationis applicable. Let dy,p = dp vy , and un,p = UD,N,Vy p- Let Do (7') = Dy, | (7))
and DX (7") = Dy (7').

First, consider d < d_ with d_ = /0y + 1/1In(n) = o(1). Let po € P(Z) be given by p,(0) = 1.
Then we have |1 — folltv = O(d-) and thus ||g* — polltv = O(d—). On the other hand, we use
D(7") < km to obtain dy(;/) p(r) < dn(+) km and thereby ||y (), D) = Hollty < BN () km — Holltv-
Now, consider Observation With a=1,0p =d_ 4 0m = 0(1) and ep = &y, to obtain ¢§',&’. For
D = 0 we have

P(|[km* — D| > épn) = P(km* > d_n + dpun) < P(km* > dn + 6pun) < em = €p.

This shows that P(||p p«(r) — tolltv > ") < P(|D pm> — polley > 6') < €.

Now, we turn to d > d_. We use 6”,&” from Observation to restrict to m € M and
7 € ([g]F)™ such that ||pnm,r — fyn,|ltv < 67, whp with failure probability ey, + €”. Using Lipschitz
continuity of ., from Observation and 0 € S, we obtain ||pinmr — fy|ltv < 5 for some Sg =
o(1). Thus, we have |pmmrls — piysulltv < 0 and |[pmmr|s — fo|sllo < 20. This shows that
|D(7") — kmypiy | (7)] < 26km. With Observation [3.9| we have pi«|.(7") > ¢y*(1') > ¢y}, so we have
D(7") = (1+0(0))kmpuy«|«(7"). With d > d_ = w(dy) we further have D(7') = (1+0(1))dpiy+ |« (7")n.
On the other side, we clearly have N(7/) = (1+0(1))y*(7")n. Now, for sufficiently large n, with d < d4
and Observation [3.9| we obtain ag such that D(7")/N(7') < a. Now, we summon Observation
with @ and any dp, ep to obtain §”,&”. Then, for D = D = D(7') and n replaced by N(7/) = ©(n),
we have P(||up, piry — Po(%)”tv > 0"(N(7")) < &"(N(7')). Since we have N,(7') = ©O(n)
uniformly for all ¢ € S and 7/, this yields bounds in n. Finally, since we have uniform relative errors
for % = (1 + o(1))dp('), we obtain || Po(%) — 15 |lev = o(1). This yields bounds ¢”,&" =
o(1) with P(||pp p+(r) — pilley > ") < €”. For §° = max(d’,6”) and €° = max(e’,e”) we have
P(||ptp, D= (r1) — sty > 0°) < €° in any case. Thus, we have ||up, p-(r) — 3 ||y < 6° for all 7/ jointly
with probability at least 1 —ge® using the union bound. On this event we have || 3> v*(7") up, D*(+) —
W llev < 6°, so we are left to bound the total variation distance || > v* (7" )p p*(r) — O o lltv =
| 327 tp, D+ (e (Y (T') — LN < 117" = Yelley = o(1). Thus, with the triangle inequality we

n

obtain the desired bound. O

For a finite index set Z # (), a finite edge set A and a graph v € ZA let d, = (Jv~'(i)|); be the
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degree sequence of v, in particular d, = 0 for A = 0, and let 6, = (1|d;(d)|)g € P(Z>0) be the
degree distribution of v.

One of two crucial ingredients in the study of the degree distribution asymptotics is the empirical
distribution of iid Poisson variables.

Observation 3.144. Let €5, Dy € Rsg, d* € [0,D] and I C [n] be such that |Z| > en. For d ~

Po(d*)®% let 6 = (ﬁ]dil(d)\)d, then there exist rg, ey = o(1) with P(||6 — Po(d*)|ly > 1) <€’

Proof. Without loss of generality we assume that Z = [N]. Fix Dy = w(1) slowly increasing. Notice
that N6(d) = >, 1{d(i) = d} ~ Bin(NV, P(d)) for d € Z>¢, where P(d) = P(d(1) = d). Hence,
Chebyshev’s inequality yields P(|6(d) — P(d)| > N~'/*) < N~1/2, which yields the assertion combined
with the union bound for d < D, with

Dy
- (en)l/Q'

Now, we are ready to prove the main result of this section
Observation 3.145.

Proof. For the null model, recall v, ~ u(([n]¥)™). Let Uy ~ u([n])*#>° and V;, ar = Uppyy ~ u([n]™),
then we have v, ~ Vip. Now, let d ~ Po(d)®" and D = ||d||;. Recall from Observation that
d ~ dy,. So, Observation applies to dy,. Notice that for M, M’ we have ||dv,, — dv,,, [ltv <
%]M — M'|. Thus, for any D’ that concentrates around dn we recover Observation in particular
for D' = km*. This completes the proof for the null model using that & ~ ov,, -

For the planted model recall Observation So, given m, o and 7 € ([¢]*)™ we consider
vy~ W(Zy(7)A)) with Z, (') = o~} (r') and A, (1) = {(a,h) : Tup = 7'}. Using Z,(7') =
o Y] = [Mme(T)] and A-(7') = [a,(7")], where a,(7') = |A;(7')|, for simplified notation,
we thus have v ~ Vi, 1) o (7). For D_ 4 = o(1) slowly decreasing, in particular D_ > 20y,
and d < D_ we can restrict to m < (6 + D_)n/k, so o (") < km with the Lipschitz continuity
above yields that the total variation of 4, , and the one-point mass on 0 is greater than d,, + D_ with
probability at most £,,. For d > D_ we have m* > (D_ — 6y, )n/k = ©(D_n) with probability at least
1 —em. With u,, , = ppr,,, from Section the assignment frequencies By o = (|755 (7)])+
for 7* from Observation are multinomial with m samples over the distribution p., ,. So, with the
bounds on m the Bretagnolle-Huber—Carol inequality yields P(||L Bm — pi, . [ltv = €) < 24" ¢ =2me? <
2d*e=cD-ne% 51 some cg > 0 and n > nog4. Notice that this bound is uniform in o. Finally,
we also restrict o using Observation [3.23] Using that D_ is sufficiently slowly decreasing, we let

r(n) = In(n)/y/n, further B, = (X|771(7’));,, m > 0, and restrict to the whp event

Om

dn n .
T= {(mﬁﬁ) : 'm - < % Mo = Ny < 7(n), [|Br = fly o lltv < 7”(”)} .

Now, we can use Lipschitz continuity of s, , from Observationto obtain || 87—y [[tv < (L+1)7(n).

This shows that a,(7') = (14 o(1))dn«|«(7") for 7 € T, using D_ = w(D_). On the other hand we
have ny, o (7') = (1 + o(1))ny*(7'). Now, consider the degrees d,/ ~ PO(%)‘@’WW(T’). O

NYn,o (T
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3.5.8.2 Balanced Problems. In this section, we extend the discussion of balance in Section m to
general factor graphs. Thus, we discuss the expected degree of a variable in the planted model for
a given ground truth. We do not explicitly distinguish the binomial model in Corollary [3.137 and
the model in Observation Recall the degrees dj, (i) from Observation For the uniform
model, let G*(0) = (v*,¥7) and dy, ,(i) = {a € [m] : 3h € [klv; , = i}. Let dj (i) = E[d} ,(i)]

and dy, ,(i) = E[d}, ,(i)]. Further, let A(m,0) = (dy, (i) — d); and Ap(o) = (dp - (1) — d)i- Recall
Observation let py = ppry and P(uw) = {v € P([q]) : pylx = 7}

Observation 3.146. We have E[|A(m*,0*)1]] = o(1) if and only if d = 0 or v* € P(uy). In this
case we have E[|A(m*,0%)|loc] = Oem + dm + 1/v/n), and ||A(m*,6%)|lec < ¢ + € whp for some
cg € Ryg and all e = w(1/y/n). The same holds for d* replaced by dy;.

Proof. Observation [3.130d)| applies, so let s € [2]. Next, notice that there exists ¢y € Rs¢ such that
Ay (1) = mP(3h € [k] vy ((1,h) = i) < cm/n, using the union bound. This justifies the restriction to

m < my. For s =1, Observation [3.131f), Observation [3.132%a)| and the union bound yield

B i) = mP(h € [k] 02 () = ifoy € 2) = (1L+ O /n) ™ S Lnb(ol () = i) + O(1/n)
h

=1+ O(l/n))k;jn’ujy‘;’(*a(;i) +0(1/n) = TW + O(1/n).

Now, we obtain E[|A(m*,0*)1[] = 2d||tty+ |« —7*[ltv + O(em + 0m + 1/4/n) using concentration of m*,
Observation [3.23] and Observation [3.9] This establishes the first assertion, and the second part follows
analogously. For s = 2 we use the rejection sampling in the proof of Observation The difference
of the degrees of i in the two models is bounded by the number of positions where we rejected twice
plus the positions where we rejected once and either the first or the second factor is adjacent to i.
Thus, the expected difference is O(n?/n?* 4-n/n¥4+-n?/nk*1). So, we exactly recover the bound above.
For the binomial model, Observation [3.131] takes care of the case s = 1. The case s = 2 was discussed
in the proof of Observation [3.136, and we showed that E[d} ,(i)] = As(i) = (1 + O(l/n))cz%,
thus this case is simpler. The case for the constant normalization constant in Observation m
follows with Observation [3.9) and Observation [3.23] we leave the details to the reader. O

Since we focus on balanced problems, not on unbalanced problems, a brief, superficial discussion
of weak recovery and distinguishability in this case has to suffice. As we have seen in the proof,
the expected degrees dy, (i), dj ,(i) given o are essentially reweighted by piy«|.(ci)/7*(0:). Since
we also roughly know |o*~!(7)| for 7 € [g] due to Observation we use the order given by
T = fiy+|«(7)/7*(7), and the order given by, say, (d}, ,(i)); to construct the assignment to the variables,
starting with a minimizer 7 of jiy«|«(7)/7*(7), and the ny*(7) variables with smallest degrees dj, (7).
For unbalanced models, this algorithm should efficiently solve weak recovery. 7

For distinguishability, we look at the empirical degree distributions. This empirical measure

converges to Po(d) in the null model. For the planted model, the proof of Observation [3.146| suggests

that the empirical measure converges to a mixed Poisson with parameter A-, where A\, = ””7**‘(1()7 )

and 7 ~ ~*. Since these do not coincide in the unbalanced case, the degree distributions converge to
different limits. This should show why unbalanced models are not contiguous.

3.5.9 The Stochastic Block Model. In this section we discuss a generalized and normalized version
of the hierarchical SBMs in Section [2.1.1.2] We start with the definition of the weight function in
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Section [3.5.9.1] followed by the model definition in Section [3.5.9.2] and the results in Section [3.5.9.3

3.5.9.1 Weight Definition. In this section we rigorously discuss the SBM, on k-uniform hypergraphs
for any k € Z>2. The definition in Section suffers from redundancies, e.g. since C, Ye) =
C, ' (¢) is not only possible, but enforced, or w(/,c) is redundant for ¢ € [q] \ Ci([g]). A clean
definition of the class hierarchy on [g] is given by the following family of subsets. For a set S C Z
let B(S) = {P C 25\ {0} : VP € P2P1 NPy = 0,Upcy P = S} be the set of partitions of S. The
interior of & C 25\ {0} is 3(&) ={T € 6:3IT' € 6T' S T}, and £(S) = &\ I(S) are the leaves.
Let Ro = {{[q]}}, for n € Zsp let R, = {GUP : & € R,,_1,S € £(6),B € P(S)}, and finally
let R = U, Rn = limy_,oc Ry, be the refinement schemes on [g]. For a refinement scheme R € R
and S € 24\ {0} let Cr(S) = {S’ € R : S C S’} be the chain for S in R. Further, for S € R let
Kr(S)={5" € R: Cr(S") = Cr(S)U{S"}} be the children of S.

Let W(R) = {w € RR :¥S € 3(R)IK € Kr(S)w(K) # 0} be the set of weights for a refinement
scheme, where the normalization property ensures that do not have redundant splits, i.e. the entire
partition of a subset is weighted with 0. For w € 203(R) let [w] : 2[4\ {§} - R, S — Ysrecn(s) W),
be the accumulated weights. Let 20 = {(R,w) : R € R,w € WW(R)} be the weighted refinement
schemes. Further, we restrict to non-negative and strictly positive accumulated weights, i.e. 2>¢ =
{(R,w) € W: [w] >0} and W = {(R,w) € W : [w] > 0}.

For (R,w) € Wso let ¥rp : [¢]F — Rso, 0 = [w](a([k])), be the accumulated weight of the
image of . The hierarchical SBMs on k-uniform hypergraphs are {¢g. : (R,w) € W>p}, and
{z 1 © € W~} for soft constraints. This recovers the hierarchical SBMs in Section for k = 2.
In this sense, we also refer to 20>¢ as hierarchical SBMs. In the following, we focus on 20>¢, the
restrictions to soft constraints will be obvious. The SBMs 203, = {(R,w) € Wso : w > 0} are
assortative, and the SBMs 20, = {(R,w) € W : w < 0} are disassortative.

8.5.9.2 Model Definition. Using the weight ¢ from Section we can define the SBM on any of
the models from Section [3.5.7 The most widespread model is arguably the binomial model for r = 3,
s = 2 with fixed normalization constant &, i.e. from Observation [3.138] As thoroughly discussed in
Section [3.5.7] all the models discussed therein are equivalent for our purposes. We prefer to work
with the binomial model using the flexible normalization with Z¢(7,) from Corollary [3.137, for its
conceptual beauty and, as explained in Observation [3.136] since it hides the ground truth from the
expected factor count, for all r, s € [3], thus it is even harder then the more popular choice.

3.5.9.83 Results. Weak recovery and distinguishability for unbalanced problems have been discussed
in Section for the general case. Recall from Remark and from Observation that a
model is balanced if and only if ~ is a stationary point of Z¢, or equivalently HT|T |« = 7* using the
notions from Section Although this is very easy to verify, identifying all stationary points
of Z; is usually not. In this section, we establish all stationary points ewxplicitly for the assortative
and disassortative SBM. Based on Section m it is sufficient to consider fully supported v € P([q]).
Since we have S € Cr(c([k])) if and only if o € S¥, exchanging the sums yields

Zi(y) =Y _[wl(a([K)) [T v(on) = > 1{S € Cla([k))}w(S) [T v(on)
o h S,o h
=w((g) + (=1 Y [w(S)(S),

SeRr\{[dl}

where ¢ € {0,1} is 1 for the disassortative case. This shows that Z¢ is (concave) convex if the model
is (dis-) assortative. The (maximizers) minimizers are the minimizers of > ger f1gy [W(S) (S )k, for
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both ¢t € {0,1}, and can be computed recursively as follows. Let Ro = R U ([‘f]) be the completion
of R, in case some minimal element in R does not have size 1. Let w, : Ro —— R be given by
wo(S) = w(S) for S € R and wo(S) = 0 otherwise, so in the exceptional case that all children are
singletons, they may all have weight 0. Let R = R, and w = w, for brevity. We consider the canonical
projection P — P([q]), where

P= I P(K(S))

S€I(R)

are the conditional distributions. In detail, let Az, € R*), T, = Z N[0,|C(o)| — 1], be the

enumeration of C(o), i.e. Ay(Z,) = C(0) and A, (i) C A,(i — 1) for i € Z, \ {0}. Then we consider
the projection given by v(o) = H‘Z-I:"O‘*l Y, ) (Ac (i +1)).

For S € R let Rs = R(S) = {S" € R : §' C S} be the subtree rooted at S, further let Sp(g) = S
be its root, and let K(R(S)) = Kg(s)(S) = Kr(S) be its children. Then, for v € P we have
Zi(y) = w(la) + (—1)'fr(7), where fro(v') = Ssexqrr (008 + Frrs) (a7, (S)F. This
recursive description allows to compute the minimizers using the following, recursive algorithm.

o For S € K(R'), let Mg C [lgeqr(s)) P(K(S)) be the minimizers and fs > 0 the minimum.
o Let N={S" e K(R): |w(S")|+ fsr = 0}.

— For N'# 0 let M = {7 € [[seam) P(K(S)) : V5, € PIN), VS € 75 (Rs0) 13 (s)) € Ms} be

the minimizers and f = 0 the minimum.

— For N = 0 let M = {7y € [Isesr) P(K(S)) : Vs = 7, VS € K(R) varr(s)) € Ms} be the

minimizers and f = 3 gexrn (|w(S)| + f$)7*(S)* the minimum, where v* € P(K(R')) is given
by 7*(S) = (Jw(S)| + fs)"/*V/Z for § € K(R') and Z = Yg(|w(S)| + f5)~ /1.
e Output the minimizers M and the minimum f.
This determines all (maximizers) minimizers of the (dis-) assortative SBM, thus all balanced (dis-
) assortative SBMs. The main results apply to the strictly positive balanced disassortative SBMs,
i.e. to Wy with a maximizer v*, since this model is of type [3|in Section where we can choose
w([q]) = 1 without loss of generality, thus @ = 1, further b = 1 and f}, 5(0) = |w(S)|"/*1{c € S} for
S eR, helk], o€ [q] (and 0 otherwise).

3.5.10 Potts Models. In this section, we discuss the spin glass version the hierarchical SBM.

3.5.10.1 Model Definition. Recall the notions from Section and let (R, w) € 20. Following the
conventions in the context of spin glasses, we consider the energy F,(c) = [w](c([k])) for o € [q]",
which induces the weight (o) = exp(—FE,(c)). Further, while this model may also be defined on any
of the versions in Section [3.5.7], it is typically defined on the binomial model, thus a diluted mean-field
model in physics jargon. We also make use of the external fields n from Section [3.5.2] Then, for a
fixed graph v € {0, 1}([:]), the Boltzmann distribution ., as defined in Section given by the
weights [T;ep, 1(0i) [T, Y(0y)"™ = exp (—E,(0)), where

Ey(0) =) _v(w)Eo(ou) + Y mo(03), 10(1) = —In(n(r)),

w i€[n]

is the Hamiltonian. In this context, we usually take r = 3, s = 2 in Section m (using permutation
invariance of ), thus v(u) € {0,1}, yielding the model on the binomial hypergraph. The model is
assortative/ferromagnetic if wg < 0 for S # [¢], and it is disassortative/antiferromagnetic if wg > 0
for S # [q]. The sign change is due to the convention for the sign in the exponent of v, and wj, can
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be chosen freely as before, since it only determines the scaling of the weight.

3.5.10.2 Discussion. First, we notice that ¢ can be written in the additive form in Section
and the definitions of (dis-) assortative models are consistent. Notice that we do not impose any
restrictions on the sign of the external field 7., in particular since we can normalize the model and use
n = ~* as outlined in Section Letting £ = v~!(1) denoting the selected edges and expanding
the definitions for the Hamiltonian yields

Z Z 1{on, C Stw(S —|—Z170 (04).

ue€ SER

Since this form is fairly abstract, notice that for & = 2, w([g]) = 0, and for a single split, i.e. a partition
P of [q] = Urep T with R = {[q]} U P, there exists a unique type T (o) for all o € [q], i.e. o € T(0),
and we obtain E,(c0) = 3 p; i {7 (03) = T (o) }w(T (03)) + 32, no(03), which is still a generalization
of the Potts model, obtained for 7 (o) = {0}, w(o) = ¢ € R>p and 1, = 0.

3.5.11 Graphical Channels. We start with a discussion of the channels in [4], then we look at
specific channels. In Section we define graphical channels, in Section we discuss
the connection to factor graphs, and complete the discussion of general channels with the results in
Section [3.5.11.3l We continue with a discussion of LDGM codes in Section B.5.11.4l and the discussion
of the BAC in Section After a discussion of general properties, we focus on LDGM codes.
Then we further consider the BAC specifically, and the BISO specifically.

3.5.11.1 Definition. Recall U, C [¢]* and V,.; C U™ from Section m A graphical channel is
given by ¢ € Z~o and v = (1) € P([¢])Y. Without loss of generality we assume that there are no
redundant outputs, i.e. for all z € [¢] there exists y € U such that v,(z) > 0.

Fix the message length n € Z~ and the block length m € Z>(. For given v € V, we use the block
codeﬁ Yo o [q]" = U x> (T, )aem)- For given x € [q]", let 2(v,2) ~ Qqepm] Yy, .(a) e the output
for the transmitted codeword y, . We choose the code uniformly at random, independently from the
discrete memoryless source given by v* € P([q]), i.e. we consider (v,z) ~ u(V) ® v*®". Recall the
conditional mutual information, e.g. from Section [3.3.1.1] In this section we focus on the asymptotics
of I(x, z(v, x)|v).
8.5.11.2 Induced Factor Graphs. First, we discuss how the model in Section is mapped onto

a factor graph model. For fully supported p* € P([¢]) let z* ~ p*, for z € [¢'] let 9, : [¢]* — Rxo,
o — vs(2)/p*(2), and finally let 1o = 1),-.

Observation 3.147. We have E[¢,] =1, Z; =1, £ = 1, and I(x, z(v, x)|v) = I[(o*, G* (™).

Proof. Unfortunately, we have to deal with a technical obstacle. Let ¥ = {4, : z € [¢']}, and for ¢ € ¥
let Z(1p) = {z € [¢] : v». = ¢}. Notice that py () = Dezp) P (z). Thus, we can only distinguish the
equivalence classes Z(1)). So, we introduce the auxiliary channel v3(y) = v, (Z(¥)) = X .cz(p) Vo (2)
and notice that gy (1)1(0) = v9(). This directly yields E[tpo(0)] = >4 ve() = 1 and Zp = 1.
Using 2z°(v, ) to denote the output for v°, we even have

7*®n(0_) *®n

P(o” = 0,G"(0) = (v,¢)) = Ry [T (ke (¥a)tba(ov,)) = HV (Ya)

=P(x=0,v=0,2°(v,x) =7).

5This code is not injective, but it does serve the purpose of a code, as we will see shortly.
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This yields I(e*,G*(6*)) = I(=, (v, 2°(v,x))) and builds the bridge from channel to factor graph.
In the next step, we resolve the technical obstacle and reduce the mutual information to the
conditional mutual information. First, we notice that (z,v, 2°(v,x)) ~ (,v,%;(v4)), and that

P(z(v,x) = zlv =v,x = T, Vs(oz) = b) = Hl_[yagclfgcq(mz((ZZJZ))7

for v, x, 1, z such that the probability is well-defined and positive, thus in particular z, € Z(v,). But
now, choose a fixed representant z(¢)) € Z(v) per ¢» € ¥ and notice that

1e(2) = 1 (0l0) = " (o) = “H e, =€ 2(0)
This suggests that v,(Z(¢))) = pff F’Z((ﬁ)))ua(z(w)), hence the conditional probability simplifies to

P"(2a)

Ay (%)’

which does not depend on v and z, yielding I(x, (v, 2°(v,x))) = I(x, (v, z(v,x))). Finally, we have
I(z, (v, z(v,x))) = I(x, z(v,x)|v) since v ~ u(V) is independent of x. O

]P’(z(v,w) = Z"U =0, = wiz(v,w) = w) = H

Observation explains why we can consider the planted model and further shows that BAL
holds for all v* € P([q]), which is the precise reason why we can compute the mutual information limit
for all discrete memoryless sources — well, which brings us to POS. Unfortunately, the assumption is
hard to check, but on the upside, we have the following result.

Observation 3.148. Fiz v* € P([q]). If POS holds for some fully supported p* € P([q]), then POS
holds for all fully supported p* € P([q]).

Proof. Fix a fully supported measure p* € P([¢]) with |[U*| = ¢/, where U* = {¢} : z € [¢]} and
i = p .. Let p € P([¢']) be fully supported, ¢, = ¢, . and ¥ = {4, : z € [¢]}. Let z* ~ p*, z ~ p,
Py = Y5« and P, = 1),. Finally, let ¥, ~ puy, 1Yo ~ py and assume that POS holds for py.

Using that z — 1} is a bijection, let pf, (¢%) = p(z) and ¥' ~ py,. Further, let a(¢}) = p*(2)/p(z)
and notice that a is the (uy, 1y )-derivative. On the other hand, we have v, = a(¢}¥)¥}, so we have
¥ ~ a(p’)yp’. Observation 3.118]yields V(uy,m) = V(uy, 7) since Ela(p’)] = 1. so POS holds for
p* if and only if it holds for p, which completes the proof using transitivity. O

8.5.11.8 Results. Since we only built the bridge to the conditional mutual informatio in Observation
we focus on Theorem Using ¢, from Theorem and that a phase transition exists for
Bi(d) = ¢a(d), a conceptually reasonable way to rewrite the mutual information limit is

lim | 1(0", G (0")) = ¢ BIAH(0)] ~ 6a(d) — (Br(d) — 6u(d) = § (EIAGH(0))] = Br(d) )

for d > 0, where we pulled out d/k since the normalization with m is reasonable for codes, as discussed

in Section [2.1.1.3] used that ¢,(d) = %A(f), and that £ = 1 from Observation |3.147] For transparency,

"Recall from the proof of Observation [3.147| that the joint laws coincide, so this bridge is very solid.
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let m* = m be the sequence from Section[2.1.1.3} then for any channel v > 0 and v* € P([q]) satisfying
POS (cf. Observation [3.148) we have lim,, oo - I(x, 2(v, x)|v) = 1(d),

) = EIAG(0)] — (B:(d) — 0u(d) = EIAGH(0))] — = Bi(d).

Of course, we still have to resolve the auxiliary construction (o, 1) ~ v*®** @ ug. Notice that

p(z *(2)

which is confusing, to say the least, because p* from the auziliary construction is still present in the
limit. Formally, this is confusing because I(x, z(v,x)|v) does no depend on p*, so neither does the
limit. The only possible explanation is that By(d) depends on p*.

Before we continue this thread, we rewrite the relative entropy as

EA@ ()] = 37" (0)p*(2) 2 (23 In (p”) — Dyer (20 (3o) 12" [3o),

E[A(Y(0))] = H(2o(yo)l|2") — H(2Zo(Yo)|yo) = H(2o(Yo)) + DxL(20(yo)[12") — H(20(yo)|yo)
= I(ymzo(yo)) + DKL(ZO(yo)HZ*))

using linearity of the cross entropy. So, if we choose p* to be p* = p°, where z,(y,) ~ p°, which is
fully supported by assumption, then we have «(d) = I(yo, 2o(Yo)) — %BT(d). Continuing the thread
above, we know that ¢(d) does not depend on p*, meaning that B,(d) = %B;(d) — Dk, (20(yo)||2")
does not depend on p*, which means that By(d) = By(d,p*) = $B,(d) + ¢ Dxr1,(2z0(yo)||2¥) is convex
in p* with unique minimizer p°. For 0 < d < deona We have By(d) = ¢a(d) = 0, since £ = 1, and on
the other hand B4(d) > 0 for p* # p°, s0 dcona = 0 for p* # p°. Let p* = p° in the remainder.

Now, we have lim, %I(w,z(v,azﬂv) = I(Yo, 20(yo)) — Bo(d) with Bo(d) = 0 for d < dcond
by the above, for (v,~7*) satisfying POS and v > 0. The translation of degree into rate is given by
R = k/d, in particular R*(v*) = k/deona(7*). Of course, if POS can be verified for v* such that v*®*
is a capacity achieving distribution for v, then we can replace the mutual information by the capacity
in the above.

8.5.11.4 LDGM Codes. In this section we focus on LDGM codes. First, we discuss the connection to
graphical channels, and thus factor graphs. Then, we discuss the idealized mapping of the discrete
memoryless source onto the input distribution to the noisy channel.

The definition of LDGM codes in Section [2.1.1.3| requires » = 3 and s = 1 in Section Let
v: {=1,1} = {0,1}, = + 1{x = —1}, then for y € {—1,1}* we have ([T, yn) = @), ¢(yr). In the
following, we work with the product representation, i.e. with ¢ = 2 over {—1,1}. For a given channel
° e P([q']){*l’l} let v € P([q']){*l’l}k be given by v, (z) = I/If(y)(z), where b(y) = [1;, yn- So, LDGM
encoded communication through a noisy channel v° can be modeled as a graphical channel, and thus
as a planted model.

As explained in Section [2.1.1.3] the code used for the graphical channels in Section [3.5.11.1] pre-
servesﬁ the input distribution. So, for a success probability = € [0, 1] let v, € P({—1,1}) be given by
72(1) = z, and further let y, ~ 72* be our idealized input to the channel v. For the analysis of the
second step, the XOR, let s: [0,1] — [0,1], z — P(b(yz) = 1).

Observation 3.149. We have s(z) = 1(1 + (2z — 1)*). The map s is an increasing bijection for

k & 2Z. For k € 27 we have s(0) = 1, s(z) = s(1 — x) and the unique minimum % at z = 3.

8This is obviously not true, but in the replica symmetric regime it is sufficiently true (cf. Section [3.5.11.3))
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Proof. We only show the first part, the remainder is obvious. But the binomial theorem yields

k
(- (-2t =Y (’;) (1= @)k~ = s(a) — (1 - s(2).

£=0
O

Thus, for k € 27Z the input distribution at v° is necessarily biased towards 1 (meaning 0 € {0,1}).
Moreover, for any non-uniform input at v° biased towards 1, there exist exactly two choices for the
discrete memoryless source.
3.5.11.5 The Binary Asymmetric Channel. We further restrict to ¢ = 2, and thus arrive at the
LDGM-BAC pair from Section So, let v(—1) = § € [0,¢] and v°,(1) = € € [0,1/2]. Let
c®(0,¢) = max,ep—1,1}) [ (xp, y(zp)) be the channel capacity, where @, ~ p and y(z) ~ v;. Notice
that ¢°(1/2,1/2) = 0 is trivial, so let (d,¢) # (1/2,1/2) in the remainder.

Observation 3.150. Notice that the following holds.
a) The unique distributions pe,qc € P({—1,1}) with y(x,,) ~ qc and c°(d,€) = I(pe, qc) are

pe) = B2 ) = 2= e (1221,

b) We have p.(1) > 1/2.

Proof. For p € [0,1] let pe,qc € P({—1,1}) be given by x, ~ p. and y(x,) ~ ¢c, i.e. p.(1) = p and
ge = Elvg ]. Let ¢ : [0,1] = Rxo, p > I(xp, y(2p)) and notice that

W= 3 e (B 5T gz (54)

zye{—1,1} pc(x)QC(y) eye{—1,1} QC(y)
=H(ge) = Y pe(x)H(vp).

ze{-1,1}

Using the chain rule with A’(t) = In(¢) + 1, ¢c(y)’ = v{(y) — v°1(y) and linearity yields
(p) = =D In(ge®) (5 (y) — v24(y)) — (H(Y) — H(v2y))
y

= H(villge) = H(24llge) = (H(7) = H(¥24)) = Dxr(¥1llge) — Dxr(v21]/ge)-

The former relative entropy is strictly decreasing, while the latter is strictly increasing in p, so ¢/
is strictly decreasing with /(0) = Dkp(v5||v°;) and /(1) = —Dkp(v°4|[v?). Hence, the unique
maximizer p € (0, 1) satisfies ¢/(p) = 0 and thus

qc(l)uf(l)—uil(l)qc(_l)uf(—l)—l/il(—l) — 6H(1/f)—H(Vi1) — al—a—é.

We further obtain ¢.(1) € (0,1) since vy # v_i, so using v{(1) —v°2;(1) = 1 — e — 0 we have
qc(1)/gc(—1) = a and thus g.(1) = 1{;. Solving (1 —&)p + (1 — p) = gc(1) for p completes the proof
of the first part.

For the second part we notice that pe(1) > 1/2 is equivalent to g.(0) < m, where m = (¢ + u)
with u =1 — ¢ and ¢ = §. This is equivalent to a > 17va and by taking the logarithm on both sides
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we notice that this is equivalent to H(u) — H(¢) > (u — ¢)H'(m). Now, we have
H'(w) = H'(0) = (u = )1 (m) — [ #'(m) = H'(p)dp = (w— ) 1'(m) ~ [* [" H'(a)dadp
P

— (u—0H //H” dqdp+//H” )dqdp.

Notice that for ¢ € (¢,m) and r = 2m — ¢ we have 3 —q = r — % + 1 — 2m, which shows that

| —q| > |3 — |- So, the symmetry of H"(q) = ﬁ gives

H'(w) = H'(0) > (u~ )1 (m) ~ [ / ' em - q)dadp+ [ [ H"(g)dadp = (u— 1 (m)

O]

Observation shows that we can hope to reach capacity for k € 27Z, as discussed in the last
section. It also shows that there are two capacity achieving distributions v* € P([q]) for § # £, and
both are fully supported. Also, recall from Observation that all v* € P([q]) satisfy BAL.

For POS, we use Observation and uniformly distributed 1, (y) = 2 (z) = 2V§(y)(z), ie.

Ya(y) = (7 (2) + 021 (2)) + (1 (2) = v24(2)) [ [ wms 2 € {1, 1}
h

With @, = v () + 2%, (2), b = (v () — v, (2))/a, we have v, (y) = az(1 — b, T, y), where

1—-6—¢ 1—-6—¢
=1-9 bh=———a_1=1-— 0,bg = ——.
“ T 1-o+e 4t e+ 00 l—e+0
For ¢ = § we recover the binary symmetric channel, which has already been thoroughly discussed.
Verifying that this weight is of Type [I|in Section [2.1.2.2] amounts to the evaluation of

1 1 —(b— (e
Ela:b] = S (b +a-1b ) = (16— (aTy ™ —ai), z~u({-11}), L€ 2200 + 1.
This shows that E[azbg] > 0 since < € and thereby a_1 < 1 < a1, so BAL and POS holds for all
choices of 0 < 9§ < e < 1 , 7" € P({—1,1}), in particular the two capacity achieving distributions.

3.5.11.6 Convex Combmatwns of Channels. We consider the BISO channels in [4], defined as follows.
Let q2 € Z>0, ¢1 € Z>p be such that ¢ = g2 + ¢1 > 0, and let the output alphabet Z = 27, U 2y
be given by Zy = [g2] X {—1,1} and Z; = [¢1] x {1}. Let v° = (v{,v2;) be such that for each
i € [q2] we have v9((i,—1)) = v°1((4,1)) and v{((i,1)) = v°;((i, —1)), while for i € [¢1] we have
vE((i, 1)) = 2, (G, 1)).

For i € [go] let a(i) = v9((3,1)) + v((4,—1)) = v°4((4,1)) + v21((i, —1)). Notice that we have
(i) > 0, otherwise (i, s) would both be isolated. Let v ((7,s)) = v5((i, s))/a(i), then v° is a binary
symmetric channel (modulo the output symbols). Also for i € [¢1] we have a(i) = v9((i,1)) =
v21((4,1)) > 0, and we let v} ((z 1)) = 1. This completes the channel decomposition.

Let v = (Vg(y)) and viy = v, be the associated channels with LDGM frontend. Let ¢(; s y(y) =
2v;4((1,8)) for (i,s) € 2y, V(i,s) (y) = viy((3,s)) for (i,s) € Z1, p* € P(Z) given by p*(i,s) = %a(i)
for (i,s) € Z5 and p*(i,s) = a(i) for (i,s) € 21, and let ¢ ~ 1.« for z* ~ p* be the associated
weight. Let b ~ u({—1,1}), further t; ~ v for i € [go] and p; = 9)(; 1) for i € [q1]. Notice that the
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former are (scaled) binary symmetric channels and the latter deterministic constant functions (from
the product class), hence all p;, given by ; ~ p;, satisfy {p;} x P([¢]) € 2. On the other hand, the
law p given by 1) ~ p is just the convex combination p = >, a(i)p; and hence {p} x P([q]) C 2, for
all k € Z-yo.

Using the probability space over the weight functions from Observation [3:120] this result directly
extends to the binary memoryless symmetric channels from Definition 1 in Appendix A of [3]. However,
notice that Observation [3.147] was only proven for finite output alphabets.

3.5.12 Open Problems. The extensions of [30, [32] BI] to other ground truths are highly desirable,
the first to e.g. establish weak recovery and distinguishability threshold results for the general dis-
assortative SBM, the second for the extension to CSPs and the last for the analysis of SBMs over
given degree sequences, and the efficiency analysis of LDGM codes that do not suffer from isolated
input bits. We further believe that the results in this work can be extended to arbitrary balanced
models subject to POS, i.e. ground truths that are stationary but not necessarily maximizers. This
should be achievable using a (possibly soft) truncation argument to keep the Nishimori model close
to the planted model. Since the Aizenman-Sims-Starr scheme does not rely on POS, this should be
sufficient to recover the bounds in [43].

The assumption POS is still poorly understood. To our knowledge, there is no proof of a violation
of POS, however, there are claims in [30, BI].Combined with the above, verifying POS for a single
binary assortative SBM would close the gap in [3]. Moreover, next to product weights, all models
known to satisfy POS are essentially sums of products of conditionally independent factors. An
extension of this class to other models is highly desirable, e.g. for cryptography [19].

Finally, for graphical channels the replica symmetric regime trivializes except for one specific
weight distribution. While we have extended this reweighting of weights without changing the mutual
information, the analysis and a deeper understanding of the impact on the Bethe functional and in
particular the condensation threshold remain open.

4 'Triangle Factors in the Graph Process

This section is dedicated to the proof of Theorem We continue to use the convention to suppress
dependencies for the sake of brevity and hence adjust the notation, e.g. to distinguish the binomial
graph and the graph process. In Section we look at the relevant contributions, formally introduce
the notions using the adjusted notation, present a stronger result which yields Theorem [2.8] as a
corollary, and discuss the proof steps on a high level. In Section we establish a few basics that are
required for the main steps of the proof. Then, we derive a stronger version of the main result in [63] in
Section[4.3] The core coupling of the hypergraph process and the graph process is executed in Section
Finally, we conclude the proof in Section where we couple two copies of the hypergraph
process to deal with some exceptionally persistent hyperedges, and then harvest the insights of the
preceding parts to derive the main results.

4.1 Introduction

The research on hyperedge covers, perfect matchings, k-clique covers and k-clique factors is reviewed
in Section The new notation for random hypergraphs is introduced in Section while
triangle hypergraphs and the hitting times are defined in Section [f.1.3] Then we explicitly state the
relevant result from [71] in Section followed by the main result of this part in Section
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Then, we briefly discuss open problems in Section before providing a high-level overview of the
proof in Section [4.1.7

4.1.1 Related Work. Here and in the following, it is convenient to identify k-uniform hypergraphs

H with their indicator function H € {0, 1}([2]), keeping the vertex set [n] implicit. Recall that a
hyperedge cover C C H~1(1) is a set of hyperedges that covers the vertices, i.e. Upec E = [n],
and that C is a perfect matching, or 1-factor, if the hyperedges are pairwise disjoint. For a graph
G € {0, 1}([3]), recall that a k-clique E € ([z}) is a vertex set such that the complete graph on E is
contained in G, i.e. (g) C G1(1), that a k-clique cover C C ([Z]) is a set of k-cliques E € C that
covers the vertices, i.e. Ugce £ = [n], and that C is a k-clique factor if the k-cliques are disjoint [68].

Since 2-cliques are edges, the notions of edge cover and 2-clique cover, as well as perfect matching
and 2-clique factor coincide for kK = 2. The study of this case in general graphs dates back at least
to 1891 [108], and also in the context of random graphs the locations of the sharp thresholds for
the existence of edge covers (connectivity, component sizes) and perfect matchings have already been
established by Erdés and Rényi in the 1960’s [40, 47, 48] [49]. Finally, the hitting time result Theorem
for k = 2 was established two decades later by Bollobas and Thomason in 1985 [23].

The extension towards perfect matchings (and hyperedge covers) in k-uniform hypergraphs was
initiated by Schmidt and Shamir in 1979 [50], who derived the first bounds in 1983 [120]. These results
were subsequently improved in [55, [74), [69], until not only the threshold, but also the stronger hitting
time result was established by Jeff Kahn [70, [7I]. The first time that this threshold was conjectured
was seemingly in [36], where the perfect matching threshold for regular uniform hypergraphs was
established.

As stated in [68] [69], the extension towards k-clique factors (and covers) was seemingly initiated
by Ruciriski. First results were obtained in [121], [I17, IT], yielding the cover threshold [68], which were
further improved in [76], [74], 69], until the location of the k-clique factor threshold was established by
Oliver Riordan [I13] and Annika Heckel [63] using ingenious couplings.

The missing hitting time result for k-clique covers and k-clique factors, a problem stated by Erdés
and Spencer for k = 3 [28], was recently established in [64]. In the following, we will slightly strengthen
the result in [63] and present the result in [64] for the special case k = 3, i.e. for triangle covers and
triangle factors. In particular, we will obtain the cover threshold as a byproduct along the lines.

4.1.2 Random Graphs. We keep the number n € Z>19 of vertices arbitrary but fixed throughout.
For given 7 € [0,1] let Hy, - ~ Bin(1, 7T)®([g]) be the binomial hypergraph, further Ey ,, ~ u(([g])!)
the hyperedge process with associated hypergraph process Hy,,, = (Hpp.5)s € ({0, 1}([2]))(2) given
by Hp_é(l) = E([S]), and for p € [0,1] let Gy, ~ Bin(l,p)®([g]), €pn ~ u(([g})!), and Gp,, =
(Gpn,s)s € ({0, 1}([3]))@) given by G 1(1) = ep([s]), be the corresponding notions for graphs.

4.1.3 Triangle Hypergraphs. Let G € {0, 1}([121]) be a graph, and let H g € {0, 1}<[§]) given by
Ht_é(l) ={F € ([g]) : (%) € G71(1)} be the triangle hypergraph induced by G. There is a clear
one to one correspondence between the triangle covers (triangle factors) in G and the hyperedge
covers (1-factors) in Hy . Let Hy,, = Hi g, be the binomial triangle hypergraph, and let Hyp, , =
(Hipn,s)s = (Hy,q,,)s be the triangle hypergraph process. For the hitting times let Fn={FC ([Q]) :
|F| =n/3,Uger £ = [n]} be the set of all 1-factors (perfect matchings). Then the four hitting times
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are given by
S.=inf¢ S € l<§>] : U E=1n];, Sf:inf{SE [(g)] :HFGJ:FQHPE(I)},
BeH_ (1)

conlic @] U seml amwfc ()

EeH, ' (1)
For n € 3Z we have %n < 8. < 8¢ < (3) almost surely, and n < s, < s¢ < (3) almost surely. Now,
S, is the hitting time for a hyperedge cover of the hypergraph process, and St is the hitting time for
a l-factor in the hypergraph process. Analogously, s. is the hitting time for a triangle cover in the

graph process, and sf is the hitting time for a triangle factor in the graph process.

tp,s

:IFcFFCH! (1)}.

4.1.4 Perfect Matchings. Theorem 1.3 in [7I] states that S¢ and S. coincide whp. The loca-
tion of S, is also well-known, and is for example given by Lemma 5.1 in [39]. We combine these
results into a single theorem that summarizes the properties of these hitting times for the hyper-
graph process. For this purpose fix a function g : Z~g — R>o with g(n) = w(1), g(n) < In(n) and

g(n) = 0(1n1(r11r(12))) throughout the remainder. Further, let 7y = %, and let (S_,S;) be given

2
by Sy ~ Bin((3),74+) and (S_|S; = Sy) ~ Bin(Sy,7_/m), independent of Ei,.
Theorem 4.1. We have S_ < S. < Sy whp. Further, we have Sy = S, whp over n € 3Z~g.

The location of the triangle cover hitting time s. is also well-known, and for example given
by Theorem 3.22 in [68]. Notice that we have s, < s¢ since a factor is a cover. The ingenious
coupling underlying Theorem 2 in [63], which is based on [I13], embeds a binomial hypergraph into
the triangle hypergraph. Theorem below is a refined version of this result. This embedding ensures
the existence of a triangle factor, and thereby establishes a tight upper bound for ss.

4.1.5 Main Result. The main result states that the random process hypergraph at the hitting time
can be embedded into the random process triangle hypergraph at the cover hitting time, and hence
the triangle cover and the triangle factor hitting time coincide whp.

Theorem 4.2. There exists a coupling (ép,Ep) of ey and E}, such that ﬁp 5 < ~tp,§C whp, using

the notions for (ép,Ep) corresponding to e, and Ey,. In particular, this gives s; = s. whp, over
nec 3Z>0.

For completeness, we combine all hitting time results for triangles into the following corollary.
Let py = 7>, and let (s_,s.) be given by s4 ~ Bin((3),p+) and (s_|sy = s4) ~ Bin(sy,p_/p4),
independent of e,. Notice that this is Theorem

Corollary 4.3. We have s_ < s < s3 whp. Further, we have sy = s, whp over n € 3Z~g.

Finally, we consider the following extension of Theorem [2.6|and Corollary[4.3] For this purpose let
F,={FC ([g})7LF| i(n/r] ;Uger E = [n]} be the covers with the minimal number of hyperedges,
and notice that F = F for n € 3Z~g. The corresponding hitting times are

Sf*zinf{Se l(g)] :EIFE]:Fng,ng(l)}, s} :inf{se [(Zﬂ :aFengHtp}su)}.
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Corollary 4.4. Notice that the following holds.
a) We have S_ < S, = Sf < Sy whp.
b) We have s_ < s = s} < sy whp.

4.1.6 Open Problems. Theorem is an extension of the corresponding result in [23], and the
hitting time results for the connectivity thresholds were extended to hypergraphs in [I10], thus we
know that the hitting times for minimum degree 1, connectivity and perfect matchings coincide. We
further know that the thresholds for minimum degree 2 and 2-connectivity coincide. Although there
was significant progress towards the threshold for loose Hamilton cycles [44] 45, 52 [109], both its exact
location and the hitting time version extending the corresponding result in [23] are still outstanding.

One may also consider 2-factors, i.e. 2-regular spanning subgraphs, and in particular connected
2-factors. As opposed to loose Hamilton cycles, where all but two 2-degree vertices in each hyperedge
have degree 1, all vertices in connected 2-factors have degree 2. Notice that this problem is also still
open for regular hypergraphs, as discussed in Section respectively Section |5 and [I01]. There, we
also establish that the exact cover is essentially equivalent, however the problems are different for the
binomial model, and locating the threshold for this problem is also still open [72]. For open problems
regarding the thresholds for more general F-factors, we refer the reader to [I13], in particular the
strengthening of Theorem 9 therein for 1-balanced hypergraphs. Therein, Riordan also asks for the
constants for k > 4, which we have determined in Theorem for k = 3.

4.1.7 Outline of the Proof. We split the proof of Theorem into the following three parts. First,
we prove a refined version of Theorem 2 in [63].

Theorem 4.5. For any py = Q(In(n)/3/n?/3), py = o(n=2°/31) there exists ¢ € Rsg and e = o(1)
such that the following holds. For all p < py and m < max(0, (1 — cn7p%1) 3) there exists a coupling

(Gy, Hy,) of Gy, and Hy, such that Hy, < H, 1., With probability at least 1 — .

We prove Theorem in Section Next, we use Theorem to couple the hypergraph
process Hj, and the graph process G,. This coupling fails to completely embed the random process
hypergraph in the random process triangle hypergraph, but almost all hyperedges are embedded (all
but less than In(n)?) and in particular a hyperedge cover can be embedded.

Pr0p051t10n 4.6. There exists a coupling (ep, p) of ep and Ey, such that Ugcy E = [n] whp, where

H = Hp,S ()N Ht; 5.(1), and using the notions for (€, E,) correspondmg to e, and Ey,.

We prove Proposition [4.6] in Section [£.4] In the third step we extend the coupling in Proposition
to deal with the excess hyperedges H = H ( )\ H, tp 5.(1). For this purpose, we couple E,

from Proposition [4.6| with E,, i.e. itself, such that the (standard) hypergraph at the cover hitting
time of the latter process is entirely contained 1n the hitting time hypergraph of the former process
with the excess hyperedges removed, i.e. in H ( )\ L. This extension of the coupling is discussed

in Section [4.5] where we also complete the proof of Theorem [£.2] and establish Corollary [£.3] as well
as Corollary [4.4]
4.2 Preparations

We keep the number n € Zx>12 of vertices arbitrary but fixed throughout. For given p, 7 € [0, 1], we
[n]
recall a few basics for the binomial hypergraph Hj, ,, » ~ Bin(l, 7r)®( 3 ), further for the hyperedge
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process Ey ;, ~ u(([g])!) with associated hypergraph process Hy, , = (Hpp.5)s € ({0, 1}([31))(3) given

by H;é(l) = E,([S]), and the corresponding notions G, p ~ Bin(l,p)®([g]), epn ~ u(([g])!), and

Gpn = (Gpnys)s € ({0, 1}([’51))(’5) given by G 1(1) = ep([s]), for graphs.

4.2.1 Uniform Bounds. In order to derive bounds that do not depend on specific choices of se-
quences p(n),w(n) of (hyper-) edge probabilities (which is very restrictive and not required), we fix
T, Pt ¢ Lso — [0,1], exclusively consider m € [0,m4], p € [0,p4], and use the Landau notation as
follows. We write f(n) = O(f*(n)) if there exists ¢y, r, 70 p,ny € Rso such that for all n € Zx,,
we have |f(n)| < ef*(n), i.e. the constants hidden in the notation only depend on pt, . We de-
fine o(f*(n)),Q(f*(n)),w(f*(n)) and O(f*(n)) analogously. Clearly, when we consider bounds for
T4, Pt Sy T = w(n2), the constants hidden in the Landau notation are absolute. This also affects
whp statements, in that events &, p » hold whp if and only if P(£) = 1 + o(1), i.e. whp uniformly in
p € [0,pt] and m € [0, my].

4.2.2 Critical Window Coupling. In this section we discuss the basic coupling underlying the
proof of the main result. For this purpose fix the start m— € [0,7] of the critical window. We
consider the joint distribution (Ey,, S;,S_) ~ E,®(S4,S_), where S} ~ Bin((3),n) and (S_|S;) ~
Bin(Sy, m_/m), using 3 = 1. On the other hand, let (Hy, E) be given by (E|Hy,) ~ u(H; (1)), and
let (Hy, H_) be given by (H_|Hy,) ~ @ Bin(1, H,(E)7_/m), using % = 1, and where the product
is over F € ([g]). Hence, we obtain H_ by thinning out Hy,, keeping each hyperedge with probability
n_/m. We define (Gp, s4,5-), (Gp, e), p— € [0,p] and (G, G—) analogously.

Observation 4.7. Notice that the following holds.
a) We have (Hy s, , By, (s.)) ~ (Hy, E), (Hy s, ,Hys_) ~ (Hy, H-) and H_ ~ Hy, ;_.
b) We have (Gps,,ep[s,]) ~ (Gb,€), (Gps,,Gps ) ~ (Gb,G-) and G- ~ Gy ,_.

Proof. Let H = (%)), § = 8., H = H_ (1), and notice that [H| = S. Let H' = H;'(1) and
S’ = |H'|. Notice that S’ ~ S, further that (H'|S") ~ u(ﬂg) and that (H|S) ~ u(ﬁi), which
shows that H, s ~ Hy,. Using another symmetry argument, we have (Ej, ]|H) ~ u(H!), and using
(E|7’L/) ~ u(?—L") thereby (HILS? Ep,[S}) ~ (Hy, E).

For the second part, let §” = |[H_'(1)|, notice that |H1:,L16'_ (1)] = S_, further that (S’ |Hyp) ~
Bin(S’,7_/7), and that (S_|Hp g) ~ Bin(S,n_ /7). Let H_ = Hp_’éi(l) and H' = H~'(1). Notice
that (H_|S_, Hys) ~ u((3*)) and that (H'|S", Hy) ~ u((g{,l)) using a symmetry argument, so
(H,s,H,s )~ (Hy, H_). Finally, we have H_ ~ Hj, . since independence is preserved and each
hyperedge is present with probability m_. The results for graphs follow analogously. O

In more detail, we may start with Hy,, obtain H_ by thinning out, order the hyperedges of H_
to obtain the process up to the start of the critical window, and then order the remaining hyperedges
H;'(1)\ HZ'(1) to obtain the process up to the end of the critical window.

4.2.3 Hypergraph Degrees. We discuss the vertex degrees for Hy,. For H € {0, 1}([2]) and v € [n]
let Dy(v) = {E € ([g]) : v € E}| be the degree of v in H and let Ay(H) = max, Dg(v) be the

maximum degree. Define dg(v) = [{e € ([g}) :v € e}| and Ag(G) = max, dg(v) for G € {0, 1}([21)
analogously. Further, let Ay, = An(Hyp) and Az, = Ag(Gy). Let Dy, = E[Dpg, (v)] and

dnp = Eldg, (v)] denote the expected degrees.
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Observation 4.8. Let v € [n], Aptnx = Dx +max(Dy,41n(n)), Agtp,p = dp + max(dy, 41n(n)).
a) We have D, (v) ~ Bin((","),7) and dg, (v) ~ Bin(n — 1, p).
b) We have P(Ay, > Apt) < n~ V3 and P(Ag > Agp) < n~1/3.

Proof. Since Dg, (v) = Y pey Hu(E), H = {E € ([g]) :v € E}, is a sum of iid Bernoulli variables,
we have Dp, (v) ~ Bin(("gl),ﬂ). Thus, combining Observation H with the union bound and the
Chernoff bound, using § = Ay, — D = max(Dy,41n(n)), yields

52 1
P(AL > App) < nexp <_2Dﬁ +5> < IVER

The claims for the graph follow analogously. O

4.2.4 Avoidable Configurations. In the following, we will frequently discuss copies of some hyper-
graph in the random hypergraphs. Whenever no such copies exist whp, we can use this to significantly
simplify the discussion. In this section, we present this argument, which is closely related to the avoid-
able configurations in [I13] and [63]. Fix a set H C (?) of hyperedges. Let V = V(H) = Ugey E be

the vertices, and for H € {0, 1}([2]) let

Nuet(H) = |{{e(B) : E € H} C HTM(1) 0 € [}
be the number of copies of H in H. Similarly, for G C (%), YV = V(G), and G € {0,1}([75]) let
Nege.o(G) = |{{t(e) : e € G} C G7Y(1) : v € [n]¥}| be the number of copies of G in G.

Observation 4.9. Notice that the following holds.
a) Let H C ([g]) and V = |V(H)|. Then we have E[Nye g, (H)] < n¥rll < nVﬂ"TH‘.
b) Let G C ([;L]) and V' = |V(G)|. Then we have E[Ng G, (G)] < nYpldl < nV/pITg‘.

Proof. Let H* € {0, 1}([2]), H* = 1, be the complete hypergraph and V = |V(#H)|. Then we have
E[Nhe.r, (H)] = Nue - (H)m" < n¥ql™l. The proof for graphs is analogous. O

4.2.5 Induced Hyperedges. We describe the triangle hypergraphs 7, = {H; g : G € {0, 1}([’;])}7
in terms of triangle graphs and 3-cycles, given as follows. For H € {0, 1}([§]) let Gy g € {0, 1}([31)
given by Gt_}{(l) = UEeH_1(1) (g) be the triangle graph induced by H. This gives rise to the set
Te = {Gy,u : H € {0, 1}([31)} of all triangle graphs.

The 3-cycle Cg, C ([g]) with interior E € ([g]) and outer corners v € ([n]\ E)(g) is given by
Cro={eU{v}:ec (5} Let C, = {Cpy : E € ([g]),v € ([n] \E)(g)} be the set of all 3-cycles.
For a hypergraph H € {0, 1}([21) let Ch(H) = {C € C:C C H (1)} be the 3-cycles in H.

Observation 4.10. Let H € {0, 1}([7;]), G' = Gy, further G € {0, 1}([31) and H' = Hy ¢.
a) We have Gy pr < G and H;é,(l) =H (1) U{F ¢ ([g]) cv € ([n]\ E)(g),CEw € Cnh(H)}.
b) The map Ty = Tn, G — Hy q, is a bijection with inverse H — Gy g.

c) We have T, = {H € {0, 1}([2]) cHyg, ., = HY.
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Proof. We have G v < G because G = Gy v are exactly the triangles in G, that is, since we have
Gl ={eec () :Bec (), (5) CG'(1)}. Since G are the triangles in &, we have H, 5 = H', so
To = {Hc¢ : G € Tg}. On the other hand, we have H < Hy ¢ because H = Hy ¢ is induced by the
triangles G’ given by H, i.e.

H(1) = {E € (@) B e (H11) (5, ve e (5) eC Eé} :

which gives H(E) = 1 for E € H*1(1~), by choosing E' = E. But we may also choose E' € Cy,(H)
with interior E, which gives Z(H) C H~'(1) for the induced hyperedges

I(H) = {E € (@) we (n)\ B, 0p, e Ch(H)}.

Conversely, for any E € H~(1)\H (1) there exists E’ € (H_l(l))(g) such that e C E! foralle € (}23),
i.e. B, = eU{ve} for some v, € [n]\e. With E € H~'(0) we have E, # E, hence v = (ve). € ([n]\E)(g),
thereby Cg, € Cn(H) and thus £ € Z(H). This shows that H=Y(1) = H7'(1) UZ(H). As before,
since H are the (hyperedges corresponding to) triangles in G’, we have Gt, i = G', and hence T, — Th,
G — H; g, is a bijection with inverse H — Gy . The last part is now immediate. ]

An implication of Observation 10| is that H € 7Ty if and only if all hyperedges E induced by
3-cycles Cg, € Cp(H) in H are included in H, that is H(E) = 1.

E

We are particularly interested in the clean 3-cycles C, = {Cp, : E € ([g]),v € ([n] \ E)Q},
i.e. 3-cycles with distinct outer corners, and the clean 3-cycles C°(H) = C°NCu(H) in H € {0, 1}([2]).

E
Notice that {(E,v) : E € ([g}),v € ([n] \E)Q} — C°, (E,v) + Cgy, is a bijection. Hence, for
C° € C° there exists a unique induced hyperedge E,(C) € ([g]). Among the clean 3-cycles, we are
particularly interested in the vertex disjoint clean 3-cycles. So, for a family S = {H; : i € [N]} of
N € Z> sets H; C ([g]) of hyperedges let vdj(S) = L{VH € S2V(H1) N V(H2) = 0} indicate if the
hyperedge sets S are pairwise vertex disjoint, where V(H) = Ugey E-

On the next level, not only triangles can be induced (by 3-cycles), but also 3-cycles can be induced
(by inducing one of their hyperedges using 3-cycles). We are particularly interested in induced clean
3-cycles, induced by vertex disjoint clean 3-cycles. In this constellation, two of the hyperedges of the
induced clean 3-cycle have to already be present, thus the pair of induced and inducing clean 3-cycle
is given by a total of five hyperedges. In this sense, the set of all induced clean 3-cycles is

Gl = {(CLU ) \{Ba((2)} : € T, BalCs) € Cu}f.

Finally, let C;(H) = {C? € C; : C° € H~ (1)} be the induced clean 3-cycles in H € {0, 1}([75]). For
the random instances we consider the 3-cycles Cy » = C(Hy), the clean 3-cycles Cy,, . = C°(Hy),
Ctnp = C°(Hy), and the induced clean 3-cycles Cy; = C7(Hy).

Observation 4.11. Notice that the following holds.

a) We have P(Cy, # C5),P(C; # 0), P(vdj(Cp) = 0) = o(1) for w4 = o(n~11/6).
b) We have P(vdj(C{) = 0) = o(1) for py = o(n™7/11).

¢) We have E[|C}|] = 120(5) 7 and E[|C{[] = 120(3)p°.
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d) We have Var(|C5|) < (1+ o(1)E[|CL|] for m = o(n~%/3).
e) We have Var(|C7|) < (1 + o(1))E[|C{|] for py = o(n=5/9).

Proof. For Part |4.11h)| we use Observation The set C\ C consists of copies of Hy = {E1, Es, 3}
with E1 = {1,2,4}, E2 = {1,3,4}, E3 = {2,3,4}, and of copies of H5 = {El,EQ,Eg} with E1 =
{1,2,4}, By = {1,3,4}, E5 = {2,3,5}, so the union bound yields

P(Cy # C}) < P(Ne.m, (Ha) > 0) + P(Ne,mr, (Hs) > 0) < n'wf + ndnf < 2n°nd = o(1).

We proceed similarly for P(CY # §). For Cf € C; we have |CP| = 5 and [V(C?)| < 9, yielding
P(CY # 0) < (g)inQﬁ’ = o(1) since there are (g)i sets H C ([g]) of hyperedges of size |[H| = 5 in
total. Since the computations for vertex disjoint clean 3-cycles are lengthy and closely related to the
variance, we postpone the proof of the remainder.

For Part we reconcile the leading coefficient 120. Given six vertices, choose three for the
first triangle. For the second triangle, choose one of the vertices in the first triangle, and two of the
remaining three vertices. For the third triangle, choose one of the remaining two vertices in the first
triangle, and one of the remaining two in the second triangle. In total, this gives (g) (?) (g) (f)2 = 6!,
and dividing by 6 to drop the order yields 5! = 120.

For the remainder, i.e. the remainder of Part for Part 4.11b)| Part [4.11id)| and Part

we consider pairs of clean 3-cycles. For r € Z>3 and s € {0,1} let

Phrs ={C €(C)?:|C1UCs| =7, vdi({C1, Co}) = s}, Unps = {CLUCo: C € Prys )

Let Unprrs ={U EUp,s: U C Hgl(l)} and Phyrrs = {C € Phys: C1UCy C Hgl(l)}. Notice
that the sets are empty unless 3 < r < 5, s = 0, or r = 6, and that [Uy| < |Py| < (g)2|blh\, by
selecting any pair of three hyperedges each. Let Py, xrs = E[|Pu|], U € Uy and V = Ugey E.

Fix s = 0 for now. For r = 3 we have B, = E[|C}|]. For r = 4 we have V < 7 and hence

P, < (§)2(§)4n77r4 by Observation analogous to the above. For r = 5 we have V < 9 and thus

B < (3)2(g)§n97r5. For r = 6 we have V < 11 since s = 0 and thereby P, < (6)2(11)§n11ﬂ6. Forr =6
and s = 1 we have P, = 1202 (6 62—12)7[-6 < EHC%HQ using the proof of Part SO

Pys=E[|Cyl], Pua < enrd, Py s < en®7, Poso < ent7b, Phs1 < ]E[|C]cr’l|]2 (13)

for some ¢ € Ryg. This gives P (vdj(C}) = 0) < Pha+ Phs + Phgso = o(1), and further

6
Var(|C}[) = E[ICH*] = E[ICR)> < D Puro S ECH] + c(nn" + n’7° + n''n®)
r=3

= (1+ (14 O(n™Y))6e(nm + n’z? + n*7*) ) E[|CT .
Since we have Var(|Cy|) = E[|Cp|] = 0 for m = 0, this shows that Var(|Cy|) = (1 + o(1))E[|Cy|]. For

the triangle hypergraph we proceed analogously, but we have to count the edges in the union, not the
hyperedges. Hence, for H C ([g]) let E(H) = Ugpen (g) be the edges and further let

Pirs = {C € (@) |E(CUEC)| =7, vdj({C1,Ca}) = s}, Urps = {C1UCy: C €Piys}

Notice that the sets are empty unless 9 < r < 17 and s = 0, or r = 18. Adjusting the definitions and
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following the argumentation above gives ¢ € Rsg such that
Py =E[IC{[], P10 =0, Piyro < en™p’,11 <7 <18, P 151 < E[|C]|)?, (14)
where v, = | $(r 4+ 3)] for 11 < r < 17 and v;3 = 11. The remainder follows as above. O

Taking into account my < p?, we obtain py = o(n~"/11) and T = p% = o(n~21/11),

4.2.6 Diamonds. Let D = {{E,E'} C ([g]) : |[ENE’| = 2} be the set of hyperedge pairs, or diamond

graphs (in the appropriate interpretation). For H € {0, 1}([?’:]) let Dy(H)={DeD:DCH 1)},
and let Dy, ,, » = Dy (Hy) be the set of diamonds in Hy,.

Observation 4.12. Notice that the following holds.

a) We have E[|Dy|] = 6(})n>.

b) We have P(vdj(Dy UCy) = 0) = o(1) for mp = o(n=11/6),

¢) We have Var(|Dy|) = (1 + (’)(n?’Tr%))IEH’DhH +o(1) for m = o(n_7/4).

Proof. The coeflicient 6 is obtained by choosing two of the four vertices for the overlap edge. For the
next part we consider the split £ = & U & U &, where € = {vdj(Dy UC}) = 0}, &4 = {vdj(Dy) = 0}
are overlapping diamonds, & = {vdj(C}) = 0} are overlapping clean 3-cycles, and & = &£\ (€4 U &)
is the rest, suggesting that there exists a diamond overlapping with a clean 3-cycle. Analogous to the
proof of Observation [.17], for &4 and the variance we consider a diamond overlap of 1 hyperedge on at
most 5 vertices, and the split for an overlap of 0 hyperedges with at most 7 vertices if the diamonds are
not vertex disjoint, and expectation (1 — &(n))E[|Dp[]? otherwise, where d(n) = 1 — (";*)/(%). This
establishes the asymptotics for the variance and takes care of &4, since the contribution by diamonds
with vertex overlap is O(nm® + n77) = o(1), while & is taken care of by Observation For the
3-cycle diamond pairs, covering &, we may have 4 hyperedges with up to 7 vertices or 5 hyperedges
with up to 9 vertices since they are not disjoint, yielding the bound (9(?177#1 + ngw?) = o(1). O

4.3 Binomial Graph Coupling

[n] [n]
Now, we couple G, , p ~ Bin(l,p)®( >) with H,,,, » ~ Bin(1, 7r)®( 5) and establish Theorem We
continue to use the convention for the Landau notation from Section .21l

4.3.1 Overview. We establish Theorem using the explicit coupling described in Figure (3, which

relies on the notions in Section and on coupling orders E}, - € ([g])! for C C C° with vdj(C) = 1,
such that the hyperedges in the clean 3-cycles come first, i.e. Ej([|S]]) =S for S={E € C: C € C},
followed by the induced hyperedges, i.e. E5([|[SUS'|]\[|S]]) = S’ for 8’ = {E(C) : C € C}. Tt further
relies on the conditional hyperedge inclusion probabilities

m(E,C,Y,N) =P (Hi(E) = 1/¢; = ¢, ¥ € H'(1),N € H'(0)),
™ (E,C,¥,N) =P (Hy(E) = 1|C;, = C,¥ C H, (1), N C H, }(0)).

In order to establish Theorem [4.5, we show that the coupling is successful, i.e. that the event

g={C =Cpbn=1H,<H}, H =Hg, (15)
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1. We use the following coupling (C;,Cy.) of the clean 3-cycles C2 and C5.

(a) Use a maximal coupling (7, 72y) to couple [CP| and |Cy|.

(b) Given & = {(nt,fn) = (ne,nn)}, let (b, by) € {0,1}2 be conditionally independent with
(Bil€) ~ (vj(€5)[|CF] = ) and (b €) ~ (vdj(CF)[|CF| = mn).

(c) We define (Ct,Ch) conditional to & = { (7, 7w, by, b)) = (n¢, ny, by, b))}

i Let (Cul€) ~ (CR| vdi(CR) = bn, [C}| = nn). .
ii. If the couphng succeeded, i.e. ny = ny and by = by, = 1, set C;, = C;, almost surely.
iii. Ifnot, let (C;,Cy) be conditionally mdependent with (Ct |E) ~ (CPvdj(CT) = by, |CP| = m).
2. We define (Gb,Hb) conditional to & = {(C,Cy, by, by) = (Ci,Cn, by, by)}, by recursively defining
yes and no sets = (Vs 4, yh,l,./\/'m,./\/‘hﬁ)Z over i € ZN|0, ( )] where ‘yes’ suggests inclusion.

(a) If Cy # Cy or by, =0, set x; = () for all i.

(b) Otherwise, we have C; = Cy, by = by, = 1, and set xg = 0. For 7 € [(3)], conditional to previous
choices, @; only depends on £ and «;_1. Hence, it is sufficient to define x; given EN{x;—1 = =},
with z = (Y, Y, Niy My). Let m; = m(ES, Cy, Vi, Ni) and 7 = o (ES, Chy Vi, Mi).

i. In the case Y, NN; # 0 let ; = x, otherwise proceed as follows.
ii. Form=m,=01t Yi; =W Nii =N U{E}, Yhi =V, Nni =M U{ES}.
iii. Otherwise, for m; > 7} let b ~ Bin(1, 7} /m;).
A. For b=0let Yi; =W, Nt,i = M, and Yhi = I, Nh,i =M U {E}}.
B. Given b = 1 let ¥ ~ Bin(1,m;). For b = 1 let Y; = Y, U{Ef}, Nt = N; and
yhﬂ‘ =W u {EZ*}, ./V'hﬂ‘ = MN,. For b = 0 let yt,i = W, Nt,i = N U {EZ*} and
Yhi =V, Nni =Ny U{E}}.
iv. For m; < let m € {0,1,2} with P(m =m) =P, Po=m;, P =7, —m, Pp=1—7l.
A. Form =2let Yi; =V U{E}, Nii =N, and Y = Vo U{E}}, N = M.
B. For m =1 let yt,i =V, Nt,i =MN; U {EZ*} and yh,i =hUu {EZ*}, J\/‘hﬂ‘ = M.
C. For m =0let Yy; = W, Nyi =N U{E;} and Yn; = Y, Nni = My U{E}}.

(c) Conditional to a particular outcome of the experiment above, Gy, and Hj, are conditionally

independent and only depend on £ and T (ny. Hence, using £ = &N {w(g) = (Yt Y, Ny, Mn) },

- 3
their distribution is determined by (Gb|€*) ~ (Gp|C{ = Ci, Y, € H; (1), My € H; '(0)) and
(Hp|E*) ~ (Hy|C}, = Cn, Yu € Hy ' (1), M, € H;H(0)).

Figure 3: The two main steps in the coupling of G}, and Hj, are the coupling of their clean 3-cycles
C{ and Cy, followed by the coupling of G}, and Hy, given C{ and Cj. In the first step we couple the
numbers of clean 3-cycles, then determine independently if they are pairwise vertex disjoint, and if
the coupling succeeds, i.e. if the numbers of cycles are equal and both are disjoint, then we can choose
the same cycles for both hypergraphs, otherwise we choose independently.

In the second step, we first iterate through all hyperedges, where @; depends on all past decisions only
through £ and x;_;. Subject to the conditional inclusion probabilities 7;, 7, at hand, we use different
coupling strategies. When the coupling fails, i.e. the case Y, N N; # () where we marked a hyperedge
for inclusion in Hj, and for exclusion in H, &, , we stop marking hyperedges. For m; > 7} and b = 0,
we do not make a decision for H, G and exclude E} for H,,, while for b = 1 we include or exclude
E? in both hypergraphs dependmg on b'. For m; < 7, we use a maximal coupling. Here, the coupling
falls if m = 1, and otherwise we include or exclude E;‘ in both hypergraphs depending on m.

In the last step, based on the marked hyperedges, we complete the graph G, by considering the
corresponding triangles, and the hypergraph Hj, independently.
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holds whp. We show this in three steps. First, we bound the probability for the first part.

Proposition 4.13. Let mp = o(n~'Y/%) and py = o(n~"/™). Then we have P(C; = Cy, by, = 1) >
g 1 1 o] __ o

1= min(1, —bor, L) BICE] ~ B[+ o).

We turn to the conditional probabilities 7y and 7. The domain for my is

D, = {(E,c,y,/\/) .Ec C’;]),P(cg =C,YCH{'(1),N C H (1)) > o},

and Dy, for 7, is defined analogously using Hy,. For X = (E,C,Y,N) € Dy let Y = Y U Ucee C,

let H € {0, 1}([3]) be given by H~1(1) = Y U {E} and let A.(X) = Ap(H) be the minimal maximal
degree for a hypergraph subject to X. Aiming towards Observation [{.8] we consider the restriction
Dy, ={X € Dy : Ac(X) < ("gl)p% + max(("gl)p%,élln(n))} be the restriction to bounded degrees.
Define Dp analogously. The first result addresses triangle hypergraphs.

Proposition 4.14. Let X = (E,C,Y,N) €Dy and Y =Y UUcec C.

a) For pr = Q(In(n)/3/n?/3), py = o(n~"/11) there exists ¢ € Rsq such that the following holds. For
all X € DY with m(X) > 0 we have m(X) > (1 — cn7p%1))p3.

b) We have ne(X) =0 if p=0, E€ N or C CYU{E} for some C €C"\C.

¢) Assume that vdj(C) = 1, that m(X) = 0 and that the assumptions in Part [4.14p) do not hold.
Then we have C,(H) \ Cp(H) # 0 or C2(H) # 0.

Now, we turn to the corresponding results for the binomial hypergraph.

Proposition 4.15. Let X = (E,C,Y,N) €Dy and Y =Y UUcec C.-

a) For E €Y we have m,(X) < 7.

b) For mp = Q(In(n)/n?), m4 = o(n=3/?) there exists ¢ € Rxq such that the following holds. For all
X € Dy with my(X) > 0 we have mp(X) > (1 — cn37T%)7r.

¢) We have m,(X) =0 if and only if T =0, E €N or C CYU{E} for some C €C°\C.
Notice that there is no reasonable upper bound for 7¢(X), in particular since the induced hyper-

edges given by C are definitely included. Also, notice that 7,(X) = 0 implies that m(X) = 0 (or
m = 0). Using these two results, it is immediate that the coupling is successful whp.

Corollary 4.16. Let py = Q(In(n)'/3/n?/3), py = o(n=2°/3') and ¢ from Proposition |4.14a). Then
we have P(E€) = 1+ o(1) uniformly for all p € [0,p4] and m = max(0, (1 — cn7p%1)p3).
Notice that as opposed to Theorem Corollary relies on a very specific choice of m. We

show Proposition [£.13]in Section [£.3.2] Proposition [£.14] in Section [£.3.3] Proposition in Section
Corollary in Section and Theorem [4.5]in Section

4.3.2 Proof of Proposition We follow the definition of the coupling and start with the
analysis of (7, 7y,), a maximal coupling of |C{| and |Cy|. Thus, the coupling lemma suggests that
P(ny # nn) = |||CT] — |CL||ltv. We bound the total variation distance using the limiting distributions
of |C{| and |Ci|. For this purpose let ny = Po(E[|C{|]) and ny, = Po(E[|C}]|]), then we have

P(ny 7 nn) < [[|C¢| = neflev + (1m0 = 7enllev + [[ICR] = 72nlov-

Our first result will be that ny, ny, are indeed the limiting distributions and that they asymptotically
coincide for our choices of p and 7.
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Lemma 4.17. Notice that the following holds.

a) We have |||C7| — ngl|wy = o(1) for py = o(n™/2).

b) We have [[|C;| — mnley = o(1) for m = o(n™%/2).
: 1 1

c) We have |ny — ny |ty < min(1, NCETAMNEETH

Proof. For the first two parts we use Theorem 4.7 in [I16]. For this purpose we notice that the cases
m =0, p=0 are trivial, and otherwise the bound yields

JE[ICE]] = E[ICL]I-

€3] = malley < min (1, B3 ) (7*Bus + (14 7%) Pua + (14 7)Phs) = o(1),

using Equation in the proof of Observation The result for the triangle hypergraph follows
with Equation (14). For the last part and m < p3, we couple ny = ny + A using (ny, A) ~
Po(E[|Co|]) ® Po(A) and A = [E[|C7|] — E[|Cy]], and the corresponding coupling for 7 > p? with
the coupling lemma gives ||n; —ny|lty = P(ny # np) =P(A >0)=1—e"2 < A. Fort > 0,p € [0,1]
and using In(1 4+ x) < x, we have

(E[ny] — E[ng])*
Efny] ’

so Pinsker’s inequality yields ||y — np ||ty < ﬁ. =
n

Now, notice that P(by = by, = 1) = 1 + o(1) is an immediate consequence of Observation
since by ~ vdj(Cy), by ~ vdj(Cp), pr = o(n~ /1) and 7y = o(n"'1/6). Finally, a symmetry argument
shows that (C{|vdj(C{) = 1,|C{| = N) ~ u(S) and (Cp|vdj(Cy) = 1,|Ch| = N) ~ u(S), where
S={CccC’:|C|=N,vdjC) =1}

4.3.3 Proof of Proposition First, we briefly discuss the cases p =0, p =1 and p € (0,1).
For p = 0 we have Dy = {(E,0,0,N) : E € ([g]),/\/' C ([g})} and 7 = 0 since H; = 0 almost surely.
For p = 1 we have H; = 1 almost surely, hence Dy = {(E,C",Y,0) : E € ([g]),y C ([g])} and m; = 1.
For p € (0,1) and using T, = {H:(G) : G € {0, 1}<[§])} we have

[n]

D, = {(E,Ch(H),y,N) B <3

),Heﬁ,yQHl(l),J\/’ng(O)}. (16)
We start with Part [4.14h)| and let X = (E*,C,Y,N) € D;. Our first result will establish a refined

lower bound. For this purpose, let Y = Y U Joee C be all included hyperedges, let Hy € {0, 1}([21)
be given by H-*(1) = Y, H;*(1) = Y U {E*}, and let G+ = Gy(H) be the triangle graphs. For
E e ([73‘]) let My (E) = () \ GZ*(1) be the missing edges, and let

No={EeN: M_(E)NM_(E) #0}, N, = {CGCO\C:M_(E*)ﬂ U M_(E) #@}
EeC

be the excluded hyperedges and cycles that profit from the inclusion of E*. For E € N, let m(FE) =
M (B)|, for C € N let m(C) = |Upec M+ (E)|, and let Q = Y- pep, P + Scen, ™.

Lemma 4.18. We have m(X) > (1 — Q)p? for all p € [0,1] and X € Dy.
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Proof. Let Yo = Upcy (}23) be the edges, G’ ~ Bin(1, 1)®ye®Bin(1,p)®([g])\y° the graph G}, given that
Ve is included, and let H{ = H(G’) be its triangle hypergraph. Then we have 7 (X) = P(U|Dn) =

P(UND, . *
CaPe) with U = {H{(E*) =1},

Dn = {G(H") cC,N € H0)} = {CR(H)N (€ \C) =0, H (1) NN =0}
Now, let N¢ = N\ N, and N¢ = (C°\ C) \ Ne. Then we have Dy = Dy N Dy with the decomposition
Dy = {Cﬁ(H’) ANE =0, H (1) N NE = @} , Dy = {Cﬁ(H’) AN, =0, H ' (1) NN, = @} .

This gives 7y (X) > P(&%?;) =P(U ND1|Dy) = P(U) — P(U N DS|Dy), using that U is independent of
Dy, and £° to denote the complement of an event £. Since U N DY is an up-set and Dy is a down-set,
the Harris inequality gives m(X) > P(U) —PUNDS) = (1 — P(DS|U))P(U) for p > 0, which we may
assume. With P(i) = pM-EIl > p3 we have m(X) > (1 — P(D§|U))p?. The union bound with

Y. = 3.U (E2*)7 G" ~ Bin(1,1)%%+ @ Bin(Lp)@g([g])\%r and H" = Hy(G") yields

P(D[u) = P ((CR(H") NN U (H" (1) N AL) £ 0) < Q,

since P(C € C2(H")) = p™©) for C € N and P(H"(E) = 1) = p™F) for E € N,. Substituting this
bound above yields 7 (X) > (1 — Q)p?® and thereby completes the proof. O

Lemma yields a lower bound which is valid in any case. Next, we turn to the cases for which
we have 7 (X) = 0. Let NY = {E € N, : m(E) = 0} and N? = {C € N, : m(C) = 0}.

Lemma 4.19. For all p € [0,1] and X € Dy the following holds. We have m(X) = 0 if and only if
one of the following holds.

e We have p = 0.

o We have N? # 0.

o We have N2 # (.

Proof. We may assume p € (0,1). Assume that m(X) > 0, i.e. there exists a graph G, H = H¢(G),
with H(E*) = 1 that induces X in D as given by Equation (16]). This gives G, < G. Thus, for
E € N, we have m(E) > 0, and m(C) > 0 for all C € N.. This shows that 7(X) = 0 if one of
the three conditions holds. For the other direction, let X be such that NO = () and N? = 0. Let G,
H = H, ¢ be a graph that induces X, then we have G_ < G, H. = Hy_ < H, and G_ also induces
X. So, for E € N we have M_(E) # () since H (E) = 0. For E ¢ N, we have m(E) = |[M_(E)| >0
since G31(1)\ GZ'(1) C (%)), and thereby H, (E) = 0, where H, = H,q,. For E € N, we have
H'.(E) = 0 because N2 = (), and thereby A" C H'~*(0). Similarly, let C' € C°\C. For C & N, we have
C ¢ C{(H!) because the edges missing in C' under G_ are also missing under G1. For C' € N, we
have C ¢ Cp(H'.) because there are still edges missing since N = (). This yields Cj(H/.) C C. Clearly,
we have Y U {E*} C H'7*(1) and thereby G induces X and covers H, (E*) =1, so m(X) > 0. O

Intuitively, Lemma just states that my(X) = 0 if an excluded hyperedge or clean 3-cycle is
covered by including E*, thus violating the condition. This shows that we have N2, N2 = () whenever
m(X) > 0. Hence, combining this with the next result establishes Proposition [4.14p)
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Lemma 4.20. For all p € [0,1], X € Dy and an absolute constant ¢ € R~y we have

8
0= Q<IN+ A+ 30 AGa) ", v = |3
m=1
Proof. We consider the split Ve = U,, Nm(m), Nm(m) = {E € N, : m(E) = m}, according to the
exponent, notice that My (m) = 0 unless m € ZN0,2] and that Ny, (0) = NS. Hence, let m € [2] and

notice that Ny, (m) = {E € Nji(m) : E € N'}, where
(g) \ G () :m}.

We obtain an upper bound on [N (1)| by choosing two distinct vertices u,v € E*, yielding a factor
6, and a neighbor w of u, yielding a factor A = A (G,), to obtain E* = {u,v,w}. This gives the
bound A} (1)| < 6A. We obtain [N%(2)| < 3n by choosing a pair in (%) and a third vertex. This
gives the bound Y pear p™E) < |Neo| + 6Ap + 3np? for the first contribution to Q.

Let No = U,, Nm(m), Nm(m) = {C € N, : m(C) = m} and notice that My(m) = 0 unless

m € Z N [0,8]. We proceed as above, and notice that we now always have at least two vertices

in E*. For m = 8 we choose the remaining 4 vertices freely, say |[Nm(8)] < 3(2)3114. For m = 7,

we take two vertices in E*, choose 3 vertices freely and a neighbor to one of the chosen vertices to

Nx(m) = {E € <[;L]> :ENE* e G;l(l),

obtain [Np(7)] < 3-5- (g)SAn3. For m = 6 we can close a triangle, thus we may still have 3 free
vertices. However, in this case the choice of the third edge is determined, which gives [Ny (6)] <
3-4- 5(2)3A2n2 +3- Z(g)BAn?’ < cAn? using A < n and the implied constant c¢. Thus, we only need
the maximum number of isolated vertices in a subgraph of a clean 3-cycle with 9 — m edges. This
gives [NV (m)| < cA*"Umn®m with vy, = [3m] and for some large enough absolute constant c. Using
2 < A we combine the bounds above to obtain an absolute constant ¢ € R<g and

8
Q < ’N60|+|J\/Co‘ +CZ A4fvmnvmpm.

m=1

We summarize the last three results in a corollary before restricting the choices of p and X.

Corollary 4.21. For p € [0,1], X € Dy and an absolute constant ¢ € Rso we have

8
m(X) > (1 NP NG = e Y AC(X)4_”’"n“mpm> B oy = V”J .

m=1

Proof. The assertion follows from Lemma Lemma and Ag(G4) < 2AL(Hy) =2A(X). O

We turn to the proof of Proposition 5] Hence, let py = Q(In(n)/3 /n?/3), pr = o(n~ /1),
further p < py and X € Df with 7(X) > 0. Let n, be sufficiently large, ¢, sufficiently small and in

In(n)1/3
n2/3

n—1 n—1 1 4
AC(X)§< 9 )p?%—max(( 5 )p%,élln(n))gc’nQp?, C,:§+§’

o

particular such that pt(n) > c. for n > ne, yielding
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since X € DP. With ¢ € R+ from Corollary |4.21] m and Lemma we obtain 7y (X) > (1 — &)p?,
where e(n) = é* 328 _ (n?p )4_“mn”mp’¢” < 260’4(718 1B 472‘1]9%”Jr ), since the contribution for
m = 20 + 1, ¢ € [3], is bounded by the contribution for 2¢. This further yields ¢ < 1000’4n7p%1
Choosing ¢ > 10é¢* sufficiently large such that cn7p%1 > 1 for n < ne completes the proof.

We turn to Part [4.14b)| and Part 4.14kc), which are immediate from the following, general result.

Lemma 4.22. Let p € [0,1] and X € Dy. Then the following holds.

a) We have m(X) =0 if p=0, E* € N or C CYU{E*} for some C € C°\C.

b) Assume that m(X) =0, vdj(C) =1, p> 0, E* ¢ N, and C € Y U{E*} for all C € C°\ C. Then
we have Cy(Hy) \ Cp(Hy) # 0 or CGi(Hy) # 0.

Proof. Using Lemma we can restrict to p € (0,1). The remaining two items in the first part
yield m(X) = 0, since these directly violate the given event in 7. For the second part, we have
Co(Hy) = C. Using Lemma we have N2 # () or N? # (. As in the proof of Lemma for
any G inducing X in Dy we have G_ < G, and G_ induces X. Also, for any G, H = H(G), with
H(E*) =1 inducing X in Dy we have G4 < G, and G induces X. Let H} = H ¢, be the closures.
Now, assume that N2 # () and let E € N2. Then E € N has to be induced by some C € C,(Hy.)
because H_(E) = H' (E) = H.(E) = 0 and H/ (E) = 1. This shows that Cy,(H4) \ C5(Hy) # 0.
Otherwise, we have N¢ # 0, so let C' € N¢ and assume that also C,(Hy) \ Cp(H4) = (), meaning
that Cp(H) = C. Now, we have C ¢ C, C € Y U {E*}, but we do have C' € Cp(H/.). Hence, there
exists E € C with H' (E) = 0. Assume that we have H{(E) = 0, then there exists C' € C,(H;) =C
that induces E, but C' € C = Cp(H’) then suggests that H' (E) = 1, a contradiction. Hence, we have
H.(FE) =1 and thereby E = E*. This shows that E* € C and that H (E) =1 for E € C\{E*}. This
gives E* ¢ Y and Hy(E) = 0 for some F € C. But due to H', (E) = 1 there exists C' € Cy(Hy) =C
with £ = E°(C"). For the remaining hyperedge E', i.e. C = {E*, E, E'}, we cannot have Hy(E') =0
since vdj(C) = 1, so we have E’ € ). This gives C' U{E*, E'} € Ci(H,.). O

4.3.4 Proof of Proposition For the binomial hypergraph, we start with the discussion of the
support for 7 =0, 7 =1 and w € (0,1). For 7 = 0 we have D, = {(E,0,0,N) : E € ([g]),/\/ C ([g])}
and my, = 0 since H}, = 0 almost surely. For 7 = 1 we have Dy, = {(E,C",Y,0): E € ([gl),y C ([g])}
and 7, = 1 since Hy, = 1 almost surely. For 7 € (0,1) we have

D, = {(E,chm),y,/v) Ec <[§]>,H e 0,11,y cH ()N C H‘1(0>} S an
We turn to Part 4 and let X = (E*,C,Y,N) € Dy. As before, let Y = Y U Jgee C and let
Hy € {0,1}(5) be given by H-1(1) =Y, H{ (1) = YU {E*}.
Lemma 4.23. For all « € [0,1] and X € Dy, with E* ¢ Y we have m,(X) < 7.

Proof. We may restrict to 7 € (0,1). Consider H' ~ Bin(1,1)®Y @ Bin(l,w)@)([g])@ and notice that
m™(Xy) = P(H'(E*) = 1|CR(H') CC,N C H'"(0)) < P(H'(E*) = 1) by the Harris inequality. O

Before we establish the lower bound, we discuss when the conditional probability vanishes.

Lemma 4.24. Let m € [0,1] and X € Dy. We have m,(X) = 0 if and only if 7 = 0, E* € N or
C CYU{E*} for some C € C"\C.
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Proof. Since m,(X) is well-defined, the definition of conditional probability gives m,(X) = 0 if and
only if P(H,(E*) = 1,C € C,Y C H; '(1),N € H;*(0)) = 0. Hence, we have m,(X) = 0 if 7 = 0,
E* € N or C CYU{E*} for some C € C°\ C. Conversely, for 7 > 0, E* ¢ N and C € YU {E*} for
all C € C”\ C, we have CZ(Hy) C C as well as N C H;'(0), thus m,(X) > 0. O

This establishes Part [4.15c)l Now, we turn to the remaining Part |4.15b)
Lemma 4.25. For 7 € [0,1] and X € Dy, such that m,(X) > 0 we have

m(X) > (1 — 12(Ac(X)nm + n7?)) 7.

Proof. Using Lemma we may assume that 7 > 0, E* ¢ N and Cp(H;) = C. We may further
assume that 7,(X) < 1 and in particular that m# < 1, E* ¢ Y. Using the two shorthands £_ =

(Y € H;'(1),N C H;'(0)} and £, = £ N {Hy(E*) = 1} we have m,(X) = %w Let

Ci={CeC\C:E*cC},Cy=(C°\C)\C; and C2 = C. NC, for s € {0,1}. Then we
have P(Cy, C Cl€x) = P(CT = D|EL)P(CG = 0|E+), where £ = {C{ = 0} N Ex. But since P(C{ =
0|€+) = P(C; = 0]|€-), the probabilities in the numerator and denominator cancel out, yielding
m(X) = %&lgﬂﬂ' > (1- ZCE?T P(C € Cy|€)))m. By assumption we have C € Y U {E*} for
all C € C] and hence C; = Xy U X} with X, = {C € C; : |[CNY| = s}. In order to obtain
C ={E*"Y,E} € Xy with Y € ), we first choose E*NY = {u}, then one of the remaining neighbors
of w in H to obtain Y, one of the remaining vertices E* N E = {v} in E*\ {u} and Y N E = {w}
in Y\ {u}, and finally any vertex to complete E, yielding |X}| < 3(An(H4) — 1)4n < 12A.(X)n.
Looking at the auxiliary hypergraph with ) U {E*} present and applying the Harris inequality yields
P(C € C}|&) < m. For C € Xy we choose three vertices freely, yielding |Xp| < 12n?, and on the other
hand P(C € C}|€),) < 72 since none of the two remaining hyperedges is known to be present. O

Now, Part |4.15b)| is immediate.

4.3.5 Proof of Corollary |4.16, Though cumbersome, it is straightforward that the joint distribu-
tion (Gyp, Hy) defined in Figure 3|is well-defined and indeed a coupling of G}, and Hy,, for any choice
of p,m € [0,1]. In the following, we thoroughly discuss the ideas underlying the coupling and thus
establish stronger results, which immediately imply Corollary [£.16]

For py = Q(In(n)'/3/n?/3), p; = o(n=20/31), further 7y = p%, let ¢ be from Proposition and
let no € Z>12 be the minimum n such that py(n) € (0,1) and en’pr(n)!t < 1 for all n > no. Aiming
towards Observation Observation and Observation we consider the following typical
hypergraphs. Let D = ("gl)p?, A = D + max (E, 4ln(n)) and

T = {H e 10,13(5) : en(H) = e (H), vdj(Du(H) UCS(H)) = 1,C(H) = 0, Ay(H) < A} . (18)

Thus, we restrict the maximal degree, we enforce that all 3-cycles are clean and no clean 3-cycles
can be induced, we further require that the clean 3-cycles are vertex disjoint, which we upgrade to
vdj(Dn(H) U CL(H)) = 1 for convenience. The upgrade only ensures that H(E(C)) = 0 for all
C € Cp(H), i.e. that the induced hyperedges Eci(C) from Section are not present in H.

Let & = {C; = C, by, = 1} be the event that the first step is successful, and recall the event £
from Equation that both steps are successful. Further, let & (H) = {C; = C2(H), Hy, = H} for
HecTand & ={C; =Cy, Hy, € T} = Uper En(H).
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Let M = (3) be the number of steps. For a typical hypergraph H € T and using C = Cp(H),
let Ef y; = E¢ be the coupling order. For i € [M]U {0} let Yh i = {Ey; € H (1) : j € [i]}
and My = {Ey; € H'(0) : j € [i]}. Let Zy = [3|C[] be the first steps dedicated to C, and
Tz = [4|C|] \ [3|C|] the steps dedicated to the induced hyperedges. We denote the trivial steps by
T ={ic[M]\[4C|]:3C €C°\CC C Yh; 1 U {£} ;}}- Further, the inclusion steps are given by
Tvg = {i € [M]\ [4|C]] : Ey;; € H'(1)}. The remaining steps are given by Z. i = {i € [M]\ [4[C|] :
Ep; € H'(0)} \ Z;. For i€ [M]U{0} let

Xnmi = {(hi Vo {Bnj 17 €20} Muy) : Ly €T C T UL

On & let E* = EEO, let ; = Wt(E;,é:,yt,i_l,Nt7i_1), and let 7TZI- = Wh(E:,éE,yh,i_l,Nh,i_l) for
h

i € [M]U{0} be the conditional inclusion probabilities. Further, for i € [M] let b; be the variable in

Step 2.2.3, b} the variable in Step 2.2.3.2, and m,; the variable in Step 2.2.4.

Lemma 4.26. Let py = Q(In(n)Y/3/n?3), pr = o(n=23Y), n > n,, H €T and p € [0,p4].
a) We have m = (1 — cn7p%1)p3. Further, we have m = 0 if and only if p = 0.

b) We have P(&;) > 1 —min(E[|C{[], \/%EHCSH)SCTfp%l + o(1) and thus & holds whp.

¢) For p=0 we have G, =0, H, =0 and x; = (0,0, ([g])7 ([g])) almost surely.
d) For F = Ywm NNy we have Yy = Vi UF, Ny SNy UF and |[F| < 1.
e) We have £ = & N{F =0} = {YVour = Yur = Hy (1), Non SNy = H H(0)}.
f) On |F| =1 the event & holds, and using F = {E;} we have 7; < 7, < m, m; = 1.
g) We have & C E. Further, we have & whp.
h) The sets I., I;, I, Iy and L. are a partition of [M].
i) Forp>0, i€ [M]U{0} we have {z : P(x; = z|E,(H)) > 0} C Ay ;.
j) Forp>0,i€Z. and on &(H) we have w;i = w, =1, b; =1 and b, = 1.
k) Forp >0, i €T and on E(H) we have w; =1 > 7w, > 0 and b; = 0.
1) Forp>0,i€cZ and on E(H) we have 7; = 7, = 0.
m)For p >0, i€y and on E,(H) we have m; > 7 > w, >0, b; =1 and b, = 1.
n) For p >0, i € Z, and on &,(H) one of the following holds.
o We have w; > m > m, > 0 and b; = 0.
o We have wi > m > m, >0 and b; =1, b, = 0.
o We have wi =0 < w, < 7 and m; = 0.

Proof. Part 4.26R)| follows from n > n,. Proposition with 1 — (1 — ¢)® < 3q for ¢ € [0,1] and
: s o 1 o 7,11 _ 1 1/9

n > ne yields P(&1) > 1 — min(E[|C¢l[], \/5E[|CY[])3enpt” + o(1). For p < p. = (240(2)) we have

P(&) > 1—%n7p%1+0(1) = 1+40(1) and for p € [pc, pt] we have P(&1) > 1—(9(n10p?1/2)+0(1) = 1+o(1).

Part is immediate. For Part notice that if the first step fails, we have x); = ), and notice

that F # ) if and only if we entered Step 2.2.4.2 in Figure 3| and that then Step 2.2.1 ensures that

|F| = 1. The remainder is now immediate. For Part we clearly have E CENV{F =0} =& C €
and thus equality, where

E={Vom=Yuu=H;"(1),Neny CNuy = H;,'(0)}.

For Part on |F| =1 the event & holds since otherwise ), = ), so E* is well-defined. Part
4.26d )| suggests that there exists a unique ¢ € [M] with F = {E}}, and clearly we have m; < m},
m; = 1. This gives p > 0, 7 > 0 by Part further 7r; < 1 and hence Proposition shows
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that 7, < m. For Part let p > 0, yielding m > 0. Part Observation Observation
and Observation yield that & holds whp. For & C &£, we use Part and show that
BN& =0, where B= &N {.7:' # 0}. On B we know that & holds, 7; < 7, < m and m; = 1. By
the choice of 7, Proposition suggests that m; = 0 and Ch( J\Co(H) # 0 or CP(H) # () unless
X = (E}, Ct,y“ 1, Ni—1) ¢ Dy, where H is glven by H™ (1) = Y;;—1 U {E;}. However, in this
step we necessarlly have Y¢i—1 = Yn,i-1, C = Ch and My; 1 C Nh i—1, so H is also the hypergraph
for (Ez,ch,yh, 1,Nhi—1). Since H,, is chosen conditional to Ch and Yy i1 C H ( ), this gives
BC{H, & T}, and hence & C €.

Now, let C = Cp(H) and E* = Ej ;. Part 1.2¢h)] follows with H~(1) = E*(Z. UZ,) and
H~Y0) = E*(Z; UZ, UZo UZ,). For the remainder, 1et D E (0, p4], and notice that P(&,(H)) > 0. Let
= (Y, Yo, Ni, Nu) be such that P(xy; = z|E,(H)) > 0. By Part [£.26k)] we have &,(H) C & C &, so
Ve=lh=H (1) and V; C Ny, = HY0) = E*(T; UZ, UZg UZ,) by Part 4.2@@[ This shows that
Vii=Yhi=Vhiand Ny; CNp,; =M, on & (H).

Part [4.26))| is immediate. For Part 4.26k)| we have w; = 1 > =}, and b = 0 since we have
H(E}) =0, but on b =1 we would habe b’ = 1, which also yields 7, < 1 Part [4.261)| is trivial, since
on &,(H) and for i € Z; there eX1st EE' € Ypi1 = yhl 1 = Yi,i—1 with {E, E’ E*} eC’\C, and
thus 7; = w, = 0 by Proposition and Proposition For Part [4.26 - using that on &,(H) w
have Yi; = Yn:i = Vh,i with Ef € yh,i, so using H € T we have m; > 0 and further m; > 7 > w, > 0.
Since we have H(E}) = 1, this gives b; = b, = 1. For Part we start with 7r; > 0, which yields
> > 7r2’~ > 0 as before. Further, we have b; =0 or b; = 1 and b, = 0 since H(E;) = 0. For m; =0
we have 7} > 0 since i ¢ Ty and m; = 0 since H(E}) = 0.

Now, Part k)| implies that Ny N E*(Z;) = 0, Part [4.2d1)| yields E*(Z;) C N, and hence we have
T € Xhm. ThlS completes the proof of the remaining Part @ O

Corollary follows from Lemma Moreover, Lemma provides information about
the coupling that can be extracted from the observed hypergraph H € T (if we also know that the
first step was successful). Finally, notice that in Part the case distinction for 7r; = 0 depends
on the specific choice of N ;_1, in particular if we chose to ignore or to exclude hyperedges for the
case 7; > 0 in previous steps.

4.3.6 Additional Triangles. Under the assumptions of Corollary and working towards Section
we discuss the additional triangles Hinp. = Hy (1) \ Hy '(1). Let Heppr = Ugeee E be the

yperedges in the clean 3-cycles. Now, we show that vertex sets that are typically not too large and
not incident to clean 3-cycles (in Hy,) are typically also not incident to additional triangles.

Lemma 4.27. Let pr = Q(In(n)/3/n?3), pr = o(n™2%31) and ¢ from Proposition |4.14a), For
d(n),V(n) : Zso — R>p with §(n) = o(1) and V(n) = o(nfng_M) there exists e(n) = o(1) such that
the following holds. For p € [0,p], 7 = max(0, (1 — cn7p%1) ) and V(H) C [n], H € {0, 1}([2]), with
P(|V(Hy)| < V,V(Hy) NUpgen, E=0) > 1 -3 we have POV(Hy,) NUpey, E # 0) <e.

Proof. Fix py, mp = p?, 6 and V. As in Section let no € Z>12 be sufficiently large such that
pr € (0,1), cn7p%1 < 1 for n > no. For n < n, let e(n) = 1, and thus let n > n, in the remainder, so
in particular T = (1 — cn7p%1)p. For p = 0 we have m = 0, H¢ = () and thus the assertion is trivial, so
let p > 0 and thus 7 > 0 in the remainder.

Let T be the set from Equation (18), and &, &w(H), &1 = o(1) from Lemma such that
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P(&) > 1 — ;. Then we have P(E,) > 1 — 4 — e1, where & = {C; = Cy, Hy, € Ty} and

ﬂ,V,VZ{HET: VH) <V, VH)N |J E= @} Heu= |J C.

E€He g CeCo(H)

Let V = V(H,), and N = |[{(v,E) € V x H; : v € E}| be the number of pairs of target vertices v
and additional triangles F that contain v € E. Then we have

P (Vﬁ U E 7é @) = P(N > 0) <E {JIEVE[N‘E}I(INI}J)]} +6+e1.
EcHy

Let H € Ty and C = C;(H). With P = {(v,i) : v € V(H) N Ey ;,i € T UL}, Lemma yields

EIN|En(H)] = Y P(Hi(Ey;) = 1|&(H)).
(v,i)eP
Notice that P = {(v,i) : v € V(H) N Ey};;,i € I} by the definition of 7;. Thus, let i € Z, with
v € B} ;. Lemma yields P(Hy(E}. ;) = 1/&n(H)) = E[P(H(E} ;) = 1|@a)|En(H)] with M = (3),
and thereby E[N|&n(H)] = 32, E[1{zn € X}P(H(E} ;) = 1|zm)|En(H)], where X = {z : P(xy =
z|En(H)) > O,P(ﬂt(Eii) = 1l|xpr = x) > 0}. Next, let

T =P (Ho(By,) = 1{H(1) € H (1)) > p, (19)
Then, for z = (Y, Yh, Vi, M) € X the Harris inequality for Gy, with the edges for ) given yields
P (Hi(E;,) = aw =) = P (H(E;,;) = 1C(Hy) €0 C Hy (1), N, € H ' (0)) < 77,

using Lemma Using that P(f{t(Eﬁl) = llxpy = ;1:) > 0 for z € X, Lemma further gives
E[N|&w(H)] <3, P(ey € X|EW(H))m* < 32, P(m; > 7, by = 0|&,(H))7*. We also have

P(ﬂ'i > W;,bi = 0|5h(H)) =K []]_{7T1 > W;}P(bl = 0|Q§Z,1,gh(H))|gh(H)]

/
-

—E {H{m > i} . ;‘;’,

i

5h(H)]

since b; does not depend on the future decisions. Proposition with ¢’ therein and Proposition
yield the bounds for (1 — c’n37r%)7r < 7, < mwsince H € Ty and m; > m,. For m; we use the
Harris inequality for Gy, given that the edges induced by Yi;—1 = Vh,m,i—1 (from Lemma are
present to eliminate the down-sets, and a second time to introduce the up-set that the edges given by
H=Y(1) \ Vg1 are present, yielding m; < 7* from Equation . Combining these bounds yields
P(m; > ), by = 01 (H)) < T—0 T and B[N, (H))] < @(s + "), where

S= Y (m-p*). 8= 3 (-0 -dntnd)n).

(v3)eP (v,3)eP
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Notice that [P| < V(";'), so 7 = (1 — cn7p%1)p3 yields S" < (e ’n37r2 + cen” 11)10 |P| = O(n p%4V)
For S, we notice that 7} = p" for some r € Z N [0, 3]. For r = 3 the contrlbutlons vanish, and r =0
implies that all edges of Eﬁl are already present in H, which is not possible since H € T,. This
gives S = Y7 No(p" — p?), where N, = |{(v,) € P : 7} = p"}| < Syevr [H(v)] is the number
of valid pairs and H,(v) = {F € (g]) v e B |H\G 1) =7}, G = Gt,H, are the hyperedges
adjacent to v with r edges missing. Notice that A = @(nQp%) in the definition of 7, and thus the
maximum degree of G is Ag(G) = O(n*p}), yielding |H,(v)| = O(p; 973"n5="), thereby S = O(n'plV)
and E[N|&(H)] = O(ngp%‘LV). Hence, we have E[N|&,(H)] < 52 for some €3 = o(1) and thus
P(N >0)<efore=0d+e1+¢e2=0(1). O

Thus, all vertex sets that are not too large do not meet additional triangles. Notice that nfgp{ 14—

w(n'/31) for pr = o(n=2/31) 50 in any case V can be polynomial in n.

4.3.7 Proof of Theorem The only difference between Theorem and Corollary is that
the equality in Corollary is replaced by the inequality 7 < 7y with 7, = max(0, (1 —cn p%l)p:;).
Thus, combining the coupling of G, and Hj, -, from Corollary @ with the coupling of Hy, ., and
H;, ;. from Observation @ completes the proof.

4.4 The Cover Coupling

We turn to the proof of Proposition [1.6] As opposed to the previous sections, we use the Landau
notation in this section in the traditional sense, since we will only consider fixed choices of p and .
Recall g(n), m+ from Section |4.1.4. Let my = 2ln(n)/(";1) Pt = 71'%/3 and ¢ from Theorem Let

no € Z>12 be such that 0 < 7_ <7y <m <py <1, 1—cn'p 11 >0 and py = (—2t—)"3 € (0,py)

1—cn7pT

for all n > n,. Further, let p_ = /> € (0,py), Hy = Hy, r, and G+ = Gy, .
Section [4.4.1]is devoted to the discussion of the coupling underlying Proposition[£.6] The remainder
of the proof is discussed in Section [£.4.2]

4.4.1 The Union Process. We establish Proposition using the explicit coupling described
in Figure For the remainder of this section we let the joint distribution (Gt’ H, e, E;) be
given by this coupling, for the sake of brevity, i.e. we do neither distinguish (é,, E}) and (ep, Ep),
nor (G, H,) and (G4, H,). Notice that all notions in Figure [3| and Figure |4 are determined by
J = (x (niG+,H+,eu) where T(ny are the final yes and no decisions in the coupling (G4, Hy)

in Figure In particular, J’ determines e,, E,, Gp, H,, Hp, Sc, st, Sc and S;. Also, if we
have vdj(C% ) = 1 for the clean 3-cycles CS = Cp(H,.), then these also determine the coupling order
E* = Eéi used when the first step in Figure [3|is successful. Let sy = ||G+|1, S+ = |[H4|l1 be the
ends of the critical windows, and notice that G = G, s, and H, = H}, 5., i.e. this further recovers
the corresponding joint distribution in Observation Let J = (J',S_) with S_ € Z N[0, S4]
depending on J' only through S, given by (S_|Sy = S;) ~ Bin(Sy,7_ /7). Thus, this completely
defines the critical window in the hypergraph process. Let H_ = H, 5_.

With the joint distribution J in place, we discuss the coupling in Figure [f] in detail and introduce
further derived notions. Let Hy; = H; g, be the triangle hypergraph for G 1, let Gy = Gy g, be the
triangle graph for H from Section and let Dy = Dy(H4) be the diamonds from Observation
Let H, = {E : {E,E'} € D} be the partner hyperedges and Hs = H;'(1) \ H, the single
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1. Use the coupling (G, H,) of G4 and H, from Theorem [4.5
(a) The first step is successful if the coupling in Theorem [4.5|is successful and vdj(Dy(H)) = 1.
(b) Otherwise, the first step failed.

2. Next, the union edge set G, = G, U Gy, and the hyperedges E. : G, — ﬂ;l(l) are determined
conditional to £ = {G4 = G4, Hy = H,}, and given as follows. The union edge process (ey|€) ~
u(Gy!) is uniform given &.

(a) If the first step failed, let Gy = G7*(1), Gn = H;'(1) x [3] and Eo(E,i) = E.

(b) If the first step was successful, let G = Gy g, . Consider the partition G;l(l) =G, UG UGy
into G, = G (1)\G™1(1), Go = {E1NEy: E € H ' (1), |E1NEy| = 2} and G; = G~1(1) \ Go.
Let G5 be a copy of Go. For e € Gy there exists a unique hyperedge E.(e) € H;l(l) with
e € (Ez(e)), while for e € Gy there exist two such hyperedges F, E’, without loss of generality
E = E} and E' = E} with i < j. Let E(e) = E for e € Gy and Ee(e) = £’ for e € G. Finally,
let ggZGll(l)ZQ*U%U% and G, = G1 UGy UG .

3.Let & = {Gy = Go,Gn = Gn, E. = Ee, ey = ey}. The processes €, and FE;, are conditionally
independent given £ and obtained as follows. Let sy = |G,| and Sy = |Ec(Gy)|.

(a) Let e € Gg! be the subsequence of e, obtained by the restriction to G;. Then the law of &,|&
is the same as the law of eyle, 5, = e.

(b) Let E € E.(Gp)! be the enumeration induced by sup(E) = max{ej'(e) : e € E;Y(E)}. Then
the law of E,|€ is the same as the law of E,|E, 5, = E.

Figure 4: The three main steps in the coupling (€, E},) of e, and E,, are the coupling of the binomial
hypergraphs at the end of the critical window, followed by the coupling of the orders of the hyperedges
and the edges, and finalized by the completions of the processes.

For the first step, recall that the coupling in Theorem is successful if the event £ from Equation
holds. Further, recall the diamonds Dy (H) from Observation The first step is successful if
the coupling of the binomial graph and hypergraph is successful, and the diamonds in the hypergraph
are vertex disjoint.

For the second step, recall the coupling order E* used in the coupling in Figure (3| If the first step
failed, we take the disjoint union of the edges in G, and three edges per hypergedge in Hy, and
impose these with the uniform order. If the first step was successful, we take the edges of G and
clone the overlap edges in the diamonds of H,. This gives the partition into edges G, that only appear
in G4, the edges G; in the triangle graph G that belong to a unique hyperedge, the edges G of G+
that are the shared edges of diamonds in H and belong to the hyperedge with the lower index in the
coupling order by definition, and the clones G} that belong to the hyperedge with the larger index.
Again, we choose the order uniformly.

In the third step, we extract the subsequence e relevant for the graph process, and complete the
process by adding the remaining edges uniformly at random. For the hyperedge process, we extract
the subsequence on Gy, and notice that each hyperedge is represented by its own three edges, with the
uniform order imposed on the entire edge set. Intuitively, we consider the uniform order on the edges
of Sy vertex disjoint triangles. The index s_p(F) is the step in which the triangle corresponding to
E is closed. Thus, the induced enumeration on F.(Gy) is uniform. Finally, we complete the process
by adding the remaining hyperedges uniformly at random.
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hyperedges. Assuming the first step in Figure [4] is successful, we can further distinguish the good
partners Hg = {E] :i < j,{E}, Ej} € D1} and the bad partners Hy, = H,;, \ Hg.

For now, we stick to the case that the first step is successful. Let Go = {E1NEs : {E1, Ex} € D}
be the shared edges, and let G1 = G (1) \ G2 be the exclusive edges. By the definition of Gy,
for each e € Gy} (1) there exists a hyperedge E € H'(1) that e belongs to, i.e. e € (g) Since
the first step was successful, an edge cannot be shared by more than two hyperedges, otherwise we
would get at least three overlapping diamonds by choosing two out of the at least three hyperedges.
This gives the partition G_ +1(1) = G1 U Gs into edges e € G; that belong to exactly one hyperedge
E.(e) € H{'(1), and edges e € G that belong to two hyperedges, one good partner Ee(e) € Hg and
one bad partner E € Hy,. To account for this missing edge due to sharing, we introduce clones G/, of
Ga, and choose E,(e') = E € H,, for the clone ¢’ € G of e € G,. Now, each hyperedge E € H (1)
is assigned three edges, i.e. |E;'(E)| = 3. To be specific, since the single hyperedges E € H do not
share edges, all their edges are exclusive, i.e. E;1(E) C G1. The good partners E € H, still have two
exclusive edges, i.e. |[E;1(E) NG| = 2, and further one shared edge in |[E;'(E) N Gy| = 1. The bad
partners E € H,, also have two exclusive edges, i.e. |[E;1(E)NG1| = 2, and have to make do with the
clone of the shared edge in |[E;1(E) N Gh| = 1.

Since the first step is successful, we have G, = Gjrl(l) =G,UGUG, with G, = G;l(l)\thrl(l).
Hence, in this case we have a non-trivial intersection of G, and G, = G1 UG U 9’2 given by G, NGy, =
G1UGs. On the other hand, if the coupling failed, we have G, NGy, = () for the edge sets G, = G;l(l)
and Gy, = H;l(l) x [3]. However, in any case each edge in G is, trivially, represented by exactly
one edge in Gy, and each hyperedge in H is represented by its own exclusive three edges in Gy,
where FE. : Gy, — H;l(l) models the ‘belongs to’ relation. The fact that ey € G! is uniform given
Gu, suggests that so are the restrictions ey g, and ey g,. Thus, the subsequence given by the former
exactly corresponds to e, s, as discussed in Observation @ For the latter, we take a viewpoint
similar to the triangle hypergraph process Hy,. That is, if we consider m triangles represented by
edges [m] x [3] that we order uniformly, i.e.  ~ u([m] x [3]), and we extract the steps when triangles
were closed, i.e. i(t) = max{z(t,e) : e € [3]} € [3m] for t € [m)], then the enumeration t € [m)]!
induced by % is uniform. This explains why the joint distribution (e, E},) defined in Figure [4]is indeed
a coupling of e, and Ej,.

Now, we introduce the graph and the hypergraph process to the shared timeline. Let Gy = (Gg.5)s
with G4 € {0, 1}([3]) for s € ZN[0,|Gu]] be given by G, 1(1) = ey([s]) N Gg. Clearly, the graph
process G is just a stretched version of the graph process G, up to the end s of the critical window.
Formally, the steps eJ'(Gg) U {0} in the union process are in one to one correspondence with the
steps Z N [0, 84] in the graph process, i.e. apart from the initially empty graph, these are exactly
the steps where an edge is added to the graph, and the edges as well as their order are the same in
both processes. Of course, this also gives rise to the triangle hypergraph Hy = (Hy )5 in the union
process, with Hg s = Hyg,,. For the hypergraph process let Gy, = (Ghs)s with Gy s € {0, 1}031)
for s € ZN0,|Gy|] be given by G}:i(l) = ey([s]) N Gy, i.e. we consider the graph composed of
the edges associated with the hyperedges. Now, the hypergraph process is Hy = (Hys)s given by
HE;(I) ={FE ¢ ([g]) : E71(E) C Ghs}, i-e. all edges belonging to E under Gy, are present in Gy, .
Now, there is a one to one correspondence between the steps {0} U {s € [|Gu|] : Hn s # Hps—1} in
which a hyperedge is added and the steps Z N [0, S4] in the hypergraph process, i.e. apart from the
initially empty hypergraph, these are exactly the steps where a hyperedge is added to the hypergraph,
and the hyperedges as well as their order are the same in both processes.
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4.4.2 Overview. For the proof of Proposition we first ensure that the coupling in Figure 4| does
not fail whp. We further state a key property of the coupling if the first step is successful. For this
purpose let sq(E) = min{s € [|Gu|] : Hys(E) = 1} be the step where E € H'(1) is added, and let
sn(E) = min{s € [|Gu]] : Hns(E) = 1} be the step where E € H; (1) is added.

Lemma 4.28. Notice that the following holds.

a) The first step in Figure || is successful whp.

b) Given that the first step is successful, we have sg(E) = sp(E) for all E € Hs UH,.

¢) Given that the first step is successful, we have sg(E) < max(sn(E), sn(E")) for all E € Hy,, where
E' € Hg is such that {E,E'} € D

This result suggests that we can assume that the first step is successful. It further ensures that
all hyperedges but the bad partners are added in the same step in both processes. Finally, it also
ensures that all diamonds that are present under the hypergraph process are also present under the
graph process. Next, we discuss isolated vertices in the critical window (E,, S_, S, ), which will yield
the whp bounds S_ < S. < S, in Theorem as a byproduct. For this purpose let Dy = Dp, be
the vertex degrees from Observation Further, let Zy = {v € [n] : D+(v) = 0} be the isolated
vertices and L4 = {v € [n] : Dy(v) < 6g(n)} the low-degree vertices.

Lemma 4.29. Notice that the following holds.

a) We have T_ # 0 and T = () whp, and thereby S_ < S. < Sy whp.

b) We have B[|Z_|] < eI, |L,| < 9 WIn() — po(D) yhp and T C L, whp.
¢) We have L4 NUgep,un £ =0 whp, where H = Ucees C-

d) We have (n)|\Z- C Upey E whp, where H = H-*(1)\{E: {E,E'} € D_}.
Lemma does not only show that our choice for the critical window is reasonable, it also
establishes typical properties of the binomial hypergraph regarding isolated (low-degree) vertices for

7_ (m4+). The next crucial observation is that also the additional triangles H; = H;,'(1) \ H;'(1)
do not interfere with the property of being isolated in the critical window.

Lemma 4.30. We have L, NUgey, £ = 0 whp.
Proof. The result follows from Lemma and Lemma for py and the vertex set L. O

Lemma[4.29/and Lemma[£.30|give sufficient control over the isolated vertices in the critical window.
Now, we translate Lemma and Theorem to the union process. For this purpose, let s =
min{s € ZN0,|Gy|] : Hys = H, 5_} be the start and sy = min{s € ZN0,|G|] : Hy, = H, 5., }
the end of the critical window. Of course, we also introduce the hitting times

She = inf{s ezZnN [0, \QU\] : Hh,s = Hp7,gc}, Shf = inf{s eZnN [0, \QUH : Hh,s = Hp’sf}
and notice that these are not necessarily finite since S¢, St > S, is possible. For the graph, let
sge =inf{s € ZN0,|Gu|] : Hgs = Hip s}, Ser =inf{s € ZN0,|Gu|] : Hgs = Hip s, }-

As mentioned below Theorem [2.6] the location of s. is well-known. However, since the lower bound
is also almost immediate from our results, we let (J, s_) be such that s_ depends on J only through
sy and (s_|s4 = s4) ~ Bin(s4,p—/py). As for the hypergraph process, we also introduce s, =
min{s € ZN[0,|Gu|] : Hgs = Hips_} and sgy = min{s € ZN 0, |Gu|] : Hg s = Hyp s, }.
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Lemma 4.31. Notice that the following holds.

a) We have S_ < S. < S4 whp, and S. = St whp over n € 3Z~y.

b) We have sp— < Spe = Sgc < Sh4 whp, and spc = Spr whp over n € 3Zxy.

c) We have sg— < 8nhe = Sge < 84 whp, and spe = spr whp over n € 3Z~q.

d) For H =HsN H}:;hc(l) we have H = Hs N Hgfslgc(l) and Ugey E = [n] whp.
e) We have s_ < s < s4 whp.

Proposition [£.6] is now immediate from Lemma [£.31} using H, s, = Hpg, on S, < Sy and
H,, = Hg, onsc<s;. Lemma is proved in Section Lemma is proved in Section

[4.44] and Lemma [4.31]is proved in Section [£.4.5

4.4.3 Proof of Lemma |4.28|. Part |42ﬁb)| is an immediate consequence of Theorem and Obser-
vation Part [4.28b)| is immediate from the definition and the discussion in Section m since
these hyperedges are associated with the same underlying edges, thus they appear in the same step.
Part [4.28c)| is also immediate from the definition and the discussion in Section since the two
excluswe edges ( )NG1 belong to E under both G4 and Gy, and the third, shared edge ( )NG2 = {e}
belonging to E under Gy, belongs to the good partner E' under Gy, so at the step max(sh(E) sn(E")
where both partners are present, all of their edges are, thus all edges of ¥ under G are present and
thereby H,(FE) = 1.

4.4.4 Proof of Lemma [4.29, Using Observation we have E[|Z4|] = n(1 — Wi)(ngl), which
gives 0 < E[|Z+]] < e¥9 and E[|Z+|] = (1 + O(In(n ) /n?))e¥9() . The second factorial moment is
E[|Z4]2] = n2(1 — 74)("2)("2%), and hence

~ Var(|Z4|) B ("33 5_ na 1
E4 = EHIiH 1= 5n(1 7T:|:) 2/, 5 =1 (1 7T:|:) o
For 8 we have —1 < 3 < (n—2)ry = 2;(In(n)£g(n)) < %(?) using g(n) < In(n), and on the other

hand we have 0 § n(l — 7Ti)( 9 < nexp(—(ln(n) + g(n))) < 9. Combining these bounds gives
lex| < 4ln(1)eg(”) = n~ 1) using g(n) = o(In(n)). This shows that Var(|Z+|) = (1 + o(1))E []Ii]]
Markov’s inequality gives P(Z; # 0)) < e 90" = o(1), and Chebyshev’s inequality gives P(Z_ ) <
H%(_lﬁ = (1 4+ 0(1))e~9™ . This completes the proof of Part |4.2%)and the first part of Part [4. 2qb

For the last part of Part let N = |Z_\ L] be the number of vertices that are isolated
in H_ and not of low degree in H . Using Observation [£.7, for a vertex known to be isolated
in H_, each adjacent hyperedge is present in H independently with probability = = ﬂf__ﬂﬂ:, SO
with b ~ Bin((";"),7) we have E[N] = n(1 — 7_)("2 )P(b > 6g(n)) = E[|Z_[|P(b > 6g(n)). With
E[|Z_|] < /™ and the Chernoff bound we obtain E[N] < exp(g(n) — (1 + O(x_))2g(n)) = o(1),
which shows that Z_ C £ whp. Notice that E[|£[] = nP(b < 6g(n)) for b ~ Bin((";"),74), so the

Chernoff bound gives E[|L|] < exp(f(n)), where using 7 = 6g(n)/(”;1) we have

F(n) = n(n) - (” ) 1)DKL<me> (1+ 0(1))6g(n) Inin(n).

Markov’s inequality yields |£, | < 79 2(n(n) whp and completes the proof of Part [4.29b)
For Part [£.2%) let N = [{(v,E,E') : v € L. N (E\ E'),{E,E'} € D.}| be the number of
triplets where {E, E'} is a diamond and the outer corner v of E is of low degree. Analogously, let



146 4.4. The Cover Coupling

N =|{(v,E,E"):ve LiN(ENE'),{E,E'} € Dy}| be the number of triplets where v is one of the
endpoints of the shared edge. The union bound and Markov’s inequality yield

IP’(£+O U E#@) < E[N]+E[N"].

EcH,

We have E[N] = (3)(3) (";*)72P(b < 6g(n) — 1), where b ~ Bin((",") — 1,74). Since the leading

coefficient is only of order O(In(n)?), proceeding analogous to the above yields E[N] = n~'*+°(1) and
further E[N'] = (3) (5) ("7°)72 G)P(b < 6g(n) — 2) = n~1*°W) for b ~ Bin((";") — 2,74). This shows

To complete Part [4.29¢)|, let N = |{(v, E) € L x ([g])3 A{EL By, B3} € CL v e By \ (Ba U E3)}
and N' = [{(v,F) € L4 X (@)3 :{E\, B2, E3} € C3, Ey N Ey = {v}}| be the number of pairs of clean
3-cycles and corners, for outer and inner corners respectively. Then we have

P <£+ nJ E+# (z)) < E[N]+E[N"].
EcH

We have E[N] = (2) () ("5%) (3)* ("7°) 73 P(b < 6g(n) — 1) for b ~ Bin((";") = 1,7), yielding E[N] =

n~ 1o and analogously E[N'] = n~1+o(1),

For Part 4.29d), let N = [{(v,E,E’) : v € E\ E',D_(v) = 2,{E,E'} € D_}| the number
of triplets of a diamond with an otherwise isolated outer corner, and N’ = [{(v,E,E’) : v € EN
E'.D_(v) = 1,{E,E'} € D_}| the number of triplets of a diamond with an otherwise isolated inner
corner. The union bound and Markov’s inequality yield

P (([n] \IO\ U E# @) < P (vdj(D_) = 0) + E[N] + E[NV'

EcH

Observation yields P(vdj(D_) = 0) = o(1), we have E[N] = (3)(3)("*)72(1 — w,)(ngl)_l =
n~1+oM) and we have E[N'] = (3)(3) ("*)2 () (1 — 7r_)(n;1)72 = p~1to(),

4.4.5 Proof of Lemma Im'. Part 4.3i5) is Theorem a combination of Lemma and
Theorem 1.3 in [7I]. For Part |4.31jp), notice that we have {sp_ < spc < sp} = {S- < Sc < S}
and {spr = Spe < Sny} = {Sr = S < S}, because Hj, (g, is a subprocess of Hj. Lemma
yields that He N H, }(1) = Hs N Hy (1) for all s € ZN[0,|Gu]] on & = €N {vdj(Dy) = 1},
with £ from Equation . Further, with Lemma and the above it yields that whp & and
8h- < Spe < 8py hold, and that for allv € Z_ C L, and s € ZN [sy_, 81| we have Ny (v,s) C
Hs, where Ny (v,s) = {E € Hh*SI(I) : v € E}. This further gives N(v,s) € Ng(v,s) N Hs,
where Ng(v,s) = {E € H;}(1) : v € E}. We also obtain that whp for all v € [n] \ Z_ we have
Nu(v,s) N Hs = Ng(v,s) N Hs # 0. This shows that sgc < She whp. Now, Lemma yields
Ni(v,s) =Ng(v,s) C Hsforallv € I_, s € ZN|[sp—, shy) and thus sge = s whp. For Part [4.31[)]
we have H = Hs N H}:;gc(l) and Ugcy E = [n] by the above. For Part we have sgc < Sg4 On
8gc < 00 and hence sy = sy < 8g whp. For the lower bound, we use Theorem to couple G_

with H. = H,, + , 7. = (1—cn"p}!)p® > 0. Notice that n’ = % with ¢'(n) = (1+0(1))g(n)
B 2
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given by the above, so the results for H_ also apply for H” . Let Z' = {v € [n] : Dy (v) = 0} be
the isolated vertices in H' , and let H| = H,_'(1) \ H"'(1) be the extra cliques in H,_ = H; g_.
Notice that by Lemma Lemma applies for Z'_ and ‘H{ and hence Z'_ N pen, E = () whp.
This yields {v : Dy, (v) = 0} = Z" # () whp, so s > s_ whp. This completes the proof of Part
and of Part analogously to the above.

4.5 Existence of a Perfect Matching

In this section we complete the proof of Theorem based on the coupling from Proposition As
in Section [£.4] we use the Landau notation in the traditional sense. As in Section [£.4] we continue to
define couplings of two (unrelated) random objects by defining a joint distribution for the pair.

4.5.1 Overview. Recall the notions from Section and Section |E2D With £ from Equation
(5], let & = EN{vdj(D) = 1} be the event that the first step in Figure [i] was successful. Further,
let &5 = & N {Sgc = Sne = Snf < Shy} be the whp event that the hitting times in the union process
coincide. On &3, let Ho = Hh_;hc(l) \ Hg_’slhc(l) be the excess hyperedges in Hy, 4, and notice that

Ho=H éwc(l) \ Ht_p’lsc(l). Theorem H is immediate from the following result. Let E, be a copy of
E,, together with all derived notions, e.g. H,.

Proposition 4.32. There exists a coupling (J, E,) such that ﬂ;gc(l) C H;;C(l) \ Ho whp.

The first obstacle in the proof of Proposition [1.32] is that H, heavily relies on the coupling in
Figure [l But this can be easily remedied by considering the set

H = {E cH L (1):{E.E}eD, F ¢ Hpj}qc(o)} .

Notice that ‘H is determined by (Ey, S5 ), and thus does not involve our previous constructions.
Lemma 4.33. We have Ho C H whp.

Thus, it is sufficient to establish a coupling (J, E,) such that fI;gC(l) CH, évc(l) \ H whp by
Lemmam to obtain Proposition But this only amounts to a coupling (E,, S5, Ep), i.e. in the
remainder we can forget about Section and Section [£.4] entirely, and only discuss a coupling of the
standard hyperedge process with itself. For this purpose, let (Ep,r) ~ u(([g})!) ® Bin(l,ﬂr)(g) and
H ={E,(S): S € [S]nr~1(1)}, using the derived notions for the copy E, of E, and 7, = 189(n)

n—1

Lemma 4.34. There exists a coupling (Ey, S+,E'p, r) such that H C H whp.

In the last step, we establish that the subprocess obtained from Ep by restricting to r~1(0) is
nothing but a standard hyperedge process, i.e. Ej .-1(0), and that whp the hyperedge removal r
does not affect the hitting time.

Lemma 4.35. We have S, = inf{$ : UEeFZ‘p([S]mr—l(o)) E = [n]} whp. Further, there exists a coupling
(Ey, 7, Ey) with H (1) C I%I;gc(l) \H.

At this point, Proposition [£.32] and Theorem [£.2] are almost immediate. We establish Lemma
in Section Lemma in Section Lemma in Section Proposition in
Section [£.5.5] Theorem [4:2]in Section [£.5.6] Corollary [.3]in Section [£.5.7 and Corollary [£-4]in Section
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4.5.2 Proof of Lemma Lemma and Lemma, show that & is a whp event. On &3
we have Hy 5. = Hy s, and Hy = Hy, 5, = Hy g, , 50 Lemma [4.28 shows that

H,C{EeH,NH (1) {EF}eD, F e HyL (0} CH.

4.5.3 Proof of Lemma We consider two additional hitting times. For this purpose, let

be the hyperedge inclusion probabilities for the partner window and for the upper bound. Consider
the joint distribution (E,, Sy, Ay, Su) ~ (Ep, St, Ay) ® Sy, where Ay, depends on (E,, S) only
through S, and is thus determined by (Ay|S. = S) ~ Bin((3) — S,my), and S, is determined by
Sy ~ Bin((3), 7). Let Sy = Sc+ Ay, be the end of the partner window, and further let H. = H,, 5,
H,=H,s, , H, = H,g, be the hypergraphs corresponding to the hitting times. Let D. = Dy (H.),
Dy, = Dy(Hy) and D,, = Dy(H,) be the diamonds. Analogously to the hyperedges H with partners
in (S¢,Sy], let Hy ={E € H7'(1): {E,E'} € Dy, E' € H;1(0)} be the hyperedges with partners
in (Sc, Sy

Lemma 4.36. Let [ : Z~g — R>0 with f =w(l).

a) We have | Sy — %(ln( ) \ </ f(n)nln(n whp

b) We have 5(In(n) — g(n \/ nln ) < S < %(In(n) + «/ nln ) whp.

c) We have g(ln( n) + 29 \/ nln ) < Sy < 5 (In(n )—|—4g ) + \/ nln ) and further
|Aw —ng(n)| </ f(n) ng whp

d) We have |Sy — §(In(n) +5g(n))| < /f(n)nIn(n) whp.

e) We have S_ < S. < S§; < 8, <8, whp,’D §D+§DW§’DU and H C H, whp.

f) We have vdj(D.) = vdj(D4) = Vdj(DW) = vdj('Du) =1 whp.

Proof. Let B(n) = /f(n)nln(n) and b(n) = /f(n)ng(n) be the bounds. For Part we have
Var(Sy) < E[Si] = §(In(n) £ g(n)) < 3nln( ) P(|S+ — E[S4]| > B(n)) < (n) by Chebyshev’s
inequality. Part follows analogously. Lemma gives S_ < S, < S; whp in Part
which yields Part [4.36b)| using Part For Part let S € ZN[E[S_] — B(n),E[S+]+ B(n)]
and A ~ Bin((3) — S, 7rW) e. (Ay|S. =S5) ~ A. Using Var(A) < E[A] = ng(n) — Smy, Chebyshev’s
inequality yields |A — E[A ]] < V(n) Whp for any b'(n) = w(yv/ng(n )) and hence |A — ng(n)| < b(n)
whp. This yields |Ay — ng(n)| < /f(n)ng(n) whp using Part 4 and the remainder of Part
follows with §_ 4+ Ay < Sy < S+ + Ay, whp. The remamder of Part [4.36¢)| is now immediate,
and Part then follows with Observation O]

For S € [S.] let P(S) = {E' € H;'(0): {Ep,s,E'} € D,VE" € H7'(1)\ {E, s} |E'NE"| < 1}
be the potential new exclusive partners of E, g, let P(S) = P(S) N H,'(1) be the new exclusive
partners in Hy, and let R = (1{|P(S)| = 1})g¢[s,] be the indicator for meeting exactly one new

exclusive partner. Let P = (|P(S)|my (1 —my) PS)I-1) sels.] be the corresponding success probability.
Lemma 4.37. We have (R|Ej [s,]) ~ ®¢[s. Bin(1, P(s)).
Proof. Notice that P(S) C H;1(0), S € [S], is determined by E, s, and P(S1) N P(S2) = @ for

S € [ScJ2. Also notice that Hy, given E, g has the law Bin(1, 1)®H€_1(1) ® Bin(l,ﬂw)®Hc_1(0) and
hence (N|Ej, (s,]) ~ ®gse(s. Bin(|P()], m), where N = (|P(S)|)s. This completes the proof. [
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Now, let (Ep,Ep,r,S+) ~ (Ep,Ep,r) ® S be given as follows. First, choose Ej (g and set
Epy[sc] = E, [s.]- Next, using Lemmamlet (R,7(s.))|Ep (s, be given by the componentwise maximal
coupling, i.e. the pairs (R(s),7(s))s are independent with P(R(s) # 7(s)|Eys.]) = [P(s) — ml.
Finally, let (Ep,Ep, r) be conditionally independent given (E, (g ], R, T[s,])-

Lemma 4.38. We have H C H, = E,(R™(1)) C E,(r~'(1)) whp.
Proof. Lemma yields H C Hy = Ey(R71(1)) whp. With [P(s)| < 3(n—3) we have P < 7. [
Using % C H;'(1) and S. = S. gives H C # whp.

4.5.4 Proof of Lemma [4.35| Consider (E,,7,8,58_) ~ (Ep,7)® (S4,S_), Hy = H the

p,Ss
removed hyperedges R = {E, s : S € r~1(1) N [S4]}, the isolated vertices Z. and the low-degree
vertices L4 from Lemma for Hy.

Lemma 4.39. Notice that the following holds.

a) We have VE € T\’,%_ E1NEy =0 whp.

b) We have £, N Uger, E =0 whp.

¢) We have [n)|\Z_ C Upey E whp, where H = H-Y(1)\ R.
d) We have S¢ = inf{S : UEeEp([S}mr—l(o)) E = [n]} whp.

Proof. For Part ‘ we consider N, = {E € ’R,%r : |[E1 N Ey] = r}| for r € [2] and notice
that P(3E € ’R,Q; E1NEy # 0) < E[N1] + E[IN2] = O(In(n)%g(n)?/n). For Part we have
P(Ly NUper, E # 0) < E[N] = 3(5)m.mP(b < 6g(n)), where b ~ Bin((",") — 1,7;) and N =
{(v,E) € L, x Ry : v € E}|. As in the proof of Lemmawe obtain P(b < 6g(n)) < n~1to)
and thereby E[N] < n=1+°(1)_ For Part let V = ([n]\Z-)\ (Ugen E) and notice that by Part
it holds whp that for all v € V there exists exactly one F € H~'(1) with v € E, for which
we have E € R_. So, with N = [{(v,E) € [n] x R_ : v € E,Dg (v) = 1}| and Part @ we
have P(V # 0) < E[N] + o(1) = o(1). Now, Part follows with Lemma since whp for all
S eZnN[S_,S:] we have

U E= U E

EeH (1) EeH ¢(1)\R+
O

Now, given J = (Ep,r,.§+,§_) let 7 be the enumeration of r~1(0), further let Ep,[lr‘l(O)H =

(Epy(s))s be the subprocess obtained from the restriction to #~(0) and let E, depend on J only
through En[l?"l(o)H‘ Lemma suggests that n(S’C) = S, whp, which completes the proof.

4.5.5 Proof of Proposition With Lemma m Lemma and Lemma we have

H, CH CH and ﬁ;g (1) C IA{;; (1)\H C ﬁ;; (1) \ Ho whp, by gluing the couplings.

4.5.6 Proof of Theorem Theorem is immediate from Lemma Proposition and
Theorem

4.5.7 Proof of Corollary E. This result follows from Theorem with Lemma m
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4.5.8 Proof of Corollary We obtain Part by reducing it to the case n € 3Z~¢ as follows.
Let n € Z>12, n° = 3|n] and A =n —n°. let A € {1,2}. Further, let (Hy,E,) ~ Hyr, ® u(([g])!)
and let H, € {0,1}(5) be given by H-1(1) = H;'(1) U{E.}.

Lemma 4.40. We have ||[H}y — H, ||ty = o(1).

Proof. We have |Hy — H, ||y = 1 ¥y 77 Wl — )l O] — \Hé)(l)|wf—l<1>|—1(1 — O]

5),my) further

and using Jensen’s inequality with M = |H'(1)| ~ Bin((

3
|Hy — H. | = EHE%;}]M” < ”;fém‘f) < 2\/1% = O((nIn(n))"1/2).

O

For notational transparency let E, be the process on the hypergraph with E, planted, given by
(Ey|Hy, E,) ~u(H;Y(1)!) and let S, = |[H_1(1)|. Further, let VA be given by (Va|H, E., E,) ~

u((%)) Let V° = [n] \ Va, enumerated by ng, and let H, € {0, 1}([n3 ) be given by

H(1) = {E e (@) . HL(n3(E)) = 1} ,

that is, we obtain H, from H, by removing the A vertices VA C E, (and all incident hyperedges)
and relabeling the remaining vertices. Notice that H*,(";,o) ~ Bin(1,7r+)®(v3) and hence H, ~
In(n°)+g'(n°)
("2
of B YH;(1)) and E; = E, omnp, i.e. we consider the subprocess on the remaining hyperedges.
Notice that Ef ~ E, & with (Ej, S) ~ u(([%o])!) ® Bin((%o),w+7n) is a standard stopped process.
Thus, Theorem [2.6| yields that S = Sf < S$ whp, where S = |H;'(1)| and using the notions for
Eg corresponding to Ep, e.g. the hitting times S¢, Sf. Further, we clearly have Hj ¢ < Hp,ng( s) and
hence S. < m;(Sc). Now, let L. = {v € [n] : Dy, (v) < 6g(n)} be the low-degree vertices and let
H={FEcH'(1): ENVa # 0} be the hyperedges incident to V.

Lemma 4.41. Notice that the following holds.
a) We have L, NUgey E =0 whp.
b) We have S. = Sf = n;(Sc) whp.

Proof. For Part 4.41k)| we consider N = [{(v,E) € L, x H : v € E\ E*}|, then the union bound
yields P(Lx NUgey E # 0) < E[|L. N E.|] +E[N]. We have E[|£, N E.|] = 3P(b < 6g(n)) = n~ o0
with b ~ Bin((ngl) — 1,7 ), as in the proof of Lemma Further, we have

E[N] < XA: (ﬁ) (2:?) T <:13> P(b < 6g(n)) < n~1+oM
r=1

and thereby Part [4.41h)| holds. For Part [4.41p), let Sy = |H;'(1)| and let S_ be given by
(S_|H,,E,, E,, V) ~ Bin(Sy,n_/m;). Further, let H_ € {0,1}([g]) be given by H~'(1) =
E,([S— + 1]) \ {E.} on the event {H,(E,) = 0,E;'(E,) < S_}, and H~'(1) = E,([S_]) oth-
erwise. Finally, let Z_ = {v € [n] : Dg_(v) = 0} be the isolated vertices. Notice that H_ ~ Hjy,

H;, 0 Further, notice that 7 ,, = for some suitable ¢’. Let 71y be the enumeration

STT+,n*
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and thus the proof of Lemma [4.29 gives E[|Z_|] = (1 + o(1))e9™ and Var(JZ_|) = (1 + o(1))E[Z_]].
Hence, Chebyshev’s inequality yields |Z_| > %eg(”) = w(1) whp, which shows that Z' # () whp, where
T = {ven]: D) =0} =Z_\ E, and H' ¢ {0,1}(%) is given by H'-1(1) = H~'(1) U {E.}.
Notice that H, s < H " and hence there exist isolated vertices in H, s whp. Next, we show that
E={H,(E,) = O,Ep_l(E*) < S_} whp. We have P(H,(E,) = 1) = w1 and using Lemma m
further

P(H.(E.)=0,E, " (E.) <5_)=E {H{H+(E*> = 0}5_} _ {1{H+(E*) = 0}7_S,

Si+1 T+ (54 +1)

1

m_
>T 4 _E
= ™ S, +1

T+

} =1+o(1).

Thus, we know that H' = Hp, s 11 whp. Analogously to Lemma we obtain that Z' C L, whp,
using E[1E|L, \ T'|] = E[1E|T'||P(b > 6g(n)) < E[|Z_[JP(b > 6g(n)) with b ~ Bin((";"), TZ="=).
With Part [4.41k)| the last isolated vertices Z' are not incident to # and hence S. = 15(S¢) whp.
Finally, with Sf = S¢ whp we have a perfect matching F, in H,, which induces a matching F, C

H_'(1) with Ugep, E = V°, so for F = F, U{E.} we have |F| = [n/3] and Ugcp E = [n]. O

Part [4.4h)| follows from Lemma combined with Lemma This extends Theorem Part
4.4b)[ is now immediate from Theorem since we embed the hitting time hypergraph and thus
obtain the desired cover.

5 Occupation Problems on Regular Graphs

In this section we provide further context and the proofs for the results presented in Section 2.3} First,
we present applications of occupation problems, other contributions and open problems in Section
before we turn to the proofs. In Section [5.2] we give a detailed overview of our procedure. Before
we turn to the proof, we clarify some preliminaries, prepare arguments and discuss the translation to
different models in Section Then, the first step is the first moment method, which we implement
in Section The second step is the second moment method, which we implement in Section [5.5
Crucially, this is the part where we establish the conjecture from [I01]. In Section we boost the
probability obtained using the second moment to 1 using small subgraph conditioning, based on the
proof of Lemma [5.8 in Section [5.7]

5.1 Applications, Results and Problems

We take a closer look at the examples from [36], 96] in Section then we discuss related work in
Section [5.1.2] and open problems in Section [5.1.3]

5.1.1 Examples and Related Problems. A problem that is closely related and can be reduced
to the d-regular r-in-k occupation problem is the d-regular positive r-in-k SAT problem, a variant of
k-SAT introduced above. In this case, we consider a boolean formula

f:/\Cm Cq = i,ae[m],

acF i€v(a)
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in conjunctive normal form with m clauses over n variables ¢ € [n], such that no literal appears
negated (hence positive r-in-k SAT), and where each clause ¢, is the disjunction of k literals and
each variable appears in exactly d clauses (hence d-regular). The decision problem is to determine if
there exists an assignment x such that exactly r literals in each clause evaluate to true (hence r-in-k
SAT). In [96] the satisfiability threshold for this problem was determined for r = 1, i.e. the case where
exactly one literal in each clause evaluates to true. Our Theorem solves this problem for r = 2
and k € Z24.

Our second example deals with a prominent problem related to graph theory. A k-regular d-
uniform hypergraph H is a pair H = ([m],£) with vertices [m] and n = |€| (hyper-)edges such that
each edge contains d vertices and the degree of each vertex is k. An r-factor F C £ is a subset of the
hyperedges such that each vertex a € [m] is incident to r hyperedges e; € F. In this case the problem
is to determine if H has an r-factor. For example, the case r = 1 is the well-known perfect matching
problem and the threshold was determined in [36]. An example of a 2-factor in a hypergraph is shown
in Figure Theorem solves also this problem for r = 2 and k € Z>4.

There are several other problems in complexity and graph theory that are closely related to the
examples above. The satisfiability threshold in Theorem [2.10] also applies to a variant of the vertex
cover problem (or hitting set problem from set theory perspective), where we choose a subset of the
vertices (variables with value one) in a d-regular k-uniform hypergraph such that each hyperedge is
incident to exactly two vertices in the subset. Analogously, Theorem [2.10]also establishes the threshold
for a variant of the set cover problem in set theory corresponding to 2-factors in hypergraphs, i.e. given
a family of d-subsets (hyperedges) and a universe (vertices) with each element contained in k subsets,
the problem is to find a subfamily of the subsets such that each element of the universe is contained
in exactly two subsets of the subfamily. Further, Theorem [2.10] can e.g. also be used to give sufficient
conditions for the (asymptotic) existence of Euler families in regular uniform hypergraphs as discussed
in [15].

5.1.2 Related Work. The regular version of the random 1-in-k occupation problem (and related
problems) has been studied in [36, 96] using the first and second moment method with small subgraph
conditioning. The paper [I14] shows that lim; ,.c P(Z > 0) = 1 for d = 2 and k € Z>2 in the d-
regular 2-in-k occupation problem, i.e. the existence of 2-factors in k-regular simple graphs. A recent
discussion of 2-factors (and the related Euler families) that does not rely on the probabilistic method is
presented in [I5]. Further, randomized polynomial time algorithms for the generation and approximate
counting of 2-factors in random regular graphs have been developed in [56].

The study of Erdés Rényi (hyper-)graphs was initiated by the groundbreaking paper [47] in 1960
and turned into a fruitful field of research with many applications, including early results on 1-factors
in simple graphs [49]. On the contrary, results for the random d-regular k-uniform (hyper-)graph
ensemble were rare before the introduction of the configuration (or pairing) model by Bollobés [22]
and the development of the small subgraph conditioning method [67, 68]. While the proof scheme
facilitated rigorous arguments to establish the existence and location of satisfiability thresholds of
random regular CSPs [89, [17, [73], 29, 34, 41, 42], the problems are treated on a case by case basis,
while results on entire classes of random regular CSPs are still outstanding.

One of the main reasons responsible for the complexity of a rigorous analysis of random (regular)
CSPs seems to be a conjectured structural change of the solution space for increasing densities. This
hypothesis has been put forward by physicists, verified in parts and mostly for ER ensembles, further
led to new rigorous proof techniques [40} [34], B0] and to randomized algorithms [25], 83] for NP-hard
problems that are not only of great value in practice, but can also be employed for precise numerical
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(though non-rigorous) estimates of satisfiability thresholds. An excellent introduction to this replica
theory can be found in [85] [77, 122]. Specifically, numerical results indicating the satisfiability thresh-
olds for d-regular r-in-k occupation problems (more general variants, and for ER type hypergraphs)
based on this conjecture were discussed in various publications [27, 37, 119, 68| [65] 128, 127], where
occupation problems were introduced for the first time in [98].

Another fundamental obstacle in the rigorous analysis is of a very technical nature and directly
related to the second moment method as discussed in detail in our current work. In the case of regular
2-in-k occupation problems (amongst others) this optimization problem can be solved by exploiting
a connection to the fixed points of belief propagation. This well-studied message passing algorithm is
thoroughly discussed in [85].

5.1.3 Open Problems. In this work we rigorously establish the threshold for » = 2 and k € Z>4
for the random regular r-in-k occupation problem. A rigorous proof for general r (and k) seems
to be involved, but further assumptions may significantly simplify the analysis. For example, as an
extension of the current work one may focus on 7-in-2r occupation problems, where the constraints
are symmetric in the colors. As can be seen from our proof, this yields useful symmetry properties.
Further, as suggested by the literature [30], 33] such balanced problems [127, [128] are usually more
accessible to a rigorous study. On the other hand, the optimization usually also significantly simplifies
if only carried out for k > ko(r) for some (large) ko(r).

Apart from the generalizations discussed above, results for the general r-in-k occupation prob-
lems are also still outstanding for Erdos-Rényi type CSPs, the only exception being the satisfiability
threshold for perfect matchings which was recently established by Kahn [71]. Further, there only exist
bounds for the exact cover problem [72] on 3-uniform hypergraphs, i.e. r =1 and k = 3.

Outline of the Proofs. In Section [5.2] we present the proof strategy on a high level. Then, we
turn to the notation and do some groundwork, in particular the analysis of d*(k), in Section
The easy part of the main result is established in Section [5.4] using the first moment method. The
remainder is devoted to the proof that solutions exist below the threshold with probability tending to
one, starting with the second moment method in Section Most of the twenty pages in this section
are devoted to the solution of the optimization problem and related conjecture from [I0I] using a
belief propagation inspired approach. Finally, we complete the small subgraph conditioning method
in Section [5.6] using the proof of Lemma [5.§in Section [5.7] as a blueprint.

5.2 Proof Techniques

In this section we give a high-level overview of our proof. We make heavy use of the so-called
configuration model for the generation of random instances in the form used by Moore [96].

5.2.1 The Configuration Model. Working with the uniform distribution on d-regular k-uniform
hypergraphs directly is challenging. Instead, we show Theorem for occupation problems on so-
called configurations. A d-regular k-configuration is a bijection G : [n] x [d] — [m] x [k], where the
v-edges (i, h') € [n] x [d] represent pairs of variables i € [n] and so-called i-edges, i.e. half-edge indices
B € [d]. The image (a,h) = G(i,h') is an f-edge, i.e. a pair of a constraint (factor) a € [m] and an
a-edge (or half-edge) h € [k], indicating that the i-edge h’ of the variable i is wired to the a-edge h
of a and thereby suggesting that ¢ is connected to a in the corresponding d-regular k-factor graph.
Notice that we can represent G' by an equivalent, four-partite, graph with (disjoint) vertex sets given
by the variables [n], constraints (factors) [m], v-edges H' = [n] x [d] and f-edges H = [m] x [k], where
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(a) occupation problem on configurations (b) 4-regular 2-in-3 vertex cover

Figure 5: The figure on the left shows the solution on a configuration corresponding to the solution
in Figure 2 We only denoted a-edges (small boxes, filled if they the a-edge takes the value one)
and i-edges (small circles, filled if the i-edge takes the value one) instead of f-edges and v-edges
for brevity (e.g. hq, 1 instead of (a1, hq,.1)). The figure on the right illustrates the corresponding
2-in-3 vertex cover (given by the filled circles).

each variable i € [n] connects to all its v-edges (i, h’) € H', each constraint a € [m] to all its f-edges
(a,h) € H and a v-edge (i, h’) connects to an f-edge (a, h) if G(i,h') = (a, h).

Let Gc = Ge i dnm be the set of all d-regular k-configurations on n variables, and notice that
|G| = 0 iff dn # km and |G| = (dn)! = (km)! for m = dn/k € Z, which we assume from here
on. Further, the occupation problem on factor graphs directly translates to configurations, i.e. an
assignment = € {0,1}" is a solution of G € G, if for each constraint a € [m] there exist exactly two
distinct a-edges h, b’ € [k] such that ;4 ) = Tian) = 1, where i(a,h) = (G=%(a, h)); denotes the
h-th neighbor of a. Say, the occupation problem on a configuration corresponding to the example in
Figure [2a] is shown in Figure

Let Z(G) be the number of solutions of G € G, let G, ~ u(G.) be the uniformly random config-
uration and Z. = Z(G.). As before, Z. = 0 almost surely unless 2n € kZ. Theorem will be a
straightforward consequence of the following result.

Theorem 5.1. Theorem also holds for Z..

5.2.2 The First Moment Method. In the first step we apply the first moment method to the
occupation problem on configurations, yielding the following result.

Lemma 5.2. Let k € Z>4, d € Z>y. For n € N tending to infinity

E[Z] = (1+ 0(1))Vde™, where ¢ = %ln (g) —(d-1)H (2) :

In particular, E[Z.] — oo for d < d* and E[Z;] — 0 for d > d* with d* as in (2)). So, Markov’s

inequality implies P(Z. > 0) — 0 for d > d*. The map ¢; is known as annealed free entropy density.

5.2.3 The Second Moment Method. Let k € Z>4 and d € Z>2. We denote the set of distributions
on a finite set S by P(S) and identify p € P(S) with its probability mass function, meaning P(S) =
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{p € [0,1]° : S,csp(s) = 1}. Further, let Py(S) = {p € P(S) : €p € Z°} be the empirical
distributions over £ € Z~ trials.

In order to apply the second moment method we will consider a (new) CSP with m factors on n
variables with the larger domain {0, 1}2, and where the constraint a € [m] is satisfied by an assignment
x € ({0,1}2)" if Yicu(a) Ti,l = Dicu(a) Ti2 = 2. Here, there are qualitatively three types of satisfying
assignments for the constraints, namely with 0, 1 or 2 overlapping ones. We will analyze the empirical
overlap distributions p € P,,,({0,1,2}) of assignments satisfying all constraints, which determine the
empirical distributions pe € Prym, ({0, 1}2) of the values {0,1}2 over the km edges, given by

pe(11) = %p(l) + %p(Q) and  pe(10) = pe(01) = %p(l) + %p(O).

So, if p € P ({0,1,2}) is an achievable empirical overlap distribution on the m factors, then p, is
necessarily an empirical distribution on the n variables; thus the achievable overlap distributions are
contained in P, = {p € P, ({0,1,2}) : pe € P,({0,1}%)}.

In the first — combinatorial — part we establish that the second moment for n € N can be written
as a sum of contributions for fixed overlap distributions.

Lemma 5.3. For any n € N we have
9 m k me(s) n dn -
E[Z:] = p;n E(p), where E(p) = (mp) se{l(:[m} (s, 2—5,2—sk—4+ s) <npe> (dnpe> '
Here, we use the notation (7;';), p € Pn({0,1,2}), for multinomial coefficients.

To study further the second moment in Lemma [5.3], we identify the maximal contributions. For
this purpose, let p* € P({0,1,2}) be the hypergeometric distribution with

2\ (k—2
p(s) = (S)<(:)_S) for s €{0,1,2}, and pi(1,1)= %, De(1,0) = 2(]3;2) (20)
2

The overlap distribution p* is a natural candidate for maximizing FE(p). Indeed, we obtain p* when
we consider two independent uniformly random assignments in {0, 1}"C with 2 ones each, and p} is
exactly the marginal probability if we jointly consider two independent uniformly random assignments
in {0, 1}" to the variables with 2n/k ones each. In the next step, we derive the limits of the log-densities
LIn(E(p)). Recall that the K(ullback)-L(eibler) divergence Dk, (p||q) of two distributions p, g € P(S),
such that p is absolutely continuous with respect to ¢, is

Do) = 3 pleyn (2.

= q(x)

Lemma 5.4. For a fully supported p € P({0,1,2}) and a sequence (pn)nen C Ppn with limy, o0 pp, = p
we have limy,_,oc 2 In(E(pn)) = ¢2(p), where

62(p) = 261~ Ba(p) and Dylp) = Die o) — T

Dy (pellp?).
p KL (Pel|Py)

The following proposition is the main contribution of this work.
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Proposition 5.5. For k = 4 the global minimizers of Ag-(4) are p*, p© given by p(o)(()) =1 and p®?
given by p(2)(2) = 1. For k € Z>5 the global minimizers of Ay« are p* and p@.

With Proposition we easily verify that p* is the unique minimizer of A, for any d < d*(k),
since the KL divergence is minimized by its unique root and (d — 1)k/d is increasing in d. This
conclusion then allows to compute the limit of the scaled second moment using Laplace’s method for
sums. Moreover, we confirm the authors’ conjecture in [I0I] as an immediate corollary, and further
obtain the Hirschfeld-Gebelein-Rényi maximal correlation for the same noisy channel with input p*.

Proposition 5.6. For any k € Z>4 and d < d*(k)

E[ZZ] _ (1+o0(1)) %’

as n € N tends to infinity.

Proposition and the Paley-Zygmund inequality yield liminf, . P(Z, > 0) > ,/ %. While

this bound suggests that a threshold exists, we need to show that the threshold at d* is sharp.

5.2.4 Small Subgraph Conditioning. We complete the proof of Theorem using the small

subgraph conditioning method. For this purpose let a2 = IC’ é(a — ¢) denote the falling factorial.

Theorem 5.7 (Small Subgraph Conditioning, [96, Theorem 2]). Let Z,, and X, 1, X, 2,... be non-
negative integer-valued random variables. Suppose that E[Z,] > 0 and that for each £ € Z~q there are
Ao € Rug, 0p € Ru_1 such that for any L € Z~g

a) the variables (X 0)e(r) are asymptotically independent and Poisson with B[ X, ¢] = (1 + o(1)) A,

b) for any sequence r1,...,r1 of non-negative integers,
E (2. I Xo0] L
: (1 d¢)
E[Z,] + o g 1+ dy)]
¢) we explain the variance, i.e.
E[Z?] = (1+o(1))exp Z A\ed? and Z)\g(s% < 00.
E[Z,]” >1 >1

Then lim,,_, P(Z,, > 0) =

We will apply Theorem to the number Z. of solutions from Section and the numbers X,
of small cycles in the configuration G.. In order to understand what a cycle in a configuration is, we
recall the representation of a configuration G as a four-partite graph from Section Since we are
mostly interested in the factor graph associated with a configuration we divide lengths of paths by
three, e.g. what we call a cycle of length four in the bijection, is actually a cycle of length twelve in
its equivalent four-partite graph representation. Figures [2a] and [5a] show an example of a factor graph
and the corresponding configuration in its graph representation. Showing the following statement,
which establishes Assumption is rather routine.

Lemma 5.8. For { € Z~g let Xy be the number of 2¢-cycles in G, and set

_ _ L
\ Lk 1)2(;1 )
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Then (X¢)er) are asymptotically independent and Poisson with E[X ] = (1+0(1))A; for all L € Zo.

We give a self-contained proof of Lemma [5.8] in Section [5.7} which we build upon to argue that
Assumption [5.7b)| in Theorem holds. With Lemma in place, we consider the base case in
Assumption % i.e. for £ € Zwg we let 7y = 1 and rp = 0 otherwise, to determine 6, = (1 — k).
We easily verify that >y, M2 = % ln(%) and thereby establish Assumption using Proposition
m Finally, we follow the proof of Lemma to complete the verification of Assumption and
thereby complete the proof of Theorem

5.2.5 Translation of the Results. Before the proof of the main result, we translate the results
for configurations to factor graphs using Lemma [5.8 to obtain contiguity of the factor graph model
with respect to the configuration model. For completeness we then also provide self-contained proofs
to establish the applicability to hypergraphs (where the constraints may be attached to either the
vertices or to the hyperedges). This establishes our claims in Sections and

5.3 Preliminaries and Notation

After introducing notation in Section we establish a few basic facts in Section In Section
we derive Theorem [2.10] from the configuration version. Finally, in Section we derive the
thresholds for the positive 2-in-k SAT and 2-factors from Theorem [2.10] Hence, this section primarily
addresses readers new to this field, treating established concepts, results and the corresponding subtle
technical difficulties.

5.3.1 Notation. We use the notation [n] = {1,...,n} and [n]o = {0} U [n] for n € Z~(, denote the
falling factorial (or k-factorial) with n for n, k € Z>0, k < n, and multinomial coefficients with (Z)
for n € Z>p and k € Zléo’ d € Z>1, such that 37;c14 ki = n. Recall Stirling’s formula from [I15], i.e.

n\" _1 n\" 1
2mn | — | entl <nl < V2mn|—| e2n, n € Zvg,
e e

and in particular n! = (1 + o(1))v2mn(%2)". If a random variable X has law p we write X ~ p
and use Po(\) to denote the Poisson distribution with parameter A. Distributions p € P(S) in
the convex polytope P(S) of distributions with finite support S are identified with their probability
mass functions p € [0,1]. Further, P,,(S) = {p € P(S) : np € [n]o} denotes the set of empirical
distributions obtained from n € Z>; trials. Let v* denote the transpose of a vector v. Finally, we use
‘4ff” for ‘if and only if” and ‘whp’ for ‘with high probability’, i.e. lim,, o P(&,) = 1 for events &,.

5.3.2 Basic Observations. We briefly establish the claims in Section for the configuration
version, and the claim that d* is not an integer.

Lemma 5.9. The set G. is empty iff dn # km, so let dn = km. Then, we have Z. = 0 almost surely
if n1 =2n/k ¢ Z. Finally, d* € (1,00) \ Z.

Proof. Since G € G. is a bijection G : [n] x [d] — [m] x [k], the set G. is empty for dn # km and
|Gc| = (dn)! = (km)! otherwise, which proves the first assertion. Next, we fix a solution x € {0,1}"
of g € G. with n} ones. Then two a-edges h have to take the value one, i.e. Ti(q,n)y = 1, for each
a € [m] and hence 2m f-edges (a,h) € [m] x [k] in total. On the other hand, there are dn} v-edges
(i,h) € [n] x [d] that take the value one. Since G is a bijection, dn} = 2m, so ny = n} € Z.
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For the last assertion, we first focus on the denominator of d*, i.e.

n(t) ) () (7)o

so d* > 0 for k € Z>3. Next, notice that d* is a solution of f(d) =1 with

2 k1 -t
F(d) = e(d—1)(kH(2/k)—1n(g))—ln(’;) _
k(k—1) \ 2(k —2)k2(k — 1) ’
which directly implies that d* > 1 and further, since ged(k, k — 1) = 1, that d* € (1,00) \ Z. O

5.3.3 From Configurations to Factor Graphs. In this section, we derive Theorem from
Theorem First, we notice that there are (k!)™(d!)" configurations G. € G, corresponding to each
occupation problem G € G due to the labeling of the half-edges for each variable and constraint (where
we consider G and G, in their graph representations as illustrated in Figures and . Further,
a configuration G corresponding to an occupation problem G obviously cannot contain two-cycles,
so let Gc1 C G. denote the set of configurations without two-cycles. Then the uniformly random
G. € . conditional to G. € G is uniform on G.; and further Lemma directly implies that
P(G.: € Gc1) — P(IN = 0) > 0 with N ~ Po(\1), so the uniform distribution on G ; is contiguous
with respect to the uniform distribution on G, i.e. for any sequence of events (&), we have that
P(G. € &,) — 0 implies P(G. € &,|G: € Gc1) — 0 as n tends to infinity. As explained above,
the uniform distribution on G is the pushforward of the uniform distribution on G 1, so since the
number Z(G,) of solutions in G, € G.1 properly translates to Z(G), we can translate Theorem
to Theorem using the contiguity result discussed above (while the translation of Lemma is
obvious). Further, we notice that we can also derive a version of Lemma for (d, k)-biregular graphs
(respectively d-regular k-factor graphs) using a similar argumentation.

5.3.4 Variants of the Occupation Problem. In this section we establish the thresholds for the
positive 2-in-k SAT and the 2-factors from Section In the former example, uniqueness of the
clauses is guaranteed by the CNF representation, so instances of this problem are given by d-regular
k-uniform hypergraphs. For any such hypergraph H = ([n], £) there are m! factor graphs G € G, that
map onto H via & = {v, : a € [m]}. Further, a factor graph G corresponding to H can obviously not
have redundant constraints, i.e. pairs {a,b} C [m] of two distinct constraints a, b such that v, = vp.

Lemma 5.10. The number R of redundant constraints in G is zero whp.

Proof. We will apply the first moment method. For the number S of redundant constraints in G,
i.e. pairs {a, b} of distinct constraints a,b € [m] such that v, = v, and |v,| = k (where v, is the set of
adjacent variables i(a, h) for h € [k]), the expectation is given by

EIS) = 2 = o (Z‘) PER(d(d — 1)) (dn — 2K).

where £ is the set of pairs (G, {a,b}) such that {a,b} is a pair of redundant constraints in G € G,
and the terms on the right hand side are derived as follows. We choose two constraints a and b, the
k variables they connect to in the order that a connects to them, then choose the order in which b
connects to the k variables, further choose the edge that connects to a and to b respectively for each
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of the k variables and wire the rest. Computing the asymptotics yields E[S] = o(1). Then, Markov’s
inequality implies that P(S > 0) = P(S > 1) < E[S] — 0 for n — oo. Using contiguity this yields
that we do not have redundant constraints in G.|G. € G.1 whp and further no redundant constraints
in G whp because analogously to the previous examples S properly translates to R. O

A direct consequence of this lemma is that the uniform distribution on G and the uniform distri-
bution on the set G; of factor graphs with no redundant constraints are mutually contiguous. The
remaining steps to translate Theorem [2.10]to d-regular k-uniform hypergraphs with constraints on the
hyperedges are completely analogous to the translation of Theorem In particular, this establishes
the satisfiability threshold for the d-regular 2-in-k SAT.

The proof that the number of redundant variables in G, i.e. pairs of distinct variables whose
neighborhoods coincide, equals zero whp is completely analogous for d > 2, while for the graph case
d = 2 the result follows analogously to Section [5.3.3| using Lemma, for 4-cycles. This shows that
Theorem also applies to the existence of 2-factors in k-regular d-uniform hypergraphs, where the
variables are now mapped to the hyperedges, while the constraints are mapped to the vertices.

5.4 The First Moment Method — Proof of Lemma

This short section is dedicated to the proof of Lemma [5.2] We write the expectation in terms of the
number |€| of pairs (G, z) € € such that z € {0,1}" satisfies G € G, i.e.

E[Z.] = ||gi|| : d;) (”)(5) (2m)!(dn — 2m)!,

with n1 = 2n/k and for the following reasons. First, we choose the n; variables with value one
in z, then we choose the two a-edges for each constraint a € [m] with value one, wire the v-edges
and f-edges with value one and finally wire the edges with value zero. In particular, this implies that
E[Z.] > 0 for alln € V. Stirling’s formula yields after some straightforward but tedious manipulations
E[Z.] = (1 + 0(1))Vde™", as claimed.

5.5 The Second Moment Method

In this section we consider the case d < d*. We prove Lemma Lemma Proposition and
Proposition [5.6 the main contribution of this work.

5.5.1 How to Square a Constraint Satisfaction Problem. In order to facilitate the presentation
we introduce the squared d-regular 2-in-k occupation problem. As before, an instance of this problem
is given by a bijection G : [n] x [d] — [m] x [k]. Now, for an assignment z € ({0,1}?)" let yg. =
(Ti(a,h))aclm],helk] De the corresponding f-edge assignment under G, where we recall from Section
that i(a, h) = (G~%(a, h))1 € [n] is the variable i(a, h) wired to the f-edge (a, h) under G. A constraint
a € [m) is satisfied by a constraint assignment = € ({0,1}?)% iff z € S@), where

8(2)—{$€ {01} thl—thQ—Q}
helk]

An f-edge assignment x € ({0,1}2)™*F is satisfying if z, = (Ta,n)nelr) satisfies a for all a € [m].
Finally, an assignment z € ({0,1}?)" is a solution of G if yg . is satisfying. Notice that the pairs of
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solutions z, ' € {0,1}" of the standard problem on G are in one to one correspondence with the
solutions y € ({0,1}*)" of the squared problem on G via y = (x4, });e[n). So, Z2(GQ) = Z(G)? for
the number Z)(G) of solutions of the squared problem, hence z® = Z? for z? = Z?)(G,) and
in particular IE[ZC(2)] = E[Z?]. This equivalence allows us to entirely focus on the squared problem.

5.5.2 Proof of Lemma As before, we can write E[Z(Q)]
pairs (G, z) € € such that z € ({0,1}2)" solves G. Set

dn)' |€|, where |€]| is the number of

Y= {y e ({0, 13k .y, e 8@ forall a € [m]}

For y € Y let the overlap distribution p, € P,,({0,1,2}) be given by

py(s) = %I{a € [m]: |y (L,1)] = s}, se{0,1,2}.

Further, let the edge distribution g, € Pk, ({0, 1}?) be given by

qy(x) = %H(aah) € [m] X [k]: Yo = 2} = ! ), ze{o0,1)%

Using that |y, 1(1,0)] = |y;1(0,1)] = 2 — |y;1(1,1)] and hence |y~1(0,0)] = k — 4 + |y~ 1(1,1)] we
directly get

1

_ _ S
g Z o (LDl = > sH{aeml:fy (LD =sH = > +pyls),
ae[m] s€{0,1,2} s€{0,1,2}
1 _ 2—s
ay(1,0) = qy(0,1) = - — > C-s)facml:ly, (LD =s}= > — Pu(s),
s€{0,1,2} s€{0,1,2}
k—4+s
30,0 = Y T 0),
s€{0,1,2}

Hence, let po = Wp € P({0,1}?) denote the edge distribution of any (not necessarily empirical)
overlap distribution p € P({0, 1,2}), where W € |0, 1]{0’1}2X{0’172} is given by

k—4+s

9 _
Wii,s = % Who,s = Woi,s = TS and Woos = ————, s€ {0,1,2}. (21)
Now, notice that for any (G,x) € & we have ygrah = Tian) for all a € [m], h € [k], hence

Gz (2) x [d]) = y&}x(z) and by that

1 z xH(z
’yG,x( )‘ . d| (2)] _ %|x*1(z)| = q(2) for z € {071}27

qu,z (Z) = km - km

i.e. the relative frequencies of the values in the f-edge assignment yg, coincide with the relative
frequencies g, € P,({0,1}?) of the values in the variable assignment x. In particular, this shows that
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a satisfying f-edge assignment y € Y is only attainable if g, € P, ({0,1}?), and thereby

1
(dn)

E[ZP) = — > H(G,2) € E:pyg, = p}l.

" pEPn

Now, fix an attainable satisfying f-edge assignment y € ) and an assignment z € ({0,1}?)" with
Q = G, i.e. |[271(z) x [d]] = |y~1(2)| for all z € {0,1}%. Any bijection G with y = y¢ . needs to
respect G(z71(2) x [d]) = y{;lx(z) for € {0,1}? and can hence be uniquely decomposed into its
restrictions G, : #71(2) x [d] = yz.,(2). On the other hand, any choice of such restrictions G, gives
a bijection G with y = yg 4, and S0

|Exy| = H (dngz(2))! = H (dnpye(2))! , where &,y ={(G,2) € € ygz =y}
2€{0,1}2 2€{0,1}2

Notice that €y N &y, = 0 for any (x,y) # (2',y’), which is obvious for z # 2, and also for y # v/,
since yg. =y # Y = Yo, implies that G # G'. But since |&, | only depends on p, (actually only
on py o) this completes the proof, because for any fixed attainable overlap distribution p € P, we can
now independently choose the satisfying f-edge assignment y and variable assignment x, subject to

¢z = pe and p, = p (which implies ¢, = ¢;). So we have E[ZC(Q)] = >, E(p) with p € P, and

1 n m k mp(e)
E(p) = (an)! (npe> (mp> 11 <S’ 9 s.2—sk—4+ S) [T (dnpe(2)),

s€{0,1,2} ze{0,1}2

where we choose a variable assignment x with ¢, = pe, an f-edge assignment y with p, = p

by first choosing one of the (rZZ’D) options for (|y; (1, D)|)agjm) and then independently one of the

(S o s 2_’“8 hed JrS) satisfying constraint assignments for each of the mp(s) constraints with overlap

s € {0,1,2}, and finally choosing a bijection G with (G,x) € &, 4.

5.5.3 Empirical Overlap Distributions. This section is dedicated to deriving properties of the
set P, for n € N. In the following we will use the canonical ascending order on {0,1,2} to denote
points in R{1%1:2} and the ascending lexicographical order on {0,1}? to denote points in R{01}* Recall
that p*) € P({0,1,2}) given by p(*)(s) = 1 for s € {0, 1,2} denote the corners of the convex polytope
P({0,1,2}) and further consider the vectors in R{0:1,2}

by = (_d7 da O)tv by = (17 -2, l)t' (22)

Finally, let
X = {x € R?: (by,bo)x > —p(o)}, X, = XN (m'zZ)2

Lemma 5.11. The map i, : X, — Pp, x — pO + (b1, by)z is a bijection.

Proof. We use the shorthands 1791 2y = (1)sef0,1,2) and

Lo1,0) = {1’ e RO}, 1102 = 0} = {a: eROEH . N g = 0} _
s€{0,1,2}
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Note that P({0,1,2}) C p© + 1{l0 12} = (PO tz:zc 1{L0 1,2y} On the other hand, (b1, b2) is a basis

of 1£

10,1,2} and hence

L R? — pl0 4 1%07172}, z = p© + (by, bo)z, (23)

is bijective. This gives that «(X) = P({0,1,2}) and that ¢, is the restriction of ¢ to X, so ¢,
is a bijection from &, to P({0,1,2}) N ¢ ((m~1Z)?). Consequently, it remains to show that P, =
P({0,1,2}) N ¢ ((m~1Z)?), where

L ((m_lZ)Q) = {p(o) + Z—1bl + Z—2b2 S ZZ}
m m

is a grid anchored at p© and spanned by m~'b; and m~'by. Note that

Ek—4 2 2 \*!
0 _ (F—=* 2 2
pe < k )k7k70>7

SO nng) € 2101 gince n € N , and hence p(¥) € P,, by the definition of P,. Next, we show that P, is
on the grid, i.e. P, C ¢ ((m~1Z)?). For this purpose fix p € P, and let z = ¢~ !(p), i.e. mp € 71012}
n(Wp) € 701} and p = p© + 21by + moby. This directly gives mas = mp(2) € Z. Further, we
notice that by is in the kernel of W from Equation , Le. Wby = 0g9132, and Wby = %w with
w = (1,—1,—1,1)*. This directly gives pe(1,1) = 0 + %xl + 0 and hence mz; = npe(1,1) € Z,
i.e. z € (m™'Z)? and hence p = «(z) € ¢ ((m~'Z)?). Conversely, for any x € X,, and with p = «(x) we
have p € P({0,1,2}) since = € X, further mp = mp© + (b, by)(mz) € 21912} since ma: € Z? and the

other terms on the right-hand side are integer valued by definition, and finally np, = np‘(go) +mziw €

AL n

Using Lemma we have E[ 52)] = Y sex, E(tn(z)), where X, C R? may be considered as
a normalization of the grid P, C p(©) + 1%071’2}. In order to prepare the upcoming asymptotics of
the second moment, we give a complete characterization of the convex polytope X and the image of
X under W (b1, bs), i.e. the image p. = Wp of p € P({0,1,2}) under W from Equation (2I). Let
w = (1,—1,—1,1)" from the proof of Lemma and set

k
W= { O 4 yw:y e [O,Q/k]} CP{0,1}?), &,= {9: EX:a = dp(l,l)} forpeW.

Moreover, recall the definition of p* from and the bijection ¢ from , and let

© _ (0} L0 g1 (L) @ g1 (2) epe P
x —<0>,$ =d (0),x =d <d>€R and x* =" (p").

Lemma 5.12. The set X is a two-dimensional convez polytope with corners (0, 21 23 and 2* is

in the interior of X. The image of X under W (b, ba) is the one-dimensional convex polytope W with

corners péo) and pg). Further, the preimage of p € W under W (b, b) is X, where Xp<s> = {p(s)} for

2)

s € {0,2} and the intersection of X, with the interior of X is non-empty otherwise.

Proof. Notice that ¢(2(*)) = p(®) for s € {0,1,2}, so since P({0,1,2}) is the convex hull of its corners
p®), s € {0,1,2}, we have that X is the convex hull of z(*), s € {0, 1,2}, i.e. a two-dimensional convex
polytope with corners z(*®), since ¢ is an affine transformation. In particular this also directly yields
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that z* is in the interior of X. Further, this shows that for any x € X we have x1 > 0 with equality
iff z = 2(© and further z; < % with equality iff z = (). Using Wby = 00,132 and Wby = %w from

the proof of Lemma [5.11] we directly get that

d d
W (b1, bo)z = p» + cow with -1 € [0,2/],

hence the image of X under W (b1, b2) is a subset of WW. Conversely, for y € [0,2/k] and z = %yﬂs(Q) ex

we have W (b1, b))z = p.go) + yw, which shows that W is the image of X under W (by,b2). This also
shows that A&, is the preimage of p € W, since for y € [0,2/k] and p = ng) + yw we have p(1,1) = y.

This in turn directly yields that Xp(s) = {p®} for s € {0,2}. To see that X, contains interior points

of X otherwise, we can consider non-trivial convex combinations of z* and z(9) for gp(l, 1) <z} and

non-trivial convex combinations of z* and z(? for %p(l, 1) > 7, which are points in the interior of
X. (]

Notice that in the two-dimensional case at hand, the proof of Lemma [5.12] is overly formal. The
set X is simply (the convex hull of) the triangle given by z(®), s € {0,1,2}, with X, given by the
vertical lines in X with x1 = %p(l, 1). Further, the set X, is a canonical discretization of X" in that
it is given by the points of the grid (m~'Z)? contained in the triangle X'

5.5.4 Proof of Lemma We derive Lemma from the following stronger assertion.

Lemma 5.13. Let U C P({0,1,2}) be a subset with non-empty interior and such that the closure of
U is contained in the interior of P({0,1,2}). Then there exists a constant ¢ = c(U) € R>¢ such that
for alln € N and all p € P, NU we have E(p)e=¢/™ < E(p) < E(p)e®/™, where

. d3
Ele) = \/<27r>2m2 IR

Proof. Let C denote the closure of U and 75 : C — [0, 1], p — p(s) the projection for s € {0, 1,2}. Since
C is compact, the continuous map 4 attains its maximum p4 (s) and its minimum p_ (s), which directly
gives 0 < p_(s) < p+(s) < 1since all p € C are fully supported and the interior of C is non-empty (that
gives the second inequality). Using Lemma the continuous map 7 : C — [0,2/k], p — pe(1,1),
and the same reasoning as above we obtain the maximum pe 4 (1,1) and minimum pe — (1, 1) of 7 with
0 < pe—(1,1) < pe+(1,1) < 2/k, which directly give the bounds pe —(z), pe +(z) > 0 for z € {0,1}? as
functions of pe 4 (1,1) and pe —(1,1). Now, we can use these bounds with the Stirling bound to obtain
a constant ¢ € Rsq such that for all n € N and p € P, N C we have E'(p)e=¢/™ < E(p) < E'(p)e/",
where

2rmd3 k mp(s)
E' p) =\ =—————— emH(p)_(d—l)nH(pe)
( ) HS(27Tmp(8)) 86{10_,[172} <872_872_3ak_4+8>
= & e2min (5)—mDxu (pllp*)—(d—1)nH (pe) '
(2m)2m? 1, p(s)

To see that E'(p) = E(p), we observe that Dxy,(pel|p) = 2H(2/k) — H(pe), since H(p) = 2H(2/k),
pe(1,0) = pe(0,1), and pe(1,1) + pe(1,0) = 2/k for any p € P({0,1,2}). O
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Now, Lemma [5.4]is an immediate corollary. To see this, fix a fully supported overlap distribution
p € P({0,1,2}) and a sequence (pp)nens C Py converging to p, e.g. p, = t(m~ ' mz1],m™!|mas))
with ¢(x) = p and n sufficiently large. Further, fix a neighborhood U of p as described in Lemma
which is possible since p is fully supported. Then we have p, € U for sufficiently large n, hence with
the continuity of ¢o we have

lim 1ln(]_“}’(pn)) = lim 1 In(E(pn)) = 7}1_>HC}O $2(pn) = ¢2(p).

n—oo n, n—oo n,

5.5.5 Proof of Proposition We postpone the proof of Proposition and continue with
Laplace’s method for sums using the result. We obtain that

2n/k k—2)n/k dn m * mp(s
I () I Cupe11)) a0y ) o) () TLs 2 (5)™7)
E[ZC]2 - ewp),  ep)= E[ C}Q - ( 2dn/k )((k—2)dn/kz)( n ) ’
dnpe(1,1)/ \ dnpe(0,1) / \2n/k

where the sum is over p € P,. First, we use Proposition to show that Laplace’s method of sums is
applicable. While we have already established that Ay« is non-negative, we still need to ensure that
p* is the unique minimizer of Ay for d < d* and that the Hessian at p* is positive definite. We will
need the second order Taylor approximation of the KL divergence. To be specific, let p* have finite
non-trivial support S and let f : P(S) — R>o, 1 — Dxr(p||pe*), be the corresponding KL divergence.
Then

1o (u(s) —p(s))* _ 1

1
(2).73 - *:722—:7 — DY (=
f : (S) 7 RZO? o 2DXQ(MHM ) 2 - ILL*(S) 2(:“’ © ) Du (M H )7

is the second order Taylor approximation of f at u*, where D, 2 (u[/1*) denotes Pearson’s x? divergence,
D, = (05 ;17(7) )i jes the matrix with p* on the diagonal, and ¢;; = 1 if ¢ = j and 0 otherwise; this
can be easily seen by considering the extension of f to R‘go. On the other hand, we would like to
consider A4 as a function over the suitable domain X’ from Section however relative to the base
point p*. Hence, let X* = {z — z* : z € X'} be the triangle X centered at z* instead of z(*), and
* o X* — P({0,1,2}) the bijection given by

() = (x4 2%) = pO + (by, bo)z + (br, bo)x* = o(z*) + (b1, ba)z = p* + (b1, bo)

for x € X*, with by, bs from Equation . Now, let 74 : X* — R>p, x — A4(t*(x)), denote the
corresponding parametrization of Ag. Then, using the chain rule for multivariate calculus as indicated
above for both (b1, bs) and W from (21]), we derive the Hessian

(d—1)k

_ t -1
H,; = (bl,bg) (Dp* — d

WtDp—;W) (by, b2) (24)
of 4 at Ojg) € R?, using the shorthand D« = (&; ;1*(i)); j. The properties of the KL divergence imply
that ’)/d(O[Q]) = 0 and 74 has a stationary point at Ojg). Now, the second order Taylor approximation
76(12) : X* = R, o — 32" Hgz, of 74 at Oy can be written as 7((12) = Agf) o ¥ with
(d—1k

1 *
AP ) =5 | Detolr) -

Dyl (25)
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Further, for any neighborhood U of Ofy such that the closure of U is contained in the interior of X,
Taylor’s theorem yields a constant ¢ € R+ such that

72 (@) = e|l2l3 < ya(x) <P (@) + |} (26)

for all x € U. Since Hy is symmetric, let A1, Ao € R with Ay < Ao denote its eigenvalues and fix a
corresponding orthonormal basis of eigenvectors vy, vo € R?, i.e. Hgu; = A\v1 and Hguy = Agvs.
Formally and analogously to the KL divergence we will take the liberty to identify A; and A&Q)
with their extensions to the maximal domains D C R{01L2} and D@ = RIOL2} regpectively. In
particular, Lemma shows that for any fully supported p € P({0,1,2}) the edge distribution pe
also has full support, hence we can use the Lipschitz continuity of W on RI0L2} t6 find € € Rsg such
that both p’ > 0 and Wp' > 0 for any p’ € B.(p) C Riodl’z} and thereby A, is well-defined and smooth

on B.(p).

Lemma 5.14. Letk € Z>4 and d € (0,d"). Then the unique minimizer of yq is Ofg) and Hy is positive
definite.

Proof. Using Proposition we know that Hg« is positive semidefinite since Ofg) is a global minimum

of vg«. This in turn yields that 7(3) > 0 or equivalently Al(f*) > 0. Now, for any d < d* the unique

minimizer of Ay is p* since Ay(p*) = 0, further Ay(p) > 0 for any p # p* with pe = p} and

Balw) = Draolp") = (1= 3 ) kDrspellrd) > Ao (p) 2 0

(2)

for any p with pe # p;. But the same argumentation shows that p* is the unique minimizer of A",
since D,2(u|[p*) is also minimal with value 0 iff 4 = p*. This in turn shows that 752) is uniquely
minimized at Og) and hence Hy is positive definite. O

Let k1, = supp,» W denote the contraction coefficient with respect to the KL divergence.

d* _ ~ Dxui(pe|lpe)
(d*-1)k = Dxuw(pllp*)

hence ki, = ﬁ (so Proposition |5.5(indeed confirms the conjecture by the authors in [I01]). Fur-

D_s (pe|lp: . : . .
ther, let 7,2 = sup, - #ﬂllpﬂ) denote the contraction coefficient with respect to the y? divergence.

Notice that by Proposition we have for all p # p* with equality for p = p?,

The proof of Lemma [5.14] suggests that 7,2 < nkr,, a result known from literature.

In the rest of this section we discuss the straightforward (but cumbersome) application of Laplace’s
method for sums. For convenience, we first show that the boundaries can be neglected and derive the
asymptotics of the sum on the interior using the uniform convergence established in Lemma [5.13]

Lemma 5.15. Let d € (0,d*) and let U be a neighborhood of p* such that its closure is contained in
the interior of P({0,1,2}). Then

E[Z2] d A
£ = e(p) = (14 o(1 e~mAaP),
BZP T 2 ) 2\ @ L)

Proof. Let Apin > 0 denote the global minimum of A on P({0,1,2}) \ . Now, we can use the well-
known bounds ﬁ exp(aH (%)) < (§) < exp(aH (%)) for binomial coefficients and the corresponding
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upper bound for multinomial coefficients (using the entropy of the distribution determined by the
weights %) to derive

S e(p) < pn) 3 e 0) < pln)eSmn P, ({0,1,21)] = pln) (m; 1) e~ whore
pgEU pEU

p(n) = (n+1) (2‘;’%1) (WH).

Here, we used the form of e(p) introduced at the beginning of this section and further notice that the
bounds used are tight for the log-densities, i.e. the exponent is Ay(p) by the computations in Section
5.5.4] The right hand side vanishes for n tending to infinity, hence we have

E[Z?
Sla = (1o)X clp).
¢ peU
Now, the result directly follows using Lemma [5.13] and Lemma [5.2] O

Lemma shows that the overlap distributions p with material contributions e(p) to the second
moment are concentrated around p*. Hence, instead of considering a fixed neighborhood U of p* we
consider a sequence (Uy,)nen of decreasing neighborhoods. First, we choose a scaling that improves
the assertion of Lemma [5.15| and further allows to simplify the asymptotics of the right hand side,
in the sense that the leading factor collapses to a constant and ~4(z) = Ag(¢*(z)) can be replaced
by its second order Taylor approximation 7&2)(:3) = Agf)(L*(x)) = 12'Hyx from above (25). For this
purpose let U* C X* be a sufficiently small neighborhood of Oy (in particular bounded away from
the boundary of X*), further

1
U:L:{xEX*:||x||2<r\l>7%)} and Xy ={x—z":x e X, }NU; forne N.

In the following we restrict to n > ng where ng € N is such that Uy, CU*.

Lemma 5.16. For d € (0,d*) we have

]E[ZCQ] _ o d efgxtde
TR “W Pt L (s) 2= '

e X}

Proof. First, notice that we can apply Lemma to *(U*). So, we need to show that the sum over
U* \ U} is negligible. Then we proceed to derive the asymptotics of the sum over U;'. Obviously, we
have ymin(n) — 0 for n — 0o with ymin(n) = minggy: va(x) > 0, since y4(x) = Ag(¢*(x)) is continuous
and 74(0fg)) = 0. The main objective of the proof is to show that ymin(n) converges to zero sufficiently

slow. But with ’yc(f) (z) = 32 Hyz from above and for any x € R? we have

2 1 Al )\1
1P (1,02)2) = 5zl + M) = el = 21, va)el

2

since (v1,v2) is an orthonormal basis, so ’yc(lz) (x) > %Ha}H% for all z € R%. Now, for any sufficiently

small ¢ € (0,1) let ¢ € Ry be the constant for B:(0py) from Taylor’s theorem applied to v4 at Oy,
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then for any x € U™ = B.(0)) N Bs(0fy)), with 6§ = %, we have v4(x) > (1 — 5)%(12) (x) since

eA
(@) — (1= @) 2 9 @) = elel§ = (55 = 5) ol =0,

In combination we have ~v4(x) > A=o) 5 L3 |z||% and using p = ¢*(x) hence

d (1-2)\ 2
lim g e(p) = lim E e 4@ < lim Cme= =z ®M)° =,
" ety " et | M TLp(s) e

by using (the proof of) Lemma and some sufficiently large constant C. With this we have

Z * = 0 e_mvd
E[ZC]2 = (1+0(1)) Z e(*(x)) = (1+ (1))\/(27)27”21_[ p*( Z

zeX) :J:EX*

where the last equivalence follows from the fact that the leading factor converges to the respective
constant uniformly on U and by on U*. 0

Lemma [5.16] completes the analytical part of the proof. For the last, measure theoretic, part we
recall the bijection ¢, from Lemma The translation of the sum on the right-hand side of Lemma
into a Riemann sum and further into the integral [ goo(z)dx, where

d 1
.R2 5 R o _exp(—=y'H >
00 >0, ) (27_[_)2 1—[8 p*(S) €xp ( 2y ay |

is essentially given by the grid X, C (m~'Z)? C R%2. We make this rigorous in the following.

Lemma 5.17. We have

2
2]~ (1401) [ gl

Proof. We start with the partition of R? into the squares

1 1 1)\2
Qn,x = {!T'i‘al <0> + as <(1)> YOS [_2m’2m) }, x € (milz)z.

Next, we need a suitable selection of squares to cover the disc

1
3:*+U;_{:L'*+:B:m€R2,HmH2< Ii;g)} C R?

corresponding to the disc ¢;;. For this purpose let Zyin, Tmax € (M 1Z)2 be given by

il
In(m
(5 2]

(
Tmin,1 = m~t {m (35{ — I%))J y Tmin,2 = m~! {m (1’; -
-1
m lrm

Tmax1 = m ! {m (x*+ln(m))" Trmax.2 =
max, 1 \/m y Lmax,
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Further, let G, = (m~1Z)%*N ([Zmin,1, Tmax,1] X [Tmin,2; Tmax,2]). By the definition of i, and xyax the
points on the boundary are not in x* +U,;, which ensures that z* + U, C Q,, with 9,, = Uxegn Oz
Further, we have Q_ C Q,, C Q4 with

1 1 3
0 —{seR:ilo-olws 2 00 = {ae R ool < 2 4 1),

which ensures that Q,, C X for n € N sufficiently large. Now, we translate the notions back to X*
using the bijection 7 : R? — R2, z +— z — 2%, i.e. let GF = 7(Gp), Oz = T(Qyr1(y)) for x € Gy,
Qr =7(9Qn), @ =7(9-) and Q} = 7(Q4). This directly gives

1 1)?
Q;,x:{x—i_al <[1)>+042 <§_)> IS |:_27n727n> }7xeg;;7 Q*_ U anv

zegr

* 2. In(m) 9 In(m) 3
Q_—{:ce]R lelloo < ﬁ} Q+—{x€R Nl < =2 +2m},

and U, € QF C Q) C Q7 C X" forn € N sufficiently large. Further, with Lemma and the
(2)

definition of 7, we now have

E[Z2] d

1
(1+ of exp (—mxtde> .
Bz~ W) 2\ e e P

Finally, we need to adjust the scaling to turn the sum on the right hand side into a Riemann sum.
For this purpose let o : R? — R?, 2 — /ma, further G, = 0(G};), Q. = of 7*10,1(9&)) for z € G,
Q, =0(Q;), Q. =0(Q%) and Q, = 0(Q%). This directly gives

;o 1 0) 110y Do
Qn,x—{x+a1 <0>+012 <1> NS {—W,W> },$€ng xg/ anv

3
Q' = {r € B o < Inm)}, @ = {2 € B o < Infm) + 5= |
and Q" C Q) C Q',. Using that ma®Hyx = o(x)*Hyo(z) for all z € G;; and further that the area of
Q,, , is m~* for all 2 € G/, we have

d 1, B X
E[Zc]2 (1+o( zezg/ G2 L (5) exp <2:v de) = (1+ (1))/gn(y)dy’

d 1
= Z Il{y S ermz} WGXP (QIEtHd:E) , Y (S R2.

z€Gy,

In order to show that [ g,(y)dy converges to [ goo(y)dy we recall from Lemma that Hy is positive
definite, which ensures that [ goo(y)dy exists and is finite. Now, using Taylor’s theorem with order
0 and the Lagrange form of the first order remainder with the fact that the absolutes of the first
derivatives of go, are bounded from above yields a constant ¢ € R+ such that for all n € A and all
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y € Q. with € G), such that y € Q/, .., we have

n,T?

1900 () = gn(¥)lloo = [9o0(y) — goo () lloo < T

This bound directly suggests that

Nl

/Jl{y € Q)+ 1900 (y)dy —/ﬂ{y € Q%,x}gn(y)dy‘ <emE,

/l{y € 9, }900(y)dy — / 1{y € Qé}gn(y)dy’ < Tcm (2 In(m) + \;)%)2 and

3 >2 + / H{y & 95, }900(y)dy.

c
dy — n(y)dyl < —( 21 —
/goo(y) y /g () y’_ \/m( n(m)+m
In particular the last bound suggests that [ ¢g,(y)dy — [ goo(y)dy since the error on the right-hand
side tends to zero as n tends to infinity. O

The only remaining part of the proof is to compute [ goo(x)dz. However, instead of computing the
main quantity det(Hy), i.e. the determinant of a two by two matrix, directly, we present an arguably
more insightful and in particular generalizable argument.

Lemma 5.18. We have [ goo(z)dz = %11'

Proof. The Gaussian integral gives

B d (2m)? d
/goo(l‘)dl‘ = \/(%)2 L7 (5) \/det(Hd) B \/det(Hd) [Isp*(s)

In order to compute det(Hy;) we want to extract det(Dg*l) which in turn requires to split away

(b1,b2). Hence, we are ultimately interested in the decomposition Hy = (by, bg)tD;*lM (b1,b2) with
M = Ig9) — (d_dl)kDp*WtDp_;lW and Igg19) = Dl{o,1,2} denoting the identity matrix. First, in
order to extract (b,b2) we add by = p*. Recall that by, by span 1{L0,17Q}, hence B = (bg,b1,b2) €
R10:L21x{0.1.2} i 5 bagis of RIOL2H Further, since ps = Wp* and W is column stochastic, hence
W' is row stochastic, we have Mp* = \gp* with \g = 1 — w and further DpllMp* = Xoljo,1,2}
SO bf)D;*leo = Ao since p* is normalized, and bgDz;leo = bBD};}MbS = 0 since bs € 1%-0’1’2} for

s €{1,2} and D;*IM is symmetric. Combined, this gives

A 0
BtDiklMB — 0 {O}X[Q] ,
b <0[2}x{0} Hy

SO det(Bth*lMB) = Ao det(Hy). Notice that for d # % (which is the case for all d € Z~() we have
Ao # 0. Next, we compute det(B) using Gaussian elimination. Stepwise, we let by = d~'b; by right
multiplication of G; € R{O:L21{0.1.2} "then hy = by+2b; by right multiplication of Gy € R{0:1,2}x{0,1,2}
and finally by = by — p*(1)by — p*(2)by by right multiplication with Gy € R{%122x{0.1.2} - Combined, we
have B = (50, b1, 52) = BG1G2Gy, where B is an upper triangular matrix with ones on the diagonal
due to the scaling of b; and normalization of p* and hence det(B) = 1, further G is a diagonal matrix
with det(G1) = d~!, Gg is an upper triangular matrix with det(Gs) = 1 and Gy is a lower triangular
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matrix with det(Go) = 1, so det(B) = d. This directly yields

Recall that by = p* is an eigenvector of M with eigenvalue Ao, and further b, is an eigenvector of M
with eigenvalue A\g = 1 since Wby = 0. The remaining eigenvector is given by Lemma [5.12| as follows.
First, notice that W’ = D, I/VtD;;1 € RIOL2D{0.12 §g given by Wi, = %’g@) for s € {0,1,2} and
x € {0,1}2, so in particular W’ is a column stochastic transition probability matrix.

Aside, the transition probabilities W and W’ have a very intuitive interpretation. For this purpose
let X* be a uniformly random satisfying constraint assignment for the squared constraint satisfaction
pmMmﬁMm@mdemmmEE%LeX*EGQH%kmmELX&:§LX&:2.Emmth
S* be the overlap of X*, i.e. S* = |X*71(1,1)| € {0,1,2}, and let I € [k] be the uniformly random
coordinate. Then P(8* = s, X} = x) = W, sp*(s) for s € {0,1,2} and = € {0,1}2, §* ~ p*, X} ~ pf,
further P(X7 = z|S* = s) = W, s and P(S* = s|X} = x) = W, ,. In particular, the columns of W'
are hypergeometric distributions up to a shift of one for z = (1, 1).

Now, we easily verify that the Markov chain induced by W'W has the stationary distribution
p* and the Markov chain induced by WW' has the stationary distribution p%. For any distribution
p € P({0,1}?) we have W’p € P({0,1,2}) and hence WW'p = p; + aw for some a € R by Lemma
so WW'(p — p%) = aw. Choosing p € W directly yields that (p — pf) is in the span of w and
hence w needs to be an eigenvector of WW'. The corresponding eigenvalue A} = ﬁ, determined by
WW'w = Njw, can be thought of as the rate of convergence to the stationary distribution p¥. From
this we directly get the eigenvector v = Ww for W'W with eigenvalue \| and by that the eigenvector

v1 for M with eigenvalue A\; =1 — % = d(kkidl). Knowing all eigenvalues of M this gives

Ad? 1 k-1
det(Hy) = m and hence /goo(x)dgg = \/; = \/;

Notice that a direct corollary of Lemma is that n,2 = ﬁ or equivalently H is positive definite

for d < k, e.g. since det(Hy) > 0 for d < k and Hy is positive definite for d = 1, hence no eigenvalue
can change sign using the continuity of Hy with respect to d. For d = k the determinant is zero (so

an eigenvalue is 0 and Af) = 0 along the direction of the eigenvector), hence 7,2 = ﬁ = ﬁ,

O]

which is the squared Hirschfeld-Gebelein-Rényi maximal correlation [82]. Finally, combining Lemma
[5.17] with Lemma [5.18] completes the proof of Proposition [5.6]

5.5.6 Proof of Proposition We start with a characterization of the stationary points of Ay for
any d € Rsg. In order to determine these, we first determine the stationary points of the restriction
of Ay to overlap distributions with the same fixed edge distribution. For this purpose, recall the line
W C P({0,1}?) of attainable edge distributions and the lines P, = «(X,) = {p € P({0,1,2}) : pe = ¢}
of overlap distributions with fixed edge distribution ¢ € W from Lemma Further, let Agy, :
P, — R denote the restriction of Ay to P,. For x € Ry let p, € P({0,1,2}) be given by p,(s) =
p(s)z®) 3, p*(s)z®, s € {0,1,2}, further let pg = p9, pso = p@), and P = {p. : = € [0,00]}.
Finally, let ¢y, : [0,00] = Pmin,  — pg, denote the induced map and tpe : Pmin — W, p — pe, the
corresponding edge distributions.
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Lemma 5.19. For all g € W\ {péo),pg)} the map Agq has a unique stationary point p, € Py that is
a global minimum. The unique global minimizer of Ad (9 18 Py = p®) for s e {0,2}. Further, we

have Pmin = {pq : ¢ € W} and the maps typ, Lpe are bijections.

Proof. Recall from Lemma that P, is one-dimensional for ¢ € W\ {p,(so),pg)}. Further, the
map Agq is strictly convex since the KL divergence Dkr,(p|[p*) (respectively xIn(x)) is and further
Dx1,(pellpi) = Dku1(q||pt) is constant. Now, fix an interior point p, € P, and let a boundary point
pb € Py be given. Then py, is not fully supported since it is on the boundary of P({0, 1,2} and hence
the derivative of Dkr,(apo + (1 — &)pp|p*) tends to —oo as « tends to 0, which shows that Ay, is not
minimized on the boundary. Hence, we know that there exists exactly one stationary point p, € P,

and that Ag,(p) is minimal iff p = p,. As discussed in Lemma we have P, = {pB)} for ¢ = pgs)
and s € {0,2}, so p; = ) is obviously the unique global minimizer of Ay, in this case and further
Ag4 has no stationary points (since P, has empty interior). This shows that the map ¢ — p, for
q € W is a bijection.

Further, for ¢ in the interior of W the stationary point p, is fully supported and the unique root
of the first derivative of Ay, in the direction by from , ie.

0 2 1 2)/p*(2 1)/p*(1
i (20) 1 (242) =210 (2) o ity 222 _ DD
p*(0) p*(2) p*(1) pq(1)/p*(1)  pe(0)/p*(0)

o @)/p*(2) _ p(1)/p~(1)
denote the set of all fully supported p € P({0, 1,2}) satisfying g(l)/Z*(l) = g(o)/g*(o)’ i.e. our
set of candidates for stationary points. Now, for p € P}, let ¢ = pe, then we obviously have p € P,
and p is a root of the first derivative of Ay, in the direction be, so p is the unique root and p = p,.
Hence, the map L;e : Phain — W, P+ De, is a bijection (up to the corners of W) with inverse ¢ — py.

Now, let tpr @ Phin — Rso, p — xp, with z, = zl; 98&%8; Notice that ¢p, is surjective since for any

x € Ry we have

Let P!

min

P/ @) _ 2 (D))

p(1)/p*(1) = ~ p(0)/p*(0)

and hence p, € Pl;,. To show that ¢p, is injective let p € P, and x = xp. Using the definition of
xp and the defining property of P);, we get

p(0) =p“(0 ,p(1) =p"(1)x , p(2) =p"(2)x =p"(2 , SO
(0) = 7OV 2 p(1) = 5 (e B p(2) = @0 2k = 57 2?2
p(s) p*(s)z®
pls) = = =p.(s), s €40,1,2}.
B = oo p() @)~ e P e L2
This shows that Pmin = Piyin U {Po, Poo }, that ¢y is a bijection with inverse ¢, (canonically extended
to the endpoints), and finally that ¢p. = L{Oe is a bijection as well. O

Lemma[5.19 has a few immediate consequences. For one, the only minimizers of Ay in the direction
by, from , on the boundary are p(® and p®, while all other boundary points are maximizers in the
direction by, hence if p is a global minimizer of Ay on the boundary, we have p € {p©, p®}. Further,
all stationary points of Ay are either local minima or saddle points. Finally, we have p € Py for any
stationary point p € P({0,1,2}) of Ay since then also the derivative in the direction of by vanishes.
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For the upcoming characterization of the stationary points of Ay let

* d—1 * pl’ 6(171)p$€(070)
tr : Roo = Ry,  ie(x) = 50(x) @, i () = = : .
= Roo 3 Rty tne(2) @) @) Pre(1,0)pz,e(0,1)

Notice that ¢r(2) € Rsg for 2 € Ry since then p, is fully supported and hence p, ¢ is fully supported
by Lemma Finally, let Xy = {x € Rs¢ : t(z) = 2z} denote the fixed points of ¢, and
Pst = {ps : © € Xy} the corresponding distributions. Notice that p, = p* for x = 1 and further
tr(1) =1, ie. 1;p(1) =1 for all d € R, hence 1 € Xy and p* € Py for all d € Ryy.

T

Lemma 5.20. The stationary points of Aq are given by Pgt.
Proof. Using Lemma, a fully supported distribution p € P({0,1,2}) is a stationary point of Ay

iff there exists x € R such that p = p, and the derivative of Ay at p; in the direction b; vanishes,
i.e. p, is a solution of

t t
xT -1 x,e
0 ((m (p*(s>>) (d- Dk (m (p; <y))> W) by,
p*(s) 5€{0,1,2} d PE(y) ye{0,1}?
where we used the chain rule for multivariate calculus, that W is column stochastic and that b; €

1%‘07172}. Recall from Section e.g. from the proof of Lemma that Wb, = %w, hence
computing the dot product with b; gives

p:c,e(ly 1)pm,e(07 0
px,e(L 0)pm,e(07 1)

Obviously, equality holds if and only if z € Xy, hence p is a stationary point of Ay iff p € P. O

~—

0=dln(x) — (d—l)ln(

Lemma does not only allow to translate the stationary points of Ay into fixed points of ¢,
it also allows to translate the types as follows.

Lemma 5.21. Fizz € Ryg. We have v (z) < z iff (Agotp) (x) > 0, tre(z) >z iff (Agoryp)'(x) <0,
and v (z) = x iff (Agoup)'(x) =0.

Proof. Fix x € R<g. The proof of Lemma directly suggests that the first derivative of Ay at ps
in the direction by is strictly positive iff

0 < () ~ T (s, (a),

which holds iff ¢(z) < x. We're left to establish that the direction of ¢, is consistent with b;.
Intuitively, using Lemma and Lemma we can argue that z — py(1,1) is a bijection and
hence either increasing or decreasing. Taking the limits + — 0 and z — oo suggests that it is
increasing, hence with ¢ € R? given by tp(®) = (b1, b2)c, we know that ¢; > 0.

Formally, we quantify the direction of ¢r,. For this purpose we compute the derivative of ¢, at
x € Ryg, given by

s'—1

sp*(8)2° ! Yyeo1,2 p*(s)a¥ — p*(s)a® Ysefo,2 SP(s)T
2
(Zs'e{o,l,z} p*(s')x* )

s€{0,1,2}
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Notice that v = ,(z) € 1%0’172}, since ¢;p(Rs0) € P({0,1,2}) or by computing >, vs = 0 directly.
Now, let ¢ € R? be given by v = (b1, bo)c. This directly gives co = vp and hence ¢; = d~ ' (vy 4 2v2) =
d=13", svs. Now, notice that

S =dxc) = Z P (8)pz(s')s(s — &)

s,s'€{0,1,2}
= pr(s)px(sl 5_3 pr 8)pa(s 5_5 sz 5)pa(s 5_5)2 >0,
s>s' s>s’ s>s'
which directly gives ¢; = % € R-o. Now, with V = (gpA(sd) (px)> cioL2) e R{0:12} denoting the partial
S 1y

derivatives of Ay at p, and using the chain rule we have
(Ag o) (x) = VtL;p(a:) =1 V' 4 Vi = 1 V',

since the derivative V'by of Ay at p, in the direction by is zero, hence we have (Ago i) (x) > 0 iff the
derivative V' of Ay at p, in the direction by is strictly positive, which is the case iff tr(z) < 2. O

Lemma with Lemma shows that control over ¢, gives complete control over the location
and characterization of the stationary points of A;. However, instead of solving the fixed point
equation given by ¢, directly, we use a slight modification inspired by the belief propagation algorithm
applied to the constraint satisfaction discussed in Section and initialized with uniform messages.

For this purpose let N € Zsq, further N;, Ny € [N]p and the hypergeometric distribution
PN.Ny,Ny € P(Z) be given by

( )(]]\\]/' Nl) (N—N —N: +éVN —s,Na—s s)
PNNiN, (8) = ——5r—— = A for s € Z.
(n) (n) ()

The latter form directly shows that py n, N, = PN, N, N, - Now, for y € {0,1}? let p € P({0,1,2}) be
given by PE‘M)(S) = Pk—1,1,1(8 - 1), pfl,o)(S) = pk—1,1,2(8), pf071)(5) = pk—1,2,1(8), p?‘op)(s) = Pk—1,2,2(5)
for s € {0,1,2}. Hence, pj(s) gives the probability of seeing a certain overlap s € {0,1,2} when
drawing two satisfying constraint assignments for the standard problem uniformly and independently,
but knowing the pair y of values of one (fixed or random) coordinate. In particular, this explains why
P11 (0) = 0. Further, notice that pzﬁl,o) = p?‘m) and finally that the matrix W’ in the proof of Lemma
is given by W' = (p})yecqo1}2-

On the other hand, for y € {0,1}? let p;, € P({0,1,2}) be given by P11)(8) = pr-1,1,1(s) for
s € {0,1,2} and further p;, = p} for y € {0,1}*\ {(1,1)}. Hence, knowing the value y of one
(fixed or random) coordinate, p; (s) gives the probability of seeing a certain overlap on the remaining
coordinates. This explains both why p/(1,1)(5) =p(11y(s — 1) and py(s) = py(s) for y # (1,1). Finally,
for a distribution p € P({0,1,2}) let f, : R0 — Rxo, > 3 cq0.1,2) P(s)2°, be its probability
generating function, and further cgp : Rsg — Ry given by

Foly 1y @) ol o ()

d—1 =
tpp(T) =
’ Fot o @)y (@)

tgp(x) = tpp(x) for z € Ryp.

8

Lemma 5.22. Fiz x € Ryo. Then we have vx(x) < x iff tgp(x) < x, tee(x) > x iff tpp(x) > x, and
ter(x) =z iff tgp(z) = 2.
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Proof. First, notice that the normalization constant of p, cancels out in .7, as does the normalization

constant (’;)2 of p*. Further, with v = (k—4+4 5,2 — 5,2 —s,5)" € RO we have Wy.s (fj) = %‘(k) =

(v—]fci,,lz)z) for y € {0,1}2, s € {0,1,2}, and thereby

k—1 s k—1 s
(Zs (k—4+s,2—s,2—s,s—1)x ) (Zs (k—5+s,2—s,2—s,5)x )
k—1 s k—1 s
(Zs (k74+s,275,175,s)x ) (Zs (k—4+s,175,275,s)x )
Now, since the normalization constants cancel out in total, this directly gives

o @ (@)

= = ajLEP
ot o) @) 7, (2)

for z € Ryg.

ter() =

(x) for z € Ry,

using that pal)(s) = p/(1,1)(5 —1) for s € {0, 1,2}, hence fpfl,l)(‘r) = xfp'(l,l)(x)’ and pj (s) = py(s) for
d—1 1 1
y # (1,1). Now, we have x = v,y (z) iff © = ™7 (pp(x)d, which holds iff za = LBp(:c)é, which then

again is equivalent to x = tpp(x). Equivalence of the inequalities follows analogously. O

The following part is dedicated to the identification of the fixed points of tgp, and the only part
where we actually require » = 2 with the occupation number r as defined in Section We start
with a discussion of (j;p. For this purpose let g7, g; : R>1 — R>1 be given by

13k — 12 27k — 12)
N A Ty

1
g91(x) = 1@~ 1) +1 and gi(z) = ;€ Rxy.

Lemma 5.23. For any k € Z>4 we have

. % k—4 * * * *
lim tp(2) = 7. thp(1) = 1= g7(1) and dp(k) = gi (k).

For the first derivative 1*5p we have
* : * 1
L*%P(l) = 9*,1(1); L %P(k) = Q*Z(k) and xh_{lc}ob %P(l’) = m
Moreover, for the second derivative we have

Fhp(z) <0 forz € (0,k), Lp(k) =0, *Bp(x) >0 for z € Roy.

For k =4 and x € Rxq we have thp(z~1) = (ihp(x)) "

Proof. Using fp(1) = 1 for the moment generating function of any finitely supported law p, we have
tip(1) = 1. Further, using that the first moment of a hypergeometric distribution py n, n, is % and
that f,(1) is the first moment of p, we have /*gp(1) = 21+ —2- 2 = 5. The symmetry of tfp
for the special case k = 4 can be seen as follows. First, recall that pn n, N, (S) = DN, N—Ny N (V2 — 5)

for any hypergeometric distribution py n, n,. For s € {0,1,2} this gives

Plo,0)(8) = p32,2(5) = p3,1,2(2 — 8) = ply (2 — 5)
=p(0,1)(2—8) =p321(2—5) =p31,1(s = 1) = ply 1y(s — 1)
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These relations can be directly translated to the moment generating functions, i.e.
—22f, -1y _ 2 ¢, 1y _ o f
b @) =2 @) =P fy (@) =afy | (@)
for x € Ryqg. Using these transformations we have

B fpzl’m(xil)fp (wil) milfp’(lm (x)x72fp20,1) (.CE)

/

-1 (0,0) * -1
tgp(r™ ) = — 1N = — = (tgp(x)) .
Folyo @ D @712 (@)a2 (@)

For k € Z>4 and z € R direct computation gives

L1 % -5 (k—1)(k—3)(z—1)
() = 505" o) T e — @+ k=32
o1 (k—1)(k - 3)(—2x + k+1)
“ee() = 50 20k—2) 2z + k—3)%

*1 _ 4(k —1)(k — 3)(z — k)

e P TG Py e T

The remaining assertions follow immediately or with routine computations. O
Lemma has the following immediate consequences.

Corollary 5.24. For any d € (0,2] we have (jp(z) € (x,1) for x € (0,1) and tp(z) € (1,2) for
x € Roq. In particular, p* is the unique minimizer of Ag.

Proof. Using Lemma we notice that t*gp () € [t*gp(k), 725] C (0,1) for z € R>q and (fyp(z) =
for = 1, hence we have (jp(x) € (1,z) for z € Rs;. For k = 4 this gives (jp(x) € (z,1) using
the symmetry result. For k € Z-4 we have lim, .o (jp(x) > 0, which gives z* = inf{x € Ry :
tpp(z) < x} € (0,1] using ¢fp(1) = 1. Assume that 2* < 1, then using the continuity of x — tjp(z) we
directly get (p(z*) = z*, and further (*pp(z*) < 1 since p(z) > z for z € (0,z*). But then, since
gp(x) <0 for z € (0,k), this implies that (*pp(z) < 1 for z € (2*, 1] which yields that t*gp(1) < 1
and hence a contradiction. This shows that (j;p(x) € (z,1) for z € (0,1). Now, for any d € (0,2] we
have tgp(z) > tp(z) € (x,1) for x € (0,1) and tpp(z) < t5p(z) € (1,2) for x € Rs;. Hence, using
Lemma [5.21] and Lemma [5.22] we immediately get that p* = p; is the unique minimizer of Ay. O

Corollary covers the case of simple graphs that was discussed in [I14]. On the other hand,
Corollary suggests that Proposition |[5.5| can only hold if d* > 2.

Corollary 5.25. For all k € Z>4 we have d* € Rx».

Proof. For d € Ry let f(d) = (Ag o trp)(00) and notice that f(d) = %gﬁl. Corollary shows that
f(d) > 0 for all d € (0,2]. On the other hand, as derived in Section |[5.4| we know that d* is the unique
root of f, which shows that d* > 2. O

Based on Corollary we can restrict to d € Rsg, while Corollary motivates the discussion
of this interval. Further, the restriction d € Rso ensures that %! is increasing and convex on
R-o. In the following we will consider the intervals R>g, [z, k], [1,Z] and (0, 1] independently, where
z = 2(k+6) € (1,k) is the intersection of g1 and g with g1(z) = gi(z) = 2.
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Lemma 5.26. Ford € (2,dy), with d = % + 1, there exists xmax € Rsy such that tgp(x) < x
BP

for x € [k, Tmax), tBP(Tmax) = Tmax and tpp(x) > x for z € Ro,, . .

Proof. Let f(d) = (LEP(k))d_l for d € R>9, i.e. f(d) = tgp(k) is the value of tpp at k under a variation
of d. We know from Lemma that (jp(k) € Rs1, hence f(d) is strictly increasing, and further
direct computation gives f(dy) = k, so we have tgp(k) < k for any d € (2,d). Now, since tfp is
strictly increasing and convex on R.j by Lemma and further the function z?~! is increasing and
convex for d € (2,dy), we know that (gp is convex and increasing on Ry, or formally

() = (A~ Vit (@)% () = (0~ Do () 22D g,

tgp ()
*! 2 w!!
o (@) = (d— Vupp(z) [(d—2) [ Bp(2) 4t Bp () ~o
. tgp(T) thp ()
Psing Lemma and for # — oo we have (jyp(z) — oo since "gp(z) — m and hence (pp(7) — o0

by the above, i.e. tpp(z) — 2 — 00, which suggests the existence of Zax € Rsg with tpp(Zmax) = Tmax
since tpp(k) < k. Now, let x4 = inf{x € R>y : tpp(x) > x}, then we have x4 € (K, Tmax]. Since
wp(z) < x for x € [k, 24 ) we need tpp(z4) > 1, which gives tpp(x) > 1 for z > x4 since tp(x) > 0,
hence tgp(x) > x, thereby x4 = Zmax, and in summary tpp(z) <  for € [k, Tmax), !BP(Tmax) = Tmax
and (pp(z) >z forx € Roy . O

The proof of Lemma [5.20] serves as a blueprint for the next two cases, where we do not consider
upp directly since t*fp () < 0 on (1, k), but work with gi(z) = gj(x)¢~! and g1(z) = g} (v)¢! instead,
which are convex, increasing and upper bounds for tgp on [1, k] since t*%p(x) < 0 on (1,k). In the
spirit of Lemma [5.26| we continue to consider the maximal domain for d € Rso. Let

- In(2)
% = (@)

We postpone the proof that d* < dpax, instead we focus on the interval (1, k).

+ 1 and dyax = min (dz, di) .

Lemma 5.27. For any d € (2,dmax) C (2,k) and all z € (1, k] we have tpp(x) < z.

Proof. Fix d € (2, dmax). Since t*gp(z) < 0 for z € [1, k), we know that tfp(z) < gj(z) for = € [T, k]
and 5p(7) < gi(x) for = € [1,7], so using that 297! is increasing we have that tgp(z) < gi(z)
for x € [z,k| and tgp(x) < ¢g1(z) for € [1,Z]. Analogous to Lemma we notice that gx(k) =
tpp(k) < k since d < di, that gx(z) = ¢1(Z) < T since d < dz and that ¢g1(1) = 1. Further, since
g7, g; are increasing and convex, using that %1 is increasing and convex yields that g1, gi are
increasing and convex. In particular, we can upper bound g with the line Iy, : [z, k] — [gx(Z), gk (k)]
connecting (z, gx(z)) and (k, gx(k)), which is entirely and strictly under the diagonal. Analogously,
we can upper bound g; with the line Iy : [1,Z] — [1, g1(Z)] connecting (1,1) and (&, g1(Z)), which is
also entirely and strictly under the diagonal except for (1,1) where the two lines intersect. In total,
tgp(x) < min(g1(2), gr(z)) < min(ly(z),lk(z)) < x for all € (1,k]. Finally, another implication is
that % =¢1(1) <1{(1) < 1 since I; is below the diagonal, which suggests that dpax < k. O

Combining Lemma and Lemma shows for any d € (2, dmax) that Ag o, has exactly one

stationary point Zmax on Rs 1 which is the unique maximizer of Ajo,p, on this interval. Further, since

dmax < k and using (pp(1) = % we also know that z = 1 is an isolated minimizer of Agjo ¢,p,. Aside,
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notice that this argumentation can be used to show that Hy as defined in Section is positive
semi-definite for all d < k, hence with the arguments from the proof of Lemma we see that Hy
is positive definite for all d < k and finally with Lemma |5.18| that 7,2 = ﬁ

For the low overlap region =z € (0,1) we need a significantly different approach, since tjp is
increasing and concave, but tgp(x) < tjp(z) and we need to show that tgp(z) > x. This means that
first order approximations as used for (1, k) are useless since they are upper bounds to ¢fp and there
are no immediate implications for (;p as was the case for Ry;. However, the symmetric case k = 4
can be discussed easily.

Corollary 5.28. Fork = 4 and d € (2, dmax) we have tpp(z) < = for x € (0,75, tBP (Tmix) = Trmixs
and 1gp(z) > = for x € (z k., 1).

Proof. Combining Lemma[5.27 and Lemma we have tpp(x) < x for « € (1, Tmax) and tgp(z) > z
for x € (max, 00), hence using the symmetry from Lemma directly gives the result. O

Corollary allows to restrict to k& € Z-4 in the remainder. Now, we basically reverse the
method used for the interval (1, k), i.e. instead of using tangents g7, g; to ¢5p and scaling them with
(d — 1), we scale tfjp such that the diagonal is a tangent, meaning we consider ¢, = tgp for d = k
since tzp (1) = %, and show that ¢y is sufficiently convex to ensure ¢x(x) > x for z € (0,1). The
next lemma ensures that this approach is applicable for all £ > 5.

Lemma 5.29. For any k € Z>5, d € (2,k] and all x € (0,1) we have tpp(x) > z.

Proof. Let k € Z>5. As derived in the proof of Lemma we have ¢(1) = 1 and ¢}, (1) =1, i.e. the
diagonal is a tangent to ¢, at * = 1. Further, as discussed in the proof of Lemma [5.26

@) = (k1) ((Z)y (k= 2)"p(2)? + tgp () Bip(@)] for 2 € (0,1).
BP

Since the leading factor is clearly strictly positive, we may focus on the term in the square brackets.
Further, using that moment generating functions are strictly positive for strictly positive real numbers
we can extract the strictly positive denominator of the term and normalize to get

@) [0 = Dfy @] (= 22)

Jo) = (k- Dx(x) - iez[ﬁz]o aa’, where
ag = 16(k — 2),
as = 48(k — 2)(k — 3
[

)
) )
as = 4(k = 3)bo, by = (k = 2)2 [(k — 4% + 3(k? = 3k +4)| — (k — 1)(k* + 11k - 30),
ay = 4(k — 3)%by, by = (k — 2)(k — 4)(k* — 3k +4) — 2(k — 1)(2k* — 3k — 4),
ap = (k —2)(k — 3)%bg, by = (k* — 3k +4)* — 4k(k — 1)(k — 4).

We can easily verify that a; > 0 for i € [6] \ [2] using that 2% — 3z +4 > 0 for all € R. Viewing the
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coefficients b;, i € {0, 1,2}, as polynomials b;(z), z € R, of degree 4 and evaluated at = = k, we have
Vy(x) = 482% — 2281 + 254, bo(5) = 82, by(5) = 225,

hence by(z) > 0 for x > xo with zg = % + Y291 < 3 and by that by(z) > 0 for all z € R>5, so in

particular by = by(k) > 0 since k € Z>5 and thereby as > 0. Using the same technique for the degree
four polynomials by (z) we obtain that b{(z) > 0 for z > z; with z; = 13 + @ < 6, b1(10) = 564,
b} (10) = 854, and hence that by > 0 if k& > 10. For by(z) we have bj(x) > 0 for x > xg with
2o =3+ Y3 <3, )(3) = 20, by(3) = 40, 50 by > 0 for all k € Zss.

Hence, for k € Z>19 we know that a; > 0 for all ¢ € [6]g, which directly implies that f(z) > 0 for
all z € R, so ¢} (x) > 0, further ¢j (z) < 1 for z € (0,1), ¢}(z) > 1 for x € R>; and thereby tx(z) > x
for z € Ryo \ {1}

For 5 < k < 9 we still have a; > 0 for ¢ € [6]o \ {1}. For 6 < k < 9 we consider the quadratic
function gx(z) = > icq0,1,2 a;x* explicitly, given by

g6(x) = 612022 — 11664z 4 8784, g7(x) = 2496022 — 253442 + 41600,
gs(z) = 7256022 — 34400z 4 156000, go(z) = 1729442% — 9504z + 484848,

It turns out that ggx(x) > 0 for all z € R and 6 < k < 9, which in particular yields f(z) > 0 for all
x € Ryp. Using the same argumentation as for k € Z>19 shows that ¢ (z) > = for all x € Ryg \ {1}
and k € Zzﬁ.

As opposed to the previous cases the function ¢; is not convex for £ = 5, and while this slightly
complicates the computation, we will show that this does not affect the overall picture. Now, we
consider the complete sixth order polynomial

f(x) = 4825 + 2882° + 5922 4 10882> + 65622 — 32962 + 1392.

We notice that f”(x) > 0 for all x € R>g since a; > 0 for ¢ € [6] \ {1}, hence f'(z) is strictly
increasing for x € R>q, which shows the existence of a unique root Zpi, € (0,1), using f/(0) < 0 and
/(1) > 0, i.e. Tyin is the unique minimizer of f on R>g. Computing f(z1—) > 0, f(z14) < 0 and
f(1) > 0 with 1 = 0.581 and x14 = 0.582 ensures the existence of exactly two roots x1 € (21—, 214)
and g € (z14,1) of f, hence ¢ is convex on (0,z1), concave on (z1,z2) and convex on Rs,,. Let
g:R—=>R, z— ) (z1-)(x—x1-)+wx(z1—) denote the tangent of ¢4 at x1_. Since we can write both ¢,
and ¢}, as the ratio of polynomials with integer coefficients, we can compute ¢x(21—) € (0.584,0.585),
t(z1-) € (0.99,0.991) and g(z14) € (0.585,0.586) exactly. Using the convexity of ¢ on (0,z1),
g = (z1-) <1 and g(z14) > 14 immediately gives that vx(z) > g(z) > = for x € (0,21]. The
fact that (x(x) > x for = € [r9,1) immediately follows from the convexity of ¢ on (x2,1) and that
the diagonal is a tangent to ¢ at © = 1. But now, since (z1, k(1)) and (xg, tx(x2)) are above the
diagonal, so is the line connecting the two, which is a lower bound to ¢ on (z1, z2) since ¢ is concave
on this interval. By that we have finally showed that the overall picture is also the same for k = 5,
ie tp(x) >z for x € Ryo\ {1}

The fact that tx(x) > =, i.e. tpp(z) > = with d = k, for x € R5g \ {1} shows that the only
stationary point of A is a saddle at p* (respectively a maximum of Ay o ¢y, at £ = 1). But more
importantly, since 29! is decreasing in d for z € (0,1) and 1%p(x) € (0,1), we have ipp(z) > () > =
for all d € (2, k]. O
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The combination of Lemma [5.26] Lemma [5.27] and Lemma shows that for £k = 4 and all
d € (2,dmax) there exist exactly three fixed points z_ < xg < x4 of tgp, with g = 1, z4 € (k,00)
and x_ = x;l, hence Lemma and Lemma suggest that xp is a minimizer of Ay o ¢;, while
xz_ and x4 are maximizers. In particular, we have the three minimizers {0,1, 00} of Ago ¢y, in total.

The combination of Lemma Lemma and Lemma shows that for k € Z>5 and all
d € (2,dmax) C (0, k) there exist exactly two fixed points xg < x4 of tgp, with zp = 1 and =4 € (k, 00),
hence Lemma and Lemma suggest that xg is a minimizer of Ajo,, while x4 is a maximizer.
In particular, we have the two minimizers {1,000} of Ag o ¢y in total, while z = 0 is a maximizer in
these cases.

The last step is to show that we have d* € (2,dpax), which then directly establishes that the
unique minimizers of Ag« o ¢y, are given by {0,1,00} for k = 4 and {1, 00} for k € Z>5 as required.
On the other hand, direct computation as in the proof of Corollary [5.25| shows that all minimizers are
roots of Ag« o typ, i.e. all minimizers are global minimizers and the global minimum of Ag« o ¢y is 0.
Lemma directly suggests that the global minimizers of Ay o}, are in one to one correspondence
with the global minimizers of Ay« via x +— p,, which then completes the proof of Proposition

Lemma 5.30. For all k € Z>4 we have 2 < d* < dj, < djz.

Proof. Recall from Corollary that d* > 2. For convenience, we consider the extensions of d* — 1,
dz — 1 and dj, — 1 to the real line, i.e. for z € R>3 let

B In (%x(w - 1)) ln (% z + 6) ) _ In(x)
MO e - (e 0) M T e T ey

ie. d* = fo(k)+1,dz = fi(k) + 1 and d, = fa(k) + 1 for all k € Z>4. We start with the asymptotic
comparison of f; and fs. The corresponding rearrangement gives

1 om m(1+8)
1n(8/7)’t1($>__1n(8/7)+ In(8/7)
1

In(14/9) +In (1+ 7025 )

fi(z) =miln(z) + t1(z), m =

fa(x) = ma(x) In(x), mo(x) =

Notice that In(z) > 0 since = > 3, further ¢;(x) is decreasing while ma(z) is increasing, and thereby
we have f1(2) > froo(z) and fo(x) < faoo(x) with

In(7)
In(8/7)’

floo(m) = Mioco ln(x) + 100y Mico = M1, tleo = —

Jooo () = Mase In(T), Moo = 111(114/9)

We have mi0o > Moo, t1oo < 0 and further fioo () > fooo(z) iff © > 212 with 212 = exp (ﬁ) <
(16,17), so fi(x) > fo(x) for all z € R>17 and hence dj, < dz for k € Z>17. We check by hand that
dy, < dz also holds for 4 < k < 16.

Hence, we're left to show that 1 < fo(z) < fa(x) for x € Z>4. Again, we start with the asymptotic
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a 9 ag 2 2 3
hasa hiy2 hiy3 hag2 1 2 3 2
(m Ohi, 1 Pag 111 np) 01 1L
71 72 P1 P2
(>hi1,2 hal,Q[] hi;;,lo (o)) 20 1C
it haa 1ohas hige . 1 o T:
i1 ai i3 1 1 3

(a) pair (y1,72) of intersecting 4-cycles (b) relative positions (p1, p2) for (v1,72)

Figure 6: The left figure shows a sequence v = (v1,72) of two directed (intersecting) four-cycles
with base variables 71 and i3 and directions indicated by the arrows respectively. Analogously to
Figure [5a] we only denoted the i-edges and a-edges instead of the v-edges and f-edges. The relative
positions p = (p1, p2) corresponding to 7 are depicted in the right figure. Here, the variables,
constraints, i-edges and a-edges are labeled according to the order of first traversal (where v; is
traversed before 75). The numbers n(p) = 3, m(p) = 3, e(p) = 7 of variables, constraints and edges
in p are equal to the corresponding numbers in v, further the degree d;(p) of the variable j € [3]
equals the degree of 4; in v, and analogously for the degrees ky(p) of the constraints b € [3] in p.
The absolute values a = (av, of, (w,5) jeqs]s (Qfb)befs)) are given by oy, = (i5)jeq3), oy = (ab)befs),
i = (hije)eeld;(p))> J € [B], and gy = (Ray.e)eciry(p))> b € [3]; i-e. they store the (initial) labels
of v corresponding to the labels of p.

comparison, where the corresponding rearrangement fo(z) = mo(z) In(x) + to(z) is given by

L B In (1 + %) —1In(2)

no()

T T

, no(z) =—(x—2)In (1 - 2) —1In (1 - 1) —1In(2).

Recall that for given ¢ € R we have In(1+ £) = (1 +0(1))£ and In(1+ £) < £ for all € Ry, since
In(x) is concave and the tangent at 1 is  — 1. Hence, for all z € R>3 we have ng(z) > ny(xz) > 0
since x > 2 and z > x1, where

2 3 3
ni(z) =1In <e2> - and z1 = @
Since to(x) < 0 and mo(z) < my(x) we have fo(z) < fi(x) = m4(z)In(z) with
2

my(z) = m

Now, since m (x) is decreasing in « and mg(z) is increasing in z, we numerically determine z* € Ry
such that m, (z*) = ma(2*) and find that z* € (8,9). In particular, we have fy(z) < f(z) < fo(x)
for € R>g, and check that d* < dj, for 4 < k < 8 by hand. O

Lemma [5.30] concludes the proof of Proposition 5.5 as discussed before.
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5.6 Small Subgraph Conditioning

In this section we prove the remaining parts of Theorem [5.7] thereby establishing Theorem [5.1] The
first part of the proof heavily relies on Section and illustrates the correspondences. We start with
the derivation of dy by computing E[Z.X/]. For this purpose we fix £ € Z~¢, n € N sufficiently large,
and let ¢, denote the canonical 2¢-cycle, i.e. the cycle with variables i, constraints a in [¢] and i-edges,
a-edges in {1,2} with labels ordered by first traversal, see e.g. the left cycle in Figure Analogous
to the previous sections we rewrite the expectation and count the number |E| of triplets (G, c,z) € €
such that ¢ is a 2¢-cycle and z a solution in G, i.e.

|5| €1€2€3
E[Z. X, = = , Where
[A ye%l}e 20(dn)!
e =eiy) = (Z)nil(n —n1)=(d(d - 1)),

e2 = ex(y) = <k> mmﬁzm(z(k —2))2(n72)((k — 2)(k — 3))F 722,
es = es(y) = (dny — 2r1)!(d(n —ny) — 2(€ — 1))\,

and r = r(y) = (r1,72) is defined as follows. For y € {0,1}* we let r; = r1(y) denote the number
of ones in y. Further, let 79 = 72(y) denote the number of constraints b € [¢] in ¢, such that both
b-edges take the value one under the assignment y of the variables j € [¢] in ¢,. With y fixed we can
compute the number of suitable triplets (G, ¢, ) as follows. The denominator in the first line reflects
|G| ! and the compensation 2/ as we will count directed cycles v in G. The sum over y € {0,1}*
implements the choice of the assignment of the variables visited by v such that the variables i1, ...,
traversed by 7 correspond to the variables 1,...,¢ in ¢, in this order, i.e. z;;, = y1,...,z;, = y¢. The
first term in e; chooses the variables that take the value one under the solution x. Then we choose
the 1 variables out of the ni-variables that participate in the directed cycle v and take the value one
consistent with y (hence an ordered choice). Analogously, we then choose the variables in v taking
zero under z. Finally, we choose the two i-edges traversed by = for each of the ¢ variables ¢ in the
cycle.

The first term in ey is the usual choice of the two a-edges taking one under z for each a € [m)].
Then we choose the constraints visited by 7. The remaining terms account for the ordered choice
of the two a-edges that are traversed by ~ and that is consistent with the assignments y and z in
the following sense. The (already chosen) variables i1, ...,i, and constraints ay, ..., ay traversed by =y
correspond to the variables 1,...,¢ and constraints 1,...,¢ in ¢, in this order respectively. Further,
the assignment of these variables is already fixed by y and the a-edges taking the value one for each
of these constraints are also fixed by our previous choice. Hence, if y; = yo = 1, then we have only
two choices for the aj-edge connecting to 41, while the aj-edge connecting to iy is fixed afterwards.
For y; = 1 and y2 = 0 we have two choices for the a;-edge connecting to i; and (k — 2) choices for the
aj-edge connecting to ig. The case y; = 0, y2 = 1 is symmetric and we see that we have (k — 2) and
(k — 3) choices for the remaining case y; = y2 = 0 analogously. To derive the number of constraints
for each of the cases above we recall that we have r1(y) ones in total and r2(y) ones whose successor
is one (i.e. the constraint a between the two ones takes the value one on both a-edges, and where the
successor of y, is y1). But then (71 — 72) ones in y do not have the successor one, i.e. they have the
successor zero. Complementarily we see that since o ones are succeeded by a one there are ry ones
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that are preceded by a one, hence there are (r; —ry) ones that are preceded by zero. Then again, this
means that there are (r; — ry) zeros that are succeeded by a one, hence the remaining (¢ — 2ry + r9)
zeros out of the (¢ — ry) zeros are succeeded by a zero. This fixes 7, so in particular 2r; v-edges that
take the value one and 2(¢ — r1) v-edges that take the value zero. The two terms in e3 then wire the
remaining edges.

We divide by E[Z.] to match the left hand side of Theorem ie.

where

E[Z.X/] _ Z e1eze3
20

E[Z.] yeo1)e (2m)!(dn — 2m)!’

e1 = e1(y) = ni-(n — n)=2(d(d — 1)),
eg = ea(y) = mf27 (2(k — 2))°" ) ((k — 2)(k — 3))F 22,
es = e3(y) = (dny — 2r)(d(n —ny) —2(¢ —ry))!,

and using Stirling’s formula we easily derive that

E[Z.X/]

r T 1T £—2r1+T
E7] ~ (Lo S MP2MZ2 M3~ My 2147 = (14 o(1) A1+ 57),

ye{0,1}¢

2 1
M= (1 . 1k—1> .
1 1

The matrix M has a nice interpretation as a (column stochastic) transition probability matrix in a
two state Markov process, with

L de= D M{pMgi My Mo ™2 4 Y7 MiFMgt My Mg
ye{0,1}¢ ye{0,1}¢
y1=0 y1=1
reflecting the probabilities that we return to the starting point given that the starting point is zero
and one respectively. Let us consider the first partial sum restricted to sequences y (of Markov states)
such that y; = 0, i.e. we start in the state zero. Then My, reflects the probability that we move
from the initial state zero to the state y2 given that we are in state zero (which is the case because
we know that y; = 0). As discussed above we will move from a one to a one in y exactly ro times,
from a one to a zero (r; — r2) times, from a zero to a one (r; — r2) times and from a zero to a zero
(¢ — 2r; + r9) times. Hence the contribution to the first partial sum for given y exactly reflects the
probability that we start in the state zero and (with this given) return to the state zero after ¢ steps
(since the successor of yy is y1 = 0). Since we sum over all such sequences y the first sum reflects the
probability that we reach state zero after £ steps given that we start in the state zero. The discussion
of the second sum is completely analogous. This directly yields
L+ 3= (M0 + (M1 = Te(M) =X+ Xy = X[+ 05, Ai=1 A= —ﬁ,

where we used the Kolmogorov-Chapman equalities in the first step, i.e. that the /-step transition
probability matrix is the ¢-th power of the one step transition probability matrix, which allow to
translate the first sum into the transition probability (M*)gg that we reach the state zero after ¢ steps
given that we start in the state zero and analogously for the second sum. In the second step we use
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the definition of the trace, while in the third step we use that the trace is the sum of the eigenvalues

T, Ay of M*. In the next step we use that the eigenvalues A} A, of the £-th power M’ of the matrix
M are the ¢-th powers of the eigenvalues A1, Ay of M. In particular this also yields that d, > —1 for
all £ > 3 and establishes d, = (1 — k)~*.

Following the strategy of Section [5.7] we turn to the case of disjoint cycles. Similarly, the present
case is a canonical extension of the single cycle case discussed above. We fix L € Z~q, 7 € Zéo and
n € N sufficiently large. Further, as in the previous sections we rewrite the expectation and count
the number |€] of triplets (G, c,z) € £ such that ¢ = (¢;)s¢[ Is a sequence of 7 = 37,17 7 distinct
20-cycles ¢4 in the configuration g sorted by their length /5 in ascending order (as described in Section
and x is a solution of g. This yields

€l _ &l 14|
Z, H (XK)Te:| = = + )
@G[L} |gC‘ ’gC| |g'3’

where & C & is the set over all triplets (g,c,z) € £ involving sequences ¢ of disjoint cycles and
&1 = &\ &. We begin with the first contribution, which can be regarded as a combination of the
discussion of disjoint cycles in Section and the single cycle case above, i.e.

E

|&o| e1eze3
|Gl Z (dn)! Hse[ﬂ (265)

y€{0,1}!

er=el(y) = (

n

)n?(n — )= (d(d - 1)),

ny
es = es(y) = (S) mior 2(k — 2))2(t1—t2)((k —2)(k — 3))[—2t1+t2’

€3 = eg(y) = (dn1 — 2t1)'(d(n — ’I’Ll) — 2([ — tl))!,

(=)l vi=) ri(ys) i€ 2],

SE[7] SE[T]

where y = (ys) se[] 1s the subdivision of y corresponding to the definition of ¢, and 71, 72 are the
notions defined above. The combinatorial arguments are now fairly self-explanatory, e.g. we make an
ordered choice of the 7 (y;) variables taking one for -7, then an ordered choice of r(y3) variables
taking one for v, out of the remaining ny — r1(y1) variables taking one and so on.

The asymptotics are also completely analogous to the single cycle case and Section First,
we notice that the sum is still bounded, i.e. we can also use the asymptotic equivalences for the
corresponding ratio here. Then, the sum can be decomposed into the product of the r factors that
correspond to the single cycle case above, analogously to Section which yields

|50| r
= (1+0(1)) T (1 + ).
Ge[E[Z] KQL] e

Now we turn to the proof that the second contribution involving & is negligible, which is a combination
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of the above and the discussion of intersecting cycles in Section [5.7 We let

E ={(G,v,x) : (G,c(v),x) € &1}, R ={p(y) : (G,7,z) € &} and
E={(G,v,x) €& ply)=ptforpeR

denote the sets that match the corresponding sets in Section For relative positions p € R we
consider an assignment y € {0,1}™) of the variables V = [n(p)] in the corresponding union of cycles
¢ = c¢(p) and let

u=ri(py) ={jeV:y; =1},
0(b) = 0,4(b) = {h € [ko(p)] : Yi(b,n) = 1}| for b € [m(p)] and
o=o(py)= > o(b)

be[m(p)]

denote the number of variables j € V in ¢ that take the value one under y, the number of b-edges for
a constraint b € [m(p)] in ¢ that take the value one under y and the number of f-edges in ¢ that take
the value one under y respectively. Since c¢ is a configuration the number of v-edges in ¢ that take the
value one under y is also 0. We are particularly interested in the assignments

yeY=V(p)={z€{0, 13" : Vb€ [m(p)]o(b) € [2+ ky — k, 2]}

that do not directly violate a constraint b € [m(p)] in ¢(p) in the sense that o(b) < 2 and also do not
indirectly violate b in that 2 — 0(b) < k — ky, i.e. there are sufficiently many b-edges left to take the
remaining (2 — o(b)) ones. With this slight extension of our machinery we can derive

] £
= , g _ ,
|Gl 2 (dn)! Tlsepq (265) 5l = ereaes

PER yey

e1 =ei(p,y) = (:1>nt11(n - nl)m H ddj(ﬂ)’

JE€n(p)]

k " m —
ez = e2(p,y) = <2> m22 TT (222 (k — 2)kele)=ol)y
be[m(p)]

es = es(p,y) = (dn1 — 0)!(d(n — n1) — (e(p) — o))",

for the following reasons. With p € R and y € Y(p) fixed we choose the n; variables out of the n
variables in the configuration G that should take the value one under x. Out of these n; variables
we choose the t; variables (ordered by first traversal) that take the value one in the directed cycles ~y
under z, corresponding to the v variables in p that take one under y (more precisely we choose the
values ¢ € [n] of the absolute values «, for the v; variables j € [n(p)] in p that take the value one
under y) and analogously for the variables that take zero. Then, for each variable j € [n(p)] in p and
corresponding variable i = «,(j) in v we choose the i-edges that participate in v (meaning that we
choose a, ;). On the constraint side we first choose the two a-edges that take the value one under
x in G for each a € [m]. Then we select the m(p) constraints that participate in v (i.e. we fix ay).
Further, for each constraint b € [m(p)] in p and its corresponding constraint a = a¢(b) in v we choose
the o(b) a-edges that take the value one in v under x consistent with p and y out of the two a-edges
that take the value one in G under x and analogously for the a-edges that take the value zero (which
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means that we fix asy, for b € [m(p)] consistent with the choice of i and the choice of the two a-edges
that take the value one for each a € [m]). This fixes the sequence of the directed cycles (i.e. the
isomorphism « and further ). The remaining terms wire the (dn; — 0) remaining v-edges that take
the value one and the v-edges taking zero respectively.

As opposed to the rather demanding combinatorial part the asymptotics are still easy to derive
since both sums are bounded, so the procedure analogous to Section yields

£ "
|QC|IIE1[‘Z] (1+0(1) 32 3 erlp,y)nn @m0,

PER y€Y

where ¢1(p,y) is a constant compensating the bounded terms. The right hand side tends to zero by
the argumentation in Section so this contribution is indeed negligible. This shows that el

G =
(1+ 0(1))% and thereby establishes Theorem 1}

With d € [1,d*) C [1,k) as discussed in Lemma and Lemma A¢ as derived in Lemma
§¢ = (1 — k)~%, the asymptotics of the second moment discussed in Lemma and the Taylor
series In(1 — x) = — 3"/ zt/0,x € (0,1), we establish Theorem by applying our results to

the sum
d—1\* 1 d—1 k-1
3 S 2 ) =12 =1 T .
Mdf = 2€(k ) 2“( k—l) n( k—d)

>1 £>1

This concludes the proof of Theorem [5.7] and further the proof of Theorem [2.10)

5.7 Proof of Lemma

We present the proof of Lemma in detail so as to facilitate the presentation of the small subgraph
conditioning method in Section Lemma can be shown by a direct application of the method
of moments, which is discussed, for example, in [68] (Theorem 6.10).

Theorem 5.31 (Method of Moments). Let L € Zso and ((X¢;)se(r))icz-, be a sequence of a vector
of random variables. If A € Réo is such that, as i — 00,

EL1£[1 X,g”l] —>HA

for every r € Zéo, then (Xy,i)ee(r) converges in distribution to (Zy)ee(r), where the Zy ~ Po()\,) are
independent Poisson distributed random variables.

First, we notice that G. and further X, = X,(G.) is only defined for m = dn/k € Z as stated in
Lemma hence Lemma only applies to such sequences of configurations.

Fix k, d € Z~1. Before we turn to the general case we consider the E[X/] for £ € Z~. For this
purpose let n and m(n) be sufficiently large. Let Cy ¢ be the set of all 2¢-cycles in G € G.. Then

X £
Bx= > D 160 5 (el = L where €= (6.0 Geduce o,
Geg. ¢ GEGe ¢
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With this at hand we obtain that

E[X/] = 5 (;n)!nfmf(d(d — ) (k- 1)) (dn — 20)!

using the following combinatorial arguments. Instead of counting pairs (G,c¢) of configurations G
and 2(-cycles ¢ € Cy we count pairs (G, ) of configurations G' and directed 2¢-cycles v (based at a
variable node) in G. There are exactly 2¢ directed cycles v corresponding to each (undirected) cycle ¢
of length 2/ since we can choose the base from the ¢ variables in ¢ and + is then determined by one of
the two possible directions. The denominator reflects the compensation for this counting next to the
probability |G.|~!. Further, the term n‘ reflects the ordered choice of the variables for the directed
cycle, as does mt for the constraints. The next two terms account for the choice of the two i-edges and
a-edges traversed by the cycle for each of the ¢ variables ¢ and constraints a. This fixes the directed
cycle v and further the corresponding undirected cycle ¢(7y). In particular, the 2¢ edges of the cycle ¢
in G are fixed, i.e. the corresponding restriction of G to c. This leaves us with (dn — 2¢) half-edges in
[n] x [d] and (km — 2¢) half-edges in [m] x [k] that have not been wired yet. The last term gives the
number of such wirings.
Next, we turn to asymptotics. Extracting A, and expanding the falling factorials yields

nlm!(dn — 2¢)!

E[X] = Md'K (dn)!(n — Ol(m — O)

Using Stirling’s formula we readily obtain that

nm(dn — 2/) P (dn — 20)dn—2
dn(n — £)(m =€) (dn)@(n — O)»~F(m — )m=0"

E[Xy =1+ 0(1))>\€d€k4\/

and so

( _ gl) nfmf(l _ CQTZ)dn—% e ntm?
A=D1 = L) ({1 = Lyt = Lyme — (oA

E[X/] = (1 + 0(1)))\gd£k5J

Using that dn = km leads to

Vi — 14
B = 0 cprar T

= )\57
as claimed. We turn to the general case. For this purpose let L € Z~g, r € Zéo and let n and m be
sufficiently large. Then

re—1

X(@)e =[] (ICecl — s) = [Corc| » where Cppp = {c€ Crlg:Vs€lrVs € s —1]cs # ey}
5=0

for G € G, since this corresponds to an ordered choice of 2¢-cycles in G without repetition. The
product can then be directly written as

L

L
[[Xe(G)=|Cral , where Cra=]]Cir.c
=1 =1
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To avoid double indexed sequences we use the equivalent representation ¢ = (cs)sef € Cr,¢ Where
t =) 1<y<,7¢- From the above we see that the cycles ¢ are ordered by their length /5 in ascending
order and are pairwise distinct. We obtain that

L
lH ] |g€’| , where & ={(G,c) : GG, celC}.

Since we have ¢, distinct variables and constraints in each cycle ¢s respectively, we can have at most
[ =3 sepy ¥s distinct variables and constraints in c. Specifically, we only have [V(c)| = [ variables and
|F'(c)| = I constraints iff all cycles ¢, are disjoint. So, let

& ={(G,c) e &: V()| = [F(c)] = 1}

denote the set of pairs (g,c) € £ with disjoint cycles and further & = £ \ & the remaining pairs.
Then we have

€0 1 L1 [ [

@ = an)! HZZI(%S)n m-(d(d — 1) (k(k — 1)) (dn — 21)!
for the following reasons. For each cycle c¢s in ¢ counting the 2/, directed cycles facilitates the
computation, hence we find the corresponding product in the denominator. Since the variables within
each directed cycle and the cycles in the sequence are ordered we have an ordered choice of all variables.
Further, since the ¢, variables within each cycle are distinct and the cycles are pairwise disjoint we
choose all variables without repetition. This explains the first falling factorial. The next term for
the constraints follows analogously. But since variables and constraints are disjoint the edges are too,
hence we choose two edges for each of the [ variables and constraints respectively. Then we wire the
remaining edges.
The asymptotics are derived analogously to the base case, i.e.

ol
|G|

L
N GOk Gt DS HAZS (1+o0(1)) [T A
511(2£5) /=1

using the definition of ¢ = (cs)s¢[y in the last step. Since the contribution of the disjoint cycles already
yields the desired result, we want to show that the contribution of intersecting cycles is negligible. As
before, we count directed cycles v and adjust the result accordingly, so let

& ={(G,7): (G,c(7)) € &1}, ie. |E] = & [T (265)

s€(t]

In the next step we consider the relative position representations («, p) of sequences ~ of directed
cycles. Instead of a formal introduction we illustrate this concept in Figure [(] The corresponding
decomposition of the contributions to the expectation according to p is

& [
|g0| pER |g6‘ HSE['C](QE )

E =1{(G,y) €& :p(v) = p}, R={p(7) : (G,7) € &}
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For the following reasons we can then derive

\Sp\:nwmM H d% ) H kw(dn—e(p))!.

j€ln(p)] be[m(p)]

Since p is fixed, we have to fix the absolute values «, thereby the directed cycle v, and wire the
remaining edges. But the first four terms exactly correspond to the number of choices for the index
vectors in a.. This fixes «, further the union c(7) of cycles and in particular e(p) edges. The remaining
term counts the number of choices to wire the remaining edges.

For the asymptotics we notice that n(p), m(p) < [ and that also the two products are bounded
in both the multiplication region and values. But this further implies that |R| is bounded, i.e. the
summation region is also finite in the limit and hence we can consider the asymptotics of each term
separately, which yields

Gl _ icn(e) 42 Macm(ey F22 n2Em™ ) (dn — e(p))!
|Gel PER Hse[t](QZS) (dn)!

n(p),m(p)
O dn — ()

1INP) /g \™P) /e elp)
_ - el z n(p)+m(p)—e(p)
aro) L et (3) (7)) (5) »

PER

PER

where we summarized the terms that only depend on p into constants. Now, let p € R and let ¢ = ¢(p)
be the graph of p as introduced in Section Since p is a sequence of directed cycles that are not
all disjoint, its graph c is the union of the corresponding (undirected) cycles that are not all disjoint.
But then ¢ has more edges than vertices, i.e. 3e(p) > n(p) + m(p) + 2e(p), and hence

&1

‘g | _ (1 + 0(1)) Z 02(p)nn(l))+m(ﬁ)_e( ) 1 + 0 -1 Z 02 1 + 0(1))03n_1,

PER PER

which shows that this contribution is negligible. This establishes the asymptotic equivalence

11 X?] = (1+o(1) IT 3
)4

Le[L)] €[L]

and allows to apply the method of moments, which directly yields Lemma
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