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1. Introduction

The field of numerical analysis of differential equations is continuously growing due to the gradual development of new
models of real-world phenomena. Due to the unavailability of analytical solutions for most differential systems, it is nec-
essary to obtain numerical approximations to the solutions. It is a well-known fact that existing approaches for solving
differential equations are modified as the perspectives change or new techniques are developed to get approximate solu-
tions more accurately and efficiently (see [1-54]).

Our goal in this article is to develop an efficient two-step block method in global sense (that produces approximate
solutions simultaneously at all nodal points in an interval of interest) and show its good performance in solving second
order two-point BVPs of ordinary differential equations (ODEs) of the form

u’(x) = f(x,u(x),u'(x)), xelabl, (1)

with any one of the given possible types of BCs in Table 1:

Before proceeding, we assume that the equation in (1) together with the given boundary conditions satisfy the require-
ments that ensure the existence and uniqueness of the true solution (see [1-3]), namely, we assume that the function f is
continuous in [a, b] x R? and verifies a Lipschitz condition in the variable u = (u, v), that is, it holds that for any u;, u, € R?
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there exist constants Li>0,j=0,1, such that
[f(x,ur) — f(x,wp)| < Loluy — ua| + Ly [u} — up.

There are well-known approaches for solving a BVP numerically, as (i) the shooting approach [6], (ii) finite difference ap-
proaches [7,12-16], and (iii) approximate methods based on the idea of using linear relations of trial functions (e.g. colloca-
tion, Galerkin’s technique and Rayleigh-Ritz scheme, etc.), [4,17-24]. A good collection of references on collocation methods
can be found in [4]. In [8], the authors discussed a method based on a spline collocation approach for integrating mixed
order systems of boundary value problems and in [9] a general purpose code COLSYS has been discussed for mixed order
systems of BVPs in ODEs. In the shooting approach, a given BVP is transformed into a system consisting of first order initial
value ODEs. Furthermore, the resulting system is solved with any available ODE solver, for example Runge-Kutta or linear
multi-step methods. A major difficulty with the shooting approach is that sometimes a well-behaved BVP is transformed,
requiring later the integration of an initial value problem which is unstable [25]. More precisely, the true solution of a BVP
can be stable to some perturbations in the boundary conditions, but the solutions of the initial value problems arising in
the shooting approach are unstable to perturbations of the initial values.

Some efficient codes have been developed for first order systems, for instance, Cash et al. [29] developed codes based
on Mono Implicit Runge-Kutta and Lobatto schemes. Shampine et al. discussed in [30] a user friendly FORTRAN code for
solving BVPs.

The approaches based on finite differences transform a given continuous ODE into a system of equations. After solving
this system, one can get approximate solutions at all nodal points of interest at once. Nowadays, Computer Algebra Sys-
tems (CAS) usually incorporate routines for solving BVPs. For example, in MATLAB, some built-in solvers are [25]: bvp4c
(fourth-order finite difference code) and bvp5c (fifth-order finite difference code), which are available to deal with a BVP
numerically. These solvers first reformulate the given BVP into a system consisting of ODEs of first order and then attempt
to solve it numerically. In [10], an efficient MATLAB code for solving two point boundary value problems using the codes
twpbvp, twpbvpl and acdc is presented. A finite difference code for solving second order singular perturbation problems
numerically has been proposed in [11] where a MATLAB code based on high order finite difference schemes approximates
directly the original problem without reformulating it as a first order system (in fact this method is based also on the
boundary value approach). On the website https://archimede.dm.uniba.it/~bvpsolvers/testsetbvpsolvers/ different codes in
FORTRAN, R and the MATLAB environment are available for solving BVPs and other relevant details can be found in [26-28].
Currently, boundary value methods are also used for solving BVPs. For a good collection of references on these methods, one
can consult Brugnano et al. [33,34] and references therein. Global methods based on boundary value methods generalized
for solving BVPs can be found in [31,32]. Block methods, which were initially used for obtaining starting values for linear
multi-step initial value solvers, can be extended to solve boundary value problems as well [35-42,48]. See et al. proposed
in [49] a three-step block scheme of Adam’s type for integrating nonlinear two-point BVPs of Dirichlet and Neumann-type.
Biala [50] proposed a new class of linear multi-step methods using the theory of interpolation and collocation. Further,
these linear multi-step methods were implemented as boundary value methods and block unification methods. Biala and
Jator [51] also proposed a new family of boundary value methods with continuous coefficients and applied them via the
block unification approach to solve BVPs. In [52-54] different approaches based on block methods have been used for solv-
ing higher order BVPs.

In this article, we shall be concerned firstly with the development of a third derivative hybrid block method for solving
(1) in a global sense. The hybrid methods were developed for solving initial value problems in order to bypass the first
Dahlquist barrier on linear multi-step initial value solvers. We have explored both the ideas of hybrid and block methods
in this article in developing the numerical scheme. We have considered two off-step points in a two-step block interval
[%n, X542] of nodal points and impose the vanishing of the principal terms of the local truncation errors of the main formulas,
as was done for initial value problems in the seminal paper by Ramos et al. [42]. In this way we get optimized values
of these off-step points and get a hybrid block method in optimized version for solving the problem in (1) numerically
(together with the given BCs).

The rest of the article is concerned with the analysis of the order of convergence of the formulas, and a detailed anal-
ysis of the convergence of the new scheme. Finally, some numerical experiments are presented in order to show the good
performance of the proposed scheme. The article ends with some conclusions of the present work.

2. Derivation of an optimized hybrid block method

This section is concerned with the development of an optimized two-step block method for numerically solving (1) with
any of the BC in Table 1. Firstly, we discretize the interval of interest taking a = xg < X; < X < ... < Xy = b, where the nodal
points are x; =a+ jh; j=0,1,2,3,...,N, with N even, and h = (b —a)/N the fixed step size. We are interested in approxi-
mating the solution at those points. To proceed further, consider a generic two-step interval of the nodal points of the form
[xn, X4 2]. On this interval, we consider a polynomial q(x) that approximates the true solution u(x) of (1), that is,

8
u(x) ~qx) = chcbj(x), (2)
izo
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Table 1

Different types of BCs.
BCs Type
u(@) =uq, u(b)=u, Dirichlet
u(a) =uy, u(b)=uj Neumann

Y@, u'(@) =y, Yub).u'(b) =y, Mixed

where the basis functions are ®;(x) = (x —xp)J, and the ¢j are unknown coefficients that will be determined by imposing
the following interpolating and collocation conditions on q(x) :

@) up=qxa)

i) up=q'(xn)

(i) fori=q"*ni), i=0,11,52
() gui=q"&ny), =02

where the notations .un,u;, fn+i = f (nis Unis Wy i)s Sngi = 8Xnis Unyi, Uy, ;) are approximations of u(xn), u'(xn), u” (Xn ;)
and u”(x,,;), respectively, with

(3)

of  of , 9of
XU u)= -+ —u + = f(x,u,u),
8( ) dx Jdu Bu/f( )
and upi ~ u(Xpii), U, N U (xy4i). In the above expressions, xn.r and x4 are the designations of two intermediate points

in the block [xp, X, 5] with the requirement 0 <r <1 <s < 2.

The conditions in (3) give a system of nine equations in nine unknowns, which can be easily solved by any Computer
Algebra System (CAS) like Matlab or Mathematica, providing the values of the unknown coefficients c;, j = 0(1)8. By substi-
tuting these values in (2), we get a continuous formula expressed in the form

u(x) ~ q(x) = oo (XYt + 1 Oy, +h? 3 Bi(X) fsi + 12 35 7 (0o )
i=0,r1,52; j=0,2.

where og(x), a1 (x), Bi(x),y;(x) are continuous coefficients.

2.1. Main formulas

In order to get the approximate values u,,, and u), 42 We evaluate the expression of q(x) given in (4) and its first
derivative q’(x) at x = x, + 2h. Those approximations will be expressed in terms of the unknown parameters r and s. Now,
in order to get appropriate values of r and s, we expand these formulas in (4) for u,,, and u/, 4+ using Taylor series about

the point x,. In this way, we get the local truncation errors of these formulas, which are given, respectively, by

(2 =3rs)u® (x,)h°
99225

LTE(u(Xn42), h) = +O(h'), (5)

and
2=r—=5)u®(x,;)h®
33075

Imposing that the principal terms in (5) and (6) vanish, we get a nonlinear system of equations given by

LTE(W (Xn32), h) = +0(h°). (6)

2-3rs =0
2—-r—-s =0.

One can verify that the above system of equations has a unique solution with 0 <r <1 <s < 2. Solving this system, we
obtain the optimized values of r and s as follows

r=1- ? ~ 0.42265, s=1+ ? ~ 1.57735. (7)

By inserting the above values of r and s in (5) and (6), we obtain

_u(n)(xn)h]l

ITE(xni2). h) = —segzaizo—+O(h™),
u(u)(x )hll
/ — 12
LTE(W' (xn12). h) = zg5356509 +OM)-
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Using (7) we get from (4) the following two main formulas

h2
Unyz = Un + 2hu;, + ﬁ(37fn + (54 + 18ﬁ)fn+r +64f1 + (54 - 18‘/§)fn+s + fur2 + Zhgn),
h
Upyp = Up+ ﬁ(]gfn + 54 fnir + 64 01 + 54 s + 19 fus2 + h(gn — &ns2)) - (8)

2.2. Additional formulas

Note that to obtain a discrete approximation of the true solution on the interval [x;, x,;,,] we have two formulas so far,
but ‘tlhlere are ten unknowns (the values Qf Un, Unr, Uns, Unys, Und .amd. those of up, up.p, Uy 4, Up s Uy, 5 )- Thus, we consider
additional formulas by evaluating q(x) given in (4) and its first derivative q’(x), at Xp1r, Xn41, Xns-

In this way, one gets eight formulas to approximate the solution and the first derivative, that can be written using the

following block formulations. For the approximate values of the solution we have

f

n
T Fusr
u
1| — eu, + chul, + W2F | four | +R3G[ 8" ), (9)
Unys Fres 8n+2
Uny2
fn+2
wheree=(1,1,1,1)T,c=(r 1,5, 2)T,
1925-683v3 1 4822883 379 _ 63 -19-v3
11340 36 2835 1260 — 35 11340
1171 9 4343 1 9 33 19
Fo 6720 64 T 35 24 6 5 6720
T | o254683v3 379 6v3 2(241+144V3) 1 —19+v3 |’
340 1260 T 35 2835 36 11340
37 6(3+«/§) 64 6(37\/§) 1
105 35 105 35 105
106-35+3 2+V3
11340 11390
G= 6720 —2240 |.
106+35+3 2-v3 |’
11340 11340
105
and for the approximate values of the derivative, it is
! fn
un+r f
u/ n+r g
h| “n+1 | = ehu), + B2F'| four | + B3G/( &™), (10)
Unys 1, 8n+2
u/ n+s
n+2 fn+2
where
79741443 81-8V3 8(36-23v3) 81-43v3  —113444Y3
3780 315 945 315 3780
257 9 433 32 9 _ 343 47
F = 1680 35 16 105 35 16 1680
797-44v3  81443v/3  8(36+23V3) 81483 —113-44V3
3780 315 945 315 3780
19 18 64 18 19
105 35 105 35 105
534643 17-6v3
3780 3780
1 _ 1
G = 210 210
53-6+/3 17463
3780 3780
1 _ 1
105 105

Note that the block method given by formulas (9)-(10) could be used for solving an initial value problem, provided that
the initial values are given, but in this form it is not adequate for solving a BVP. In order to get a discrete solution of the
BVP given in (1) with two BCs (any one of the types given in Table 1), we shall consider the formulas (9)-(10) for the values
of n=0(2)N — 2, altogether with the two given boundary conditions. In this way, we get a global method consisting of a

system of 4N + 2 equations in the 4N + 2 unknowns

{uo, ur, uy, us, Uy, Upyr, Us, Upys, Uy, ..., UN},

!/ / / ! / / / / / /
{UOv Up, Uy, U, Uy, Up o U, Up o Uy oo ”N}-
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The resulting system of equations could be linear or nonlinear according to the nature of f in the Eq. (1) and the given
boundary conditions. We shall consider two possibilities as follows

(i) Linear system: If the resulting system is of linear nature, then one can consider existing linear system solvers to deal
with the situation.

(ii) Nonlinear system: If the resulting system is of nonlinear nature, one can consider Newton-Raphson’s-type or other
existing nonlinear system solvers to tackle the situation.

Note. In case of a nonlinear system, for implementing the iterative method considered it is necessary to have some good
starting values in order to start the iterative process. In the implementation section, we shall discuss some criteria of choos-
ing good initial approximations of the solution.

3. Theoretical analysis of the proposed scheme

In this section, we shall be concerned with some characteristics of the obtained formulas and the convergence analysis
of the global method obtained from (9)-(10) altogether with the boundary conditions.

3.1. Time reversal symmetry

The time reversal symmetry (TRS) property is an important condition for a numerical method to maintain a symmetry
feature of the solution of a given problem. This property has been studied extensively in the case of Hamiltonian problems
[45,46]. Some well-known methods that preserve this property are the midpoint method, the Trapezoidal Rule or the Verlet
method [47].

Let us take the problem in (1) with the first set of boundary conditions in Table 1

u’(x) = f(x,u(x),u'(x)), xela,bl, an
u(a) =uq, u(b)=u,.

Making the substitution t = a + b — x we get
Z'(t) = k(t,z(t),Z(t)), telab], (12)
z(a) =up, z(b) = u,,

where z(t) = u(a+b—t) and k(t,z(t),.Z/ (t)) = f(a+ b —t, z(t), -7 (t)).
On the mesh x; =a+ih,ie]= UIN;OZJ even ({0.7.1,5,2}+1) and on the corresponding mesh {t;};; with t; =a+b—x;,
considering the two vectors

Ug u
b
u(x
(xr) Z(tN-2+s)
u(x1)
u (Xs) Z(tN—l )
Z(tN—ZJrr)
U= : , 7= ,
u(foz) Z(tg)
U(XN-24r)
z(ty)
u(fol) Z(t )
U(XN-_24s) ur
a
Up
it is straightforward to check that
Z=PnU, (13)
where Py, 1 is the anti-diagonal identity matrix of order 2N + 1

1

Py =
1

If the approximate solutions of problems (11) and (12) provided by the proposed numerical method verify a discrete analo-
gous to (13), then it is said that the method satisfies the time reversal symmetry. What one usually wants in this situation
is to preserve a discrete analog of time symmetry, namely, if the time discretization is applied to solve first forward and
then backward in time, the boundary conditions are recovered. For the proposed method this is true if it is invariant under
the following substitutions

h — —h, ui—>uN_i,ie].
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In case a numerical method is formulated by means of symmetric formulas this is evident. For the formulas in (9)-(10) one
could try to get a symmetric formulation, as for example the formulas in (8) may be expressed equivalently as

6h2 h3
Upy2 = Up + h(u;] + U;H.z) + %(ﬁ(fnw — fats) + fa— fn+2) + ﬁ(gn +8ni2)

h h?
ﬁ(54(fn+r + fars) +64fu1 +19(fn + far2)) + ﬁ(gn — &Zns2)
With the other formulas in (9) one could try to look for a symmetric equivalent formulation, but in fact it is not necessary.
Taking in mind the identity 2 —r =s, the substitutions h — —h, u,; — u,,»_;,i=0,1,1,5,2, give after some calculus the
same formulas, thus the proposed method verifies the time reversal symmetry.

/

’
Uy = Uy +

3.2. Order of convergence

The block method given by the formulas in (9)-(10) may be arranged in the following matrix form
A1 Uy =h Ay U, +h% A3 Fy + 3 A4 Gy, (14)

where Aq, Ay, A3 and A4 are matrices of coefficients of dimensions 8 x 5, that can be easily obtained from the formulas,
and

Un = (Un, Unyr, Ung1, Unys, un+2)T7
U;1 = (U,,q, u;Hr’ u;1+1’ u;1+sv uz/1+2)T’
Fn= (fn, fn+r7 fn+1g fn+s’ fn+2)T,
Gn = (&n- &nsr- &ns1- Ents: Eni2) -
Let Z(x) be an analytical function. We consider the following difference operator associated with the formulas in (9)-(10)

LIZ(x):h]) = X, @;Z(x + jh) = hBZ' (x + jh) = R9;,2" (x + jh) — B38;2" (x + jh),

j=0,r1,s,2 (15)

where &, Bj, Vi 5]» are the corresponding columns of Aq, A, A3 and A4. Both the new proposed scheme and the operator
(15) are said to have order p if using the Taylor series representation of Z(x, + jh),Z' (xn + jh),Z"” (x, + jh) and Z"" (x, + jh)
around the nodal point x,, we get

LIZ(Xn); h] = DoZ(Xn) + D1hZ' (Xn) + V2122 (%n) + - - - + DghIZD (x) + . ..

with Vg =1y =V, =---=Vp1 =0 and Dp,, # 0. Note that in the above expression, v; are vectors and Uy, stands for the
vector of error constants. In the case of the proposed block method, we have Vg = V; =--- = g =0, and

T
Do — -1 0 1 01 1 -1
® 7\ 1837080v3 18370803 612360 362880 612360° ) -

In view of the components of vector Vg it is appropriate to point out here that the local truncation error for the formula
that approximates u(x,,1) is

(3r(64s — 29) — 875 + 46)u? (x,)h®

— 10
[TE(u(xp+1), h) = 12700800 +0O(h™),
which for the optimized values of the parameters in (7) results in
(10) 10
LTE (1), h) = — 5 Ch "oy

14515200

This establishes that the third derivative block method given by the formulas in (9)-(10) has a seventh-order of conver-
gence. In the next section we will see that this behaviour is maintained when the method is applied in the global form
indicated above for solving a BVP.

3.3. Linear stability analysis

To analyze the practical performance of the proposed method concerning stability we consider the following test problem
(see [21])

U +puu' =0, u(a)=ug, ulb) =up,

whose exact solution is given by u(x) = A + Bexp(—ux), where A and B are arbitrary constants that are determined through
the boundary conditions.



H. Ramos and G. Singh Applied Mathematics and Computation 421 (2022) 126960

If we apply the formulas in (9)-(10) to the above problem the very least that we expect of the finite difference solutions
is that they behave monotonically decreasing as exp(—ux) for @ > 0. After applying the method to the test problem and
setting z = w h it results that it may be arranged in vector form as

Unyr Unyr—2
Unt1 Up_1
Unys Unys—2
P Iillj’+ *=¢ hu’u '
n+r n4r—2
huy, 4 huj,
hu;ws hu;ws—z
hu hu,

where P is the following matrix

482-288+/3)z 37 63 z((2+v3)z++v/3+19
1.0 0 0 % ( 2835 ) (W‘T z (¢ 11)340 )
9 343 9 33 3z+19
0 1 0 0 (gG+ T)Z 7 5~ —5)2 o
(379+216v3)z 2(241+144v3)z z z((-2++v3)z+v3-19)
0 0 1 0 1260 2835 (3 %) 11340
P[00 0 1 BBk B, @B, eaniasm)
81-8V3 8(36-23v3 81-43V3 2((6v3-17)z+44/3-113
0 0 0 O 3152 + 1 7 35 2 3780
9 , 33 32 9 _ 33 82+47
00 0 0 (5+ T)Z 105 +1 35— T)Z g
00 0 0 8144343, 8(36+23«/§)Z (81+8f3)z i1 2((17+6+/3)2+44/3+113)
7 945 315 - 3780
1 6 18 1
0 0 0 O 3= T 5= 1052z +19) +1
and the matrix Q is given by
2((106-35+/3)z+683+/3-1925
00 0 1 0 0 o =063V )14
000 1 0 00 Ko 41
z((106+35+/3)z—683+/3-1925 1
00010 0 0 X« ) L
Q= 0 0 0 1 0 O O %2(22—37)—&-2
2((53+6+/3)z-44+/3-797
00000 0O (« 2(83%)7_82057) ) 41
00 0 0000 53 6\/§168044\/; 7197
000000 O 2A(3-6V3)2- V5 797) | 4
0O 0 0 0O 0 0 O 1(1)—5(2—19)2—1—1
This may be written finally as
Unir Unyr—2
Upn41 Up_q
Unys Unys—2
Unpy2 Un
=R(2)
i, iy,
hur/Hl hllln—l
hu/n+s hun+/s—2
hun+2 up

where R(z) = P~1Q is the stability matrix.
The behavior of the numerical solution will depend on the eigenvalues of this matrix, which determine the stability
properties of the method. The two eigenvalues of R different from zero are
—25 +152% — 10523 + 4207> — 945z + 945
7> +15z% + 10523 + 42022 4 945z + 945 °

and the region of stability is the region in the complex plane where it is |p;| < 1. This stability region turns out to be
R(z) > 0.

=1 pr=

4. Convergence analysis

From a practical point of view, the numerical approximations obtained by a numerical method for solving a given dif-
ferential equation must have a convergent behavior. This subsection addresses the convergence theorem for the proposed
global scheme for solving BVPs. Firstly, we shall state the definition of convergence of a numerical method for solving a BVP.

7
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Definition 4.1. Let u(x) be the true solution of a BVP given in (1) with any of the boundary conditions in Table 1, and
{uj}’}’zo the numerical approximations of u(x) obtained by the proposed global method. The numerical method is said to
have pth-order of convergence if for a sufficiently small step size h, there exists a constant K (independent of h) such that

max |lu(x;) —u;|| < KhP.
ma [lu(x)) - ;] <

Note that from the above definition, we shall have

max ||u(x;) —ui|l = 0 as h— 0.
ma [lu(x)) — u;]

Theorem 4.1 (Convergence theorem). Let u(x) be the true solution of the BVP in (1) with any of the boundary conditions
in Table 1, and {u; ’}’=0 the discrete solution provided by the proposed global method. Then, assuming that u(x) is sufficiently
differentiable (up to order twelve) with bounded derivatives, the proposed method is seventh order convergent.

Proof. For the sake of convenience, we shall consider the BVP given by the equation in (1) with boundary conditions of
Dirichlet-type, which are very common in use. The theorem can be proved for other types of boundary conditions in a
similar way by making appropriate changes.

Firstly, let us suppose that we have exact known values provided by the BCs, that is, ug = u(xg) = ug and uy = u(xy) = uy,.
Therefore, the unknowns in the global method are

{ur, Uy, Us, Up, Uy, Us, Upys, Ug, .., UNZ1, UNZ24s)s

/ ! / / / / / / ! / /
{uo’ Up, Uy, Ug, Up, Uy gy Uz, Uy g Uy, oo U s UN}~

The proof relies on the ability to organize the unknowns, so that the block form can be easily recognized in the matrices.
As we will see, this is similar to the block form that has been used for the proof of the order of convergence and of the
stability analysis.

In the following we will use the notation Opm , to denote the null matrix of dimension m x n. Using the notation n =
2(i— 1), the formulas in (9)-(10) for i=1,2...,m = N/2 can be arranged in the block form

ZiT = S,'(Zj,1)T + hQi(ﬁ—1)T + th(ﬁ)T
where

7 ! ! /
zi = (Ug(i-1)4rs Uni-1, U2(i—1)4s0 Unis Up_1y 4 Udi 15 Upo1y1s0 Uai)s

fi = (Faivyar Faicts fai-1)4ss f2is 82-1)+r 82i-1 82(-1)+s- 82i)

e hc
5=(ar ©)

is of size 8 x 2 with e and ¢ as in (9) and

S — 043 e 043 hc
"7 \043 047 043 e
fori=2,3,...,m, is of size 8 x 8, and the matrices Q; and R; are defined accordingly taking into account the coefficients in
the formulas (9)-(10).

With this notation the linear system to be solved is of size 4N + 2 where we can include the boundary conditions in the
first two rows. Let us define the (4N + 2)-vectors

and

U = (Ug, Uy, 21,22, ... Zm)", (16)
F=(fo8 A for--f)" (17)
Then, the system that provides the approximate values can be written as
DU +hXF+C=0, (18)
where the (4N + 2) x (4N + 2) matrices D and X are given by
By 0Oy ... O3 Bnm
-5 I

D=]0s, -5

O3> Ogg ... —Sm I
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with

Singh

1 0
n=(6 9)

and
_ (013 0 O14).
m — il
013 1 O14
022 O3 028 O3
|44 Vi
X=10s2 W, ,
V-1 Ogxs
Os> Osyxs W Vin
with
(~1925+683v3)h (~106+35v3)h?
11340 11340
_1171h _ 67h?
6720 6720
(1925+683v3)h (106+35v3)h?
- 11340 - 11340
_37h _2h°
W, = 105 105 ,
797443 _ (5346V3)h
3780 3780
_ 257 _
1680 210
—797+4473 (=53+46v3)h
3780 3780
105 105
(—1925+683v3)h (—106+35v3)h?
O O -
I}
000 (19;56762803«/§)I 000 (10_6 egg%)hz
+ h +
0 0 O —71%%0 0 0 O —7112%%0
Wi=0 0 O — 305 0 0 O (5—3%)’1
—797-44V3 +
0 0 O e 0O 0 O — 7750
0 0 O — 1550 0 0 O ( 5;?%)"
—797+44V3 —o>H
0 0 O 378 0 0 O 7780
0 0 O — 165 0O 0 O — 105
fori=2,...,m, and
h 2(-241+144V3)h  (=379+216v3)h  (19+v3)h
—36 2835 1260 11340
3(105+64v3)h h 3(64v3-105)h 19h
- 2240 24 2240 ~ 6720
(379+216V3)h 2(241+144V3)h h (19-v3)h
- 1260 - 2835 ~36 11340
_6(3+\f3)h _ 64h 6(—3+~/§)h _h
Vi= 35 105 35 105
~8148V3 8(-36+23v3) ~81443V3 113-44V3
945 315 3780
_9 _383 _32 3 438 _ 47
35 16 105 35 16 1680
_81-43.3 _ 8(36+23v3) —81-873 1134443
5 945 5 3780
_18 64 _18 19
35 105 35 105
fori=1,2,...,m
The (4N + 2)-vector C in (18) contains the known values, that is,
C = (ug, up,0,...,0)7.

OO OO O O O o
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(2+3)h?
11340
h2
2240
(—2++v3)h?
11340
0
(-17+6v3)h
37’180

210
(17+6v3)h
3780
_h
105

OO0 OO O o © o
OO0 OO O O ©o o

Now, let u(x) be the true solution of the considered BVP, and define the (4N + 2)-vector I/ as follows

U= (uo), t'(X0), 21,22, ..., Zm)"

and the (4N + 2)-vector F by

F = (F(x0. u(0). U/ (X0)). X0 U(X0). W (X0)) Fy Fyv - Fo) «

where the z; and ]l are the vectors z; and # with the approximate values changed by the exact ones.

9
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Using the vector-matrix notation, the exact representation of the global system may be expressed as

DU + hXF +C=L(h), (19)
where the (4N + 2)-vector £(h) contains the local truncation errors of the formulas, given by
0
0

1837080f u® (xo)h® + O(h'%)
m uf )(xo)h1;’ + O(h:;)
1832(%8()[ L(ln) (XO)Z11+ %(hhu)
ey = | T o, éx‘iis +J(r?(h(9) :
orpe u® ()(O)h8 +O(h%)
@) 9) 0 h8 + O(h®
6z310 u(12§><0) 1—1'— ( )12
sg9305500 U' ) (o) + O(h'%)

59395500 U2 (Xn—2)h" + O(h'?)
By subtracting (18) from (19) we get
DE + hX(F — F) = L(h), o0)

where £ =U —U = (e, €), er, €1, €5, 2, €}, ;. €}, €}, ear. ..., €))7 consists of the errors at the off-step and nodal points. Note
that the exact boundary conditions are known, and thus, eg = u(xg) —ug =0 and ey = u(xy) —uy = 0.
Using the Mean Value Theorem, one can consider for i =0,1,1,5,2,2+71,3,2+5,4,...,N, the identities

06 k) 1 (6)) — 06 1) = (%) — ) 93 (8 -+ (0 ) — ) O (&)
= ela (§1)+ela /(‘i:l

gxi u(x), u' (%)) — g(xi, uj, uf) = (u(x;) — ui)—(ni) + W' (x;) — ui)%(ni)
- ela (’71) +e1 8 ,(771)

In the above expressions &; and 7; stand for intermediate points on the line segment joining (x;, u(x;), u'(x;)) to (x;, u;, uf).
Now, using the formulas in (21) we have that

F-F=U¢, (21)
where 7 is the (4N +2) x (4N + 2)-matrix containing the partial derivatives,
Jo
i
J = ,
Jm
with
HE) 5 &)
Jo=1,
B (o) 22 % (ng) )
and
% (&26-1)+r) %(52(;'71)“) 0 0 0 0 0 0
0 0 H &) &) ;0 0 0 0
0 0 0 0 Y (Eriys) oL (Exiiayes) 0 0
J= 0 0 0 0 0 0 HED &
=] . .
2 (Minyer) 2% Maio1yir) , 0 ) 0 0 0 0 0
0 0 E i) 55 (M2i1) 0 0 0 0
0 0 0 0 E(ai-1s)  352s) O -0
0 0 0 0 0 0 E) 55 02)
fori=1,2,...,m
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Finally, from Eqs. (20) and (21) we have that
DE +hXJ€E = L(h),
and letting M = D + hX 7, it can be written as
ME = L(h). (22)
The matrix M has the same block structure as D and X, and can be written as
B, Oy8 .. (X Bm
—S1 + hU; I+ hTy
M= Os> ~S;+hu, . :
I+ hT,_4 Osg.s
Os 2 Ogs —Sm+hUyn I+ hTy

where Uy = Wyjo, Ui =WjJ;_; fori=2,3,....m,and ;=VJ; fori=1,2,...,m.

The diagonal blocks of size 8 x 8 of M are non singular for h sufficiently small. Note that M is a correction of rank 1 of
the matrix obtained solving the problem giving only the initial conditions, that is, when By =1 and By, = 0. This matrix is
non singular because it is a block lower triangular matrix with non singular diagonal blocks. Using the Sherman-Morrison
formula it is easy to prove that the matrix M is also non singular.

Then, the equation in (22) may be rewritten as

E=M71L(h). (23)

We consider the maximum norm in R¥N+Z  |V| = : m.}]x 5 {IVil} and the corresponding induced matrix norm in
<I<N+
RAN+2)x(AN+2) Then, expanding each term of M~! in powers of h, it can be shown that after some tedious manipulations
we have ||[M~1|| = O(h~1). The proof relies on the structure of matrix M. For N = 2 the determinant of M is a polynomial
on h of degree 10. When we add the two blocks of dimensions 8 x 8 to form the matrix for N = 4 the degree of the deter-
minant increases up to 17, and so on. For N = 2j with j=1,2, ..., the degree of the determinant of M is 3 +7j =3 + 7N/2.
To get the inverse M~! we use the classical approach considering the cofactors and the determinant. The highest possible
degree of cofactors is 2 + 7N/2 (some of the coefficient may vanish and thus those degrees will be lower). It can be shown
that the determinant takes the form h(ag + ajh + - -- + az,7n2h**"V/2), and thus in the worst case we have that some terms
of M1 verify
b +bih+ -+ by gnh* N2
h(ag +ath+---+ 02+7N/2h2+7N/2)
Finally, from Eq. (23) and assuming that u(x) has bounded derivatives up to the necessary order, we get

el < M e = [oh= ) [O(h®)| < Kh’.

This completes the proof. O

=0(h™).

Remark 4.1. We have obtained that the global method exhibits a seventh order convergence at all the points considered.
Nevertheless, in view of the form of the vector £(h) we see that, assuming sufficient smoothness, at the mesh points we
obtain a superconvergence order (see [8]):

o legjil = [uxzji1) —uzjpq| < [0 D[ |OM)| <Kh, j=0,1,...N2-1,
o legjl = [u(xyj) —upjl < O H[ O™ <Kh'0  j=1,2...N/2.

This interesting behaviour will be shown in the numerical examples, where we have included in the tables the approxi-
mate order of convergence at the nodal points considered.

4.1. Existence and uniqueness of the discrete solution

The following result establishes the existence and uniqueness of the solution provided by the system of equations in (18).
Note that the convergence analysis is concerned with the behaviour of the errors for sufficiently small values of h. In fact,
we have that ||£]] — 0 as h — 0. In view of this, to facilitate the analysis, in the following results we will assume that h < 1.

Theorem 4.2. Assuming that f(x,u) verifies a Lipschitz condition on the variable u = (u,u’), it holds that the system in

(18) has a unique solution whenever h < hy with hy the unique positive solution of the equation hdL (4 ”%“ + 2)1/2

max {|D;;|}, being D= D-1X| ..
i=1,.., 4N+2{| ”|} g ’h:l

=1, where

L = max{L;}, d=
ma 1{ i} m:

j=1."4N+2

Proof. Let us consider the function H : R4N+2 — R4N+2 gjven by

H(®) = (-D7'C - hD'XF(9)),

1
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where 0 = (64, ..., Oans2)T, and F(9) denotes the vector F in (17) after doing the substitution & — 6 in the corresponding
terms f;, g;, where ¢/ is the vector in (16).
Note that for 6 = i/ the system in (18) adopts the form 6 = H(6), so that the existence and uniqueness of the solution
of the system (18) is equivalent to that of the equation 0 = H(6).
We consider in R*N+2 the maximum norm ||6| = : m%ﬂ {16;]}. We have that
<i<

[(H6))i — (H(6"))i] = [A[D7'X(F(©O) — F ()]
_4N+2
<hd ) L|0;-6;

j=1

5

where L = mg)f{Li}, and d=_ max {|D;j|}, being D;; the elements of matrix D = D*1X|h_]. Note that we can assume
1=0, =

i=1,..,4N+2
j=1,...4N+2
without loss of generality that h < 1. The choice of h =1 here is used only to get a bound of the elements |(D*1X),-j| since
in view of the matrices D and X, the elements of D~1X are either zero, or of the forms k, kh, kh?, where k represents the
corresponding constants in each case. Then, for h = 1 we obtain the maximum value of the terms |(D*1X),~j|, and thus we
can easily obtain a bound of all the elements of D~1X.

Taking into account the above inequalities and using the Cauchy-Schwartz inequality we can put

Hmm—HwﬂH=]%g{Wﬂ®%—wwﬂhH
<i<4N+2
< hdL(4N +2)"2 |0 — 0%
- b—a 1z
:hdL<4;+2) 160 — 0| =« ||6 — 6%
12
with k = hdlL 45%9+2

Since for h < hg it is ¥ < 1, we will have that H is a contraction. Hence, by Banach’s Fixed-Point Theorem the proof is
complete. O

5. Implementation details

As we have already remarked, for solving a two-point BVP by using the new scheme, we have to solve a system of
4N + 2 linear or nonlinear equations in 4N + 2 unknowns according to the type of right hand side of (1). If the resulting
system is linear, one can use any available linear system solver. On the other hand, for solving a nonlinear system, usually
the Newton-Raphson’s-type iterative procedures are used. In order to implement these procedures some good starting initial
approximations are required. We discuss the following possible cases

(i) Dirichlet-type BC: In case of Dirichlet type BC, that is, uy = us, uy =u,, the given system is further reduced to 4N
equations in 4N unknowns. The following values can be used to provide the initial starting values (as has been done in
the numerical examples)

uy —Uup . .
ui(o) :u0+z aolh, i=r1,52,... N-2+s
uy —u .
u/© :H, i=0,r1,52,...,N=2+sN.

(ii) Neumann of Robin BC: In this case, one can adopt the same strategy as given in [38]. That is, in this case, we consider
a class of nonlinear boundary value problems called Pj, j = 0(1)m, such that for j =0 initially we have the problem P,
that has only the trivial solution u(x) = 0. If we consider, j = m, we recover the original problem. Thus, one has a class
of boundary value problems given by

u’" = f(x,u,u’) — f(x,0,0) + %f(x, 0,0)

p = @@ (@)= L,

g2u(b), u (b)) = Lu,

for j=0(1)m.

Note that each of these problem P;, j = 1(1)m, is solved by the hybrid block numerical scheme proposed in this article
where the starting values are taken after solving the problem P;_;. Finally, by letting j = m we get a system that corresponds
to the original BVP, that can be solved by taking the starting values those obtained after solving the problem P;,_;.

12
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Table 2
MaxErr for Problem P-1.

N 7BTM 8BVM 8BUM

64 6.1923 x 1002  3.0550 x 10~*  2.3980 x 10~

128  6.1309 x 1022 9.8590 x 10-*  5.0630 x 10~
ROC: 9.980

256 6.0295 x 103! 4.5960 x 107> 6.6720 x 10~*
ROC: 9.989

The above strategies could be applied in order to implement Newton-Raphson’s type iterative procedures for solving
the resulting nonlinear systems. If one has some other criterion for getting appropriate initial approximations then it can be
used. Even sometimes, it is enough to take the initial approximations as zero (that may be accomplished by considering m =
1, and has been used in the numerical examples). More details on this strategy can be obtained from [38] and references
therein.

If the system to be solved with Newton’s method is denoted by F(Y) = 0, the iteration step is given by

Y+l _yi_ (Ji)’1Fi’

where J denotes the jacobian matrix of F. In practice, it is not necessary to calculate the inverse of ji at each step, since
solving the linear system J'Z' = —F' the solution is obtained as Y"*' = Y’ + Z'. The stopping criteria adopted for the Newton’s
method are [Y*! —¥/| < 1010 and |F(Y')| < 10-'° imposing that the number of iterations does not exceed 50.

Note that the computational cost required to calculate the third derivatives is higher than the cost required for classical
methods that use only the values “of f. The number of function evaluations needed by the method can be easily calculated
using the following formula

(N+1)+(N-2+2)+(N/2+1) =5N/2+ 2,

where N is the number of nodal points.

All the methods have been implemented using Mathematica 11.3 on a personal computer with configuration i7-7500U,
1.80 GHz using double precision arithmetic in the numerical computations. When the errors were near the machine preci-
sion, to get errors with a higher precision, we used in the Mathematica code the option WorkingPrecision->32 (this
option specifies how many digits of precision should be maintained in internal computations.).

6. Numerical experiments

In this section, we have solved some test problems by using the new scheme, named as 7BTM, and results are compared
with some existing higher order schemes in the scientific literature. The methods considered for comparisons are of higher
global orders than the proposed numerical scheme 7BTM. We have not considered other standard methods applied to the
associated first order systems because we have considered only the methods with the best performance in the cited articles.

In the following tables, the notation N stands for total number of nodal points and MaxErr is designated for the maxi-
mum absolute error along all the nodal points. We have included the estimation of the numerical order of convergence with
the proposed method in the tables presented. This estimation has been obtained with the usual formula

MAE,, )

ROC =~ log, (MAEh

where MAE;, denotes the maximum absolute error on the grid points of the integration interval taking step size h.

6.1. Comparison with some eighth-order methods by Biala [50]

Firstly, we shall compare the performance of the new scheme 7BTM with the eighth-order boundary value method 8BVM
and eighth-order block unification method 8BUM given in [50]. For that purpose, we consider the following two problems.

A nonlinear BVP

As a first problem, let the nonlinear BVP with Robin-type BCs discussed in the scientific literature [50,51]

/ 2 2
u”(x): w’ Oixf ‘l’
u(0) —uw'(0)=0,u(1)+u' (1) =2e
True solution: u(x) = e*.

This problem has been solved for different number of nodal points. Table 2 reveals the good performance of the proposed
scheme 7BTM.
A nonlinear system of BVPs
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Table 3
MaxErr for Problem P-2.

N 7BTM 8BVM 8BUM

12 22676 x 1076 83900 x 103  3.5630 x 10-12
24 2.7160 x 10719 12420 x 10 1.4600 x 10~

ROC: 9.705
48  2.8265x 1072 3.9990 x 10~ 1.6290 x 10~
ROC: 9.908
Table 4
MaxErr for Problem P-3. and P-4.
Problem— P-3. P-4.
h 7BTM SHOM 7BTM SHOM
% 1.0653 x 108 6.770 x 108 5.4979 x 101 3.030 x 10°1°
i 3.2933 x 101 3.580x 107 93038 x10°*  1.200 x 10~2
ROC: 8.337 ROC: 9.206
% 5.8488 x 107 1530 x 102 1.1035 x 1016 5.340 x 1013
ROC: 9.137 ROC: 9.719
1]76 7.7367 x 1077 5.950 x 1013 1.1681 x 107 3.790 x 1013
ROC: 9.562 ROC: 9.883

As a next test problem, let us consider the system of BVPs of nonlinear type [50]

P2 {u” (x) +20u' (x) +4cos(x)u(x) +sin(u(x), v(x)) = f1(x),
) V" (x) + 5e*V' (x) + 6 sinh(x)v(x) + cos(v(x)) = fr(x),

where 0 <x <1 and

fi(x) =21e* +4e*cos(x) + sin(e*sinh(x)),
fo(x) = cos(sinh(x)) + 5e* cosh(x) + sinh(x) +6 sinh? (x).

The true solution of the system is u(x) = e*, v(x) = sinh(x). The problem is solved subject to the boundary conditions

u(0) =1, u(l) =e,
v(0) =0, v(1) =sinh(1),

as in [50].
This nonlinear system is solved for different number of nodal points. One can observe from Table 3, the good performance
of the new scheme.

6.2. Comparison with an eighth-order method by Usmani [16]

X2u’(x) =2u(x) —x, 2<x<3,

P-3. u2) = % u@3) =

38

10y -1
True solution: u(x) = 19x—36x

38
u(x)=u(x)+x2-2, 0<x<1
u0)=0, u(1) =1,
ezxz _ X2 + zel—x _ Zex-H
1—e2
Both of the above problems have been solved for different step-sizes in order to illustrate performance of the new scheme

in comparison with the high order numerical scheme given in [16]. The numerical results in Table 4 demonstrate a good
performance of the scheme 7BTM.

True solution: u(x) =

6.3. Comparison with an eighth-order tri-diagonal finite difference method by Chawla [13]

Now we compare the performance of our proposed scheme with an 8th order tri-diagonal finite difference scheme in
[13], named as 8TFD. For that purpose, we consider the following BVPs that were used in [13] in order to illustrate the

14
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Table 5
MaxErr for Problem P-5. and P-6.
Problem— P-5. P-6.
N 7BTM 8TFD 7BTM 8TFD
4 3.0371 x 10 5.5000 x 10~° 2.5258 x 1078 2.9000 x 108
8 7.9762 x 10712 2.6000 x 10~ 7.2060 x 10-1 1.4000 x 1010
ROC: 8.572 8.453
16 1.3170 x 10~ * 1.1000 x 10~ 1.2483 x 103 5.9000 x 10~
ROC: 9.242 9.173
Table 6
MaxErr for Problem P-7.
N € 7BTM COLSYS
68 102 9.8x10" 2.2x107°
140 10 7.1x107° 1.6 x 10-8
Table 7
Data for Problem P-7.
N MaxErr ROC
For e =10*
512 1.2749 x 102
1024 1.5709 x 10712 9.664
For € = 10
512 3.6430 x 103
1024 9.1995 x 108 8.629

performance of the schemes

- 2u(x) 4 1
Wiy = BTN

P-5.1u(0) = 1, u(1) = —log(2),
. B 1
True solution: u(x) = log (m)

, 0=<x=<1,

and

peoy . (T=x)u(x) +1
u’(x) = A0
u(0) =1, u(1) =0.5,

True solution: u(x) =

<1,

) =

14+x

Both of the above problems have been solved for different values of N =4, 8, 16. The problems have also been solved by
an 8th-order tri-diagonal finite difference method given in [13]. The numerical results provided in Table 5 indicate a good

performance of the 7BTM.
6.4. Comparison with code COLSYS given in [8]

A stiff singularly perturbed BVP
Consider the following BVP with Dirichlet-type BCs discussed in [4,8]

eu’ (x) + xu' (x) = —emw? cos(mwx) — (mx)sin(wx), -1 <x <1,

P-7. u(-1)=-2,u(1) =0,

True solution: u(x) = cos(rwx) + erf(x/v/2€)/erf(1/+/2€).

This problem has been solved for different values of € = 10~2 and € = 10~4. The numerical results have been presented in
Table 6 by applying the scheme 7BTM and the code COLSYS given in [8]. Note that COLSYS uses a mesh variation strategy
whereas the scheme 7BTM uses constant mesh size. For the numerical data given in Table 6, the code COLSYS uses tolerance
1076 for € = 1072 and € = 10~*. It can be observed from the Table 6 that the scheme 7BTM performs better in terms of
accuracy for € = 10-2 whereas the code COLSYS performs better in terms of accuracy for € = 10~%. This shows that the

scheme 7BTM should be enhanced with a mesh variation strategy in order to

make the proposed scheme competitive with

the COLSYS. In Fig. 1, a plot of errors is given whereas Fig. 2 is concerned with the exact and numerical solution of the
problem for € = 10~2 and N = 68. Further, in Table 7, we have presented the data by applying the proposed code 7BTM for
small values of ¢, that is, € = 1074 and € = 10> with very small mesh sizes, that is, for N = 512 and N = 1024.This indicates
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1.x10710

8.x10" -

-1.0

2t

Fig. 2. Exact and numerical solution for P-7.

that the method also produces acceptable results even for small values of the perturbation parameters and in this case only
need to consider more grid points.

6.5. Comparison with code TWPBVPC given in [5]

A singularly perturbed BVP
Consider the following BVP with Dirichlet-type BCs discussed in [2,5]

u(-1)=-1,u(l)=-1,

eu”’ (x) —xu'(x) —u(x) = —(14€x?) cos(mx) + (wx) sin(wx), -1 <x <1,
P-8.
True solution: u(x) = cos(mwx).

This problem has been solved for € = 10~2 taking N = 34, 62. The numerical results presented in Table 8 have been obtained
by applying the scheme 7BTM and the code TWPBVPC given in [5]. Note that the code TWPBVPC requires a tolerance (tol)
which was taken as tol=10=% for N = 34 and tol=10-% for N = 62. The data given in Table 8 reveal the good performance of
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Table 8

Mixed relative error for Problem P-8.
N 7BTM TWPBVPC
34 8993x10°%  2.09x10°¢
62 3.130x107'6  412x10°

3.x10716

Applied Mathematics and Computation 421 (2022) 126960

for Problem P-8.

-1.0+

Fig. 4. Exact and numerical solution for Problem P-8.

the scheme 7BTM. In this table we computed the errors using the formula

Ju(x;) — ui]
max { —————t.
0<i<N{ 1+ |u(x;)|

In Fig. 3, a plot of mixed relative errors is given whereas Fig. 4 is concerned with the exact and numerical solutions of
the problem for € = 10-2 and N = 62. Further, we have presented the data by applying the proposed code for small values of

the perturbation parameter, that is, € = 10> and € = 10-6. The numerical data given in Table 9 show the good performance
of the proposed code.

17
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Table 9
Data for Problem P-8.
N MaxErr ROC
For € = 10~°
64 5.5670 x 10~ 12
128 6.7690 x 10-'6  13.005
For € = 10-¢
64 5.5909 x 10
128 6.8277 x 1013 12.999

7. Conclusions

In this article, we have developed an optimized version of a third derivative hybrid block method for solving general
second order two-point boundary value problems numerically. A constructive approach has been applied in the development
of the method in order to justify the optimal values of the two-off step points of the method. A theoretical analysis of the
new scheme has been carried out, proving its seventh order global convergence. Some test problems are solved in order to
show the good performance of the new scheme in comparison with some higher order methods existing in the scientific
literature.
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