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The search for efficient higher order methods is a constant goal in numerical analysis. In this paper, a higher order two-step hybrid
block method is presented to directly solve second-order initial value problems in ordinary differential equations. In addition to the
higher order, the proposed method has been formulated in variable step-size mode to extract its best performance. Comparisons
with other methods in the literature show the good accuracy it can provide. Theoretical aspects such as linear stability and

convergence analysis are also discussed.

1. Introduction

In literature, the numerical solution of the general second-
order initial-value problem (IVP) of the form

' =f(xy.y), x€la,bl, 1)

y(a) = yo, ¥'(a) =y,

has been on the rise. This is because it models many physical
applied problems [1]. Sometimes Equation (1) can be trans-
formed into a system of first-order ordinary differential
equations (ODEs) and thus, solving it to obtain its numerical
solution. A particular drawback of the latter is the high cost
of CPU time due to the greater number of function evalua-
tions [2]. The advantage of solving Equation (1) directly with-
out considering transforming it resides in the fact that it
achieves efficiency in terms of accuracy and less CPU time [3].

Few of these numerical approaches that are applied
directly to solve Equation (1) include but are not limited
to: Runge—Kutta methods, differential transform methods
(DTM), linear multistep methods (LLMs), to mention but
a few. In recent times, linear multistep block methods, cred-
ited to Milne [4], have been widely applied to solve Equation

(1) directly. These methods have great advantages since they
overcome the intersections of pieces of solutions and do not
require any starting values provided by other methods, that
is, they are self starting. For recent methods solving Equation
(1) and higher order equations using linear multistep block
methods, see [1, 3, 5-10]. It is worthy to mention that most
of the approaches found used a constant step-size h. This
approach may perform poorly, especially if there are rapid
and slow changes of the solution over the interval of integra-
tion. Efficient codes for solving IVPs is meant to automatically
select the suitable step-size to achieve efficiency [11].

The two approaches to achieving this include: applying a
scheme such that its coefficients rely on the ratios of the step
sizes, or the use of a second technique to provide estimates of
the local errors. The aim is to vary the step sizes so that one
retains local errors smaller than a given tolerance and concur-
rently solving the underlying problem as efficiently as possible.

This paper aims to achieve a higher order variable step-
size block hybrid integrator for solving Equation (1) directly.
Though, a higher order method does not guarantee a better
efficiency in terms of smaller global errors, as can be seen in
comparing a method of seventh order by Jator [9], which
performs better than a method of order eight by Tsitouras
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[12]. However, the higher order method derived here has
more advantages which include, a small number of integra-
tion subintervals, smaller number of function evaluations,
less costly in terms of CPU time, and small global error in
terms of accuracy and its wide robust application for solving
general second order IVPs. It is worth noting that the
method implemented in its block form is self-starting. This
means that, it does not require any external method to obtain
the starting values. The novelty of the derived method is
hinged on the advantages aforementioned among others.

2. Fundamentals

Definition 1. A linear k-step method for solving Equation (1)
is usually written in the form

k k
.Z:OaiynjLi =n .Z‘Oﬁifnﬂ’ (2)

where Ynti zy(anri) zy(xn + ih)’ fn+i :f(xn+i’ yn+i) ~
f(x, +ih, y(x, + ih)).

If f # 0 the method is of implicit type, otherwise it is
explicit. The coefficients are usually normalized assuming
that oy = 1.

Remark 1. The k-step LMM Equation (2) is called linear
because it involves only linear combinations of the y,  and

the fn+k'

Definition 2. The k-step method has first and second char-
acteristic polynomials of the form

p(r) =+ o ! 4t

o(r) = Pr* + Proar® L + o+ By ®)

Definition 3. Given a continuously differentiable function
z(x), we may associate a linear difference operator &), to
the LMM Equation (2) given by

=~

(el 1) B (x4 ). (4)

Expanding Equation (4) in Taylor series about the point
h = 0, the following is obtained

Zu(z(x);h) = Coz(x) + Cihz'(x) + CH22" (x) + -
+ C,h?z?) (x) + O(h**1),

(5)

where C,, C;, C,,... are linear combinations of the coeffi-
cients ag, a1, ..., ap(ar = 1), Bo, P1, ---, Pr-
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Definition 4. The LMM Equation (2) is said to be order p if
C():Cl:Cz:"': p+2:0,andcp+37é0inWhiCh

Lily(x); b = Cpi sty P (x) + O(WFH). (6)

In this case, C,,3 is known as the principal error constant.

Definition 5. The difference operator &), is said to be consis-
tent of order p if it satisfies Equation (6) with p>0 for every
sufficiently differentiable function z.

Remark 2. An LMM whose associated difference operator is
consistent of order p>0 is said to be consistent.

Definition 6. It is said that a polynomial satisfies the root
condition if all its roots lie within or on the boundary of a
unit circle, with those on the boundary being simple. That is,
all roots must satisfy |r|<1, and those whose modulus is
unity must be simple.

Remark 3. If A is a simple root of p(r) this is equivalent to say
that (A—r) is a factor of p(r) with multiplicity one.

Definition 7. A LMM is called be zero-stable if its first char-
acteristic polynomial p(r) verifies the root condition.

Definition 8. The LMM Equation (2) is said to be convergent
if, for all IVPs in Equation (1) having a unique solution y(x),

thnoyrt:yx*’ nh=x* -a, (7)

holds for all x* € |a, b).

For details, refer to the study by Lambert [13].

3. Derivation of the Method

Consider the uniform mesh

a=x,<x <+ <xy =D, (8)

with h = x;,, — x;. Assume that the solution y(x) of Equation
(1) is approximated by the following polynomial g(x), that is,

Y= q) = S )

whose second and third derivatives are approximated by
/! 1" S =2
y'(x) = q"(x) = Zzpj](l - 1)¥72,

=

15 (10)
glx) =y"(x) 2 q"(x) = j;ﬂjj(i - 1)(j-2)¥7,

where p; € R are to be determined. We then consider the
points x,,: = x, +ih/3, i = 0(1)6, for approximating the
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solution in the two-step interval [x,,, x,,,,]. Using Equation (9)
and its first derivative at the point x,, and the second and
third derivatives in Equation (10), respectively, applied to
the points x, 1, i = 0(1)6, the following system of 16 equations
is obtained q(xn) = Yn> q/(xn) :)’Z; q//(xn+i/3) :fn+i/3;
q///(xn+i/3) = gn+i/3; i= 0(1)6 Wlth yn zy(xn)’ y/n gy/(xn)’
fn :f(xn’ynvy:’l)’ and {gn = df(x’y’y/)/dx}{x:xn.y:yn,y’:yg}'

Using the computer algebra system Mathematica, the
above system is easily solved and the values of the coefficients
pj» j = 0(1)15 are obtained. These expressions are cumber-
some and are not included here. After some algebraic sim-
plification, we obtained

6 ~
q(x) = agy, + dohy, + h’ ;0 (ﬂi/sfn+i/3 + hﬁi/39n+i/3)»
(11)

where ay = 1,dq, f/3. B,- /3 are coefficients that depend on x.
By evaluating Equation (11) at the points x = x,3,
i = 1(1)6, we obtain the following main formulas:

hy, h?

Yy = In b St oo (1409950789503,

~ 1206244188000, .1 — 2129246035875f,

+ 1602588528000, + 2494739750625][,,4%

+605115451872f, 3 + 25255063875F,,.,

+ 382984667909, — 548081049600g,,, 1}

~ 1280080329750g, ,2h — 1413689440000, ., h

- 5772868132504, sh — 72516908160g,,,:h

— 16582091509, ,h),

(12)

gy, (6271361196f,
It = I T 3 T 98513415000 n

— 284106384f, 1 — 9678481875f, .

+8910576000f, ,, + 13328689500,..s + 3210284304,
+133547259f, ., + 180107630g,h — 29029291204,

~ 71106210004, :h ~ 75892000004,

~ 30721567509, — 384282720g,

— 87650204, ,,h). ’

(13)

2
= hyl, + ——————— (764760385 231660864,
Ynt1 Yn Yy + 7687680000( fn + fn+§

— 633794625f,,2 + 1301872000f,., | + 1744797375f, .4
+417234240f, 5 + 17309761f,.,, + 223248509,
— 3637180804, 1h — 9352462509, :h — 1003520000g,,, ,

— 400497750, sh — 49896000g,, sh — 1135730g,,.,h),
(14)

_ 4 e (1666430340f,
Intd = T T T 19314176875 "

+789473664f,,1 — 618372000f,,,2

+3996288000f, ., + 4125820500, s + 947180160f, 5
+39114336f, ., + 490292009, h — 8010892809,

— 2086812000g,,,2 h — 22662400009, h ’

— 919548000g,,,+ h — 113068800, 5 h — 25652809, ,,h),

(15)

T sgi7a00ass,
It T T T T 80702189568 n

+ 8004319200, 1 — 981759375f, .2

+ 403452000001, + 41558878125f,,+
+9002293920f,,,5 + 340040175f, .,
+408493150g,h — 6671664000, 1}

— 17439918750, 2h — 188072000009, h
— 76325062509, ,sh — 1019289600g,5h

— 222477509, ).
(16)
2
— 2k 4 (3114974
Yur = Yu 2+ 5rreian € o
+ 2144880f, ,1 -+ 934875, .2
+ 10544000, + 102262501
+ 2869776f, 5 + 195245f,.. (17)

+92570g,h - 1490400, 1

— 38205009, 3h

— 39200009, 1 - 1397250g,,,sh
~125280g,,sh — 9800g,,.,h).

Differentiating Equation (11) we obtain the approximat-
ing polynomial as follows:

6 ~
7() = Fohy + 1 (Bfurs + h'00)-

(18)

Evaluating Equation (18) at the points x = x,,,;/3, i = 1(1)6,
the following additional formulas are derived

Yusy = I ¥ 5604318720000 O S 106457531
— 206855488656f,,.1 — 1141249411125, 2
+ 9019269120001, | + 1371416995125f,,+
+ 330981811344f, . + 13778963781f, .,
+ 178409801309, h — 3348866548809, 1h
— 715142076750g,,,2h = 7793500000009, h
— 3164688607509, ,1h — 396303451209, 5h
—904417630g,, . ,h),

(19)



Yz = Ynt Jigors70000 2201162451
+2120326272f,,1 — 13711758751
+4163424000f,,.., + 5872060125f, .4
+ 1400759424, .5 + 58023603,
+70570130g,h — 1176819840g,,,1h
~ 33797092504, h - 33679360004, h
~ 1346154750g,, .4 h — 1674259204, ,:h
- 38062909, ,h),

(20)

Vo =yt _h (826473395f,
nt 7687680000

+ 775497456, ,1 + 688759875f,, 2
+2699264000f,,;; + 2168488125f, 1
+ 508254480f, .5 + 20942669,
+ 248336509, h — 4101019209,
— 11122987509, h — 13018720009, , 1
~ 49194675094 h — 606312009, sh

— 1373070g,,.,h),

(21)

y;+§ =y, + m(147195378fn
+140932800f, 1 + 141525000f, .2
+700608000f, , + 594227250f, .1
+95959872f, .5 + 3874200f, ,,
+4426340g,, h — 726624009, 1h
— 194544000g,,,; h — 210496000g,,. ,h
~ 1008225009, .4 h — 11352960g,,, s
- 2536009,,,,h),

(22)

v 5= yn+ 8966909952 (966379755f,
+967797360f,,,1 + 31455765f,,»
+4853760000f,.,, + 5158693125f, 5
+1828337040f, .5 + 1138426875f,,, + 291204504,
— 4710312009, ,1 h - 12299287509, ,:h
— 1246960000, h - 420648750g,4h
— 1281960009, 1 — 20219509, ,h),

(23)

Vni2 = In +L(3310219fn

nt 30030000
+ 5014656f, 1 + 11161125f,, .2 4 21088000f,
+ 11161125f, s + 5014656f, ;5
+3310219f,,,, + 102370g,h — 1365120g,,,h
—2423250g,,,2 h + 2423250, sh

+1365120g,, 5 h — 102370g,,,h).
(24)
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4. Analysis of the Method

For any numerical scheme, it is very important to know the
order of accuracy, the behavior of the local error, and the
stability characteristics. To this end, the analysis of the pro-
posed method is presented in this section.

For the order and truncation error of Equation (12), we
consider the corresponding differential operators

h h
Lyt = y(x-+75) =500 - 15 Y5
2 J i h i h
-h*y (ﬂzy <x+]§) + hply (x—i—]g)),
]:O 3 3

(25)

where y(x) is sufficiently differentiable, and the coefficients
B, B! are the corresponding constant coefficients in the for-
miulds in Equation (12). Expanding Equation (25) in Taylor
series about x,, and after collecting all the terms in 4 the local
truncation errors take the form

Zly(x);h] = G2y 2 (x) + O(HF),  (26)

where C; /3 is the principal error constant and p is the order of
the corresponding formula.

For instance, considering the first formula in Equation
(12), the formula in Equation (26) takes the form

Ziplytan =y(3+3) =)

1409950789503

h ]
- =Y (x) - ey (x,
37/ () (50438868480000y ()
1602588528000 , 1206244188000 , h
LGB 2S00 sy + ) — e 1000, (L
5043886848000 5043886848000 3
25255063875 2129246035875 , 2h
P ——— (Xn + Zh) Ilr———— -
5043886848000 5043886848000 3
| 2494739750625, ah\ 605115451872 5h
50438868480000° 3 ) " 50438868480000” 3
38298466790 1413689440000
Ty (X)) — "' (x,, + h)
5043886848000 50438868480000
548081049600 1658209150
hy/// xn h I//( + 2h)
~ 50438868480000 ~ 50438868480000
1280080329750 577286813250 4h
————————hy ————— " x, + —
~ 50438868480000 ~ 50438868480000 3
72516908160, , +
~ 50438868480000  \*"
(27)

So that, expanding Equation (27) in Taylor series, we
arrive at

9(x,) + O(h") ,
(28)

Zily(x,); B] = 6.94185 x 10710h16y(1
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where the local truncation error is as expressed in Equa-
tion (26).

Following similar pattern for other formulas in Equation
(12), the local truncation errors are given as

Za[y(x);h] = 1.85962 x 107"°h'6y1)(x,) 4 O(h'7),
Z1[y(x); h] = 3.06685 x 1071°h16y(10) (x ) + O(h'7),

Zi[y(x); h] = 4.29396 x 107°h1y(19)(x,, ) + O(h7),
(31)

Zi[y(x);h] = 5.56286 x 10~ °h'¢y19)(x,) 4 O(h'7),
(32)

Z5[y(x); h]7.30302 x 107°K10y16) (x, ) +- O(K7).  (33)

For the formulas in Equations (19)—(24), the local trunca-
tion errors may be obtained similarly. From the above results,
the order of each of the formulas in Equations (12)—(17)
is p = 14. This is the same order of the formulas in Equations
(19)—(24).

4.1. Zero Stability. For a block method, zero stability is such
that, the roots y; of the characteristic equation given by
p(y) = 0 must satisfy |y;] <1 and for those with |y;| =1
the multiplicity does not exceed 2, [10].

We note that the method in Equations (12)—(17) and
Equations (19)—(24) may be written in matrix form as fol-
lows:

PiJyie = Poy, + PQif + 1 Q9. (34)
where
_ T
Ve = (yn%syn%,ynﬂ,yﬁg,ng,mz) : (35)
- ,N\T
Fn = (ywyn_%yn_gﬁyn_l,yn_g»yn_g) ; (36)

F = (fo fos st fuors fost fuso fuia) > (37)

T
g = (gn’gn+%’gn+§’gn+1’gn+§"gn+§’gn+2) ) (38)

and Py, Py, Q, Q,, are corresponding matrices of coefficients.
Zero-stability implies the stability of the system in Equation
(34) as h — 0. Letting h — 0, the system in Equation (34)
becomes

Plj}nJr‘r _pOJ_/nZO’ (39)

1 0 0 0 0 O
01 0 0 0 O
P — 00 1 0 0 O (40)
00 01 0 O
00 0 0 1 0
00 0 0 0 1
1 0 0 0 0 O
1 0 00 0 O
1 0 0 0 0 O
=1 00000 (1)
1 0 00 0 O
1 0 0 0 0 O
The roots of the characteristic equation p(y)=

det (yP, —Py) =0 arey; = 0 fori = 1(1)5 and y4 = 1. Con-
sequently, the proposed method is zero stable.

4.2. Convergence. The convergence of a LMM is guaranteed if
it is consistent (with order p>1) and zero stable [13, 14].
Considering the analysis shown above, the method has order
p = 14, and is zero stable. Hence the proposed method is
convergent.

4.3. Linear Stability Analysis. For any numerical method, the
linear stability analysis is an important aspect of the theoret-
ical analysis of the method. The Dahlquist’s test equation
given by

¥ (x) = py(x) with >0, (42)

is usually used in the linear stability analysis for numerical
methods for second order differential equations. Neverthe-
less, since the general second order differential equations are
the focus and Equation (42) does not contain the first deriva-
tive, then the following linear test equation is considered [15]

y'(x) = =2uy (x) = w?y(x) with p € C. (43)

For u> 0, the solutions of Equation (43) are bounded and
go to zero when x — oo.

We employ the strategy by Singh and Ramos [16] to
illustrate the procedure for obtaining the absolute stability
region (the region in the hu-complex plane where the
numerical method mimics the qualitative behavior of the
exact solutions). The block method generated by the formu-
las in Equations (11) and (18) has 12 equations in which
there are six different terms of derivatives: y;, ¥, 1, V12

Voi1/3 Ynizy3 Yniasz Yuis)s and four intermediate values
Yni1/3> Yni2/3> Ynia/3> Ynis/s- All these terms are eliminated
from the system of equations using the Mathematica system



so that the following recurrence equation with y,,, ¥, 1, V12

is obtained
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A(M)Yuiz + B()ynsr + C(n)y, =0, (44)

where n = ph, and

A(n) = 53248278609375074184960000 + 532482786093750741849600001 + 246823217371661668657920001,°
+69328955340411421374720007° + 12837801551690466711360001 + 1561100573636676072000007°

+ 106003774607933109600007° — 6673266983257237440017 — 974845639058675076001 — 94457814434224164001°
— 17429876615878020077'0 + 481636462135122001'! + 490397094288675017'2 4 957855610863901'

(45)

- 166154316655957'* — 14634809557205'° + 197638185155'6 + 1502718348617 + 13253908715'® + 583248961

+50931587%° + 73508417%! + 584501*% + 23521 + 40n*,

B(n) = 1331206965234376854624000 — 485454391880342556672001> + 9002665884775923360007*
— 1129578770972615040017° 4 1078472337339058201° — 8345313824097601'° 4 54770926784495'2 (46)
—28291214574n' 4 89700700957'° + 8073628501'% + 18968929170 + 1545041°% + 4001,

C(n) = 53248278609375074184960000 — 532482786093750741849600001 + 246823217371661668657920001

— 69328955340411421374720001° + 12837801551690466711360007* — 1561100573636676072000007°

+ 106003774607933109600001° + 667326698325723744005 — 974845639058675076001° + 9445781443422416400,°
— 174298766158780200n'° — 481636462135122001'" + 49039709428867501'% — 95785561086390,'3

— 166154316655957'* + 14634809557201" + 197638185157 — 15027183486%'7 + 13253908715'% — 58324896n"°

+509315847%° — 73508452! + 584505>% — 235217 + 401%4.

The characteristic Equation (44) is

A(n)z* + B(n)t + C(n) = 0. (48)

To determining the region of stability, the roots 7, of this
equation must have absolute values less than unity. Solving
Equation (48), the roots 7 , of the characteristic equation are

(47)

where

D(n) = 53248278609375074184960000 + 53248278609375074184960000, — 285659568722089073191680007>

+ 69328955340411421374720007° — 12117588280908392842560007* + 1561100573636676072000007°

— 115040404775714029920001° — 667326698325723744005” + 1061123426045799732001° — 9445781443422416400,°
+1075362555659994007'° + 481636462135122007!! — 44658035286108301'2 4 95785561086390713

+ 14352134499675n'* — 1463480955720n'° + 697841789085,'° + 1502718348657 + 6326363712958 + 58324896,
+ 15124211627 + 7350847 + 1230187012 + 23525>° + 319601**.

The plot of the region in which |7, ,|<1, is shown in
Figure 1. This shows the region of stability for the method
derived, whose stability interval is (0, 8.69809). This region is
in the complex ph-plane where the roots of the characteristic
Equation (48) are bounded in modulus by unity.

4.4. Formulation in Variable Step-Size Mode and Error
Estimation. To gain efficiency when using the method given
by Equations (12)—(17) and (19)-(24), it is convenient to

(50)

have it formulated in variable step-size mode (VHM). In
this sense, a lower order formula (LOF) must be considered
to have an estimation of the local error (LE) at the end point
of the two-step interval [x,,,x,.,]. The procedure is found to
be less time consuming when the LOF uses values that have
been previously obtained. To this end, for the block method
constituted by Equations (12)—(17) and (19)—(24), we con-
sider the LOF given by
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T L e

10 1

-10 +

—~15 F 4

0 2 4 6 8 10

FiGURE 1: Absolute stability region.

2

sz = Yut 2hyn + oo e (2356344f,
+ 13333125, 1 + 254400001, .2
— 4965000f,,,., — 17940000f,, 1
— 3209469f,,.5 + 102370hg,
+966750hg,,,1 + 6870000hg,, 2
+10237000hg, ., + 4242750hg,, .«
+420870hg, ).

(51)

where y,*, denotes another approximation of y(x,,). The
LOF in (51) has the local truncation error

f eyt ") = (Al 3" 3" LTI,

To solve this system we use again the Newton’s method.
To obtain the estimations of the third derivatives of each com-
ponentat x, and n = 0(2)N — 2, we use the following formula

(X1 V2o Vs Vo Vo es V)
G 2y (x) = Ifi(x, 31,9, gxylyz y
58)
6 8%, 2 (
—+ f +
leayj lea)’l

5. Numerical Examples

In this section we show the efficiency of the derived method
implemented in variable and fixed step-size modes, respec-
tively, where applicable. As mentioned earlier, our method

fun(x.77.31)) 3 =

LTE = 6.94209 x 10712519 (x )h!4 4+ O(h!3). (52)

This was used to estimate the LE at the end-point x,,, ,.
This error value gives the basis on how the step-size for the
subsequent steps are determined in the course of implemen-
tation. For a given defined tolerance tol, the algorithm will
change the step-size according to the following strategy. The
Algorithm 1 below is applied for implementation of the pro-
posed block method in VHM:

4.5. Computational Procedure. The proposed block method
is implemented in VHM in such a way that, on each block
interval of the form [x,, x,,,,] and n = 0, 2..., N-2, where N
is a multiple of 2 so as give an integer number of iterations to
reach the end of the integration interval xy. The system in
(12)-(17) and (19)—(24) is solved by using the Newton’s
method and taking the approximations provided by the Tay-
lor formulas as starting values. These values are given as
follows:

b, 1 h 3
yn+§:yn+]§yn+ fn In>

h  1(.h\2
/ — A e = s
Vot = InHizhi+5 <J 3> G-

for j = 1(1)6.
To apply the proposed method to a system of m second
order ODEs, we have the following procedure

(53)

=f( 3" 3", y(a) = 7o, (54)
y' (@) = Jo, x0 S x < xy, (55)
where
7=y Y 7= (v (56)
()’14,07)’2,0»---,)%,0)1“’ Yo = (y/1.07y§.07-~-s)’;1,0>T~ (57)

\
has a higher order compared to other methods mentioned in
this paper. The comparison of numerical results shall be
based on the number of integration subintervals, the number
of functions evaluations, accuracy in terms of global errors
and CPU times, where applicable. There is no method of its
order or of a higher order that has been found in the litera-
ture for comparisons. The examples considered show the
robustness of the derived method in solving general second
order systems of ODEs.

The following notations are used in the course of this
section:

(.) tol: predefined tolerance
() Ripisir: initial step-size
(.) N: number of steps



Require: a, b (integration interval), y,, y,, (initial values), f, %
1. Set tol, Let n = 0, h = hj;sja

2. Letx,=a,y, =y, y, = Vi Let soll = {(x,,y,)}
3. Solve Equations (12)-(17), (19)-(24) to get y, 0y

I=1(1)6

. Let soll = sol1 U {(xnﬁ’)’wé) }i:}(l)().
. Let Xp = xn+2h?yn = Vn+2:Vn :yn+2

. Let n = n+2

If n<N

then go to 3

/
is
nt3

. else

10. go to 11 then

11. Obtain soll =y, ,
12. end if else

13. Solve Equation (51) to get sol2 =y, ,

14. Obtain LE using est = [y, — y, 5|

15. if est < tol then

16. the result is accepted and the next step-size is
=2Xxh

taken as h initial

17. else
18. the result is rejected.
19. go to 15 with the new step-size

new

tol \p+2

20. hnew = Khim'tial (W)

21. where p is the order of the LOF and 0<x<1,
which serves as a safety factor to avoid failure
steps

22. end if else

23. End

ALGORITHM 1: Variable step-size mode implementation.

(.) EMax: maximum absolute error along the integration
interval

() EMax = max,_o1...n {|[y(x)-yall}

(.) Time: CPU time in seconds

(.) VHM: hybrid method derived in this paper using
variable step size

(.) FHM: hybrid method derived in this paper using fixed
step size

(.) NF: number of function evaluations

(.) OPTBM: method derived by Singh and Ramos [16].

Problem 1. Orbital problem considered by Singh and Ramos
[16].

y"(x) = y(x) = 0.001e™; 0 < x <40, (59)
9995

=1,y0)=——"i 60

0) = 1. y(0) = o (60)

The exact solution of the Stiefel and Bettis orbital prob-
lem is y(x) = xsin x/20004cos x+i(sin x—x cos x/2000).
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Taste 1: Comparison of maximum absolute errors obtained for
Problem 1.

Method NF EMax CPU
VHM 1,645 2.05x10714 0.551
OPTBM 2,100 1.13x10712 0.825
SCOWE (6) 9,038 4.29%107° -
I13P1B 16,755 4.10x107° —

TABLE 2: Maximum absolute errors obtained for Problem 2.

HMM NF cdd CPU
VHM 77 13.3 0.324
FHM 70 12.1 0.212
HLMM 3,601 11.9 0.602

We thus compare the proposed method named VHM with
Binitiar = 0.1, tol = 107'° and the methods reported by Singh
and Ramos [16].

The comparison in Table 1 was done with the proposed
method in VHM. The OPTBM in [16] was formulated in
VHM. SCOWE(6) by Ramos and Vigo-Aguiar [3] and I3P1B
by Ismail et al. [17] are methods reported by Singh and
Ramos [16]. It shows the CPU times for VHM and OPTBM,
with VHM performing the best. The number of function eva-
luations reveals that VHM performed well, being the one with
the lowest number. Overall, this shows that the proposed
method is the most accurate in comparison to the methods
considered.

Problem 2. Consider the nonlinear Duffing equation dis-
cussed by Jator [1].

y"(x) = y(x) + (y(x))* = Bcos (2x), (61)
y(0) = Co, ¥'(0) =0, (62)
with the solution y(x) = C,cos (2x) + C,cos (3Qx) +

Cscos (502x) + Cycos (7Q2x) where 2 =1.01, B = 0.002,
Co = 0.200426728069, C; = 0.200179477536, G =
0.246946143 x 107, C; = 0.304016 X 107%, and C, = 0.374 X
1077, For the sake of comparison as reported by Jator [1], the
maximum global error is given in the form 107, where
cdd = log,, (AE), AE is the absolute error at the endpoint
of the integration interval. Table 2 shows the maximum
errors obtained from our method solved in the VHM with
Binisial = 0.1 and tol = 107! and fixed step-size mode,
respectively, and compared to the hybrid linear multistep
method (HLMM) of order seven derived by Jator [1]. It can
be seen that the number of function evaluations is lower using
our method.

Problem 3. Consider the Van Der Pol oscillator discussed by
Allogmany and Ismail [18].
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TasLe 3: Comparison of numerical solutions.
X VHM NDSolve
0 0 0
0.5 0.24030707 0.24030707
1.0 0.42277363 0.42277361
1.5 0.50228041 0.50228038
2.0 0.45888178 0.45888176
2.5 0.30272754 0.30272754
35 —0.17829328 —0.17829325
4.5 —0.49920271 —0.49920270
5.5 —0.36193141 —0.36193145
6.5 0.11085609 0.11085605
7.5 0.48578439 0.48578440
8.5 0.41539055 0.41539062
9.5 —0.03923230 —0.03923225
10.0 —0.28502433 —0.28502430

X VHM
O NDSolve

FIGURE 2: Solution of Van Der Pol oscillator using VHM and NDSolve.

y'=25(1-y")y' +y =0, 0<x<10,

»(0) =0, y'(0) =0.5,

(63)

(64)

where the parameter ¢ shows the nonlinearity and the
strength of damping with the value 0.005. It is a known
fact that this problem does not have an exact solution. We
compare the numerical solution obtained using our method
implemented in the VHM and the in-built numerical scheme
called up with NDSolve in Mathematica 12.0. Table 3 shows
the solution obtained over the domain [0, 10] at varying
points.

Figure 2 shows that the solution obtained using the VHM
agrees with that obtained with NDSolve.

Problem 4. The Kepler’s problem is considered as discussed by
Jator and King [19] and given by

o v (2¢ + €*)n,
1 — = - 5
(i +v3)*2 (v +93)%?
v 2¢ + €*)v
Vi=- 2 22 3/2_(2 2)5/22’ (65)
(vi +v3) (vi +v3)

v(0) =1, v{(0) =0,
12(0) =0, »(0) =1+e,

whose exact solution is v, (t) = cos (t+e€t); v, (t) = sin (¢ +€t).
The numerical results for this problem are obtained with
tol = 107° as shown in Table 4.
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TABLE 4: Maximum absolute errors obtained for Problem 4.

Method N Max Err{v,,v,} NF
10 7.85x10718 70
VHM 8 0.00 56
14 0.00 98
8 3.49x10712 44
BHM [19] 16 6.94x1012 88
32 1.92x10712 176

TABLE 5: Maximum absolute errors obtained for Problem 5.

Method y;—EMax y,—EMax N NF
VHM 3.43E-14 3.88E-13 16 112
VOPTBM 2.66E-10 2.62E-10 114 399
VJATOR 4.13E-8 4.12E-8 207 483
ode45 4.44E-8 4.45E-8 646 3877
odell3 1.95E-6 1.95E-6 207 419

For the proposed method, the initial step h;,;, taken
determines the number of steps N. In Table 4, h;,;;,, used
and N achieved are hj; = 1072, N = 10, h;y = 1073,
N = 8,and h;,;;,; = 107*, N = 14. It can be seen that the num-
ber of steps achieved in the proposed method and the maximum
error are better than those by Jator and King [19].

Problem 5. Consider the linear system of second order by
Majid et al. and Singh and Ramos [2, 16].

Y1 (x) = =p,(x) + sin (7x),

y1(0) =0, y,(0) = -1,

¥4 (x) = =y, (x) + 1 - a%sin (2x),
72(0) =1, »5(0) =1+ 7, x € [0,10].

(66)

The exact solution is given as y; (x) = 1—e* and y, = "+
sin (zx). The numerical results of the problem are obtained
for K, = 0.01 with tol = 1072 as shown in Table 5.

In Table 5, the VHM with a small number of integration
subintervals produced a better result with small global error
than other methods. This reveals clearly the efficiency of our
method as compared to VOPTBM, VJATOR, and the MATLAB
ODE solvers —ode45 and odel13.

6. Conclusion

A third derivative hybrid block method for the numerical
solution of general second-order initial value problems has
been derived in this paper and implemented in both variable
and fixed step-size modes, respectively. First, the method is
derived using the collocation approach at uniform off grid
points and considering up to the third derivatives. A variable
step-size formulation was obtained, seeking to improve the
efficiency of the method. The examples presented displayed
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good performance of the proposed method which provides
smaller errors and less number of steps as shown when com-
pared with other methods in the cited literature.
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