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Abstract

We establish a new generalized Taylor’s formula for power fractional derivatives with
nonsingular and nonlocal kernels, which includes many known Taylor’s formulas in
the literature. Moreover, as a consequence, we obtain a general version of the classical
mean value theorem. We apply our main result to approximate functions in Taylor’s
expansions at a given point. The explicit interpolation error is also obtained. The new
results are illustrated through examples and numerical simulations.
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1 Introduction

Taylor’s theorem is one of the central elementary tools in mathematical analysis,
e.g., in numerical methods, topology optimization and optimal control [5, 11, 13].
It provides simple arithmetic formulas, in polynomial terms, to accurately compute
values of various transcendental functions, such as trigonometric and exponential
ones. This fundamental theorem has various significant applications in Mathematics
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[19], engineering [10], and other fields of applied sciences [16, 18]. In consequence,
several versions of Taylor’s theorem, involving different types of fractional operators,
have been established. For instance, generalizations of this formula, using fractional
operators with singular kernels, such as Riemann-Liouville and Caputo derivatives,
are provided in [4, 7, 15, 20]. In [8], a Taylor’s theorem is proved for Atangana—
Baleanu fractional derivatives in Caputo sense while in [21] it is derived for generalized
weighted fractional operators.

Recently, a new generalized fractional derivative with nonsingular and nonlocal
kernel was introduced [14]. The power fractional derivative (PFD) is essentially char-
acterized by the presence of a key power parameter p, which allows one to choose the
appropriate fractional operator that effectively describes the phenomena under study
in a natural way, and then creating good mathematical models to represent systems
and predict their future dynamical behaviors. Furthermore, this fractional operator
generalizes and unifies most of fractional derivatives with nonsingular kernels, such
us the Caputo—Fabrizio [6], Atangana—Baleanu [2], weighted Atangana—Baleanu [1],
and weighed generalized fractional derivatives [9].

Motivated by available results, in the present paper we propose to investigate a
more general and rich version of Taylor’s formula involving the recently introduced
power fractional derivative.

The outline of the paper is as follows. In Sect.2, we review the necessary notions
on power fractional calculus. Our main results are given in Sect.3, where we begin
by proving important lemmas and tools about power fractional operators, and their
nth-order operators, that are necessary in the sequel. Furthermore, we establish a new
generalized Taylor’s theorem and a general version of the mean value theorem via
power fractional differentiation. Then, in Sect. 4, we apply our main result to approxi-
mate functions in Taylor’s series at a given point, where the explicit interpolation error
of the approximation of the function by its Taylor polynomial is also characterized.
We end up with Sect. 5 of conclusion and future work.

2 Preliminary definitions

Let C([a, b]) be the Banach space of all continuous real functions defined on [a, D],
where a, b € R, and H'! (a, b) be the Sobolev space of order one defined by

H'a,b)={f € L*(a,b) : f' € L?(a, b)}.

In what follows, we review some basic concepts and tools about power fractional
calculus that are used along the text.

Definition 1 (See [14]) The power Mittag—Leffler function is given by

+00

1 n
PEr1(T) = E —lfzk: :7_)1), 1 eC, (1)
n=0

where min(k, /) > 0, p > 0, and I'(+) is the Gamma function [12].
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Remark 1 Note that the Mittag—Leffler function of two parameters k and / is recovered
when p = e, while the Mittag—Leffler function of one parameter k is obtained when
p=ceandl =1[12].

Throughout the paper, we adopt the notations

@ =% ) = o and g =
x (o) = NG o(a = N® an 'ua'_l—oc

)

where @ € [0, 1) and N («) is a normalization function such as N(0) = N(17) =1
with N(17) = lim N(a).

a—1"
Definition 2 (See [14]) Let« € [0, 1), min(B, p) > 0,and f € H'(a, b). The power
fractional derivative (PFD) of order « in the Caputo sense, of a function f with respect

to the weight function w, is defined by

. Lo ,
DL @ = X() o ). e e ) @) @dn @)

where w € C!([a, b]) with w > 0 on [a, b].

Remark 2 The PFD (2) generalizes and includes various cases of fractional derivative
operators available in the literature, such as:

e when p = ¢, 8 = 1, and w(¢t) = 1, we obtain the Caputo-Fabrizio fractional
derivative [6] defined by

pCpna.le 1 ! ,
DI IO = — / exp (—tta(t — 7)) f/(7) dr;

e when p =e¢, 8 = o, and w(t) = 1, we retrieve the Atangana—Baleanu fractional
derivative [2] given by

pCaa.e _ 1 ! / )
DA f(1) = —— f Ea (—pa(t — 7)) f/(2) dr;
X(a) a

e when p = e and B = «, we obtain the weighted Atangana—Baleanu fractional
derivative [1] given by

1 1 !
pCna,a.e _ _ _ a / .
Du,t,wf(t)—_x(a) —w(t)/a Eq (—pa(t = 0)%) (@ f) (1) dr;

e when p = e, we get the weighted generalized fractional derivative [9] defined as
follows:

a,B.e 1 ,
repEe r(r) = —)—t) f Attt — ) (0 f) (1) dr.
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Now we provide the power fractional integral (PFI) associated with the power
fractional derivative (2).

Definition 3 (See [14]) The power fractional integral of order «, of a function f with
respect to the weight function w, is given by

Pl F @O = x@f@ +Inp-p@RL, £ 1), 3)
where RLILE » 18 the standard weighted Riemann—Liouville fractional integral of order
B defined by

Pl (1) = ——f (= o) dr.
I'(B) w(r)

Remark 3 1f we let p = e in (3), then we retrieve the generalized fractional integral
operator given in [9]. Moreover, if we let p = e, B = o, and w(¢) = 1 in (3), then we
obtain the Atangana—Baleanu fractional integral operator introduced in [2].

For the sake of simplicity, we shall denote ?D2F>? and P1%F:7 by PDLE and

Iy # respectively.

3 Taylor’s formula via power fractional derivatives

In this section, we establish a new generalized Taylor’s formula in the framework of
the power fractional derivative. We first prove some fundamental lemmas and results
about power fractional operators and their nth-order that are needed in the proof of
the main theorem.

Lemma 1 The power fractional derivative f’Dg_fﬁ can be expressed as follows:

"D ‘”’f(r)-—Z( Mo 1np)"“1ﬂ”+l<(”f))<). )

This series converges locally and uniformly in t for any a, o, B, p, w and f, verifying
the conditions laid out in Definition 2.

Proof The power Mittag—Leffler function PE} ;(s) is an entire function of s. Since it
is locally uniformly convergent in the whole complex plane, it implies that the PFD
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may be rewritten as follows:

+00

1 (—pgInp)" 1
o, pB _ _ \Bn 1
"DESFO = @ e® 2= Tt D /a(t D@l (E)dr

n=0

1 +o00 | 1 ;
T x@ 2 palnp)” T(Bn + 1)@/ (t =D (f) (1) dr
n=0 a

& w kL st [(@F)
—mn;(—ualnp) ”n (T)m,

as required. O

Remark 4 The new formula (4) of the power fractional derivative (2) is easier to handle
for certain computational purposes.

The power fractional integral and derivative satisfy the following composition prop-
erty.

Proposition1 Letra € [0, 1), p, B >0and f € Hl(a, b). Then, it holds that

@f)@)

Il (DL 0= F0 = =20

()
Proof According with Definition 3, we have

PIEE (PDEE F) (1) = x@PDEL F )+ p o)L, (PDEE F) ().
Moreover, by virtue of Lemma 1, one obtains that

P[O‘vﬁ (PDD‘v/s _ = n RLyBn+1 (@f)
a,w a,wf) ) = Z(*H—a In p) Ig,w o (1)
n=0

pay +1 ((f)
+ et pRUL o | 37 (< pp in p) RELL ('—)(r)

w
n=0

+00 7 +00 ’
= (ualnpy RELLS (—w ) ) ) = Y (—patn py ! RLLGHDT (—(‘”f ) ) ®
w w

n=0 n=0
+00 / +00 /
= % Coatnp R (D) 0= Yy il (0 )
n=0 n=1
@f)
= RLI(}.(U ( wﬂ{ ) )
— L ft ')/ d
= on l, (wf) (z)dr
e @f)@)
=f® o)
which completes the proof. O
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Next result provides the nth-order power fractional integral formula.

Lemma2 Letn € Nand f € C([a, b]). Then,

PSP ) = 3 @) (n p g™ (1 £ o)) ©)

m=0
wherea € [0,1), p, 8 > 0,1t € [a, b] and pl,;l,[ff’ﬂ] = pl,g‘i;ﬁ] e 1’1(57(;)/3], n-times.

Proof For n = 0, formula (6) holds. Indeed, one has Plﬁjo[“’ﬁ ] f(@) = f()and

0
> G anp- @) (RHEF o) = 1% F@) = £,
m=0

Now, one assumes that formula (6) is satisfied and we prove that

n+1
LA ) = 3 e - gt ()
m=0

holds true. Indeed, from Definition 3, we have

P P ) = e (PSP @)+ p - w@RHL L, (PP F o)

= (@) (Z ' x (@™ (I p - p(@)" (RLIZ?wfm))
m=0

+Inp-p@if, (Z X (@ (in p - p(e)" (RLIZfﬁfm))

m=0

= Z Cr”lnx(a)n+l—m (Inp - (P(C())m (RLI‘wa(l))
m=0
+ Y @ anp o)™ (Fgl )
m=0

= 1 @™ @)+ Y @ g™ (P £ )

m=1

+ Y @ g (P o)

m=1

+np- @)t (RS ).
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Using the fact that C}' | = C)' + C"=1 it follows that

n+1
PR () = 3 Ot @) T np - g™ (£ ),
m=0
which completes the proof. O

The following result allows us to easily construct our generalized Taylor’s formula
via power fractional derivatives.

Theorem 1 Assume that PD%P f € C(la, b]) and PDYSV' P e C(la, b)) for
a € [0, 1), and p, B > 0. Then it holds that

A PIDIE 0 2D Ve £

_ @@ (pplapl S e [ =™
= o (PEG" @) 3 Cxte™ tnp-gte) (F(mﬂ+l) ’

m=0

)
where t € [a, b] and PDZE‘,?“ = ”Dg%’g] e PD[E‘f;f], n-times.
Proof We have

plgy[g'ﬁ]pDZ,[Z’ﬁ]f(t) _ p1‘§t1a4)rl)[a./3]pDC(lrfaJ)rl)[a,/3]f(t) _ Pl,?,[o‘f’ﬂ] (pDZ,[g'ﬁ]f(f) _ pla[(?((;)ﬂ]pD((:L(jl)[a,ﬁ]f(I))

=13l P (rogls P o = il Dl (Pl ).

Using Proposition 1, one obtains that

w(t)

nlo nla 1
= o@ (P55 f@) 1! <M> :

pD”[Dt,ﬂ] 3
21 PP Dl P p ) — prloy e Plep DIl oy = i) (‘“(“) no /@)

Then, by virtue of Lemma2, it follows

71l P P — prl e Plep P gy

nla - m n—m m m 1
=o@ ("5 @) 32 Citx@" " (np - (@) (RLIa,ﬁ ( ))
m=0

o)

— M nla, Bl S m n—m m (r— a)mﬂ
=20 (roits f(a))n;]cn x(@)" ™" (I p - g (@) (WH 1>>'

The proof is complete. O

Now, we are able to provide our main result.
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Theorem 2 (Taylor’s formula for power fractional derlvatlves) Assume that PDy;' ) =

C(la, b)) fora € [0,1), p,B>0andm =0, 1, - n + 1. Then,

t —a)ymf

0= [w(a)zmsz(a) 2, Clx @™ (np- p@)" [y

(r) P
1 n+1 . (l‘ - a)mﬂ
+oWPDIS P () Z Crox (@™ 17" (I p - p(@)" T |

¢))
wheret € [a, b], A € [a, t], and ”Dél,oé;ﬂj = ”DL‘?&FJ e FDL‘T,;?J, [-times.
Proof By virtue of formula (7), one has
Z (plcll[,oci;ﬂ]lea[z;ﬁ]f(t) _ pléfxl)[d,ﬁ]pDC(l{zl)[a,ﬁlf»(t))
1=0

n l
_ 2@ N~ (ppllapl N N O (et
—QM)EXL> f@ﬂ%%Qx@) ““’””)<rmﬁ+n’

which implies

n
a
(1) — pla(f’JI)[a’ﬁ]pDc(ff‘;H)[a’ﬁ]f(l‘) — w Z (PDZFg»ﬂ]f(a))

©® i3
1
m —m m (1 — )m,B
x Z G x(@)' ™" (Inp - p(a)) <Wa+l)> .

m=0

Moreover, from Lemma 2, one obtains

£ = 2D S (5148 pi)) 3 € e’ an - pe))” (%)

o) =5 — T(mp + 1)
n+1
+ D0 Crax @ i p - g™ (FEPDYE VN )
m=0

Then, by applying the integral mean value theorem, we deduce that

(t —a)"P

f0 =20 [w@zm’ 1@ 3 Pl -t NCTERY

o(t) —
n+1

— a)mB
0@ DINIF0) 3 Clx @ (- gte)” ST 1)} ,
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which completes the proof. O

Remark 5 Our Taylor’s formula for the power fractional derivative, as stated by The-
orem 2, includes most of Taylor’s formulas without singular kernels that exist in the
literature, such us
e Taylor’s formula involving the generalized weighted fractional derivative [21],
obtained when p = ¢;
e Taylor’s formula involving the weighted Atangana—Baleanu derivative in Caputo
sense [1, 21], obtained when p = e and 8 = «;
e Taylor’s formula involving the Atangana—Baleanu derivative in Caputo sense [8],
obtained when p = ¢, § = a,and w(z) = 1.

As a consequence of Theorem 2, we obtain a mean value theorem in the framework
of power fractional derivative operators.

Corollary 1 (Mean value theorem for power fractional derivatives) Suppose that f €
C(la, b)) and "DI*F £ € C(la, b)) for « € [0, 1) and p, B > 0. Then,

! ppyle.fl (t—a)f
f@)=—=|ow@f@+o@)Dyy" f) | x(@) +lnp-pl@)0— ||,

w (1) rg+n
©)
where t € [a,b] and X € [a, t].
Proof The proof follows directly from Theorem 2 by taking n = 0. O

Remark 6 If welet p = e, w(t) = 1 and ¢ = B = 1 in Corollary 1, we obtain the
classical mean value theorem.

4 Application: Approximation of functions

In this section, we apply the developed Taylor’s formula for power fractional deriva-
tives (8) to approximate functions at a given point. The approximation method is
described in the following result.

Theorem 3 Suppose that pDZng’ﬁ] € C([a, b]) fora € [0,1), p,B > 0and m =
0,1,....,n+ 1. Ift € [a,b], then

n 1
~ P a,fp _ w(a) P lla,B] , m l—m . m ( 7a)m/3
f@) = PA (1) = w0) ;:0 Dy f(a) E Cl' x (@)™ (Inp - p() Tmp+ 1) (10)

m=0

In addition, the interpolation error pr\l,’ﬂ can be expressed as

RGP (1) = f (1) = PAYE (1)

N+1
_ t—ay"?
= wW)PDIIP F0) > CR @M (np - ()" ———
S C(mp +1)
(1)

) Birkhauser
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where A € [a, t].
Proof The proof follows directly from Theorem 2. O

In order to handle suitably our examples, we first establish the following technical
lemma.

Lemma 3 The lth-order of the power fractional derivative P CD [ ﬂ can be expressed
as

+00
D ) =

RL ﬂq+1
o —nalnp)? (10 @),

q=0

where I’D;[O][’ﬂ] = I’Dc[fi’g] e I’Dc[laiﬂ], [-times.

Proof From Lemma 1, one has

P (1) = [X (a)Z< paIn p)" R = ] ()

1 d
Z (=t In )= R f o)

.....

X (a)’

Ba+1 ¢
X(a)z Z%z | (ratnp)? (R0 ),

which completes the proof. O

Now, we approximate some basic functions about the point @ = 0 using the gener-
alized Taylor series given by Theorem 3.

Example 1 Consider the exponential function

f(@) =exp(ét), §>0.
For o(t) = 1, the weighted fractional integral -1/ 4

RLIB [17] with B > 0. Therefore, by virtue of Lemma 3, one has

1 coincides with the Riemman—

Liouville one
PDl[oc B () = )l Z L1 (“iaIn p)? (57P9 exp(8)) (12)

fora € [0, 1) and B, p > 0. Then, by applying Theorem 3, and taking into account
(12), it follows that

n

exp(sr)~2 ),Z o1 (—p In p)? (5754)

W Birkhauser
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A

) m I—m . m
XY om=0 C"x (@)™ (In p - p(@)) Tmp1 1)’

where the remainder has the form

“ R -
PR’ (1) = —@FT > Yy (—1taIn p)? (5P exp(82))
q=0
N+1 ~m N+1-m m "
X Y mto C 1 x () (np- () m

with A € [0, ¢].

In contrast with Example 1, we now consider a cosine function instead of an expo-
nential.

Example 2 Consider the function
f (@) =cos(ét), §>0.

From Lemma 3, one has

D4 (1) = )12 -1 (- “alnp)q(S_ﬂqcos(at_ﬂq%»’ (13)

fora € [0, 1) and B, p > 0. Then, using (10), (11), and (13), the function cos(6¢) can
be approximated by

n

cos(5t)~ZX( )z Z o1 (“ieIn )t (3 Ba cos (ﬂq ))

!
x mZ:() Cl'x (@)™ (In p - p(ar))" #ﬁl),
where the interpolation error is given by
PR%'*"(r) — )N+l Zcq+N( [t In p)? (5—/34 cos (m - ,Bq%))
N+l mp
X Y CRx @M (I p - p(@)” T

m=0

with A € [0, t].

Finally, we expand the sine function as a power Taylor series.

) Birkhauser
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Fig.1 The function f(t) = sin(z) and the corresponding Taylor polynomials I’Az’ﬂ (t)ofordern =1, 2, 3,

centered at = 0, for o = 0.1, B = 1.5 and different values of p

Example 3 Consider the function

From Lemma 3, we have

f (1) = sin(81),

Dl F(6) = ()lZCH,,](—ualnmq(a—ﬂqsin(at—ﬁq%)), (14)

fora € [0, 1) and B, p > 0. Then, using Theorem 3, the approximation of the function

sin(8t), in the neighborhood of a = 0, is given by

n

Sin(81) ~ Z ( 7 Z €l (=57 sin (a7 ))

W Birkhauser
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mf

[
m —m m t
x mZZOCz X(@)! ™" (In p - p(a)) FmETT) (15)

with the remainder

+00
B 1 N _ . T
pR% (1) :W ZCq+N (— e In p)? (8 B4 sin <5A — ﬂqz))
q=0

x Y CRx@NTT (np - p@)" ——,
— CmpB+1)

where A € [0, 7].

We plot the function f(¢) = sin(6¢) and its Taylor polynomials I’Ag’ﬁ (t) given by
(15) around the origin t = 0, for § = 1, « = 0.1, § = 1.5 and different values of
the order n, over the interval [0, 1]. We also consider different values of the power
parameter p to see its effect on the function approximation. The results are summarized
in Fig. 1.

5 Conclusion

We proved a new generalized Taylor’s theorem for power fractional derivatives, which
extends those available in the literature with nonsingular kernels. The proof is based on
the establishment of new formulas for nth-order of the power fractional operators. We
also obtained a general version of the mean value theorem. As an application, we used
our main result to approximate functions at a given point, where the interpolation error
of the approximation is also given explicitly. Examples and simulations are presented.

Our developed results can be used to solve fractional differential equations with
non constant coefficients in series form. This will be addressed elsewhere.
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