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Abstract

We study the differential-geometric properties of the loci of fixed points of the elliptic iso-
metries of the manifold of positive definite real matrices with the trace metric. We also give
an explicit description of such loci and in particular we find their De Rham decomposition.
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Introduction

The Riemannian manifold (P,,g) of symmetric positive definite real matrices endowed
with the trace metric has been object of interest in many frameworks, for instance in the
theory of metric spaces of non-positive curvature, in the theory of diffusion tensor imaging,
in geometry of manifold of probability distributions and more generally in matrix informa-
tion geometry (see for instance [1, 7-10, 21, 23, 24, 26, 27]). We began the study of the
trace metric on the manifold of non-singular real matrices in [12], next we considered the
same metric on the manifolds of orthogonal real matrices and of non-singular symmetric
real matrices respectively in [13] and in [14].

In the present paper we focus our attention on the elliptic isometries (i.e. the isometries
having fixed points) of (P,,g) and we study their loci of fixed points, providing explicit
descriptions of them.
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A first general result can be obtained as consequence of ordinary (but not trivial) facts
of Riemannian geometry and without regarding any explicit description of such fixed loci;
precisely (Theorem 2.10):

if @ is an elliptic isometry of (P,, g), then (Fix(®), g) is a closed totally geodesic simply
connected symmetric Riemannian submanifold of (P,, g) and so (Fix(®), g) is a symmetric
Hadamard manifold.

An explicit description of (Fix(®), g) needs more careful studies of the different types of
elliptic isometries. In [14] we have already determined and described geometrically the full
group of isometries of (P,, g) (see also Proposition 2.3 and Remark 2.12):

there are four types of elliptic isometries of (P,, g), consisting in

o I, :Xw— MXM", the congruence by an arbitrary non-singular real matrix M (such
isometries form a group acting transitively on (P,, ));

e [I),06with M € GL,and where § : X ~ det(X)~>/"X can be interpreted as the orthogo-
nal symmetry with respect to the totally geodesic hypersurface SLP, of matrices in P,
with determinant 1;

e [Ioj with M € GL, and where j : X — X~! can be interpreted as the central symmetry
with respect to /,;

e [I},0j06 with M € GL, and where jos can be interpreted as the orthogonal symmetry
with respect to the geodesic R = {tI, : t € R,¢ > 0} (i.e. the geodesic through 7, and
orthogonal to SLP,).

In particular: Fix(j) = {I,}, Fix(6) = SLP, and Fix(jos) = R.

We describe the loci of fixed points of all elliptic isometries and, as consequence, we are
able to list the De Rham decompositions and the De Rham factors of all fixed loci.

This paper is organized following the different types of elliptic isometries @: Sect. 3 is
devoted to I, Sect. 4 to I'},06, Sect. 5 to I'),0f and Sect. 6 to I;,0j06.

The explicit descriptions of (Fix(®),g) are obtained in Propositions 3.4, 4.4, 5.9
and 6.2 respectively, while the complete lists of the DeRham factors are in Proposi-
tions 3.7, 4.5, 5.10 and 6.3 respectively.

Our methods involve the theory of matrices and the actions of suitable classical Lie
groups. In Sect. 1 we resume some facts on matrices. In particular we point out two par-
ticular canonical forms for matrices which are similar to a multiple of an orthogonal
matrix: the real Jordan standard form and the real Jordan auxiliary form (see Remarks-
Definitions 1.7 and 1.8); the reason is that the fixed loci are related to certain closed Lie
subgroups of GL,,, consisting in matrices commuting with the real Jordan standard form
or fixing by congruence the real Jordan auxiliary form of suitable matrices. Some relevant
properties of (P,, g) and of its totally geodesic submanifolds are resumed in Sect. 2; these,
together with some ordinary facts of Riemannian geometry, allow to obtain the general
result (Theorem 2.10), quoted above.

1 Notations and recalls on matrices

Notations 1.1 I,: the identity matrix of order n;

AT the transpose of any matrix A;

M, (and Sym,): the vector space of the real square matrices of order n (which are
symmetric);
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GL, (and SL,): the multiplicative group of the non-singular real matrices of order n (and
with determinant 1);

‘P, (and SLP,): the manifold of symmetric positive definite matrices of order n (and with
determinant 1);

O, (and SO,): the multiplicative group of real orthogonal matrices of order n (with
determinant 1);

O@p,n — p) (and SO, (p, n — p)): the generalized orthogonal group of signature (p,n — p)
(and its connected component of the identity);

Sp,,.: the real symplectic group given by matrices W € GL,, such that

0 L\ r (0 1)
Wi o W‘(—I,,O’

M, (C) (and Herm,,): the vector space of the complex square matrices of order n (which
are hermitian);

GL,(C) (and SL,(C)): the multiplicative group of the non-singular complex matrices of
order n (with determinant 1);

‘H,, (and SL'H,,): the real manifold of hermitian positive definite matrices of order n (and
with determinant 1);

U, (and SU,): the multiplicative group of complex unitary matrices of order n (with
determinant 1);

U(u,v) (and SU(u, v)): the generalized unitary group of signature (u, v) (with determi-
nant 1). s

For every A e M, (C), tr(A) is its trace, A* :=A is its transpose conjugate,
det(A) is its determinant and, provided that det(A) # 0, A~ is its inverse and we denote
AT = (AT)—I — (A—I)T.

When A € P, \/Z is its unique square root contained in P,,.

For every 0 € R, we denote
. cos® —sind . _ (0 -1 _ .
E, = (sine cos 0 >,E =E,,= (1 0 >, so Ey = (cos 0)I, + (sin O)E.
If By, ..., B,, are square matrices (of possible distinct orders), B; @ --- @ B,, is the block
diagonal square matrix with By, ..., B,, on its diagonal and, for every square matrix B, B®"

denotes B @ --- @ B (m times). The notations (+/,) @ B and B @ (+I,) simply indicate the
matrix B.

IfS,,.... S, are sets of square matrices, then S; @ -+ @ S,, denotes the set of all matri-
ces B; @ - @ B, with B; € S, for every j.

For every matrix X € GL, we denote

Cy :={Be€GL, : BX=XB} and
Ky :={K € GL, : KXK' = X}.
It is easy to check that both Cy and Ky are closed Lie subgroups of GL,.

For any other notation and for information on the matrices, not explicitly recalled here,
we refer to [16].

Definition 1.2 For every matrix C € GL,(C) we denote by I, by j and by & the maps:
GL,(C) - GL,(C) given by

o TI(X):=CXCT (the congruence by C),

o j(X):=X'and
o 5(X) := |det(X)|™¥"X.
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The restrictions of these maps to any subset of GL,(C) will be still denoted by the same
letters.
Remarks-Definitions 1.3 a) Two matrices A, B € M, (C) are similar if there exists a
matrix C € GL,(C) such that A = CBC~.

When A, B are real, it does not matter if C is real or complex. Indeed, even if C is com-
plex, then we can find a real matrix C’ satisfying A = C'BC’'™".

b) Two matrices A, B € M, (C) are K-congruent with K = R or K = C, if there is a non-
singular matrix C, with entries in [, such that A = CBCT.

Two real matrices, e.g. I, and can be C-congruent, but not R-congruent.

10
0 -1/
¢) It is known that two matrices A, B € GL,(C) are C-congruent if and only if AA~T and
BB~ are similar (see for instance in [16, Thm. 4.5.27 p- 295], via the fact that MM-T and
M~TM are similar for every M € GL,(C)).
Assume furthermore that A, B are real; if they are R-congruent, then AA~T and BB~ are
similar too, but the converse is not generally true.
d) Finally we recall that a real matrix A € M,, is said to be normal, if AAT = ATA.

Theorem 1.4 (Polar decomposition, see [16, Thm. 7.3.1 p. 449]) Let A € GL,,. Then there
exist, and are uniquely determined, Q, Q' € P,andU, U’ € O, suchthat A= QU = U'Q'.
Moreover U = U',Q = VAAT and Q' = VATA.
In particular A € GL,, is real normal if and only if Q = Q', i.e. if and only if Q and U
commute.

Remark 1.5 Let A = QU = UQ be a real normal matrix in GL, together with its polar decom-
positions. From Q = UQU T we get \/@ =U \/@U T: therefore also \/a commutes with U and
A= \/@ U \/@ Hence every real normal non-singular matrix is R-congruent to the orthogonal
matrix of its polar decomposition.

Theorem 1.6 For every A € GL, the following facts are equivalent:

i) A = AP, where P is an orthogonal matrix and A # 0 is a real number;
ii) there is a matrix Q € O, such that QTAQ = | 4| (Ip ® Eg?m‘ DD E;Bm" [45) (—Iq)),

where A # 0 is a real number,

with p,q,r 20, m;>0 for 1<j<r (Gf r=1), p+g+2m +--+2m,=n and
0<60,<0,<--<60,.<m.

Proof This is essentially the Real Spectral Theorem for matrices which are multiple of
orthogonal matrices (see for instance [16, Cor. 2.5.11 pp. 136-137], except for an irrel-
evant change of sign), because the matrix on the right side of (ii) is multiple of an orthogo-
nal matrix.

Remark-Definition 1.7 A matrix in GL,, is similar to a multiple of an orthogonal matrix
if and only if it is semisimple and its eigenvalues have constant modulus. By Theorem 1.6,

such a matrix, A, is similar to a matrix of the form

o= li(L e E @ - @ 2 @ (-1,)
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with A #0, p,q,r >0, m; >0for1 <j<r(fr>1), p+qg+2m +--+2m,.=n and
0<0,<0,<--<0,.<m.

Hence, for every matrix A € GL,, similar to a multiple of an orthogonal matrix, we call
such matrix J, the real Jordan standard form (shortly: RIS form) of A.

We remark that the eigenvalues of A (and of J,) are: |A| with multiplicity p, —| 4| with
multiplicity ¢ and | 4|+ each with multiplicity mj, for j =1, ..., r (if r > 1.

Finally, from the similarity between A and AT (see for instance [16, Thm. 3.2.3.1,
p. 177]), we get J, = J .

Remark-Definition 1.8 By technical reasons, for every matrix A € GL,, similar to a
multiple of an orthogonal matrix, we are interested in introducing another Jordan-type
form, J,, having the property: (J,)? = J,..

By means of congruences given by orthogonal matrices, we can arbitrarily permute the
direct addends of its RJS form J,.

Moreover, for E := <(1) (1)>, we have Iz(E,))=E_,=-E, ,. Hence for every

S (%, ), up to an orthogonal congruence, we can replace each Egj with —E,[_H/. Now we
reorder the values 6; € (0, %) together with the new values 7 — 0, € (0, %) following the

increasing order of 6,’s and of (x — Gj)’s; hence, after renaming them ¢,, we obtain the fol-
lowing matrix:

To= (1@ L) S EY" @ (-ES) @ - @ ES" & (-Eg) @ £

where p > 0 is the multiplicity of the eigenvalue ||, ¢ > 0 is the multiplicity of the eigen-
value —| 4|, kK > 0 is the multiplicity of the eigenvalues +i| 4| and (when h > 0), y; > O is the

multiplicity of the eigenvalues |A|e*%, v; 20 is the multiplicit% of the eigenvalues

| A|eX =) with uj+v; = lforevery j<hand0 < ¢y < - < ¢, < >
Note that J, = CTAC for some C € O,.
Finally since (7,2 = 22 (1., ® ES™ @ - @ ES" ™ @ (—1) ), we get that
T =1,

We call the matrix 7A the real Jordan auxiliary form (shortly: RJA form) of A.
As in the case of the RJS forms, we have J, = J,.

2 Recalls on the trace metric and a first general result

From now on, and for the remaining part of this paper, n is a fixed integer, n > 2.

Remark-Definition 2.1 The C*-tensor y of type (0, 2) on H,,, defined by
1a(V, W) = tr(A"' VA™'W)

for every A € ‘H,, and for every V,W € T,’H, = Herm,, is called trace metric.

For convenience, the restriction of y to P, will be denoted by g (always called trace met-
ric), so that (P,, g) is a Riemannian submanifold of (H,,, y).
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Instead we will denote again by g the restriction of g to any submanifold of P,.
For the differential-geometric properties of (P,, g) and of (¥, y) we refer to [7-9, 14,
23, 24, 26, 27].

Definition 2.2 A Hadamard manifold is a simply connected, complete, smooth Rie-
mannian manifold without boundary and with non-positive sectional curvature.

An isometry of a Hadamard manifold is said to be elliptic, if it has a fixed point.

For more information on Hadamard manifolds and on their isometries we refer for
instance to [6, Lecture I § 2 and Lecture II § 6] and to [2, Ch. 1 § 5 and Ch. 2 § 6].

Proposition 2.3

a) (P,,g)is a symmetric Hadamard manifold.

b) A mapping @ : (P,,g) = (P,.g) is an isometry if and only if there exists a matrix
M € GL, such that one of;he following cases occurs: ®(X) = I, (X) = MXMT;
BX) = (Iyy00)(X) = M B(X) = (Iyy0)X) = MX~'MT

det(X)2/n

D(X) = (I),0j08)(X) = det(X)*" MX~'M".

The part (a) is well-known (see for instance [20, Ch. XII]). For the part (b) see [14,
Thm. 4.2].

Remark 2.4 1t is well-known that also (H,,, y) is a symmetric Hadamard manifold and that
(P,, g) is a totally geodesic Riemannian submanifold of (H,,, y).

The description of the isometries of 7, endowed with a class of metrics which includes
v, is given in [22, Thm. 3]. As already remarked in [14], from the comparison with the
previous result, it follows that every isometry of (P,, g) is the restriction of an isometry of

(s 7).

Definition 2.5 Let G be a closed subgroup of GL,.

G is said to be reductive, if AT € G as soonas A € G.

G is said to be algebraic, if there is a finite system of polynomials (in the entries of M,)
such that G is the intersection of GL, with the set of common zeroes of this system.

Proposition 2.6 (see [7, Thm.10.58]) Let G be a reductive subgroup of GL,, satisfying
the following property:

(*) if X € Sym,, and X € G, then e’X € G for every s € R.

Then

i) (GNP, g is atotally geodesic submanifold of (P,, 8);

i) GNP, is the orbit of I, under the action of G by congruence, so that G NP, is diffeo-
morphic to G/(GN O,);

iii) (GNP, g) is a symmetric Riemannian manifold with non-positive sectional curvature.

Remark 2.7 Let G be a closed sugbroup of GL,, then G satisfies the condition (*) of Propo-

sition 2.6 if and only if G (the connected component of the identity of G) satisfies (*).
Moreover any algebraic subgroup of GL,, satisfies the condition (*) (see [7, Lemma 10.59]).
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Remark 2.8 The mapping p : C — M,, given by p(z) = Re(2)l, + Im(z)E, is a monomor-
phism of R-algebras between C and M,. Note that p(z) = p(z)7 and that p(z) € GL, as soon
asz# 0.

More generally, for any 2 > 1, we denote again by p the mapping: M, (C) — M,,, which
maps the 2 X h complex matrix Z = (z;) to the (2) X (2/) block real matrix (p(z;)), having
h? blocks of order 2 X 2.

In literature there are other ways, essentially equivalent to p, to embed M,,(C) into M,,
(see for instance [11, Prop. 2.12]). It seem to us that the mapping p, used here, is more use-
ful for the purposes of present paper.

Standard arguments show that t7(p(Z)) = 2Re(tr(Z)), det(p(Z)) = |det(Z)|* and that p is
a monomorphism of R-algebras, whose restriction to GL,(C) has image into GL,, and it is
a monomorphism of Lie groups.

We have: p(Z*) = p(Z)T and, so, the restriction of p to U, is again a monomorphism of
Lie groups and p(U,) = p(GL,(C)) N SO,,; analogously the restriction of p to Herm,, has
image into Sym,,, and it is a monomorphism of R-vector spaces.

Finally p maps injectively H,, into P,,. Indeed p(ZZ*) = p(Z)p(Z)*.

Moreover, for A € 'H;, and Z, W € Herm,,, we get:

&) dp(Z), dp(W)) = tr(p(A) ™" p(Z2)p(A) ™' p(W)) = tr(p(A~' ZA™' W) =

= 2Retr(A'ZA"'W) = 2Re y,(Z, W) = 2y,(Z, W).

Hence the restriction of p from (H,,2y) into (P,,,g) is an isometry onto its image
p(H;) = p(GL,(C)) NPy,

Definition 2.9 For every isometry @ of (P,,g) we denote by Fix(®) the set of points of
P, fixed by @.

Theorem 2.10 If @ is an elliptic isometry of (P,,8), then (Fix(®), g) is a closed totally
geodesic simply connected symmetric Riemannian submanifold of (P,, g) and so (Fix(®), g)
is a symmetric Hadamard manifold.

Proof Each connected component of Fix(®) is a closed totally geodesic submanifold of P,
by [19, Thm. 5.1 p. 59]. By completeness of P,, points in different components of Fix(®)
should be mutually cut points (see [19, Cor. 5.2 p. 60] and, for more information on cut
points, [18, Ch. VIII § 7]). Now, since P, is a Hadamard manifold, by Cartan-Hadamard
Theorem (see for instance [25, Thm. 22 p. 278] and [6, Lecture 1, Sect. 2]) any two points
are joined by a unique minimizing geodesic. Hence P, has no cut points and therefore
Fix(®) is connected too. Moreover (Fix(®), g) is complete, its curvature is non-positive
and it has no non-trivial geodesic loop, because it is closed and totally geodesic in the Had-
amard manifold (P,, g). Hence, by [3, Cor. 9.2.8], (Fix(®), g) is simply connected and so it
is a Hadamard manifold. Finally (Fix(®), g) is symmetric, because it is a totally geodesic
Riemannian submanifold of the symmetric Riemannian manifold (P,, g).

Remark-Definition 2.11 The previous Theorem implies that, if @ is an elliptic isom-
etry of (P,, g), then (Fix(®), g) has a De Rham decomposition into a Riemannian product:
one of its factors (called flat or Euclidean factor) may be isometric to some Euclidean
space R™, while the other factors are irreducible symmetric Hadamard manifolds. Such
decomposition is unique up to isometries and permutations of its factors (see for instance
[17, Ch. 1V, § 6]) and each factor is an Einstein manifold (see for instance [5, Note 10.83,
p. 298]). The irreducible simply connected symmetric spaces are classified and the com-
plete list is for instance in [5, pp. 311-317] and in [4, pp. 306-308].
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582 A. Dolcetti, D. Pertici

In this paper we determine the De Rham decomposition of every such (Fix(®), g).

Remark 2.12 In [14, Rem. 4.6] we described geometrically the particular isometries &, j
and joé of (P,, g) as follows:

4 is the orthogonal symmetry with respect to the hypersurface SLP,;

e jis the symmetry with respect to /,;;
jod =60j is the orthogonal symmetry with respect to the geodesic
R ={tl, : t € R,t > 0} (i.e. the geodesic through I, and orthogonal to SLP,). In par-
ticular Fix(j) = {1,}, Fix(6) = SLP, and Fix(jo6) =

Hence we want to describe explicitly the fixed loci, when the previous isometries are com-
posed with congruences.

Remark 2.13 Let M € GL,. Then Fix(I};08) and Fix(I),0j) are both contained in
{P e P, : det(P) = |det(M)|}.
. . . . MPMT
This follows by computing the determinants from the equalities: W =P and
e n
MP'MT = P.

3 The fixed points of the isometries [,

Proposition 3.1 Let M € GL, and let us consider the isometry Iy, of P,. The following
facts are equivalent:

a) I, is elliptic;
b) M is similar to an orthogonal matrix;
c) M is semi-simple and its eigenvalues have modulus 1.

If this is the case, the RIS form of M is of the type:
Ju=1, €BE€Bm' o - €DE€Bm & (=1,) with p,q,r 20, m; >0 for every possible j,
p+q+2m, - +2m, —nand0<0,<92 - <6, <.

Proof The equivalence between (b) and (c) and the assertion about the RJS form are in
Remarks—Definitions 1.7.

Hence it suffices to prove the equivalence between (a) and (b).

If P € P, verifies: MPMT = P, then, for any C € GL, satisfying P = CCT, we get:
(C'MCO(CMO)T = (CIMCY(CTMTC Ty =1, ie.C™ lMC €0,

For the converse, let C be any non-singular matrix such that C~'MC € O,, then:
(C'MCYC™MTC™T) = I, and finally: M(CCT)M” = CC"". This allows to conclude.

Proposition 3.2 Ler M € GL, and assume that the isometry I'y, of P, is elliptic. Then

i) Fix(I,))={CC" : CeGL,,C'MCe O,} ={FF" : FeGL,, F],F' = M};

n’

ii) for any fixed matrix F\y € GL, such that FOJMF(;1 =M, we have:
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Fix(I,) = {FOAATFg tAEC
Proof The first equality of (i) has been essentially obtained in verifying the equivalence
between (a) and (b) of Proposition 3.1. For the second equality of (i), it suffices to note that
Jy, is orthogonal and that if C'MC € O, then C"'MC = QJ,,QT for some Q € O,, hence
F = CQ satisfies FFT = CCT and F~ IMF = Ju

Now we prove (ii). Let P € P, be a fixed point of I';. By (i), we can choose a matrix
Fy € GL,, such that FJ,,F, 6 =M and FyF| I'= P. Let F € GL, any other matrix such that

FJy,F~' = M and FF" = P, then an easy computation shows that the matrix A := F; 0 'F
satisfies AJy, = JyA, i. e. A € C;,. Therefore P = FFT = (FyA)(FyA)" = FyAATF] with
A=F,'FeC, .

Conversely let F = FyAwith A € C; . Then FJy, F~' = F)AJy A~ F;! = FoJy Fy' =M.
Then, by assertion (i), FFT = (FOA)(FOA)T FyAATF] is a fixed point of I, in P,

Lemma 33 Ler 0<60,<0,<--<0.<m be real numbers and let
Ji=1,& Eg?m‘ @ E;'i"” @ (-1,) with p,q,r>0, m; >0 for every possible j,
p+q+2m + - +2m.=n.

Then the set of matrices of M,,, commuting with J, is the vector space

M, & p(M,, (©) @ - & p(M,, (C)) ® M,
In particular the Lie group of non-singular matrices, commuting with J, is

GL, ® p(GL,, (C)) ® - & p(GL,, (C)) ® GL,,

which is an algebraic reductive subgroup of GL,,.

Proof In order to simplify the next computations we denote o=m, + - +m, Fy=I,
Fop = _Iq’ Fi=Fy=-= le = E9]’ le+l == Fm1+»12 = EHZ’ ’Fm1+--<+m,,1+l = =F,= EG,?
sothat J=F @ F &~ ®F, ®F,,,

Let A € M,. We write A in blocks: A = (A Jwithi,j=0,...,0+1, Aij € M, for every
1<ij<o, Ay €M, Asi1 541 €M, and w1th the remaining matrices of obvious orders,
in line with the decomposition in blocks.

The condition AJ = JA is equivalent to

(**)AU ] FlAl,, foreveryi,j=0,...,0+ 1

Easy computations show directly that Ay, | = A, =0 and that Ay, and A, ., are
generic matrices in M), and M, respectively.

Whenie€ {0,6+1}and1 <j<ocor je€ {0,064+ 1}and 1 <i < o, the condition (**)
implies that Aij = 0. Indeed, wheni =0and 1 <j < o, (**) gives: Aoj(Fj —1,) =0and we
conclude since det(F; — I,) > 0. Analogously we can conclude in the other three cases.

Now, for1 < i,j < o, (*¥) can be written as

cosgp —sing) _ (cosy — siny A
sing cos¢@ siny  cosy i

This gives a homogeneous linear system 4 X 4 with unknowns the entries of the matrix
Aj;, whose determinant is [(cos y — cos @)% —sin® y + sin® @]? + 4(cos y — cos )2 sin’ .
This expression is non-zero except for ¢ = .

Hence, if ¢ # y, then AU- =0.

If @ = y, then the rank of the matrix associated to the system is 2 and, so, the space of

its solutions is the R-vector space spanned by I, and E, i.e. it is p(C).

withp,w € {6,,...,0,}.
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This concludes the first part of the statement. The second part follows easily from argu-
ments about the non-singularity of the matrices.

Proposition 3.4 Let M € GL, such that T, is elliptic with eigenvalues 1 of multiplic-
ity p, =1 of multiplicity q , e both with multiplicity m, ---, up to e="% both with mul-
tiplicity m,, with p,q,r >0, m;>0 for 1 <j<r, p+q+2m +--+2m,=n and
0<0, < <0, <r Fix F, € GL, such that FoJ\,F;' = M. Then

T (Fix(Iy) = P, @ p(M,,) @ -+ @ p(H,, ) & P,

Hence (Fix(F s g) is a closed simply connected totally geodesic symmetric Riemannian
submanifold of (P,, g) isometric to the Riemannian product

(Py,8) X (H,, s 27) X -+ X (H,, , 27) X (P, 8).

Proof From the previous Lemma 3.3, the set of matrices AA” with A € C " is:

P, & p(Hml) DD P(Hm,) &P, Hence, from the Proposition 3.2,
Fix(I,) = FFO(P[, (&) p(Hml) @D D /’(Hm,,) ® P,). Since I, is an isometry of (P,,g)
and by remarking that the Riemannian manifold (P, & p(Hml) DD P(Hm,_) D P, 8) is
canonically isometric to (P,,g) X (Hml ,27) X e X (Hmr’ 2y) X (P,,8), we can conclude
by Proposition 2.6, taking into account that Pp a5 p(Hml) (< TN 4>) p(’Hmr) (45 Pq =Gn7P,
where G is the algebraic reductive subgroup of GL, defined by
G :=GL, ® p(GL,, (C)) ® - & p(GL,, (C) ® GL,

Remark 3.5 The values p, g, r in Proposition 3.4 are non-negative and not all zero. When
some of them vanishes, the Riemannian product in this Proposition must be intended in a
suitable (but obvious) way. For instance, if p = 0 (or g = 0), the factor (Pp, g) (or (Pq, 2))
does not appear and if r = 0, no factor (Hm,.: 2y) appears. Analogous remarks can be done
about next Propositions 4.4, 5.9 and 6.2.

Remark 3.6 For every m > 1, it is well-known that (P,,, g) is isometric to the Riemannian
product of (SLP,,, g) with R and that SLP,, is diffeomorphic to SL,,/SO,, (see for instance
[7, p. 325]). Hence, remembering that SLP, is a point, we get that the De Rham factors of
P, are SL,,/SO,, and R when m > 2, while, when m = 1, R is the unique factor (see for
instance [4, p. 306]).

Analogously it is easy to show that (H,,, 2y) is isometric to the Riemannian product of
(SLH,,, 2y) with R and that SLH,, is diffeomorphic to SL,(C)/SU,,. Hence, as above, we
get that the De Rham factors of (H,,, 2y) are SL,,(C)/SU,, and R when m > 2, while, when
m = 1, R is again the unique factor (see again for instance [4, p.308]).

We denote by ¥ = ¥'(p, g, r) the quantity: ¥ =rif p=g=0,r =r+ lif either p=0
or g = 0 (but not both zero) and ¥ = r + 2 if p and g are both non-zero. Note that ' > 1.
Now we can conclude with the following result

Proposition 3.7 Ler M € GL,, such that Ty, is elliptic, let p,q,r,m,,...,m, be as in
Proposition 3.4 and v’ be as in Remark 3.6. Then, up to isometries, the De Rham factors of
(Fix(FM), g) are:

a) R

b) SL,/SO,,ifp >2;
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¢) SL,/SO,.ifqg272;
d) SLm,_(C)/SUm,_for all indices j=1,...,rsuch thatm; > 2, ifr > 1.

4 The fixed points of the isometries / ;06

Proposition 4.1 Let M € GL, and let us consider the isometry I'y;06 of P,
1) The following facts are equivalent:

a) I),006is elliptic;
b) M is semi-simple and all of its eigenvalues have the same modulus. If this is the case,
the RJS form of M is of the type

Ty = ldet D[], @ EY™ @ - @ ES™ & (—1,)]

(with p,q,r 20, m;>0 for every possible j, p+q+2m +--+2m.=n and
0<6,<0,<:-<6,.<m).
2) If I'y,06 is elliptic, then

Fix(I'y;06) = Fix(F[ M ]) N{P e P, : det(P) = |det(M)|}.

der(d)|1/n
mpmT
Proof We first prove part (2). Assume that W = P. By Remark 2.13, we get:
e n
|det(M)| = det(P) and therefore ( M ) ( )T =
|det(M)|'/n" * |det(M)| /"

The other inclusion follows easily in a similar way.
Part (1) follows from (2) and from Proposition 3.1, since Fix([] [ ]) # @ implies
Ider()|1/1

Fix(I_u__)n{P€ P, : det(P) = |det(M)|} # @ too, because every congruence is

\der(M)) /1

linear.

Proposition 4.2 Let M € GL,, assume that the isometry I'y;08 of P, is elliptic and fix a
matrix Fy € GL, such that FOJMF(;1 = M and such that |det(F,))| = \/|det(M)|. Then

Fix(I 06) = {FAATF) 1 A€, , det(AA") = 1}.

_ ~1 _ M
Proof 1If M = FJ),F;', then der(M)| /"

that FF; is a fixed point of I]__u__,

Ider(MD] /"

=FyJj_u . o !, From the Proposition 3.2, we get
|der(a)| 1/

with det(F,F g ) = |det(M)|. Hence, again by Proposi-

tions 3.2 and 4.1, we obtain:
Fix(L;08) = {FOAATFg tAEC,, det(AAT) = 1}, since the matrices commuting with

Jy are precisely the matrices commuting with J, -
der(v)| /7

Notation 4.3 We denote by S((P,, g) X (H,,, ,2y) X -+ X (H,, ,2y) X (P,, 8)) the Riemann-
ian submanifold of the Riemannian product (P,, g) X (7"(,,1l ,2¥) X - X (Hmr, 2y) X (P, 8)s
consisting in elements (A, B, ...,B,,C) € (P,xH,, X -XxXH, xP,) such that
det(A) [det(B,)1? ... [det(B,)]? det(C) = 1.
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Proposition 4.4 Let M € GL, such that T,,08 is elliptic and set n = |det(M)|'/" so the
eigenvalues of M are: n of multiplicity p, —n of multiplicity q , n e both with multiplic-
ity my. ---, up to nex% both with multiplicity m,, with p,q,r > 0, m;>0forl <j<r,
p+q+2m +--+2m =n and 0<@ <--<0, <nx Fix F,€GL, such that
FOJMF(;1 = M and such that |det(F,))| = /|det(M)|. Then

Iy (Fix(Iyy08)) = (P, & p(H,,) @ -+ & p(H,, ) ® P,) N SLP,.

Hence (Fix(I';06), g) is a closed simply connected totally geodesic symmetric Riemannian
submanifold of (P,, g) isometric to

S((Py, &) X (H,, ,27) X =+ X (H,, ,27) X (P, 8))-

Proof 1t is analogous to the proof of Proposition 3.4 via Propositions 4.2 and 2.6,
taking into account that (P, ® p(H, )@ - @ p(H,, ) ®P)NSLP, =G nP,
where G’ is the algebraic reductive subgroup of GL, defined by
G = (GLI7 ® p(GL,, (C)) ® - @ p(GL,, (C)) & GLq) N SL, and that (G' N P,, g) is iso-
metric to S(('Pp, XM,y 2r) X - X (H,, ,27) X (P, g)).

Proposition 4.5 Ler M € GL, such that I'y,06 is elliptic, let p,q,r,my,...,m, be as in
Proposition 4.4 and v’ be as in Remark 3.6. Then, up to isometries, the De Rham factors of
(Fix(FM06), g) are:

a) R7Lifr >2;

b) SL,/SO,,ifp > 2;

c) SL,/SO, ifq=2;

d) SLmj(C)/SUmjfor all indices j =1, ..., r such thatm; > 2, if r > 1.

Proof We proof this result under the assumption that p, g, r are all non-zero; in this case
r' =1 =r+ 1. The proof can be easily adapted to the cases when some of these values
vanishes. . )

Let 7 be the flat Riemannian metric on R™! defined by ¢ = d’é +X, g + (Z’:+JX')

Let F be the map from (SL’PI,, g) X H;:1(SLHm[’ 2y) X (SLPq, g X (R’i', 7) onto
S((P,,8) X (H,,27) X -+ X (H,, ,2y) X (P, 2)), defined by: _
F(a, s e B8ty b e 1,)) = (€077 a2 By /2 B e~ Ei 4 ),

It is easy to check that F is bijective with inverse:

—1 A Bl Br C
F7'(A,By,...,B,.C) = ( , , ,
det(A)\/r” det(B,)'/m det(B,)/™m: " det(C)1/a

In(det(A)), 2 In(det(B))), ..., 2 In(det(B,))).
We want to prove that F' is an isometry.
For, let y be the metric on S((P,, g) x (H
By direct computations, we get:

to/P ho t,/2m hl
DF iy pssnsyUsVie oo Vi Wohg, oo hy) = (€0/P(U + —2a), e/2m (V, + AL

r

- h;

hy £), e—Z,r:o’j/q(W_ £
. q

> 2)/) X X (Hm,.! 2}') X (,Pq’ g))

my

eIV, + 5)

2m
and
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[F*W](a.ﬂ,,...,/;,,5,:0,...,:,)((Us Visooo Ve Wohg, o ) (U VL VWY G hl))
4 hy hy h h;
=tr(e” ' Ua™'U") + —Otr(az_l U+ — tr(a'lU’) + — + ZZJ l[tr(,[] Vﬁ V’) + —tr(ﬂ V’
P p p

i i, (0510 5]
'j _ i _ _ tr((S 'w") . tr(6~'W) j=0 "1\ j=0 "
+2_mitr(ﬂj 1V,‘)+ 4—mi]+tr(5 'ws'w’) — (Z, 0 / _(Z/:()h;) 7 + p .

Since U, U’ € T,(SLP,), V;, V’ €Ty (SLH,, )and W, W' e T5(SLP ), from Jacobi’s for-
mula, we get: tr(a~'U) = tr(a‘lU') =wr(p; 1V) = V’) =tr("'W) =tr(s"'W) =0
SO the right side of the pl'eVlOUS equality is
8.(U UN+ X, 275 (Vi VD) + 8s(W. W) + 7 ((ho ... ), (g . 1)),

Hence F is an isometry.

Since 7 is a flat metric, (R"*!, 7) is isometric to the Euclidean space R+,

This allows to conclude the proof of the Proposition, arguing as in Remark 3.6.

5 The fixed points of the isometries /0

Proposition 5.1 Ler M € GL, and let us consider the isometry I'y;of of P,. The following
facts are equivalent:

a) I,,ojis elliptic;

b) M and M~T are R-congruent via a positive definite matrix;
c) M isR-congruent to an orthogonal matrix;

d) M isR-congruent to a normal matrix;

e) Ty-ris elliptic;

f) MM is semi-simple with eigenvalues of modulus 1;

g) MMT is similar to an orthogonal matrix.

Proof The equivalence (a) < (b) follows by remarking that M(CCT)"'MT = CCT is equiv-
alentto M = CCTM-TCCT.

The equivalence: (a) < (c) follows by remarking that M(CCT)~'MT = CCT if and only
if (C7'MCTY(C'MC-T)T = if and only if C'MCT € O,.

We get (d) = (c) from Remark 1.5, while (c) = (d) is trivial.

Now note that, if H € GL,, we have: (HMHT)YHMTHT) = (HMTHT)(HMHT) if and
only if (M~ TM)HTH(M~ TM)T HTH if and only if Iy,-r), has HTH as fixed point in P,.
Since M~"M and MM~ are similar, from Proposition 3.1, we get the equivalence (d) <
(e).

Finally (e) < (f)  (g) is proved in Proposition 3.1.

Lemma 5.2 Let M € GL, and assume that I'y,0j is elliptic. Then Fix(I');0j) C Fix(I'y,-r).

Proof If P € Fix(I;0j), then MP~'M" =P, ie. M~"TPM~' = P~!. Hence we have:
MMTPMMTY" = M(M~"PM~"YM" = MP~'M" = P and so P € Fix(Iy-r).
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Remarks 5.3

a) LetM € GL,, then M is normal if and only if MM~ is orthogonal.
b) LetM,S € GL,. Then S~'MS~T is normal if and only if S~!MM~TS is orthogonal.

Indeed M™M = MMT if and only if (MM~T)T(MM~T) = I, and this gives (a).
Part (b) follows from (a), since S™'MM~TS = (S~!MS~T)(S~'MS-T)~T.

Remarks-Definitions 5.4 Let M € GL,, assume that I,0j is elliptic or, equivalently,
that M is R-congruent to an orthogonal matrix.

a) By Proposition 5.1, we denote by S a matrix in GL, such that ST'TMM~TS € O,.
By Remarks 5.3 (b), S7'MS~T is normal and so, by Theorem 1.4 and Remark 1.5,
S7IMST = QU = UQ = \/Q U/Q where Q € P, and U € O, are the components
of the polar decomposition of S~'MS~7. This gives also that M is R-congruent to
U. Conversely, it is easy to verify that every U € O,, which is R-congruent to M,
can be obtained in this way, starting from a matrix § € GL, such that ST'MM~TS is
orthogonal. Fixed a matrix S as above, the explicit expression for U is the follow-
ing:U = (\/S‘IMS—TS—IMTS—T ~!'S=!MS-T. In particular, if M is normal, then we can
choose S = I,,, so that U = (VMMT)~'M.

b) Following Remark— Deﬁnmon 1.8, we denote by Z € O, a matrix such that U = ZJ UZT
and, so, for R = §1/0QZ we get: M = RJ,R.

Proposition 5.5 Let M € GL,, assume that I'y;0j is elliptic, and let U be an orthogonal
matrix, R-congruent to M, and R € GL,, such that M = RJ URT (remember Remarks-Defini-
tions 5.4). Then

Fix(I;o)) = Iy({GG" : GeC, .GG" € Kz }).

Proof By Lemma 5.2, Fix(I',9j) C le(FMM 7).

Now MM = RI,R"R""J,R™" = R(J,)*R™" = RJ;zR™" = RJ,;,,+R™". By Propo-
sition 3.2 (ii), if P € Fix(I),o)), then there exists G € C J _» such that RGG'RT = P.
Moreover MP~'MT = P is equivalent to JU = (GGT)J (GG )T ie. to GGT € K5, hence
Fix(I'0) € {(RGGTRT : GeC, ,GGT €K; ) =T({GG" : GeC, GG e IC~ b.

For the other inclusion, let P = RGGTR“with G €C;  and G6t e K3, Then we
have: MP~'M” = RJ,,(GG")"'\(J,)"RT = RGGTJU(JU)TRf’ =P and then P € Fix(I’};9))
and the Proposition is proved.

Example 5.6 Now let M = Q, :=1,® (-1, ,) with p =0,.

Note that ©, is diagonal, orthogonal Qz = [, and that Q agrees with its RJA form JQ
Hence, by Proposmon 5.1, I Q, oj is e]hptlc and with the same notations of Remarks- Deﬁ-
nitions 5.4, we can choose S= Q0 =Z=1,andU = Qp.

Hence, by Proposition 5.5, Fix(FQp o) =P, NnOp,n—p)=P,NnSOp,n — p).

Moreover, SO, (p, n — p) is a reductive subgroup of GL,, satisfying the condition (*) in
Proposition 2.6 and we have also SOy (p,n — p) N SO, = SO, @& SO,_,, since the inclusion
SOy(p,n—p)n SO, 2 SO, ® SO,_, is trivial, while it is well-known that SO, & SO, _, is
a maximal compact subgroup of SO, (p, n — p) (see for instance [15, Ch. VI]). By Proposi-
tion 2.6, this allows to conclude that
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Fix(FQp oj) =P, NSOy(p,n — p) is diffeomorphic to the irreducible symmetric space
SOy, n —p)/(S(’)p @ SOn_p), whose dimension is p(n — p).

Example 5.7 Consider the case: n =2mand M = A,, := E®™.

Arguing as in Example 5.6, we get that A, is orthogonal, skew-symmetric, Ai =-I,,
and A,, agrees with its RJA form J, : A, =J, . Hence I'y oj is elliptic and we can get:
S=0=Z=1,andU =A,,

Therefore Fix(I'y of) = {GG" : GG" e K, }.

Now let W be an orthogonal matrix such that A,, = W (_3 IO ) wr.

It is easy to verify that Ky = I'y(Sp,,,). Then we get

Fix(FAm Oj) = 7)2m n K:Am = PZm n FW(SPZm) = FW(PZm n Sp2m)

Moreover, since Sp,, is an algebraic reductive subgroup of GL,, and
Spom N Oy, = p(U,,) (see for instance [11, Prop. 2.12, p. 33]), by Proposition 2.6 we get
that Fix(I'y oj) = I'y(P,,, N Sp,,) is diffeomorphic to the irreducible symmetric space
Spam/p(U,,), whose dimension is m(m + 1).

Example 5.8 Now let 6 € (0, %), >0, v>20, p+v>1 and n=2(u+v). Let
M=0,,, =E>@®-EY)

Arguing again as in Example 5.6, we get that ©,,, , is orthogonal, @3,/4 L= E?;(”H) and
Oy, agrees with its RJA form J® . Hence I'y, oj is elliptic and we can choose
S=0=Z=1,,,U=0,,,s0 that Fm(l"® o)) = {GGT :Ge CEe(,m) GGT € ICG,Q |3

By Lemma 3.3, CEew») = p(GL,(C)), where p:GL,, (C)— GLZ( +) is the mono-

morhism defined in Remark 2.8. Note that 69,;4,\/ = p(e"g(l @ (=1))).

Since p preserves products and it is injective, we get that Fix([ o, O])
= p({HH* : H € GL,,, (C), HH*(e® (I, & (-1, ))HH* = €I, & (-1,))}) = p({HH* : H € GL" " (),
HH*(, ® (-1,)HH* = (I, ® (=1,))}) = p(H,, 0 U(u, V) = p(H,.1, N SU(u, V).

Now p(H,,, NSU(, V) = Pyqy N pSU,v)) is an algebraic reductive sub-
group of GL, and, arguing as in Example 5.6, p(SU(u, v)) N Oz(ﬂw) =pSWU,®U,))
(where S(U, @ U,) consists in matrices of U, @ U, with determinant 1); indeed
p(S(U, ®U,)) is trivially included in p(SU(u,v))N 02(;4+v) and S(U,®U,) is
a maximal compact subgroup of SU(u,v). By Proposition 2.6, we obtain that
Fix(]"@e:M 0)) = Py N pSU, v)) = p(H ., N SU(p, v)) is diffeomorphic to the irre-
ducible symmetric space SU(u, v)/S(U .« ® U,), whose dimension is 2uv.

u+v

Proposition 5.9 Let M € GL,, assume that I',;0j is elliptic, and let U be an orthogonal
matrix, R-congruent to M (remember Remarks-Definitions 5.4).

Let Ty =1,® (-1) ® E®”‘ ® (- EG)V’) @ - @E% ® (- EEBV”) @® E®* the RIA form of
U. Then le(FMOJ) and (Ppig N SOO(p ) ® p('H”lw1 n U(,ul, v @ - ®pH, .,
NU(uy,, vi,)) ® (P, N Spyy) are isometric (by congruence) as Riemannian submanifolds of
(P 8)-

In particular (Fix(Iyz0j)), g) is a closed simply connected totally geodesic symmetric Rie-
mannian submanifold of (P,, g) of dimension pg + 2 21;1 WiV, + k(k + 1), isometric to the
Riemannian product

h

(Pig NSOy, 9), 8) X H(Hu,-+vj N U, v)), 2y) X (P N Spay- 8)-
=1
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Proof We have: JMM*T — JU2 — (7U)2 — p+q @ E®(”1+VI) @ @ E@(ﬂ/z"’\%) @ (_]2](), hence,
byLemma3.3,C;,  =GL,,,® p(GLM]JrVI ©)& - &pGL, ., (C)®GLy.
Therefore: (GG" : G€C) } =Py ® p(H, 40 © = ® p(H,, 1) © Py

Now, arguing as in Examples 5.6, 5.7 and 5.8, we get {GGT : G € CJ A0 IC~ =

(Ppag NSOy, ) @ p(H,, 4y, N U1, v)) @ - @ p(H,, 1\, N Uy, v)) @ Fw(sz n Ssz)
We conclude by Proposition 5.5.

Proposition 5.10 Let M € GL,, assume that I'y;oj is elliptic and let U be an orthogonal
matrix, R-congruent to M, having 1 as eigenvalue with multiplicity p > 0, —1 as eigenvalue
with multiplicity g > 0, i as eigenvalue with multlpllczty k>0andcall ¢, ..., ¢, (h>0),the
set of mutually distinct possible values in (0, > ) such that €' or =9 is an ezgenvalue of U.

Moreover, if h > 0, for every j =1,..., h, we set to be y; the multiplicity of €' and v; to
be the multiplicity of ¢"*=%) (note that ;4/ 20,v;20, 4 +v; 2 1andp, q, k, h are not all
zero).

Then, up to isometries, the De Rham factors of (F ix(Ly,0f), g) are:

a) Rifp=q=1

b) SOy, q)/(SO, & SO,),if p,qg > land p+q 2 3;

¢ Spu/pUp, ifk 2 1;

d) SU;.v)/SWU, @ U,).ifh 2 1forevery j=1,.... hsuch that p;, v; > 1.

Proof 1t follows from Proposition 5.9 and from Examples 5.6, 5.7 and 5.8, by analogous
arguments, developed in Remark 3.6.

6 The fixed points of the isometries [ ,0jo0

Proposition 6.1 Ler M € GL, and let us consider the isometry I'y,0j05 of P,,. The follow-
ing facts are equivalent:

a) I,,0joébis elliptic;

b) I,0jis elliptic and det(M) = +1;

¢) M and M~T are R-congruent via a positive definite matrix and det(M) = +1;
d) M is R-congruent to an orthogonal matrix and det(M) = +1,

e) M is R-congruent to a normal matrix and det(M) = +1;

f)  Lyy-ris elliptic and det(M) = +

g) MMT is semi-simple with eigenvalues of modulus 1 and det(M) = +1.

Proof 1t suffices to prove the equivalence (a) < (d) and the other equivalences will follow
from Proposition 5.1.

Assume first that det(P)2/"MP~'M" = P, then we get det(M) = +1 simply by computing
the determinants. After setting P = CC7, we get:

det(CCT2"M(CCTY'MT = CCT, and thus

—S pm—C _rp—C<

¢ ~T\T —
|det(C)| 1/ |det(C)|/n |det(C)|/n I7D" =1,

-1
It |der(C)| !/ "
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C . C _r

1e.[ |a’et(C)|1/"] M| |det(C)|1/”] € O, and we get (a) = (d).

For the converse, assume that M = KUKT with K € GL,, U € O, and det(M) = +1.
By computing the determinants we obtain: det(U) = det(M) and det(KK") = 1. Hence:
det(KKTY/"M(KKT)"'M" = MK-TK-'M" = KK" (after replacing M with KUKT), i..
KKT is a fixed point of I'),0j08.

Proposition 6.2 Ler M € GL, and assume that I'y;0j06 is elliptic. Then

a) @ +# Fix(I);05) CSLP,;

b) Fix(l},0j08) = R* - Fix([),0j) :={tP : t > 0,P € Fix(I'y;0)};

c) (Fix(Ly,0j06),g) is a closed simply connected totally geodesic symmetric Riemannian
submanifold of (P,, g), isometric to the Riemannian product

(Fix(Ly0)), 8) X (R, €) (€ is the ordinary euclidean metric) and hence, with the same nota-
tions as in Proposmon 5.9, it is isometric to the Riemannian product
Py NSO, 9), 8) X H, {(Hyyo, VU v),27) X (Py N Spy. 9) X (R,e)  and its
dimension is pq + 2 Z/ | KVt k(k +1)+ L

Proof

a) It follows from Proposition 6.1 and from Remark 2.13.
b) If P € Fix(I),0j), then MP~ IMT = P and det(P) = 1 from (a).

Hence, for every t € R*, det(tP)?/"M(tP)"'\M" = tMP~'M" = tP,

i.e. tP € Fix(I};0jof).

For the other inclusion, it suffices to note that, if P € Fix(I),0jod), then
——— € Fix(L,9)).
det(P)!/n (o) p P
Indeed we have: M(W) MT = det(P)/"MP~'MT = ( 77

e n }’l
. P In(det(P))
¢) The mapping (P,,g) — (SLP,,g) X (R,¢), P —
) pping (P,,8) = ( X (R, ¢€) (det(P)l/n o/

try, as proved in [14, Proof of Prop. 2.7]. By part (b), the restriction of this mapping to
Fix(I,0jo0) is an isometry from (Fix([l,0j0d), g) onto (Fix(I},0)), ) X (R, €).

), is an isome-

Proposition 6.3 Ler M € GL,, assume that I'y,0joé is elliptic, let U be an orthogonal
matrix, R-congruent to M, and let p, q,k, h, p;, v; 2 0 as in Proposition 5.10.
Then, up to isometries, the De Rhamfactors of(le(FMOJO(S) g) are:

a) R ifp=q=1

b) R,ifp#lorg#1;

c) SOup,q9)/(SO, ®SO,),if p,q=1and p+q = 3;

d) Spu/pUp), ifk > 1;

e) SU(u;, vj)/S(UM/ b UV/_), ith>1, forevery j=1,..., hsuchthat y;,v; > 1.

Proof Tt follows directly from Propositions 6.2 and 5.10.

@ Springer



592 A. Dolcetti, D. Pertici

References

1. Amari, S.: Information Geometry and its Applications. Applied Mathematical Sciences, vol. 194.
Springer, Berlin (2016)

2. Ballmann, W.: Lectures on Spaces of Nonpositive Curvature. Birkhduser Verlag, Basel (1995)

3. Burago, D., Burago, Y., Ivanov, S.: A Course in Metric Geometry. GSM 33. American Mathematical
Society, Providence (2001)

4. Berndt, J., Console, S., Olmos, C.: Submanifolds and Holonomy. Chapman & Hall/CRC, Boca Raton
(2003)

5. Besse, A.L.: Einstein Manifolds. Springer, Berlin (1987)

6. Ballmann, W., Gromov, M., Schroeder, V.: Manifolds of Nonpositive Curvature. Birkhduser Verlag,
Boston (1985)

7. Bridson, M., Haefliger, A.: Metric Spaces of NonPositive Curvature. GMW 319. Springer, Berlin
(1999)

8. Bhatia, R., Holbrook, J.: Riemannian geometry and matrix geometric means. Linear Algebra Appl.
413, 594-618 (2006)

9. Bhatia, R.: Positive Definite Matrices. Princeton University Press, Princeton (2007)

10. Barbaresco, F., Nielsen, F. (eds.): Differential Geometrical Theory of Statistics [Special Issue].
Entropy - MDPI, Basel (2017)

11. de Gosson, M.: Symplectic Geometry and Quantum Mechanics. Operator Theory: Advances and
Applications 166. Birkhduser Verlag, Basel (2006)

12. Dolcetti, A., Pertici, D.: Some differential properties of GL,(R) with the trace metric. Riv. Mat. Univ.
Parma 6(2), 267-286 (2015)

13. Dolcetti, A., Pertici, D.: Skew symmetric logarithms and geodesics on O,(R). Adv. Geom. 18(4), 495—
507 (2018)

14. Dolcetti, A., Pertici, D.: Differential properties of spaces of symmetric real matrices. Rendiconti Sem.
Mat. Univ. Pol. Torino 77(1), 25-43 (2019)

15. Helgason, S.: Differential Geometry, Lie Groups, and Symmetric Spaces. GSM 34. American Math-
ematical Society, Providence (2001)

16. Horn, R.A., Johnson, C.R.: Matrix Analysis, 2nd edn. Cambridge University Press, Cambridge (2013)

17. Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry, vol. I. Wiley, New York (1963)

18. Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry, vol. II. Wiley, New York (1969)

19. Kobayashi, S.: Transformation Groups in Differential Geometry. Springer, Berlin (1995)

20. Lang, S.: Fundamentals of Differential Geometry. GTM 191. Springer, New York (1999)

21. Lawson, J.D., Lim, Y.: The geometric mean, matrices, metrics, and more. Am. Math. Mon. 108(9),
797-812 (2001)

22. Molnar, L.: Jordan triple endomorphisms and isometries of spaces of positive definite matrices. Linear
Multilinear Algebra 63(1), 12-33 (2015)

23. Mohaker, M., Zérai, M.: The riemannian geometry of the space of positive-definite matrices and its
application to the regularization of positive-definite matrix-valued data. J. Math. Imaging Vis. 40(2),
171-187 (2011)

24. Nielsen, F., Bhatia, R. (eds.): Matrix Information Geometry. Springer, Berlin (2013)

25. O’Neil, B.: Semi-Riemannian Geometry. Lecture Note Series 171. Cambridge University Press, Cam-
bridge (1983)

26. Savage, R.P.: The space of positive definite matrices and Gromov’s invariant. Trans. Am. Math. Soc.
274(1), 239-263 (1982)

27. Skovgaard, L.T.: A Riemannian geometry of the multivariate normal model. Scand. J. Stat. 11(4), 211-
223 (1984)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Elliptic isometries of the manifold of positive definite real matrices with the trace metric
	Abstract
	1 Notations and recalls on matrices
	2 Recalls on the trace metric and a first general result
	3 The fixed points of the isometries 
	4 The fixed points of the isometries 
	5 The fixed points of the isometries 
	6 The fixed points of the isometries 
	References




