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ABSTRACT. We study the set of generalized principal g-logarithms of any ma-
trix belonging to a connected SVD-closed subgroup G of U,,, with Lie algebra
g. This set is a non-empty disjoint union of a finite number of subsets diffeo-
morphic to homogeneous spaces, and it is related to a suitable set of minimizing

geodesics. Many particular cases for the group G are explicitly analysed.

CONTENTS

Introduction

e S A R o

Basic notations and some preliminary facts.

Commuting matrices and SVD-systems

SVD-closed real Lie subalgebras of gl,(C)

SVD-closed subgroups of U,

Generalized principal g-logarithms

Closed subgroups of U,, endowed with the Frobenius metric
Generalized principal (V'), ~logarithms, with V' € Uy
Generalized principal < @ =, —logarithms, with Q € O,

" sup

References

Frobenius metric, minimizing geodesics, (symmetric) homogeneous space.

MATHEMATICS SUBJECT CLASSIFICATION (2020): 53C30, 15B30, 22E15.
GRANTS: This research has been partially supported by GNSAGA-INdAM (Italy).

INTRODUCTION

1

S| SO | = | =0 | ==~ o =

KEYWORDS. Generalized principal logarithm; SVD-decomposition, SVD-closed subgroup,

If M is a matrix belonging to a connected closed subgroup G of GL,(C), having g as
Lie algebra, we say that a matrix L € g is a generalized principal g-logarithm of M, if
exp(L) = M and —7 < Im(X) < 7, for every eigenvalue A of L; the set of all generalized
principal g-logarithms of M is denoted by g—plog(M). Our definition relaxes the usual one

of principal logarithm, which excludes the matrices M € G L, (C) with negative eigenvalues
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(see, for instance, [Higham 2008, Thm. 1.31]). The usual definition implies both existence
and uniqueness of a principal logarithm. In some relevant cases, matrices with negative
eigenvalues and belonging to a closed subgroup G of GL,(C), have an infinite set of
generalized principal g—logarithms, on which it is possible to define some natural geometric
structures. We have already studied the sets so,—plog(M), if M € SO,, and g, (R)-
plog(M), if M is semi-simple (see [Dolcetti-Pertici 2018a)] and [Pertici 2022]). Our interest
in the set g—plog(M) is related to a differential-geometric setting, which we briefly describe.
Denote by ¢ the Frobenius (or Hilbert-Schmidt) positive definite real scalar product on
gl,,(C), defined by ¢(A, B) := Re(tr(AB™)). If G is a connected closed subgroup G of
the unitary group U, (with Lie algebra g), we still denote by ¢ the Riemannian metric
on G, obtained by restriction of the Frobenius scalar product of gl,(C). This metric is
bi-invariant on G and the corresponding geodesics are the curves () = Pexp(tX), where
X € gand P € G. The set of minimizing geodesic segments of (G, ¢) is a classical and
relevant subject of investigation.

In this paper we also assume that the group G is SVD-closed: a condition satisfied by many
closed subgroup of U,. The reason is that, under this assumption, for every P,, P, € G,
the set of minimizing geodesic segments of (G, ¢) with endpoints P, and P,, can be
parametrized by the set of generalized principal g-logarithms of PSP, (see Theorem [E3]).
Therefore, a geometric structure on g—plog(P; P,) induces a corresponding structure on
the set of minimizing geodesic segments joining P, and P,.

To fully illustrate the statements of the title and of the previous result, we must explain the
meaning of SVD-closure. Any matrix M € gl, (C)\{0} has a unique decomposition (called
SVD-decomposition of M) of the form M = i 0,A,, where 0, >0, >--- >0, >0 are
the non-zero singular values of M, and A,, A, ,Z-:-l- A are non-zero complex matrices (called
SVD-components of M) such that A} A; = A, AT =0, for every h # j, and A; A7A; = A,
for every j. We say that a real Lie subalgebra g of gl, (C) is SVD-closed if, for any matrix
M € g\ {0}, all SVD-components of M belong to g. A closed subgroup of GL,(C) is
SVD-closed if its Lie algebra is SVD-closed in g, (C).

Sections [1] and [2] are devoted to recall many general basic notions and preliminary facts
on matrices. In Section Bl we discuss and determine a wide class of SVD-closed real Lie
subalgebras of gl,,(C). The key result is that the sets of fixed points of all automorphisms
of the real Lie algebra gl,(C), commuting with the map n : A — A" and preserving
the so-called triple Jordan product, are SVD-closed real Lie subalgebras of gl,(C) (see
Proposition [35]). In Section [d] we prove that many classical groups of matrices are SVD-
closed, as, for instance, the real general linear group GL,(R), the unitary group Uy, the
special orthogonal complex group SO, (C), the symplectic groups Sp2n(C), Sp2n(R), the
generalized unitary groups U, n—p) and all their intersections. In particular, we analyse

the following families of SVD-closed subgroups of U,:
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(V)y, ={X € Un: XV =V X}, where V is an arbitrary unitary matrix,

KQiry, ={X €Un: XQX" =Q} and < Q =5, =< Q =y, N SU,, where Q is an
arbitrary real orthogonal matrix. Among them, we find many classical closed subgroups
of Un, as, for instance, SOn, Spn, Ugpn-p NUn and (SO(n—p)(C)) N Un.

In Section Bl we study the set g—plog(M) for a matrix M, belonging to a connected SVD-
closed subgroup G of U,, with Lie algebra g. In particular we prove that g—plog(M)
is non-empty (see Proposition B3] and that it is a disjoint union of a finite number
of compact submanifolds of g, each of which is diffeomorphic to a homogeneous space
(Theorem 7). In Section [6 we obtain some results about of the Riemannian manifold
(G, ¢), where G is any connected SVD-closed subgroup of U,, and, among them, the
already mentioned Theorem In addition, we compute the diameter of all connected
SVD-closed subgroups of U, that we considered in Section [ (see Proposition [6.7]).

The main result of Section [Tlis Theorem [.2] in which we prove that, for every V € U,, and
M € (V). , the set (V), —plog(M) has a finite number of components, each of which is
a simply connected compact submanifold of u,, diffeomorphic to the product of suitable
complex Grassmannians. Finally, the main result of Section [} is Theorem [R5 which
states that, for every @ € O, and M € 5 Q ‘=4, , the set < Q =, ~plog(M) has a
finite number of components, each of which is a simply connected compact submanifold of

suy,, diffeomorphic to the product of suitable complex Grassmannians with the symmetric
Oszm and _Sp ®

m w

homogeneous spaces

1. BASIC NOTATIONS AND SOME PRELIMINARY FACTS.

1.1. Notations.

a) In this paper we will use many standard notations from the matrix theory and from
the theory of Lie groups and algebras.

Among these, if K is either the field of real numbers R, or the field of complex numbers
C, or the associative division algebra of quaternions H, then gl,(K) denotes the real Lie
algebra of square matrices of order n and GL,(K) the Lie group of invertible matrices of
order n, both with coefficients in K. In any case, the identity matrix and the null matrix

of order n are denoted by I, and by 0, , respectively, and we define also K° = {0} . As

usual, i is the unit imaginary number of C and j, k are the further standard imaginary
unities of H, so that i2 = j> = k* = —1, ij = —ji = k, jk = —kj =i, ki = —ik = j. Note
that any ¢ € H can be written in a unique way as ¢ = z + wj with z, w € C, so that the
complex field C can be identified with the set of quaternions of the form z + 0-j, with
z € C. We denote by e* := Jioj—: the exponential of z € C and, if z # 0, by log(z), the
unique complex logarithm of1 :z? vx;hose imaginary part lies in the interval (—m, 7).

For every A € gl (H), AT, 4, A* := A" and A7! (provided that A is invertible) are

respectively transpose, conjugate, adjoint and inverse of the matrix A and ¢r(A) is its
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trace. If A € gl,,(C), det(A) denotes its determinant, while exp(A) := > — € GLn(C)
i—0 0°

denotes the exponential of the matrix A.

If M,,---, M, are square matrices of orders r,,--- ,r,, respectively, then M, ©---® M,

denotes the related block-diagonal square matrix of order r, + -+, . Moreover, if B is

a p X p matrix, then B®" denotes the ph x ph block-diagonal matrix B& --- & B.
————

h times

If S1,...,Sm are sets of square matrices, then S1 @ - - - @ S, denotes the set of all matrices

B1&--- & By, with B; € §; , for every j. If the sets Sy, ..., S are mutually disjoint,

we write |ﬁ| S, to denote their (disjoint) union.

To give al?lill generality to the results of this paper (and to their proofs), it is necessary

to establish agreements on the notations that we will use: if h is a non-negative integer
h

h
parameter, whenever, in any formula, we write any term as >, (---), € (---) or
i=1 i=1

H (-++), we mean that, if A~ = 0, this sum, this direct sum or this product must not
;L:plpear in the related formula. Moreover, if G, (for n > 1) denotes any classical Lie
groups of matrices of order n, having Lie algebra g,, and if H,, is a closed subgroup of
G, we also assign a meaning to the expressions Go, go, %7 defining them all equal to
a single point @ which, conventionally, satisfies the following conditions:

AQ = Q, for every A\ € C; Q@ B =B® Q = B, for any square matrix B;
QS =560 Q9=3, for any set of square matrices S.

It is also useful to define the zero-order identity matrix I, and M®° (for every square
matrix M) both equal to this point Q and, to simplify the notations and some statements,

the complex numbers, which are not eigenvalues of a matrix M, will be called eigenvalues

of multiplicity zero of M. Furthermore, we denote:

0 -1 0 —1I

Q.= ;Q, = " " |; hence Q, = Q, while, for n > 2, we have Q,, # Q%";
1 0 I, o,
W, = Ip®ily, forevery p,q >0 such that p+¢>1 (W, - is unitary and diagonal);

cos —sin
E, = 52 (%) = cos(yp) Iz +sin(p) Q, with ¢ € R, so Q@ = E and

sin(p)  cos(p) e
E®" = cos(p)1,, + sin(p)Q®" for every h > 1;

3 ) .— D (&3] 0) — p®
moreover, for every p,q > 0 with p+¢ > 1, Eif’ Vi=EPO(-E,)% (so Ei}" =E]")
and J®P9 =1 @ (-1)=EP? (so J»” =1, and JO9 = -1 ).

b) As usual, O, :={X € gl (R): XXT =1} is the real orthogonal group;

Un:={X €gl,(C): XX =1,} is the (complex) unitary group;

SOn == {X € Oy : det(X) = 1}, SU, := {X € Uy, : det(X) = 1} are their special
subgroups; while U, (H) := {X € gl,(H) : XX = I,,} is the quaternionic unitary group.
Note that the identification (recalled in (a)) of C as a subalgebra of H, allows to identify
U, with a subgroup of U, (H). In this paper this identification is always implied and not

explicitly indicated. Furthermore, for every p,q > 0, with p+q > 1,
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Op.q) (C) = {X € gl (C) : XJPIXT = jpa)},

50() (€) = {X € Oy (C) : det(X) = 1},

Ow.g) = Ow.0)(C) Nalpiy(R),  SO(p.q) := 5O0(.0)(C) N gl 44y (R),

are the complex and real indefinite orthogonal groups, with their special subgroups;
Up.g) = {X € gl,44(C) : XJ@PDx* = J®D} s the indefinite unitary group. Finally
Spon(C) :={X € gl,,(C): XQ, X" =Q,} and Sp2n(R) := Sp2n(C) Ngly, (R) are,
respectively, the complex and real symplectic groups; while Sp, := Span(C) N Uz, is the
compact symplectic group. Of course, all the previous are real Lie groups of matrices.
We recall that a well-known Cartan theorem states that a subgroup H of a given Lie group
G is closed if and only if it is an embedded real submanifold of G. Of course, if the Lie
group G is compact, then every closed subgroup of G is compact too.

If G is any Lie group and P € G, then T, (G) denotes the tangent space of G at P.

¢) The Lie algebras related to the previous Lie groups are denoted by:

s0, = {A € gl (R): A= —AT}, the Lie algebra of both O, and SO;

u, ={A € gl,(C) : A= —A"}, the Lie algebra of Up;

sup, = {A €gl,(C): A= —A", tr(A) = 0}, the Lie algebra of SUy;

un(H) = {A € gl,,(H) : A = —A"}, the Lie algebra of U, (H).

The Lie algebras of the remaining Lie groups will be denoted by the corresponding small
gothic letters: for instance, s0(, 4)(C) and sp, are the Lie algebras of SO, q)(C) and of
Spn, respectively.

d) If B € GL,(C), we denote by Ad, the map from gl (C) onto itself, defined by

Ad, : A Ad,(A) := BAB™'. Note that Ad, commutes with the exponential map. In
this paper, we will still denote by Ad, the restriction of this map to any subset of gl,, (C).
We indicate with 7, u and 1 the maps from g, (C) onto itself, given by: 7 : A — AT,
wi A A n: A~ A*. The maps p, —7, —n and Ad, (with B € GL,(C)) are
automorphisms of the real Lie algebra gl,, (C); furthermore, the automorphisms p, —7, —n
are involutive, mutually commuting and the composition of any two of them is the third

automorphism; hence the group generated by p, —7, —n is isomorphic to Z, ® Z,.

e) We denote by ¢ the Frobenius (or Hilbert-Schmidt) positive definite real scalar product
on gl (C), defined by ¢(A, B) := Re(tr(AB")), and we denote by [|A|l, = /¢(A, A) =
Vtr(AA*), the related Frobenius norm. Note that, if A € u,, then HAHi = —tr(A?).

Since the eigenvalues of the skew-hermitian matrix A are purely imaginary, we also get

lAll, = v/—tr(A2) =, [ > |\ |?, where X;,--- , X, are the n eigenvalues of A.
\/ j=1

1.2. Remarks. a) The map p : C — gl,(R), given by p(z) := Re(z)l, + Im(z)Q2 =
Re(z) —Im(z)
Im(z) Re(z)

that p(z) € GL2(R) as soon as z # 0. More generally, for any h > 1, we denote again

, is a monomorphism of R-algebras, such that p(z) = p(z)” and such
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by p the mapping: gl,(C) — gly,(R), which maps the h x h complex matrix Z = (z;)
to the block matrix p(Z) = (p(2i;)) € gly,(R), having h® blocks of order 2 x 2. We say
that p is the decomplexification map. It is not hard to prove that, if A1, --- A, are the
h eigenvalues of any matrix Z € gl,(C), then AL, AL -, An, A are the 2k eigenvalues of
p(Z) € gly, (R) and that p is a monomorphism of R-algebras, whose restriction to G Ly (C)
is a monomorphism of Lie groups, having as image p(gl,(C)) N GL2x(R). We have also
p(Z*) = p(Z)T; so, the restriction of p to Uy is a monomorphism of Lie groups and
p(Uh) = p(g[h((C)) N SO2p. From now on, to simplify the notations, the map p will be
omitted, hence we will regard the real Lie algebra gl,(C) as Lie subalgebra of gl,, (R), the
Lie groups GLj(C) and U, as closed subgroups of GLa,(R) and SOap, respectively; in
particular we will write Up, = gl (C) N SOq,.

b) We denote by ¥ : H — gl,(C) the map: z + wj — ¥(z + wj) := j 7_w , where

Wz

z,w € C ; this map is a monomorphism of R-algebras. Note that, for every ¢ € H, we
have ¥ (q) = (¥(q))". It is possible to extend this map to a monomorphism of R-algebras
(still denoted by the same symbol) ¥ : gl, (H) — gl,, (C) (h > 1), which maps the h x h
quaternion matrix Q = (g,;) to the block matrix ¥(Q) = (¥(g;;)) € gly,(C), having
h? blocks of order 2 x 2. Tt can be easily checked that we have ¥(A*) = (¥(A))* and
(QEMT (AN (QEMT = (W(A)T, for every A € gl (H). Moreover, ¥ maps GLy(H) into
GL2,(C) and Uy (H) into Usap; both restrictions GLy(H) — G L2, (C) and Uy (H) — Uy,
are monomorphisms of Lie groups. Hence, up to the isomorphim V¥, we will consider
gl, (H) as real Lie subalgebra of gl,,(C), GLx(H) as closed subgroup of GL2;,(C) and
Ui (H) as closed subgroup of Usy,.

Note also that the monomorphism ¥ maps the closed subgroup Uj, of U, (H) onto a closed
subgroup of (U (H)) C Uap, so that the elements of W(Uj) are the 2h x 2h complex

unitary matrices, having h? blocks Z,; of the form: Z,, = K , with z,, € C.
0 z,

ij
As in the case of the map p, from now on, to simplify the notations, we will omit to

indicate the map ¥ and so, for instance, we will simply write U, (H) = Usap, N gl, (H) and
up (H) = ugp N gl, (H). From this last equality, we easily get that every matrix of up(H)
has trace 0. Therefore, since Ux(H) = exp (un(H)), the group Uy (H) is contained in SUzp,
hence U, (H) = SUsp, Ngl, (H) and us(H) = suap N gl (H).

¢) Fixed n > 1, for any ¢,j = 1,---,2n, let W(4,5) be the square matrix of order 2n,
having 1 at the entry (¢,7) and 0 elsewhere, and let B be the 2n x 2n real matrix defined
by B:= Y (W(j,2j — 1) + W(n+3,2j)). Since W (i, /)W (h, k) = 6,, W (i, k), it is easy

Jj=1
to check that B is an orthogonal matrix such that BTQ B = Q®" ; from this, one can get

that X belongs to Uy (H) if and only if B X B” belongs to Spn , i.e. Ad, (Un(H)) = Spn.

It is also easy to check that Ad, maps the closed subgroup U, of U, (H) onto the closed
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subgroup of Sp, of matrices of the form A@® A with A € U,,. Hence U,, can be regarded as
the closed subgroup of Sp,, of matrices of this form, and so, the simply connected compact

S U,(H
symmetric homogeneous space %, obtained in this way , is diffeomorphic to M

d) Let @ be the automorphism of R-algebra H, defined by ®(t+zi+yj+zk) = t+yit+zj—zk,

for every t, z,y, z € R. We have: ®(q) = ®(q), for every ¢ € H. Acting on each single entry
of the matrix, this map induces an automorphism (still denoted by ®) of the R-algebra
gl, (H). Since ®(A*) = ®(A)", for every A € gl, (H), the restriction of ® to U,(H) is

an automorphism of Lie group U,(H), which maps U, onto a closed subgroup of U, (H).

U, (H) U (H) Spn
(U U and, by (c), also to U

n

Remembering (b), up to the map ¥, the subgroup ®(U,) of Uy, (H) can be identified with

Hence the homogeneous space is diffeomorphic to

the subgroup of Uz, whose elements are the 2n x 2n special orthogonal matrices, having

2 Tiy Yy
n” real blocks U,; of the form: U,;, =

Yij Lij

restriction of ® to U, agrees with the restriction to U, of the decomplexification map p.

. Note that, remembering (a), the

2. COMMUTING MATRICES AND SVD-SYSTEMS

2.1. Notation. Let S C gl,,(C) and M € gl,,(C). We denote
(M)s :={X€S:XM=MX} and S Mzg={X€eS: XM=MX}.

2.2. Remarks. a) Let A € U, , M € gl,(C) and S C gl,(C). It is easy to check that
Ad, (M =g )=<AMA"
In particular, if A € O,, we get AdA( <M=

Ady(S) *
) =< AdA(M) >AazA(s) :
b) Let G be a closed subgroup of GL,(C), having g C gl,(C) as Lie algebra and let M

S

be any matrix in gl (C). Then (M), and < M =, are closed subgroups of G, whose Lie

algebras are (M)  and < M =, respectively.

2.3. Lemma. a) Let ¢ € R, ¢ # km, k € Z. Any matriz of gl,,, (C) commutes with Ef"

— &n
alan(C) <Q >E’2n,(C) .

b) Let S be any subset of gl,,, (C), then (Q®™) ¢ consists of the matrices of S, having n®

if and only if it commutes with Q%™ i.e. (Ef”)

blocks of the form: X, = | “ 1, with a,.,b,. € C.

Proof. Part (a) is trivial and follows from Ej‘f" = cos(p)1,, +sin(p)Q®" and sin(p) # 0.
For part (b), we can write an arbitrary matrix of S in n? blocks, X,;, each of them of
order 2. We easily get that such a matrix commutes with Q%™ if and only if each block

commutes with €, i. e. if and only if each X, is of the form stated in (b). O

S
2.4. Lemma. Let D := @ D, € gl,,(C) be a block diagonal matriz, with D; € gl, (C)

j=1 J
simisimple matrices. Denote by S; and by =S, (j =1,---,s), respectively, the set of the

eigenvalues of D; and the sets of their opposites.
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a) Assume that S, N(=S;) = 0 as soon as i # j. Then a matriz A € gl (C) anticommutes
with D if and only if A = J_EE A, where each A; belongs to g[nj (C) and anticommutes
with D;.

b) Assume that S, NS, =0 as soon as i # j. Then a matriz A € g, (C) commutes with
D if and only if A = J_EE A, where each A; belongs to g[nj (C) and commutes with D, .

Proof. We proof only part (a), being part (b) similar and easier.

We write the matrix A in blocks A = (A,;), consistent with the block structure of D,

so the condition AD = —DA is equivalent to A,;D, = —D,A,,, for i,j = 1, --- ,n.

Assume i # j and let B be a basis of C"7, consisting of eigenvectors of D,;. Ifv e B,

with associated eigenvalue A, then D, (A, ;v) = —A,;D,v = —A(A,;v). This implies that

A,;v =0, otherwise (against the assumptions made) —A would be eigenvalue of D;. This
i

S
holds for every v € B and so, A,; = 0, as soon as i # j. Therefore A = P A, where
j=1

each A, anticommutes with D,. The converse is trivial. O

2.5. Remark-Definition. If M € gl,(C) and G is a closed subgroup of GL,(C), we call
Ad(G)-orbit of M, denoted by Ad(G)(M), the set {Ad,(M)=BMB™"': B € G}.

It is well-known that each orbit Ad(G)(M) is an immersed submanifold of gl, (C), diffeo-
morphic to the homogeneous space &7 being (M), the isotropy subgroup of M with
respect to the action of G; furthermore, if G is compact, then Ad(G) (M) is a compact
(embedded) submanifold of gl,,(C) (see, for instance, [EoM-Orbit]).

2.6. Remarks-Definitions. A non-empty family of matrices A ,---, A, € gl, (C)\ {0} is
said to be an SVD-system, if A;A; = A, AT =0, foreveryh#j, and A /ATA, =A,
for every j =1,---,p. Note that,if A;,---, A is an SVD-system, then

a) the matrices A,,---, A, are linearly independent over C;

b)c Ay, c, A, ¢, A, isstill an SVD-system, if c; € C and |¢;|=1, for j=1,---,p.
We call SVD-decomposition of M € gl, (C)\ {0}, any decomposition M = i o, A;, where
A, A, €gl,(C)\ {0} form an SVD-system and o, > 0, > --- > 0, J>:z) are positive

P
real numbers. Any matrix M € gl (C)\{0} has an SVD-decomposition M = 3 o, A, and
j=1

a
this decomposition is unique, i.e. if M = Y 7, B, is another SVD-decomposition, then

h=1
p=g¢q,0; =7, and A, = B, for every j = 1,---,p. The positive numbers o,,0,,...,0

P
are the distinct square roots of the non-zero eigenvalues of M*M; they are known as
the non-zero singular values of M. We say that the matrices A,,--- A, are the SVD-
components of M. For more information, see for instance [Horn-Johnson 2013 Thm. 2.6.3],

[Ottaviani-Paoletti 2015, Thm.3.4] and also [Dolcetti-Pertici 2017, §4].

2.7. Lemma. Let A,,---,A, be an SVD-system of skew-hermitian matrices of order n,

P
let 0, >0, >--->0, be real numbers and denote M := Y 0, A.. Then
j=1
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a) the eigenvalues of A, are: i with multiplicity p;, >0, —i with multiplicity v; >0
(where pu; +v; > 1) and 0 with multiplicity n — (u; +v,;) >0, for everyj=1,---,p;
b) the distinct eigenvalues of M are i0; with multiplicity p; > 0, —i6, with multiplicity

P P
v; 20 (forj=1,---,pand _Zl(uj +v;) > p), and 0 with multiplicity n— Y (u; +v;) > 0.
5=

j=1

Proof. Since A,,---, A, is an SVD-system of skew-hermitian matrices, each matrix A,

D
satisfies the matrix equation X* + X = 0. This allows to obtain (a).

We have A, A, = —AhA; = 0, for every h # j; these conditions imply that, if v is an
eigenvector of A, associated with the eigenvalue i or —i, then A, v = 0, for every j # h.
Moreover the same conditions give, in particular, that the matrices A, and A; commute,

hence A,,---, A, are simultaneously diagonalizable (together with M) by means of a

unitary matrix (see for instance [Horn-Johnson 2013] Thm. 2.5.5 p. 135]). Using a common

(orthonormal) basis of eigenvectors, we easily obtain (b). O
2.8. Lemma. Let A, A,,---,A, be an SVD-system of skew-hermitian matrices of order
n andlet a,,a,,---,a, be compler numbers. Then

exp( ilajA].) =1, + é [sin(a]. YA, 4+ (1 — cos(ocj))Af].

J Jj=1
Proof. Since A, A,,--- , A, are skew-hermitian, as in the proof of Lemma[Z7] the proper-
ties of being an SVD-system give: A, A, =0, for h # j (so A, and A; commute), and Aj.’ =
—A,, for every j. Hence (a; A, 2Rl = (—1)k_1a?k_1Aj and (a; Aj)% = (—l)k_la?kAf,

P p
for every j = 1,---,p and for every k > 1. Therefore: exp(} a;A;) = [] exp(a;A;) =
=1

J Jj=1

e

[[n + sin(a]. )Aj +(1- cos(ocj))Af] =1, +

jil ; [sin(a,)A; + (1 — cos(a;)) JQ] a

J J
1

2.9. Remark. Lemma [2.8] gives one of the possible generalizations of the classical Ro-
drigues’ formula (see [Gallier-Xu 2002 Thm. 2.2] and [Dolcetti-Pertici 2018b] Ex.4.11]).

Note also that, from this Lemma, we obtain exp(af)) = E_, for every a € R.

3. SVD-CLOSED REAL LIE SUBALGEBRAS OF gl,, (C)

3.1. Remark-Definition. We say that a real Lie subalgebra g of gl,(C) is SVD-closed if
all SVD-components of every matrix of g\ {0} belong to g.

Note that any intersection of SVD-closed real Lie subalgebras of gl,,(C) is an SVD-closed
real Lie subalgebra of gl,, (C).

3.2. Notation. We denote by 2, the group, whose elements are the automorphisms f of
the real Lie algebra gl,(C), such that

i) fon=mnof (ie f(A")=f(A)", forevery A € gl, (C));

ii) f(ABA) = f(A)f(B)f(A), for every A,B € gl,(C) (i.e. f preserves the so-called
Jordan triple product).

3.3. Lemma. The elements of U, are precisely the following maps:
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(1) X — Ad,, (X)=VXV*,  (2) X+ (Ad, op)(X)=VXV*,
(3) X = (Ady o (=7))(X) = =VXTV*,  (4) X = (Ad o (-))(X) = VX"V,
for every V € U,.

Proof. 1t is easy to check that the previous maps are elements of 2 .
For the converse, consider the decomposition gl,(C) = H, @ u,, where H, is the real

vector subspace of gl,, (C) of hermitian matrices, so that every matrix Z € gl,(C) can be
uniquely written as Z = ZZZ + Z;Z , with ZJ;Z € H, and Z-2

f € 2, and denote by f, and by f, the restrictions of f to H, and to u,, respectively.
Since fon =mno f, we have f, (Hn) = Hn and f, (un) = u,. By [An-Hou 2006, Thm. 2.1],

€ Uy; let

there exists a unitary matrix V' € U, such that we have
either f, =Ad, or f,=—-Ad, or f =Ad,opn or f =—Ad, opu.
In particular, this implies f(I,) = +1,.

Now we denote M :=il, and N := I, — M = (1 —1i)I,, so that NYN = —2iY, for

every Y € gl (C). Since f is an automorphism of the Lie algebra gl, (C) and M belongs
to its center Z, then also f(M) belongs to Z, i.e. f(M) = A, for some X\ € C. Since
f preserves the Jordan triple product, we get: —f(I,) = f(MI, M) = A\*f(I,). Hence
A = =i, so that f(N) = f(I,) — f(M) = (g, + &,1)I,, where ¢,,e, = %1; from this
we get f(N)? = 2eil,, where ¢ = £1. Fixed Y € u,, we have (iY)* = iY and, so,
NYN = —2iY € H,. Remembering that f preserves the Jordan triple product, we get
=2f,(iY) = fLINYN) = fN)f,(Y)f(N) = 2¢if,(Y) and this gives f,(Y) = eif, (iY).
This last equality implies that f(Z) = % [f.(Z+Z")+eif,(iZ—1Z")], for every Z € gl,,(C).
Taking into account the four possible expressions for f, (and the fact that ¢ = +1), easy
computations allow to obtain the following eight possible expressions for f:

+Ad,, +Ad,ou, +Ad,omn, +Ad,or.

But —Ad,, —Ad, ou, Ad, on, Ad, ot are not automorphisms of the real Lie algebra

gl,,(C), while the remaining four are the expressions for f in the statement. O

3.4. Remark. If f € 2, then either f(XY) = f(X)f(Y) for every X,Y € gl (C) (in the
cases (1) and (2) of LemmaB3) or f(XY) = —f(Y)f(X) for every X,Y € gl,,(C) (in the

remaining cases (3) and (4)).

3.5. Proposition. For every f € 2, , the set Fiz(f) = {M € gl,,(C) : f(M) = M} is
an SVD-closed real Lie subalgebra of gl,(C).

Proof. Choose an element f of 2 ; Fiz(f) is a real Lie subalgebra of gl,,(C), since f is an

automorphism of the real Lie algebra gl,,(C). Hence it suffices to prove that Fiz(f) is SVD-
P

closed. Let M = )" 0, A, be a matrix of Fiz(f)\ {0}, with its SVD-decomposition; since

=1
P
f is R-linear, we have M = f(M) = 3 o, f(A,). By conditions (i), (ii) of Notation [3.2] we
i=1
A)=Tf

have f(A,;)f(A,)"f(A,) = f(AA] (A,),fori=1,--- ,p. Furthermore, by Remark
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B4 f(A,)f(A;)" equals either f(A, A7) or —f(AA,) and, in both cases, f(4,)f(A4;)" =0,
P

if i # j. Similarly, we get f(A,)*f(A4;) =0, if i # j. Hence ) o, f(A,) is another SVD-
i=1

decomposition of M; by uniqueness, we get f(A4,) = A,, so every A, € Fix(f). ]

3.6. Examples. From Proposition and from Lemma B3] we obtain that, for every
V € Uy, the following are SVD-closed real Lie subalgebras of gl (C):

Fiz(Ad,) = M) o Fiz(Ad, op) =<V = O Fiz(Ad, o (—1));
Fiz(Ad, o (—n)) (note that, if V =1, we have Fiz(—n) = u,).

n

Taking into account Remark-Definition [3] we obtain that

<V> = <V>g[n(C)
are SVD-closed real Lie subalgebras of g, for every V' € U, and for every SVD-closed real

Nng and Ve, =xViE Ng

9 " gln(C)

Lie subalgebra g of g, (C). In particular, for g = u,, we deduce that
Fiz(Ad, o (—1)) Nu, = Fiz(Ad, ) Nu, = (V) and

Fiz(Ad, o (—7)) Nup = Fiz(Ad, op) Nun =<V 3=,

are SVD-closed Lie subalgebras of u,,, for every V € U,.
Other particular SVD-closed real Lie subalgebras of gl,(C) are the following:

gl (R) = Fiz(u); 50, (C) = Fiz(—7); 50, = Uy, Ngl, (R);
5p,,, (C) = FZx(Ad o(=7));  sp, =8Py, (C) Nuzn; stz = 5p,(C) Nuy;
593, (R) = 59, (C) 1 g1, (R); W) = Fia(Ad o (~0));
50(,,4)(C) = Fix(AdJ(p’q) o(—7)); 50(p.q) = 50(p,9)(C) N @l ) (R).

3.7. Remark. If n > 3, the following are not SVD-closed real Lie subalgebras of gl (C):
Slp, 50, (C) ={M € gl,,(C) : tr(M) = 0}, sl, (R) := 50, (C) N gL, (R).
We check it only for sus; the generalization to n > 3 and the other cases go similarly.

i 0 o0 0 0 O i 00
The SVD-components of the matrix D = | 0 i 0 are |0 0 O |land |0 i O

0 0 —2i 0 0 —i 0 0 0
(being 1 and 2 the singular values of D); since D € sus, while its SVD-components do not

belong to sus, we can conclude that the Lie algebra sus is not SVD-closed.

3.8. Proposition. Let g be an SVD-closed real Lie subalgebra of gl,,(C).

a) For every W € un, we have that (W) is an SVD-closed Lie subalgebra of g.

b) If g is the Lie algebra of a closed subgroup of Un, then every Cartan subalgebra of g is
SVD-closed.

Proof. Clearly, if YW = WY then Ye*"V = e*"WY, for every s € R; conversely, if VeV =
e*WY for every s € R, then, differentiating with respect to s and putting s = 0, we get
YW = WY. Hence (W), =gn [ Fiz(Ad,,.,)]- We get (a), since exp(sW) € Uy,
for every s € R. Part (b) follows frf)ir]]f part (a), via [Sepanski 2007, Lemma 5.7 p. 100]. O
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4. SVD-CLOSED SUBGROUPS OF U,

4.1. Remark-Definition. We say that any subgroup of GL,(C) is SVD-closed if it is
closed in GL,(C) and its Lie algebra is an SVD-closed real Lie subalgebra of gl,,(C). Note
that, by Examples and Remarks (b), the subgroups of U,, defined by

SViry, ={X€U,: XV =VX}={X €U, : XVX" =V} and

(V)y, ={X €Un: XV =VX}, are SVD-closed, for every matrix V € Us.

By Remark-Definition[3] the intersection of SVD-closed subgroups of GL,(C) is an SVD-
closed subgroup of GL,(C); indeed, it is known that its Lie algebra is the intersection of
Lie algebras of all SVD-closed subgroups ([Bourbaki 1975| Cor. 3 p.307]). In the Sections
[Mand[§ we will study the sets of generalized principal logarithms of matrices of the groups
V)y,» where Ve U,, and X Q =g4, ==<Q =, N SU,, where Q€ On.

Note that we can obtain some classical Lie groups as follows:

U, = <1n>un7 SO, =<1

n 7
U(p,nfp) N Un= <J(]p’n_p)>UTL7 SO(P’n*P) ((C) NUn = < Jwn=r) F st

SU > Spn =< Q, =

n 7 SUsy,

for p=0,--- ,n. We need some preliminary results.

4.2. Proposition. Let V € Uy,; denote by \, (with multiplicity n, ), --- , X, (with mul-
T

tiplicity n,. ) its distinct eigenvalues, and choose R € U, such that V = AdR( D A, Inj).
j=1

Then (V), = AdR(@gzl Unj) and it is a (compact) connected SVD-closed subgroup of
Un, whose Lie algebra is (V), = Adg( D). unj).

Proof. The equality (V), = AdR( ;:1 Unj) easily follows from Lemma 24 (b). This
implies that (V) ~is compact and connected. As noted in Remark-Definition BT (V')

Un

is SVD-closed too. Clearly, its Lie algebra is (V), = Ad( 1 Un, ) O

4.3. Lemma. Let V' any matriz of Un. Then <V =4, is an SVD-closed subgroup of
Un, whose Lie algebra is XV =, =<V =

sup *

Proof. The Lie algebraof x V =, is xV =

" sup,

=< V i=,, and this last is SVD-closed,

<
so it suffices to prove the reverse inclusion. If X € < V 5=, , being V*XV = X, then X is

similar to its complex conjugate X and so, by [Horn-Johnson 2013} Cor. 3.4.1.7 p. 202], X
is similar to a real matrix; therefore X has real trace; since any skew-hermitian matrix has

trace with zero real part, we conclude that the trace of X is zero, ie. X e XV = O

sup

In the next results, we will need the matrices W,

s E®? and J®9 defined in
P,q) @
Notations [[LT{a).

44. Lemma. Ifp = 0,1,---,n , we have Oy n_p(C) N Un = Ad
SO(p,n—p)((C) NU, = Adw( ) (S0).
P,

W(p,nfp)
n—p
Proof. Let W =W _ .

p,n—p)

e, =S0n,  SJP"P) =03 n_p(C)NUn,

Then the statements follow from Remarks (a), since
<1I

n n

kUn:On7 _\<I



GENERALIZED PRINCIPAL LOGARITHMS 13

< Jmop) Fsu, = SOp,n—p)(C) N Uny, wWIWwT = J®"=P) and the groups U, SU,, are

Ad,, -invariant. O

4.5. Lemma. For every ¢ € R and p=0,1,---,n, we have

S EPmP = Ad (X E®" =, ) and

w
(2p,2n—2p)

S EPP = Ad (< E®"

= .
W(2p72n72p) ¢ SUz2n )

Proof. Let W :=W

(2p,2n—2p) "

w Ef” wT = E&P’”*p) ; hence, by Remarks[Z2] (a), we get the statements . O

The groups Uz, and SUs, are Ad,, -invariant and

4.6. Lemma. Fiz ¢ € [0,27), with ¢ # g and @ # gﬂ',‘ consider the matriz Ef”. Then

a matriz A € gl,, (C) anticommutes with ES?" if and only if A=0,, .

cos —sin
Proof. Assume first n =1, so ES?" =FE, = (%) (%) . If a matrix

’ sin(¢)  cos(p)
20 cos(ip) = (v — ) sin()
a B 26 cos(p) = (v — B) sin(p)

A= € gl,(C) anticommutes with E_, then
S 27y cos(p) = —(a + d) sin(y)

28 cos(¢) = (o + 8) sin(p)
Since cos(p) # 0, the previous conditions give: a = ¢ and 8 = —v, i.e. A = al, + 8.

But this last matrix also commutes with the nonsingular matrix F, and so, A must be
the null matrix.

If n > 2, we write any matrix of A € gl,, (C) as A := (4,;), with n? square blocks A, of
order 2. A direct computation shows that, if A anticommutes with ES?’Z then each block

A,; anticommutes with E_; hence, the proof follows from the case n = 1. O

4.7. Lemma. Fiz ¢ € (0,2n) with ¢ # g, p#m and ¢ # gﬂ'. Then we have

< Eff’n_p) Fsuy, = N Eff’n_p) Fu,, = Ad (Un), for every p=0,---,n,

w
(2p,2n—2p)

in which we put (consistently with Remarks[L3 (a)) Un = gl,,(C) N SO2, C SUzx.

Proof. By Lemma [£5] we have to prove that < Ef" = =< Ef” =

T SUsp

=U,. For, a
n

Uz
complex matrix X = X, +iX, (X,,X, real matrices) satisfies the condition XE?” =
Ef"y if and only if X, Ef” = Ei‘f”X1 and X, Ef” =— Ei‘f”X2 and, by Lemmas
and 223 this is equivalent to say that X € gl (C) C gl,, (R) (and, in this case, det(X) > 0).
Hence, by Remarks [2] (a), we get < E&™ F sy, = 01,(C) N SUzn = gl,,(C) N SO2n = Un
and similarly, < ES?" Fu,, = gl,,(C) N Uz, = gl,,(C) N SOz, = Up. O

4.8. Lemma. Remembering Remarks[3 (b), we have

Q% g, =<0 =, = Un(H) and =<Q%" =, =<0%"

SUgp,

Uzp 2n ugn un(H)

Proof. Any matrix X =Y +1iZ € gl,,(C) (with Y, Z € gl,,,(R)) satisfies the condition
X Q% = Q%X if and only if YQ®" = Q®"Y and ZQ%" = —Q®"Z. A direct com-

putation shows that these conditions on Y and Z are equivalent to say that Y = (Y,.)

ij
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and Z = (Z,;) are block matrices, whose blocks Y;,, 7,  are 2 x 2 real matrices of the

a,. —b.. C. . .
form: Y, = | “ Y, Z, =" “ 1, for 4,5 = 1,--- ,n. These last condi-
b, a,. d. —c

ij ij ij ij
tions are equivalent to say that X = (X.) is a block matrix, with n? blocks of the form:

z,.  —w,.

X, =1" Y|, and, by Remarks[[.2] (b), this is equivalent to say that X € gl,, (H).
w, z,

Hence < Q%" Fsvy, = SUzn Ngl,(H) = Un(H) = Uz2n Ngl,(H) = < Qo o, and,

by Remarks 22 (b), we also get < Q%" =, =<Q%" = = u,(H). O

4.9. Remarks. a) For any Q € O,, there exists a matrix A € O, such that Q = Ad, (J) =
AT AT, where J is a matrix of the form J := J®9 @ ( é;lEg;j’Vj)) ® QOF,

=
with0 < ¢, <p, <--- <y, < g; p+q+2é:1(pj +v)+2k=n; p,gk,p,v, >0
p; +v;, > 1 (see for instance [Dolcetti-Pertici 2021, Rem.-Def. 1.8], where we called
J the real Jordan auziliary form of Q). Hence the (possible) eigenvalues of @ and their
multiplicities are the following: 1 of multiplicity p > 0; —1 of multiplicity ¢ > 0; £i both of

Tip

i both of multiplicity p; > 0 and et =e)) — _Fie;

multiplicity £ > 0; when h > 0, e e

both of multiplicity v; > 0, for every j = 1,--- , h. The condition u; +v; > 1 is equivalent
+i(r—p,) (

to say that e ore and possibly both) are effective eigenvalues of Q.

b) If Q, A, J € O are as in (a), we have Ad, (I, ® (71(71,—1))) € <X Q 7gy, if and only if

n is odd. Indeed, if n is odd, the real matrix ) has at least one real eigenvalue.

4.10. Proposition. Let Q € Oy; denote its eigenvalues (with their multiplicities) and the
matrices A, J € On as in Remarks[{.9 (a). If Z is the n x n unitary matric defined by

h
Z = A(W(p’q) @ [@ W(2”‘j72”j):| @IQk)7 then
j=1
h
SQFy, = Ady <0<p+q) o {GBIU% +%>] e Uk(H)) ;
5

SQ =gy, = Ad, (SO(,,H) @ [EE U(Hﬁyj)} ® Uk(H)) ,

and they are (compact) SVD-closJe_d subgroups of U,, whose common Lie algebra is
SQFa, =<xQ7, = Ad, (5°(P+q) ® |: EiB u(uj+uj):| @uk(H))~

The group < Q =, 1is connected if Q hjaglno real eigenvalues, otherwise it has two
connected components. In any case, < Q =g, 1is the connected component of < Q =,
containing the identity I, .

Proof. From Remark-Definition ] and Lemma [£3] it follows that the groups < Q =,

and < @ =4, are SVD-closed and their common Lie algebras is < Q =, = < Q =, -
By Remarks 221 (a), we have < Q =, = Ad, (S T =y, ), S Q =gy, = Ada(X T =gy, )-
Now we determine the groups < J =, and < J =g, . A matrix X = X, +iX, € g[,(C)
(with X,, X, € gl (R)) satisfies the condition X7 = JX if and only if X, 7 = JX, and

X,J =—-JX,. By Lemma[24] (b), the condition X, J = JX, implies that
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J

j=1--,h and Y, ., € gl (R). By Lemma 2.4 (a), the condition X,J = -JX,

X, =Y, [@;?:1 Y} ©Y, ., whereY; €gl,, ,(R), Y€ g[(2va +2uj)(R) for every

implies that also the matrix X, must be block-diagonal, with blocks of the same type as the
blocks of X, . Therefore, if X satisfies the condition X J = ‘77, then X is block-diagonal
with similar blocks, this time complex instead of real. Of course, X is unitary if and only
if each single block is unitary too. Then, setting U = W, oy ® [ EhB W(guj 2, )} @ IL,, and

Jj=1
taking into account also Lemmas [£4] [4.7] and [£]] , we obtain

S J 7, =S J®D PU(pra) GB[J'EE s E*(‘";j’uj) ?U@P‘j +20) }69 <o Pua =

< TPy @[J{Q < B S0, 1) ]ea S Q% gy, =

Ad, (O(pﬂ) &) LEE U(uj +l,j)] @ Uk(]HI)>;

S J #sv, = S J 0 P SUprg P LEE s Es’l;jyyj) #SU(ZM]‘ +2v;) ]69 < 0% P s =

Ady, (SO(p+q) ® [JEZBI U(uj +uj):| ® Uk(H))

From these equalities, easily follow the statements that still remain to be proved. d

5. GENERALIZED PRINCIPAL g-LOGARITHMS

5.1. Definition. Let G be a connected closed subgroup of GL,(C), whose Lie algebra is
g Cgl,(C). If M € G, we say that a matrix L € g is a generalized principal g-logarithm
of M, if exp(L) =M and —w < Im(\) <, for every eigenvalue A of L.

We denote by g—plog(M) the set of all generalized principal g-logarithms of any M € G.

5.2. Remarks. a) In Introduction, we compared the previous definition with the usual
definition of principal logarithm of a matrix M € GL,(C) without negative eigenvalues, in
which case the set gl,, (C)—plog(M) consists of a unique matrix ([Higham 2008, Thm. 1.31]).
b) If G is any connected closed subgroup of GL,, (C), with Lie algebra g C gl,,(C), then p(G)
is a connected closed subgroup of GL2,(R) C GL2,(C), having p(g) C gl,,, (R) C gl,, (C)
as Lie algebra, where p is the decomplexification map. Remembering the relationship

between the eigenvalues of Z and p(Z) (see Remarks (a)), we easily get that
p(g-plog(M)) = p(g)-plog(p(M)), for every M € G.

5.3. Lemma. Let G, H be connected closed subgroups of GL,(C) such that G = Ad, (H),
for some A € GL,(C), and let g,h C gl,,(C) be their Lie algebras, respectively. Then
Ad , (h—plog(M)) = g—plog(Ad ,(M)), for every M € H.

In particular, if G is any connected closed subgroup of GLy(C), we have

Ad , (g—plog(M)) = g-plog(Ad ,(M)), for every A, M € G.

Proof. Note that G = Ad,(H) implies that g = Ad,(h). Hence B € g if and only if
AT'BA € b. Since B and A"'BA are similar and exp(B) = AMA™! if and only if
exp(AT'BA) = M, we get: B € g-plog(Ad,(M)) if and only if A7*BA € h-plog(M). O
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5.4. Remark. The eigenvalues of any skew-hermitian matrix A are purely imaginary; so,
the generalized principal u,-logarithms of any M € U,, are the skew-hermitian logarithms
of M, whose eigenvalues all have modulus in [0, w]. Note that, since all the eigenvalues of
any M € U, have modulus 1, the only possible negative eigenvalue of such M is —1.

In this Section, given any unitary matrix M of order n, we will denote its eigenvalues by
e'%1 with multiplicity m, , e!% with multiplicity m.,, up to €%» with multiplicity m,, where
>0, >0,>--->0,>—-7 and n= Zp: m;. If —1is not an eigenvalue of M (i.e. if
0, < 7), then the eigenvalues of the unic]l;(la generalized principal gl,, (C)-logarithm of M
are exactly: 0, with multiplicity m,, i0, with multiplicity m,, up to i6, with multiplicity
m,. Instead, if —1 is an eigenvalue of M (i.e. if #, = 7), then the eigenvalues of any
generalized principal gl, (C)-logarithm Y of M are exactly: im of multiplicity h, —im of
multiplicity m —h (for some h € {0,1,--- ,m, } depending on Y'), i, with multiplicity m,,
up to if, with multiplicity m,. Note that, if Y is any generalized principal u,-logarithm
of M, in any case we have ||Y||i = —tr(Y? = Jijl mjﬂ? = 121 mj|log(ei91)|2.

5.5. Proposition. Let G be a connected SVD-closed subgroup of Uy, whose Lie algebra is
g Cun. Then

a) g-plog(M) # 0, for every M € G and, furthermore, if —1 is not an eigenvalue of M,
then g—plog(M) consists of a single element;

b) If Y € g-plog(M), then ||Y]|, < [ X||,, for every X € g such that exp(X) = M;
moreover the equality holds if and only if X € g—plog(M).

Proof. a) f M =1

no

it is clear that g—plog(M) = {0,} and the statement holds true.
Fix M € G\ {I,} and denote its eigenvalues as in Remark [5.4] Since G is compact and
connected, we can choose a skew-hermitian matrix X € g\ {0,} such that exp(X) = M

(see, for instance, [Brocker-tomDieck 19850 Ch.IV Thm. 2.2]). Then, the n eigenvalues of

X arei(f, +2k, ), i(0, +2k, ,m), ---,i(6, +2k, oy m); (0, +2k, ), -+, i(6,+2k, iy )5

-3 up to i(0, + 2k, ,7), -+, i(0, + 2k, m, ), where k, ; € Z, for every h,j. We also
denote by o, > o, > --- > o, > 0 the distinct non-zero singular values of X. Since
X € uy, there exist 1/1h €{6,,---,0,} and t, € Z such that o, = |1, + 2t, 7|, for every

h=1,---,s. f X = Z [, +2t, 7| X, is the SVD-decomposition of X, then every SVD-
component X, of X belongs to g, because G is SVD-closed. Of course, for h =1,--- s, we
have |1, +2t, 7| = £(¢, +2t, 7), and so X = Z(Q/)h-‘er m)Y, = Zz/)hY +227rth s
where Y, = +X, . Note that, by Remarks- Deﬁnltlons( ), {Y, }1<h<3 is StlH an SVD-
system of elements of g . Taking into account Lemma [2.8 and the mutual commutativity

of the Y, ’s, we have: M = exp(X) = exp(z Q/Jth)exp(Z 2rl,Y,) = exp(z ¥, Y,).

So, if we denote Y := Z ¥, Y,, we have Y € g and M = exp(Y). By Lemma 27 every

non-zero eigenvalue of Y is of the form =+if,, for some h = 1,---,p; hence Y is a
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generalized principal g-logarithm of M. By Remarks (a), if —1 is not an eigenvalue
of M, the set g—plog(M) necessarily reduces to the single matrix Y.
b) Let X € g any logarithm of M, with eigenvalues as in (a), and let Y € g—plog(M).

p " P p "
Then, HX||§) =—tr(X?)=> > (0, +2k,, m)?* = J; mjﬂf, +an Y Dk (0, +k; ) =
P

j=1r=1 j=1r=1
p ™M M
—tr(Y?) + 4 5 5k (0, 4 k) = IY)|2 + 4 S 5 Ky (0, k) (with by, € 2).
j=lr= J=lr=

If 0, € (—m,m), we easily get k, (0, +k, m) >0, with equality if and only if k, = 0.

If 6, = 7, clearly we get k, ,.(0, +k, .7) =7k, (1+k,,)> 0, with equality if and only if
either k; . = —lork, . = 0. Since thecase k, , = —1 gives —ir as eigenvalue of X, we can
conclude that |\X||i > HYHi, and the equality holds if and only if the possible eigenvalues
of X are only —im and i6; (1 < j <p), i.e. if and only if X € G € g-plog(M). O

5.6. Remark. Assume that n > 3. As noted in Remark [37] SU, is not SVD-closed.
Moreover there are matrices M € SU, such that su,—plog(M) = (0. This is the case of
M = e%i/”]n. Indeed, —1 is not an eigenvalue of M (since n > 3), and hence, the unique

generalized principal gl,(C)-logarithm of M is L := @I whose trace is 27i # 0, so
n

n?

L ¢ su,. Hence, the SVD-closure condition in Proposition cannot be removed.

5.7. Theorem. Let G be a connected SVD-closed subgroup of U,, whose Lie algebra is
g Cup; let M € G and let T be a mazimal torus of G containing M, with Lie algebra t.

Then there are L, - - , L, € t=plog(M) (s > 1) such that g—plog(M) = || Ad({M).)(L,).
j=1
Furthermore, each set Ad((M)G) (L) is a compact submanifold of g, diffeomorphic to the
homogeneous space —<.
<Lj>G

Proof. By Proposition B8] (b), T is SVD-closed, being t a Cartan subalgebra of g; so, by
Proposition (a), there exists a matrix L € t-plog(M). Furthermore, the exponential
map exp : t = T is a Lie group homomorphism (considering t as an additive Lie group), so
it is a covering map (see, for instance, [Alexandrino-Bettiol 2015, Prop. 1.24]) and the fiber
exp™ ' (M) is discrete. By Proposition[5.5](b), the set t-plog(M) is the intersection between
exp”'(M) and the sphere {W € t: |[W]||, = ||L||,}, therefore it is finite. We can choose
a non-empty subset {L,,---,L,} of t-plog(M) such that L, ¢ Ad((M),)(L,), if h # i,
and such that every L € t-plog(M) belongs to Ad((M))(L,), for some j € {1,---,s}; it
is clear that Ad((M))(L,)NAd((M).)(L,) =0, for every h # i.

We now prove the set equality of the statement.

If X = Ad,(L,), with K € (M), for some h € {1,---,s}, then clearly X € g—plog(M).
Conversely, let Y € g—plog(M). By [Sepanski 2007, Thm. 5.9 p. 101], there exists Q € G
such that Ad, (Y) € t, so that exp(Ad, (Y)) = Ad, (M) € T. By [Brocker-tomDieck 1985
Lemma 2.5 p. 166], there exists H in the normalizer of T in G such that Ad,,(Ad,(M)) =
M. Since Ady (t) = t, we have Ad, (Ad,(Y)) € t, with exp[Ad,, (Ad,(Y))] = M; so
Ady(Ad, (Y)) € t-plog(M). Hence, there exist j € {1,---,s} and P € (M) such that
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Ad, (Ad, (Y)) = Ad,(L,), and so, Y = Ad, (L;), with K := Q*H*P € G. Since M =
exp(Y) = exp(L;), we get M = Ad,. (M), ie. K € (M), andhenceY € Ad((M).)(L,).

We conclude by Remark-Definition [Z5] since (M), is compact and (L;), C (M),. O

6. CLOSED SUBGROUPS OF U, ENDOWED WITH THE FROBENIUS METRIC

6.1. Remark-Definition. In this Section we consider an arbitrary closed subgroup G of
U, and we still denote by ¢ the Riemannian metric on G, obtained by restriction of the
Frobenius scalar product of gl,,(C) (remember Notations [[T] (e)). It is easy to check that
the metric ¢ (called the Frobenius metric of G) is bi-invariant on G and that we have
P, (X,Y)=—tr(A"XA"Y), for every A € G and for every X,Y € T, (G). We denote by
d:=d g, the distance on G induced by ¢ and by 0(G, ¢) the diameter of G with respect
to d. Of course §(G, ¢) < +00, because G is compact.

6.2. Proposition. Let G be a closed subgroup of U, and let g C u, be its Lie algebra.
Then (G,¢) is a globally symmetric Riemannian manifold with non-negative sectional
curvature, whose Levi-Civita connection agrees with the 0-connection of Cartan-Schouten
of G. The geodesics of (G,¢) are the curves ~(t) = Pexp(tX), for every X € g and
P € G; furthermore (G, ) is a totally geodesic submanifold of (Un, ).

For a proof of Proposition [6.2] we refer, for instance, to [Alexandrino-Bettiol 2015| §2.2].

6.3. Proposition. Let G be a connected closed subgroup of U, and let g C u,, be its Lie
algebra. Then, for every Py, P, € G, the distance d(P,, P,) is equal to the minimum of
the set { ||X]|, : X € g and exp(X) = PP, }.

Proof. Any geodesic segment ~ joining P, and P, can be parametrized by v(t) = P, exp(tX)
(t €10,1]), with X € g, exp(X) = P, P,, and its length is \/—tr(X?) = || X||,; so, we con-
clude by the Hopf-Rinow theorem (see, for instance, [Alexandrino-Bettiol 2015| p.31]). O

6.4. Remark. Let G be a connected closed subgroup of U, such that —I,, € G. Then
(G, ¢) > y/nn. Indeed, if exp(X) = —I,, with X € g C uy,, the eigenvalues of X are of

n

the form (2k; + 1), with k; € Z, so | X||, = /—tr(X?) = | > (2k; +1)2 -7 > \/n.

j=1

Hence, by Proposition [6.3] we have 6(G,¢) >d(I,,—1,) > /nm.
6.5. Theorem. Let G be a connected SVD-closed subgroup of Uy, with Lie algebra g C u,.
Let P),P, € G and let p,,--- ,pun be the n eigenvalues of Py P,. Then
a) d(Py, Py) =/ lelog(uj)P ;

j=
b) the map: X — ~(t) := Pyexp(tX) (0 <t < 1) isa bijection from g-plog(PyP,)
onto the set of minimizing geodesic segments of (G, ), with endpoints P, and P, .

Proof. Part (a) follows from Propositions [6.3] and Remark 54} we also get (b), since
the geodesic path: t +— P, exp(tX) is minimizing if and only if X € g-plog(P, P,). O
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6.6. Corollary. Let G be a connected SVD-closed subgroup of U,,. Then
a) §(G, ¢) < v/nm and the equality holds if and only if —I,, € G;
b) if -1, € G, we have d(P,, P,) = 0(G, ¢) (with Py, P, € G) if and only if P, = —P,.

Proof. By Theorem (a), we easily get the inequality in (a), while, if —I, € G, the
equality follows from Remark Conversely, assume that the equality holds. Since
G is compact, by Theorem [65] there exist P,, P, € G such that /nm = d(P,,P,) =

n
> |log(y;)|?, where pu,,--- ,u, are the eigenvalues of PYP, € G C U,. Hence, for
j=1

every j = 1,--- ,n, we have |u;| = 1, and so, log(;) = i6, with § € (—m,7]. The above
equality implies: log(u;) = im, so 4, = —1, for every j, and from this: PyP, = —1I, € G.

From these arguments, we also easily obtain part (b). O

6.7. Proposition. a) 6(<V>Un ,¢) =/nw, for everyV € Uy and for every integer n > 1;
b) 5( <Q >8Un,¢) =./nm, forevery Q € O, and for every even integer n > 2 ;
c) 6( <Q >5Un,¢) =+vn—1m, for every Q € O, and for every odd integer n > 1 .

Proof. Parts a) and b) follow from Corollary (a) (taking into account also Propositions
2] and [10]), since, in both cases, the groups are connected, SVD-closed and contain —1,.
c) If n is odd, by Remarks E9] (b), we have P = Ad, (I, ® (_Im,q))) € X Q =4y, (with
A € Oy); hence, from Theorem [63] (a), we get 6( <Q #SUn’,qS) >d(I,,P)=+vn—1m.
Now let I, P, be arbitrary elements of < @ =4, . Since n is odd, by Proposition ZH0)!
the matrix PyP, € < Q =4,

d(P,,P,) <+/n—1m and then (c) holds. O

has 1 as eigenvalue; so, from Theorem (a), we get

6.8. Remarks. a) Remembering Remark-Definition L J]and Lemmal[£8g] from Proposition
[€7 we deduce the following facts: the diameter of the groups U, and U, ,—p) NUn

(p=0,---,n)is /nm (for n > 1); the diameter of Sp, and U, (H) is v2n 7 (for n > 1);
the diameter of SO, and SO n—)(C)NUn (p =0,--- ,n) is y/n7, for every even integer
n > 2; while the diameter of the groups SOn, SOy n—p)(C)NUn (p=0,---,n), is equal
to v/n — 17, when the integer n > 1 is odd (see also [Dolcetti-Pertici 2018a), Cor. 4.12]).
b) There are examples of connected closed subgroups G of U, such that —1I,, € G and

5(G, ) > /nm. For instance, denoted by G the one-parameter subgroup of Uz, given by
exp(tA) (t € R), where A is the diagonal matrix with eigenvalues 7i and 3ri, it is easy to

check that G is compact, not SVD-closed, —I, € G and §(G, ¢) = d(I,,—1,) = V10.

7. GENERALIZED PRINCIPAL (V') ~LOGARITHMS, WITH V € Up

7.1. Proposition. Let M € U, and ¢ > 0 be the multiplicity of —1 as eigenvalue of M.
Then un,—plog(M) is disjoint union of (+1 compact submanifolds of un, called Wy, -\ W,,
such that W, is diffeomorphic to the complex Grassmannian Gr(j; (CC), forj=0,---,C.

Proof. If ¢ = 0, the statement is true, since u,plog(M) and Gr(0; C°) reduce to a point.
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Assume now ¢ > 1. Let us denote the eigenvalues of M as in Remark[5.4] with §, = w and
¢ = m,. It is well-known that M can be diagonalized by means of a unitary matrix; hence,

P
by Lemma 5.3} we can assume M = (—I,.) @ (D ¢'% 1, ), so that, by Lemma [ZZ] (b), we
Jj=2 /

P

have (M), = U:®(D Umj). Let T denote the maximal torus of Uy, passing through M,
j=2

consisting of all unitary diagonal matrices, whose Lie algebra is the Cartan subalgebra t of

u,, consisting of all skew-hermitian diagonal matrices (see, for instance, [Sepanski 2007]

p-98]). Since [0;| < , for every j > 2, we have that t-plog(M) is the set of the 2¢
P
elements of the form D @ (€ 6, [mj)7 where D is any diagonal matrix of order ¢, having
j=2
each diagonal element equal to either ir or —im. We denote D, := (irl;) & (—inl_,))
P P
and L, == D, @& (D iGjImj)7 so that (L;), =U; ®Uc—j) © (D Umj), for j=0,---,¢.
j=2 j=2
Clearly, each matrix of t-plog(M) belongs to the Ad((M),, )-orbit of a unique L. Denoted

¢
W, := Ad((M), )(L;), by Theorem BE7 we get: w,-plog(M) = || W,, with W, compact
5=0

P~

| | o, «® (8,0 U
submanifolds of u,,, diffeomorphic to L= ~ ,
Ui ® Uc—s)

L)y -
7 U@ U=y @ (@ Un))
P

and it is well-known that this last homogeneous space is diffeomorphic to the complex

Grassmannian Gr(J; (CC)7 for j=0,---,C. 0

7.2. Theorem. Let V € U,; denote by \, (with multiplicityn, ), -+ , A, (with multiplicity
n,.) its distinct eigenvalues, and choose R € Uy such that V = AdR( D A Inj). Then
j=1

a) M €(V), if and only if M = Ad ( GBIMJ) , with M, € Un, ,forjg=1,--- 7;
=

b) if M = Ad, (@ M,;) € (V),, (with M; € Un ), and (; > 0 is the multiplicity
j=1

of =1 as eigenvalue of M, (1 < j < r), then the set (V), —plog(M) has T](¢; + 1)
j=1
connected components, called Z(k,,--- ,k,) (for k; =0,1,---,(; and j =1,--- ,1); each

component Z(k,,- - ,k,) is a simply connected compact submanifold of un, diffeomorphic

) M,

T
to the product of complex Grassmannians [] Gr(kj;(CCi ).
j=1

Proof. Part (a) follows directly from Proposition We now prove part (b). By Lemma

B3l we can assume V = @ A, I, (i.e. R = 1,) and, so, again by Proposition {2, we

j=1

have (V), = @ Un,, V), = D u, and M = @ M,. From this, it follows that
j=1 j=1 j=1

L e (V),plog(M) if and only if L =L, ®---® L,, where L, € unjfplog(Mj)7 for every

j=1,---,r. This implies that (V), —plog(M) = @ unjfplog(M].).
j=1

From Proposition [T} we get that the set un;plog(Mj) is disjoint union of ¢; +1 compact

submanifolds of Un called W, - - 71/\/](],7 where W, is diffeomorphic to the complex
Grassmannian Gr(k; C% ), for every k=0,---,(; and j=1,---,r. Hence:
r Cj r r
(V)urplog) = @ (I W,,) = i B W,,, . where cach W),
j=1 k;=0 0<k, <¢, - ,0<k,. <C,. §=1 j=1
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is a connected component of (V'), —plog(M) and a compact submanifold of uy, diffeomor-

phic to the product [ Gr(k,; C%). The total number of these components is [] (¢, +1).
j=1 j=1

Setting Z(k,,--- ,k,) == @ ijj (for all possible indices), we obtain (b). O
j=1

8. GENERALIZED PRINCIPAL < Q) =, ~LOGARITHMS, WITH @ € O,

Sl

8.1. Remark. By Lemma B8] we have U, (H) =< Q%"= . Then, arguing as in the

SUgp,
proof of Lemma (3] it is easy to show that any matrix M € U,(H) is similar to a real
matrix; so, if —1 is an eigenvalue of M € U, (H), its multiplicity is even and the eigenvalues
of M can be listed as follows: —1 with multiplicity 2 > 2, e*™ both with multiplicity
w,, e both with multiplicity p,, ---, up to e™s both with multiplicity p, (¢ >0),
where m >n, >, > .- >n, >0, with the agreement that, if n, = 0, the multiplicity of

q
the corresponding eigenvalue 1 is 2u,. In any case we have: p+ Y u, =n.
=1

8.2. Proposition. Let M € U,(H); denote by 2u > 0 the multiplicity of —1 as eigen-

value of M. Then u,(H)-plog(M) is a simply connected compact submanifold of u, (H),

H
diffeomorphic to the symmetric homogeneous space U‘[‘]( ) o~ %
p Iz

Proof. If 4 =0 (i.e. if —1 is not an eigenvalue of M), the statement is true, remembering
Notations [[T] (a) and Proposition (a). Assume now g > 1. It is easy to show that the
n
group T ={ @ E, :0,,---0, € R} is a maximal torus of Uy, (H), whose Lie algebra is
j=1

t= { é 0,2:0,,---0, € R}. We denote the eigenvalues of M and their multiplicities
as in %{:elmarkm then, by [Sepanski 2007, Thm.5.12 (a)], there exists K € U, (H) such
that M = Ad, ((—1,,) ® (é Ej‘,j,”j )). By Lemma 53] we can assume K = I, ; hence, by
Remark [Z9] the set tfplo;a/[) consists of the 2* elements of the form

(Sél(eh Q) & ( é (n;Q)"7), where each ¢, is either 1 or —1. All these elements belong

= j=1
to the same Ad((M}UTL(H))—orbit. Indeed, it suffices to remark that the matrix ¥(k) =
0 —i
satisfies ¥(k) Q¥ (k)* = —Q. Hence, by Theorem E1 u,(H)-plog(M) is a
—-i 0

M> Unp(H)

compact submanifold of u, (H), diffeomorphic to the homogeneous space , where

( >Un(ﬁl)
q

L:=(mQ)%" o ( G}l(nj Q)% ). Recalling Remarks[[Z(c), (d), we get the statement, since
=

we have (M), . = U, (H) & (J_eial O(U,))) and (L, = U0 & (D OU,). O

j=1 J

8.3. Remark. In Remarks 2 (c), we have seen that we have Ady (Un(H)) = Spn, with
B € Oz,; so, by Lemma [5.3] we obtain sp,—plog(M) = Adg [un(H)fplog(AdBT (M))]7 for

every M € Sp,. Hence, by Proposition B2] we conclude that the set sp,—plog(M) is a
. . . . . S
simply connected compact submanifold of sp,,, diffeomorphic to the symmetric space #,

I
where 24 > 0 is the multiplicity of —1 as eigenvalue of M, for every M € Sp.
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8.4. Proposition. Let M € SO ,—p)(C)NUn (p =0,---,n) and denote by 2m > 0
the multiplicity of —1 as eigenvalue of M. Then the set (50(2,,”_1,)(((:) N un)mlog(M) is

2m

a compact submanifold of su,, diffeomorphic to the homogeneous space ; hence, if

m > 1, this set has two connected components, both diffeomorphic to the simply connected

2m

Un

compact symmetric homogeneous space

Proof. By Lemmas 4.4 and B3] we can assume p = n, so that SO, n—p)(C) NUn = SOn,
and, in this case, the Proposition has already been proved in [Dolcetti-Pertici 2018al §3]
and in [Pertici 2022 Thm.4.7]. A further proof can be deduced from Theorem [(E.7] but,

for the sake of brevity, we omit it. d

8.5. Theorem. Let Q € O,, and assume that Q has, as real Jordan form, the matrix
h P 7
J = J(P"Z)@(@Eif;] 7)) OO with0 < p, <@, <<, < g,
=1
h
p+q+2 Z(uj +v,)+2k=mn, pqku,v, >0, p;,+v,>1, and choose A € O,

Jj=1

such that Q = Ad, (J) = ATAT. Let Z be the n x n unitary matriz defined by
h
Z = A(W(p’q) (&%) [ @ W(Quj’g,,j):| D Izk) . Then
j=1

h

a) M € 3Q =gy, ifandonlyif M = Ad, {N@ ( D M]) @R}, where
j=1

N € SO(p+q), R e Uk(H) and Mj c U(”jJFVj)’ fo*/'j =1,---,h.

h

b) If M = Ad,, [N@ < &b Mj) @R} € X Q =gy, , denote by 2m > 0 the multiplicity of —1
=1

as eigenvalue of N, by ¢; > 0 the multiplicity of —1 as eigenvalue of M, (for 1 <j < h)

and by 2u > 0 the multiplicity of —1 as eigenvalue of R. Then we have

<Q?5un4pl0g(M): |_| V(l17 7lh)7
0<1, <¢q e ,0<L,, <C,)

where each V(1,,---,1,) is a compact submanifold of sun, diffeomorphic to the product
O2m h <. Spy
Gr(l;C =,
Un Lll vl €] x Un
If —1 is not an eigenvalue of N (i.e. if m =0), then each V(l,,--- ,1,) is connected and
h
< Q =, plog(M) has T](¢; +1) components; while, if —1 is an eigenvalue of N (i.e.
j=1
if m > 1), then each V(I,,--- ,1,) has two connected components, both diffeomorphic to
SOQm
— X

Un
In any case, all components of < @ =, plog(M) are simply connected, compact and

h h
{ 'H1 Gr(lj;(CCj)] X SU—p:, 505 Q =, plog(M) has 2 Hl(gj + 1) components.
i= i=

diffeomorphic to a symmetric homogeneous space.

Proof. Part (a) follows directly from Proposition [£10] By Lemma[5.3] we can assume
h h
S Q %5y, =504 @ [EB U(uj+uj)} G Ur(H) and M =N <EB Mj> ® R.
=1 =1
Therefore, arguing as in the proof of Theorem [[2, we get < Q =, —plog(M) =
h
[50<p+qrplog(N )] @ [GBl u(uj+ujrplog(Mj)] @ {uk(H)*plog(R)}-
=

Hence we get (b), by means of Propositions [R2] B4 and [[I] via Remarks (b). O
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