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Abstract. We study local weak sharp minima and sharp minima for smooth semi-infinite
optimization problems SIP. We provide several dual and primal characterizations for a point to be a
sharp minimum or a weak sharp minimum of SIP. As applications, we present several sufficient and
necessary conditions of calmness for infinitely many smooth inequalities. In particular, we improve
some calmness results in [R. Henrion and J. Outrata, Math. Program., 104 (2005), pp. 437—464].
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1. Introduction. The notion of a sharp minimum, namely, a strong isolated
minimum or a strong unique local minimum, of real-valued functions, introduced in
[24], plays an important role in the convergence analysis of numerical algorithms in
mathematical programming problems (see [4, 12, 22, 30]). As such, it has received
extensive attention and investigation. As a generalization of sharp minima, weak
sharp minima for real-valued functions were introduced and studied in [5]. Extensive
study of weak sharp minima for real-valued convex functions has been done in the
literature (cf. [2, 3, 28, 31, 33]). It has been found that the weak sharp minimum
is closely related to the error bound in convex programming (cf. [32]), a notion that
has received much attention and has produced a vast number of publications (see
[16, 17, 23, 31, 32]).

The calmness is an important type of Lipschitz-like property for multifunctions,
which play a key role in many issues of mathematical programming such as sensitivity
analysis, error bounds, and optimality conditions. Thus, the study of the calmness
has recently received increasing attention in the mathematical programming literature
(see [8, 9, 10, 15]).

In this paper, we will study local weak sharp minima for the following semi-infinite
optimization problem:

(SIP) min f(x) subject to ¢(z,y) <0forally €Y,

where f : X — R is a smooth function, X is an Euclidean space, Y is an infinite
index set, and ¢ : X x Y — R is a function such that the function x — ¢(x,y)
is smooth for each index y € Y. It is known that (SIP) has many important and
interesting applications in engineering design, control of robots, mechanical stress of
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materials, and social sciences; see the survey paper [11] and the books [6, 21, 25]. In
the past three decades, (SIP) and its broad range of applications have been an active
study area in mathematical programming (see [1, 7, 13, 14, 20, 27, 29] and references
therein).

Let Z denote the set of all feasible points for (SIP); that is,

Z:={reX: ¢(x,y) <Oforally € Y}.

We say that T € X is a local sharp minimum of (SIP) if Z € Z and there exist
1,6 € (0, +00) such that

(1.1) nllz =zl < f(z) — f(z) + Slelllg[sﬁ(x,y)h for all z € B(z, ),

where B(Z,6) denotes the open ball with center Z and radius é.
We say that Z is a local weak sharp minimum of (SIP) if Z € Z and there exist
1,6 € (0, +00) such that

(1.2) nd(xz,Ly(Z) N 2Z) < f(z) — f(T) + bgg[(ﬁ(x,y)h for all z € B(Z, 6),

where L¢(Z) :={z € X : f(z) = f(z)} and d(z,L¢(Z) N 2Z) := inf{||lz —ul : u €
Li(z)NZ}.

Recall a known optimality condition of (SIP) (cf. [11, 13, 34]) that if Z is a local
minimum of (SIP) and a constraint qualification is satisfied at Z, then there exist
t; >0and y; € Ip(z),i=1,...,p, such that

(1.3) 0=f'(z) +Zti¢;(f,yi),

where Iy(Z) denotes the index set of active inequality constraints at Z. Furthermore,
under a convexity assumption, the optimality condition (1.3) also becomes sufficient.

When Y is a compact topological space and ¢(z,y) and ¢, (z,y) satisfy some
continuity conditions, we will prove that Z is a local weak sharp minimum of (SIP) if
and only if there exist 1,6 € (0, +00) such that for all w € L¢(Z) N Z N B(Z, )

(1.4)  N(Lg(x)NZ,u)NnBx- C f'(u) + [0, Heo{¢)(u,y) : y € In(2)},

where X* denotes the dual space of X, Bx- denotes the unit ball of X*, and N(A, u)
is any one of the Fréchet, limiting, or Clarke normal cones of A at u; in particular, T
is a local sharp minimum of (SIP) if and only if

(1.5) 0 € int(f(z) + [0, 1]co{¢.(Z,y) : y € Io(Z)}).

It is interesting to compare (1.5) and (1.4) with (1.3). These are referred to as
dual characterizations. We also obtain a set of primal ones for a local weak sharp
minimum of (SIP). Moreover, we obtain mixed characterizations for a local (weak)
sharp minimum.

Motivated by Henrion and Outrata [10], we consider the calmness of multifunc-
tions defined by infinitely many smooth inequalities. As applications of several char-
acterizations of weak sharp minima mentioned above, we provide several equivalent
conditions for the calmness; in particular, we improve one of the main results in [10].
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The outline of the paper is as follows. In section 2, some preliminaries on notions
of variational analysis are given. In section 3, several characterizations for a local
weak sharp minimum and a local sharp minimum of (SIP) are obtained. In section 4,
some equivalent conditions for the calmness of the system of infinitely many smooth
inequalities are provided.

2. Preliminaries. Let X be an Euclidean space and ¥ : X — R U {400} a
proper lower semicontinuous function. For z € dom(¢)) := {z € X : ¢(z) < +o00}, let
OY(x) denote the Fréchet subdifferential of 1 at x; that is,

o (x) == {x* € X*: liminf Ylw) = () = @' u — ) > 0} ,

v [l — |

u—x

where u % 2 means u — z and P(u) — (x). The limiting subdifferential of ¢ at x
is denoted by d¢(z) and is defined by

oY(x) := limsup é’(/J(U);

uiw
that is, * € 9¢(x) if and only if there exist sequences xy % ¢ and xj — =* with
xy € 0Y(zk).
The following proposition is well known (cf. [18, Theorem 2.33]) and is useful for
us.
PROPOSITION 2.1. Let 91,12 : X — RU {400} be proper lower semicontinuous
functions and x € dom(y1)Ndom(1p2). Suppose that vy is locally Lipschitz at x. Then

(1 + o) () C 01 (z) + Opa ().

For a closed subset A of X and a € A, let N(A,a) and N (A, a) denote the Fréchet
normal cone and the limiting normal cone of A at a, respectively; that is,

N(A,a) = d64(a) and N(A,a) = d64(a),
where 64 denotes the indicator function of A. Thus, z* € N(A,a) if and only if

(@* a—a)
Te—all

limsupra < 0, where x 4 4 means z € A and x — a, and z* € N(A,a) if

and only if there exist x A o and x} — x* such that z} € N(A,z) for all k € N,
where N denotes the set of all natural numbers.
Let T'(A, a) denote the tangent cone of A at a; that is,

T(A,a) :={hec X: I, — 0" and hy — h such that a + txhy € A for all k € N}.
It is known (cf. [26, Theorem 6.28]) that
(2.1) N(A,a) = {z* € X*: (z*,h) <Oforall h € T(A,a)}.

Let T.(A, a) denote the Clarke tangent cone; that is, v € T,.(A, a) if and only if, for
each sequence {ay} in A converging to a and each sequence {tx} in (0, co) decreasing
to 0, there exists a sequence {v;} in X converging to v such that ay + txvr € A for
all k € N. Let N.(A4,a) denote the Clarke normal cone of A at a and be defined by

(2.2) N.(A,0) ={z" € X*: (2",v) <0 forallveT. (A4 a)}.
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It is well known (cf. [26, Proposition 6.5] and [18, Theorem 3.57]) that
(2.3) N(A,a) € N(A,a) C N(A,a) and N.(A,a)=coN(4,a).

Histories of the subdifferentials and the normal cones can be found in [18, 19, 26].
For any = € X, let P4(x) denote the projection of x on A; that is,

Py(z):={a€A: |z —al =d(z,A)}.

We will need the following known result (cf. [26, Example 6.16]).
LEMMA 2.1. Let A be a closed subset of X and x € X. Then

(2.4) x—ae N(A, a) for any a € Pa(z).

3. Weak sharp minima for smooth semi-infinite optimization problems.
Throughout the remainder of this paper, let X be an Euclidean space of dimension
m and Y a compact topological space (e.g., a bounded closed subset of an Euclidean
space). Let f: X — Rand ¢ : X XY — R be as in section 1. We always assume
that the following properties hold:

(P1) The function z — ¢(x,y) is smooth for each y € Y, and the function y —
¢(x,y) is continuous for each z € X.
(P2) The functions (z,y) — ¢(z,y) and (z,y) — ¢, (x,y) are continuous on X x Y,
where ¢! (z,y) denotes the derivative of the function z — ¢(z,y).
In the literature on semi-infinite optimization, assumptions (P1) and (P2) have been
extensively used.

Since Y is compact and (P1) holds, it is easy to verify that £ € Z is a local
sharp minimum and a local weak sharp minimum of (SIP) if and only if there exist
7,6 € (0, +00) such that

(3.1) iz = 7)) < f(x) — () + max(o(e, )]y for all 2 € Bz, )

ye

and

(3.2) nd(xz,Ly(Z)NZ) < f(zx) — f(T) + r;lea;<[¢(x,y)]+ for all z € B(Z, 6),

respectively.

It follows from (3.2) that every local weak sharp minimum of (SIP) is a local
solution of (SIP). Clearly, Z is a local sharp minimum of (SIP) if and only if Z is a
local weak sharp minimum of (SIP) and

Li(z)NZNB(Z,06) ={z} forsomed > 0.
For convenience, let
O(z) :=max{p(z,y): ye€Y} and I(z) :={y €Y : ¢(z,y) = ®(x)}.

From (P1) and the compactness of Y, it is clear that I(z) # @ for all z € X. For each
x € Z, let Iy(x) denote the index set of active inequality constraints at x; that is,

Io(z) ={y €Y : ¢(z,y) =0}

We will provide characterizations for T to be a local weak sharp minimum or a local
sharp minimum of (SIP). We need the following lemma.
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LEMMA 3.1. Let z € X and € > 0. Then there exists 6 > 0 such that for any
x € B(Z,6) andu € Ly(Z)NZ N B(Z,6)

(f'(w),x —u) < f(x) = f(2) + el — ul
and
(¢ (u,y),x —u) < ¢(x,y) +ellz —ul|  for ally € Io(u).

Proof. Since (z,y) — ¢, (z,y) is continuous, for any y € Y there exist open
neighborhoods U, and V,, of  and y, respectively, such that

¢ (x1,v1) — ¢l (w2, v2)|| <e for all 1,29 € U, and for all vy, vs € V.

Since Y is compact, there exist y1,...,yx € Y such that ¥ = Uf:l Vy,. Let U =
Ni, Uy, and take § > 0 such that B(z,6) C U. It is easy to verify that

(3.3) 9L (z1,y) — ¢l(z2,y)|| <& for all z1,29 € B(z,6) and for all y € Y.
Since f is continuously differentiable, we assume without loss of generality that
(3.4) lf (x1) — f'(z2)|| < e forall 1,25 € B(Z,06)

(considering smaller 6 if necessary). Let « € B(z,6), v € Ly(Z) N Z N B(Z,6), and
y € Ip(u). By the mean value theorem, there exist 61,02 € (u, z) == {tu+ (1 —t)z :
0 < ¢ < 1} such that

f@) = f(@) = f(@) = f(u) = (f'(0r),2 —u)
and
(b(x,y) = qj)(xvy) - ¢(u7 y) = <¢;(92,y),$ - u>
It follows from (3.4) and (3.3) that

(f'(w), 2z —u) = (f'(u) = f'(0r), 2 — u) + (f'(01), — u)
< fla) = f(7) +ellz —ull

and

The proof is completed. 1]
LEMMA 3.2. LetZ € Z andu € Ly(Z)NZ. Then

(f'(u),h)y =0 and (¢!, (u,y),h) <0, forallhe T(Li(Z)NZ,u) and for all y € Iy(u).

Proof. Let h € T(Ly(Z) N Z,u) and y € Iy(u). Then there exist ¢ — 0F and
hi — h such that u + tyhy € Ly(Z) N Z for all k € N. Hence

flu+tihg) = f(u) = f(Z) and ¢(u+ trhg,y) <0 for all k € N.
Since f is continuously differentiable,

fluttehi) = f(u) = (f'(w), trhy) + o(ty).
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It follows that (f'(u),hi) + M = 0. This implies that (f'(u),h) = 0. Let € be an
arbitrary positive number. Then Lemma 3.1 implies that

(@' (u,y), tehi) < O(u + tihy, y) + elltehill < elltehsl]

for all k large enough, and so (¢'(u,y), h) < €| h||. Since € is arbitrary, it follows that
(¢'(u,y), hy <0. This completes the proof. d

In the next theorems we first provide some dual characterizations and then some
primal characterizations for a feasible point of (SIP) to be a local weak sharp mini-
mum. As usual, let coA denote the convex hull of A. For convenience, we adopt the
conventions that if u € L¢(Z) N Z, with Ip(u) = @), then

[0, 1Jco{¢(u,y) = y € Io(u)} := {0}
and

max [(¢),(u,y),h)]+ :=0 forall h € X.
yGIo(u)

THEOREM 3.1. Let Z be a feasible point of (SIP) (i.e., T € Z). Then the following
statements are equivalent:

(i) z is a local weak sharp minimum of (SIP).

(ii) There exist n,6 € (0, +00) such that
(3:5) N(Ly(%) N Z,u) NpBx- C f'(u) + 1[0, eofdl,(u,y) = y € lo(u)}
for allu € Ly(z)NZ N B(Z,9).

(iii) There existn,6 € (0, +00) such that
(3.6) N(Ly(2)N Z,u) NBx+ C f'(u) + (0, Lco{d(uy) : y € To(u)}
for allu e Ly(Z)NZ N B(z,0).

(iv) There existn, 6 € (0, +00) such that
(3.7) Ne(Ly(z) N Z,u) NnBx- C f'(u) + [0, eo{d,(u,y) : y € Io(u)}

for allu € Ly(z)NZ N B(Z,9).
Proof. (i)=(ii). Suppose that there exist 1,6 € (0, +00) such that (3.2) holds.
Let u € Ly(Z)NZ N B(z,%) and u* € N(Ly(%) N Z,u) N Bx-. Let € > 0, and take
r € (0, &) such that

(v —u) <ellv—ul| forallve Lyx)NZnNDB(u,r).

Let z € B(u,5) C B(Z,6). Then there exists v € Ly(Z) N Z such that ||z —v|| =
d(z,Ly(Z) N Z). Hence,
lo —ull < flv ==l + llz - uf| <2[lz—u] <7
Therefore,

(u*,x —u) = (U, z —v) + (U™, v —u)
< llz = vl +llo — u]
< +e)llz — vl +ellz —ull
=1+4+¢e)d(z,Li(z)NZ) +¢e|z—ul.
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It follows from (3.2) and B(u, ) C B(Z,6) that

n(u',z—u) < (1+6)(F(@@) = f(2) + [@(@)+) + nelle —ul forallze B (u, 7).

Noting that f(u) = f(z) and [®(u)]+ = 0, it follows that u is a local minimum of the
function

z = —nu’,z —u) + (1+€)(f(z) - f(Z) + [®(@)]4) + nellz —ull.
This and Proposition 2.1 imply that
nu € (L+e)(f'(u) + 0[®()]+(u)) + neBx-.
Letting € — 0, one has
nu € f'(u) +0[®()]+(u) = f'(u) + co({0} U OP(u)) = f'(u) + [0, 1]0D(u).
Noting (by [26, Theorem 10.31]) that
_J {0} In(u) = 0,
00 = ol ) v nw) o) 20

it follows that (3.5) holds.

(ii)=-(iii). Suppose that there exist 1,6 € (0, +o00) such that (3.5) holds for all
u€ Ly(Z)NZNB(Z,6). Letw e Ly(Z)NZNB(Z,6) and u* € N(L;(Z)NZ,u)NnBx-.
Take a sequence {uk} in Ly(Z) N Z and a sequence {u}} in X* such that ur — u,
up — u*, and uf € N(L;(Z) N Z,uy) for all k € N. Without loss of generality, we
assume that u, € B(Z,§) and uj, € nBx~ for each k € N. By (3.5), one has

up € f'(ug) + [0, 1co{¢. (uk,y): y € Ip(ug)} for all k € N.

We divide into two cases: 1) Ip(ug) = ( for infinitely many & and 2) Ip(uy) # 0 for
infinitely many k.

Case 1. Without loss of generality we assume that Iy(ux) = 0 for all k € N
(passing to a subsequence if necessary). Thus, uj = f'(ux) for all £ € N. It follows
that v* = f’(u). Hence (3.6) holds.

Case 2. We can assume that Ip(ug) # 0 for all £ € N. Noting that X is of
dimension m, it follows from the Caratheodory theorem (cf. [26, Theorem 2.29]) that
there exist t1g, ..., tmy1k € [0, 1] and Y1k, ..., Ym+1x € Io(ux) such that

m—+1 m+1
Z tip <1 and uj = f'(ug) + Z tind (ug, yix) for all k € N.

i=1 i=1
Without loss of generality, we assume that

tip — t; and y;x — vy € Ip(u) ask — o0, i =1,...,m+1
(passing to subsequences if necessary). Thus,

m—+1 m—+1

Z t; <1 and u* = f'(u) + Z tidh (u, i)
i=1 i=1

This shows that (3.6) holds for all w € Ly(Z) N Z N B(Z,0).
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(iii)=-(iv). Suppose that there exist 1,6 € (0, +00) such that (3.6) holds for all
u € Ly(Z)NZNB(z,6). It follows that
N(Ly(z)NZ,u) C Ry f (u)+Rico{¢l(u,y): y € Iy(u)} for all u € Ly(z)NZNB(z,H).
On the other hand, by (2.1) and Lemma 3.2 one has
Ry f'(u) + Ryco{¢(u,y) : y € Io(u)} C N(Ly(Z)N Z,u) forallue Ly(z)NZ.
It follows that
N(Ly(Z)N Z,u) = N(Lg(Z) N Z,u) for all u € Ly(Z) N Z N B(Z,6).
By (2.1) and (
N(Lf(Z)NZ,u) = Ne(Ly(Z)NZ,u) forallue Ly(T)NZNB(Z,0).
)

Therefore, (iv) holds.

(iv)=(i). Suppose that there exist ,6 € (0, +o00) such that (3.7) holds for all
z € Ly(2)NZNB(z,6). Let z € B(z,5)\ Ly(z)NZ, and take u € Pr,(z)nz(x). Then
u € B(Z,6), and it follows from Lemma 2.1 and (2.3) that Tamag € Ne (Ly(Z)NZ,u).
We claim that Io(u) # 0. Suppose to the contrary that Ip(u) = . Then, by the
definition, [0, 1]co{¢. (u,y) : w € Iy(u)} = {0}. This and (3.7) imply that the
intersection N.(L;(Z) N Z,u) N nBx~ is the singleton {f’(u)}, contradicting the fact
that it contains 0 and n(e— 4 Hence In(u) # 0. By (3.7), there exist t1,...,t; €

llz—u]l

[0, +00) and y1,...,y, € Io(u) such that

q
Z <1 and 77|(x—u| +Ztl¢ U, Yi).

T
2.3), one has

Hence
q

nlle —ull = (f (w), o —u) + Y til @) (u, yi), 2 — w).

i=1
Let € € (0, 4). By Lemma 3.1, without loss of generality we assume that
(f'(w),x —u) < f(z) - f(2) +ellz — ull
and
(@ (u,y),x —u) < @(z,y) +ellz—ul| forall y € In(u)

(considering smaller § if necessary). Therefore,

nllz =l < flx) = f@) + ) tid(x,y;) + 2z — ul|

i=1
< fz) — f(z) + max[(z, y)|4 + 2]z —ul|.
yey

It follows that
(n—2¢)||lz —ull < f(z) — f(2) + max[p(z,y)]+;

yey

that is,

(n—2e)d(w, Ly () 0 Z) < f(2) = [(Z) + max](, y)]+
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)N Z, the last inequal-
i) holds. The proof is

Kl

Since f(z) = f(Z) and maxyey[p(z,y)]+ = 0 if © € Ly(
ity holds trivially if « € Ly(Z) N Z. This shows that
completed. 1]

Remark. In view of the proof of Theorem 3.1, one can see that the implication
(i)=(ii) of Theorem 3.1 holds even when X is a Banach space of infinite dimension.

THEOREM 3.2. Let & € Z. Then the following statements are equivalent:

(i) Z is a local weak sharp minimum of (SIP).

(ii) There exist n,6 € (0, +00) such that

(3.8)  nd(h, T(Ls(z) N Z,u)) < (f'(u),h) + ygg@)[w;(u,y),m%

—~

forallue Ly(Z)NZNB(Z,6) and h € X.
(iil) There existn,6 € (0, +00) such that

(3.9)  md(h, Te(Ly(Z) N Z,u)) < (f'(u),h) + max [(¢,(u,y), h)]+

y€lo(u)
forallue Ly(Z)NZNB(Z,6) and h € X.
(iv) There exist n,6 € (0, +00) such that

(310) ol —ull < (f/(w), 2 —u) + max [{¢},(uy),z — uly

for any x € B(7,0) and u € Pp(z)nz(z).

Proof. (i)=-(iii). Suppose that (i) holds. Then by Theorem 3.1 there exist 1,6 €
(0, +00) such that (3.7) holds for all u € Ly(Z) N Z N B(Z,6). Let u € Ly(Z)NZN
B(z,6) and h € X. By Lemma 3.2, (3.9) holds if h € T.(L(Z) N Z,u). Now we
assume that h ¢ T.(L(Z) N Z,u). Take ho € Pr, (L ;z)nzu)(h). Then by Lemma 2.1
and (2.3) one has

h —ho € No(Te(L(Z) N Z,u), ho).
Since T, (L;(Z) N Z,u) is a convex cone,
(h—ho,z—ho) <0 forall z€ T(Ls(Z)NZ, u).

Hence

<h—h0,h0>:0 and <h—h0, ><0 fOI"aHZET(Lf( )ﬂZu)

This and (2.2) imply that 75" € Ne(Lp) N Z,u). It follows from (3.7) that

Io(u) # 0, and there exist t1,...,t, € [O +oo) and yi,...,yq € Io(u) such that

(h
t; <1 and = f'(u) + tid (u, y;).
Z {Ih = holl holl Z

Hence

nd(h, Te(Ly(Z) N Z,u)) = <M, h— h0>

_/n(h — ho)
- < b= hol ’h>
+Zt (u,y:),h)
< (f'(u), h) + max [(¢)(u,y), h)]y.

yEIo(u)
Therefore, (3.9) holds. This shows that (iii) holds.
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Since T.(Ls(Z) N Z,uw) C T(Lf(Z) N Z,u) for any u € L;(Z) N Z,
d(h, T(Ly(Z)NZ,u)) < d(h,T.(L¢(Z)NZ,u)) for all h € Xand for all w € Ly(Z)NZ.

Hence (iii)=>-(ii) holds trivially.

Suppose that (ii) holds. Take 7,6 € (0, +00) such that (3.8) holds for all u €
Li(Z)NZNB(Z,6) and h € X. Let z € B(z, g)\Lf( )NZ, and take u € Pp(z)nz(T).
By Lemma 2.1, one has 2= € N(Ls() N Z,u). Hence (2 z) < 0 for any

z € T(Ly(Z) N Z,u). This implies that

Hw*UH’

|z —ul| < <M,x —u— z> <|lz—u—z| forall zeT(Lp(Z)NZu).

Hence ||z — u|| = d(z — u, T(Ls(Z) N Z,u)). Noting that u € B(Z,6), it follows from
(3.8) that (3.10) holds. This shows that the implication (ii)=-(iv) holds.

Suppose that (iv) holds. Take 1,6 € (0, +00) such that (3.10) holds for any = €
B(z,6) and u € Pp,(z)nz (7). Let = € B(Z, S\ L (Z)NZ, and take u € P (@)nz(T).
Then v € B(Z,6). Hence (3.10) holds for such = and u. Let ¢ € (0, 7). By Lemma
3.1, without loss of generality we assume that

(f'(u),x —u) < f(z) - f() +ellz — ull
and
(0n(u,y), 2 —u) < dw,y) +ellz —ul forally € Io(u)
(taking smaller § if necessary). Hence

(@ (uwy),x = wy < [d(x,y)l4 +elle—ul| forall y € Ip(u).

It follows from (3.10) that
nlle —ull < f(2) — f(Z) + max(o(z,y))+ + 2o — ull.
Therefore,

(n = 2e)d(z, Ly () 0 2) = (n = 2e)|l — ul| < f(2) - f(2) + max[o(z, y)).

This shows that (i) holds. The proof is completed. 0

Now we provide a mixed characterization for T to be a weak sharp minimum of
(SIP), which is inspired from [10, Theorem 4].

PROPOSITION 3.1. Let & € Z. Then T is a local weak sharp minimum of (SIP)
if and only if the following conditions are satisfied:

() T(Ly (@)1 2.3) = {h € X (7). 1) + mayen o {64(7.u) )l <0

(ii) There exist n9,6 € (0, +00) such that for any v € Ly(Z) N Z N B(Z,6) \ {Z}

N(Ly(@) N Z,w) NoBx- C f'(u) + [0, Leo{d}(u,y) : y € Io(u)}.
Proof. By Lemma 3.2, one has

T(Ly(#)NZ.%) C {h € Xt (/&) h)+ max [(6,(@.9).h)]+ <O forall y € Lo(a)}:
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It follows from (ii) of Theorem 3.2 and (ii) of Theorem 3.1 that the necessity part
holds.

To prove the sufficiency part, suppose that (i) and (ii) hold. We claim that there
exists n; > 0 such that

(3-11) mu[[n]| < (f'(z), h) + g}%)[w;(f,y),mh for all h € N(Ls() N Z, 7).

Suppose to the contrary that there exists a sequence {h;} in N(L;(Z) N Z,Z) such
that

|hell =1 and (f'(z), hi) + max [(¢.(Z,y), hi)]s+ < % for all k € N.

y€lo(Z)

Without loss of generality we assume that hy — hg. Then

ho € N(Ly(#) N Z,2) and (f'(2), ho) + yg}af)[@;(f,y),ho)h <0.
olx
It follows from (i) that hg € T(L;(Z) N Z, ), contradicting ||hg|| = 1 and (2.1). This
shows that (3.11) holds. Let z € B(z,$)\ Ly(z)NZ and u € Pp,(z)nz(z). Then
u € B(Z,6) \ {z} and P € N(Ls(z) N Z,u). In the case when u = Z, by (3.11)
one has

(3.12) mlle — 2| < {(f'(2), m—x>+yg}?é)[<¢;(f,y),w—i>}+-

Hﬂrj UI

In the case when u # Z, by (ii) there exist ¢; € [0, +00) and y; € Ip(u), i =1,...,4q,
such that

q
Ztigl andnﬁ(u” —l—thb U, Ys)-
i=1

It follows that

mollz — ull = (f'(u),z —u) +Zt o (U, yi), ¢ — )

< (f'(u),x —w) + max [(¢,(u,y), z —u)].
y€lo(u)
This and (3.12) imply that (iv) of Theorem 3.2 holds with n = min{n, 71 }. It follows
from Theorem 3.2 that the sufficiency part holds. The proof is completed. 0
Remark. Letting

Y(e) = () + maxlo(e )l forallz € X,
y

it is clear that if Z is a local weak sharp minimum of (SIP), then Z is a local weak

sharp minimum of ¢: There exist 7,8 € (0, +00) such that

nd(x, Ly (%)) < (x) — (z) for all x € B(Z,0).

The converse implication may not be true. Indeed, let X = R, Y = {yo}, f(x) = —a?,

and ¢(z,y0) = 22 for all x € R. Then Z = {0}, and Z = 0 is not a local weak sharp
minimum of (SIP). But, noting that ¥(z) = f(z) + maxyey[¢(z,y)l+ = 0 for all
z € X, 0 is a weak sharp minimum of .
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When 9 is a convex function, in terms of the normal and tangent cones of the
solution set as well as the subdifferential and the directional derivative of 1, some
characterizations for the weak sharp minimum of ¢ have been established (cf. [2, 33]).
To the best of our knowledge, in the nonconvex case no one considers corresponding
characterizations.

Finally, we provide characterizations for £ € Z to be a local sharp minimum of
(SIP).

THEOREM 3.3. Let T € Z. Then the following statements are equivalent:

(i) Z is a local sharp minimum of (SIP).

(ii) There exists n > 0 such that

nBx- C f'(7) + (0, Neo{¢;(2,y) = y € Io(2)}.
(iii) There exists n > 0 such that

nllell < (f'(z),h) + max [(¢}(Z,y),h)]+ for all h € X.
y€lo(z)

() {h € X : (f/(2), h) + masye sy [(#(E5). ]+ < 0} = {0},

Proof. (i)=(ii) is immediate from Theorem 3.1 and N({Z},Z) = X*. (ii)=-(iii)
and (iii)=-(iv) are trivial.

It remains to prove (iv)=-(i). Suppose that (iv) holds. Noting that T'({Z},Z) =
{0}, by Proposition 3.1 we need only show that L(Z) N Z N B(Z,6) = {z} for some
6 > 0. Suppose to the contrary that there exists a sequence {zx} in Ly(Z)NZ\ {Z}
such that z — Z. Without loss of generality we assume that ﬁ — h (passing to
a subsequence if necessary). Thus, h € T'(Ls(Z) N Z,Z). It follows from Lemma 3.2
that

(f'(@),h) + ax )[<¢;(a?:y), h]+ <0,

contradicting (iv) and ||| = 1. The proof is completed. 0

4. Calmness for infinitely many smooth inequalities. Recently Henrion
and Outrata [10] studied the calmness of infinitely many smooth inequalities. Let
C(Y) denote the Banach space of all continuous functions on Y equipped with the
maximum norm, and consider the multifunction M : C(Y) = X defined by

(4.1) M(g) ={xeX: ¢(z,y) < —g(y) forallyeY} forall ge CY),

where X, Y, and ¢(x,y) are as in section 3. For g € C(Y) and T € M (g), recall that
M is calm at (g, Z) if there exist L, § € (0, +00) such that

d(z,M(g)) < L|lg — g|| for all g € B(g,6) and for all x € B(Z,6) N M(g).
We say that M is strongly calm at (g, z) if there exist L, § € (0, +o0c) such that
|l —z|| < L|lg —g|| forall g € B(g,6) and for all x € B(z,6) N M(g).

It is clear that M is strongly calm at (g,z) if and only if M is calm at (g,z) and
M(g)NB(z,6) = {z} forsome 6 > 0. Let A:={g e C(Y): g(y) <0 forallyeY}
and Z € M(0). It is known (cf. [10]) that M is calm at (0, Z) if and only if there exist
L, 6 € (0, +00) such that

d(z,M(0)) < Ld(¢(z,-),A) for all x € B(Z, ).



Downloaded 10/29/12 to 158.132.161.52. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

WEAK SHARP MINIMA FOR SEMI-INFINITE OPTIMIZATION 585

Noting that

M(O) =7 and d(d)(‘rﬂ ')’ A) = Iynea}a([(ls(z, y)}+a

it follows that M is calm at (0, %) if and only if there exist n, § € (0, +o00) such that
(4.2) nd(z, Z) < ma%[¢(x,y)]+ for all x € B(z,9).
ye

Setting f(z) = 0 for all x € X in (SIP), one sees that (4.2) means that Z is a local
weak sharp minimum of (SIP). Thus, by Theorems 3.1 and 3.2 and Proposition 3.1
we have the following characterizations for M to be calm at (0, Z).

THEOREM 4.1. Let M be as in (4.1) and T € M(0). Then the following statements
are equivalent:

(i) M s calm at (0,T).

(ii) There exist 7,6 € (0, +00) such that

N(M(0),u)NBx- C [0, 7]co{¢,(u,y) : y € Ip(u)} for all u € M(0)NB(z, ).
(iii) There exist 7,6 € (0, +00) such that

N(M(0),u)NBx+ C [0, T]co{¢.(u,y) : y € Iy(u)} for allu € M(0)NB(z,$).
(iv) There exist 7,6 € (0, +00) such that

N (M(0),u)NBx~ C [0, T]co{d,(u,y): y € Io(u)} for all u € M(0)NB(Z,§).
(v) There exist 7,6 € (0, +00) such that

d(h7 T(M(O)v u)) <7 yg}a(};)K(bfr (u7 y), h>]+
for allu e M(0)N B(Z,6) and h € X.
(vi) There exist 7,6 € (0, +00) such that
d(h, Te(M(0),u)) < Tygaé)[<¢;(u»y)vh>]+
for allu e M(0)N B(Z,6) and h € X.
(vii) There exist 7,6 € (0, +00) such that
l —ull <7 max [(¢](u,y),2 — u)]+
y€lo(u)
for any x € B(Z,6) and u € Pyo)(x).
(viii) T(M(0),z) ={h € X : (¢,(Z,y),h) <0 forally € Is(Z)}, and there exist
7,6 € (0, +00) such that for any uw € M(0) N B(z,6) \ {Z}

N(M(0),u) N Bx- C [0, 7]co{d,(u,y) : y € Io(u)}.

In the remainder of this section, we assume that Y is a compact subset of R™.
Following Henrion and Outrata [10], let
T =1{Sery): 3 "M & guch that dyg (S, Io(z:)) — 0},
where IC(Y) denotes the family of all compact subsets of ¥ and dpy denotes the
Hausdorff distance between compact sets.
COROLLARY 4.1. Let M be as in (4.1) and z € M(0). Suppose that the following
conditions are satisfied:
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1. T(M(0),z) ={h e X : (¢l (Z,y),hy <0 forally € Iy(Z)}.
2. There exists p > 0 such that

d(0,co{¢.(z,y): y€S)}) >p forallSeJ.

Then M is calm at (0, T).
Proof. We claim that there exists 6 > 0 such that

(4.3) d(0,co{¢l(x,y): y € Ip(x)}) >p forall z € bd(M(0)) N B(z,6)\ {z}.
If this is not the case, then there exists a sequence {z;} in bd(M(0)) \ {Z} such that
x; — T and d(0,co{¢)(xi,y): y € Ip(z;)}) < p forallieN.

Noting that X is of dimension m, it follows from the Caratheodory theorem that for
each ¢ € N there exist ¢;; > 0 and y;; € Ip(z;), j =1,...,m+ 1, such that

m—+1 m-+1
Z tji =1 and Z tjidy (i, yzi)| < p-
Jj=1 j=1

By (P2) and the compactness of Y, without loss of generality we assume that
tjy —t; >0 and Yii — Yj Elo(.f), j=1...,m+ 1
Hence,

m+1 m+1

(4.4) doty=Tand ||> ;¢ (z,y)| <p
j=1 j=1

Since the space of compact subsets of X endowed with the Hausdorff distance is itself
compact, without loss of generality we assume that there exists Sy € J such that
du(Io(zi), So) — 0. It is clear that y; € Sp, j = 1,...,m + 1. This and (4.4) imply
that d(0,co{¢(Z,y) : vy € So)}) < p, contradicting condition 2. Hence there exists
6 > 0 such that (4.3) holds. Recalling (cf. [26, Definition 7.25 and Theorem 10.31])
that ®(x) = maxyey ¢(z,y) is regular and 0P(x) = co{¢’(x,y) : y € I(z)}, it follows
from (4.3) and [26, Proposition 10.3] that

N(M(0),2) = Rocold.(z,y) : y € Io(x)} for all & € bd(M(0)) N B(z,8) \ {z).

Let z € bd(M(0)) N B(z,6) \ {z} and z* € N(M(0),z) N Bx+. Then there exist
t € [0, 400) and u* € co{¢ (z,y) : y € Ip(x)} such that z* = tu*. This and (4.3)
imply that ¢t < %. Hence,

N(M(0),z) N Bx~ C [O, H co{¢(z,y) : y € Iy(z)}.
It is clear that
N(M(0),z) N Bx- = {0} C [O, H co{¢,(z,y) : y € Ip(xz)} for all x € int(M(0)).

Hence, (viii) of Theorem 4.1 holds, and so M is calm at (0,Z). The proof is
completed. 1]
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Remark 4.1. Corollary 4.1 is a slight improvement of [10, Theorem 4], which,
in addition to all assumptions on Corollary 4.1, requires that (z,y) — ¢é(z,y) is
continuously differentiable and (x,y) — ¢'(z,y) is locally Lipschitz. Noting that

J={Scy: 3 MM 5

such that Iy(z;) = S for all i € N}
when Y is a finite set, Corollary 4.1 recaptures [10, Theorem 3].

The following example shows that implication (viii)=-(i) of Theorem 4.1 properly
improves [10, Theorems 4 and 3]. Let X = R?, Y = {0,1}, ¢((s,t),0) = 0, and
#((s,t),1) = s —t for all (s,t) € R?. Then M(0) = {(s,t) € R? : s < t} and
Iy(z) =Y for any x € bd(M(0)). Let £ = (0,0). Then J = {Y'}. Noting that

co{d'((s,1),y): y €Y} ={(u,—u): 0<u<1} forall (s,t) € R?,

it follows that d(0,co{¢,(Z,y) : y € S}) = O0forall S € J. Thus, Corollary 4.1
and so [10, Theorems 4 and 3] are not applicable. On the other hand, noting that
bd(M(0)) = {(s,s) : s € R},

T(M(0),(s,s)) = M(0) and N(M(0),(s,s)) ={(¢t,—t): t >0} forallseR,

one can see that (viii) of Theorem 4.1 holds. Hence, applying implication (viii)=-(i)
of Theorem 4.1, one obtains that M is calm at (0, ).

We conclude with characterizations for M to be strongly calm at (0, Z).

THEOREM 4.2. Let M be as in (4.1) and T € M(0). Then the following statements
are equivalent:

(i) M is strongly calm at (0,Z).

(ii) There exists T € (0, +00) such that

Bx« C [0, T]co{¢.(Z,y) : y € Ih(ZT)}.

(i) X* = Rycofdh (@, 1) : v € Io(a)}.
(iv) There exists T € (0, +00) such that

|h|| <7 max [(¢,(Z,y),h)]+ forallhe X.
y€lo(Z)

(v) {he X : (¢ (z,y),h) <0 forally € Ip(z)} = {0}.

Proof. Noting that M is strongly calm at (0,Z) if and only if Z is a local sharp
minimum of (SIP) with f =0, (i)<(ii)<(iv)<(v) are immediate from Theorem 3.3.
It is clear that (ii)=-(iii)=(v) hold. The proof is completed. 0
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