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Electronic states in heterostructures with piece-wise uniform Dirac cones

Hai-Yao Denga)

Department of Applied Physics, The Hong Kong Polytechnic University, Hung Hom, Hong Kong

(Received 9 October 2011; accepted 2 January 2012; published online 7 February 2012)

We discuss graphene physics that are associated with Fermi velocity rather than bandgap or

external potential. Such physics are illustrated with a simple junction that is comprised of two

uniform electrodes bridged by a central uniform channel. The main difference between these

components is supposed to come at their Fermi velocities (Dirac cone slopes), which take different

values: �0 in the electrodes and v in the channel. This junction can be fabricated, for example, by

depositing a single-layer graphene on prepatterned substrate. Both scattering states and localized

states have been explored. Making full analog with optics, the discussions have been focused on

these aspects: refraction, total internal reflection (TIR), and transmission. Regarding them, Snell’s

law and the TIR critical angle have been derived and the TIR impacts on transmission have been

calculated. Potential applications of this junction have been discussed. In particular, we found that,

an electrical switch and an electron box can be made of it. VC 2012 American Institute of Physics.

[doi:10.1063/1.3681900]

I. INTRODUCTION

Since its isolation in 2004 by Geim et al.,1 graphene has

engrossed immense interests for its properties promising in

applications2 and fundamental physics.3 Pristine single-layer

graphene (SLG) consists of two distinct types of carbon sub-

lattices, A and B, arranged on a honeycomb lattice. The

resulting band structure features two valleys or say Dirac

cones, K and K0 in the Brillioun zone. In the vicinity of each

valley, the electronic dispersion relation is linear and charac-

terized by the Fermi velocity, vF, thus rendering neutrino-

like physics described by the massless Dirac equation.4

Relativistic quantum phenomena could then be explored on

a bench-top lab. Interesting physics such as relativistic quan-

tum Hall effect5 and Klein tunneling6 have been confirmed

in this material.

Being a low dimensional system, SLG has been shown

prone to many-body effects such as line broadening7,8 and

exciton formation.9–11 In particular, vF can be renormal-

ized.12 Ab initio calculations13 have confirmed the linear dis-

persion around the Dirac cones but giving an estimate of vF

about 15%�20% lower than experimental value. The

enhancement of vF due to electron�electron and electro-

n�phonon interactions has been extensively studied8,14 and

it is concluded that, to produce the observed value, both

types of interactions must be taken into account.15 Work

along this line has also revealed the great relevance of sub-

strate screening in determining vF, which therefore offers a

simple route to tune vF. Heterostructures and superlattice

consisting of piece-wise uniform vF can then be created, for

example, by precipitating SLG on prepatterned substrate.

Artificial architectures have been the hub to novel phenom-

ena such as electron supercollimation16 and new generation

of massless Dirac fermions.17

Recently much attention has been invested in bi-layer

graphene (BLG), whose properties were demonstrated

depending on the fault angle #.18–20 In the most often seen

BLG, such as the Bernal and AA-stacking ones, # are multi-

ples of p=3, although BLG with # 6¼ multiples of p=3 have

also been obtained e.g., through epitaxial growth on SiC sub-

strates.21 Surprisingly, in a considerably wide range of #, the

band structure (around the valleys) of BLG were found nearly

identical to that of SLG, except for the difference in vF,18,20

which can be tuned by varying #, thus offering another route

to build the aforementioned artificial structures.

In the present paper, we investigate one of the simplest

versions of such structures: a junction as portrayed in Fig. 1,

where a channel is connected to two electrodes. The electro-

des are taken of the same properties, while the channel con-

stitutes the scattering area. We are basically interested in the

scattering states, but attention will also be paid to possible

localized states. Two-component Dirac equations will be

employed, which should be realistic as long as the long

wavelength phenomena are concerned. Inter-valley transi-

tions are ignored so that it suffices to focus on a single val-

ley. The Hamiltonian is written as

H ¼ vFðxÞ~r � p
!þ mðxÞrz; (1)

where vFðxÞ ¼ vþ ðv0 � vÞ½Hð�xÞ þHðx� LÞ� and mðxÞ ¼
m½HðxÞ þHðL� xÞ�=2, H being the step function. In this

choice, v and v0 stand for the Fermi velocities in the channel

and the electrodes, respectively. The mass m is included for

a more complete study. One should be cautioned that, the

pseudospin denoted by the Pauli matrices ~r ¼ ðrx; ryÞ (and

rz) can bear quite different physical contents under different

occasions. So, it is essential to ensure the same physical con-

tent throughout the device. For SLG device, ~r always refers

to the A- and B-sublattice and the condition is satisfied auto-

matically. However, for BLG device, what~r refers to hinges

on #. Thus, the pseudospin in general refers to differenta)Electronic mail: dengstonehiyok@gmail.com.
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states in the electrodes than in the channel. Nonetheless, if #
takes close values in these regions, the physical contents of

~r, though differing, are expected to be comparable. In this

case, one may approximately use the same ~r across the

entire device.

II. SCATTERING STATES AND ELECTRONIC
TRANSMISSION

The regional wave functions can be obtained piece-

wisely and the global wave function W results by sewing

them together under proper boundary conditions. These

conditions can be derived from the Schrödinger equation

ðE� HÞW ¼ 0 (E being the energy with W) and we obtain

lim�!0

Ð x0þe
x0�e HWdx ¼ 0 for any x0, which can be satisfied if

the two-component spinor W is continuous everywhere.

We at first consider scattering states with positive energy

(while negative energy ones can be obtained via particle-hole

transformation). Let’s assume the device extends enough in

the y -direction so that the boundary effects along this direc-

tion may be neglected. Thus, we may write Wðx; yÞ ¼
fky
ðyÞUðxÞ, where ky (which is always real) represents the y-

component of the momentum and ��h2@2
y fky
ðyÞ ¼ �h2k2

y fky
ðyÞ.

The U with appropriate asymptotic behaviors at jxj � 1 can

then be formed as

UL ¼ eik0x e�ih

1

� �
þ re�ik0x �eih

1

� �

UR ¼ teik0x e�ih

1

� �

UC ¼ Aeikx /
1

� �
þ Be�ikx �/0

1

� � (2)

where UL;R;C are the regional wave functions corresponding

to the left electrode, the right electrode and the channel,

respectively, and we have set k0 þ iky ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 þ k2
y

q
eih, k0

being real all the time. In addition, r and t stand for respec-

tively the reflection and transmission coefficients, implying

jrj2 þ jtj2 ¼ 1 always. Besides, k and k0 represent the x-com-

ponent of the momentum in the channel and the electrodes,

respectively. The energy carried by the incident electron is

therefore written as E ¼ 6�hv0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

0 þ k2
y

q
. Due to particle-

hole symmetry, we only need consider when E � 0.

For ðE2 � m2Þ=ð�h2v2Þ � k2
y , there is always a transmit-

ted mode and a reflected mode in the channel. The momen-

tum k is real while u and u0 are simply phase factors. They

are given by

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 � m2

�h2v2
� k2

y

r
ð/;/0Þ ¼

�hv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ k2

y

q
E� m

ðe�iu; eiuÞ (3)

On the other hand, if ðE2 � m2Þ=ð�h2v2Þ < k2
y , it will be an

evanescent and a growing mode that enter Uc, in which case

the k becomes pure imaginary and so do / and /0. Writing

k ¼ ij, one has

j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

y �
E2 � m2

�h2v2

r
ð/;/0Þ ¼ i

�hv

E� m
ðj� ky; jþ kyÞ:

(4)

Thus the transmission is expected to depend on the incidence

angle h.

Before moving on, we discuss a resemblance with

optics. Since our primary interest is to explore the nonuni-

form Dirac cone physics, we assume vanishing mass m ¼ 0

for the moment. This resemblance consists mainly of the fact

that, both a light ray and an electron beam in graphene bear

a linear dispersion. When a ray incidents from one medium

upon another, refraction can happen according to Snell’s

law. Indeed, this law also holds exactly for an electron

beam. Let’s call h and u the incidence and refraction angle,

respectively. A refractive index can thus be defined as

n ¼ sinh=sinu. Since m ¼ 0, one has sinh ¼ ð�hv0kyÞ=E and

sinu ¼ ð�hvkyÞ=E, whence n ¼ v0=v � g�1, which is the

Snell’s law for graphene electrons. Another point concerns

total internal reflection (TIR): a light ray can be totally

reflected back when incidenting at a small angle from an

optically dense medium into a less dense one. Now we show

that this also takes place to the electrons. Note that

k2
0 � k2 ¼ k2

0f ðh; gÞ, where f ðh; gÞ ¼ ðg2 � 1Þ=ðg2cos2hÞ.
When f ðh; gÞ > 1, k becomes imaginary and TIR occurs.

The critical angle is

hc ¼ cos�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � 1

g2

s
: (5)

The as-described optic-electronic analogs may help design-

ing new electronic devices based on graphene structures. In

what follows, we demonstrate that, the conductance of the

device shown in Fig. 1 can be drastically (but not completely

due to wave tunneling) suppressed via TIR.

The transmission, ThðEÞ ¼ jtj2, can be found by apply-

ing the boundary conditions to U at both x ¼ 0 and x ¼ L.

The calculation of t is straightforward and we jot down the

results directly. Write t ¼ tN=ðtD þ t0DÞ and we have

tN ¼ 2ð/þ /0ÞcosðhÞe�ik0L tD ¼ eikLð/� e�ihÞðeih � /0Þ t0D

¼ e�ikLð/þ eihÞð/0 þ e�ihÞ
(6)

from which we find (in the case of vanishing mass) for real k

FIG. 1. (Color online) A sketch of the graphene device: two electrodes con-

nected to the channel along the x-direction. The system is infinite in the y-

direction. In the electrodes, m ¼ 0 and vF ¼ v0. In the channel of width L,

vF ¼ v ¼ gv0 and m may not be zero.

033706-2 Hai-Yao Deng J. Appl. Phys. 111, 033706 (2012)

Downloaded 17 Apr 2012 to 158.132.161.52. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



T ¼ cos2ucos2h

cos2ucos2hþ 4sin2ðkLÞsin2 h� u
2

� �
cos2

hþ u
2

� �
(7)

whereas for imaginary k

T¼ jtNj2

jtDþ t0Dj
2
; jtNj2¼ 4sinh2wcos2h

jtDþ t0Dj
2¼ e�2jLfðsinhþ sinhwÞ2þ2cos2hg
þe2jLðcosh2w� sin2hÞ2

�2 1þ sinh½sinhw�coshw�þ sinhð2wÞcosð2hÞ
2

� �
(8)

where we have introduced ðky; jÞ ¼ E=�hvðcoshw; sinhwÞ.
From Eq. (7), we see that T ¼ 1 for h ¼ 0 (and m ¼ 0).

Interestingly, there is a scaling invariance associated

with t. To see this, we introduce a system of units:

½Length� ¼ ð
ffiffiffi
3
p

a0=2ÞR, ½Energy� ¼ c0=R, ½Momentum� ¼ �h=
½Length�, ½Velocity� ¼ ½Length�½Energy�=�h and ½wavevector�
¼ 1=½Length�, where a0 is the in-plane C�C bond length, c0

represents the nearest neighbor electron hopping energy, and

R is just the scaling parameter. Obviously, t (and the Fermi

velocity) does not depend on R. We shall adopt this unit sys-

tem in the numerical results given below.

In Fig. 2, we display T as a function of the incidence

angle h at fixed L and E. The parameters ðm; gÞ are chosen to

cover four possibilities with m either small or vanishing and

g either a little larger or smaller than unity, which are experi-

mentally accessible. As seen in this figure, there exists such

an angle hc � 1:1 that for 0 < h < hc, T is around unity

(Actually, Th¼0 ¼ 1) almost regardless of h while for h > hc

a sharp drop occurs. This behavior is also manifested in the

E and L dependence of T, as exhibited in Figs. 3–6. In Fig. 3,

we plot T against E for h < hc. As seen in this figure, the two

curves corresponding to g > 1 and g < 1, respectively, are

similar, be the mass vanishing or not. For small mass, T
resembles what happens in the usual nonrelativistic scatter-

ing in the presence of a potential barrier while for m ¼ 0, T
oscillates as simple harmonics. However, as shown in Fig. 4,

the situation with h > hc is dramatically different. For g < 1,

sheer oscillation is seen. But for g > 1, within the energy

range displayed, T decays to zero steeply as energy

increases. The T as a function of L follows similar trends, as

seen in Figs. 5 and 6. Clearly observed in the inset of Fig. 6,

for g > 1, high energy incident electrons can be nearly per-

fectly reflected by choosing proper L and h > hc.

Such phenomena obviously stems from TIR. Actually,

the angle hc can be evaluated via Eq. (5), which yields

hc � 1:1, consistent with what was numerically perceived

above. Moreover, they were seen to occur only for g > 1, as

expected from TIR. The phenomena may be utilized to filter

high energy electrons or switch an electrical circuit through,

e.g., simply varying the gate voltage. Suppose an SLG is de-

posited on top of a prepatterned substrate and a gate is placed

on the SLG. The substrate may be laid down in such a fash-

ion that the channel lies along a direction that makes an

angle with the x-direction. When electrons flow along the

device, this angle is simply the incidence angle h. One can

set it to be larger than hc. At low temperatures, the device

conductance should be simply proportional to ThðE ¼ lÞ,22

where l denotes the chemical potential. The l and hence the

conductance can be tuned by changing the gate voltage.

FIG. 2. (Color online) T vs h at E ¼ 0:3 and L ¼ 3. The left inset shows T
as a function of g ¼ v=v0. The right one locates the localized modes [refer to

Eq. (10) for details], which are marked with green spots.

FIG. 3. Transmission vs energy at m ¼ 0:1, for small h. Inset: the same but

m ¼ 0.

FIG. 4. Transmission vs energy at m ¼ 0:1, for big h. Inset: the same but

m ¼ 0.

FIG. 5. Transmission vs L at m ¼ 0:1, for small h. Inset: the same but

m ¼ 0.
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III. LOCALIZED STATES

We now examine the existence of localized states. Con-

sider the interface states first. These are supposed to be local-

ized about a boundary. Take the boundary at x ¼ 0 for

instance. The wavefunction then reads

Uðx < 0Þ ¼ Aej0x i
�hv0ðj0 þ kyÞ

E
1

 !

Uðx > 0Þ ¼ Be�jx i
�hvðj� kyÞ

E� m
1

 ! (9)

where the j0 and j play role in E2 ¼ �h2v2
0ðk2

y � j2
0Þ and

E2 ¼ �h2v2ðk2
y � j2Þ þ m2, respectively. Now we match the

U at x ¼ 0 and then obtain the following secular equation

determining the value of E,

ky þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

y �
E2

�h2v2
0

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

y �
E2 � m2

�h2v2

r
� ky

¼ v

v0

� E

E� m
(10)

whose solutions can exist only in ð�m; 0�. Actually, it has a

single solution at E ¼ 0 for ky ¼ 0 and m 6¼ 0. No solution

exists for m ¼ 0 or ky 6¼ 0.

Another type of localized states oscillate in the channel

but decay in both electrodes. Their wave functions are then

formed as

UL ¼ Aej0x �i
�hv0ðj0 þ kyÞ

E
1

 !

UR ¼ A
0�j0x i

�hv0ðj0 � kyÞ
E
1

 !

UC ¼ Beikx
�hvj~kje�iu

E� m
1

0
@

1
Aþ B0e�ikx

�hvj~kjeiu

m� E
1

0
@

1
A

(11)

Matching U at both x ¼ 0 and x ¼ L, we find a similar secu-

lar equation as

ðj0 � kyÞcosðkLþ uÞ þ ðj0 þ kyÞcosðkL� uÞ

¼ 2E2sinðkLÞ
�h2vv0j~kj

(12)

which, in the case where m ¼ 0, reduces to

arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 � �h2v2k2

y

q
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h2v2

0k2
y � E2

q
E2 � �h2vv0k2

y

0
@

1
A ¼ kL (13)

whose solutions must lie in ½g2; 1�v2
0k2

y , implying the require-

ment of g < 1. Numerical examples have been demonstrated

in the inset of Fig. 1, where one solution is seen for g ¼ 0:9
while none solution for g ¼ 1:1, as expected. As an applica-

tion, this kind of state may motivate one to make an electron

box, as often realized with quantum dots.

SUMMARY AND ACKNOWLEDGEMENT

In summary, we have studied the electronic states of a

hybrid graphene structure. Dirac-type Hamiltonian has been

employed to describe the electronic degrees of freedom. The

Dirac cones are supposed of different slopes and possibly some-

what warped. The scattering states are investigated and the

transmission probability is obtained. Discussions have been per-

formed in parallel with optics. Both Snell-type law and TIR

have been derived for graphene electrons. Such TIR has been

found to have remarkable impacts on electronic transmission.

Especially, below the TIR critical angle hc, the transmission is

shown close to 100%. Whereas above it, high energy electrons

are almost perfectly impeded, leaving low energy electrons

passing through the channel very well. This property has been

proposed to make an electron filter or electrical switch. We

have also examined two kinds of localized states in the struc-

ture. Interface states were found to exist only if m 6¼ 0 and

ky ¼ 0, while states confined to the channel have been found

for g < 1. The latter states may be utilized to create nano gra-

phene dots. Two routes have been proposed to realize such

structure: one is to lay down an SLG on prepatterned substrate,

while another by manipulation of twisted BLG.
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