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The polarization, charge offset, dielectric, and pyroelectric properties of a compositionally graded
ferroelectric rod inside a high-pressure polyethylene tube are studied using a thermodynamic model
based on the Landau-Ginzburg-Devonshire formulation. The calculated distribution of the
polarization in the rod is nonuniform, and the corresponding charge offset, dielectric, and
pyroelectric properties vary according to the applied pressure. This behavior may be used as a
convenient means to control these properties for design optimization. © 2007 American Institute of
Physics. �DOI: 10.1063/1.2736308�

The use of graded ferroelectrics is essential in many ap-
plications, such as tunable microwave devices, transpacitors,
and other dielectric devices.1–9 Distribution of the polariza-
tion in these materials is asymmetric and graded, and the
hysteresis loop is not centrosymmetric, but displaced along
the polarization axis, giving rise to an attendant charge off-
set. Properties such as the effective pyroelectric response,
temperature dependence of the dielectric behavior, etc.1,3

vary with the degree of asymmetry.
Graded ferroic material systems studied recently are not

restricted to cases where the gradient is in the composition,
but include also those in which gradients also exist in the
temperature and/or stress. Ban et al.4 used a generalized
Landau-Ginzburg model to study the offset hysteresis of
polarization-graded ferroelectric materials, and found that
the internal elastic energy due to the spatial variation of the
self-strain tends to flatten the polarization distribution. The
nonuniform polarization thus produced may then yield an
asymmetrical hysteresis with “up” or “down” charge offset.
Zhong et al.1,3 investigated the pyroelectric response and di-
electric permittivity of compositionally graded ferroelectric
material, and found that the effective pyroelectric coeffi-
cients were directly related to the compositional gradient of
the system. The effects on the polarization and charge offset
of a ferroelectric due to a compression gradient normal to the
substrate have also been studied.6 Imposing a temperature
gradient across ferroelectric materials, Fellberg et al.7 ob-
served up and down hysteresis offsets, similar to those found
in polarization-graded ferroelectrics.

In this article, the polarization, charge offset, dielectric,
and pyroelectric properties of a compositionally graded
ferroelectric rod inside a high-pressure polyethylene tube are
considered. The calculations follow a thermodynamic ap-
proach based on the Landau-Ginzburg-Devonshire �LGD�
model. The results are used to speculate on the feasibility of
design optimization by adjusting the applied pressure.

We consider a rod of compositionally graded ferroelec-
tric �CGFR� material with radius R and height h, sandwiched
between electrodes at both ends, and placed inside a high-
pressure polyethylene �HPPE� tube.8 A stiff steel cylindrical
housing �SH� contains the HPPE tube and CGF rod. More-
over, two thin electrodes were sputter-deposited onto the sur-
faces perpendicular to CGFR’s length.9 We call the arrange-
ment an S-H-C system. We consider the rod homogeneous
along the x and y directions such that P1= P2=0 and P3

= P�z�.
The linear elastic stress-strain relations in the HPPE un-

der an applied axial pressure along the z-direction are given
by �r= ��1−v��r−v�z� /E and �z= ��z−2v�r� /E, where E
and v are Young’s modulus and Poisson’s ratio of the HPPE,
respectively. �z is the applied axial load, and �r is the corre-
sponding radial stress. �z and �r are the axial and radial
strain, respectively. Since the CGF rod and SH are much
stiffer than the HPPE, we have �r=0, and the radial stress
can be written as �r=v / �1−v��z=−�v /1−v�p, where p is
value of applied axial pressure. We note that the CGFR tube
considered here has a length much larger than its radius, i.e.,
h�R, so that the bending moment on CGFR due to the
interfacial mismatch can be neglected and all the internal
stresses come from the transformation strain.4 The total free
energy of CGFR is composed of the Landau energy, depo-
larization energy, electrostrictive energy, and elastic energy.
With the radial compressive stress contribution, the total free
energy of the rod can be written in the cylindrical coordi-
nates �r ,� ,z�, following Refs. 1, 10, and 11,
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where � is proportional to the inverse Curie constant re-
garded known for the bulk material. �, �, �, and D are the
free-energy expansion coefficients of the corresponding bulk
material. The coupling effect between the mechanical defor-
mation and the polarization can be expressed using the elec-
trostrictive coefficient Q12, and the self-strain induced by the
polarization can be written as �0�z�=Q12P�z�2. s11 and s12 are
components of the elastic compliance tensor.4 Ed�z� is the
depolarization field, which has been discussed in the
literature.1,4 Eext�z� is the external field.

In the absence of an applied electric field �Eext=0�, op-
timizing the total free energy with respect to the polarization
field yields the Euler-Lagrange equation �F /�P=0, through
which the stationary values of P can be solved.10–14 In the
present analysis, the rod is assumed to be sufficiently thick
so that effects of lattice relaxation on all surfaces of the rod
can be neglected. The boundary conditions are assumed to
satisfy �P /�z=0 at z=0 and z=h, corresponding to a com-
plete charge compensation1 on the interface between the
ferroelectric and the substrates. This boundary condition is
equivalent to setting the extrapolation lengths on the end
surfaces of the ferroelectric rod to infinity, i.e., �0=�h→	.
Without this assumption, the boundary conditions must yield
�P /�z= 
 P /�u-b, for z=0 and z=h, �P /�z=−P /�s-w for r
=R, �u-b and �s-w are the extrapolation lengths of the polar-
ization on the end surfaces and the sidewall, respectively.1

We also follow other authors,1,4 to assume that the contribu-
tion of the depolarization field is negligible when the com-
positional gradient across the ferroelectric rod is smooth.

In the following, we consider a rod of the CGF material
BamSr1−mTiO3 �BST�, with the composition at one end fixed
at BT, and the other one at a composition of BT-BST at
70/30. The material constants we use, such as the electros-
trictive coefficients and the elastic coefficients of BaTiO3,
SrTiO3, and BST, are taken from Refs. 4 and 15 and listed in
Ref. 16.

Figure 1�a� shows the polarization profiles in CGFR as a
function of applied axial compressive stress ��z=0,−0.25,
−0.5,−1 ,−2GPa� on the HPPE. Enhancement of the polar-
ization by the axial compressive stress can be clearly seen.
The corresponding normalized polarization profiles in Fig.
1�b� further show the increasing heterogeneity of the polar-
ization field with increasing axial compressive stresses in our
S-H-C system. The dielectric susceptibility of the CGF rod
can be calculated as a function of location from the polariza-
tion change �P due to an applied electric field E as

��z� =
1

�0

�P

E
. �2�

At the same time, the spatially averaged susceptibility
�m of the rod is given by

�m =
L

�
0

h

�1/���z� + 1�	dz

− 1. �3�

Figure 2 shows �m as a function of temperature for vari-
ous applied pressures. Instead of the sharp peak in a homo-
geneous bulk ferroelectric, the dielectric susceptibility of the
CGF rod is a more moderately peaked function of tempera-
ture. The broadening of the peak is due to composition gra-
dient. At the same time, the dielectric behavior as reflected in
both the magnitude and position of the susceptibility peak
can be seen to be effectively controlled by the applied pres-
sure. A high dielectric susceptibility, if desirable, can be

FIG. 1. �Color online� �a� Polarization profile, �b� Normalized polarization
profiles of the BST �70/30� CGFR in S-H-C system for different applied
pressure.

FIG. 2. �Color online� Mean dielectric susceptibility �m as a function of
temperature T for the BST �70/30� CGFR in S-H-C system for different
applied pressure.
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achieved over a much larger range of operating temperatures.
The polarization profile along the z direction can be used

to calculate the charge offset per unit area �Q according to
the one-dimensional Poisson’s equation,

�Q =
1

L
�

0

L

z
dP�z�
dz

�dz . �4�

The charge offset has a strong temperature dependence,
which has been confirmed both theoretically and
experimentally.1 This is described by an effective pyroelec-
tric coefficient that can be defined as

peff =
d�Q

dT
=

1

L

d

dT
�

0

L

z
dP�z�
dz

�dz . �5�

Since a ferroelectric hysteresis loop can be observed by
a Sawyer-Tower circuit, Eqs. �4� and �5� can be rewritten as
�Q=CQ /LCF�0

Lz�dP�z� /dz�dz and peff=d�Q /dT
=CQ /LCFd��0

Lz�dP�z� /dz�dz� /dT, where CQ is the load ca-
pacitance in the Sawyer-Tower circuit and CF is the capaci-
tance of the ferroelectric.1

Using Eqs. �4� and �5�, the charge offset per unit area
and the effective pyroelectric coefficient as a function of
temperature and applied pressure are calculated and shown in
Fig. 3. It is interesting that the charge offset can be tuned
very effectively by adjusting the applied pressure. Figure 3
also shows the existence of an applied pressure-dependent
temperature Tmax, at which the charge offset peaks �58 °C
for�z=0 GPa, 95 °C for �z=−0.25 GPa, and 137 °C for�z

=−0.5 GPa�. The effective pyroelectric coefficient as a func-
tion of temperature is shown in Fig. 4, from which the effects
of temperature and applied pressure on the CGF rod are ob-
vious. In total, the results shown from Figs. 1–4 clearly show
the high sensitivity of the polarization, charge offset, dielec-
tric and pyroelectric properties of a CGF rod in an S-H-C
arrangement to ambient temperature and applied pressure.
This indicates the feasibility of controlling the properties of
the rod for design optimization via adjustment of the applied
pressure.

In summary, a general model for CGFR is formulated
using a thermodynamic approach based on the Landau-
Ginsburg-Davenshire functional. The calculated distribution
of the polarization in the rod, the corresponding charge off-
set, dielectric and pyroelectric properties are found to be
highly sensitive to the applied pressure. Our results indicate
that this behavior may provide a useful means of control of
the properties of CGFR for design optimization.
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FIG. 3. �Color online� Charge offset �Q as a function of temperature in
BST �70/30� rod for different applied pressures.

FIG. 4. �Color online� Effective pyroelectric coefficient peff as a function of
temperature in BST �70/30� rod for different applied pressures.
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