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Abstract

We consider a scheduling model with two machines at different locations. Each job is composed
of two tasks where each task must be processed by a specific machine. The finished tasks are
shipped to a distribution center in batches before they are bundled together and delivered to
customers. The objective is to minimize the sum of the delivery cost and customers’ waiting costs.
This model attempts to coordinate the production and delivery schedules on the decentralized
machines while taking into consideration the shipping cost as well as the waiting time of the
customers. We develop polynomial-time heuristic algorithms for this problem and analyze their
worst-case performance. Computational experiments are conducted to test the effectiveness of
the heuristics and to evaluate the benefits obtained by coordinating the production and delivery

of the two decentralized machines.
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1 Introduction

In many production and transportation planning environments, the delivery of finished goods is
constrained by the processing of different component parts of the product. It is also quite common
that different components of a product have to be processed by their own dedicated machines or work
centers. For example, in the production of personal computer systems, the computers and monitors
are usually produced by different facilities at different locations. However, both the computers and
monitors of the finished product must be bundled together before they can be delivered to customers.
In order to obtain a systemwide optimal production and delivery plan, it is essential to consider the
sequencing and scheduling of the tasks at each machine and the delivery arrangements of the finished
tasks to their final destinations at the same time. When such an integrated plan is developed, the
scheduler faces a tradeoff between providing quick deliveries and minimizing shipping costs. Quick
deliveries minimize customers’ waiting time while low shipping costs directly benefit the company’s
bottom line.

In this paper, we consider a scheduling model which reflects the abovementioned production and
delivery arrangements. In this scheduling model, each job is composed of two tasks where each task
must be processed by a specific machine. The two machines are located at different locations, and
different tasks of the same job can be processed by those machines simultaneously. The finished
tasks are shipped to a distribution center (or consolidation center) before they are bundled together
and delivered to customers. The objective is to minimize the sum of the delivery cost and customers’
waiting costs. For simplicity, the delivery and waiting costs incurred after the finished jobs’ arrival
at the distribution center are not included in this model.

A number of researchers have considered parallel machine scheduling problems where each job
order consists of products of different types and each machine is capable of producing only one specific
product type. A job order is completed only after all of its tasks have finished their processing. This

type of scheduling problems is usually referred to as “customer order scheduling” problems with



dedicated machines. Various studies have been conducted on different variants of the problem (see
Wagneur and Sriskandarajah 1993, Sung and Yoon 1998, Cai and Zhou 2004, Ahmadi et al. 2005,
Leung et al. 2005a, 2005b, 2005¢, 2006b, Li and Vairaktarakis 2006, and Yang 2005). However,
in these “customer order scheduling” models, the machines are assumed to be located at the same
location. More importantly, apart from Li and Vairaktarakis (2006), none of these works has taken
the transportation of the finished tasks into account. Our model is an extension of the “customer
order scheduling” framework, where machine locations, delivery batch capacities, delivery time, and
delivery cost have been taken into consideration. Our work is more related to Li and Vairaktarakis
(2006), since both papers consider job delivery decisions in a “customer order scheduling” setting.
However, Li and Vairaktarakis have assumed that the two machines are located at the same location.
They have considered the delivery of the completed orders to end customers, and have developed
polynomial-time heuristics and approximation schemes for the case with only direct shipments as
well as the general case with milk-run deliveries. On the other hand, we assume that the machines
are located at different locations, and we consider the transportation of the finished tasks from the
machines to a distribution center.

Another line of customer order scheduling research focuses on identical parallel machines (i.e.,
non-dedicated machines). In such models, the scheduler is allowed to assign jobs to any machine. A
number of studies have examined the different variants of this problem such as the work of Blocher and
Chhajed (1996), Leung et al. (2005d, 2006a), Yang (2003, 2005), and Yang and Posner (2005), among
others. A few researchers have also developed customer order scheduling models with other machine
structure. For example, Julien and Magazine (1990) have studied a customer order scheduling
problem on a single machine, and Blocher et al. (1998) have considered a model with a job-shop
setting. Unlike our model, none of these works has paid attention to decentralized machines or job
delivery.

Our model is a machine-scheduling model with delivery considerations. In fact, integrated pro-

duction and distribution models have received increasing attention. Recently, Chen and Pundoor



(2006) have analyzed a scheduling problem with multiple non-dedicated machines where each ma-
chine is located at a different location and has different production costs. Finished tasks are shipped
to a distribution center, and each delivery shipment has a capacity limit. The decision is to assign
jobs to machines, to determine the processing sequences, and to obtain a delivery schedule for the
finished jobs. Thus, the setting of Chen and Pundoor’s model is similar to ours. However, our model
has taken jobs with multiple tasks into consideration where each task of a job must be processed
by a specific machine. For a recent survey on integrated production and distribution operations, see
Chen (2004).

The rest of the paper is organized as follows. In the next section, our problem is defined mathe-
matically and several important properties of the optimal solution are developed. These properties
will enable us to limit our search space for the optimal solution. In Section 3, an efficient heuristic
is developed for our problem and worst-case analysis is performed. In Section 4, several variants of
our model are analyzed. These variants are important stepping stones to the later development of
our analysis. In Section 5, a polynomial-time heuristic with a stronger worst-case performance is
presented. Computational results are reported in Section 6, followed by some concluding remarks in

Section 7.

2 The Model and Its Properties

Our model is mathematically defined as follows. There are two machines M7, My and a distribution
center located at different locations (see Figure 1). There is a given set of n jobs J = {Jy, Ja, ..., Jn},
where each job J; is made up of a pair of tasks T7; and T5;. Task T7; must be processed by M;
and requires an uninterrupted processing time of p;; > 0, while task T5; must be processed by M>
and requires an uninterrupted processing time of py; > 0. Let Cj; denote the completion time of
processing of Tj; on machine M; (i = 1,2; j = 1,2,...,n). A batch of tasks {T3;,, Tij,, - - -, Tjj, } can be

transported from M; to the distribution center at a fixed delivery cost of A; > 0 after the completion



of these tasks, provided that h < K, where K > 1 is the capacity of the delivery batch (i.e., K is
the maximum number of tasks that a delivery vehicle can carry). Note that a variable delivery cost
of p;; > 0 for each task Tj; can be added to the model without affecting the analysis since the total
variable delivery cost Z?Zl Z;’L=1 ;j is a constant. For simplicity, we ignore the variable delivery
costs. Let 7; > 0 denote the travel time from M; to the distribution center, and let D;; denote the

arrival time of Tj; at the distribution center. Thus, for the delivery batch {Tj,, Tij,, - . ., Tij, },
Dij1 = Dijz =...= Dijh = maX{CZ-jl, Cij27 .. 'aCijh} + 7.

Denote D; = max{D1;, Da;}, which is the time when both tasks of job J; have arrived at the
distribution center (i.e., the time where J; is ready for delivery to the final customer). The customer’s
waiting cost of job J; is given as vD;, where -y is the unit cost of waiting. The objective is to schedule
the tasks on each machine and to determine the delivery batches so as to minimize the sum of the
total delivery cost and total customer waiting cost, i.e., 2321 AN 4 Z;’L=1 Dj, where N; is the
number of batches of jobs transported from M; to the distribution center. We denote this problem
as P.

For example, a feasible solution to a problem instance of P with n =4, K = 3, Ay = Ay = 5,
=11 =8, 7 =6, (p11,p21) = (4,2), (P12, p22) = (2,5), (p13,p23) = (10,12), and (p14, p24) =
(10,2) is depicted in Figure 2. In this solution, the first, second, and third delivery batches of
M contain {Ty9,T11}, {Th14}, and {T13}, respectively. The first and second delivery batches of Ms
contain {Tse, To1, To4} and {Th3}, respectively. We have D = max{Di1, D21} = max{14,15} = 15,
Dy = max{Di2, Dyo} = max{14,15} = 15, D3 = max{D13, Dos} = max{34,27} = 34, and Dy =
max{ D14, Dos} = max{24,15} = 24. The total customer waiting cost is Z?Zl D; = 88, and the
total delivery cost is A1 N1+ AaNo = (5)(3)+(5)(2) = 25. Thus, the total cost of this feasible solution
is 113.

When Ay = Ao = 71 = o = 0, it is optimal to deliver one finished task at a time, and prob-

lem P reduces to the simple two-dedicated-machine order scheduling problem with an objective of



minimizing the sum of job completion times, which is known to be NP-hard in the strong sense (see
Ahmadi et al. 2005 and Yang 2005). Thus, problem P is strongly NP-hard as well.

The following lemma provides some important properties of the optimal solution.

Lemma 1 There exists an optimal solution to problem P in which:

(i) There is no idle time on either machine.

(ii) A delivery batch leaves the machine location as soon as all of its tasks have completed processing.
(iii) If two tasks of the same machine are assigned to the same delivery batch, then all the tasks

processed in between these two tasks are also assigned to the same batch.

Proof: If a machine has idle time, then we can eliminate the idle time by shifting the start time of
tasks to the left without increasing the waiting time and delivery costs of the jobs. This implies the
validity of property (i). Property (ii) can be proven by a similar argument. Property (iii) can be

proven easily by a task interchange argument. |

In the following sections, we will only consider schedules that satisfy properties (i)—(iii) of this

lemma.

3 A Simple Heuristic Algorithm

In this section, we present a simple heuristic for problem P. This heuristic is efficient, and the
relative error of its solution is guaranteed to be no more than 100%.

We construct a modified problem P’ which has the same definition as problem P, except that
the objective is to minimize Z?Zl AilN; + Z?Zl D;», where D; = (D1j + D2;)/2. Note that problem
P’ is decomposed into two independent subproblems. Subproblem i (i = 1,2) is a single-machine
problem with task processing times p;1, pio, . . ., Pin, delivery time 7;, delivery cost A;, unit waiting

cost /2, and batch capacity K. It is easy to see that there exists an optimal solution to subproblem



1 in which the tasks are processed in nondecreasing order of task processing time. Thus, we first
arrange the jobs in nondecreasing order of task processing time and reindex the tasks such that

pi1 < pio < -+ < pip. Then, we determine the delivery batches by the following dynamic program:

(1) Define f;(j) as the minimum total cost of the partial schedule which consists of tasks T;1, T3o,

...,Tij (j:1,2,...,n).

(2) Recurrence relation:

fitj) = _min  {fi(k) +
st k>j— K

(= )Py +75) + A

N |2

where P;; = Zgzl Dig.-
(3) Boundary condition: f;(0) = 0.

(4) Optimal solution value: f;(n).

In the above recurrence relation, the quantity (v/2)(j — k)(P;; + 7;) + A; is the total waiting
and delivery cost of the jobs in the last delivery batch of the partial schedule. This delivery batch
contains j — k tasks.

After solving these two subproblems, an optimal schedule for problem P’ is obtained. We use
this schedule as a heuristic solution to the original problem P and denote this heuristic as H1. In
the above dynamic program, the values of P;; (i = 1,2; j = 1,2,...,n) can be predetermined in
O(n) time. The number of possible states is O(n), and each state requires a computational time
of O(n). Hence, the running time of this dynamic program is O(n?). Therefore, the computational
complexity of heuristic H1 is O(n?).

Let Z#1(P) denote the total cost of the solution generated by heuristic H1. Let Z*(P) and

Z*(P’) denote the total costs of the optimal solutions to P and P’, respectively.

Theorem 1 [ZH1(P)— Z*(P)]/Z*(P) < 1.



Proof: Because D; < Dj for j = 1,2,...,n, the optimal solution to P’ must have a total cost no

greater than that of P. In other words,
Z*(P') < Z*(P). (1)

Next, consider the solution generated by heuristic H1. Because D; < QD;» for j =1,2,...,n, we
have S22 \;N; + > 1Dy < 2[2?:1 AilNi +y 370 D;], which implies that Z71(P) < 22*(P’).

This, together with (1), implies that Z1(P) < 22*(P). 1

Theorem 1 states that the relative error of the heuristic solution is guaranteed to be no more
than 100%. It remains an interesting open question of whether this error bound is tight, that is,

whether there exists a constant a < 1 such that [ZH1(P) — Z*(P)]/Z*(P) < .

4 Variants of Problem P

We now analyze three variants of problem P. The development of effective solution methods for
these variants is an important stepping stone to our later development of an improved error bound

for the general problem.

4.1 When the Number of Delivery Batches Is Limited

We first consider the problem in which N7 and Ny are given parameters. This corresponds to
the situation where the number of delivery batches from each machine location is reserved by the
company in advance. We denote this problem as P(Ny, Na).

To solve problem P (N7, N3), we propose the following heuristic method: Similar to heuristic H1,
we construct a modified problem P’(Ny, No) which has the same definition as problem P(Ny, No),
except that the objective is to minimize Z?Zl AN+ Z;’L=1 D;». Problem P’(Ny, N3) is decomposed
into two independent subproblems. Subproblem i (i = 1,2) is a single-machine problem with task

processing times pj1, pi2, - - -, Pin, delivery time 7;, delivery cost \;, unit waiting cost «/2, batch



capacity K, and a given number of delivery batches IV;. We arrange the tasks in nondecreasing order
of task processing time, reindex the tasks such that p;1 < p;s < --- < pjp, determine the values of
F;; = Zgzl pi¢ for £ =1,2,...,n, and then determine the delivery batches by the following dynamic

program:

(1) Define f;(j, N) as the minimum total cost of the partial schedule which consists of tasks T;1, T;o,

..., Tj;, given that there are N deliveries available (j =1,2,...,n; N =1,2,..., V).
(2) Recurrence relation:

. . Y .
G N) = _min il N = 1)+ 2 (G = R)(Py +7) + A
st k>j—K

(3) Boundary conditions: f;(0,0) = 0; f;(j,0) = +oc for j > 1; and f;(0, N) = +oo for N > 1.
(4) Optimal solution value: f;(n, N;).

After solving these two subproblems, an optimal schedule for problem P’(Ny, N») is obtained.
We use this schedule as a heuristic solution to problem P(Np, No) and denote this heuristic as
H2(Ny, Np). The running time of H2(Ny, Na) is O(n?). Note that the above dynamic program can
be used to determine the values of all f;(n, NV;) for i = 1,2 and Ny, Ny = [n/K], [n/K]+1,...,nin
O(n?) time. Hence, the heuristic solutions to P(Ny, No) for all Ny and N; values can be determined
in O(n?) time.

Let ZH2(P(Ny, N3)) denote the total cost of the solution generated by heuristic H2(Ny, Na). Let
o*(P (N1, N2)) denote the optimal solution to problem P(Nj, No) and Z*(P (N, N3)) be its total

cost. Using the same arguments as in the proof of Theorem 1, we have

2 n
ZH2(P(Ny, Ny)) < ZAiNiJr?WZD;, 2)
=1 j=1

where D7 is the value of D; in o*(P (N1, Na)). Thus, ZH2(P(Ny, No)) < 2Z*(P(N1, No)). This

implies the following result, which provides a performance guarantee on heuristic H2(N1, Na).

Theorem 2 [Z72(P(Ny, No)) — Z*(P(Ny, N2))|/Z*(P(N1, N2)) < 1.



4.2 When the Delivery Batch has Unit Capacity

Next, we consider a special case of problem P in which the capacity of the delivery batch is equal
to one (i.e., K = 1). We denote this special case as Py. In this special case, Ny = Ny = n in any
feasible solution. Hence, throughout the analysis of this special case, we only consider solutions in
which a delivery always takes place at the completion of a task. Li and Vairaktarakis (2006) have
developed a polynomial-time approximation scheme (PTAS) for the problem with identical machine

locations but no delivery considerations. We now extend Li and Vairaktarakis’ PTAS to solve Pj.

Lemma 2 There exists an optimal solution to problem Py in which:
(i) The task processing sequences on both machines are identical.
(11) If “p1j < pir and paj < par.” or “p1j < pix and paj < par,” then J;j precedes Jy in the processing

sequence.

Proof: To prove property (i), suppose that in an optimal solution, there exists ¢ € {1,2,...,n} such
that the ¢th position of M7 and the ¢th position of My are occupied by tasks of different jobs. Then

let

r = max {E ‘ the fth position of M; and the ¢th position

of My are occupied by tasks of different jobs}.

Let T7; be the task which occupies the rth position of M; and T5; be the task which occupies the rth
position of My (see Figure 3). Note that j # k. If Dq; < Dy, then we can rearrange the processing
of the tasks on M; by moving T7; immediately behind T4, and this will not increase the arrival
time of any job at the distribution center. Similarly, if D1; > Doy, then rearranging the tasks on
M> by moving T5; immediately behind T3 will not increase the total cost of the schedule. Thus, by
repeatedly applying this rearrangement of jobs, we can obtain an alternative optimal schedule which

satisfies property (i). Property (ii) can be proven by a straightforward job interchange argument. |



In the rest of this subsection, we will only consider schedules that satisfy properties (i) and (ii)

of this lemma. Given a positive integer 3, we define the following job subsets:

S;:{Jje.ﬂ%'pu §p2j<%'p1j} (r=1,2,...,8);
Sy ={J; €I | Gt poy <pij < Gopaiy (r=1,2,...,8-1);
Sp={J;€T| %'pzj < p1j < paj}-

Clearly, {S7, 55, ..., ’5, Sy, ’5’} is a partition of J. Using this job partition, we construct a

modified problem P; with the following task processing times:

(pljv %plj)v if JJGS;“ (T:172vaﬁ)7

(P1j, P2j) =
(%'p2j7p2j)v if JJ 657/"/ (T:1727"'aﬁ);
for j = 1,2,...,n. The idea of this construction is to modify some of the original task processing

times so that we can make use of property (ii) of Lemma 2 to obtain an optimal schedule in polynomial
time. The construction is made in such a way that the changes in flow time of the tasks are under
control.

By property (ii) of Lemma 2, there exists an optimal solution to P; in which the jobs in S/ are
processed in nondecreasing order of py; and the jobs in S; are processed in nondecreasing order of

p2j, forr=1,2,..., 8. Let Jr (1), Jr.(2) - - > S, (n,) denote the jobs in set S/, sorted in nondecreasing

order of p1; (r =1,2,..., ), where n, = |S]|. Let (1) Ingin(2)r - - - Ingpr(ngy,) denote the jobs
in set S}/, sorted in nondecreasing order of po; (r = 1,2,...,0), where ngy, = |S)|. Hence, an

optimal solution to P; can be obtained by optimally merging these 23 job sequences. This can be

achieved by the following dynamic program.

Denote
20
J(w1,22,.. ., 728) = U {Tr1)s Trp@)s -+ s T -
r=1
Define f(z1,x2,...,223) as the minimum total customer waiting cost of the partial schedule which

consists of the jobs in J(z1,x2, ..., x2g), where x, = 0,1,...,n, for r = 1,2,...,23. We have the

10



following recurrence relation:

f(x1, 2, ..., 223)

26z, 26 xp
=, in_ {f(!El,---,!Be—l,!Ee—1,$£+1,---,!E25)+7maX{ZZﬁ1j —1-7'1,222723'—1-7'2}}-

5.t 220 r=1 j=1 r=1 j=1
The boundary condition is f(0,0,...,0) = 0, and the optimal solution value of problem P; is
f(ni,na, ..., n25) + (A1 + A2)n. Let o*(P1) denote the optimal schedule to problem P; obtained by
this dynamic program. We take the job sequence of this schedule and use it as a heuristic solution
to problem P1.

The values of 272«51 Z§;1 p1; and Zfil Z§;1 p2j (xp = 0,1,...,n; r = 1,2,...,20) can be
predetermined in O(n??) time. Thus, the above dynamic program solves the problem in O(Bn2?)
time. If 3 is a constant, then the running time of this heuristic is O(n??). We denote this heuristic
as H3(B). Let o3 (P1) denote the schedule generated by H3(f), and let T#3()(P1) denote the
total customer waiting cost of this solution. Let I'*(P;) denote the total customer waiting cost of

o*(Py), and I'*(Py) denote the optimal total customer waiting cost of problem Pj.

Lemma 3 [TH30)(Py) —T*(Py)]/T*(P1) < 1/8.

Proof: Let Jr(;) denote the jth job in schedule 0*(P1) and A; denote the difference in arrival time
of J.(;) at the distribution center between schedules o/ 30)(Py) and o*(Py). Let A’ and AY denote
the difference in completion time of processing of T} r(;) and Ty r(;), respectively, between these two

schedules. We have

J J
_ 1 1 1
A= (010 — Pragr) < > 5 Par) = 5 > Do < 3 > Do)
k=1

k=1 k=1,2,...,j s.t. k=1,2,....j s.t.

1 1 1

T (k) EST U USY T (k) €57 Y USG

and

J

J
A7 = Z(pz,w(k) — Pan(k)) < Z % "Plar(k) = % Z Pra(e) < l Z Lm(k):

k=1 k=1,2,...,7 s.t. k=1,2,...,j s.t. k=1
! ! ! !
Jﬁ(k)EslUu-Usﬁ Jﬁ(k)EslUu-Usﬁ

Q

11



Thus, for j =1,2,...,n,

J

J
Aj < max{A}, A”}<—max{z 1,7(k)> Z w(k}

k=1 k=1

J J
{Z 1,7(k) +7_17 Zp27r(k +7_2}

k=1 k=1

QIH

Hence,

n n J J
— 1 D
MH3E(Py) —T*(Py) =) _A; < % > :maX{ > Piatky T 71 D Pox(h) +72} = g'r*(Pl)'
j=1 j=1 k=1 k=1

Note that I'*(Py) < I'*(Py). Therefore, T30 (Py) — I'*(P1) < (1/6)-T*(P1). |

Let ZH30)(Py) and Z*(P;) denote the total cost of schedules o3 (P1) and ¢*(P;), respec-
tively. Note that ZH3(8)(P) = n(\; + o) + TH30)(Py) and Z*(P1) = n(\1 + \2) + [*(P;). Hence,

Lemma 3 implies the following result.
Theorem 3 [ZH300)(Py) — Z*(P1)]/Z*(P1) < 1/8.

Because the running time of H3(f) is O(n?%), Theorem 3 implies that H3(3), 8 = 1,2,..., is a

PTAS for problem P;.

4.3 When the Job Processing Sequence Is Predetermined

Next, we consider the case in which the task processing sequences on both machines are given
and identical. In this case, our focus is on determining the delivery schedule of the finished tasks.
We will present an efficient algorithm for obtaining the optimal schedule. For the convenience of
presentation, we reindex the jobs in such a way that the job processing sequence is Ji, Js, ..., Jy.
Thus, the task processing sequence on M; is T;1, Tio, ..., Tin (i = 1,2), and the completion time of
task Ty is Pyj = Soa_y pie (i=1,2,7=1,2,...,n).

Define f(j; k1, k2) as the minimum total cost of the partial schedule which consists of jobs
Ji,J2, ..., Jj, given that tasks T j 1,75 j42, - .., Tik, have been scheduled to depart from M; in one

batch at time Py, (i = 1,2), where k1, ko = j+1,742,...,nand j =0,1,...,n—1. Note that in the

12



definition of f(j; k1, k2), tasks T1 j4+1, 11 j42, - - -, Tik, form a delivery batch. This batch has unused
capacity if k&1 < j + K. In such a case, we may choose to include task T4; in this batch without
incurring an additional delivery cost. Similarly, tasks 75 ;11,75 jyo,. .., Tok, form a delivery batch.
If this batch has unused capacity, we may choose to include task T5; in this batch at no additional

delivery cost. Hence, we have the following recurrence relation:

fUski ko) = min{f(j — 13 k1, k2) + ymax{ P, + 71, Pak, + 72},
f(J =17, k2) + ymax{Pij + 71, Pop, + T2} + A1,
f(J =1k, ) +ymax{ P, + 71, Poj + T2} + Ao,

FG = 135,4) + ymas{ Py + 71, Poj + 7} + 1 + o }

if k1 <j+4+ K and ko < j + K. In the right hand side of this equation, there are four choices. The
first choice is to let T; depart from M; (together with T j1, T4 jy2, ..., Tik,) at time Py, and let
Ty; depart from M, (together with 15541, 1 12, - - .y Tok,) at time Pog,. This does not incur any
additional delivery cost. The second choice differs from the first choice in that 77; is assigned to a
different delivery batch which departs M; at time Py (i.e., immediately after the processing of T;).
If this choice is made, a delivery cost of A is incurred. The third choice differs from the first choice
in that T5; is assigned to a different delivery batch which departs M, at time P»; (i.e., immediately
after the processing of T5;). The fourth choice is to assign both 7' ; and T5; to new delivery batches.

The boundary conditions are
f(gi k1, ko) = +ooif ky > j+ K or ky > j + K;
f(O;k‘l,k‘g) =0 lfk‘l S K and k‘g S K.
The optimal solution value is f(n—1;n,n)+~ymax{ P, + 11, Poap, + 72} + A1 + A2, where f(n—1;n,n)
is the total cost of Jyi, Jo, ..., Jy—1, while ymax{ Py, + 71, Poy, + 72} and A\ + Ao are the customer

waiting cost and delivery cost, respectively, of .J,,. We denote this dynamic programming algorithm

as Al. The running time of algorithm A1 is O(n?).

13



5 An Improved Heuristic for Problem P

We now present a more effective heuristic for the general problem P. Denote Ny, = [n/K ], and let
[ be a given positive integer parameter. The idea is to try both heuristics H2(Ny, N3) and H3([3)
on the given problem instance and select the better of the two results. Because heuristic H3(/3) is
designed for the case with K = 1, we expect that it is only effective when the value of K is small.

Therefore, we apply algorithm A1 (see subsection 4.3) to improve the result generated by H3(3).

Heuristic H4(3):

Step 1: For Ny, No = Nuin, Nmin+1, ..., n, apply heuristic H2(NN1, N3) to obtain a solution to prob-

lem P (N1, N3) and denote the solution as o#2(P(Ny, N)).

Step 2: Apply heuristic H3(3) to obtain a solution to problem Pp, and denote the solution as

B3O (Py).

Step 3: Take the job processing sequence of of3(8 )(Pl) and apply algorithm Al to obtain an optimal

delivery schedule. Denote this solution as o4?.

Step 4: Select the best one among {aHz(P(Nl, N3)) | N1, N2 = Nuin, Nmin + 1, - . .,n} U {aAl} as

the solution to problem P.

As explained in subsection 4.1, Step 1 of heuristic H4(3) takes O(n?) time. Step 2 takes O(n??)
time if 3 is a constant, and Step 3 takes O(n?) time. Hence, the overall running time of this heuristic
is O(n?%) when 8 > 2. If K = 1, then by Theorem 3, the relative error of the solution generated
by this heuristic is guaranteed to be no more than % x 100%. Let ZH4P)(P) denote the total cost
of the solution generated by H4((3), and Z*(P) denote the total cost of the optimal solution. The

following theorem provides a performance guarantee on this heuristic when K > 2.

Theorem 4 If K > 2, then [Z"*P)/(P) — Z*(P)]/2*(P) < (K — 1)/(K — §).
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Proof: Consider an optimal solution ¢*(P) to problem P. Let A* = ANy + AoN5 denote the
total delivery cost of o*(P), where Ny and Ng are the values of N1 and Na, respectively, in this
optimal solution. Let T =~ Z?Zl D7 denote the total customer waiting cost of o*(P), where D;
is the value of D; in this optimal solution. Recall that Z*2(P(Ny, N2)) is the total cost of solution
o2(P(Ny, Nu)) and ZH3(5)(Py) is the total cost of solution o738 (P;). We divide the analysis into
two cases.

Case 1: (K —1)A* > (1— %)F* In this case,

A 4T K- (1/8)
I'* - K-1 -~

3)

Because one of the candidate solutions obtained in Step 1 of H4(B3) is o2(P(Ny, N3)), we have
B (P) < ZH2(P(NF,N3)) < A* + 2I'*, where the second inequality follows from (2). This

implies that

ZHAB)(P) — Z*(P) _ It
Z*(P) T AT
K—1
< m (by (3))-

Case 2: (K —1)A* < (1— %)F* In this case,

A +TF K —(1/8)
& T (/)

(4)

Note that Ni > n/K and N5 > n/K, which implies that (A; + A2)n < KA*. Consider the solution

obtained in Step 2 of H4(f3), we have
ZHAB)(p) < ZH3B) (py)
1 *
< (M +A)n+ (1 + B)F (P1) (by Lemma 3)
1
< KA* + (1 + B)F*(Pl)

< KA* + (1 + %)r

15



Therefore,

(K —=1)A*+(1/p)I

7(P) = AT
1 1 A*
<5 (o1 5) i
1 (K- -p)
<3t Kf% = (by (4)
K1
S K-/

Combining Cases 1 and 2 yields the desired result. ||

Theorems 3 and 4 imply that there exists a polynomial-time heuristic for problem P with a
worst-case error bound arbitrarily close to (K —1)/K for any fixed integer K > 1. This error bound
is larger as K gets larger, and it approaches 1 as K approaches infinity. This implies that the

performance of heuristic H4((3) has a better guarantee when the batch capacity is small.

6 Computational Experiments

To test the performance of our heuristics, a set of computational experiments has been conducted.
In these experiments, we use randomly generated problems and then compare their heuristic solution
values with the lower bounds of the optimal solution values. We test heuristic H1, as well as heuristic
HA4(f) with f = 2 and 3.

Let ¥ denote the set of all feasible solutions of problem P. Define
2 n
LBy(a) = min { D ANty [aDiy+ (1 - a) Dyl }
=1 J=1
where 0 < a < 1. For any given value of «, the value of LBj(«) can be obtained via a dynamic

program similar to that presented in Section 3. Because aDq; + (1 — a)Dy; < max{D1;, Do}, we

have LB;(«a) < Z*(P) for all a € [0, 1]. Thus, a lower bound on Z*(P) is given as
LBy = max {LBy(a)},
ac
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where [ is any finite subset of [0,1]. In our computational experiments, we have selected I =
{0.00,0.01,0.02,...,1.00}.
Note that the total delivery cost of a given problem is at least (A + A2)-[n/K] and the total

waiting cost of a given problem is at least I'*(Py). Thus, another lower bound on Z*(P) is given as
n .=

We now develop some alternative lower bounds as follows. We reindex the jobs such that p;; <

p12 < - -+ < p1p. Define
/
P1; = P1j
and
/ .
poj = min{paj, P2 j+1,- - -, P2an}-

Let P denote the problem after replacing all p;; with p;. Note that ph, < phy < -+ < ph,,. Thus, there
exists an optimal solution to P in which the processing sequence on machine M; is Tj1, Ty, . . ., Tin for
i =1, 2. Hence, problem P can be solved efficiently by using the method developed in subsection 4.3.
Let LB; denote the optimal solution value of P. Clearly, LBs is a lower bound on Z *(P).

Similarly, we can reindex the jobs such that po; < pog < - -+ < pg,, and define

/A . . .
pi; = min{p1j, p1,j+1, - -, Pin}

and
p/2/j = DP2j-
Let LBy denote the optimal solution value of the problem after replacing all p;; by p;;. Then LBy

is also a lower bound on Z*(P). We let
LB = maX{LBl, LBQ, LBg, LB4},

which is the lower bound that we use in our computational study.
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To obtain a random problem instance, we generate the task processing times pi; and pa; (j =
1,2,...,n) that are independent and uniformly distributed in the interval (0,1]. We generate the
delivery times 71 and 75 that are independent and uniformly distributed in the interval (0, Tyax],
where Tyax 1S a given parameter. We assume that the unit cost of waiting, v, is equal to 1 (in
practice, if 7 is not equal to 1 then we may rescale the monetary unit so that v = 1). We generate
the delivery costs A1 and A9 that are independent and uniformly distributed in the interval (0, Ayax],
where Apax 1S a given parameter.

In the computational study, the following parameters are used: n is set to 10, 20, 40, and 80; K
is set to 1, 2, 4, and 8; Tyax 1s set to 1 and 4; and Ayax is set to 1, 2, 4, and 8. Hence, there are
128 combinations of values of n, K, Tmax, and Apax. For each of these combinations, we generate
10 random problem instances. For each instance, we compute the heuristic solution values and the
value of LB.

Denote
m _ Z"'(P) - LB

1
B x 100%

e

and

HA4(B) —
i) — 2 g;) LE | 100% (8 =2,3).

H1 oHA(2)

For each combination of n, K, Tmax, and Apnax, we calculate the average values of e , and

eH14(3) (denoted as el ef14(2) and 403, respectively) from the 10 test instances. The quantities

gH1 GHA(2) HA(3)

, and e are used as estimates of the relative errors of heuristics H1, H4(2), and
H4(3), respectively.

Tables 1-4 summarize the computational results. From these results, we observe that heuristics
H4(2) and H4(3) outperform heuristic H1 substantially while in most cases the performance of
HA4(3) is slightly better than that of H4(2). The performance of heuristics H4(2) and H4(3) tends

to drop as K increases. This is consistent with the worst-case analysis result presented in Theorem 4.

H1_ GHA(2) HA(3)

We also observe that the values of e ,and e increase as n increases. However, as stated

in Theorems 1 and 4, there exist upper limits on these relative errors. The performance of these
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heuristics is better when 7,,x = 4 as compared to Tmax = 1. This is because both the heuristic and
optimal schedules of a given problem instance will remain unchanged if 7 and 7» are increased by the
same amount A. The only difference is that the total cost of both the heuristic and optimal solutions
will increase by ynA. Hence, an increase in 71 and 75 simultaneously will result in a smaller relative
error of the heuristic solution. Therefore, the relative errors of the heuristics tend to decrease as
Tmax increases. In our experiments, when Apa = 8, over 80% of the delivery batches in the heuristic
solutions are full. On the other hand, when Ay = 1, except for the case where K = 1, most delivery

batches in the heuristic solutions are not full. In most combinations of n, K, and Tyax, the values

of gH1, gH4(2) HA(3 HA(3)

,and e ) reach a maximum at Amax = 1 or Apmax = 2. The average value of €
among all 1280 test instances is 6.4%, indicating that the overall effectiveness of heuristic H4(3) is
quite high.

Another set of computational experiments are then conducted to test the benefits of coordinating
the schedules of the two decentralized machines through the use of our model. To achieve that, we
compare the solutions obtained by heuristic H4(3) with the solutions obtained by scheduling the

production and delivery of each machine independently. We use the above randomly generated

problem instances. For each problem instance, we determine

"= Zind(P)

x 100%,

where Z"4(P) is the total cost of the solution to problem P obtained by solving two independent
single-machine production and delivery problems Pﬁ”d and Pé"d. The objective of problem Pﬁ”d is to
minimize A1 N1+ Z?:l D1, while the objective to problem Pé"d is to minimize Ao No +y Z?:l Dy;.
Problems Pﬁ”d and Pé”d can be solved optimally using the dynamic program presented in Section 3,
except that the unit waiting cost is now v instead of /2. For each combination of values of n, K,
Tmax, and Apmax, we calculate the average values of r (denoted as 7) from the 10 test instances. The
quantity 7 is the percentage reduction in total cost if the coordinated schedule is used compared to

the use of an uncoordinated schedule.
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Table 5 summarizes the computational results. From these results, we observe that the saving
obtained from coordinating the machine schedules increases as n increases. This implies that as
the problem size increases, there are more saving opportunities available through coordinating the
operations of the two decentralized machines. We also observe that such saving tends to increase
as K increases. When K is large, it provides more flexibility to better coordinate the two machine
schedules, and therefore, the benefit of coordination is more significant. The percentage saving
obtained from coordination is smaller when 7y, = 4 as compared to Tmax = 1. Again, this is because
an increase in 71 and 75 simultaneously will lead to an increase in both Z74®)(P) and Z"4(P) by
the same amount. This results in a drop in r. Therefore, the percentage savings obtained from

coordination tend to decrease as Tyax INCreases.

7 Conclusions

In this paper, we studied a machine-scheduling model with two machines processing tasks at different
locations where the completed tasks are delivered to a distribution center in batches. The problem
is NP-hard in the strong sense. We first developed a simple heuristic and showed that the relative
error of the heuristic solution must not exceed 100%. We further developed a more sophisticated
polynomial-time heuristic with a better worst-case error bound which depends on the capacity of the
delivery batches. Our computational study not only shows that the improved heuristic is effective
in practice but also shows that the coordination of the production and delivery schedules of the two
decentralized machines can provide a substantial saving in delivery and customer waiting costs.
There are several possible extensions to this research. One extension is to generalize our model
and analysis to include more than two decentralized machines, tasks that occupy different amount
of space in a delivery batch, and jobs with different waiting cost per time unit. Another extension
is to consider the integration of production schedules of decentralized machines, deliveries from the

decentralized machines to the distribution center, and the deliveries from the distribution center to

20



end customers.
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Table 1. Computational results for K =1

n=10 n=20 n=40 n =380
K=1|tmx=1 | Amx=1 | 8" =196% | €™ =257% | 6" =33.6% | e"'! =39.6%
g4 @ = 5409 | 4@ = 719% | e"*@=108% | e"*?P=12.2%
g4 = 46% | ¥ = 6.0% | eM"® = 950 | g"4® =10.2%
Aax=2 | €71 =16.0% | €™ =19.1% | ™ =299% | " =34.5%
e"@= 46% | e"@=56% | "= 88% | " =10.0%
g4® = 36% | g4 = 4590 | eM®= 77% | e"*® = goy
Mmax =4 | 8" =13.0% | e =17.2% | e =228% | e™ =33.0%
g4 @ = 369 | gH*@= 550 | eM"@= 500 | "4 =10.0%
g4® = 330 | e = 499% | eM® = 54% | e"*® = g 7%
Max=8 | 8" = 6.0% | "t =173% | e =207% | et =28.1%
g @ = 16% | eH*@= 45% | eM"@= 620 | e"*@ = 7.4%
gM® = 120 | M@= 40% | e"® = 51% | "= 7.0%
Tmax =4 | Amx=1 | 8" = 7.9% | e"t =143% | e =254% | e"'! =32.3%
gH*@ = 2505 | gH4@= 300 | M@= 7.0% | e"*@= 929
gM4® = 200 | e = 28% | eM"®= 63%n | e"*® = 8.3y
Max=2 | 8" = 6.4% | "t =14.0% | e =218% | et =29.6%
g4 @ = 199 | eH*@= 36% | M@= 58% | e"*@= g1%
gH4® = 139 | eM*®= 289 | eM"®= 49% | e"*® = 6.8%
ax=4 | 8" = 38% | e =147% | e™ =171% | e =30.1%
g4 @ = 139 | eH4@= 439% | e"@= 40% | e"*@P = 95%
gM4® = 08% | e = 34% | eM"® = 34% | e"*® = g4an
Max=8 | 8" = 31% | e =88% | e =151% | et =24.8%
g4 @ = 07% | eH*@= 249% | e"*@= 39% | e"*@= 6.8%
gM4® = 06% | e = 19% | eM"® = 33% | e"*® = 6.2%




Table 2. Computational results for K = 2

n=10 n=20 n=40 n =380
K=2 | thax=1 | Amx=1 | 8"t =207% | €™ =278% | 6" =37.0% | e"'! =42.4%
g @ = 679 | eH*@= 78% | eM"@=11.7% | e"*@=145%
gM4® = 620 | 4= 71% | eM"®=11.0% | e"*® =125%
Max=2 | 8" =143% | e =228% | e =332% | e™ =38.7%
g4 @ = 420 | 4@ = 66% | eM"@= 96% | e"*P=11.9%
gM4® = 36% | e = 63% | eM"® = 88% | e"*®=10.7%
Max =4 | 8" =121% | e™ =207% | e™ =304% | e™ =37.0%
g4 @ = 269 | 4@ =500 | eM"@= 90% | e"*@=115%
e™®=23% | eMP=51% | "= 81% | " =10.0%
Max=8 | 8" = 74% | e"t =17.7% | e =23.0% | et =31.7%
g4 @ = 149 | e"*@= 589 | M@= 620 | e 4@ = 929
gM4® = 13% | "M@= 5390 | "M@= 579% | "G = 81%
Tmax =4 | Amx=1 | 8" = 78% | e"t =198% | e™ =26.1% | e"'! =34.7%
g'@=26% | e"*@=53% | e"@=71% | "D =10.8%
g4® = 220 | eH4¥ = 469% | eM® = 57% | e"*® = 93y
Max=2 | 8" = 97% | e" =183% | e =256% | et =32.9%
gH4@= 219 | e"@=51% | M@= 749% | e"4@= 91%
gM4® = 189 | eH*® = 459% | eM"®= 63% | e"*® = 8.0%
Max=4 | 8" =118% | e"t =134% | €™ =209% | et =31.6%
gH4@ = 350 | gH4@= 349% | eM"@= 500 | e"*@= 9.0%
g4® = 330 | e*® = 2990 | eM® = 43% | e"*® = g82u
Max=8 | 8" = 28% | e =108% | e =216% | et =30.3%
gH4@ = 059 | eH4@= 27% | eM"@= 66% | e"*P= 9.0%
gM4® = 039 | e = 2390 | eM"® = 590 | g"4® = g3y




Table 3. Computational results for K =4

n=10 n=20 n=40 n =380
K=4 | thx=1 | Amx=1 | 8" =243% | e =318% | "' =352% | e"'! =375%
g4 @ = 799 | gH4@= 999 | eM"@=113% | e"*@=11.3%
gh4® = 76% | e = 96% | e™"® = 98% | e"*® =10.6%
Max=2 | 8" =205% | e =242% | e =354% | e™ =38.5%
g4 @ = 7205 | gH4@= 789 | eM"*@=11.9% | e"*@=12.1%
gM4® = 700 | M= 74% | eM"®=113% | ¢"*® =11.3%
Max =4 | 8" =127% | e™ =21.9% | e =328% | e™ =37.1%
g4 @ = 3205 | gH4@ = 749% | eM"*@= 93% | e"4?=10.9%
gh4® = 299 | e = 67% | eM"® = 87% | £"*® =10.3%
ax=8 | 8" =133% | "t =215% | e =205% | et =32.8%
g4 @ = 439 | M@= 6.0% | €@ = 9.0% | e"*?=10.1%
gM4® = 39% | M@= 520 | "= 859 | "4 = 9.3%
Tmax =4 | Amx=1 | 8" =137% | e"t =229% | e =286% | et =30.1%
gH*@ = 489 | g4 @= 750 | e"@= 86% | e"*@= g4%
gH4® = 420 | g4 = 67% | eM® = 78% | "= 7.1%
Max=2 | 8" =128% | e"t =193% | e =278% | e"'! =32.8%
gH4@ = 399 | g4 @ =500k | M@= 790 | e"*@= 929
gM4® = 36% | e = 44% | eM®= 71% | e"*® = g5n
Max=4 | 8" = 89% | e =187% | e =252% | e"! =32.1%
gH4@ = 230 | gH4@= 550 | eM*@= 73% | e"*@= g 7%
gh4® = 200 | e = 47% | e™"®= 7.0% | e"*® = 8.3n
Max=8 | 8" = 6.3% | et =127% | e =21.7% | et =28.9%
gH4@ = 150 | gH4@= 349% | eM*@= 550 | g"4@= g3y
gH4® = 149% | e ®= 319% | eM® = 49% | e"*® = 7.3%




Table 4. Computational results for K =8

n=10 n=20 n=40 n =380
K=8 | thx=1 | Amx=1 | 8"t =215% | e =208% | 6" =326% | e"'t =37.2%
gH4@ = g5y | 4@ =107% | e"*@= 98% | £"*4?=10.4%
e"®=83% |e"®=10.0% | e"®= 93% | "= 9.2%
Mmax=2 | 8" =19.9% | e =278% | e =33.7% | e™ =40.7%
g @ = 769 | g4 @ = 89% | e"*@=109% | e"*?@=12.8%
gM4® = 749 | e*® = 87% | eM"*®=103% | e"*® =12.0%
Mmax =4 | 8" =187% | e™ =207% | e =334% | e™ =415%
g4 @ = 820y | gH4@=10.7% | e"*@=103% | e"*@=14.1%
gh4® = 789 | e =106% | e™"*® = 99% | g"*® =13.3%
Aax=8 | 8" =134% | "t =236% | e =274% | e"! =37.6%
gM*@ = 46% | eH*@= 89% | eM"*@= 820 | e"*@P=11.7%
e = 450 | €= 84% | M= 76% | e =11.1%
Tmax =4 | Amx=1 | 8" =115% | e"t =205% | e =29.4% | e"! =31.9%
gM4@ = 450 | 4@ = 69% | eM"@= 90% | e"*@= 8on
gM4® = 439 | e = 67% | eM® = 820 | e"*® = g82n
Max=2 | 8" =11.0% | e"t =173% | e =306% | et =31.4%
gH4@ = 350 | eH4@= 48% | e"*@=10.0% | e"*?P= 9.1%
g4® = 350 | g4 = 450 | eM® = 97% | e"*® = 85K
Max=4 | 8" = 88% | e =17.7% | e =282% | e"'! =34.1%
gH4@ = 320 | gH4@ = 549 | eM*@= 99% | g"4P=10.2%
gh4® = 300 | e =500 | eM"® = 93% | e"*® = 96%
Max=8 | 8" = 7.7% | e"t =169% | e =236% | et =34.2%
gH4@ = 150 | eH4@= 5390 | eM"@= 71% | e"4?=10.8%
gM4® = 14% | e = 499% | eM"®= 6.7% | e"*® =10.2%




Table 5. Percentage savings () obtained from coordinating the two decentralized machines

n=10 n=20 n=140 n =280

K=1 Tmax =1 | Amax =1 11.6% 14.7% 17.4% 20.3%
Amax = 2 9.3% 11.4% 16.6% 18.7%

Amax = 4 8.3% 9.8% 14.1% 17.8%

Amax = 4.1% 10.8% 12.2% 16.4%

Tmax =4 | Amax =1 5.0% 9.9% 15.1% 17.7%

Amax = 2 4.5% 8.8% 13.3% 17.3%

Amax = 4 2.7% 9.2% 11.3% 16.8%

Amax = 2.3% 6.4% 10.0% 14.8%

K=2 Tmax =1 | Amax =1 12.4% 16.0% 18.3% 20.2%
Amax = 9.1% 13.5% 18.1% 19.8%

Amax = 4 8.6% 13.0% 16.9% 19.0%

Amax = 8 5.6% 10.2% 14.0% 17.6%

Tmax =4 | Amax =1 5.5% 12.8% 15.7% 18.3%

Amax = 2 6.9% 11.5% 15.1% 18.5%

Amax = 4 7.8% 9.1% 13.7% 17.5%

Amax = 8 2.4% 7.4% 12.8% 16.9%

K=4 Tmax =1 | Amax =1 13.7% 17.1% 18.2% 19.6%
Amax = 2 11.6% 13.8% 18.0% 19.7%

Amax = 4 9.2% 12.7% 18.0% 19.6%

Amax = 8.6% 13.2% 16.2% 17.6%

Tmax =4 | Amax =1 8.9% 13.0% 15.7% 17.2%

Amax = 8.0% 12.9% 16.4% 17.1%

Amax = 4 6.3% 11.9% 14.5% 17.9%

Amax = 8 4.8% 8.9% 13.8% 16.7%

K=38 Tmax =1 | Amax = 11.8% 15.2% 17.7% 20.1%
Amax = 2 9.8% 15.4% 17.6% 20.4%

Amax = 4 10.0% 15.2% 18.1% 20.1%

Amax = 8 10.3% 12.6% 15.9% 19.4%

Tmax =4 | Admax = 7.3% 11.7% 16.5% 18.0%

Amax = 2 6.9% 11.3% 16.2% 17.6%

Amax = 4 6.2% 10.8% 15.0% 18.4%

Amax = 7.1% 10.4% 14.1% 18.0%




Machine M, Travel time: t;

Delivery cost: A,
Distribution customers
Machine M, Travel time: 1,

Delivery cost: A,

Figure 1. Machines and distribution center
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Figure 3. The schedule in the proof of property (i) of Lemma 2





