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LMI-Based Stability and Performance Conditions for
Continuous-Time Nonlinear Systems in
Takagi-Sugeno’s Form

H. K. Lam, Member, IEEE, and
Frank H. F. Leung, Senior Member, IEEE

Abstract—This correspondence presents the stability analysis and per-
formance design of the continuous-time fuzzy-model-based control sys-
tems. The idea of the nonparallel-distributed-compensation (non-PDC)
control laws is extended to the continuous-time fuzzy-model-based control
systems. A nonlinear controller with non-PDC control laws is proposed to
stabilize the continuous-time nonlinear systems in Takagi-Sugeno’s form.
To produce the stability-analysis result, a parameter-dependent Lyapunov
function (PDLF) is employed. However, two difficulties are usually encoun-
tered: 1) the time-derivative terms produced by the PDLF will complicate
the stability analysis and 2) the stability conditions are not in the form
of linear-matrix inequalities (LMIs) that aid the design of feedback gains.
To tackle the first difficulty, the time-derivative terms are represented
by some weighted-sum terms in some existing approaches, which will
increase the number of stability conditions significantly. In view of the
second difficulty, some positive-definitive terms are added in order to cast
the stability conditions into LMIs. In this correspondence, the favorable
properties of the membership functions and nonlinear control laws, which
allow the introduction of some free matrices, are employed to alleviate
the two difficulties while retaining the favorable properties of PDLF-based
approach. LMI-based stability conditions are derived to ensure the system
stability. Furthermore, based on a common scalar performance index,
LMI-based performance conditions are derived to guarantee the system
performance. Simulation examples are given to illustrate the effectiveness
of the proposed approach.

Index Terms—Fuzzy control, parameter-dependent Lyapunov function
(PDLF), performance realization, stability analysis.

I. INTRODUCTION

Fuzzy-model-based control approach offers a systematic and ef-
fective framework to investigate the system stability. In general, the
stability analysis is carried out based on the T-S fuzzy models
[11, [2], which represent the system dynamics of the nonlinear plants.
In the last two decade, fruitful stability-analysis results [3]-[16] have
been obtained to guarantee the system stability of the continuous-
time or discrete-time fuzzy-model-based control systems. Basic linear-
matrix-inequality (LMI)-based stability conditions were developed in
the study in [3] and [4] using Lyapunov approach for the fuzzy-model-
based control systems. In [4], an efficient design technique, namely,
parallel-distributed compensation (PDC) technique, was proposed to
design the fuzzy controllers and relax the stability conditions. Further
relaxed stability conditions were obtained in the study in [5]-[13]
based on the PDC-design technique. In [3]-[13], the stability analysis
of fuzzy-model-based control systems was investigated based on a
parameter-independent Lyapunov function. The stability analysis was
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extended to parameter-dependent Lyapunov functions (PDLFs) for
continuous-time [13] and discrete-time systems [15], [16]. Further-
more, in [15] and [16], a non-PDC nonlinear controller was proposed
to stabilize the discrete-time nonlinear systems represented by the
T-S fuzzy models. It was shown that the non-PDC control laws
derived by the PDLF-based approach could further relax the stability
conditions.

On using the continuous-time PDC approach with PDLF, two
difficulties are faced during the stability analysis: 1) unlike the
discrete-time case, the continuous-time design using PDLF will gener-
ate time-derivative information of the membership functions, increas-
ing the difficulty of the stability analysis and 2) the resultant stability
conditions cannot be simply expressed in LMI forms. To deal with
the problem in 1), the time-derivative information is represented by
some weighted functions in the study in [13]. However, the number of
stability condition is increased by the multiplication property of the
fuzzy-model-based approach. To deal with the problem in 2), some
positive-definitive terms were employed to formulate the stability
conditions into LMI forms by using the Schur complement technique.
However, conservativeness is introduced to the stability analysis result
by the additional positive-definitive terms added. Furthermore, the
dimension of the matrices in the stability conditions will be increased
by the Schur complement technique. In [14], under a particular
premise structure of the fuzzy model, the time-derivative information
can be eliminated. However, it cannot be applied to general fuzzy
models.

In this correspondence, the non-PDC design approach using the
PDLF proposed in [15], and the study in [16] is extended to the
continuous-time nonlinear systems. To deal with the problem in 1),
the property of the membership functions, which allows introducing
some free matrices, is employed during the stability analysis. Unlike
the weighted-sum representation of the time-derivative information in
the study in [13] that increases the order of the multiplication, our
approach converts the time-derivative information into additive terms
only. The difficulty in the problem in 1) can thus be reduced. To deal
with the problem in 2), the non-PDC control laws are employed. As
some of the nonlinear terms can be compensated by the non-PDC con-
trol laws during the system analysis, the order of the multiplication can
be further reduced and, more importantly, the stability conditions can
be expressed in LMI forms without introducing extra positive-definite
terms. The LMI-based stability conditions are derived using the PDLF-
based approach to guarantee the stability of the fuzzy-model-based
systems. In order to realize the system performance, a commonly used
scalar performance index is employed to quantitatively measure the
system performance. Based on this performance index, some LMI-
based performance conditions are derived to guarantee the system
performance.

This correspondence is organized as follows. In Section II, the
fuzzy model and the non-PDC nonlinear controller are presented.
In Section III, the LMI-based stability and performance conditions
are derived by using the Lyapunov stability theory. In Section IV,
simulation examples are presented to illustrate the effectiveness of the
proposed approach. A conclusion will be drawn in Section V.

II. Fuzzy MODEL AND NON-PDC
NONLINEAR CONTROLLER

A multivariable fuzzy-model-based control system comprising a
nonlinear plant represented by a fuzzy model and a non-PDC nonlinear
controller connected in a closed loop is considered.
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A. Fuzzy Model

Let p be the number of fuzzy rules describing the nonlinear plant.
The ith rule is of the following format:

Rule s : IF f; (x(t)) is M} AND...AND fy (x(t)) is Mg
THEN x(t) = A;x(t) + B;u(t) (1)

where M is a fuzzy term of rule i corresponding to the known
function f,(x(¢)), «a=1,2...,¥;i=1,2,...,p; ¥ is a positive
integer; A; € R**" and B, € R™*™ are known constant system
and input matrices, respectively; x(t) € R**1 is the system state
vector; and u(t) € ™! is the input vector. The system dynamics
are described by

() = Y wi(x(t)(Ax(t) + Biu(t) @)
where
Zwi (x() =1, w;(x(t))e€[0 1]foralls (3)

and (4), shown at the bottom of the page, is a nonlinear function of x(t)
and fp (fa(x(t))), @ =1,2,..., ¥, is the grade of membership
corresponding to the fuzzy term of M .

B. Non-PDC Nonlinear Controller

A non-PDC nonlinear controller for the nonlinear plant represented
by the fuzzy model of (2) is proposed as follows:

u(t) =Y w; (x(t)) G;T (x(1)) " x(t)
+ ) ey (x(1) G4T (x(8) ' x(1)  (5)

where G; € R™*", and G; € R™*™ are constant feedback gains
to be designed; T'(x(t)) = T'(x(t))" = (3, _, wr(x(t))Pr); Pj, =
Pl eRv">0,k=1,2,...,p.

Remark 1: Referring to (5), when the fuzzy controller con-
tains the feedback gain of G, the time derivative of membership
function, o (x(£)) = (dw, (x(£)),/dx(t))x(t) = (duw, (x(t)) /dx(t))
(OoF wi(x(t))(Aix(t) + Bju(t))), has to be known. Hence,
w;(x(t)) should not depend on u(t); otherwise, the fuzzy controller
of (5) cannot be implemented easily.

Remark 2: As Py, k=1,2,...,pis apositive-definite matrix that
implies nonsingularity, the inverse of P, must exist. Referring
to (3), ie, Y7 wi(x(t) =1, wi(x(t))€[0 1] for all i,

v_, wk(x(t))Py is a linear combination of positive-definitive
matrices P .. As the sum of positive-definite matrices is still a positive-
definite matrix; hence, ) ", _, wi(x(t) P} is a positive-definite matrix,
which is nonsingular, and T'(x(t))~' = (3 h_, we(x(t))Pr) ™"
exists.
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III. STABILITY ANALYSIS AND PERFORMANCE DESIGN

In this section, the system stability and performance design of
the fuzzy-model-based control system are presented. In the following
analysis, w;(x(t)), w;(x(t)), and I'(x(¢)) are denoted by w;, w;,
and T, respectively, for simplicity, and the properties that Zle w; =

i1 2 wyw; =land ) 7 b; = 0areused. From (2) and (5),
the fuzzy-model-based control system is defined as follows:

x(t) = iwi (Aix(t) +B; <zp: w; G; T x(2)
+> ijjrlx(t)> )
= Z Z wWW; (Ai + BiGjI‘fl) x(t)

i=1 j=1

p p
+ 0> wai B G T x(8). (6)

i=1 j=1

The system stability and performance of the fuzzy-model-based
control system are guaranteed by the LMI-based stability and perfor-
mance conditions in the following theorem.

Theorem 1: The fuzzy model-based control system of (6), which is
formed by the nonlinear system in the form of (2) and the non-PDC
nonlinear controller of (5), is guaranteed to be asymptotically stable
if there exist nonzero positive scalars 0 < p < 1,7 >0 and o > 1,
such that wy, (x(t)) + pwk(x(t)) > 0 for all k and x(t), and matri-
ces F € ROFMIXCrtm) G, e Rmxn, G; € Rmxn, J, =JT €
K< Jy € RV J3 = J3T € RmxXm P = Pg, Rijk: = R;I;k (S
%”X",ﬁij = ﬁ;r] € R and A; = AT € R"*", such that the fol-
lowing LMI-based stability and performance conditions are satisfied.

A. LMI-Based Stability Conditions

P, >0, k=1,2,...,p
=S =T . . .
R +R;; <0, i=12,...,p; 1<}
Qiix  Siz Slpk
Soie Qook Sopk
Si= . <0, k=1,2,....,p
Splk Sp2k Qppk
911 Siz Slp
_ Sa1 Qa2 Sap
S=| . ) .| >0
§pl §p2 Qpp

piag (Fr (D)) % pags (fo (x(2)) X -+ X pagy, (Fo (x(2))

“

w; (x(1)) =

k=1

5= (masg (s Oe0))  aagg (o (e0)) - g (fu (x(0))
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where
Qijr+Qjik . o
Sijk:%+Rijk7 ]>k:1a2a'“7p> 1<]
< QutQ; — : .
Sij_ D) +R’L]7 ]:17277])7 1<J

Qir=P;A+A,P;+G] B/ +B,G;
1 — _
+;<Ai+G;cFB;F+Bin_Pk>7 i,5,k=1,2,....p

Qi]‘:Ai"f‘éjB;F-l-Biéijj, i,7=1,2,...,p.

B. LMI-Based Performance Conditions

Tij+F<0,
Ti+F>O,

thwj=1,2,...,p
1=1,2,...,p

where the expression for T';; is shown at the bottom of the page and
where

2p, 0 -iP, 0
— o P, o0 G,
T; 7 n ! ) 2, _1727 )
Tl-ip 0 1K, 1K, ! P
0 %ai 1KT 1K;

It should be noted that the values of J;, Jo, and J3 have to be
determined, such that

K,

K3
prior to applying Theorem 1. The proof of Theorem 1 is given in the
following sections.

—1

Kz]_{-h L1,

K T 3,

C. Stability Analysis

The stability of the fuzzy-model-based control system of (6) is
investigated. Considering the following Lyapunov function candidate:

V(t) = x(t)"T (). ©)
From (6) and (7), we have

V(t)= %(t) T x() +x(t) "0 x(t) —x(£) "D IT ' (¢)
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p P
=Y wawx@®)"T 7 (PAT+AT+G] BT

i=1 j=1

+ BZG]) Filx(t)

(G BT +B,G, )r x(t)

3P i

=1 j=1
—x()TP7IIT % (). ®)
Let X(t)=T"'x(t), and pu T=>7"  w,;P;, =
?:1 ’LU]PJZ( ZP 1 )Zf 1w]P Z le wiu')jP]- and

p H P — P P —
j- w;(OF wiAy) =" Z]:1 w; w]A- =0, where A; =
,...,Dp are arbitrary matrices. We then have

= >3

1=1j=1

-l-ZZwle (A +G, BT—I—BG) (1)

=1 j=1

—Zwaj YIP,%(t)

=1 j=1

= Z Z wyw;X(t)T

i=1 j=1

T(PAT+AT+GB[+B;G,) X(t)

x (P;AT+AP;+G B/ +B,G;) X(t)
23S sy
=1 j=1
=TT = —
P P
= 30wt
i=1 j=1

p P
7221” w;X ATI‘ +T7'A; i=1 j=1
=1 j=1 1 -
(GBI +B,Gy) T )x() x (A+G)BI+B.G,;-P; ) x(0)
P P
+Zwa] (GBI +BG, ) I 'x(0) f%Zszwj (A+G)BI+BG;-P; ) x(1)
i=1 j=1 =1 j=1
—x(t)T0IIT 1x(t) ©)
1= o (1-2)P. 0
T L L B L)
S IO L e O LB (REOES
0 Gi+1G, -(1-1)KJ -(1-1)K;s
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where p is a nonzero positive scalar. From the above equations,
it can be seen that the free matrices A; are introduced and can
take arbitrary values to produce less conservative stability-analysis
result. Considering the property that Zgzl w; = 0, which leads to

> (witpwy) =30 wi+pd Y by =1, from (9), we have

V)= wiw; (wi+pin) R (1)

i=1 j=1 k=1

1 —T T — —
+ —(AﬁGk B, +Bin—Pk> x(t)
p

P P
1 T =TT = —
- E E w;w;X (AH—GJ B; +BiGj—Pj) x(t)

i=1 j=1

_ Z Z w2 (wy, + o)X (1) T QuirX(t)

i=1 k=1

—I—Z Z Z w;w; (Wi +ptog)X(H) T (Quje+Qyin)X(t)

j=1 i<j k=1

P p
D R~ D wanE (@ + Q%)
i=1

Jj=1 1i<j

10)

where  Qux = P;AT + AP, + GIB + B,G; +1/p(A; +
o ik o +
G,BT+B,G,—Py), i, j, k=12,...,p Q=AM+
G,Bf +B,G, ~P,. i, j=1.2...,p Let Ry + RT, >0, j,
k=1,2,...,p; i<j and Ry+R;;<0, j=1,2,....p; i< j,
where Ry, = Rj;, € R™" and Ry, :ﬁ; € R"*". From
(10), we have

V() <D0 wwy + pu) R ()T QuisX(t)

i=1 k=1

+ Z Z Z wyw; (wi + pg)X()"

j=1 i<j k=1

X (Qijk + Qjix + Rijr + Rijr)X(t)— = Y wix"Q,X(t)

P
1 1 (= — = =T\
- § E wiw; XL (QU +Q,; +Rij + Ri].) x(t)

wligtg T wligtg
p wpX(E wpX(t
= Z(wk + pug) . Sk
o w, (1) (1)
w,X(1) w,X(t)
5 1n
w,X(1) w,pX(1)
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where
[ Qi Si2k S1pk
S21k Q22k SZpk
Sk = . ) k=1,2...,p
L Splk Sp2k Qppk
Si1k2w+Rijk7 ]7k:1727"'7p§ <]
—911 Si> Slp
_ Sa1 Qa2 Sap
S = . . .
-§p1 §p2 Qpp
_ 4+ Qs —
Sij:Qlsz]l+Rij7 i=12,...,p; <]

Let the value of p be designed such that wy, + pwy, > 0 for all k£ and
x(t), it can be seen from (10) that the time derivatives wy, are dealt with
by these conditions. The time derivatives are turned to additive terms
rather than going for the weighted-sum representation as in the study
in [13], which results in increasing the number of stability conditions
drastically.

It can be seen from (11) that if Sy <0, k=1,2,...,p, and
S > 0, we obtain V() < 0 (equality holds when X(t) = x(t) = 0),
which implies the asymptotic stability of the fuzzy-mode-based con-
trol system of (6). This proves the LMI-based stability conditions in
Theorem 1.

Remark 3: 1t can be seen from the stability analysis above that the
analysis is valid when the time derivatives of the membership functions
exists; otherwise, the PDLF-based analysis cannot be applied. This is
the drawback of the PDLF-based-analysis approach.

D. Performance Consideration of Non-PDC Fuzzy-Model-Based
Control Systems

In this section, LMI-based performance conditions are derived to
guarantee the system performance of the fuzzy-model-based control
system. The system performance is quantitatively measured by the
following performance index, which is commonly used in optimal

control [17]:
B FTx®]1" 30 3.1 [x()
J_/[u(t)} [JQT JJ [u(t)}dt

where J; = JT € R™X" > 0, J, € RX™, J3 = JT € Rm*™ > 0,

J J2| _ | Ki K
a“d[Jg Js| T |KT K,
and (12), we have

12)

-1
} € Rrtm)x(ntm) 5 0 From (5)

J—wx(t)TIP % o
_/ x(t)| |0 Y wl TG+ vl G,

I 0
« J1 J2 p 1 P Jp— 1
T 35| |0 X wG T 43w, G
i=1 j=1

x(t)
X |:x(t)] dt. (13)
Let
ol e o
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where 7 is a nonzero positive scalar. The objective of (14) is to
attenuate the scalar performance index J to a prescribed level governed
by the value of 7. From (13) and (14), we have

I 0

x(t) N P o P |T=T Ji Js
x(t) 0 Z:l’wir_ G;F"‘Z:lwir_ G; ||JT I,
0 1= 1=
I 0
P P
i= Jj=
rt o x(t)
—n[ o FlDL(t)]dmo. (15)
From (15), we have
Fxm]1[r o r' o |[x®
JEO] 5 2wl o] [55] e
’ (16)
where
r 0
p P J, J
W= lo i_zlwiG;F+i—21wiG;F] {J;} Jj
r P 0 P T o0
10 Y w G+ Y WG 77[0 I‘} an
=1 j=1

It can be seen that the inequality of (16) holds when W < 0. By
using the property of » " 4; = 0, we have ) > w;F = 0, where
F ¢ REntm)xBrtm) s an arbitrary matrix that is used to facilitate
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the analysis. From (17), by Schur complement, W < 0 is equivalent
to W and T';;, shown at the bottom of the page, and

ip, o -1p, o

_ 0 1p, 0 1g7

T; = 1 7 1 A I o>1
0 G, IKI IK,

From (18) and the fact that w; + pw; > 0 for all ¢ and x(¢), it can
beseenthat W < 0if Ty; + F < 0,4,5 = 1,2,...,pand T; + F >
0,7 =1,2,...,p, which are the performance conditions. It can be seen
from above equation that the free matrix F and scalar o are introduced
to ease the satisfaction of the performance conditions. This proves the
LMI-based performance conditions in Theorem 1.

IV. SIMULATION EXAMPLES

Two simulation examples are given in this section to illustrate the
effectiveness of the proposed non-PDC approach. The first numerical
example is given to show that the proposed non-PDC nonlinear con-
troller offers stronger stabilization ability than those of the traditional
ones. The second simulation example is on the stabilization of an
inverted pendulum on a cart. The proposed non-PDC nonlinear con-
troller is designed based on the LMI-based stability and performance
conditions. It will be shown that the proposed non-PDC nonlinear
controller performs better than the traditional PDC ones.

A. Numerical Example

A numerical example is given to demonstrate the effectiveness of
the LMI-based stability and performance conditions. Consider a fuzzy
model with the following rules [13]:

Rule i : IF z, (t) is MY

THEN x(t) = A;x(t) + Biu(t), i=1,2 (19)

-5 —4 -2 —4 0 0
whereAl—{lo 5 ,A2—|:_ _2},B1— LO}Bz—{b] )
—100 <a <20, and 1<b<51l. The membership functions

are defined as wi(x1(t)) = Har? (z1(t)) =1+sinz(¢t)/2 and

[ -n XP: w; P; 0 Xp: w; P; 0 1
i=1 i=1
W= i=1 i=1 i=1
p
Z’LUZP 0 —Kl —Kg
i=1
0 zp: w;G; + zp: %(wi +pw; —w;)G; KT -K3
L i=1 i=1 -
PP
+ Z Z w;(w; + poj — w;)F
pZZIPJ:l P
_ZZwi(w]+pw])(Tij+F)wai(T1+F) <0 (18)
i=1 j=1 i=1
R A (R
_— 0 —n(1-1)P, 0 GT +1G;
Claenee ol penK (b
0 Gi+1G, -(1-1)KJ -(1-1)Ks
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Fig. 1. Stability region based on the published stability conditions in the study
in [9]-[12].

wo(z1(t)) = Fiar2 (z1(t)) = (1—sinz;(t)/2). The system dynamics
are described as

X(t) =) w; (@1()) (Aix(t) + Biu(t) (20)

where x(t) = [z1(t) x2(t)]F. It is assumed
[—(47/9) (47/9)] and z2(t) € [—(47/9)
controller in the following form is used:

u(t) = ij(ﬂfl(t))Gj (Z wk(ﬁﬁ(t))Pk) x(t)
j=1 k=1

+ iy (@1 ()G, (Z wk<x1<t>>Pk> x(t). @)

The time derivatives of the membership functions are
obtained as wj(z1(t)) = (cos(z1(t))x1(t)/2) and wa(z1(t)) =
—(cos(z1(t))#1(t)/2). From (20), we have

that z,(¢t) €
(47/9)]. A nonlinear

z1(t) =[1 0] x Zwi (z1(t)) (Ayx(t) + Biu(t))

=S @)1 0lAx(
:%((1+sin(x1(t)))[f5 —4]
+ (1 —sin(z1(¥))[-2 —4]) {xl(t):|

(=Tz1(t) — 8x2(t) — 3z, (t) sin (z1(1))) .

N =

Hence, we have w; (x(t)) = —(cos(z1(¢))/4)(Tz1(t) + 8z2(t) +
3x1(t) sin(z1(t))). By choosing p = 0.007, it can be shown that
the conditions of w;(z1(t)) + pw;(x1(¢)) > 0 for all ¢ and z1(¢) (in
the operating domain) are satisfied. In this example, the values of the
feedback gains G; are designed such that the eigenvalues of A; +
B, G; are located at —1 and —3, respectively. As the main concern in
this example is on the system stability, the performance conditions in
Theorem 1 are not used in this example. Fig. 1 shows the sta-
bility region given by the stability conditions in the study in
[9]-[12]. It should be noted that the stability conditions in the study in
[9]-[12] are more relaxed compared with those in [3]-[8]. Fig. 2 shows
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Fig.2. Stability regions based on the proposed stability conditions in Theorem
1 for p = 0.007. Cross (x): with G; = 0. Circle (o): with G; determined by
Theorem 1.

the stability regions for p = 0.007 with G; = 0 and G, determined
by Theorem 1. It can be seen from Figs. 1 and 2 that the proposed
stability conditions offer larger stability regions than those of the
published ones. Moreover, the feedback gains of G, enhance the
stabilization ability of the proposed non-PDC nonlinear controller,
which is reflected by a larger stability region.

B. Inverted Pendulum on a Cart

A simulation example on stabilizing an inverted pendulum on a
cart [18] is given to demonstrate the effectiveness of the LMI-based
stability and performance conditions in Theorem 1.

Step 1) The dynamic equations of the inverted pendulum on a cart
[18] are given by (22)—(25), shown at the bottom of the
next page, where z;(t) and x2(t) denote the angular dis-
placement (in radians) and the angular velocity (in radians
per second) of the pendulum from the vertical, respectively,
x3(t) and 24 (t) denote the displacement (in meters) and the
velocity (in meters per second) of the cart, respectively, g =
9.8 m/s? is the acceleration due to gravity, m = 0.22 kg is
the mass of the pendulum, M = 1.3282 kg is the mass of
the cart, [ = 0.304 m is the length from the center of mass
of the pendulum to the shaft axis, .J, = mi?/3 kgm? is the
moment of inertia of the pendulum around the center of
mass, Fy = 22.915 N/m/s and F; = 0.007056 N/rad/s are
the friction factors of the cart and the pendulum, respec-
tively, and w(t) is the force (IV) applied to the cart. The
nonlinear plant can be represented by a fuzzy model with
two fuzzy rules [18]. The ith rule is given by

Rule i : IF 2, (¢) is M}

THEN x(t) = A;x(t) + B,u(t) fori=1,2. (26)
The system dynamics are described by
2
() = ) w; (21 (1)) (Ax(t) + Biu(t)) 7)
=1

where we have the expression shown at the bottom of the
next page. The membership functions [18] are defined
as wi(@1(t)) = pppr (21(t)) = (1= (1/1 4710 =7/6)))
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TABLE 1
Gi AND Pi AND THE MINIMUM AND MAXIMUM MAGNITUDES OF CONTROL SIGNALS
Fuzzy Controller G;and P, i=1,2 Min. u(f) (N) Max. u(f) (N)
Traditional fuzzy controller F;=[901.0367 60.4927 9.5440 65.8864]
with PDC design approach F,=[1216.4236 722941 11.1648 72.7950] —32.8411 1265.5923
Proposed non-PDC nonlinear G = [3.6925x10> 5.7065x10°
controller —2.0022x10* 2.8115x10%]
G, =[5.0773x10% 5.3774x10°
—2.0006x10% 2.8219x10%]
1.3016x10"  —1.1300x10* —1.0710x10" —2.3747x10"
_ —-1.1300x10*  1.8965x10° 8.8627x10"  —7.8427x10* —41.8354 2713.4397
P -1.0710x10" 8862710} 2.0498x10°  —8.3085x10*
—23747x10" -7.8427x10* —83085x10%  1.7090x10°
1.2484x10"  —1.1308x10* —1.0498x10" —2.3654x10"
—-1.1308x10*  1.8967x10° 8.9000x10" 2.0502x10°
2= —1.0498x10"  8.9000x10' 2.0502x10°  —8.3009x10*
—-2.3654x10" —7.8327x10* -8.3009x10* 1.7102x10*
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(/14 e T@0H/0) and wy(as (£)) = aag (21 (8) =
L= pap (z1(t)). The operating domain of the nonlinear
plant are assumed to be z(¢) € [-7/3 /3] and
%1(t) = z2(t) € [-20 20]. The time derivatives of the
membership functions are obtained as wi(x(t))=
(T2 (t) /P (21(8))) ((ha (21 () ha (1(8))) — (hs(za(2)/
ha(21(8) % ha(@1(D)))— (ha(as (0ol (1)2)  and
wg(x(t)): —’U.)l (X(t)), where h1 (Il(t)) =1+
e~ T@O+7/6) poy(z1(t)) =1+ T@EO=7/0) hy(z(t)) =
e 7@+ and hy (21 (1)) = e~ 7@ O=7/6)

Step 2) The following non-PDC nonlinear controller is proposed to
control the nonlinear plant to achieve x(¢) — 0 as t — oc:

u(t)=>»_w; (2:1(t) G, <Zwk(:c1(t))Pk> x(t). (28
j=1 k=1

Step 3) The LMI-based stability conditions in Theorem 1 (without
the LMI-based performance conditions) are employed to
help design a stable non-PDC controller for the inverted

1(6) = a(0) ey
ialt) = —F (M+m)zo(t) —m?2z5(t)? sin 21 (t) cos 1 (t) + Fomlxy(t) cos 21 (t) + (M+m)mgl sin x (t) —ml cos z1 (t)u(t)) 23)
(M + m)(J, +ml?) — m212(cos 1 (t))?

s ) = 4(0) o0

Ealt) = (Fimlxo(t) cos 1 (t)+ (J+mi?)miza(t)? sin zy () — Fo(Jo+ml?) x4 () —m3gl? sin 1 (t) cos z1 (£) + (Jo+mi?)u(t))
(M +m)(J, + ml?) — m212 (cos 21 (t))? o5)

x(t) = [o1(t) @2(t) @s(t) za(t)]”
i 0 1
(M + m)mgl/a;
0 0
-m2gl?/a, Fiml/ay
0
—ml/ay
0
L (Jo + mlz)/al
i 0
BQ—?(M + m)mgl/as
0

B, =

AQI

0
—ml cos(m/3)/az
0
(Jo +mi?)/ay
a; = (M +m)(J +ml?) —m?2?

B2:

7F1(M +m)/a1

—F (M +m)/as

,%nglz cos(m/3)/az  Fimlcos(mw/3)/as

0 0

0 Foml/a,

1 0

0 —Fg(Jo+ml2)/a1

1

o

7/3)/az

mi?)/ay

Fyml cos

—~

0

o= O o

+ o

7F0(Jo

ag = (M +m)(J, +mi?) — m?1? cos(n/3)?
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TABLE 1I
PERFORMANCE INDEX PARAMETERS, Gi AND Pi, AND THE MINIMUM AND MAXIMUM MAGNITUDES OF CONTROL SIGNALS
Performance Index Parameters G;and P, i=1,2 MIFN;J ® Ma&)u @
G;=[-7.7229x10* 1.2873x1072
—2.1307x1072 —1.4536x107]
G, =[-2.0009x10* 5.0092x10~>
1000 0 —2.1654x107%  —5.7682x107]
0100 0 1.6651x10™  —3.1571x10° —8.4247x10™°  1.1973x10™
J, = 001 o0 J, = ol’ _ 73.1571><101 6.0085><10:j 1.6064><IOj —2.2937)(10:: 30946 645.1568
—8.4247x10 1.6064x10 7.7416 %10 —1.5692x10
00 01 0 1.1973x107°  —2.2937x107* —1.5692x10™*  8.9253x10™
J=1 1.5952x10™*  —3.0377x10° —8.1160x10°  1.1523x107
_ —-3.0377x107  5.8051x107 1.5526x10°  —-2.2171x107?
2 —8.1160x107°  1.5526x107° 7.7416x107°  —1.5487x107*
1.1523x107  —22171x1072 —1.5487x10™*  8.6415x107
G| =[-7.7594x10™* 1.2952x1072
—6.6270x10 —1.4953x107]
G, =[-1.9675x10™ 5.0430x107>
100 0 0 —7.0085x107 —6.0673x107]
01 0 0 0 1.6450x10™  —3.1187x107 —8.0898x10°  1.1816x107
Jp= 00 10 ol J,= ol - —3.1187><10: 5.9356)(10:: 1.5409x10: —2.2642x10:j _8.5199 627.7489
—8.0898x10 1.5409%10 7.7418x10 —9.0241x10
00 0 1 0 L1816x10™  —2.2642x10 —9.0241x10™  8.8084x10™
J3=1 15725x107  —2.9945x107  —7.7714x10°  1.1349x107
_|-2.9945x107  5.7238x10  14853x107  —2.1845x107
> —7.7714x107°  1.4853x107° 7.7404%x107°  —8.8127x107*
1.1349x107°  —2.1845x1072 —8.8127x10™*  8.5106x107
1000 0
0100 0 Gy =[-1.1025x107 6.4730x107*
W=l 01 o] 270 _2'5556“071_32'9586“071]_2 224385 | 6103116
G, =[7.5620x10> —5.9964x10
0001 0 —2.6784x107" 1.7489x10°]
J3=0.01
25751107 —3.8371x107  2.3636x10~° 7.2333x107*
| -3.8371x10°  7.0025x107  —-4.3935x10™ -2.4385x10™
L7 23636x10°  —43935x107  7.8882x107?  —1.1692x1072
7.2333x10™*  —2.4385x107 —1.1692x1072  2.3599x107*
2.5482x107*  —3.8455x10  2.0876x107° 7.2434%107°
_ —3.8455x107  6.9930x1072 —4.9431x10™* —2.4243x107?
e 2.0876x10™°  —4.9431x10™*  7.8882x107% —1.1654x107*
72434x107°  —2.4243x107*  —1.1654x107%  2.3961x1072
G;=[-5.2677x107 8.5923x10~*
~8.2069x1072 1.2244x107]
G, =[1.0244x1072 —7.5488x1072
100 0 0 —9.5951x1072 9.4212x107Y
01 0 0 0 2.4406x10™*  -3.8109x10° —7.0835x10°  9.6208x10™*
Jl_ 0 0 10 0 H J2_ O > - —3.8]09)(]0:: 7.0779><I0’: —l_8510><1(£4 —2_4876x10:j —-38.4704 891.1842
—7.0835x10 —1.8510x10 8.5912x10 —3.6465x10
00 0 1 0 9.6208x10™  —2.4876x1072 —3.6465x107  1.6134x10™
J3=0.01 24083x10™  —38315x10™ -7.0186x10°  9.6915x10™
_|-3.8315x107  7.0509x107  —2.0716x10™ —2.4594x107
2 —7.0186x107° —2.0716x10™* 8.5917x10° —3.6329x10°*
9.6915x107"  —2.4594x1072 —3.6329x10™  1.6096x107*

pendulum on a cart. We choose p = 0.007 and o =
1/p, it can be seen that the conditions of w;(x1(t)) +
pw;(x1(t)) > 0 for all ¢ and x4 (¢) (in the operating do-
main) are satisfied. Based on Theorem 1 and with the help
of the MATLAB LMI toolbox, the feedback gains of G;
and P; are obtained and listed in Table I. For comparison
purpose, the following traditional PDC fuzzy controller
[8]-[12] is employed to control the nonlinear plant:

conditions in the study in [9] and listed in Table I. Fig. 3
shows the system responses and control signals of nonlin-
ear plant with the non-PDC nonlinear and the traditional
PDC fuzzy controller under the initial system state con-
ditions of x(0) =[r/3 0 0 0]T. It can be seen that
the proposed non-PDC fuzzy controller offer better system
state responses in terms of lower overshoot/undershoot
magnitude and faster settling time. However, the proposed
non-PDC nonlinear controller produces higher magnitudes
of the control signal.

2
u(t) =Y w; (21(6) Fyx(t) (29)
= For comparison purpose and to illustrate the effectiveness of the
LMI-based performance conditions, they are employed to help design
where F; € #™*", j = 1,2 are constant feedback gains. non-PDC nonlinear controllers for the nonlinear plant. Based on
The feedback gains of F; are determined by the stability ~ Theorem 1, with n = 0.1 and o = 1/p, the feedback gains of G; and
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P,,i = 1,2 are obtained under different weighting matrices of J;, Jo,
and J3. The values of the feedback gains of the non-PDC nonlinear
controllers one to four are tabulated in Table II. Referring to Table II,
it can be seen that different weighting matrices place different weights
on z3(t) and u(t) to specify the system performance. Fig. 4 shows the
system state responses and control signals of the nonlinear plant with
the non-PDC nonlinear controllers under different sets of feedback
gains. It can be seen that all non-PDC nonlinear controllers are
able to stabilize the nonlinear system. Taking the non-PDC nonlinear

1 0 0 O 0

controller 1 with J; = 0 (1) (1) g , Jo = 8 ,Jz3=1lasa
0 0 0 1 0
1 0 0 O

reference, when we change J; to 0 1 00 , which places
0 0 10 O
00 0 1

heavy weight on z3(t), it can be seen that the transient response of
x3(t) of the nonlinear plant with non-PDC nonlinear controller two
is improved. When we change J3 to 0.01 for non-PDC nonlinear
controller three to relax the constraint on the control energy in the
performance index, it can be seen that the system responses can
be improved. For non-PDC nonlinear controller four, we change

1 0 0 O

J; to 0 100 which places heavy weight on z3(t), it can
0 0 10 O ’
00 0 1

be seen that the system responses can be further improved at the
cost of larger magnitudes of the control signal. In this example, it
can be seen that the LMI-based stability and performance conditions
provide a systematic and effective tool for the design of stable and
well-performed non-PDC nonlinear controller.

V. CONCLUSION

A nonlinear controller has been proposed to control nonlinear plants
represented by fuzzy models based on the PDLF approach. The diffi-
culties given by the PDLF approach are reduced while less conserva-
tive stability-analysis results are produced by considering the favorable
properties of the membership functions and the proposed nonlinear
controller. LMI-based stability conditions have been derived based on
the PDLF approach to guarantee the system stability. Based on the
commonly used scalar performance index, LMI-based performance
conditions have been derived to guarantee the system performance.
Simulation examples have been given to illustrate the effectiveness of
the proposed approach.
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