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Switching Controller for Fuzzy Systems Subject to Unknown Parameters: Analysis and
Design Based on a Linear Matrix Inequality (LMI) Approach’
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Abstract - This paper presents a switching control scheme
for multivariable nonlinear systems. Based on a fuzzy
plant moede! of the multivariable nonlinear system, a
switching controller consisting of a number of simple sub-
controllers is proposed. The parameters of the switching
controller can be obtained by solving some LMIs. A
switching algorithm is developed. To illustrate the merits
and the design procedures of the propesed switching
controller, an application example is given,

I. INTROCDUCTION

Control of nonlinear systems is difficult because we do not
have systematic mathematical tools te help finding a
necessary and sufficient condition to guarantee the stability
and performance. The problem will become more complex if
some of the parameters of the plant are unknown. Fuzzy
control is one of the contro! techniques to deal with this class
of system. By using a fuzzy plant model [1], a nonlinear
system can he expressed as a weighted sum of some simple
sub-gystems. This model gives a fixed structure to some of
the nonlincar systems that facilitates the analysis of the
systems. Some authors gave a sufficient stability condition to
this class of systems [8, 10] based on Lyapunov stability
theory, However, the problem of choosing the parametcrs of
the controllers remains open. Some other control techniques
can also be found to tackle this class of fuzzy systems such as
adaptive control [3-4, 6, 9, 13-15] and sliding mode control
[5, 12]. Robust analysis for this class of system has also been
reported [7, 16].

In this paper, we propose a switching controller to tackle
the fuzzy control system subject to unknown parameters with
given bounds. This switching controller consists of a number
of simple sub-controllers. One of the sub-contrellers will be
chosen to control the plant based on a derived switching
scheme. We shall formulate the design problem of the
parameters of the switching controlter into a kincar matrix
inequality {LMI} problem [11}. These LMIs can be solved
readily by employing existing LMI tools, Stabitization of a
cari-pole type inverted pendulum system with unknown
parameters will be given as an application example to
illustrate the design procedures and the merits of the proposed
switching controller,
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This paper is organized as follows. The fuzzy plant model
and the fuzzy controller will be briefly introduced in section
2. In scction 3, the design method of the membership
functions of the fuzzy controller will be provided, and the
system stability of the fuzzy contrel systems will be analyzed.
In section 4, an application example, namely a mass-spring-
damper systemn, will be given. A conclusion will be drawn in
section 5.

11. Fuzzy PLANT MODEL AND SWITCHING CONTROLLER
An uncertain multivariable nonlinear system is to be
controlled. In this paper, we consider multivariable nonlinear
systems which are in the following form,

x(t} = F(x(e)x(#) + Bx())ult) (1)

where F(x())e R™ s
B{x{r))e R is the known input matrix, x()e R™ is the

system state vector and u(fye R™' is the input vector. The

the unknown system matrix,

system of {1) is represented by a fuzzy plant model which
expresses the multivariable nonlinear system as a weighted
sum of linear systems. A switching controller is to close the
feedback loop.

A. Fuzzy Plant Model

Let p be the number of fuzzy rules describing the
multivariable nonlinear plant of (1), the i-th rule is of the
following format,

Rulei: IF f,(x(r)} is M| and ... and £, (x(5) is M},
THEN %(#) = A,x(¢) + B, u(?) (2)
where M! is a fuzzy term of rule i corresponding to the
known function f {x(1)), =1, .., y.i=1,..,p, Fisa
positive integer; A, €A™ and B, e R™ arc the known

system and input matrices respectively of the j-th rute sub-
system, The system dynamics are given by,

()= S (x(O)(A () + Bn(o), ©)
where,
éwi(x(r)) =1, wx(@)e o 1] foralls @
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b Oy, s KONt Uy O )28, 1,5, P
=} =

w, (1)) = —
Ei(u R ————

3
is an unknown nonlinear function and u . (fo(x(1)). & =1,
2, .... W, are the known membership function, (Details about
fuzzy modeling can be founded (1, 10].).

B. Switching Coniroller

A switching controller is employed to control the nenlingar
plant of {1). The switching controller consists of some simple
sub-controllers.  Thego sub-cantrollers will switch among
each other to control the system of (1) according to an
appropriate switching scheme. The switching controller is
described by,

u(r) = ~_5_ilm_,- (X((DRB,Px(:) (6)

where m, (x(f)} takes the value of § or 1 according to a

switching scheme discussed later, Re R™* and Pe R™"
are symmetric positive definitc matrices to be designed, ()
denotes the transpose of a matrix or a vector. [t can be seen
from (6) that the switching controller consists of 27 state-
feedback controllers which are lincar combinations of
~RB,'Px(#),j= 1,2, ..., p.

M1, SYSTEM STARILITY, SWITCAING SCHUME AND SWITCHING
CONTROLLER DESIGN BASED ON LMI

We shall present the design of the switching controller in

this section. A switching scheme for m (x(£)),7=1,2, ..., p,

will be derived under the consideration of system stability,

From (3), (6), and writing w,(x(£)) as w,, and m (x(t)) as

1, , the closed-loop system is described by,
x(H) = )E‘iw,.[A,x(x) ~B,$m RB fo(:)J
i= Jel

=% $ww, (s, ~BRB, Pk

i=l fwl

~$ 3 wm BRB,"Px()+ % 5 ww B RB, Px(r)
i=1 1 #ja
~$ $ww,(a, -B,RB,"P)()

—14=1
V! M
-3 0m, - w, )ﬁ w,B,RB, Px(r)

=l

Comparing (1) and (3), it is obvious that B(x(f))= iw,.B, )
i=1

s0, (7) becomes,

536

) (8)
- );, (m, —w B(X(NHRB,” Px(r)

To investigate the system stability of the closed-loap
system of (8), we consider the following quadratic Lyapunov
function,

V= %x(t)T Px(¥) 63)]

Differentiating (9), we have,

y = %(,z(:)TPx(r) +x(1) " P() (10)
From (8} and (10),
V= %[fi ﬁ“ W W, (A:' -B,RB F_TP)X(I)

i=l 4= ’

T
- é (m, —w, )B(x(z))RB,TPx(z‘)] Px(#)
'f"%'x(f)-r P[é gwr'wr' (A.' —BFRBJ'TP)X(I)
- il (m, —w,B(x())RB," px(z)]

= %x(r)”,)’i] $ww,(A, P+ PA, ~PB KB, 'P - PB RE TPk
hei

- Ep‘i(m: - W,a}x(f)T PB(XO))RB'TPXU)

= %x(:)"' zﬂ‘, f‘,w,. w,Qx(t)
i=1 j=i

(1
- )E] G, —w,)x(O T PB((D)RB, Px(r)
where,
Q,=AP+PA, ~PB RB,'P-PBRB,'P (12)

From {(11),
V= l}i f‘_w,.wjx(t)TQUx(t) + lf f‘,w,.wj.x(r)TQJ.,x(t)
4 =174 4 =1 4=

- g(m, —w,)X(1)T PB(X(1})RB,"Px(r)

=28 Swwxn'(Q, +Q, kB

J=l

(m, —w,)x(t)" PB(x(t))RB, Px(7)

Me | —
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L Ew W, x(r) 3, x()
40 (13)
ﬁ(m — w)x() T PBO(NRB, Px()
where,
J,=Q,tQ, (14)
From {14}, let,
J, <0 forall and f (15)
sl PR((H)RB, Px(t)) orall a6
/ 2
ol 720 -
Rgma)= -1 otherwise (17)
From {13} to (16), we have,
v ~—I_2Uﬁijjx(:) 3,x(1)
e {1 +san{x()T PBO(O)RB,"Px(n)
i=1 2
—%—(Wi -iﬂxufPB(x(:))RB,TPx(:)
21% W, !x(r) J x(!)
_¢ [sgn(x(r)T PR(x{1))RB, TPx(r))
i=] 2
[wl ——%}]x(!)" PR(x(MRB," Px(r)
ézl-g‘, 3 W, W‘,x(f)TJJ’,xU)
’ i= Ilj gl (18}
_)’Z[Eu‘w —_)Wx(:} PB(()RB, " Px(r)
i=1

] 11
As w—-——el—-— —|,i=1,2,...,p, due to the propert
- [ > 2] y2 propeny

of the fuzzy plant model, it can be shown that (18) satisfies

the fcllowing inequality,

Va— Z ijw,w K(I)TJ x{) <0

4 il o)

(19

Hence, we can conclude that the closed-loop system
of (7) is asymptotically stable, ie., x(£) 50 ag r — oo, if the
stability condition of (15) is satisfied and the switching
scheme of (16) is applied.

In the following, we shall formulate the design of the
switching centroller (6} and the stability condition of (15) into

-
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an LM prablem. In order words, we formulate the finding of
R and P into an LMI problem. Considering (12) and (16} and
restate as follows,

AP+PA,+A,'P+PA,—2P(B,RB +B.RB, )P <0
=P[A'P+PA, +A TP+PA,

—2P(BIRB‘."' +B,RB T )P]P" <0

=P'A +APT+PTA
~2(B,RB," +B,RB," <0

+A D7
{20)

It can be seen that (20) is an LML R and P can be salved
readily by emploving some LMI tools, The anglysis results,
switching scheme and design of the switching controller are
summarized by the following lemma,

Lemma 1: The closed-fosp control system of (6) is
guaranteed fo be asympiotically stable if the parameters of
the swiiching conivoller, R and B are symmeiric positive
definite and satisfy the following LMIs,

PUA AP +PTAT +A P —2(B,RB, +BRB,T)<0
Joralliand j,
1+8gn (x(t) "PB(x(1))RB," l’x(t))

5 Jor

and choase m, (x(})) =

all i

The design procedures of the switching controller are
summarized by the following steps.

Step I}.  Obtain the fuzzy plant model of a nonlinear plant,
¢.g., by means of fuzzy modeling metheds [1, 10]
or other means,

Step 11),  Design the parameters of the switching controller

by solving the LMIs in Lemma I
Step III). Design m, {(x{#)) according to Lemma 1.

IV, APPLICATION EXAMPLE
An application example will be given jn this section to
show the design procedures and the merits of the proposed
switching controller. A cart-pole iype inverted pendulum
system [8] is shown in lig. 2. A switching controller will be
designed for it by following the design procedures given in
previous section,

Step 1). The dynamic cquation of the cart-pole type inverted
pendulum system is given by,

2 sin(00)) —~ amif (1) sin(20 ()} 2 — g cos(BE) ()

CIGE :
4113 = mmnlcos” (O())

2D
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where 6 is the angular displacement of the pendulum, g =
9.8m/s? is the acceleration due to gravity, m = 0.1kg is the
mass of the pendulum, ¢ = 1/(m + M), M€ 0.5 1kg is the
mass of the cart, 2/ = Im is the length of the pendulum, and u
is the force applicd to the cart. The objective of this
applieation example is to design a fuzzy controller to close the
feedback loop of {21) such that 8 = 0 at steady state. The
inverted pendulum of (21) can be modeled by a fuzzy plant
model having four rules. The i-th rule can be written as
follows,

Rule iz IF £,(x(#)) is M! AND f,(x(t)) is M,

THEN (1) = A, x(t) +B,u(®) fori=1,2,3,4 (22)
so that the system dynamics is describad by,
(1) = 3w, (A,x() + Bu(H) (23)
i=]

wherc O =[x %O =0 6@},
B(r)e [Gm'm Omu]:[_% z—g} and
6l 0,,1=1-5 51
_ g~ amlx, (1) cos(x, (0) sin(x, (1))
S = oo e (1) 0 and
_ acos(x (1) ‘ A - ¢ 1
S = e iy [ﬁ 0}
and A, =A,= o ; B, =B, = 0 and
S O Do
B, =B, =[f0 ]; Soo=%and f_ =20, f, =-1857]
2

g U ROD Xt ()
3l U D%ty U )

and f, =-0.8677; w, =

n G =20 e g g2 2 g
I j“lm’*l—f;lﬂiﬂ

b FOO)=1-p, (L))  for 6 = 3, 4
ng(ﬂ(x(f))J:if(—?%ﬂ for ¢ = 1, 3

na Ieiin)

and fy (Fo(x(0) = = by (S5 (s0)) for ¢ = 2, 4 are the
membership fanetions,

Step 1) A switching controller is designed for the plant of
(21) and is as follows,

u(r) = _,-)4::] m, (x(6))RB, " Px(z) (24)

[t can be seen that we have 16 simple controllers. By
solving the LMIs given in the Lemma 1, we have R = 6.3450

04134 -1.5489
and P = .
—1.5489 60771
Step HI) Accordinf to Lemma 1, we have
‘1 , N
m, (x(1)) = - SEne() PBS‘(‘))RBf Px(0) fori=1,2,3,
4.

Fig. 3 and 4 show the responses of the system states with Af
= 0.5kg (solid line) and M = 1kg (dotted line} under the initial

condition of x(@)=[l 0.

V. CONCLUSION

A design of switching controller for multivariable nonlincar
plants with unknown parameters based on LMI approach has
been given. The parameters of the switching centroller can be
obtained by solving some LMIs. Switching scheme has been
developed under the consideration of system stability, An
application example on stabilizing a cart-pole type inverted
pendulum system has been give to illustrate the design
procedure and the merits of the proposed switching controller.

REFERENCE

[17  T. Takagi and M. Sugeno, “Fuzzy ldemtification of
systems and its applications to medeling and control,”
IEEE Trans. Sys., Man., Cybern., vol. sme-15 no. 1,
pp. 116-132, Jan., 1985,

[21 R Palm, “Sliding mode fuzzy control,” in Prec. of
IREE Ini. Conference on Fuzzy Systems, 1992, pp.
519-526.

[3] L. X, Wang, “Stable adaptive fuzzy ocontrol of
nonlinear systems,”, JEEE Trans, Fuzzy Sys., vol. 1,
no. 2, pp. 146-155, May, 1993,

[4] 8. C Linand Y. Y. Chen, “Design of adaptive fuzzy
sliding mode for nonlincar systems control,” in
Proceedings of the third IEEE Conference on Fuzzy
Systemns, pp. 35-39, 1994,

[5] 8. W.Kimand] I Lee, “Design of a fuzzy controller
with fuozzy sliding surface,” Fuzzy Sets and Systems,
vol, 71, pp. 359-367, 1995,

[6] C.S.Ting, T. . 8. Li and F. C. Kung, “An approach
to systematic design of the fuzzy control system,”
Fuzzy Seis and Systems, vol. 77, pp. 151-166, 1596,

[7] K. Tanaka, T. Tkeda and Hua O. Wang, “Robust
stabilization of a class of uncertain nonlinear systsms

via Tuzzy control : Quadratic stability, H~ econtrol
theory, and lincar matrix inequalities,” [EEE Trans.
Fuzzy Syst., vol, 4, no. 1, pp. 1-13, Feb., 1996,

[8] . O. Wang, K. Tanaka, and M. F. Griffin, “An
approach to fuzzy control of nonlinear systems:

558

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 7, 2009 at 03:48 from IEEE Xplore. Restrictions apply.



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

stability and the design issues,” JIEEE Trans. Fuzzy
Svst., vol. 4, no. 1, pp. 14-23, TFeb., 1996,

B, 0. Chen, C. H. Lee and Y, C, Chang, “H ™ tracking
design of uncertain nonlinear SISO systems: Adaptive
fuzzy approach,” IEEE Trans. Fuzzy Syst., vol, 4, no,
1, pp. 32-43, Feb,, 1996,0000

S. G. Cao, N. W, Rees and G. Feng, “Analysis and
design for a class of complex control systems Part |
and II: Fuzzy controller design”, Aufomatica, vol. 33,
no. 6, pp. 1017-1039, 1997,

S. Boyd, L. Ghaoui, E. Feron and V. Balakrishnan,
Linear matrix ineguailities in system and control
theory, SIAM, 1994.

J. C. Lo and Y. H. Kuo, “Decoupled fuzzy sliding-
mode control,” FEEE Truns., Fuzzy Syst., vol 6, no. 3,
Aug. 1998, pp. 426-435,

K. Fischle and D. Schroder, “An improved stable
adaptive fuzzy contrel methed,” IEEE Trans., Fuzzy
Syst, vol. 7 no, 1, Feb, 1999, pp. 27-40.

D. L. Tsay, H. Y. Chung and C. J. Lee, “The adaptive
conlrol of nonlinear system using the sugene-type of
fuzzy logic,” IEEE Trans., Fuzzy Syst., vol. 7 no. 2,
April. 1999, pp. 225-229.

Y. Tang, N. Zhang and Y. Li, “Stable fuzzy adaptive
control for a class of nonlinear systems,” Fuzzy Sets
and Systams, vol. 104, 1999, pp. 279-288.

1. K. L.am, F. H. F. Leung and P. K. 8. Tam, “Design
of stable and tobust fuzzy controllers for uncertain
nonlinear systems: Three cases,” Proceedings of
IFAC/AIRTCO7, pp28-32, 1997,

—»

Controller 1

' u(t)

Ny Nonlinear i(t)
System

]

Controller 27 Swilching

Scheme

Fig. 1. Block diagram of the switching control system
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Fig. 3. Responses of x;(¢) under A = 0,5kg (solid line) and M
= lkg (dotred line)
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Fig. 3. Responses of x3(f) under A/ = 0.5kg (solid line) and A
= 1kg (dotted line)
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