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Abstract - This paper presents the stability analysis of the
fuzzy control system consisting of a nounlinear plant and a
fuzey controller and the design of the membership
functions of the fuzzy controller, The nonlinear plant is
represented by a fuzzy model having p rules. A c-rule
fuzzy state-feedback controller is used to close the feedback
loop. A design methodology for the fuzzy controller will be
provided. Under this design, the stability condition is
reduced to p linear matrix inequalities (LMI). An
application example on stabilizing a mass-spring-damper
system will be given,

L INTROBUCTION

Fuzzy control has been found capable of tackling ill-defined
nonlincar plant [1-2]. However, wilhout carrying out analyses,
the design of the {uzzy controller may come with no guaraniee
ol system stability. By using a {uzzy plant model [3, 7], we can
cxpress a nonlinear system as a weighted sum of seme linear
sub-systems.  Under this struelure, some linear control
techniques and stability analysis methods can be applied.
Some authors proposed a fuzzy conlroller to control this class
of nonlinear system. The fuzzy controller is a weighted sum of
some lincar state feedback controllers [4, 6], A pXe linear
matrix incquality (1.MI) problem was derived in [4], where p
and ¢ are the numbers of fuzzy rules of the fuzzy plant model
and the fuzzy controller respectively. In case, p = ¢, and the
premises of the fuzzy plant model and fuzzy controlier are the
same, p(p+1) LMI conditions were derived in [6]). In this
paper, we further reduce the number of LLMI condition (o p
which is independent -of the mumber rules of the [uzzy
controtler. We also provide a methodology lor designing the
membership functiens of the fuzzy controller. An application
example on stabilizing a nonlinear mass-spring-damper system
will be given to verify the analysis results of this paper.

11. Fuzzy PLANT MODEL AND Fuzzy CONTROLLER
We consider an uncertain multivariable nonlinear control
systemn, The plant is represented by a fuzzy plant model. A
fuzzy stale fecdback controller is to be designed to close the
feedback loop.

A, Fuzzy Plant Mode!
Let p be the number of fuzzy rules describing the nonlinear
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ptant [3, 7]. The i-th rule is of the following format,

Rule # : IV x, () is M| and ... and x,{f) is M!

THEN x(t) = A, ()+ Bu(s) H
where M is a fuzzy term of rule ¢ correspending to the state
k=12 .,8i=1,2,...p; A e R"™ and B, e R™"
are the system malrix and input mairix respectively,
x(He R™ is the system state vector and u(r)s K™ is the
input vector. The system dynamics is described by,

() = il w, (X(ONA X() + B, ule)) @
where,
_)_EI wAx() =1, wx()e [0 1] foralli (3)

18 a knhown nonlinear function of x(#) and
Hyg (xl(fJ)Xﬂ-M; (xz)KmXuM:_ ()

wx{t)) = -~ ¥

§ it (D%t (o X1, (5, 6]

i=

Hy (%, (1) s the grade of membership of the fnzzy term M, .

B. Fuzzy State Feedback Controlier

A fuzzy stale feedback controlier having ¢ fuzsy rules as is
to be designed for the plant. The j-th rute of the fuzzy
controller is of the following format;

Rule j: 10 x(r) is N/ THEN u(t) =G x(f) (5)

where N’ is a fuzzy term of rule j corresponding to the state
vecotr x(n), j= 1,2, ..., ¢; G, e R™ is the fecdhack gain of

rule /, to be designed. Then, the inferred outpint of the fuzzy
state feedback controller is given by,

ut) = gm)(x(t))G () (6)
where,
);] my (x() = | n

m (x(1}) is a nonlinear function ol x(¢) defined as,
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) = L D

3 0 (xe)

Moy (%00, which is to be designed,

8

is the prade of

membership of the fuzzy term N’ .

IIT. STABILITY ANALYSIS ANT> DESIGN

In this section, stability of the fuzzy control system formed
by the fuzzy plant model and fuzzy state feedback controiler
connected in closed-loop will be investigated. A design
methodelogy of m (x(1)), j=1,2,.,¢ will be provided
under the consideration of the closed-loop system stability.
For simplicity, we write w,(x(t}) as w,, m,(x(5)) as m,.
From (2}, {6) and the

iw —Zm mf‘,):wm =1, the

i=1 i=1 i=l j=]
bewmcs,

property of

fuzzy control system

x(t) = )E [A (1) + B, }:ij x(t)]

= ii“’;m; (A;' +Bst)"(r)

(10}

To investigate the stability of (9), we empley the following
Lyapunov function in quadratic form,

From {13),

V= —%f‘iji]lw‘m X()"Qyx(1)
=_%§mj(x(r)fr);w,-ogx{:)] as

We design the membership functions g (x(t)) in (8) as

follows,
_Ec,a:(r)T ﬁ w3, x(1)
1—11—4%'*—*— if 3 x(r)” sz (1) =0
o GE)=] EROTTwQxwy | 7
l otherwise
[
(16)
X(0)" 5w Q,x(1)
e if Sy iw Q,x(1) #0
e = Epo EwQuo)
i= i=
1 .
— otherwise
c
forj=2,3,...¢ (7
Prom (8), (16) and (17), it can be scen that

i]mj = :.;i]”w x(Ny=1. From (15) to {17) and considering
J= =

the case that 3 [x()" $, w,Q, X(r)
= il

= 0, we have,

&

z x(0)" E w,Q, x(1)

. Co - )
V:-lz-x(z)'Px(f) (an  Ve-o -2 (75 w,Q, x()
O’ SwQxef |7
where ()7 denotes the transpose of a vector or matrix, d 2
PeR™ is a symmetric positive definite mairix. 1 ¢ {x(‘ ) ,Z:l WiQu"‘(I)]
Differentiating (11), we have, _EE‘Z T
g o 0TS wQ,x(0)
:E(x(r) Px(t)+x() T PX()) (12) AT A
From (9} and (12), we have, , f‘, " ﬁ w,Q, x(1)
s <o 1L (0" Q%) (18)
== (é‘i?;]wi.mjﬂijx(r)] Px(t)+x(t)" Pﬁizwm H x{t) %x(f) in X(t) e
_ﬁl £ w0 (1, P+ PH, k() 13 wo choose.
Let, Q,>0fori=12,..p §E))]
Q= _(HUTP"' PHU’) (14)
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Then, x()'Sw@Qx()>0  when x(#0  and
i=l

x(r)Tiwa“x(l) =0 when x(f) =#. From (18) and (19) and
i=l

ix{r)Ti w, Q4 X()
as 1-22 ':l > 0, we can conclude that,
X x(n)' 2 w,Q;x(1}
= i
T x(n)" i w,Qux() |,
Ve——|1-2=2 O S wx(t) ' Q,x() <0 (20)
%" S wQ,x) [

Equalities holds whoen x =0,

Nexl, we consider the case that Z =0. From

=l

x(07 i w,Q,x(7)
=

{19y, as x(r)Tf wQ,x(f) =0 only when x(#) =0, il implics
i=1

. e
thal Ex({)'}]w‘.Qﬁx(f)
=1 i=]
Hence, we can cenclude that the system is asymplotically
stable.  The analysis can be summarized by the following
Lemma.

=0 occurs only when x(£)=10.

Lemma 1: The fuzzy control system of (9) is gnaranieed 1o be
asymptatically stable if the following p LMI conditions are
satisfred..

Q,= (0, "P+PH,)<0 forallt=1,2 .., p

and the membership functions are designed as follows,

ix(;)T ¥ w,Q, Xt i )
]752__l1_______4_ if ¥ x(:)TZ1u’iQUx(r)‘¢0
j (xX(0) = % x(r)Tg w,qu(I)‘ m =
L otherwise
[
x{(r)" f‘ wQ,x(t) . J
S if x0T Ew Qx| 2 0
- T =1 i=1
0 =1 S Ewo,xe)
i= i=
1 otherwise
¢
Jorj=2,3 .. ¢

Trom Lemma |, we can sec thal the number of LMI
conditions is p, The procedure for finding the fuzzy controller
can be summarized as follows,

StepI)  Obtain the mathematical model of the nonlinear
plant to be centralled,

Step I} Obtain the fuzzy plant mode] for the system stated in
step I) by means of a fuzzy modeling method, for
example, as propased in [3, 7).

Step lII}  Choose the gains (G ) of the fuzzy coniroller.,

S1ep IV)  Find P by solving the p lincar matrix inequalities of
(19). If P cannot be found, go back to step III} and
choose other gains (G, } of the fuzzy controller.

StepV)  Design the membership functions of the fuzzy

contreller based on Lemma 1,

[V. APPLICATION EXAMPLE
An applicalion example based on a nonlinear mass-spring-
damper system [3] is given in (his section to illustrate the
design procedures of the tuzzy stae [ecdback controller.

Step I) Fig. 1| shows the diagram of a mass-spring-damper
system. Its dynamic equation is given by,

M) + g (e(), KON L)) = g Q2N

where M is the mass and « is the force, fix()) depicts the spring
nonlinearity, g{x{t),%(t)} depicts the damper nonlinearity, and

{x(r)) depicts the input nonlinearity. Lel,
20x(0), X013} = o X0 + ¢, k()

FOD = x(0) + 0y x(8)

GlE()) = 1+ e i)’

(22)

The operating range of the states is assumed to be within the
interval (1,5 1.5] (the fuzzy plant model derived later will

not be valid when the system states are outside this interval}.
The parameters are chosen as fellows: M =10, ¢ =0,

¢; =1, ¢, =001, ¢, =0.1 and ¢, =0.17. The sysiem then
hecomes,

O =-xn-0.01x(0) - 0.1x(r)’}

23)
+{1.4387 01350 Jutr)

Step IT) The nonlinear plant can be represented by a fuzzy
model. The i-th rules is given by,

Rule iz IF x(fis M AND k() is M}
THEN #(nD=Ax{0H+Bu({t),i=1,2,3,4 (24)
where the membership functions of M}, k=1,2,i=1,2,3,
4, are shown in Fig. 2 and 3 respectively, are given by,

679

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 7, 2009 at 03:43 from IEEE Xplore. Restrictions apply.



fhoy () = () = 1= ’;(’2)5 g ) = g (6(0) = J;(rz)s
Hhyg (R = Ly (R() = 6(. )’ sty (KDY= fh e (MDY = %
e
M= {:Eﬂ ) Kgi] A=A [— {;).01 —I1J :
I S

0
B,.=B,= . {Details about the derivation of the
P {0.5613} ¢

(urzy plant model for the mass-spring-damper system can be
found in {5].)

controller (dotted lines), i.c. a state lcedback controller
(u(® =Gx@), with x@ =15 0]".
responses of the two-rule [uzzy controller are better,

We can sec that the

V. CONCLUSION

A c-rule fuzzy state feedback controller has heen proposed
to close the feedback loop of a nonlinear system represented by
a p-rule fuzzy plant model. The gystem stability of this fuzzy
control system has been presented. p LMI conditions,
independent of the number of rule of the fuzzy controller, have
been derived. A design methodology ol the membership
function of the fuzzy controller has been given under the
consideration of the system stability. An application exarmple
has been given to show the merits and the design procedures of
the proposed fuzzy state feedback controller.
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1—’2"'—_}-—— it $x)T X w Qx| =0 y
g (X =4| - Z 0T Xw Q{0 o,
1 .
— otherwise
2
T
X()" 3, w,Q, X(0)
5 ’='4 if 1 x(1)" i w,Qx(t) % 0
- it i
s (X)) = ZI x(1) le,-Qf,-xu)‘
Iy =1l i=
! .
— otherwise
2
Fig. 4 and 5 show the system responses (solid lines) of x(#) :
and x{f) of the~mass—sprmg-dam|.)cr syslem ulnc!elr the coln.trol Fig. |. A mass-spring-damper sysicm.
of the two-tule fuzzy controller with the same initial condition.
The responses are compurcd with those of a single rule tuzzy
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Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 7, 2009 at 03:43 from IEEE Xplore. Restrictions apply.



Grade of Membership

o o oo o o o o

[#s] E- (4] o = =] w —
—

0.2
0a

s A 0.5 0 05 1 15
x1{)
Fig. 2. Mambership lunctions of the fuzzy plant model of the
nonlinear mass-spring-damper system:
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Fig. 3. Membership fupctions of the [uzzy plant medel of the
nonlinear mass-spring-damper sysiem:
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Fig. 4. Responses of x(#) of mass-spring-damper system with
a single rule [nzzy controller, siate feedback controller, (dotted
line) and a 2-rule fuzzy controller (solid line).
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Fig. 4. Responses of x;(1) of mass-spring-damper system with
a single rule fuzzy controller, state feedhack controller, {doticd
line) and a 2-rule fuzzy controller (solid line).
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