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Abstract

This paper presents the stability and robustness
analyses of uncertain nonlinear control systems. To
proceed with the analysis, the uncertain nonlinear system
is represented by a fuzzy model with uncertainties. Based
on this model, under a single-grid-point (SGP) approach,
a fuzzy controller is designed to close the feedback loop.
A simple stability criterion is derived by estimating the
norm of the system parameters and the matrix measure,
and a robust area in the uncertain parameter space is
defined. The design methodology of a multiple-grid-point
(MGP) fuzzy controller for nonlinear systems subjected to
large parameter uncertainties is developed based on the
analysis results of the SGP approach.

1. Introduction

Our major concerns on fuzzy control systems are the
system stability and a systematic design methodology.
Many research works have been done in this area.
Recently, the stability analysis is carried out based on a
fuzzy model [1]. The stability condition for this class of
fuzzy control systems was derived [2, 6], which involved a
common positive definite matrix P. It is a difficuit task to
find such a P, especially when the number of rules of the
fuzzy model is large. Moreover the result is valid only
when the fuzzy model can exactly represent the plant. The
robustness analysis and robust controller design for fuzzy
control systems were also investigated {3, 5]. For the work
in [5], the fuzzy control problem must be formulated into
an H, problem in advance. It may be a difficulty for some
practical engineers or designers to understand the theories.
More importantly, these works did not consider the
situation when the uncertainties are too large to be handled
by the designed fuzzy controller. The aims of this paper
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are to analyze the stability and robustness of uncertain
fuzzy control systems, and to develop an easy-to-
understand fuzzy stability theory and a simple design
methodology for the fuzzy controllers.

2. Fuzzy plant model and fuzzy controller

A general multivariable uncertain nonlinear control
system can be represented as a fuzzy plant model with
uncertainties and a fuzzy controller.

2.1. Fuzzy plant model with uncertainties

Let p be the number of fuzzy rules describing the
uncertain nonlinear plant. The i-th rule is of the following
format, ‘ .

Rule i : [Fx;is M, and ... and x, is M,/

THEN x=(A' +AA))x+(B' +AB )u (D)
where M, is a fuzzy term of rule i corresponding to the
state x,, kK = 1,2,...n, 0 = 1,2,...,p; AAL e R™* and
ABi e g{nxm
B'e R™™ respectively; xeR™! is the system state

are the uncertainties of A'€ R™" and

vector and ueR™ is the input vector. The inferred
system states are given by

noo _ . .
x=Xw ((A' +AA )x+(B' +AB ) u) 2)
i=]
2 . .
where Yw' =1, w' €0, 1] Vi, w' is the normalized

i=1
weight of rule ¢ and is a nonlinear function of x.

2.2. Fuzzy controiler
A fuzzy controller with ¢ fuzzy rules is to be designed

for the plant. The j-th rule is of the following format,
Rule j: IF x; is Ny and ... and x, is N,/

THEN u=G/x+r )
where N/ is a fuzzy term of rule j corresponding to the
state x;, [ =1, .., j=1, .., ¢ G eR™" is the
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feedback gain of rule j, and reR™' is the reference

input vector. The inferred output of the fuzzy controller is,

u= élmj<ij + r) “4)

4 . . .

where Sm’/ =1, m' e[O, 1] YV j, m’ is the normalized
j=1

weight of rule j and is a nonlinear function of x.

3. Stability and robustness of

single-grid-point approach

analysis

Stability and robustness of an uncertain fuzzy control
system are to be analyzed in this section. Three design
approaches closing the feedback loop are investigated.

3.1. General Design Approach (GDA)

General design approach allows differences in the
number of rules and the rule antecedents between the fuzzy
plant model and the fuzzy controller. From (1) to (4), the
closed-loop fuzzy system is given by,

e ) . A
X=A°x+Bor+_Zl_le'm’((H” +AHY ~ A )x+(®B ~B, +AB)r) (5)
i=lj=
where H/ = A’ + B'G/ (6)
AHY =AA' + AB'G/ D

The system of (5) deviates from the linear system of

Xx=A_x+B r by the third term in the LHS of (5).

3.2. Parallel Design Approach (PDA)

Parallel design approach uses the same number of rules
and rule antecedents of the plant model in the fuzzy
controller. The closed-loop fuzzy system is then given by,

po p "
x=Ax+Br+ 2w (w (H" +AH" - A )x
i=1

&)
+(B' +AB' -B ) +22w'w/ (JY +ATY ~ A )x
i<j
. ij Ji B ij Ji
where JY =.I-_I_LH_7 AJY =&2_§H_ )
HY=A'+B'G’, AHY =AA' + AB'G/ (10)

3.3. Simplified Design Approach (SDA)

Simplified design approach requires the subsystem in
each rule of the fuzzy plant model possesses a common
input matrix B=B,, and the fuzzy controller has the same
number of rules with the same antecedents as the fuzzy
plant model. The closed-loop fuzzy system is given by,

r 4
X=A x+Br+ 2Xw/(H’/ +AH’ -A )x+ABr) (1)
=

88

where H/ =A’ +BG/, (12)

AH’ = AA’ + ABG/ (13)
It should be noted that in order to simplify (5) to (11),
either one of the following conditions should hold:
B’ =B, AB' = AB, (14)
$wB =B, SwAB =AB
i=l
If (14) holds, a linear system can be obtained by feedback
compensation (i.e. pole placement technique); otherwise, it
is obtained by feedback linearization with respect to linear
sub-systems satisfying (15).

(15)

i=1

3.4, Stability and robustness analysis

In the following paragraph, we proceed to the stability
and robustness analysis with reference to GDA. The
analysis procedures for PDA and SDA are similar to those
of GDA, and the results will be given without proof.
Consider the Taylor’s series

x(t + At) = x(¢) +x(1)At + o(Ar) (16)
where o(Ar) is the higher order terms and At >0,
At
lim M =0 (17)
Ar—0T Al

From (5) and (16),
e + A < [T+ Ay AKX +|(Bor + S S wim (&
i=1j=1

i=1j= (l 8)
+AHY ~ A )x(1) +(B' =B, )r + AB'r)) A+ Jo(Ar)]
where || - | denotes the /, norm for vectors and / induced
norm for matrices. From (18),

(1 + A1) ~|x(1) .
| ;n“——zl'—u——” < lim {1+ A0 - Do)
+Byr + f} ;)C:]wimj (HY +AHY —~ A )x() + (19)
i=lj=
(B =B, )r + AB'DAL + Jo(an)} / At
From (17) and (19),

o) T
Ts u[Ao]Hx(Z)“+HBOr +El Elw m? (H 20)
+AHY A )x(t) + (B =B, )r + AB'r)|

where
Jresad- A, + A,
“[Ao]zA}I_r)%,,T =Kmax(’—2—’j (21)

is the corresponding matrix measure of the induced matrix
norm ”AOH; Armax () denotes the largest eigenvalue of the

matrix; A, denotes the conjugate transpose of A,. From
(20), ~
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i=1j=1
(22)
+ éwi |8 +aB )|
Let u[Ao] be designed such that
WA, )< -(HY A, +|am?] )-eforanlij  (23)
where "AHU .. is the maximum value of the uncertainty

“AH"“, and ¢ is a designed positive constant. Increasing

the value of g will usually result in a system with improved
performance but degraded robustness. From (22) and (23).

d“x( A < —glx(r)] + z w “(B’ +AB! )r“

H < 2l

elx(0lhes < £wiloB B el

= E(llx(z)”ef"‘%)) < Ewi lB* +aB yrfs— (24)

where 1, is an arbitrary initial time. Based on (24), there

are two cases to prove the system stability: r = 0 and
r=0.

Proof. Forr=90, from (24),
%(Hx(t)“e“"’a)) <0

=[xl <|xcz,)|

e—s(z-to)

=[x <] @5)

Since ¢ is a positive value, [x(1)] — 0 as t — .
For r # 0, from (24),

xc)]le

, g wi|(BY + ABY e dr

=[xl <]

where
B+ aB)r| 2 max|(B +aB)r| 2|B'+aB )|
=[x <tz e +w(1-e‘“"’o)) (26)

Since the right hand side of (26) is finite if r is bounded,
the system states are also bounded. QED
Hence, condition (23) provides a sufficient criterion of
stability for the system of (5). The stability criterion and
the robust area in the uncertain parameter space of the
closed-loop fuzzy systems can be summarized by the
following two theorems.

Theorem 1. Under GDA, the fuzzy control system as

given by (5) without uncertainty, i.e. ”AH”” =0, is stable

89
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if A, is designed such that u[AO] as defined in (21) has
the property:

u[A,]<-H7 - A,|-¢. forall iand; Qn
Under PDA, the fuzzy control system as given by (8)
without uncertainty, i.e. “AH” “= 0 and “AJ ’/“=

stable if A, is designed such that ;,L[Ao] as defined in
(21) has the property:
<|H"-A,|-e, foraii (28)

and

u[a,]<|p? - (29)

Under SDA, the fuzzy control system of (11) without
uncertainty, i.e. “AHf ”=O, is stable if A, is designed

such that u[Ao] as defined in (21) has the property:

n[a,]< [ - A |-¢, forall. (30)

Theorem 2. The robust area of a fuzzy control system is
defined as the area in the parameter space inside which
uncertainties are allowed to exist without affecting the
system stability.

Under GDA, with the uncertain fuzzy control system given
by (5), the robust area is governed by,

HAHU HRobust area < —“[Ao ] - “HU -
The uncertain fuzzy control system is stable if the
uncertainty “AH“fl, with “AHU

~ & foralli, j (31)

as its maximum
max

value, satisfies the following condition:
o], <o

,foralli, j (32)

max Robust area
Under PDA, with the uncertain fuzzy control system given
by (8), the robust area is governed by,

”AH” < —u[Ao]—”H” (33)

Robust area
and

< -7 -
“ Robust area o] ”

The uncertain fuzzy control system is stable if the
uncertainties l‘AHiill and “AJ"U, with “AHH

—g,foralli<j (34)

and
max

HAJ y ooas their maximum values respectively, satisfy
the following conditions:

Jam|< |an®|  <|amt] o goraii (35)
and oy <ax?| sfart) geraltisi G6)
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Under SDA, with the uncertain fuzzy control system given
by (11), the robust area is governed by

”AH] S—M[Ao]"“Hj —Ao
The uncertain fuzzy control system is stable if the
uncertainty "AH’“, with ||AHj

—¢&,forallj (37)

Robust area

as its maximum
max

values, satisfies the following condition:
“AHjll < “AHjl [AH!’ , for all j

Robust area

(3%

5|
max

4. Design methodology of multiple-grid-point
fuzzy controller

Based on the analysis result of the last section, a
systematic MGP design methodology is introduced to deal
with nonlinear systems subjected to large parameter
uncertainties that cannot be handled by employing the SGP
approach. The proposed MGP approach is to design a
number of SGP fuzzy controllers which give good
performance in local regions of the parameter space. The
SGP fuzzy controllers are combined so that the union of
their robust areas fully covers the whole uncertain
parameter space. The situation is depicted in Figure 1. In
this Figure 1, the circles denote the robust areas of the
grid-points (which are the centers of the circles denoting
the nominal system parameters of the local systems). The
dotted rectangle is the operating uncertain parameter
space. During the operation, an SGP fuzzy controller is
chosen if the parameter are inside its robust area.

On designing controllers in other grid-points, it can be
assumed that the nominal parameters at grid-point GO are
shifted Gg by AAg €eR™"  and

to  grid-point

ABg, e R™™ which are constants. A compensated

feedback gain ,AGg, € R™™ corresponding to grid-point

Gg is needed to compensate the uncertainties to keep the
system stable. The closed-loop systems in (5) (GDA) and
(11) (SDA) which deviate from grid-point GO by AAg,

and AB, are given as follows. (The design procedures
for PDA is similar to that of GDA).

Figure 1. The idea of the multiple-grid-point approach.

For the case without common input matrix (B) (GDA),

90

poeo ,
X=Ax+B,r+2 Zw'm/(H +AHY +AA G,
i=1j=1

+8Bg, (GLy +AGg,) +(B' +AB)AG, ~A,)x  (39)
+(B' —=B,)r+(AB' +AB ¢, )r)
For the case with a common input matrix (B) (SDA),

g . .
x=Ax+Br+ jz.lw’((H’ +AHY + AA G, + ABG, (G, 40)
+AGg,) +(B+AB)AGg, —A X+ (AB +ABg,)r)

The stability criterion for (39) becomes

|AB7 + AA G, +AB G, (Gl +AGg,)

, . ; (41)
+(B' +AB)AG g, )]m <A, ]-|B7 -4, ]-¢
and that for (40) becomes
IAH +AA ¢, +AB g, (G +AGg,)

, (42)

+(B+AB)AG g, <-u[A,]-[H7 - A,[-¢
The resultant feedback gain G/, is defined as
G]Gq - Géo +AGGq (43)

Based on (41) and (42), there are two cases to be
considered for the design of the feedback gains on other
grid-points.
Case I: Common input matrices (B) and AB =0

This is the simplest case. The trick is to make the

system of (42) become (23) with AB=ABg, =0. It
occurs when,

AAg, +BAG, =0 (44)
The solution of (42) is,

AGg, =-B "lAAGq if B is a square matrix (45)

AGg, = -B"B)"'BTAA Gq if B is not a square matrix(46)
Note that (46) is a solution
AA G, -B(B'B)'BTAA, =0.

satisfied, the design methodology given in case II should
be used. The value of AA ¢, is given by

only  when

If it can not be

O G Oy,
Uy Oy Gy

Mg, =| . 7 Ix|Ag| 47
anl anZ ann

where o), is an integer corresponding to the number of
shifts for the row-k column-/ parameter of AAg, from

Ag,,kand!=1,2,.,n The distance of this element from

that of GO is oy, IAal . |Aa[ is the bound of each uncertain

element of AA' and is defined as
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IAal - m,‘in”AAi Robust area (48)
By choosingn the bound of |Ad as (48),
"AHi Robust area =”AA[ Robust area Z”AAl“max ZHAAIH which

means the stability criterion is always satisfied. The proof
can be obtained from Appendix A by assuming |Ab| =0.

From (44) to (47), (42) becomes (23), implying that the
system is stable by using the control law of (43) when the
parameters are shifted by AA,. In this case, the size of

robust area for each grid-point is the same as that of GO.
Case II: AB # 0

In this case, the design of the feedback gain on other
grid-points becomes difficult. As in case I, we want the
sum of the terms with subscript Gg in (41) and (42) to be
equal to zero. However, there are no solutions for both
cases. One way to design the controllers for grid-points
other than GO is by choosing another A, and redesign the
fuzzy controller such that the inequalities of (41) and (42)
hold. In this way, the robust area for each controller may
be different. The design can be summarized as follows.
Assume that the set of control laws is

(GG (8AG11 8B ), (G2 (AA Gy ABgp)). - (G (BAg . ABgy, ) (49)

(Ggu (8AGn.BBg,y)).  (Giy (BAG, . ABgo)). o (Ggu . (8Ag, . ABg,)))

where r, s and t are positive integers, Gg,, iS a matrix
containing all G, is the control laws corresponding to
the parameters shifted by (AAg,, . ABs,, ). They serve
the same function of AAg, and ABg, as in case L

Corresponding to each pair, a control law, Ggu. 1S
designed. For each fuzzy controller with control law Gg..,
there are robust areas existed in the A and B parameter
spaces. Hence, stable and robust fuzzy controllers for each

local plant which has system parameters of A, +AA Gik

and B, +AB Gk can be designed. For each designed

fuzzy controller, it has its robust area in the A parameter
space and B parameter space. These robust areas must be
designed such that they overlap with the adjacent ones and
the whole operation spaces in A and B parameter spaces
are fully covered. The bounds of the elements of the
uncertain parameters for the local system with a given
robust area are given in Appendix A.

5. Selection of control law and its effect to the
overall system stability

When the robust area of a SGP fuzzy controller cannot
cover the whole operation parameter spaces, changing of
the fuzzy controller from one grid-point to another is
necessary to keep the system stable. The choice of the

91
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SGP fuzzy controller is based on the information of the
parameter uncertainties. Intuitively, if either one of the
following conditions occurs, the current control law must
be changed to stabilize the system.

laa | = % wiAa'y, >[Ad| forj, k=12....n (50)

|ab,|= T wiably > [ab forj=1,2,0m, =120m (5D
i=1

where Aa;k and Abj-l (measured or estimated parameter

uncertainties), are the row-j column-k and row-j column-/

elements of AA’ and AB' respectively. The control law
corresponding to a grid-point is used if the distance
between the measured or estimated parameters and the
grid-point is the shortest and the robust area of that grid-
point covers the uncertainties.

Due to the changing of the fuzzy controllers to cope
with the unexpected contingencies, it seems that there is a
possibility to cause instability. This case is revealed in
Figure 2. In this figure, the left and the middle diagrams
are two stable local systems. However, when these two
systems switch at the instants during the phase trajectory
hits the horizontal axis of the left diagram or the vertical
axis of the middle diagram, the resultant phase trajectory
becomes the one in the right diagram. This is an unstable
system as the system states move away from the origin.
Still, this case never happens in our MGP approach, as the
norm of the system states is exponential decaying which is
governed by the time constant, 1/¢ ((25) and (26)). Hence.
the systems states of a MGP control systems must always
approach the origin for (25) (globally exponentially stable)
or be bounded (26).

Figure 2. Phase planes of stable and unstable systems

6. Accessibility of uncertainties and its effect
to the overall system stability

The fuzzy controller is selected based on the
information of the uncertain parameters. For measurable
uncertain parameters, the measured information is then
used directly for choosing the control law.  For
unmeasurable uncertain parameters, a parameter estimator
can be applied to estimate the uncertain parameters and use
them to choose the control law.

The overall system stability is guaranteed for the latter
case by the following proof (assuming tha: the problem
mentioned in section 5 is solved). Consids- an uncertain

Authorized licensed use limited to: Hona Kona Polvtechnic University. Downloaded on Julv 7. 2009 at 21:24 from |IEEE Xplore. Restrictions applv.



FUZZ-1EEE'97

fuzzy control system with a parameter estimator applying
GDA (Similar results can be obtained for PDA and SDA),

4

= f Swim/ (Af+AADx+ (B +AB Hu+£(ée) (52)
i=1j=1

where AA' € R and AB' € R™™ are the estimated
parameters, e € X" is the difference between the actual

and estimated system states, and f(é,e) e R is the
error function which satisfies the following condition,

limf(e,e)=0 (53)

t—eo

Refer to (52), the system can be viewed as subjecting to
estimated uncertain parameters with f(e,e) as an extra
input. When f(e,e)# 0, it can be shown that the norm of
the system states are bounded by following the steps in
section 3.4. Hence, the overall system is stable. When
- f(e,e)=0, (52) is reduced to the system of (5), and (25)
or (26) can be obtained. Hence, the overall system is still
stable if the control law is applied and the estimated
uncertain parameters are inside its robust area. This is an
important issue which has not been mentioned in [4].

7. Conclusions

The stability and robustness of a general multivariable
uncertain fuzzy control system are analyzed. The stability
criterion and robust area with respect to a single-grid-point
in the parameter space are derived. By using the simple
and easy-to-understand stability theory derived, a stable
and robust fuzzy controller can be designed easily and
systematically. Based on the analysis results on the SGP
approach, a systematic design methodology for uncertain
nonlinear systems subjected to large uncertainties using a
multiple-grid-point approach is presented.
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Appendix A

The bounds of the elements of the parameter

uncertainties of AA' e R™" and AB' e R¥™  are
defined in this appendix such that the stability criteria in
theorem 1 and 2 are always satisfied. we start with

’Aa| 1Aa| !Abl |Ab| Eu " 8w
Jar’| < Ple s 1] Cllan
lAd - Iad]| |jad - 88l o 2
i1 7 8
where G = is the feedback gain among
Emt 7 Emn

all GY such that the right hand side of (Al) is maximum.
(How it can be determined will be discussed later.) From
(Al),

|Aa|+]Ab|gyy ++gm] |Ag] +|Ab||g 1, + -+ g
|am?] < : ;
|Aa\+1Ab||g“+~-+gm1] |Aa|+|Ab||gM+--~+gm[
= '\/Z”[IALZ' +|Abng11 +-- '+gm1‘ T (Aa| + lAb“gln +-- "+ & l”
2 naom H B im 2
_ i |nlAd +2[Aa||Ab]leZlgU MICE S S
JE= J=1=

G should be chosen if it maximizes (A2). Let (A2)
= min|AH"
i.j

then,

3
Robust area

nim 2 ) nom 2
£15 50|l <slaclo 38 o s sl
j=lli=1 j=li=l

2 (A3)

Robust area

nilijnHAH"j

n
By choosing [Aa| and |Abl with (A3), the following
condition holds.
min|AH
iJ

> HAHU

Robust Area max z ”AH / “ (A4)

For a SGP approach and a given robust area, if IAa! and

]Ab] are chosen using (A3), then (A4) will always be
satisfied.



