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Abstract The precise analytical modeling magnetic 
characteristics in the switched reluctance motors is presented in 
this study, based on the two-dimensional least squares. The 
proposed precise modelling is the analytical expression with 
respect to both the rotor position and the current The 
coeficients in the expression are determined by the two- 
dimensional least squares method. The derivations of the 
modelling are described in detail. Furthermore, the effect of the 
degree number of the fitting polynomials on the fitling errors is 
discussed. The titling curves from the proposed modelling are 
fully in agreement with ones from the experiment. It validates 
the proposed modelling. This study is very helpful for accurate 
prediction of performance, simulation, torque control, as well as 
sensorless control of the switched reluctance motor drives. 

1. INTRODUCTION 

Accurate descriptions of nonlinear magnetic characteristics 
in the switched reluctance motor drives are crucial when 
performing performance predictions, simulations, computer- 
aided designs, as well as sensorless control of the switched 
reluctance motor drives. Nonlinear magnetic characteristics 
in the switched reluctance motor drives can be described 
accurately by use of the nonlinear interpolation methods [I] 
[2]. To implement rapid simulation and real-time 
computations, however, establishing precise analytical 
models of nonlinear magnetic characteristics is a challenging 
area for researchers. 

In general, nonlinear magnetic characteristics in the 
switched reluctance motor drives are obtained from 
measurements on existing motor or from numerical 
computations such as finite element (FE) analysis. It is 
desirable to model analytically and accurately the nonlinear 
magnetic characteristics. Such analytical models should 
provide all of the magnetic information for arbitrary rotor 
position and arbitrary current, and match the experimental or 
numerical data. Some publications offered their contributions 
to analytical modeling of nonlinear magnetic characteristics 
in the switched reluctance motor drives [31-[71. 

In [3], Torrey and Lang present an analytical expression 
for the flux linkagelcurrentlposition data. The equation can 
provide all of the magnetic information. But the expression is 

a complicated function that includes the cosine function end 
exponential function, in which the coefficients are needed to 
be computed by Fourier cosine series. On the basis of PI, 
Torrey, Niu, and Unkauf developed the piece-wise linear 
model [4]. The nonlinear magnetization characteristics of the 
switched reluctance motor drive are modeled analytically by 
the piecewise first- or second-order functions of the flux 
linkage against the rotor position, with the current as an 
undermined parameter [5]. In the method of [5],  the rotor 
position region is divided into the three sub-regions and the 
current region is divided into the two sub-regions. Chan and 
Weldon developed a nonlinear switched reluctance motor 
model, in which the multiple shape functions are used to fit 
magnetic data. The shape function is a complicated function 
that is composed of the exponential function and the 
logarithm function [6]. In p’], the nonlinear model of the 
switched reluctance motor uses the equivalent magnetic 
circuit of the motor as a set of reluctances linked in series and 
in parallel. 

Least squares are widely applicable to science and 
engineering and are very efficient tools to precisely fit 
discrete data [SI-[IO]. The two-dimensional fitting function 
is directly regarded as the model of nonlinear magnetic 
characteristics in the switched reluctance motor drives, 
because the flux linkage in the switched reluctance motor 
dnves is the function of both the rotor position and the phase 
current, This study just utilizes the two-dimensional least 
squares method to model nonlinear magnetic characteristics 
in the switched reluctance motor drives. The polynomials, in 
which the rotor position and the phase current are directly 
defined as the variables, are chosen as the fitting function. 
The coefficients in the fitting function are determined by the 
two-dimensional least squares. The detailed derivations are 
described in this paper. Furthermore, the effect of degree 
number in the fitting polynomials on the model errors is 
discussed. The comparisons between the fitting 
curveslsurface and the experimental curveslsurface verify the 
proposed modelling of nonlinear magnetic characteristics in 
the switched reluctance motor drive. Because the proposed 
modelling is based on the two-dimensional least squares and 
obtained through the strict mathematical derivations, this 
modelling is more accurate than the previous reported models 
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of magnetic characteristics in the switched reluctance motor 
drives. Very good agreements of the fitting results with the 
experimental results can also testify it. All the coefficients in 
the proposed analytical modelling can be computed in 
advance. One only needs to determine the few data and can 
obtain flux linkage values at arbitrary rotor position and at 
arbitrary current using the proposed precise analytical 
modelling. This will enhance the rapidity and accuracy of the 
computation markedly. Thus, this study will be very useful 
for accurate prediction of performance, simulation, torque 
control, as well as sensorless control of switched reluctance 
motor drives. 

11. ESTABLISHING MODEL AND DETERMINATION OF THE 
COEFFICIENTS 

A. Modelling Nonlinear Magnetic Characteristics 

Assuming that the nxm flux linkage values vh, with respect 
to the rotor position er and the phase current i, are obtained 
through the measurement on existing motor or through the 
numerical computation (k=O, 1,  .._ , n - I ;  j=O, I ,  .__ , m - I ) ,  the 
model based on the fitting polynomials of the two- 
dimensional least squares is given by ( I ) .  

wherep 5 n and q < m  

Equation ( I )  shows that the proposed model is the two- 
dimensional polynomials, in which the highest degree of the 
rotor position 0 is @ - I )  and the highest degree of the phase 
current i is (q-I). 

B. Determination of Coeflicients atJ 

1) Construction of the fitting polynomial with respect to 
the rotor position: For the rotor position 8, the m fitting 
polynomials based on the least squares are constructed, as 
shown in (2). 

g j ( e )  = Z h,y,(O),j =O,I , . . . ,m- I (2) 
P-l 

"4 

where the total -/,(e) (u=O,l, ..., p - I )  are the orthogonal 
polynomials and are determined by the following (3). 

yo(e)=l  
y 1 w = e - a 0  (3) 
Y,,+,(e) = (e-a,)y,(e)- p,u,_i (e)+ = i,z,..., P -1 

If letting, 

d ,  = Z$(e , ) ,u  =O,I , . . . ,p - l  
n-I 

k=O 

then one can obtain 

From the least squares, (6) can be yielded 

(4) 

2)  Construction of the fining polynomial with respect to 
the current: For the current i ,  the fitting polynomial based on 
the least squares is determined by (7). 

h, ( i )  = ylFuvqv(i),u = O,I , - ,  , p  -1 (7) 

where the total q,(i) (&,I, ..., q-I)  are the orthogonal 
polynomials and are computed by the following (8). 

"=O 

= I 
ql(i) = i -ab (8) 
qei ( i )  = (i - a: hl,W - P ) l - l ( i ) , ~  = 1,2,...,q - I  

If letfing, 

m-1 
6,= ~ q ~ ( i . )  ,~=o,I,...,~-I 

j=o  J 

then (10)canbe obtained 

a:= z i j q : ( i j ) / S , , v = O  ,l,..., q-1 

p: = 6, /6,.,,v =1,2, . . . ,q - I  

1 - 1  

14 

From the least squares, one can yield (1 1) 

(9 )  

C .  Two-Dimensional Fitting Polynomials 

From the above derivations, the two-dimensional fitting 
polynomials based on the least squares can be obtained as 
shownin(l2). 
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It is seen that (12) can be changed into the standard form 
of ( I ) .  To avoid the computation overflow, the following 
modelling should he employed instead of ( I )  [8]. 

where 

k =O 
m-1 

j = o  
T =  i , / m  

It is clear from (13) that the presented analytical modelling 
is the two-dimensional polynomials respect to the rotor 
position and the current. The number of the coefficients m 
the modelling depends on the number of the degrees. Eqn (13) 
can be utilized to compute the flux linkage values at arbitrary 
rotor position and at arbitrary current. Thus, rapider 
computation is obtained and less computer memory is taken 
up, using the presented analytical modelling than 
interpolation method. 

111. APPLICATIONS 

For the prototype of the switched reluctance motor drive in 
this study, the main data are written as follows: Number of 
the phases = 4 stator poles = S, mtor poles = 6 base 
resistance = 0.687 R ,  the phase flux linkage when the stator 
pole is aligned with the rotor pole = 0.4164 Wb at the phase 
current = 12 A, the phase flux linkage when the stator pole is 
unaligned with the rotor pole = 0.0839 Wb at the phase 
current = 12 A, the phase flux linkage when the stator pole is 
aligned with the rotor pole = 0.1676 Wh at the phase current 
= 2 A, and the phase flux linkage when the stator pole is 
unaligned with the rotor pole = 0.01264 Wb at the phase 
current = 2 A. 

For the prototype of the four-phase switched reluctance 
motor drive, the period is equal to 60 mechanical degree. 
Because the flux linkage values are symmetrical about the 
rotor position of 30 degree within a period, it is enough to 
study fitting the magnetic data within half a period. Within 
half a period, the 13 rotor position data from 0 degree to 30 
degree, the 7 current data from 0 A to 12 4 and the 
corresponding 13x7 flux linkage data are obtained through 
the experiment (i.e., m=13 and n=7). Thus, it is selected that 
the maximum degree of the fitting polynomials with respect 
to the rotor position is equal to 7 and the maximum degree of 
the fitting polynomial with respect to the current is equal to 6 
(i.e.,p=X andq=7). 

and 7 in (14) is equal to 15 degree and 6.0 A, 
respectively. From the above derivations in Section 11, the 
computation results of the coefficients ag (k =0, 1, ..., 7 and 
j=O, 1, ..., 6)in(14)areshowninTahleI. 

- 

Fig. 1 illustrates the changes of the phase flux linkage with 
the phase current from both the experiment and the proposed 
modelling. Whereas +he changes of the phase flux linkage 
with the rotor position angle from the experiment and the 
proposed modelling can be seen in Fig. 2. Table I I  shows the 
errors between the presented modelling and the experimental 
data. 

lad.B..l 
Iud.FIII 

IIDd.g(.l 

C"ns.l (A) 

Fig. 1. Compa"sons between the experiment and the presented modelling 
(the solid Ewes from the expentnent and the dotted ewes from the 

presented tnodellind 

TABLE I 
COEFFICIEWS M THEPRESLVTED MOOELWG 
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TABLE I1 
ERRORS B E T W E N  THEPRESENTED MODELLING AND THE~XPENMENT 

Errors I SSE I SAVE I M A E  I MRE 
values I 0,3637939843 I 0.1317916E+OO I 0.5833498E-02 I 0.9933754E61 

It can he seen from Table I1 that the four errors are all ' 046  

quite small. Therefore, Fig. 1, Fig. 2, and Table II verify that 
.:a11 the proposed analytical modelling based on the two- 

. .  dimensional least squares can precisely model nonlinear 
magnetic characteristics in the switched reluctance motor :g-5a drives. This indicates that the presented analytical modelling 
is more accwate than the previously reported analytical .S . "  

:4 models because this modelling is based on the two- 
dimensional least squares and the strict mathematical 
derivations. 

.. - 

3 0 1  

0.ll 
.U,. . 

Fig. 3 depicts the effect diagram from the experiment, and 
Fig. 4 depicts the one from the proposed analytical modelling. 
It can he seen from Fig. 3 and Fig. 4 that flux linkage values 

..oo, 

at arbitrary rotor position and at arbitrary current can he 
computed accurately from the analytical modelling presented 
in this study and based on the few given data. 

Fig. 2. Campzisons between the expenmerit and the presented modelling 
(the solid cweS from the expenmen[ the EUIVeS f" the 

presented modelling) 

It is clear from Fig. 1 and Fig. 2 that the experimental 
curves of the flux linkage agree very well with the fitting 
curves from the proposed modelling. This can he also 
observed from Table 11, which shows the computation results 
ofthe four errors between the experimental and fitting values. 

In Table 11, SSE represents the sum of the squares errors, 
which is determined by (15); SAVErepresents the sum of the 
absolute values of the errors, which is computed from (16); 
MAVE denotes the maximum value of the absolute errors, 
which is determined by (17); and MRE denotes the maximum 
relative error, which is computed from (1  8). 

SE= x Z [ / V J ~ , ~ ~ ) - ~ ~ I '  

a 

P W E  CUPRENT Iri ROTOI1 POS" ldrgna, 

(1 5 )  Fig. 3. Flux linkage with respect to the rotor psition and the currentfrom 
the experiment within half a period 

n-1 m-I 

k=o j=o  
i .... 
, ... .... .. ..,... 

. . .  ..:. "-1 m-l ..... 

k . 0  j=O 
SAVE= x x ~ ( ~ k , ~ j ) - v k j l  

MAYE= max lf(ek,ij)-vql 
OSk5rn-1 
orj*-1 

MA VE MRE =- 
v k j m  m 

wherefie,,$) represents the fitted flux linkage values from the 
presented modelling, vi, represents the flux linkage values 

respect to MA YE. 

ROTOR PosmoN I V W ~ I  P M E  CURRENT (ai 0 0  

from the experiment, andv$m is the flux linkage with Fig, 4, Flux linkage with respect to &e rotor position and the currentfrom 
the proposed analpieal modelling within a period 
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IV. DISCUSSIONS OF THEACCURACY O F M E  MODELLING 

The accuracy of the presented analytical modelling can be 
verified by the fitting errors of the modelling, which includes 
SSE, SAVE, MAVE, and MRE in this study and which are 
defined in the last section. In general, the fitting errors of the 
presented analytical modelling depend on the maximum 
degrees of the fitting polynomials in the modelling. However, 
that does not mean that the higher degree in the modelling 
results in the smaller fitting errors [XI. Furthermore, the 
higher degrees in the modelling are not propitious to the rapid 
computation. Hence, the determination o f .  the maximum 
degrees of both the rotor position and the current in the 
modelling should take account of the number of the given 
rotor position angles, the number of the given currents, the 
fitting errors of the modelling, and the rapidity of the 
computation. The results from Fig. 5 to Fig. 8 show the 
changes of the four fitting errors with the maximum degrees 
in the modelling. In the figures, the numbers of the abscissa 
represent the indexof the maximum degree groups and also 
determine the values o fp  and q, which are shown in Table 111. 

4.00E 0 2  

3 . 5 0 ~ 0 2  

3 . 0 0 ~ 0 2  

2.SOE02 

2.00E02 

I . S O E ~ ~  

1.00E02 

5.00E 0 3  

O.OOE+OO 
1 2 3 4 5 6 7 8  

N u d e r  mfmc Gnupm 

Fig. 5. b s o f t h e  square errom 

1.60E+00 

1.40E100 

1,20E+00 

2.00E02 . 

1 .OOE 0 2  

6 . 0 0 ~ n 2  

5.00E 0 2  

4aOE02 

-- n 

Nurrhcrdihc Groups 
Fig. 8. Wximum relative errors 

It is seen from Fie. 5 to Fie. 8 that the deerees in the 
1 .OOE+OO 8 8.OOEOl - - - 

modelling have a great effect on the fitting errors. If the 
degrees in the modelling are selected to the small values, 
such as the degrees of Group 1 in Table III, the four errom 
values are fairly large and thus the accuracy of the modelling 
is poor. When the degrees go up from small to large, the four 

I l ) ? l 5 f i T R  errors values decrease fleetly. However, the fitting errors 

6 . 0 0 ~ ~  

4 . 0 0 ~  01 

2.OOE 0 1  

O.OOE+OO 
. . - . - - , - - 

values almost do not vary if the degrees are selected to the 
larger values, such as the values more than those in Group 6. 
This study suggests that MRE is used to determine the 

N Y ~ C ~ D T ~ ~ G W ~ S  

Fig. 6.  b s  of the absolute d u e s  of the emom 

maximum degrees of the fitting polynomials. In this study, 
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the maximum degrees of the fitting polynomials must satisfy 
MRE I O . 1 ,  Under this constraint, it is determined that p=8 
and 4'7. 

V. CONCLUSIONS . This paper presents a novel precise analytical modelling 
nonlinear magnetic characteristics in the switched 
reluctance motor drives, based on the two-dimensional 
least squares. The modelling is the two-dimensional 
polynomials with respect to both the rotor position and 
the phase current. The few coefficients in the modelling 
can he determined in advance from the few given data. 
The modelling can he used to compute flux linkage 
values at arbitrary rotor position and at arbitrary current. 

The experimental and computational results show that 
the fitting values from the proposed modelling agree 
very well with the given values from the experiment and 
the fitting errors are very small. Thus, the proposed 
modelling in this paper can precisely describe nonlinear 
magnetic characteristics in the switched reluctance 
motor drives. 

The proposed analytical modelling can enhance the 
rapidity and accuracy of the computation markedly. 
This study is very helpful for accurate prediction of 
performance, simulation, torque control, as well as 
sensorless control of the switched reluctance motor 
drives. 

- 
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