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Weak Formulation of Finite Element Method Using
Wavelet Basis Functions

S. L. Ho, Shiyou Yang, and H. C. Wong

Abstract—This paper details the development of the weak form least partly, some of these difficulties. Algorithms to compute
formulations of finite element type methods using wavelets as the corresponding connection coefficients are also described.
basis functions. Such approaches are different from most wavelets
based ones that are derived from the strong form. The advantages
of the proposed formulation are that there is no need to enforce Il. FORMULATION

natural boundary conditions and that the lower order derivatives For general engineering problems, a Poisson equation in a

of the wavelet bases are involved in the connection coefficients.tW di . | iof) losed by a boundaiVis:
Various approaches to deal with essential boundary and interface WO-dIMeNSionalregiof: enclosed by a boundatyls.

conditions are investigated, and algorithms to compute the associ- 92 92
ated connection coefficients are derived. To validate the proposed Gp——+B55=—1 (1)
method, two numerical examples are described. oz dy
Index Terms—Connection coefficient, Galerkin approach, Iy:8— =g. (2a)
wavelet bases, wavelet-Galerkin method, weak form. dn
[i:u =ug. (2b)
. INTRODUCTION wherel® = I'y UT.
UBSEQUENT to the success of the applied mathemaji. General Formulation
ians to use Wavelet Basis Functions (WBFs) as a new tooLI_
he residual of (1) is
for local time—frequency analysis, the electrical engineers have
also reported success in using WBFs to solve electromagnetic
P 9 g /3 4 /3 ' @3).

problems [1]-[3]. However, most dedicated formulae are de-
rived from the strong form and are unfortunately rather diffi-

- The general form of the wei hted residual then becomes
cult to enforce the natural boundary conditions. Moreover, as 9 9

the higher order differentials of the basis function are involved

in the connection coefficients in the strong form, the connec- // whdzdy // w(w,y) <ﬁ +ﬁ f) dedy
tion coefficients do vary greatly because of the oscillatory na- (4)
ture of the differentials of the wavelet bases, thereby resultin

in numerical instability. wherew(z, y) is the weighting function.

As it is well known, there are two main obstacles in applymg1 Selecting the scaling functio(2™x —)$(2™y — j) as both
wavelet-Galerkin methods to solve differential and integr&® Shape and weighting functions, we approximate y) by

equations; namely (1) the difficulty to impose boundary condi- _ mo N g om,

ti(c)]ns, since both ééa?ing and Wazelet fupnctions do ngt satisfy b Z Z 5 $(2"T = )P2"y = j). ©)
the Kronecker delta criterion; (2) the complexity in computing

the connection coefficients, because each equation reuné‘ﬁre

a different type of connection coefficients that are dictated is the resolution,

by the various terms in the equation. Moreover, the implicit ¢ andj are integers, and

representation of both scaling and wavelet functions as well¢y (#) = is the one dimensional Daubechies’

as their high oscillatory natures can give rise to programming2”/>¢(2”z — ) scaling function,

complexities. This paper will demonstrate how one coufnd it can be determined from the following two scale relation
develop a weak form formulation of the finite element method

by using the wavelets as basis functions, which will alleviate, at () = Z ped(2z — k). (6)
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Transforming the second order differentials in (7) into first

order ones by means of integration by parts, one gets
22771/3 Z Z Sij
i
| [ ere@)® @) ® ds
< [ eyt [ @ eds
< [ e epan® o
du
— [ ep@ayads+ [ p5" 6 @) ds
Ty Iy n

+ [ sepsy sy @)
Q
Then (8) can be written as
Z Kpqii.iSii = Ppa- 9)
¥
where

kp,qiig =P l/ ¢(1)(X - i)(/)(l)(X - p)dX
x / Y = (Y — q)dY
4 / HX — (X — pdX
x / PO — DY — ay |, (10)
poa = [ / RACTAOYE
ou
R ACCTAIES

4 / / @) ey (11)

For a rectangular elemeatwith sides parallel to the- and
y-axes withz varying between:; to x> andy within the limits
of 4, to ¥2, the contributions of the elemeatare

X
(kp,q;i,j)e :/3[ ¢(1)(X - i)(/)(l)(X - p)dX

X1
Ys
< p(Y — )oY — )dY
X2
|9~ (X — p)ax
e
x / PP = )M (Y —q)dY]
Y:
(Z: =2"z; z=w=zy; 1=12). (12)

Py = /( R s
au m m
R ACCAES

N / o @)de / Cerdy. (13)
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Fig. 1. Schematic diagram of interfaces.

Fig. 2. Jump function and its derivative.

B. Interface Condition Approximation

While the high order continuity that the wavelet-Galerkin
method inherits from the wavelet/scaling functions can be con-
sidered a blessing because it provides solutions with smooth
derivatives, it can also be a disadvantage in engineering prob-
lems involving multiple materials (i.e., where the coefficients in
the PDE are discontinuous along the interface of different ma-
terials), because this will result in solutions with discontinuous
derivatives along the interface. This discontinuity in the deriva-
tives introduces spurious oscillations, and a special technigue is
required to approximate this derivative discontinuity. Here the
idea of a jump function approach, which is similar to that used
in meshless methods [4], is introduced in the proposed method.

This approach introduces additional shape functions, the
jump functions, in sub-regions where discontinuities appear.
For example, if the interface of two different materials coin-
cides with linex = z,, as shown in Fig. 1, the approximation
of (5) is:

%

wlz,y) =33 siidi (2)67 (1)
DIULAONCEEN] (14)

where¥(z — z,) is the jump function which will generate the
discontinuous (normal) derivatives along the interface, &gnd
will be determined in the same way as that $gr,. The jump
function used in this paper is of the form

_ P +32-3r+1 (7<)

ur =4 "7 =4 15
(") {0 (otherwise). (15)
where7 = |z — Z,|/"max, Tmax 1S @ Measure to control the

support of the jump function.

Fig. 2 shows the typical shapes of the jump function and
its derivatives for the case @f,,. = 1 andz, = 0. From
this figure it can be seen that the jump function generates
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discontinuous derivatives while ensuring the continuity of the Step 2) Computé/;*(x) for k # 0

approximated functions. For anyk # 0, the values ofM;*(x) can be
determined using{;*(x) according to the following
C. Enforcement of Essential Boundary Conditions relationship

Due to the fact that both the scaling and wavelet functions e o=k m
do not satisfy the Kronecker delta criterion, the enforcement of M« () :/0 Yoy — k)dy = /_k (y + k)™ ¢(y)dy
the boundary conditions for wavelet-Galerkin type methods is

guite awkward when compared with other types of finite el- :Z CLE™ " [Mi(z — k) — M{(—Fk)] . (21)
ement methods. Fortunately, the natural boundary conditions i=0
are included in the discretized formulations for the proposed whereC? = m(m — 1)+ (m — i+ 1)/il.

method, thus only a special treatment is needed for the essenrpys the computation af/™ () at arbitrary point values is
tial boundary conditions. For the solutiadiz, y) to satisfy the gominated by that o,.(z). The values of,, () at dyadic points
essential boundary condition (2b), the coefficiests andb;  and pointsz > L — 1 are given in [6]. The following only
must also satisfy the following relations describes the computations@f(«) at arbitrary pointgt + j —

m m m H(tel0,1],§ =1,2,...,L—1).Indoing that, one can define
Z Z sig @i (2r)97 (un) + Z b (e )Wy — xa) avectorg(t) € RE~1 (t € (0,1) such that
[ J J

= (u)p (k=1,2,...,Nr,). (16) o(t) =[O0t +1) - 0,(t+ L —2)]". (22

whereNt, is the node number in boundaky, and(zy, ys) is vi(t) =ta(t+j—-1) (G=12...L=-1. (23
the coordinates of theth node. Then one has(0) = [6,(0)8,,(1) - - 8, (L — 2)]".
As a result, the number of the equations of (9) and (16) is According to the following two scale relationship
greater than the freedom of the coefficients. The least squares L-1
technique is used to determining the coefficients uniquely. f.(x)y=2"" Z prb, (22 — k). (24)
k=0

I1l. COMPUTATION OF CONNECTION COEFFICIENTS one obtains

As d_escribed earlier in this paper, if one applies wavelet- 6(%) =To¥(t) + fo(t). (25)
Galerkin methods to solve both differential and integral equa-
. . . . . . . t _"_ 1 .
tions, one requires d|fferent types of connect!qn coefficients, 3 < ) —TV3(t) + f1(b). (26)
such as those formulated in (10)—(13). In addition to the con- 2
nection coefficients reported in [5], the following ones are alsghere,
required for the proposed method, i.e., n .
d prop (10)i; =2 "p2i—j—1, (L1)ij =2 "pai_y

M) = [yt~ . 17) (=12 L-1),
e fo®li= > 27"mba(2i —2—k+1), and
o) = [ ¢ -y a8) o E
0 k=0,1,...,L—1
A®k= > 27 (2i—1—k+1).
A. Algorithm 2ich—1>L_1

i=1,2,..,L—1
k=0,1,...,L—1

This section will develop algorithms and procedures for ) )
computing the values of (17) and (18) at arbitrary points for the Thus for an arbitrary € (0, 1), one could assume its approx-

reasons as were described in [5]. imation of the dyadic expansion be
1) M'(x) = / y" ply — k)dy t=> d;27. (@7)
0 j=1
The algorithm for computingZ;™ () has being divided into Whered; = 0 or 1.
two steps. If one defines a shift operator
Step 1) Computé/§*(x) o~ il
The values of\/J"*(x) can be determined by [6] = E:Q d; 2T (28)
=
" . om! » Application of the two scale relation of (24)—(27) yields
M) =3 () s @) a9 PP -0y
i=0 mey o(t) = Ta, 0(7 1) + fa, (T1). (29)
where If t =0,dy,do,...,d,, thenthe application of (29 times
n-tuple y|e|dS
, PR e 2 8(t) =T, (T, (- -+ (T, 5(0) + fa,, (Fa,)) -
n(-T) —/0 /0 /0 ¢(yl) Y1 QYn—1QYn- (20) + fu (tdg)) + fa, (tdz)) + fu, (tdl)- (30)
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Fig. 3. The computed results of some typical connection coefficients.

where

[fa, (ta,)]; = 27" piby,

>

2i—2—ktd;>L—1
i=1,2,...,L—1
j=0,1,...,L—1

X <2i—2—k+dn+ Z 2"‘ldl>.

I=n+1

According to (30), the procedure for computifig(x) at ar-
bitrary points(¢ + 7 — 1) (¢ € [0,1],7 =1,2,...,L — 1) is
1) computely, 17;
2) for¢ € (0,1), determine the value of. to approximate
fort ~ 377, ;277 with suitable precision;
3) compute

o(t) =Tu, (Ta, (- - (L, 9(0) + fa,, (ta,)) -
+ fa; (tay)) + fa, (ta,)) + fa, (ta,) -

Then the value of,,(z) at an arbitrary poinft + j — 1) can
be determined fron#(¢) according to (22)—(23).

2) O (x) = / 6 (y — KY$™ (y)dy

Performing integration by parts successively fotimes on
(18) yields

n—1
Op (@) = Y (=1 @ — k) ()
7=0
+H(=1)"Tptr, (31)
where
lmuazszﬂw—kw@my (32)

So the computation a;""(z) is replaced by that df} (x)
and¢™ (z) as reported in [5].

B. Numerical Results
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Fig. 4. The comparison of analytical and numerical solutions indire y.
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Fig. 5. Electrical machine rotor, filled by current-carrying conductor.

A. A 2-D Test Problem with Analytical Solutions

This simple example presents the comparison of the numer-
ical results obtained using the proposed method with analytical
ones. The problem is to find the solution of

FPu  O%*u

— 4+ —— =0

0x2 Oy
U/|ac=0 :Uf|y=0 = 07

(0<z,y<1)
(33)

U,|x=y=1 =1.

The exact solution of (33) is = zy. Fig. 4 gives the com-
parison of the numerical and the analytical solutions on the line
« = y. In the numerical computations, one uses the Daubeiches
scaling function with, = 6; m = 0 andz, 5 both varying from
—41t0 0, resulting total 25 basis functions to represent the shape
and weighting functions. From these results, it can be seen that
only 25 functions can approximate the solution with acceptable
precisions.

B. A 2-D Magnetostatic Problem

The second example is to investigate the feasibility of the pro-
posed method in solving electromagnetic field problems. The
problem is to calculate the magnetic fields of an electrical con-

Some typical numerical results of the aforementioned cofiuctor lying in a rotor slot, as shown in Fig. 5. Because of sym-
nection coefficients for the Daubechies scaling function witietry, only half of the region is analyzed. The boundary value
L = 8 computed by using the proposed algorithms and prproblem is then formulated as

cedures are given in Fig. 3.

IV. NUMERICAL EXAMPLES

Two numerical examples are investigated to validate the pro-

posed method.

9%A,  O?%A,
e A
oz? oy?
9A.|  0A. _oAl
Oz z=0 dx z=a/2 ay y=0 ’
AZ|y=b =0. (34)
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|

(T

Fig. 6. Equipotential lines of the electrical machine rotor problem.

(1]
The solution of this problem by using the proposed wavelet- 2]
Galerkin method with Daubechies scaling function/of= 6
is given in Fig. 6. Only four rectangular elements are needed[3]
for this specific problem. In the numerical calculation, the res-
olution parameter is set to 2, and only ten equi-distance samplcf\4
points along the boundary = b are used to enforce the zero
essential boundary condition. The total linear equation set is of
the order of 1126, and the CPU time needed to compute the so[-
lution is about 38 seconds on a Pentium 11l 600 MHz Clock.
These computed results show the advantages of the propose[g]
method over those wavelet formulations based on strong form,
in that the proposed method requires no special treatment when

imposing the natural boundary conditions, thus resulting in sim-
plicity in both computation and programming.

V. CONCLUSION

A weak form formulation, including the technique for dealing
with discontinuous derivatives and the approach for enforcing
essential boundary conditions, of wavelet-Galerkin methods is
derived in this paper. The computations of the associated con-
nection coefficients at arbitrary point values are also investi-
gated. Numerical results on both the test and a practical field
problem demonstrate the feasibility of the proposed method to
study practical field problems.
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