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Wavelet-Galerkin Method for Computations
of Electromagnetic Fields—Computation of
Connection Coefficients

Shiyou Yang, Guangzheng Ni, S. L. Ho, Jose Marcio Machado, M. A. Rahman, and H. C. Wong

Abstract—One of the key issues which makes the wavelet- computing some finite integrals of wavelets on a bounded
Galerkin method unsuitable for solving general electromagnetic nterval [8]. However, the algorithms of Chest al. are still
problems is a lack of exact representations of the connection egtricted to the computation of dyadic point values. On the
coefficients. This paper presents the mathematical formulae and . .
computer procedures for computing some common connection pther hand, the authors bellgve that _th_e_se algorlthms_ can be
coefficients. The characteristic of the present formulae and improved by a more generalized definition of normalization
procedures is that the arbitrary point values of the connection co- conditions.

efficients, rather than the dyadic point values, can be determined.  For practical engineering field problems, especially those in
A numerical example is also given to demonstrate the feasibility electromagnetics, one should note that;

of using the wavelet-Galerkin method to solve engineering field ) .
problems. 1) The solution domains are normally bounded to some spe-
cific regions. For those wavelet bases whose supports lie
partly on the domains, the computations of the connec-
tion coefficients depends on the integrals between some
limits;
Many, possibly most, engineering field problems involve
distributed sources and multiple physical media, the
so called inhomogeneous sources and materials, which
means that even for wavelets whose supports are en-
tirely within the solution domain, the computation of

Index Terms—Connection coefficients, wavelet bases, wavelet-
Galerkin method.

|. INTRODUCTION 2)

HE wavelet-Galerkin method is a powerful alternative

for the numerical solution of both integral and differ-
ential equations by pure mathematicians and engineers alike
[1]-[4]. As similar to the Galerkin discretization approach, the

wavelet-Galerkin scheme involves the evaluation of connection
coefficients. These connection coefficients are quadratures
with integrands being products of wavelet bases and their
derivatives. As the derivatives of compactly supported wavelets

connection coefficients must also be carried out region
by region, i.e., the connection coefficients are the sums
of different bounded integrals, because of the differences
in the media parameters and sources.

are highly oscillatory and also due to the implicit representation In the application of general wavelet bases in the wavelet-
of wavelet bases, it is difficult to compute these connectidaalerkin method for solving engineering field problems, it is
coefficients by numerical methods. Thanks to the developmétfcessary to have an exact determination of the arbitrary point
in algorithms for computing these coefficients [5]-[7], th&values of the connection coefficients. In short, this paper is a
wavelet- Galerkin method has now been applied successfuigntinuation of the previous work of the authors to develop an
to solve some typical benchmark problems in mathematics afeproved wavelet-Galerkin method for the numerical computa-
in almost all branches of engineering. Since most algorithrtigns of electromagnetic fields. The emphasis of the work being
developed are essentially based on unbounded domains, réRorted is the computation of the arbitrary point values of the
general wavelet bases have to be periodized, and the appl@Rnection coefficients.

tions of wavelet-Galerkin methods are limited to cases where

the problem domain is unbounded or the boundary condition  |l. COMPUTATION OF CONNECTION COEFFICIENTS

is periodic. To use the wavelet-Galerkin method to solve finite gjnce the present work is a continuation of [9], thus the math-
domain problems, Cheat al. have developed algorithms forgmatical notations used in what follows are as defined in [8] and
[9] to allow easy cross referencing.
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Multiplying both sides of (1) withp(y), and taking integra-
tion from limit O to limit z, one has
gL = 1]+ [k = (= L+1)])
b [ s =y =t [ swdy @ W . .
kzz_:oo 0 0 =2t Z pppqr2lk+p7q(L -1+ (="
o P g€ (4, K, L)
Considering the facts
IY(z)=0 (Jk > |L -1, orz < min{0, k}) ) z(: - PrPal ™ op—piq(L = 1)
n nn P qepze, k,
" (x) =(=1)"T¥L-1) (zr+k>L-1) (3) (i=0,1,.--, [—2
one obtains k=i—-L+2i—-L+3, -, 1)
m—1
S KTi(m)
m—L+4+2 Nl(iv k? L)
={p,)IL-1<2i-q(0<p, ¢<L-1)}
=nld — (=" KT, (L —1 .
whm) = (D" 3 KT vali B 1)
—L<k<m—L+1 )
(4) ={p PIL-1<2i-2k—p(0<p, g < L-1)}
wheref, (z) = ;7 ¢(y) dy, and its computation is reported in Similarly
[8]. —(t+1 S
From (3), it is clear that there werd, — 1)2 independent v <T> =119(t) + ¢ (10)
members{l'}(i+z)|0<i< L—2,i— L+2<k <4}, in
the sel?(¢ + ) (¢ = 0,1, ---, L — 2) (|k| £ L — 2)), that where
exist for some fixed: € (0, 1). Expressing these independent
members in a vector form as (T1)i, 5, k,m =2 P2 j41PL—2k4m
—_ (L7J207177L_27
= . — T (L=1)x(L-1)
U() = ) o1+t) - L2+ € R ) b1 2 o Del)
vt +t) ="+ 1) T
n . n . s g=[0(1) a2 - al(L-2)(L-1))]
=[P i+ O s+ 1) - TP+ )T
one then reads gL = 1] +[k— (i — L+ 1)])
w(0) = I™(0)I"(1) -+ I™(L - 2)| (7) =210 ST ppel B, (L= D)+ (1)
. . . . P, q€Eus (i, k, L)
According to the following two scale relationships
L-1L-1 . Z ppquZQk—p-l—q(L - 1)
i(@) = 2 Z Z Pipjrgk+i—j(2x —J) (8) P, q€pali, b, L)
i=0 j=0 (¢(=0,1,---, L—2;
one gets k=i—L+4+2,i—L+3,--,4)
— [t -
v <§> =Tov(t)+ go 9)
ps(i, k, L) ={(p, @)L —1<2i —q+1
where (0<p.qsL-1)
(TO)i,j,k,rn :2n/_1p2i7ij7172k+rn N4(i7 k? L) = {(p7 Q)|L -1 < 2¢ — 2k — p+ 1
(G, j=0,1,---,L—2; (0<p,¢<L-1)}
kym=1,2 -, L-1) For arbitraryt € (0, 1), let
t=>d;27(d; =0, 0r1) (11)
90 ="[90(1) 90(2) -+ go((L—2)(L—1)]"

j=1
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Define the shift operator as then one has
oS} - _ m,n m,n AT, _ T
=Y dp a2 TO=ATTOATT@) AL -2 (20)
y=2 According to the following two scale relationships
From (8), one obtains L1 L—1 m
. . m,n _ ogn—m—1 .
T(8) = Tu, T (r) + g4 (13) M) =2 L 2 D p
If t =0.dyds --- d,,, then by applying (13) repeatedly one ) <T;l) le;'L:ljfi(% — ) 1)
gets
O(t) =Ty, (Ta, (- (T, v(0)+ ga. )+ ga,) + ga,) one obtains
+ g4, 14 —/(t -
9 (9 7 (5) =15 40+ £t 22
Now the procedure for computirigy ()at an arbitrary point
(t + ¢) can be described as where
1) Comput€ely, 171, go andgy;  on—m—1
2) Fort € (0,1), evaluatem to approximatet as (To)i,j 1, m =2 P2i—jPL—1-2k+m
3) Computew (t) = Ty, (Ta, (-~ (10, 0(0) + ga,.) - + kom=1,2 - L-1)
9ds) + 9do) + 9ay -
The value of "} (x) at the arbitrary point +¢) can be deter-
mined according to (5) and (6). g0 =1[g0(1) 90(2) -+ gol(L—1)(L—1)]*

B. Computation of\}" "(z) = [ v ¢ (y — k)¢(y) dy

The determination of this connection coefficient at integer .
points including points — 1 is also reported in [8] with the go(i[L — 1] + [k — (i — L + 1)])
exception that the normalizing conditions are replaced by

i1 i—Lt1 =2n Yo pepAR (L =D+
ST AR =alMPG) - Y KA - 1) P, a€po ik, T =1
k=i—L+2 k=2—L
m
(15) : Z PpPq < I ) qlAg;;-l;:q(L -1
Equation (15) is derived in the same way as for (4). P, q€pa(is k, L)
In the derivation of the formulae for computing” " (z) = (i=0,1,--,L—2

f(f vy o™ (y—Ek)¢(y) dy at arbitrary points, one must note that
]CIL—L+275_L+37 7L)
AP (@)= AL 1) (@2L-lora-k2L-1)

(16)
[fO(t)]i[L—11+[k—(i_L+1)1
L—-1L-1 m
A "M(x)=0  (z<Z0,0rlkl2L—-10rz<k) (17) — gn—m-1 Z Z Z e
p=0 ¢=0 I=1
It is very obvious that there are on{y. — 1)? independent m\ g
members{A;" (i +2)|0 < i< L—-2,i—-L+2< k< i} . < . )QA2k+IQ_q(2Z—q+t)

in the setA7"" (i +2) (i = 0,1, -, L — 2) (|| < L — 2)) . P01 L9
for some fixedz € (0, 1). Let the independent members be (p, qg polt, &, ‘L)) (i=01, 7 L=2%
expressed in the following compact form k=i-L+21—L+3,---,4)
o) =[vt)v(l+1t) - v(L -2+ 1] e RIF-D*UI-D
(18) (i, b, L) ={(p, )L —1< 2 —qorL —1<2i 2k
-p(0<p,¢g<L-1)

v(i+1t) =A™ "(i+ 1) Similarly
=ML+ N L t) - AT (i + )] _(t+1 _
(::0, 1,---,2—2) (19) ”(T)ZTW@HQ”MQ (23)
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where TABLE |
COMPUTED RESULTS BY USING DIFFERENTNORMALIZATION CONDITIONS FOR
(Tl)i Pkm = 2nimilp2i—j+lpL—2k+m THE DAUBECHIES SCALING FUNCTIONWITHL =6
(i’j:()a 1aaL_27 Al‘.tl(s)
k,m=1,2---,L-1) Proposed method Reference 8

-4 -0.16773451E-05 -0.39622225E-05-

-3 0.68129507E-03 -0.67621931E-03

g1 = [91(1) 91(2) 91((L — 1)(L — 1)) ]T 2 0.39894768E-01 0.19212883E-03

-1 -0.33984185E+00 -0.12104326E+00

-0.50000014E+00 0.10224223E+01

. . 0.10850474E+01 -0.12104326E+00

GqL=1+k—-0E-L+1))

0.19212883E-01

-0.67621931E-03
-0.39622225E-05

0.43154324E-01

0
1
2 -0.33030568E+00
3
4 0.13716132E-02

_ on-m-1 S AR LD+

P, q€p1(i, k, L) =1

m . . 1
m—I,n
Z PpPq < ! ) T Ayt (L—1)
P,q€pa (i, k, L) 0.5
('L:O7]_77‘L_27 i 0

-2

k=i—L+4+2,i—L+3, 1) = 05 |

Nl(kavL):{(pvQ)|L_1S2L_Q+10r2L_2k_p -
+1(0<p,g<L-1)} 1.5 \ — ‘ -
0 05 1 15 2 25 3 35 4 45 5
L @Oigr -4k Gi—r.41)] x
_ gn—m-1 Lz:l Lz:l zm:pppq < ) lA;Z_,_lpnq Fig. 1. Computed' ,(x)for the Daubechies scaling function with= 8
=0 a=0 =1 1) Comput€ly, 11, go andgi;
(2i—g+1+1) (P, g & (i &, L)) 2) Fort € (0,1), determinem to approximatet as
(L:()a 1v"'aL_2; E;n:l dj2_];
k=i—-L+2i—L+3, -, 1) 3) Compute
Arbitrarily + € (0, 1) may be expressed as (11). According?(t) =T, (T, (- (Ta,, 0(0) + ga,,, + fa, (ta,.))+ + gas

to (21) one obtains
?(t) = lev
here the definition of-tis as given in (12).
If t =0.dy do, -- -, dp,, then applying (24) repeatedly yields m
v (t) =Tu, (Ta, (- (Ta,, v(0) + g, + fa,.(ta,.) -~ + ga,
+ fas (ta,)) + 9a, + fa,(ta)) + ga, + fa, (ta,) (25)

+ fdz (tdz)) + Gd, + fdz(tdz)) + gq, + fdl(tdl)'

The value ofA}" " (x)at an arbitrary poin{t + ¢) can be
determined according to (18) and (19).

(78) + ga, + fa, (7 1) (24)

. NUMERICAL RESULTS
A. Connection Coefficients

According to the previous formulae and procedures, a soft-
ware program has been developed to calculate all the aforemen-
tioned connection coefficients. Due to the limitation of space,
only parts of the results are presented in this paper. Table |
presents the computed resultszbﬁ ) for the Daubechies

where

(fa, (b, )L —114+k—Gi—L+1)
-1 IL-1 m

— gn—m—1 IAam—ln scaling function with = 6 as well as those given by [8]. Figs. 1
pz_;) qz_:o ; brba < ) 2h+p=a and 2 show some other computed results of connection coeffi-
m cients. The smoothness of these curves is a good indicator of the
. <2i —qg+d, + Z gn—l dz) validity of the proposed formulae and procedure, especially the
l=nt1 new normalization conditions developed in this paper.
(p7 Q¢Ndi(ia k? L)vL:()v 17 Tty L_27

ki L4+2i-L+3 ) B. Numerical Example of Wavelet-Galerkin Method

=9 — , f— , o, 1 . .
One of the numerical examples of the wavelet-Galerkin

method is reported [9]. This section presents another example

on the computation of magnetic fields of a typical U-magnet

as shown in Fig. 3(a). Due to the geometrical symmetry, only

Special attention should be paid to the valuedo1here
The procedure for computing the valuesd¥- " (z)at an ar-
bitrary point is then summarized as
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Fig. 4. Solution of U-Magnet. The equipotentials df corresponding to

magnetic flux lines, (a) by wavelet-Galerkin method, (b) by FEM

conventional FEM for case where boundaries are oblique at the
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B C
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present stage.

IV. CONCLUSION

This paper details the mathematical formulae and the corre-
sponding computer procedures for the exact determination of
arbitrary point values of some typical connection coefficients
encountered in wavelet-Galerkin method. These results play an
essential role in extending the wavelet-Galerkin method to solve
general field problems in electromagnetics. One should note

that the computation of these coefficients is done once and for

Fig. 3. (a) The U-Magnet and (b) the wavelet-Galerkin method mesh

all. The numerical example given in this paper has also demon-

strated the potential of the wavelet-Galerkin method in solving
half of the actual region, i.e., the region enclosed by ABCBlectromagnetic field problems.

in Fig. 3(a), needs to be analyzed. This fields are governed
by the vector form of Poisson equation after introducing the
magnetic vector potential A. By assuming an infinite length [y
in the longitudinal direction, this vector Poisson equation
degenerates to its scalar counterpart, and the boundary valulg]
problem is formulated as

P4 PA_ N

ox2  Oy? (26)

—pud  Alapep =0
[4]
The solutions of this U-Magnet problem using both the [5]
wavelet-Galerkin method with the mesh of Fig. 3(b) dné 6,
and that by FEM are given in Fig. 4. The orders of the linear [€]
equation sets for the proposed method and that of FEM are,
respectively, 1000 and 1106. The CPU time required by both[7]
methods are almost the same, i.e., about 20 seconds on an
Acer 586 computer. Please note that a very simple “mesh”[s]
is needed for the present method. These computed results
reveal again that: 1) the Wavelet-Galerkin method is virtually a o]
meshless method, and this is very promising for 3D problems

and 2) wavelet-Galerkin method is a strong contender to
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