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Quantum entanglement of excitons in coupled quantum dots
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Optically controlled exciton dynamics in coupled quantum dots is studied. We show that the maximally
entangled Bell states and Greenberger-Horne-Zeilii@étZ) states can be robustly generated by manipulat-
ing the system parameters to be at the avoided crossings in the eigenenergy spectrum. The analysis of popu-
lation transfer is systematically carried out by using a dressed-state picture. In addition to the quantum dot
configuration that has been discussed by Quiroga and JohiRkga. Rev. Lett83, 2270(1999], we show that
the GHZ states also may be produced in a ray of three quantum dots with a shorter generation time.
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. INTRODUCTION that the excitonic occupation operatorfor the [th QD has
only two eigenvalues,; =0 andn,;=1, corresponding to the
Entanglement is of great interest in many areas of activeibsence and the presence of a ground-state exciton. Thus, the

research in contemporary quantum physics, such as quantusingle-qubit basis consists {#), and|1),. The whole com-
computatior{ 1], quantum teleportatiof2], and fundamental putational state space is spanned by the basis ®/|n;)
tests of quantum mechanif3,4]. How to design and realize (n,=0,1). We show that the avoided crossing in eigenenergy
quantum entanglement is extremely challenging due to thepectrum enables the robust generation of maximally en-
intrinsic decoherence, which is caused by the uncontrollabléangled Bell state of two qubits and GHZ states of three
coupling with environmental degrees of freedom. A varietyqubits. The entangled state generation time is analytically
of physical systems have to be chosen to investigate the combtained by adiabatically eliminating the dark multiexciton
trolled, entangled states. Among these are trapped[®hs states.

spins in nuclear magnetic resonand, cavity-quantum- This paper is organized as follows. Section Il contains the
electrodynamics systen{d], Josephson junctionf8], and  theoretical model: in Sec. Il A, we present the Hamiltonian
guantum dotg$9]. of the multiple QDs equidistant from each other, whereas the

Recently, the combination of progresses in ultrafast optoHamiltonian of the QDs with a linear arrangement is pre-
electronicg10] and in nanostructure fabricatidd1] brings  sented in Sec. Il B. The maximally entangled Bell-state gen-
out dense study of the coherent-carrier control in semiconeration is showed in Sec. lll. In Sec. IV, the maximally en-
ductor quantum dotéQDs). Present ultrafast laser technol- tangled GHZ state generation is shown for the three QDs
ogy allows the coherent manipulation of carriglectron with equal distance. The GHZ state generation process for
and/or hole wave functions on a time scale shorter thanthe QDs with a linear configuration is analyzed in Sec. V. A
typical dephasing timelsl2]. It has been envisioned that op- summary is given in Sec. VI.
tical excitations in QDs could be successfully exploited for
quantum information processing: Quiroga and Johri4@&h Il. THEORETICAL MODEL
and Reinaet al. [14,15 suggested that the resonant transfer ) ) ) .
interaction between spatially separated excitons in quantum W& consider a system d¥l identical QDs radiated by

dots can be exploited to produce many-particle ent‘,;mg|ec_:lassical optical field. Ignoring any constant energy terms,

ment. Based on numerical analysis of realistic double QDSthe Hamiltonian describing the formation of single excitons

Biolatti et al [16], and Troianiet al. [17] proposed arall within the individual QDs and their interdot hopping is given
optical implementation of quantum information processing.by
Chenet al.[18], and Piermarocchet al. [19] suggested the
controlling of spin dynamics of two interacting excitons with  H(t)=
pulses of spin-polarized optical excitations. Stievateal.
[20] successfully observed the single-qubit rotation of exci- N
tonic Rabi oscillation and in a QD. Chex al.[21] measured +he hle)+ @e—iwtg efnt
H n ! r=n n''n

the quantum entanglement between a pair of electron and nn 2 n=1
hole. Furthermore, Bayeet al. [22] demonstrated the en- N
tanglement of electron-hole pairs. Up to now, the basic in- Qx) .
gredient double-qubit operation, i.e., the controlieur + 2 € zfl hnen
(CNOT) operation has not been experimentally demonstrated.

In this paper, we study the optical control of the excitonin the rotating wave approximation. Heeé(h;) is the elec-
dynamics in multiple QDs. Following Ref13], we assume tron (hole) creation operator in theth QD, ¢ is the QD band

N N
1
ngl (elen_ hxhn)_ E 2 Vnn’(eﬁhn’en'hg

nn' =1
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(€Y

1050-2947/2003/61)/0123128)/$20.00 67012312-1 ©2003 The American Physical Society


https://core.ac.uk/display/61005282?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

ZHANG et al. PHYSICAL REVIEW A 67, 012312 (2003

gap, whileV,, represents the interdot Coulomb interactionin the tight-binding approximation. In this case, we introduce
between theth andn’th QDs, the time dependence @ft) the local 1/2-pseudospin operators
describes the laser-pulse shape whiles the optical fre-

i i it 1
quency. As in the atomic case, the conditio® |Q(t)| en- x_~ethf+h e 6
ables the rotating wave approximation useditt) above. n=7 (€Mt o), (6a
A. Equidistant quantum dots -y
y___ _
In the case that the QDs are equidistant from each other, InT2 (€nn =), (6

i.e.,, N=2 dots on a lineN=3 dots at the vertices of an

equilateral triangle, the interdot Coulomb interactigp,, 1

=V is independent ofi andn’. Thus the spatial symmetry Uﬁ:—(ezen—hnhl), (60)

of the Hamiltonian(1) enables us to introduce the global 2

angular momentum operatdr3]

which obey the commutation relationships among three Pauli

N : a Bq_; . .
JXZE 2 (eﬁhhhnen), 2a) mgtrlceg[an 0 =160 o). The Ha.mlltonlan can be re-
=4 written in terms of these local 1/2-spin operators as
i XN N N-1
Jy:7 ngl (eﬁhﬁ—hnen), (2b) H(t):{i; O'ﬁ—Vngl (onomi1tonon,q)
1 N 1 N 1 N
3,== > (ele,—hyhh), (20) +5Q(0e Y on+ 0% (e Y o,
=4 2 n=1 2 n=1
which obey standard angular-momentum commutation rela- @)

tionships[J,,Jz]=1J,, where @,B,y) represent a cyclic e o

permutation of K,y,z). In terms of these new operators the Whereo, = o *ioy. In deriving Eq.(7), we have neglected

Hamiltonian for the equidistant QDs can be rewritten as &ll constant energy terms that have no contribution to the

direct sum over varioug-invariant Hamiltonian, i.e., dynamics. Again, we transform the Hamiltoniéf) into the
rotating frame by introducing the unitary transformation

N/2 =exp(—iwad=ho?) as follows:

H(t)= & HY(t), 3
J=0
N N—1
where Hre=2> Ao%—V X, (op 071+ 0n a1

n n=1

1 : N N
HO(t)= —V(J2=31H+ =0 —iot
(D=ed, = VIT=J)+ 5 e, OO ot DS oy ®

n=1 n=1

1 :
+-Q* (e e, 4 ical fi iltoniéd) is identi
2 (De @ In the absence of optical field, the Hamiltonig8) is identi-

) o ) cal to an one-dimensiona{-Y model in the magnetic sys-
whereJ.. =J,*iJ, are the usual raising and lowering opera-tem. In the limitN—c, one can obtain the exact ground

tors. To proceed we introduce the time dependent unitargtate with the help of the well-known Jordan-Wigner trans-
transformation U=exp(—iwtJ,). The transformed Hamil- formation.

tonian in the rotating frame is
HE =AJ,— V(2= 39+ Q,() I+ Qy(1),, (5 IIl. BELL-STATE GENERATION IN DOUBLE QDS

where A is the detuning from resonant excitatiof,(t) To give a systematic analysis on the exciton dynamics, we

_ _ : : start with the exploitation of the maximally entangled Bell-
strr\e)ﬁ:ézh(tr)jo r?gc:h{;ya(l:w)d y'?x[e%(tr)e]ssgtit/heely Rabi coupling state generation. In the absence of optical excitation, there is

no interband transition, so there are no excitons in the double

QDs, i.e., we start with the vacuum st&@®). In the follow-

ing we will show how to generate the maximally entangled
When the quantum dots are prepared along a ray, thBell state of the form{Wg,,)=(1/1/2)(|00)+€'*|11)) with

value ofV, ,, depends om or n’. Here, we assume that the 0 (1) denoting a zero-excitofsingle-exciton QD. Accord-

exciton transfer can only be excited by the hopping betweeing to Eqg. (2), the initial vacuum stat¢00) is identical to

the nearest neighbors. Thus, onlyw,..;=V (n |J=1J,=-1) (denoted by1,—1) in the following in the

=1,2,...N—1) is not zero, while the othev,,,, are zero angular-momentum representation, thus the subsequent time

B. Quantum dots with a linear configuration
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evolution in the presence of the laser field will be restrictedbe thus expressed agW(t))=c4(t)|1,1)+cy(t)|1,0)

to the J=1 subspace. This means that the antisymmetrictc;(t)|1,—1) in the angular-momentum representation.
single-exciton state is light inactive. The evolution of anyHere, the coefficientg,(t) are determined by the Schro
initial state|¥(0)) under the action of{= 2 in Eq.(5) can  dinger equation

c, A-V Qe /2 0 c,
il ¢, |=||Qleery2 —2v Qe /2 || ¢ |, (9)
Cs 0 |Qle'e/2  —A-V o

where|Q|=+/Q 2+Qz/2 ande=tan *(Q,/€Q,). Therefore, Because the population of the single-exciton state remains
the probabllltypBe,, for finding the maX|maIIy entangled Bell very small during time evolution, we can approximatgt)

state in a double quantum dot is given by in Eq. (9) to first order of|Q|/V
1 i¢ 2 c (t):ﬂei“’c (t)+ﬂe*i“’c (1) (13
PBe||:§|C3(t)+e c1(t)[% (10) 2 Javo J2v 3lb).

The eigenenergies associated with the Sdimger equa- By introducingc,(t) from Eq.(13) in the Sch'r'dinger equa-
tion (9) can be solved analytically for general values of driv- 10N we reduce the system to an effective two-level system.
ing frequencyw. For brevity, we do not give the explicit 1he reduced equation has the form

expressions here. Instead, we illustrate in Fig. 1 the spectrum R

features by plotting the eigenenergies as a function of driving . —V+ -

frequency. It shows in Fig. 1 that an avoided crossing be- i Ci| v oav (Cl(t)) (14)
tween energie€; and E, occurs at the value obv=e¢, Cs QP 4, 1917 ] Les(t))”

which corresponds to the exact resonance conditien0. We -V+ oV

The occurrence of avoided crossing in the energy spectrum

implies the strong resonant oscillation between the correThus, with the initial zero-exciton state, we have the time
sponding eigenstates. The oscillation frequency can be easilolution of the system as follows:

read out from the difference between the energy levels at

. . . . 2
;12llizlgc)tk(])|fs I(g:g.sg)tgtreeelgenenergles and eigenstatgsnor- cy(t)=—i ex;{ vt % texp(—i2¢)si|Q)2/(2V)],
(153
b 2
ey =ILD- N —amv, c3<t)=ex+ V+ |2\|/ ) t|cog|Q[2/(2V)].  (15b

(113
Substituting Eq(15) into Eq. (10), we have the probability
le2)=—I1D)+|1,-1), E,=-2V, (11 for finding the Bell state (4/2)(|00)+e'?|11)) at timet,

1
|g03>=|l,l> |1 O>+|l l> Es=b-V, PBeII(t):§[1+Sin(wrt)cos¢_2¢_77/2)]: (16)

f 20
(119 wherew,=|Q|?V. From Eq.(16), one can see that the Bell
state with an arbitrary phase can be generated by controlling
where a=(-V—-\yV°+4[Q[)/2, and b=(-V  the Rabi coupling strength. In the case@{=0 and con-
+VV2+4|Q[%)/2. From Eq.(11), we can see that for a weak stant value of),, we obtain the same result as in REf3].
driving field |Q[<V, the statede;) and|¢,) are nearly Note that the Bell-state generation time is significantly short-
degenerate and dominated by the zero-exciton $latel)  ened by applying stronger laser pulses. This is important
and double-exciton statfl,1), whereas the statfps) is  because a short pulse length for Bell-state generation is fun-
dominated by the single-exciton stafe0). Starting from the damental to experimental observation of such maximally en-
initial state|1,—1), we expect its resonant oscillation with tangled state that is impeded by inevitable decoherence oc-

|1,2), with the oscillation frequency approximated by curred in the realistic double quantum dot system. We find
Eqg. (16) is remarkably valid for the slowly varying ampli-
w,=E,—E;=|Q|%V. (12 tudeQ(t).
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FIG. 2. The Bell-state generation process as a function of time.

FIG. 1. The energy spectrum of a double quantum dot system &she pulse shapé€l(t) is plotted as a dotted line. The probability
a function of the frequency of laser pulse. Parametersca&V peen(t) of maximally entangled Bell state is shown as a dashed
and|Q|=0.2v. line. The population of three exciton number states are also plotted

. . . . solid lines.
For numerical calculations, we consider Gaussian tempo(— 9

ral pulse shape for the excitation laser. The time-dependent IV. GHZ STATE GENERATION IN EQUIDISTANT
Schralinger equation is numerically integrated using the QUANTUM DOTS

fourth-order Runge-Kutta scheme. The results of the Bell-
state generation dynamics are shown in Fig. 2. The laser-
pulse shape is plotted as a dotted line. The square amplitud
of the vacuum statg0) and biexciton statgl1) are denoted
by |cs|? and |c,4|?, respectively, and plotted as solid lines.
The population of single-exciton state is given [loy|?. As
one can see from Fig. 2, the quantity|o§|? is always near
zero during time evolution. This light-inactive property en-
ables us to adiabatically eliminate its contribution and reduc
the system to an effective two-level model, as we have done

in deriving Eq. (16). The probability pge, for finding the |V (1)=c1(1)[3/2,3/2+c,(1)[3/2,1/9 + c5(1)[3/2,~ 1/2)
maximally entangled Bell state (J2)(|00)+e€ ™11)) is Te(t)]3/2,-312)

also shown in the figure as dashed line. It achieves its maxi- 4 ' '

mum value of almost unity in the middle of optical excitation where the coefficientg,(t) are determined by the Schro

In this section, we show the optical excitation of maxi-
lly entangled GHZ state (J2)(/000)+e'¢|111)) in
three coupled QDs equidistant from each other. The initial
state is chosen to be the vacuum s{@@0), i.e., the eigen-
state |3/2,—3/2) of the angular-momentum operatdk,.
Thus, the subsequent time evolution of the system is con-
fined to thel=3/2 subspace. The evolution of wave function
gan be expressed as

and remains unchanged afterwards. dinger equation
3(—=V+A _
(T) J3|Qle ¢z 0 0
C . —7V+A . c
! Bloleer ——=2 jalee o0 !
dfc 2 Cy an
i— = )
dt{ c . —7V—-A .
s 0 Qe ie ——— J3lale7ie2 3
C4 2 C4
_ 3(-V-A
0 0 J3l0|ei¢r2 3zv-4)

2

The probability for finding the maximally entangled GHZ  Figure 3 shows the eigenenergy spectrum of the Hamil-
state is given by tonian in Eq.(17) as a function of the driving frequency. It
shows that there are two avoided crossings in the energy
spectrum where the driving frequency approaches to satisfy
the resonance conditiah=0, which implies resonant oscil-

1 )
=—|c4(t)+e'%c ()] 18 : : e
PeHz 2| a() ()] (18) lations between the relevant eigenstates. The oscillation fre-
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the time evolution of the probabilitygyz(t). Parameters aréa

FIG. 3. The energy spectrum of a three quantum dot system asgol 10|=0.2V, ande=0.

function of the frequency of laser pulse. Parametersaé&V and
Q|=0.2v. I
a2 tribution from the statef3/2,— 1/2) and|3/2,1/2 can be ne-

quency can be obtained from the difference of the energ§;Iected. To adiabatically eliminate these two states from the

levels atA=0. In this case, the eigenenergies are dynamics, we introduce the unitary transformation
E;,=—5V2%|Q|—(-VF|Q])2+3]Q[% (193 10 0 0
0 ! ! 0
Esu=—5VI2F|Q|+ (- VF|Q])?+3]Q]%.  (19b V2 J2
R= , (21
The corresponding unnormalized eigenstates are given by 0 iew e 0
V2
| i) =13/2,—312)+ &|3/2,— 112y = 6,|3/2,1/2 0 0 0 1

132,33 (i=1,....4, (20 which transforms the state componenj$t) andcs(t) into
where 5i=(Ei+3V/2)/(\/§|Q|)_ From Egs.(19) and (20) the diagonal representation. Defining the state vector
one can see that for a weak driving figld|<V, the states =(c,, ...,c,)", supposingc(t)=e'3V?Rd(t), we obtain
|p3) and|@,) are nearly degenerate and dominated by thehe equation of motion for the reduced state vector,
vacuum state|3/2,—3/2) and triexciton state|3/2,3/2,

whereas the statelp;) and |¢,) are dominated by the

single-exciton stat€3/2,—1/2) and biexciton stat§3/2,1/2. iia(t): HO=32q(t) 22)
Thus, under the initial vacuum state condition, the dynamic dt d '

evolution of the system is characterized by the resonant os-

cillation betweer|{3/2,—3/2) and|3/2,3/2,, whereas the con- where the transformed resonant Hamiltonian=0) is

3 . 3 )
0 \/: —ie \ﬁ —ie 0
~0e ~l0le
\/§|Q|ei¢> —2V+|Q] 0 \/§|Q|e—i2¢
3 : 3 )
Vajaler o vejal e
3 ) 3 .
0 _\ﬁ i2¢ _\ﬁ i2e 0
Sl0le Sl0le

The two componentd, andd; can now be adiabatically eliminated in the same matter in deriving. Thus, one obtains
the effective two-state approximation as follows:

HY=32— R+ HU=32R+ 3V/2= (23

012312-5
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d )
iadl(t)ledl(t)+e_'3"’de4(t). (249
d i3
|&d4(t)=e ?x201(1) + x1d4(1), (24b)
where
_3ap  3or ”
X1716v—8[Q] * 16V+8[Q]’ (253

0 20.00 40b0 60b0 BObO 10000
39 3/Q|? o5t ot
X2776v—8lQ] 16V+8[Q[ (250

FIG. 5. The GHZ state generation process. The pulse shape
Q)(t) is plotted as a dotted line. The populations of single-exciton
and biexciton states are again strongly suppressed and the probabil-
ity pcuz(t) (dashed lingis unity after laser pulse.

With the initial conditiond;(0)=0 andd,(0)=1, one ob-
tains the solution of Eq24),

dy(t)=—ie Beelxlsin( y,t), 26
(V) e Tretsin(xot) (263 of 0,=0.2V. The solid line in Fig. 4 is the exact solution

d,(t) =etcod y,t). (26h)  obtained by numerically integrating Schiinger equation
(17), whereas the dotted line is the result of E2j7). Clearly
Substituting Eqs(26) into the expression fopgz(t), one  our two-state approximation describes the system’s evolution
obtains the probability for finding the maximally entangled very well when compared with the exact numerical solution,
GHZ state| Vg y2), implying that the system’s quantum state at time corre-
sponds to a maximally entangled GHZ staf® )
=(]000)+€'™?111))/\/2. For a more realistic consider-
ation, we employ Gaussian temporal pulse shape and present
o in Fig. 5 the generation process of the GHZ stiab;,).
where the oscillating frequency, =2x,=3|Q[*/(8V?).  Again, one can see that the dynamics of the system is domi-
Equation(27) shows that the maximally entangled GHZ statenated by the entanglement of the vacuum state and triexciton
with an arbitrary phase can be generated by a selective pulsgate, while the population of single-exciton and biexciton
of the laser field. In particular, in the case@{=0, aw/2  states are strongly suppressed. As a consequence, the prob-
pulse produces the GHZ stat¢0Q0)+e'™4111)/\2 at  ability psy,, achieves and remains unity after laser pulse.
time 7g=4mV?/(3|Q|%). Note that the result of E¢27) in
fche case o§o=0 was first optained by Quiroga and J(_)hn_son V. GHZ STATE GENERATION IN A RAY OF THREE
in the density-matrix formalisril3]. Our approach, which is COUPLED QDS
based on a combination of eigenenergy spectrum analysis
and adiabatic elimination of dark states, may be combined In this section, we show the optical excitation of maxi-
with the density-matrix method to highlight the physical mally entangled GHZ states in a ray of three coupled QDs.
prospects in preparing entangled qubits. The dynamics of the system is now described by the Hamil-
To compare the analytical and numerical solutions for theonian (8). In an exciton number basis consisting |600),
unitary evolution described above. We show in Fig. 4 the|100), |010), [001), |110), |011), |101), and|111), the
time evolution ofpgyz(t) with (1,=0 and a constant value Schralinger equation is

1
penz(t)=5[1+sin(wt)cos d—3¢—m/2)],  (27)

Cq -3A O OQ* OQO* 0 0 0 0 (o
(o Q -A -V O Q* 0 Q* 0 C,
Cs Q -V —-A -V O* O* 0 © Cs
d| ¢4 Q 0 -V —-A O QO aQ* 0 Cq
'diles| o o o o a o -v or||cs 8
Cs 0 0 QO Q o A -V Q* Cs
c, 0 O 0 O -V -v A o0flc
Cg 0 0 0 0 O O O 3A \cg
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FIG. 6. The energy spectrum of a ray of three quantum dots as FIG. 7. (a) Time evolution of the population of the vacuum state
a function of detuning\ (a) in the absence of laser fielth) in the (solid line) and triexciton statédotted ling. (b) Time evolution of
presence of laser field for the value|6f| =0.2V. Other parameters the probabilitypgy(t) for finding the maximally entangled GHZ
aree=5V. state (= /2) in a ray of three coupled quantum dots. Parameters

areA=0, e=5V, |Q|=0.2V, and¢=0.

The probability for finding the GHZ statgV ¢y,) = (]000)
+€'?|111))/12 is given bypguz(t) =|cs(t) +€'%c,|?/2. linear configuration is shorter than for a equidistant configu-

Without knowing an analytical approximation of E&8), ration. Thus, the linear configuration of three QDs is pre-
we turn to numerically show the optical excitation of the ferred to implement the maximally entangled GHZ states for
GHZ state. In the absence of laser field, one can see from Egs shorter generation time.
(28) that the subspaces of vacuum, exciton, biexciton, and
triexciton states are not coupled. In this case, the typical
energy spectrum is shown in Fig(ab as a function of de-
tuning A. It shows in Fig. €8 that whenA approaches to In summary, we have studied the optically controlled ex-
zero, the spectrum is characterized by three degenerate eneiton dynamics in multiple QD systems. We have shown that
gies. The degenerate states with eneEpy0 consist of the robust occurrence of avoided crossing in the eigenenergy
vacuum statg000), triexciton state|111), and a pair of spectrum enables the dynamics to be confined to a reduced
single-exciton and biexciton states. The other two set of detwo-state Hilbert space, in which the generation of maxi-
generate states consist of a pair of single- and double-excitamally entangled Bell states and GHZ states with an arbitrary
states, respectively. The energy spectrum features are greafipase can be controlled by selective pulses of classical co-
changed in the presence of the optical field, which can béerent optical light. The entangled state generation time de-
seen from Fig. ). It reveals that the degeneracies are com-creases significantly with an increase of the laser-pulses
pletely broken and three avoided crossings develop Aear strength. We have also found that the GHZ states can be
=0. Among these crossings, the energy splitting between thinplemented in a three-QD system with a linear configura-
eigenstates dominated by the std@30) and|111) is small-  tion, with the generation time much shorter than in an equi-
est, since these two states are coupled in an indirect waglistant configuration. The results are expected to be useful in
Therefore, starting from the statg00), we expect that the exploiting the realizations of entanglement in quantum dot
subsequent time evolution of the system is featured by theystems.
resonant oscillations between the vacuum and triexciton
states. This is numerically verified in Fig. 7, where Fi¢p)7
plots the probabilities for finding the system in the zero- and
triple-exciton states and Fig.(5) the probability pg(1). This work was partially supported by a grant from the
Clearly it shows that a selective pulse of laser field can b&kesearch Committee of The Hong Kong Polytechnic Univer-
used to produce the maximally entangled GHZ states in a ragity (Grant No. G-T308 by NSF(Grant Nos. 60021403 and
of three QDs. Note that compared with the results in Fig. 410274007, and by MOST of China (Grant No.
it shows in Fig. 7 thathe GHZ state generation time for a G0O01CB3095

VI. CONCLUSION
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