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Abstract: For two given graphs G; and G2, the Ramsey number R(G1, G2)
is the smallest integer n such that for any graph G of order n, either G
contains GGy or the complement of G contains Gs. Let C,, denote a cycle
of length m and K, a complete graph of order n. It was conjectured that
R(Cp,, Ky) = (m—1)(n—1)+1form > n > 3 and (m,n) # (3,3). We show
that R(Cs, K7) = 31 and R(C7, K7) = 37, and the latter result confirms the
conjecture in the case when m =n = 7.
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1. Introduction

All graphs considered in this paper are finite simple graphs without loops. For two
given graphs G and Ga, the Ramsey number R(G1,G2) is the smallest integer n such
that for any graph G of order n, either G contains G or G contains Go, where G is the
complement of G. The neighborhood N(v) of a vertex v is the set of vertices adjacent
to v in G and N[v] = N(v) U {v}. The minimum degree of G is denoted by 0(G).
Let V1,Va C V(G). We use E(V1, Va) to denote the set of the edges between Vi and
V. The independence number of a graph G is denoted by a(G). For U C V(G), we
write a(U) for a(G[U]), where G[U] is the subgraph induced by U in G. A cycle and a
path of order n are denoted by C,, and P, respectively. A clique or complete graph of
order n is denoted by K,,. We use mK, to denote the union of m vertex disjoint K,,’s.
For two vertex disjoint graphs G and H, G + H denote the graph with its vertex set
V(G)UV(H) and edge set E(G)UE(H)U{w |u € V(G) andv € V(H)}. A wheel of
order n+1is W, = K1+ C,, and W, is a graph obtained from W), by deleting a spoke
from W,,. A fan F,, = K +nKj> is a graph of order 2n + 1 and a book B,, = K3 + K,,
is a graph of order n + 2. For notations not defined here, we follow [2].



For the Ramsey number R(C,,, K), it has been determined for the cases n < 6;
m=3and 7<n<9,m=4and n="7,8 m =5 and n = 7; and some other cases
such as n > 4m + 2, and so on. For details, see the dynamic survey [8]. In 1978, Erdds
et al. [4] posed the following.

Conjecture 1 (Erdos et al. [4]). R(Cy,, Ky) = (m —1)(n— 1)+ 1 for m > n > 3 and
(m,m) # (3,3).

The conjecture was confirmed for n = 3 in early works on Ramsey theory [5] and [9].
Yang et al. [11] proved the conjecture for n = 4.

Theorem 1 (Yang et al. [11]). R(C,, K4) = 3m — 2 for m > 4.
Bollobés et al. [1] showed that the conjecture is true for n = 5.
Theorem 2 (Bollobés et al. [1]). R(Ch,, K5) = 4m — 3 for m > 5.
Recently, Schiermeyer [10] confirmed the conjecture for n = 6.
Theorem 3 (Schiermeyer [10]). R(Cy,, Kg) = 5m — 4 for m > 6.

Until now, the conjecture is still open. Researchers are interested in determining all
the values of the Ramsey number R(C),, K7). In this paper our main purpose is to
determine the values of R(C,,, K7) when m = 6,7, which is our first step towards
calculating the values of R(C,,, K7) for all m. The main results of this paper are as
follows.

Theorem 4. R(Cs, K7) = 31.
Theorem 5. R(Cr, K7) = 37.

Obviously, Theorem 5 confirms Conjecture 1 for the case when m =n = 7.

2. Some Lemmas

In order to prove Theorems 4 and 5, we need the following lemmas.
Lemma 1 (Graver et al. [6] and Kalbfleisch [7]). R(K3, K7) = 23.

Lemma 2 (Dirac [3]). Let G be a graph of order n. If §(G) > n/2, then G is
hamiltonian.

The following lemma can be deduced from the known Ramsey numbers, see [8].
Lemma 3. R(Bs, K7) < 34.

Lemma 4. Let G be a graph of order 6n — 5 (n > 6) with «(G) < 6. If G contains no



Ch, then 6(G) > n — 1.

Proof. If there is some vertex v such that d(v) < n — 2, then G' = G — N|[v] is a graph
of order at least 5n — 4. By Theorem 3, a(G’) > 6. Thus, an independent set of order
at least 6 in G’ together with v form an independent set of order at least 7 in G, which
contradicts a(G) < 6. 1

Lemma 5. Let G be a graph of order 6n — 5 (n > 6) with o(G) < 6. If G contains no
C,, then G contains no W,,_s.

Proof. Suppose to the contrary that G contains a W,_9 = {wg} + C, where C =
wy -+ wp—2 is a cycle of length n — 2. Set U = V(G) — V(W,,—2). By Lemma 4,
§(G) > n — 1. Thus, we have Ny(w;) # 0 for 0 < i < n — 2. Let v; € Ny(w;) and
Vi = Nylvi], where 0 <i < mn — 2. Since G contains no C),, we have

NWVi)NV(Wy—2) = {w;} for 0 <i<n-—2, (1)

VinVij=0for0<i<j<n-2, (2)
and

EWVy,Vi)=0for1<i<n-—2. (3)

By (1), we have dw, ,(v;) = 1, which implies |V;| > n —1 for 0 < i < n — 2 since
5(G) > n—1. By (2), we have n(n—1) < |V(W,,—2) U(UZ7Vi)| < 6n—>5, which implies
n < 6, and hence n = 6. In this case, |G| = 31. Thus, by (2), we have 5 < |V;| < 6
for 0 < i < 4. If there is some V; such that |V;| = 6, then V(G) = V(Wy) U (Ui Vi).
By (1) and (3), we have N(Vp) C Vo U {wp}. If |[Vh| = 6, then since 6(G) > 5, we have
d(G[Vo]) > 4. By Lemma 2, G[Vp] contains a Cg, a contradiction. If [Vp| = 5, then
G[Vo U {wp}] = Kg since 6(G) > 5, a contradiction again. If |V;| = 5 for 0 < i < 4,
then V(G) — (V(Wy) U (UL, Vi) contains exactly one vertex, say y. By (1) and (3), we
have N(Vp) C Vo U {wp,y}. Noting that §(G) > 5, we have dy, (wo) > 3 or dy;, (y) > 3,
which implies that either G’ = G[V) U {wo}] or G” = G[Vp U {y}] is a graph of order
6 with a minimum degree of at least 3. By Lemma 2, either G’ or G’ contains a Cj,
again a contradiction. 1

3. Proof of Theorems

Proof of Theorem 4. Let G be a graph of order 31. Suppose to the contrary that
neither G contains a Cg nor G contains a K7. By Lemma 4, we have 6(G) > 5.

Before starting to prove Theorem 4, we first show the following claims.

Claim 1.1. G contains no K.



Proof. Suppose to the contrary that G contains a K, with vertex set {vi,ve,vs,v4}
and U = V(G) — {v1,v2,v3,v4}. Set Ny(v;) = U; for 1 < i < 4. Since §(G) > 5, we
have |U;| > 2 for 1 <i < 4. Let u; € U; and V; = Ny (u;) for 1 < i < 4.

If UyNnU; =0 for 1 <1 < j <4, then since 6(G) > 5, we have |V;| > 4 for 1 <1i < 4.
By Lemma 5, G[V;] contains no Cy, which implies a(V;) > 2. On the other hand, since
G contains no Cg, we have V;NV; = 0 and E(V;,V;) =0 for 1 <i < j < 4. Thus, we
have a(UL,V;) > 8, a contradiction.

If there are some U; and U; with i # j such that U; NU; # (), we assume without of
loss of generality that Us NUy # (0. Let Uy = UsN Uy and U! = U; — Uy for i = 3,4. By
Lemma 5, UyN (U UU3) = 0. Thus, noting that G contains no Cg, we have U;NU; = ()
for i = 1,2 and all j # i. This implies that |V;| > 4 for ¢ = 1,2. By Lemma 5, we
have o(V;) > 2 for i = 1,2. If |Up| > 2, we assume without loss of generality that
uz,ug € Up. In this case, we have E({vs}, Ui, V;) =0, V;NV; = 0 and E(V;,V;) = 0
for 1 <i < j < 4 for otherwise G contains a Cg. Thus, we have a({vs} U (Ut V;)) > 7,
a contradiction. If |Uy| = 1, we assume Uy = {ug}. Since |U;| > 2 for 1 < i < 4, we
may assume u; € U/ for i = 3,4. Let Vj = {up, u3, us}. Since G contains no Cg, we see
that V{ is an independent set, V; N V; = 0 and E(V;,V;) = 0 for 0 < i < j < 2, which
implies that a(U%_,V;) > 7, again a contradiction. |

Claim 1.2. G contains no Ky + Py.

Proof. Suppose G contains K1+ Py, say, P = vjvavsvy is a path and V(P) C N(vg). Set
U=V(G)—{v; |0 <i<4}and U; = Ny(v;) for 1 <i < 4. By Lemma 5, vivs ¢ E(G).
By Claim 1.1, vjv3,vovs ¢ E(G). Thus, noting that 6(G) > 5, we have |U;| > 3 for
i =1,4 and |U;] > 2 for i = 2,3. Since G contains no Cg, we have U; N U; = 0 and
E(U;,Uj) =0 for 1 <i < j<4. By Claim 1.1, a(U;) > 2 for i = 1,4. If a(Us) > 2 or
a(Us) > 2, then we have a(Uf_,U;) > 7, a contradiction. If a(Us) = «(Us) = 1, then
by Claim 1.1, we have G[Us] = G[Us] = Kj. In this case, we have E({vo}, Ut U;) =0
for otherwise G contains a Cg. This implies that a({vo} U (UL U;)) > 7, again a
contradiction. 1

Claim 1.8. G contains no Bs.

Proof. Assume that G contains a Bs, say, vive € E(G) and vs,vg,v5 € N(v1) N N(v2).
Set U = V(G) —{v; | 1 <i <5} and U; = Ny(v;) for 3 < i < 5. By Claim 1.1,
vvj ¢ E(G) for 3 < i < j < 5. Thus, noting that §(G) > 5, we have |U;| > 3 for
3 < i < 5. Since G contains no Cs, we have U; N U; = 0 and E(U;,U;) = 0 for
3<i<j<5. By Claim 1.1, we have o(U;) > 2 for 3 <i < 5. By Claim 1.2, we have
E({v1},Ul_3U;) = 0. Thus we obtain that a({v1} U (U3_3U;)) > 7, a contradiction. |

Claim 1.4. G contains no W, .

Proof. Suppose that G contains a W, , say, W, = {vs} + C — {vivs}, where C' =



v1vav3vy is a cycle. Set U = V(G) —{v; | 1 < <5} and U; = Ny(v;) for 1 < i <5,
Since G contains no Cg, we have Uy N (US_,U;) = 0. By Claims 1.2 and 1.3, we see
that Us, Uy, Us are pairwise disjoint and Uy, Us, Us are pairwise disjoint. Thus we have
Us N (U1 UUsU U5) =0 and U; N (U1§j§5 and j#in) = for i = 3,5. Let u; € U; for
i = 3,4,5. Set V3 = Ny(us) — {us}, Vi = Ny(us) and V5 = Ny(us) — {us}. Since
d(G) > 5, by the arguments above, we have |V;| > 3 for i = 3,4,5. By Claim 1.1,
a(V;) > 2 for 3 <i < 5. Note that G contains no Cs, we see that E({v1},U?_3V;) = 0,
VNV, = Band E(V;,V;) = 0 for 3 < i < j < 5. This implies that a({vy }JU(U_3V;)) > 7,
a contradiction. 1

Claim 1.5. G contains no Bs.

Proof. Suppose G contains a Bs, say vjvauzvy is a cycle with diagonal wvouy. Set
U =V(G) — {v1,v2,v3,v4} and Ny(v;) = U; for 1 < i < 4. By Claim 1.2, U1 N U =
U,NUs =UsNUy =UsNU = 0. By Claim 1.3, Uy N Uy = 0. By Claim 1.4,
UiNUs =0. Thus, we have U; NU; = 0 for 1 <i < j < 4. Let u; € U; for i = 2,4,
Vo = Ny (u2) —{ug} and Vy = Ny (uyg) — {u2}. Noting that 6(G) > 5, we have |U;| > 3
for i = 1,3 and |V;| > 3 for ¢ = 2,4. Since G contains no Cj, it is easy to check that
Uy, Va,Us, V4 are pairwise disjoint and there is no edge between any two of them. By
Claim 1.1, we have «(U;) > 2 for i = 1,3 and «(V;) > 2 for ¢ = 2,4. Thus, we obtain
that a(Uy UV U U3 U Vy) > 8, a contradiction. |

Claim 1.6. G contains no Fj.

Proof. Suppose that G contains an Fj, say, vgvive and vguzvy are two triangles with
vo in common. Let U = V(G) — {v; | 0 < i <4} and U; = Ny(v;) for 0 < i < 4. By
Claim 1.2, we have E({v1,v2}, {v3,v4}) = 0, which implies that |U;] > 3 for 1 <i < 4
since 0(G) > 5. By Claim 1.1, a(U;) > 2 for 1 < ¢ < 4. By Claim 1.5, U1 N Uy =
UsNUy =0 and Uy NU; = 0 for 1 < ¢ < 4. Since G contains no Cg, we see that
(Ul U Ug) N (Ug U U4) = () and E(Ul U Us,Us U U4) =0. If E(Ul,UQ) or E(Ug,U4)
contains a 2K, then G contains a Cg, a contradiction. Thus, noting that a(U;) > 2
for 1 <i <4, we have (U UUs) > 3 and a(Us U Uy) > 3, and hence oz(U?lei) > 6.
By Claim 1.5, we get that a({vo} U (U} U;)) > 7, again a contradiction. 1

We now begin to prove Theorem 4.

By Lemma 1, G contains a triangle vivovs. Let U = V(G) — {v1,v2,v3} and
U; = Ny(v;) for 1 <14 < 3. Since §(G) > 5, we have |U;| > 3 for 1 <i < 3. By Claim
1.5, U;NU; =0 for 1 <i < j < 3. By Claim 1.6, U; is an independent set for 1 <i < 3.
If E(U;,Uj) = 0 for 1 <i < j <3, then a(U}_,U;) > 9, a contradiction. Hence, we
may assume without loss of generality that vqy € Uy, vs € Us and vqvs € E(G). Let
X={v;|1<i<5}LY=V(G)—X and Y; = Ny(v;) for 1 <i < 5. By Claim 1.5, we
have vivg, V105, VU5, v3v4 ¢ E(G), which implies that |Y;| > 3 for i = 1,4,5. By Claim



1.1, a(Y;) > 2 for i = 4,5. By Claim 1.6, a(Y7) > 3. Since G contains no C, it is easy
to obtain that ¥; NY; = 0 and E(Y;,Y;) = 0 for 7,5 € {1,4,5} and ¢ # j. Thus, we
have a(Y1 UY3 UY5) > 7, again a contradiction.

Up to now, we have shown that R(Cs, K7) < 31. On the other hand, since 6K
contains no Cg and its complement contains no K7, we have R(Cs, K7) > 31, and hence
R(Cs, K7) = 31. 1

Proof of Theorem 5. Let G be a graph of order 37. Suppose to the contrary that
neither G contains a C7 nor G contains a K7. By Lemma 4, we have 6(G) > 6.

In order to prove Theorem 5, we need the following claims.
Claim 2.1. G contains no Ky + Ps.

Proof. Suppose that G contains Ky + Ps, say, P = v;---v5 and V(P) C N(vg). Let
U=V(G)—{v; | 0<i<5}and Ny(v;) = U; for 0 <i <5. Because of §(G) > 6, we
have U; # ) for 0 < i < 5.

If UyNUy # 0, then we let vg € UsNUy, X = {v; |0 <i < 6}andY = V(G)—X. Set
Y = Ny (v;), z; € Y; and Z; = Ny (z;) for 0 <1 < 6. Since G contains no C7, it is easy
to check that Y; NY; = 0 for i = 1,5,6 and j # 4, and E(Y;,Y;) =0 for 4,5 € {1,5,6}
and ¢ # j, which implies that |Z;| > 5 for ¢ = 1,5,6. For the same reason, we have
E({Uo}, Z1U Zs5 U Zﬁ) =0, Z;N Zj = () and E(Zi, Zj) = () for 1,7 € {1,5,6} and i # j.
By Lemma 5, o(Z;) > 2 for ¢ = 1,5,6. Thus, we have a({vo} UZ1 U Z5U Zg) > 7, a
contradiction. Hence, we have Uy N Uy = 0.

Noting that Us N Uy = ) and G contains no Cr, it is easy to check that U; N U; = ()
and E(U;,U;) =0 for 1 <i < j <5. Let w; € U; and V; = Ny (u;) for i = 1,5, then we
have |V;| > 5. By Lemma 5, «(V;) > 2 for ¢ = 1,5. Since G contains no C7, we have
VinVs =0, E(Vi,Vs) = 0, Vi N (U,U;) = 0 and E(V;,U,U;) = 0 for i = 1,5. This
implies that a(V4 U Vs U (UL,U;)) > 7, a contradiction. 1

Claim 2.2. G contains no Wy .

Proof. Suppose that G contains a Wy, say, C' = vy - --vs and Wy = {vo} +C — {vpv1 }.
Let U =V(G) —{v; | 0 <i <5} and U; = Ny(v;) for 0 < ¢ < 5. Since §(G) > 6, we
have U; # (). Noting that G contains no C7, we have U; N U; = () and E(U;,U;) = 0
for2<i<j<4, and U;NU; =0 and E(U;,U;) = 0 for i = 0,1 and all j # i. Take
u; € U; and set V; = Ny(u;) for i = 0,1, then since §(G) > 6, we have |V;| > 5 for
i = 0,1. By Lemma 5, a(V;) > 2. Since G contains no C7, we have V5N V; = () and
E(Vy, V1) = 0. For the same reason, we have V; NU; = () and E(V;,U;) =0 for i = 0,1
and j = 2,3,4. Thus, by the arguments above, we have a(Vp U Vi U (UL ,U;)) > 7, a
contradiction. |



Claim 2.8. G contains no Wjy.

Proof. Suppose that G contains a Wy, say C = vy ---v4 is a cycle and V(C) C N(vp).
Let U =V(G)—{v; | 0 <i <4} and set U; = Ny (v;) for 0 < i < 4. Obviously, U; # 0.
By Claim 2.1, UgNU; =@ for 1 <i < 4. By Claim 2.2, U1 NUy = Uy NU3 = UsNUy =
UsNU; = (. Since G contains no C7, we have E(U;,U;) = 0 for 0 < i < j < 4.
If Uy NUz # 0, then Uy N Uy = O for otherwise there is a C7 in G. By symmetry,
we may assume Uy NUs = (. Let u; € U; and V; = Ny(u;) for i = 0,1,3. By the
arguments above, we have |V;| > 5 for i« = 0,1,3. Since G contains no C7, we see
that E({ve}, VoUVL UV3) =0, Vp, V4 and V3 are pairwise disjoint and there is no edge
between any two of them. By Lemma 5, we have a(V;) > 2 for i = 0, 1, 3, which implies
that a({va} U Vo U VL UV3) > 7, a contradiction. 1

Claim 2.4. G contains no Kjy.

Proof. Suppose that G contains a K4, say S = {v1,v2,v3,v4} is a clique. Set U =
V(G) — S and U; = Ny (v;) for 1 <1i < 4. Since §(G) > 6, we have |U;| > 3.

If there are U; and U; with ¢ # j such that U; N U; # 0, we assume without loss
of generality that vs € UsNUy. Let X = SU{vs}, Y = V(G) — X and Y; = Ny (v;)
for 1 < i < 5. By Claim 2.1, we have (Y3UY;) N (Y UY2UY;) = 0. By Claim 2.2,
Y5 N (Y1 UY2) = 0. Since G contains no C7, we have E(Y;,Y;) = 0 for i,j € {2,3,5}
and i # j. Let z; € Y; and Z; = Ny(z;) for i = 2,3,5, then by the arguments above, we
have |Z;| > 4 for i = 2,3,5. By Claim 2.3, a(Z;) > 2. Noting that G contains no C7,
we see that E({v1}, ZoUZ3UZ5) =0, ZiNZ; =0 and E(Z;, Z;) = 0 for i,j € {2,3,5}
and @ # j, which implies that a({v1} U Z2 U Z3 U Z5) > 7, a contradiction. Hence, we
have U;NU; =0 for 1 <i < j <4.

Take u; € U; for 1 < i < 4. Set T = {uy,ug,us,us}, U =U — T and Ny/(u;) =V;
for 1 < ¢ < 4. If A(G[T]) > 2, then G contains a C7, and hence we may assume
A(G[T]) < 1. Thus, noting that U; NU; = 0 for 1 < i < j < 4, we have |Vj| > 4 for
1 <4 < 4. By Claim 2.3, a(V;) > 2. Since G contains no C7, it is easy to see that
V;NV;=0and E(V;,V;) =0 for 1 <i < j <4, which implies that a(U}_,V;) > 8, a
contradiction. 1

Claim 2.5. G contains no K + Pj.

Proof. Suppose that G contains K+ Py, say P = vjvavsvy is a path and V(P) C N(vp).
Set S={v; |0<i<4}, U=V (G)— S and U; = Ny(v;) for 0 <i < 4.

We first show that Uy N Uy = U3 N Uy = (. By symmetry, we need only to show
UsNUy = 0. If not, we let v5 € UsNUy. Set X = SU{ws}, Y = V(G) — X and
Y; = Ny (v;) for 0 < i < 5. Since G contains no C7, we have Y1 NY; = 0 for i # 1,
YonY; =0 fori# 0,2 and YyNY; = 0 for ¢ # 3,4. For the same reason, we have
E(Y;,Y;) =0fori,j € {1,2,4} and i # j. Let z; € Y; and Z; = Ny (z;) for i = 1,2,4.
By the arguments above, we have |Z;| > 5 and |Z;| > 4 for i = 2,4. Noting that G



contains no C7, we see that 21, Zs and Z; are pairwise disjoint and there is no edge
between any of them. By Claims 2.1, 2.3 and 2.4, we have a(Z;) > 3 and «a(Z;) > 2
for ¢ = 2,4, which implies that «(Z; U Zy U Z4) > 7, a contradiction. Hence, we have
U1ﬂU2=U3ﬂU4:®.

Next we show that Uy N Uz = Us N Uy = (). By symmetry, we need only to show
UyNUy = 0. If not, we let v5 € Uy NUy. Set X = SU{ws}, Y = V(G) — X and
Y; = Ny (v;) for 0 <1 < 5. Since G contains no C7, we have Y;NY; = () for i = 1,5 and
all j #i. Let z; € Y; and Z; = Ny(z) for i = 1,5, then by the arguments above, we
have |Z;| > 5 for i = 1,5. By Claims 2.1, 2.3 and 2.4, we have «(Z;) > 3 for i = 1,5.
If ZiNZs # 0 or E(Z1,Z5) # 0 or E({vo}, Z1 U Z5) # 0, then G contains a C7, a
contradiction. Thus, we have a({vo} U Z1 U Z5) > 7, a contradiction. Hence, we have
UyNUs =Us,NU; = 0.

By the arguments above, we have (U; U Uy) N (U2 U Us) = (. By Claim 2.1,
UoN (U1 UUs) = 0. By Claim 2.2, Uy N Uy = (). Thus, we have U; NU; =0 for it = 1,4
and all j # i. Let u; € U; and V; = Ny(u;) for i = 1,4, then we have |V;| > 5 for
i = 1,4. By Claims 2.1, 2.3 and 2.4, we have a(V;) > 3 for i« = 1,4. Since G contains
no C7, it is easy to see that E({vo},ViUVy) =0, ViNVy =0 and E(V1,Vy) = 0. Thus,
we have a({vo} UV UVy) > 7, again a contradiction. 1

Claim 2.6. G contains no Bs.

Proof. Assume that G contains a Bs, say, viva € E(G) and vs,v4, vs € N(v1) N N(v2).
Set U=V(G) —{v; | 1 <i <5} and U; = Ny(v;) for i = 3,4,5.

We first show that U; NU; = 0 for 3 <i < j < 5. If not, we assume vg € Us N Uy.
Set X ={v; |1 <i<6},Y=V(G)—-X and Y; = Ny(v;) for 1 <i < 6. Since G
contains no C7, we see that Y5 NY; = () for i # 5 and Y;NY; = 0 for i = 3,4 and all
J # 3,4. By Claim 2.4, v;v; ¢ E(G) for 3 < i < j <5, which implies |Y;| > 3 since
d(G) > 6. Thus, we can take z; € Y; for 3 < ¢ < 5 such that z3 # z4. Note that G
contains no C7, zz; ¢ E(G) for 3 <i < j <5. Set Z; = Ny(z;) for 3 <i < 5. By
the arguments above, we have |Z5| > 5 and |Z;| > 4 for i = 3,4. By Claims 2.1, 2.3
and 2.4, we have o(Z5) > 3 and «a(Z;) > 2 for i = 3,4. Because G contains no C7, we
have Z; N Z; = 0 and E(Z;,Z;) = 0 for 3 <1i < j < 5. Thus we get a(U}_37;) > 7, a
contradiction. Hence, we have U; NU; = ) for 3 <i < j <5.

By Claim 2.4, v;v; ¢ E(G) for 3 < i < j < 5. Since G contains no C7, we have
E(U;,U;) = 0 for 3 < i < j < 5. Thus, noting that §(G) > 6, we have |U;| > 4 for
3 <i <5. By Claim 2.3, a(U;) > 2 for 3 <i < 5. By Claim 2.5, E({v1},U?_3U;) = 0.
Thus, noting that U; NU; = 0 for 3 <i < j <5, we have a({v1} U (U}_3U;)) > 7, again
a contradiction. 1

Claim 2.7. G contains no W, .

Proof. Suppose G contains a W, say, W, = {vs} + C — {v1vs}, where C = vjv9v304



is a cycle. Set S={v; | 1<i<5},U=V(G)— S and U; = Ny(v;) for 1 <i <5.

We first show that U; N (Us U Us) = (). By symmetry, we need only to show that
U NUs = 0. If not, we let vg¢ € Uy NUs. Set X = SU {U6}, Y = V(G) — X and
Y; = Ny(v;) for 1 < i < 6. Since G contains no C7, we have E(Y,Ys) = 0 and
Y;NY; =0 for i =4,6 and all j # 4. Let z; € Y; and Z; = Ny(z;) for ¢ = 4,6. By
the arguments above, we have |Z;| > 5. By Claims 2.1, 2.3 and 2.4, we have a(Z;) > 3
for i = 4,6. Because G contains no C7, we have Zy N Zg = 0, F(Z4,Zs) = 0 and
E({v1}, Z4U Zs) = 0, which implies that a({v1}UZ4UZg) > 7, a contradiction. Hence,
we have Uy N (Us UUs) = 0.

Next we show that Uy N (U U Uy) = 0. By symmetry, we need only to show that
UyNUy = 0. If not, we let vg € Uy NUy. Set X = SU{wg}, Y = V(G) — X and
Y; = Ny(v;) for 1 < i < 6. Since G contains no C7, we have E(Y3,Ys) = 0 and
YsNY; =0 for i # 6. By Claim 2.5, Y3N (Yo UYy) = 0. By Claim 2.6, YsNY; = 0. If
Y3NY; # 0, then G contains a C7, a contradiction. Thus, we have Y3NY; = 0 for 7 # 3.
Let z; € Y; and Z; = Ny (z;) for i = 3,6, then |Z;| > 5. By Claims 2.1, 2.3 and 2.4, we
have a(Z;) > 3 for i = 3,6. Note that since G contains no C7, we have Z3 N Zg = 0,
E(Zs,Zs) = 0 and E({vs4}, Z3 U Zg) = 0. Thus, we have a({vs} U Z3U Zg) > 7, a
contradiction. Hence, we have Uy N (Us U Uy) = 0.

By the arguments above, we have Uy N U; = () for i # 1. By Claim 2.5, Us N (Uy U
Uy) = (. By Claim 2.6, U3 N Us = (). Thus we have Us NU; = ) for i # 3. Let u; € U;
and V; = Ny(u;) for i = 1,3. Then |V;| > 5. By Claims 2.1, 2.3 and 2.4, we have
a(V;) > 3 for i = 1,3. Note that G contains no C7, we have Vi NV =0, E(V1,V3) =0
and F({vs}, V1 UV3) = . This implies that a({vs} UV; UV3) > 7, a contradiction. 1

We now begin to prove Theorem 5.

By Lemma 3, G contains a Bs. Let vivovsvs be a cycle with diagonal vovy. Set
U=V(G) — {v1,v2,v3,v4} and U; = Ny(v;) for 1 <i < 4.

We first show that F(U;,Us) = (). Otherwise, we let vs € Uy, vg € Us and vsvg €
E(G). Let X = {v; |1 <i<6},Y =V(G) —X and ¥; = Ny(v;) for 1 < i < 6.
Since G contains no Cf, it is easy to see that ¥; NY; = () for i = 2,4 and j # i, and
Y5N (Y1 UYg) = 0. Thus, let 2; € Y; and Z; = Ny (z;) for i = 2,5, we have |Z;| > 5 and
|Z5| > 4. By Claims 2.1, 2.3 and 2.4, we have a(Z2) > 3 and a(Z5) > 2. Noting that
G contains no C7, we see that E({v1,vs}, ZoUZs) =0, ZoNZ5 = 0 and E(Z2, Z5) = 0.
By Claim 2.4, vivs ¢ E(G). Thus, we have a({vi,v3} U Zo U Z5) > 7, a contradiction.
Hence, we have F(Uy,Us) = ().

Next we show that E(U; U Us, Uy UUy) = (. By symmetry, we need only to
show that E(Us,Uy) = 0. If not, we let vs € Us, v¢ € Uy and vsvg € E(G). Let
X={v;i|1<i<6},Y=V(G)— X and Y; = Ny(v;) for 1 <i < 6. Since G contains
no C7, we have Y1 NY; =0 fori #1, YaN(YaUY;) =0 and Ys N (Y2UY,UY5) = 0. By



Claim 2.5, Y3NY,; = 0. Let z; € Y; and Z; = Ny (z;) for i = 1,3,6. Since vsvg ¢ E(G)
by Claim 2.5 and 6(G) > 6, we have |Y;| > 2 for i = 3,6. Thus, we may assume z3 # 2.
By the arguments above, we have |Z;| > 5 and |Z;| > 4 for i = 3,6. By Claims 2.1,
2.3 and 2.4, we have a(Z;) > 3 and «(Z;) > 2 for i = 3,6. Noting that G contains no
C7, we see that 7y, Z3, Zg are pairwise disjoint and there is no edge between any two of
them. This implies that «(Z1UZ3UZg) > 7, and hence we have F(U; UUs, UsUU,) = ().

By Claims 2.5, 2.6 and 2.7, we have U; NU; = () for 1 < ¢ < j < 4. Since 6(G) > 6,
we have |U;| > 3 for 1 < i < 3. By Claim 2.4, we have a(U;) > 2 for 1 < ¢ < 3.
By Claims 2.5 and 2.6, E({v4},U_,U;) = (). Thus, noting that E(U;,Us) = 0 and
E(Us, Uy UU3) = 0, we have a({vs} U (U_,U;) > 7, a contradiction.

By the arguments above, we have R(C7, K7) < 37. On the other hand, since 6Kj
contains no C7 and its complement contains no K7, we have R(C7, K7) > 37, and hence
R(C7,K7) = 37. ]
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