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A Reorganized Innovation Approach to Linear Estimation
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Abstract—This note will address a linear minimum variance estimation
of discrete-time systems with instantaneous and delayed measurements. Al-
though the problem may be approached via system augmentation and stan-
dard Kalman filtering, the computation of filter may be expensive when the
dimension of the system is high and the measurement lag is significant. In
this note, a new tool, termed as reorganized innovation sequence, is pre-
sented for deriving the optimal filter. The optimal filter is given by two Ric-
cati difference equations (RDEs) with the same dimension as that of the
original system. The approach is shown to induce saving of computational
cost as compared to the system augmentation approach, especially when
the delay is large. Further, it can be extended to solving the more compli-
cated H ., fixed-lag smoothing in Krein space.

Index Terms—Delayed measurement, discrete-time systems, innovation
analysis, optimal filtering, Riccati equations.

I. INTRODUCTION

Kalman filtering [2], [3] is concerned with the minimization of fil-
tering error covariance (termed as Ho estimation) and has become a
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major tool of state estimation since the 1960s; see, e.g., [6]-[13] and
the references therein. It has been widely used in signal processing,
communication and control applications. However, there are still some
Kalman filtering problems which deserve further studies. One such
problem is the optimal filtering of systems with various measurement
delays. In the continuous-time context, the optimal estimation of time-
delay systems has been well studied in the past decades; see [6], [7],
and the references therein. The approaches in these works are usu-
ally related to solving a partial differential equation (PDE) which does
not have an explicit solution in general. For the case of discrete-time
systems, the problem has been investigated via system augmentation
and standard Kalman filtering [8], [10], [16] or the polynomial ap-
proach [9], [11], [12]. Note that the augmented Kalman filtering ap-
proach is computationally expensive, especially when the dimension
of the system is high and the measurement lags are large. On the other
hand, the polynomial approach only addresses the steady-state filtering
problem and it requires solving a much higher order of spectral factor-
ization for systems with delays.

In this note, we will revisit the Kalman filtering problem for time-
varying systems with measurement delays. We consider the system
with instantaneous and delayed measurements which is described by

x(t+ 1) =®,x(t) + [u(t) (1.1
y(t) = Hix(t) + v(t) (1.2)
Zi—q(t) =Li_gx(t — d) + v-(t) (1.3)

where x(t) € R" is the state, u(¢f) € R is the input noise,
y(t) € R™, and z,_4(t) € RP are, respectively, the instanta-
neous and delayed measurements, v(t) € R™ and v.(t) € RP
are the measurement noises. d is the measurement delay which
is an integer. The initial state x(0) and u(t), v(t) and v.(f) are
uncorrelated white noises with zero means and known covari-
ance matrices E[x(0)x” (0)] = P, u(u’ ()] = Qu(i)éi;,
V(Y ()] = Qu(i)8i; and EV-(D)v! ()] = Qu. (i)8. respec-
tively.

Note that the previous estimation problem has important applications
in many engineering problems such as in communications and sensor
fusion [1] and networked control systems [15].

With the delayed measurement in (1.3), the system (1.1)—(1.3) is not
in a standard form to which the standard Kalman filtering is applicable.
Let y;(t) denote the observation of the system (1.1)—(1.3) at time ¢,
then

o= [P0 0st<d )
Ysit) = y(t) .
L ] t2d
It follows that
Hix(t) 4+ v (t), 0<t<d
ys(t)=9 [He 0 x(t) S (1.5)
{ 0 Lou| |x(t—ay| TV 124
where
® {v(t), 0<t<d 16
Vs = v(t) .
which is a white noise with zero mean and covariance matrix
Q.(1), 0<t<d
Q.. (1) = {Qu(t) 0 ] (1.7
s , t>d.
0 Qu.(t) -
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The H- optimal estimation problem can be stated as: Given the ob-
servation {{ys(1)}i_y}, find a linear least mean square error esti-
mator X(t|t) of x(t).

Remark 1.1: Traditionally, the aforementioned problem can be
solved by transforming it into a standard Kalman filtering problem
through system augmentation. By introducing an augmented state

x!(t) = [xf(t) (Lax(t—117" ... {Lt_dx(t—d)}f] (1.8)

we obtain an augmentated state-space model

Xa(t+ 1) = B0 ()xa(t) + Lo (H)u(t), (1.9)
y(t) | _
|:Zt—rl(t):| =H, (t)x.(t) + vs(t) (1.10)
where
@, K,
L
(ba (t) = I]) Fﬂ(t) =
I I, 0 0
[ Ha(t
Hi, ()=, ((t)) (1.11)
and
H,(t)=[H: 0 ... 0]
L.(t)=][0 0 I,] fort>d, and
L.(t)=0fort <d. (1.12)
Then, the optimal estimate X(¢|¢) is obtained by
%(t|t) = [In ... O)%a(t]t) (1.13)

where %, (t|t) is the optimal estimate of the previous augmented system
which can be obtained by the standard Kalman filter. However, the aug-
mentation leads to a much higher system dimension and, thus, a much
higher computational cost.

Remark 1.2: Tt should be pointed out that special structure of ®, (¢)
in the aforementioned Kalman filtering formulation leads some com-
putational simplification which to be discussed in Section IV, but nev-
ertheless our approach to be presented in this note will be computation-
ally more efficient.

In this note, we will propose a new method for the optimal filter de-
sign without resorting to system augmentation. Our approach is based
on projection and a reorganized innovation sequence which is different
from the standard Kalman innovation sequence. It is shown that the
proposed approach is computationally attractive as compared with the
augmentation approach. Furthermore, our approach can be extended to
give a solution to the H.. fixed-lag smoothing which has often been
solved via a system augmentation approach [14].

The note is organized as follows. The reorganized innovation se-
quence and the associated RDEs are introduced in Section II. The op-
timal filter is derived in Section III which is given in terms of two RDEs
having the same dimension as that of the original system. Some dis-
cussion and cost comparison with the existing system augmentation
approach is given in Section IV. Conclusions are drawn in Section V.

II. REORGANIZED INNOVATION SEQUENCE

In this section, we will present a solution to the H> estimation of
the system (1.1)—(1.3) involving delayed measurements using the pro-
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jection in Hilbert space. The key to our discussion in this section is to
reorganize the instantaneous and delayed measurements and introduce
an associated innovation sequence.

As is well known, given the measurement sequence {y.(i)}i—o,
the optimal state estimator X(¢|t) is the projection of x(t) onto the
linear space spanned by the measurement sequence, denoted by
L{{y.()}=o) 121, 16].

First, observe from (1.4) that ford > ¢ > 0

Ly (Do} = L{y()}is} @D
and the estimator X(¢|t) is a standard H. estimator associated with
(1.1)-(1.2). When t > d, it is easy to know that the linear space
L{{y (i)} =} is equivalent to

21|y y(1) y(t—d)
zo(d) | |z1(L+ )| | ze—a(t)
yt—d+1),....y(D)}. 22
Denote
2| Y0 i= 01, t—d (23
¥ Zi(i-l-d)'/ [ PR 4 . .
It is easy to know that y;(¢) satisfies
. H;| . . .
yi(i)= |:L' x(t) + vy(i), i=0,1,...,t—d (2.4)
with
Ao | V)
ve(i) = v.(i+d) (2.5)

being a white noise of zero mean and covariance matrix Q. (i) =
Qu(7) 0
0 Qu.(i+d)
surements of the state x(¢) at time instants ¢ and ¢ + d. Observe that
(1.1) and (2.4) give a standard state-space representation.

The following notations will be used throughout the note:

tyq t— (l;

D) optimal estimate of £(j) given {y-(0),...,ys(t)};

€(jlt+i,t)  the estimate of £(j) given {y(0),...y(t);y(t +

1),...y(t+4),i > 0}

It is obvious that £(j|t, ) is the standard Kalman estimator for
system (1.1) and (2.4), and the estimator X(¢|¢) to be sought can be
redenoted as X(#|t, t4). In other words, the optimal estimation problem
is equivalent to finding the optimal estimate %x(t|t, t4) of x(¢) which
will be discussed later in Section III.

} . It should be noted that y;(#) contains mea-

A. Reorganized Innovation Sequence

To define the reorganized innovation and the associated Riccati equa-
tion, we introduce the following stochastic sequence:

Wt i) 2y(t+i) =t +ilt+i—10, i>0 (26
W(t,t) 2yp(t) = §(t]t = 1,1 = 1)
y1(0] - 1.-1)=0 @.7)

where y(t + i|t + ¢ — 1,t) is the projection of y(¢ + ¢) onto the
linear space of {y¢(0),...,yf(t);y(t+1),...,y(t+i—1)} and
(]t — 1,t — 1) is the projection of ys(¢) onto the linear space of
{ys(0),...ys(t — 1)}.Ttis clear that w(t, t) is the standard Kalman
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filtering innovation sequence for the system (1.1) and (2.4). We then
have the following relationships:

w(t+it)=Hie(t+it)+v(t+i), i>0  (2.8)
w(t, t) = [Ht e(t,t) +vy(t) (2.9
L,
where
e(t+it) Ex(t+i)—%(t+ilt+i—1.1),i>0 (2.10)
e(t.t) 2x(t) — %(tjt — 1.t — 1). @.11)

Itis clear that e(t + 1,¢) = e(t + 1,t + 1). The following lemma
shows that {w(-,-)} is in fact the innovation sequence for the model
of (1.1), (2.4), and (2.5).

Lemma2.1: {W(0,0) ..... (td td) (td+1 T,J) ..... (f td)}
is the innovation sequence Wthh spans the same linear space as

L {yf(())> cee va(fd); y(td + 1)& ce >Y(f)}
or, equivalently, £L{ys(0),...,ys(t)}.

Proof: First, it is readily seen from (2.6) and (2.7)
that w(i,2), i < tg (or w(tqg + i,tg),d > ¢ > 0)is a
linear combination of the observations y;(0),...,ys(i) (or
vr(0),. .., ys(ta); y(ta + 1),....y(ta —|— z)). Conversely,
ve(i), ta > ¢ > 0, (or y(ta + i), d > i > 0) can be given
in terms of a linear combination of w(0,0),...,w(i,i) (or
W(O 0) ..... W(fd,td W(fd + 1, td) fd —|— 1, fd)) Thus
{w(0,0),....,w(ta, ta);w(ta + 1,td),...,w(t,td)} spans the
same hnear space as L{y;(0),...,ys(ta);y(ta +1),...,y(t)} or

equivalently £{ys(0),...ys(t)}. Next, we show that w(-,-) is an
uncorrelated sequence. In fact, forany d > ¢ > Oand ty > j > 0,
from (2.8) we have

& [wita+itarw! (G.5)] = € [Hpie(ta + i, tayw ()]

+8 [vilta+ W (1,5)] . @12)

Note that E[vs(tg + i)W’ (j,)] =
state prediction error, it follows that E[e(ts + i,ta)w” (.4)] = 0
and, thus, E[w(ty + i,t4)wr(j,j)] = 0, which implies that
w(j,7) (ta > 7 > 0) is uncorrelated with w(tg + 7, t4) (d > i > 0).
Similarly, it can be verified that w(,¢) is uncorrelated with w(j, 7)
for i # j and w(ty + i',t4) is uncorrelated with w(ty + j',t4)
fori’ # j', wherety > i,j > Oandd > i,j > 0. Hence,
{w(0,0), W(ta,ta);wW(ta+1,€4),... w(t, tq)} is an innovation
sequence. This completes the proof of the lemma.

The white noise sequence, w(0,0),...,w(ts, tqs), w(ta +
1,2q4),...w(t, fd) calculated from the reorganized observations
vr(0),...,ys(ta),y(ta + 1),...,y(t), is termed as the reorga-
nized innovation sequence. Similarly, for any s > %4, the sequence
w(0,0),...,w(ta,ta); w(te + 1,ta),... w(s,tq) is also termed as
the reorganized innovation sequence, and spans the same linear space
as L{yf(0),...,¥s(ta);y(ta + 1),...,¥(s)}. The reorganized
innovation sequence will play a key role in deriving the optimal
estimator in this note.

0. Since e(tq + i,t4) is the

B. Riccati Equation
Definition 2.1:

pati, B¢ [e(td +ita)e! (ta+i, t,;)} L0 (2.13)
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is termed as the covariance matrix of the estimation error e(t; +i,tq).
From (2.8) and (2.9), the innovation covariance matrix

Qu(ta+i,tq) =¥ [W(td + 1, l‘d)W (ta +1, fd)] i>0
is given by
, HyyiPlatl, HE L+ Qu(ta+4). i>0
Qulta+ita)= Hiylpta He T + i=0
[Ltd] ‘td-,tdfl[Ltd] '1'(‘~)Uf(‘d)7 t=u.
(2.14)
We have the following results.

Theorem 2.1: The cross-covariance matrix P, ;j_r, +, can be calcu-

lated as follows.

e Fori =1, 7"fd +1 +, 1s given by the following standard RDE:
I T

+1 . T t
Pttj“"lvtd =24, Pt[j,tdfl(bf/d _(btdpttj,td—l |:Ltd:|
d

— | H ,
X Qw](tch td) f /P::ilytd_1q)zﬂd +FfdQ‘u,(td)rZ:l

Ly,
Py _1=Fo (2.15)
where
o o !
Qultata) = | | Pl [ +Quslta) (216)
tq Lty
e Fori > 1, Ptﬁf 1, 1s given by
g i1 tgti T a+i
PZ;+i+1,td =P 4 Ptfj+z' tdq)f a+i ‘I>fz+i7jzfli+i,zd
X Bl Qu' (ta+ i ta)Heyp P, ®F
+ Ffd-‘,-iQu(td + Z)Fthri (2.17)
where the initial condition P} jill +t, 1s from (2.15) and
Qulta+ita) = Hi Pt Hl i+ Quta+i). (218

1 .
Proof: For i = 1, it is obvious that P, ‘*L 1, 1s the covariance

matrix of the one-step-ahead prediction error of the state x(t; + 1)
associated with (1.1) and (2.4). Thus, following the standard Kalman
filtering theory, Pf ‘jj_‘f +, satisfies the Riccati equation (2.15).

For i > 1, note that X(tq + ¢ + 1|tq + i,t4) is the projec-
tion of the state x(ty + ¢ + 1) onto the linear space spanned by
{w(0,0), w(ta,ta),. .. w(ta + 1,ta),...w(ta + i, tq)}. Since
w(-,-) is a white noise, the estimator X(tqy + ¢ + 1l|tq + i,tq) is
calculated by using the projection formula as

R(ta+ i+ 1ta + i, tq)
= Proj {x(tq + i + 1|w(0,0),... w(tq, ta),
Wty 4+ Lta), ..., wlta +i—1,t0)}

+ Proj{x(tq +i+ 1|w(td +i,tq)}

=Py, 4ix(tq +ita+ i —1,tq)
+B,00E [x(t; +i)el (ta+1i, td)]
x H Q. (ta+ita)w(ta +i,tq)

= &y, pik(ta +ilta +i = Lta) + $oyi PTL,

x H Qu (ta +ita)w(ta +i,ta). (2.19)
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It is readily obtained from (1.1) and (2.19) that

e(ts+i+1,tq)
=x(tg+i+1) = x(tqa+i+1tqa+i,tq)
=y pie(ty +i,tq) + Loypiulta +i) — <I>td+i7~’ttjﬂ,td
x H Qu' (ta+i,ta)w(ts +1i,ta). (2.20)

Since e(ty + i + 1,t4) is uncorrelated with w(t, + 4,t4) and so
is e(tq + i,tq) with u(tqy + ), it follows from the aforementioned
equation that

tgtritl tati T -1 .
Ptd+z'+1,td+‘I)fd+‘l73zd+i,detd+iQw (tati,ta)
ntati AT
X HeytiPririne, Prgti
tyti AT - T
:(pthri,ptdl-&-i.td(bld-‘ri+Ftd+iQu(td +i)ly, 4 (2.21)

which is (2.17).

Remark 2.1: Observe that (2.15) is the standard RDE associated
with the Kalman filtering for (1.1) and (2.4), and (2.17) is the RDE
for (1.1) and (1.2).

II. OPTIMAL ESTIMATE %(t|t)

In this section, we will give the solution to the optimal filtering
problem.

Based on the discussion in the previous section, the following results
are obtained by applying the reorganized innovation sequence.

Theorem 3.1: Consider the system (1.1)—(1.3). Given d > 0, the
optimal filter X(¢|¢) = %(t|¢,t4) is given by
x(t|t, ta) = x(t|t — 1, ta) + Pr ., H) Q'

X(ttq) [y(t) — Hex(t|t — L, tq)] (3.1

where X(t|t — 1,t4) is calculated recursively as

X(tg + 1+ 1tq +i.tq)
=Py pix(ta+ilta+i—1,tq)
+ q)fdJrithjiz,thdeﬂ'Q;l(fd +i,tq)
X [y(td =+ i) — thJﬂ-f{(td + i|fd + ¢ — l,td)] R
i=1,...,d-1 (3.2)

while Qu(ta + i.ts) = HiPytll, Hi i + Qulta + i) and
Pf‘;j_:” ({ =2,...,d)is computed by (2.17). The initial value %(t4+
1|tq,tq4) in (3.2) can be computed from the recursion

f{(‘/fd =+ 1|'/7d,td) = ‘Ijtdf((‘/fﬂfd —1,ty — ].)

T
H —
+ (I)t"p;jwfd—1 |:L:d:| Qw1 (ta,ta)
d

X

vr(ta) — [;Itd]fc(tdlm —1,tq— 1)}

ta
%0/ -1,-1)=0 (3.3)
) T
where Qu (td,ta) = [Izjl’]?’ftjqu [f::] + Qu,(ta) and P2,
is as in (2.15).
Proof: By applying Lemma 2.1, x(t|t) = x(t|t,tq) is the
projection of the state x(¢) onto the linear space spanned by
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{w(0,0),...w(tq, ta),w(ta+1,tq),...,w(t, tq)}. Since w(-,-) is

a white noise, the filter X(¢|t,t4) is calculated by using the projection
formula as

X(t|t, ta) = Proj {x(£)|w(0,0), ... W(ta, t.),
w(ta+ 1, tq),...,w(t—1,t3)}
+ Proj {x(t)|w(t, ta)}
=x(tlt = 1,ta) + & [x(t)wi'(t,td)]

X Qu'(tta)wW(t, ty)
=x(tt — Lta) + P H Qut (tta)

X [y(t) = Hx(t]t = 1..)] (3.4)

which is (3.1). Similarly, from Lemma 2.1, X(¢t4 + @ + 1|tq + 7, t4)
(i > 0) is the projection of the state x(tq + ¢ + 1) onto the linear
space spanned by the innonvation {w(0,0),..., w(t4,tqa), W(ts +
1,t4)s...,w(tq+1i,tq)}, it follows from the projection formula that

X(tg +i+ 1tq + 4. tq)
= Proj{x(ta+ i+ 1)|w(0,0),...,w(tq,tq),
w(ty+ 1, tg),...,w(ty+i,tq)}
= Dy pik(ta + Dta +ita) + iy
x Proj{u(tqs + 0)|w(0,0),...,w(tq, ta),

W(fd—i—l,fd),...,W(‘/?d—i—i,td)}. 3.5

Noting that u(ty + 7) is uncorrelated with the innovation
W(O, 0), e, W(ta, id), W(td +1,tq),..., W(td +1,tq), we have

K(ta+i+1ta +1i,ta)
=@, 4ix(ta+ilta + i, ta)
=&, i k(ta+ilta+i—1,tq)
+ P4, 1€ [X(td + i)WT(fd +1, td)]

X Qu'(ta+ i ta)w(ty +i,tq)
=@, ix(ta+ilta+i—1,tq)
O Pl B Qu (Fa i ta)

X [y(td =+ i) — thJri)A((td =+ i|fd —+ ¢ — ].,fd)] 3.6)

which is (3.2). Furthermore, %(tq + 1|t4,tq) is the standard Kalman
filter of (1.1) and (2.4), which is obviously given by (3.3).

Remark 3.1: The Kalman filtering solution for (1.1)—(1.3) with de-
layed measurement has been given by applying the reorganized in-
novation analysis. Different from the standard Kalman filtering ap-
proach, our approach consists of two parts. The first is (3.2) and (2.17),
which is the Kalman formulation for the system (1.1)—(1.2). The second
part is (3.3) and (2.15), which is the Kalman formulation for system
(1.1) and (2.4). Observe that the solution only relies on two Riccati
recursions of dimension n X n. This is in comparison with the tradi-
tional augmentation method where one Riccati equation of dimension
(n+dxp)x(n+dxp)isinvolved. In the following section, we will
demonstrate that the proposed method indeed possesses computational
advantages over the latter.

Remark 3.2: The aforementioned reorganized innovation analysis
in Hilbert space can be extended to Krein space to address the more
complicated H . fixed-lag smoothing [4] and H estimation problem
for time-delay systems [5].
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IV. DiSCUSSIONS AND COMPARISON

The purpose of the section is to compare the computational cost of
the presented approach and the traditional augmentation method. As
additions are much faster than multiplications and divisions, it is the
number of multiplications and divisions that is used as the operation
count. Let M D denote the number of multiplications and divisions.

First, note that the algorithm by Theorem 3.1 can be summarized as
follows:

i) compute m?tr_ii_)g P j_ﬂ .+, using the RDE (2.15);

ii)  compute P07, i =2,...,dusing (2.17);

iii) compute X(t|t, 4) using (3.1)—(3.3).

It is easy to know that the total A/ D number of obtaining x(¢
for one step, denoted as M Dycw, is given by

t, td)

MDuew = [3'"'3 +(3m+ 7')712 +2m%n+ m3] d+(6p+ 1)712
+ [2(m—|—p)2 —2m®+dmp+2p°+m +P] n

+2(m+p)*+(m+p)*—2m®. 4.1)

On the other hand, recall the Kalman filtering for the augmented
state-space model (1.8)—(1.12). The optimal filter X, (¢|¢) is computed
by
Xa(t+ 1t 4+ 1) = S (D% (tt) + Pa(DHL, (HQL" (1)

y(1)
" { {w

where the matrix P, () satisfies the following RDE:

— Hp, (t+1)®, (t)fca(t|t)} 4.2)

Pa(t+1) = ®u() Pa(H)OL (1) — ©u(t) Pa() HL, (H)Q (1)
XHp, (t)Pa(t)®y (1) + Ta(H)Qu(H)T4 (1) (4.3)

with Q. (t) = Hy, () P.() Hf (t) + Q.. (t). In view of the special
structure of the matrices ®,(t), ['x(t), Ha(t) and L, (t), the calcula-
tion burden for the RDE (4.3) can be reduced. We partition P, () as

Po(t)={Pi;()1<i<d+1,1<j<d+1)}

where the dimension of P, 11(t) is n X n, the dimension of P, ;;(t),
¢ > 1,is p X p, and the other blocks are of corresponding dimensions.
Also, introduce a similar partition for I, (¢). Then, the RDE (4.3) is
simplified as [14]

—1
L, (6)=Pa(t)= P (O H! [Qu(t)+H Py (0 H/ |
x H.P!(t) (4.4)
o () =Ta (1) —Ma a41(t) [Qu. (t)+Ha‘,(d+1)(d+1)(t)]7l
x 10 gy (1) 4.5)
Pa(t + 1)=La(H)Qu(t)T] () + 8o (). ()] (1) (4.6)

where P, ;(t) and II, ;(t) represent the ith column blocks of P, (t)
and II,,(t), respectively. Suppose that ¥, (t) is partitioned similarly to
P,(t) and II, (¢). By taking into account the structure of the matrices
®,(t) and I',(t), the operation number of calculating X, (¢t + 1|t + 1)
by the previous ormula, which is denoted as M D, is given as

M Daue =p°(n +p)d* + [élpn2 + (4p* + 3mp)n
+ (m”>+m+p’+ p)p] d
+4n® + (4m+3p+ )0’
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+ 2m® 4+ 2m — p® + 2p)n
+m® 4+ m®+p°. 4.7

From (4.1) and (4.7), it is clear that M D, is of magnitude O(d?)
whereas M Dy is linear in d. Thus, when the delay d is sufficiently
large, it is easy to know that M D.,; > M D, . Moreover, the larger
the d, the larger the ratio M D..s /M D . To see this, we consider
one example.

Example 5.1: Consider the system (1.1)—(1.3), withn = 3,m =1,
r = 1,and p = 3. The M D numbers of the proposed approach and
the system augmentation approach are compared in the following table
for various values of d:

d 1 2 3 6 12
MDyew | 620 | 753 | S77 | 1240 | 1093
MDaye | 605 | 1052 | 1607 | 3920 | 11462
e | 0.9618 | 1.3971 | 1.8324 | 3.1385 | 5.7511.

V. CONCLUSION

In this note, we have revisited the H, estimation problem for
discrete-time systems with instantaneous and delayed measurements
by a reorganized innovation analysis. Our contributions are twofold.
First, the presented approach simplifies the calculation of the estimator
as compared with the traditional system augmentation approach.
Second, the new concept of reorganized innovation can be extended
to solving the H.. estimation, particularly the long standing H
fixed-lag smoothing and the H. estimation for both the discrete and
continuous time-delay systems [4], [5].
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