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1 INTRODACTION 

       Fiber bundle and more general fibrations are basic objects of study  in many 

areas of mathematics [9][17]. A continuous map is called Hurewicz fibration if it has 

the covering homotopy property for all topological space and called  Serre fibration  if 

it has the covering homotopy property for  the CW complex space [1][12][2], Serre 

fibration are more appropriate for many purposes [11], every Hurewicz fibration is serre 

fibration but the converse is not true[14]. A fiber bundle (is also called locally trivial 

fiber bundle ) over 𝐵 and fiber 𝐹 (where 𝐵 and 𝐹 are topological space) is a topological 

space 𝐸 togather with a continuous map 𝑓 ∶  𝐸 →  𝐵 such that for every 𝑏 ∈ 𝐵 there 

exist an open neighborhood 𝑈 of  𝑏  for which 𝑓−1(𝑈) is homeomorphic to 𝑈 × 𝐹 and 

restriction of  𝑓  to 𝑓−1(𝑈) is the standard projection onto first term 𝑓: 𝑈 × 𝐹 → 𝑈 

[6][3]. Fibrations need not to be fiber bundles. In fact, the definition of  fibrations is 

less stringent than that of  fiber bundles, and it is not difficult to slightly modify fiber 

bundles to obtain fibrations which is not locally trivial[10]. A fiber bundle is regular 

Hurwicz (Serre) fibration if the base space is paracompact[1][4]. In addition, mixed 

(co) fibration and mixed  Hurewicz (co) fibration which introuduce by [2][4][3] . Also, 

the mixed Serre (co) fibration  was study by  [18]. In this paper we introduce new con-

cept Triple fiber bundle which is generalization of fiber bundle. Although, we introduce 

new concept Triple structure of triple Serre fibration [13]. [19], [20] 

 

 

 

 

2- PRELIMINARIES 
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Definition 2.1 [16]  let (𝑋, 𝜏) be a topological space and let {𝑈𝛼 ⊂ 𝑥} 𝛼∈𝐼   be an open 

cover, then refinement of this open cover is a set of open subset {𝑉𝛽 ⊂ 𝑋} 𝛽∈𝐽 which is 

still an open cover in itself and such that for each 𝛽 ∈ 𝐽 there exists  𝛼 ∈ 𝐼 with  𝑉𝛽 ⊂

𝑈𝛼. 

Definition 2.2 [7]  A Hausdorff space 𝑋 is paracompact if each open covering of 𝑋 

has an open neighborhood  finite refinement.[21] [22] 

 

Definition 2.3  [8]  A topological space is called shrinking space if every open cover 

is a shrinking. A shrinking of an open cover is another open cover by the same indexing 

set, with hold the property that the closure of any open set lies inside the corresponding 

original open set, and the fact are know that every paracompact space is shrinking 

space.[see also 16] 

 

Theorem 2.4 [7]    (P. Urysohn ) 

Let 𝐴, 𝐵 be any pair of disjoint closed sets in a normal space 𝑋, 

Then there exist a continuous map 𝑓: 𝑋 → 𝐼, called Urysohn function for 𝐴, 𝐵 such 

that, 

𝑓(𝑥) = 0          𝑓𝑜𝑟         𝑥 ∈ 𝐴. 
𝑓(𝑥) = 1          𝑓𝑜𝑟          𝑥 ∈ 𝐵. 

 

Definition 2.5 [7]  Let  (E , p ,B) be a fiber structure, let  𝑋  be any space, and let  

ℎ𝑡 ∶  𝑋 →  𝐵  be a homotopy, the map  ℎ 𝑡
∗: 𝑋 →  𝐸 be a homotopy covering ℎ𝑡. We 

say that  ℎ 𝑡
∗  is stationary with  ℎ𝑡 if for each 𝑥0 ∈ 𝑋 such that  ℎ𝑡(𝑥0) is constant as a 

function of  𝑡, the function ℎ 𝑡
∗(𝑥0) is also constant. 

 

Definition 2.6 [7][12][15]   Let 𝑝 ∶  𝐸 →  𝐵 be a continuous map of topological 

spaces, 

 

(1) A fiber structure  is called a fibration  for a class ℜ of spaces if  the covering 

homotopy property (C.H.P) is  hold.  

(2) A fiber structure  for a class ℜ of  all spaces is called a Hurewicz fibration. 

(3)  𝑝 has the covering homotopy property (C.H.P) with respect to a CW-

complex space X is called Serre Fibration. 

(4) The fibration is (regular) if  ℎ 𝑡
∗ can always be selected to be is stationary 

with  ℎ𝑡.  

 

Definition 2.7 [5][14] 

 the map  𝑓 ∶  𝐸 →  𝐵 is called fiber bundle , with fiber  𝐹 if it satisfies the following 

properties: 

 

1) 𝑓−1 (𝑏0)  =  𝐹 

2) 𝑓 ∶  𝐸 →  𝐵 is surjective 

3) For  every  point  𝑦 ∈ 𝐵  there is an open neighborhood  𝑈𝑦 ⊂ 𝐵 and a “fi-

ber preserving homeomorphism” ѱ𝑈𝑥
: 𝑓−1(𝑈𝑥) → 𝑈𝑥 × 𝐹, that is a homeo-

morphism making the following  diagram commute: 
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Fig. 1. : Fiber bundle 

 

 

Corollary  2.8 [10] 

If  𝑓 ∶  𝐸 →  𝑋 is a fiber bundle over paracompact space X then 𝑓 is fibration. 

 

Definition 2.9[18]  Let  𝑌 be a 𝐶𝑊-space,   𝑓1 ∶  𝐸1  →  𝑌,  𝑓2 ∶  𝐸2  →  𝑌  and   𝛼 ∶
𝐸2 →  𝐸1 are maps of spaces  such that   𝑓1𝑜 𝛼 =  𝑓2,  let  𝐸𝑖 = {𝐸1, 𝐸2},   𝑓𝑖 = {𝑓1, 𝑓2}, 

where 𝑖 = 1,2. The quartic {𝐸𝑖 , 𝑓𝑖, 𝑌, 𝛼} has the mixed covering homotopy property   

(M-CHP) w.r.t  a 𝐶𝑊-space 𝑋 iff  given a map  𝑘: 𝑋 →  𝐸2 and a homotopy ℎ𝑡: 𝑋 → 𝑌 

such that     𝑓2𝑜 𝑘 =  ℎ0 , then there exists a homotopy  𝑔𝑡: 𝑋 →  𝐸1  such that  

1) 𝑓1𝑜𝑔𝑡 =  ℎ𝑡. 

2) 𝛼 𝑜𝑘 =  𝑔0,  
 

 
  Fig. 2. M-Serre Fibration 

 
  

M-fiber space is called M-Serre fibration, if it has the  (MCHP) with respect to a  

𝐶𝑊-space 𝑌, show Fig.2 above . 

 

Definition 2.10 [13] 

1) Let   𝐸1, 𝐸2, 𝐸3, 𝑋  be any four topological spaces, let  𝐸𝑖 = {𝐸1, 𝐸2, 𝐸3},  𝑓𝑖 =
{𝑓1, 𝑓2, 𝑓3},  𝛼𝑖𝑗 = {𝛼21, 𝛼32, 𝛼31} where  𝑓1 = 𝐸1 → 𝑋, 𝑓2 = 𝐸2 → 𝑋, 𝑓3 =

𝐸3 → 𝑋  are three maps, and 𝛼21 =  𝐸2 →  𝐸1, 𝛼32 ∶  𝐸3 →  𝐸2 , 𝛼31 ∶  𝐸3 →
 𝐸1   such that  𝛼21 𝑜 𝛼32 =  𝛼31 ,  𝑓1 𝑜 𝛼21 =  𝑓2,    𝑓2 𝑜 𝛼32 =  𝑓3  then 

(𝐸𝑖 , 𝑓𝑖 , 𝑋, 𝛼𝑖𝑗) is a Triple fiber space (Tri-fiber space), show Fig.3       below. 

If 𝐸1 =  𝐸2 =  𝐸3 =  𝐸,  𝛼𝑖𝑗   = identity    𝑓1 =  𝑓2 =  𝑓3 = 𝑓  then (𝐸, 𝑓, 𝑋) is 

the usual fiber space. 
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Fig. 3. Triple-fiber space 

 

2) Let {𝐸𝑖 , 𝑓𝑖 , X, 𝛼𝑖𝑗  }, where  𝑖 > 𝑗, be a Tri-fiber space and let 𝑥0  ∈  𝑋. 

Then 𝑓 = {𝑓𝑖
−1(𝑥0)}  is the Tri-fiber over 𝑥0. 

 
 

Definition 2.11 [13]  Let 𝑌 be a CW-complex space   𝑓1 ∶  𝐸1  →  𝑌,  𝑓2 ∶  𝐸2  →  𝑌 , 

𝑓3 ∶  𝐸3  →  𝑌 ,  𝛼21 ∶  𝐸2 → 𝐸1 ,  𝛼32 ∶  𝐸3 →  𝐸2 , and 𝛼31 ∶  𝐸3 →  𝐸1  are maps of 

spaces such that   

 𝛼21𝑜 𝛼32  =  𝛼31  ,   𝑓1 𝑜 𝛼21 =  𝑓2  ,    𝑓2 𝑜 𝛼32  =  𝑓3  , let   𝐸𝑖 = {𝐸1, 𝐸2, 𝐸3} 

𝑓𝑖 = {𝑓1, 𝑓2, 𝑓3},  𝛼𝑖𝑗 = {𝛼21, 𝛼32, 𝛼31}  where  𝑖 = 1,2,3 , 𝑗 = 1,2 𝑎𝑛𝑑 𝑖 > 𝑗 ,( see Fig. 

below),  the quartic (𝐸𝑖 , 𝑓𝑖, 𝑌, 𝛼𝑖𝑗)  has the Triple covering homotopy property (Tri-

CHP) w.r.t  a CW-space X iff given a map  𝑘𝑖 ∶  𝑋 →  𝐸𝑖  and a homotopy     ℎ𝑡 ∶  𝑋 →
 𝑌 such that 𝑓𝑖  𝑜 𝑘 𝑖 =  ℎ0 ,  then  

there exists a homotopy   𝐿𝑡
𝑖 ∶  𝑋 →  𝐸𝑖      such that 

  (1) 𝑓𝑖  𝑜  𝐿𝑡
𝑖  =  ℎ𝑡    ,      (2) 𝑘 𝑖  =  𝐿0

𝑖   

 

 
Fig. 4. Tri Serre fibration 

  

The Tri-fiber space is called Tri-Serre fibration  if  it has the (Tri-CHP)   with re-

spect to   all  CW-complex  𝑌. 

 

3-Triple Fiber Bundle 

 
Definition 3.1. Let 𝐵 be a base space with basepoint  𝑏0 ∈ 𝐵 ,and  𝑓𝑖 ∶  𝐸𝑖  →  𝐵  be 

continuous maps where 𝑖 = 1,2,3 , 𝑓𝑖 = {𝑓1, 𝑓2 , 𝑓3  } and  𝐸𝑖 = {𝐸1 , 𝐸2 , 𝐸3 }, 
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The maps 𝑓𝑖 ∶  𝐸𝑖  →  𝐵  are called Tri-fiber bundle , with fiber 𝐹𝑖    if it satisfies the 

following properties: 

 

1) 𝑓 𝑖
−1(𝑏0)  =  𝐹𝑖    

2) 𝑓𝑖 ∶  𝐸𝑖  →  𝐵 is surjective 

3) For  every  point  𝑦 ∈ 𝐵  there is an open neighborhood  𝑈𝑦 ⊂ 𝐵 and a “fi-

ber preserving homeomorphism” ѱ𝑖𝑈𝑥
: 𝑓 𝑖

−1(𝑈𝑥) → 𝑈𝑥 × 𝐹𝑖   , that is a ho-

meomorphism making the following  diagram commute: 

 

 

 
Fig. 5. Triple fiber bundle 

 

 
Definition 3.2  Let (𝐸𝑖 , 𝑝𝑖 , 𝐵, 𝛼𝑖𝑗 ) be Tri-fiber structure  where   𝑖, 𝑗 = 1,2,3 and  

𝛼𝑖𝑗 is continuous maps where   𝑖 > 𝑗, let  𝑋  be any space, and let  ℎ𝑡 ∶  𝑋 →  𝐵  be a 

homotopy, the maps  𝐿𝑡
𝑖 ∶  𝑋 →  𝐸𝑖   be a homotopy covering ℎ𝑡. We say that  𝐿𝑡

𝑖   is 

stationary with  ℎ𝑡 if for each 𝑥0 ∈ 𝑋 such that  ℎ𝑡(𝑥0) is constant as a function of  𝑡, 

the function 𝐿𝑡
𝑖 (𝑥0) is also constant. 

 

Definition 3.3  The Tri-Serre fibration is (regular) if   𝐿𝑡
𝑖  can always be selected to 

be is stationary with  ℎ𝑡. 

 

Definition 3.4  A Tri-fiber structure (𝐸𝑖 , 𝑝𝑖 , 𝐵, 𝛼𝑖𝑗 )  where  𝑖, 𝑗 = 1,2,3,  𝛼𝑖𝑗 is con-

tinuous maps where  𝑖 > 𝑗 and  

 𝑋 is  𝐶𝑊 complex space is called Triple local (regular) Serre fibration if for each 

𝑏 ∈ 𝐵 has a neighborhood 𝑈 such that ( 𝑝𝑖
−1(𝑈),  𝑝𝑖|𝑝𝑖

−1(𝑈), 𝑈, 𝛼𝑖𝑗 ) is Tri- (regular) 

Serre fibration. 

 

Theorem 3.5  Let the base  𝐵  is paracompact, then Tri-fiber structure 

(𝐸𝑖 , 𝑝𝑖 , 𝐵, 𝛼𝑖𝑗 ) where  𝑖, 𝑗 = 1,2,3, is a Tri-(regular) Serre fibration if and only  if  it is 

Tri-local (regular) Serre fibration. 

 

Proof.  It is clear that every Tri-(regular) Serre fibration (𝐸𝑖 , 𝑝𝑖 , 𝐵, 𝛼𝑖𝑗 ) is Tri-local 

(regular) Serre fibration, so only the converse requires proof. 

Since 𝐵 is paracompact , the covering of  𝐵 by the neighborhood 𝑈𝑖  of the definition 

has a neighborhood-finite refinement {𝑉𝑖𝛽
} which we shrink to get {�̅�𝑖𝛽

}. [Since every 

paracompact space is normal space[7]], so For each index 𝛽 , let 𝑐𝑖𝛽
: 𝑋 → 𝐼  be a 



Wasit Journal for Pure Science Vol. (2) No. (3) 

103 

 

Urysohn function such that 𝑐𝑖𝛽
(�̅�𝑖𝛽

) = 1  and 𝑐𝑖𝛽
(𝑉𝑐

𝑖𝛽
) = 0. The covering of  𝐵 by 

the open sets 𝑈𝑖𝛽 = 𝑐−1
𝑖𝛽

[𝐼 − {0}] satisfy the requirement of theorem. 

 

Corollary 3.6  If  𝑓𝑖 ∶  𝐸𝑖  →  𝐵  are Tri-fiber bundle over paracompact space B then  

𝑓𝑖  is Tri-(Serre) fibration. 

 

Proof:  Since  Tri-fiber bundles have local product structure ( 𝑈 × 𝐹𝑖   → 𝑈 ),    tho-

rem 3.5 implies that a Tri-fiber bundle are Tri-(Serre) fibration. 

 

 

4-Triple Path Lifting Property 

 
    In this section we introduce the triple path lifting property (Tri-PLP) with the some 

result and properties. 

  
Definition 4.1.[7][9] Let  M, N  be topological spaces, and denoted by 𝑁𝑀 the set 

of all continuous maps of  M into N. for each pair of sets 𝐴 ⊆ 𝑀 , 𝐵 ⊆ 𝑁, let (𝐴, 𝐵) =
{𝑓 ∈ 𝑁𝑀|𝑓(𝐴) ⊆ 𝐵}. The compact open topology (c-topology) in 𝑁𝑀 is that having as 

sub basis all sets (𝐴, 𝑉),where 𝐴 ⊆ 𝑀  is compact 𝐵 ⊆ 𝑁 is open.  

 

 Definition 4.2[7] A path in 𝑋 is continuous mapping unit interval  𝐼 into  𝑋, rather 

than a continuous  image of   𝐼  in 𝑋 ;  that is, a path in  𝑋  is an element of  𝑋𝐼.  The 

path 𝛼 ∈ 𝑋𝐼 is said to start at the point 𝛼(0) ∈ 𝑋  and to end at the point 𝛼(1) ∈ 𝑋;  a 

closed path or loop at  𝑥0 ∈ 𝑋 is path starting and ending at 𝑥0. 

  constant path   ƞ(𝐼) = 𝑥0 is called the null path or loop at 𝑥0. 

 

Definition 4.3[12]  Let  𝑝: 𝐸 → 𝐵 be a map. Then 𝑝 is said to have path lifting prop-

erty (abbreviated  PLP) if for any 𝑒 ∈ 𝐸 and any path    𝑓: 𝐼 → 𝐵  with  𝑓(0) = 𝑝(𝑒), 

then there exist a path   𝑓 ∶ 𝐼 → 𝐸 such that  𝑓(0) =  𝑒,  

 𝑝 𝑓 = 𝑓, and   𝑓  depends continuously on 𝑒 and 𝑓.  

     For  a precise definition, let 𝐵𝐼: (𝑓 ∶ 𝐼 → 𝐵) and let   𝛺𝑝 ⊂ 𝐸 × 𝐵𝐼  be  

a subspace of the product space 𝐸 × 𝐵𝐼  

Defiend by,  

𝛺𝑝 = {(𝑒, 𝑓) ∈  𝐸 × 𝐵𝐼  |𝑝(𝑒) = 𝑓(0)}. 

    Define a map 

𝑞: 𝐸𝐼 → 𝛺𝑝 

By taking 𝑞(𝑓 ) = (𝑓 (0), 𝑝𝑓 ) for each  𝑓: 𝐼 → E  in  𝐸𝐼. 

 A lifting function for a fiber structure (𝐸, 𝑝, 𝐵) is continuous map 𝜆 : 𝛺𝑝  → 𝐸𝐼  , 

such that 𝜆(𝑒, 𝑓)(0) = 𝑒 , and 𝑝 𝑜 𝜆(𝑒, 𝑓)(𝑡) = 𝑓(𝑡) for each (𝑒, 𝑓) ∈ 𝛺𝑝 and 𝑡 ∈ 𝐼. If  

𝜆 lifts constant path to constant paths, then it is called a regular lifting function for  

𝑝: 𝐸 → 𝐵 and the triple (𝐸, 𝑝, 𝐵) is called a regular fiber space. 
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Then the map 𝑝: 𝐸 → 𝐵  is said to have the  PLP   𝑞𝜆  is the identity map on 𝛺𝑝. It 

is well-known that a map 𝑝: 𝐸 → 𝐵  has the PLP iff it has the ACHP (i.e., it is has 

Hurewicz fibration). 

 

Definition 4.4: let (𝐸𝑖 , 𝑓𝑖 , 𝑌, 𝛼𝑖𝑗 ) be Tri-fiber structure, where 𝑖 = 1,2,3  , 𝑗 = 1,2  

𝑖 > 𝑗, and 𝑋 be 𝐶𝑊 complex space , and 𝑌𝐼 = {𝜔 ∶ 𝐼 → 𝑌} , 𝛺𝑓𝑖
⊆ 𝐸𝑖 × 𝑌𝐼 be  

subspaces  

𝛺𝑓𝑖
= {(𝑒𝑖 , 𝜔) ∈ 𝐸𝑖 × 𝑌𝐼| 𝑓𝑖 (𝑒𝑖 ) = 𝜔(0)}. 

 

A Tri-lifting functions for (𝐸𝑖 , 𝑓𝑖 , 𝑌, 𝛼𝑖𝑗 ) is continues maps  𝜆𝑖 : 𝛺𝑓𝑖
 → 𝐸𝑖

𝐼  such that  

𝜆𝑖 (𝑒𝑖 , 𝜔)(0) = 𝑒  and  𝑓𝑖 𝑜𝜆𝑖 (𝑒𝑖 , 𝜔)(𝑡) = 𝜔(𝑡) , for each (𝑒𝑖 , 𝜔) ∈  𝛺𝑓𝑖
, and 𝑡 ∈ 𝐼 

Thus  𝜆𝑖 = {𝜆1 , 𝜆2 , 𝜆3 }  and  𝛺𝑓𝑖
= {𝛺𝑓1

, 𝛺𝑓2
, 𝛺𝑓3

} , where 𝜆1 ∶ 𝛺𝑓1
 → 𝐸1

𝐼   , 𝜆2 ∶

𝛺𝑓2
 → 𝐸2

𝐼   , 𝜆3 ∶ 𝛺𝑓3
 → 𝐸3

𝐼  defined as  

 

𝜆1 (𝑒1 , 𝜔)(0) = 𝑒1   ,  𝑓1𝑜𝜆1 (𝑒1 , 𝜔)(𝑡) = 𝜔(𝑡), 

𝜆2 (𝑒2 , 𝜔)(0) = 𝑒2  , 𝑓2𝑜𝜆2 (𝑒2 , 𝜔)(𝑡) = 𝜔(𝑡), 

𝜆3 (𝑒3 , 𝜔)(0) = 𝑒3  ,   𝑓3𝑜𝜆3 (𝑒3 , 𝜔)(𝑡) = 𝜔(𝑡), 

 

Thus a Tri-lifting functions there for associates with each 𝑒𝑖 ∈ 𝐸𝑖 , and each path 

𝜔 in 𝑌 starting at  𝑓𝑖 (𝑒𝑖 ), 

A path   𝜆1 (𝑒1 , 𝜔) in 𝐸1  ,  𝜆2 (𝑒2 , 𝜔) in  𝐸2       and   𝜆3 (𝑒3 , 𝜔) in 𝐸3   starting at 

𝑒1 , 𝑒2 𝑎𝑛𝑑 𝑒3  , and is Tri-cover of  𝜔 since the c-topology used in 𝐸𝐼, the continuity of 

𝜆 is equivalent to that of associated 𝜆:̂ 𝛺𝑓𝑖
× 𝐼 → 𝐸𝑖 . 

Tri- regular Serre If  𝜆𝑖  lifts constant paths to  constant paths, then it called a regular 

lifting functions for   𝑓𝑖 ∶  𝐸𝑖  →  𝑌 and the quartic (𝐸𝑖 , 𝑓𝑖 , 𝑌, 𝛼𝑖𝑗)  is called Tri-regular 

fiber space.  

Now, define a map  

𝑞𝑖: 𝐸𝑖
𝐼 → 𝛺𝑓𝑖

 

By taking  𝑞(𝛼𝑖) = (𝛼𝑖(0), 𝑓𝛼𝑖)  for each  𝛼𝑖: 𝐼 → 𝐸𝑖   in  𝐸𝑖
𝐼.  

Then  𝑓𝑖 : 𝐸𝑖 → 𝑌  is said to have Tri-PLP if  𝑞𝑖𝜆𝑖   are  the identity maps  on 𝛺𝑓𝑖
. 

 

Note : We can see the mixed path lifting property in [18].  

 

 

Example 4.5 : Let (𝐸𝑖 , 𝑓𝑖 , 𝑌, 𝛼𝑖𝑗 ) be the Tri-Serre fibration ,and let  𝑌𝐼 = {𝜔 ∶ 𝐼 →

𝑌}  and 𝑓1(𝜔) =  𝜔(1),  𝑓2(𝜔′) =  𝜔′(1)  and  𝑓3(𝜔′′) =  𝜔′′(1)  where  𝜔, 𝜔′, 𝜔′′ ∶
𝐼 → 𝑌. A lifting functions  

 

𝜆1 ∶ 𝛺𝑓1
 → 𝐸1

𝐼   for     𝑓1 ∶ 𝐸1 → 𝑌, 

 𝜆2 ∶ 𝛺𝑓2
 → 𝐸2

𝐼   for     𝑓2 ∶ 𝐸2 → 𝑌, 

 𝜆3 ∶ 𝛺𝑓3
 → 𝐸3

𝐼    for     𝑓3 ∶ 𝐸3 → 𝑌. 
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Are defined as follows: 

 

 𝜆1 (𝛿, 𝜔)(𝑡)(𝑠) = {
𝛿 (

6𝑠

1+𝑡
)                            𝑖𝑓           0 ≤ 𝑠 ≤

1+𝑡

𝛿
              

𝜔(6𝑠 − 𝑡 − 1)           𝑖𝑓          
1+𝑡

𝛿
 ≤ 𝑠 ≤

2+𝑡

𝛿
       

     

𝜆2 (𝛿′𝜔′)(𝑡)(𝑠) = {
𝛿′(6𝑠 − 𝑡 − 2)             𝑖𝑓          

2+𝑡

𝛿
 ≤ 𝑠 ≤

3+𝑡

𝛿
   

𝜔′(6𝑠 − 𝑡 − 3)            𝑖𝑓          
3+𝑡

𝛿
 ≤ 𝑠 ≤

4+𝑡

𝛿
   

 

𝜆3 (𝛿′′𝜔′′)(𝑡)(𝑠) = {
𝛿′′(6𝑠 − 𝑡 − 3)             𝑖𝑓          

4+𝑡

𝛿
 ≤ 𝑠 ≤

5+𝑡

𝛿
   

𝜔′′(
6𝑠−𝑡−5

1−𝑡
)               𝑖𝑓          

5+𝑡

𝛿
 ≤ 𝑠 ≤ 1  

 

 

Notice that  the particular  𝜆1 , 𝜆2  𝑎𝑛𝑑 𝜆3 are not regular because they  are not con-

stants. 

 

Theorem 4.6 The Tri-Serre structure (𝐸𝑖 , 𝑓𝑖 , 𝑋, 𝛼𝑖𝑗 ) where 𝑖, 𝑗 = 1,2,3 𝑎𝑛𝑑 𝑖 > 𝑗  

is Tri-Serre fibration if and only if   𝑓𝑖   has T-lifting functions. 

 

Proof. If  𝑓𝑖   is Tri-Serre fibration, let 𝑌 = 𝛺𝑓𝑖
, let   𝑔𝑖 : 𝛺𝑓𝑖

 → 𝐸𝑖 , ℎ𝑡 : 𝛺𝑓𝑖
→ 𝑋  de-

fine by 𝑔𝑖 (𝑒𝑖 , 𝜔)(0) = 𝑒𝑖 , ℎ𝑡 (𝑒𝑖 , 𝜔) = 𝜔(𝑡) , then  ℎ0 (𝑒𝑖 , 𝜔)(0) = 𝜔(0) =
𝑓𝑖 (𝑒𝑖 ) = 𝑓𝑖  𝑜 𝑔𝑖 (𝑒𝑖 , 𝜔),  

 

since 𝑓𝑖  is Tri-Serre fibration, then there exist   𝐿𝑡
𝑖 ∶   𝛺𝑓𝑖

 →  𝐸𝑖   such that    

  (1) 𝑓𝑖  𝑜  𝐿𝑡
𝑖  =  ℎ𝑡    ,      (2) 𝑔𝑖 (𝑒𝑖 , 𝜔), =  𝐿0

𝑖   

 

Define as a lifting function  𝜆𝑖 (𝑒𝑖 , 𝜔)(𝑡) =  𝐿𝑡
𝑖 (𝑒𝑖 , 𝜔) 

i.e: 

 

𝜆1 (𝑒1 , 𝜔)(𝑡) =  𝐿𝑡
1(𝑒1 , 𝜔)   ⟹ 𝜆1 (𝑒1 , 𝜔)(0) =  𝐿0

1 (𝑒1 , 𝜔) =  𝑒1  

𝑓1  𝑜 𝜆1 (𝑒1 , 𝜔)(𝑡) =  𝑓1  𝑜 𝐿𝑡
1(𝑒1 , 𝜔)   ⟹  𝑓1  𝑜 𝜆1 (𝑒1 , 𝜔) =  ℎ𝑡 (𝑒𝑖 , 𝜔) =  𝜔(𝑡) 

 

𝜆2 (𝑒2 , 𝜔)(𝑡) =  𝐿𝑡
2(𝑒2 , 𝜔)   ⟹ 𝜆2 (𝑒2 , 𝜔)(0) =  𝐿0

2 (𝑒2 , 𝜔) =  𝑒2  

𝑓2  𝑜 𝜆2 (𝑒2, 𝜔)(𝑡) =  𝑓2  𝑜 𝐿𝑡
2(𝑒2 , 𝜔)   ⟹  𝑓2  𝑜 𝜆2 (𝑒2 , 𝜔) =  ℎ𝑡 (𝑒𝑖 , 𝜔) =  𝜔(𝑡) 

 

𝜆3(𝑒3 , 𝜔)(𝑡) =  𝐿𝑡
3(𝑒3 , 𝜔)   ⟹ 𝜆3(𝑒3 , 𝜔)(0) =  𝐿0

3 (𝑒3 , 𝜔) =  𝑒3  

𝑓3  𝑜 𝜆3 (𝑒3 , 𝜔)(𝑡) =  𝑓3  𝑜 𝐿𝑡
3(𝑒3 , 𝜔)   ⟹  𝑓3  𝑜 𝜆3 (𝑒3 , 𝜔) =  ℎ𝑡 (𝑒𝑖 , 𝜔) =  𝜔(𝑡) 

 

 

 

Conversely: 

 

If 𝑓𝑖 is Tri-lifting function  

Let  𝑔𝑖
∗: 𝑌 → 𝐸𝑖    and   ℎ𝑡

∗: 𝑌 → 𝑋     such that 𝑓𝑖  o 𝑔𝑖
∗ =  ℎ0

∗  , consider 

𝜔𝑦: 𝐼 → 𝑋   such that   𝜔𝑦(𝑡) = ℎ𝑖
∗(𝑦) 
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And define   𝐿𝑡
∗𝑖: 𝑌 → 𝐸𝑖    as 

𝐿𝑡
∗𝑖(𝑒) = 𝜆𝑖[ 𝑔𝑖

∗ , 𝜔𝑦 ](𝑡) 

 

Thus :   𝐿0
∗𝑖 =  𝑔𝑖       and     𝑓𝑖  𝑜 𝐿𝑡

∗𝑖 =  ℎ𝑡
∗ 

Hence   𝐿𝑡
∗𝑖  are Tri-CHP of   ℎ𝑡  with respect  to  𝑌, since 𝑌 is arbitrary 

 

There for   𝑓𝑖    is Tri-Serre fibration . 
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