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Abstract. Recently, several of the generalizations Koebe function are introduced
and investigated. In this study, a linear complex operator is investigated in terms of
the generalized Koebe function and Wright function. A new geometric class, namely
a uniformly starlike class, is provided. Furthermore, certain properties are discussed
such as coefficient bounds, growth, distortion results, radii of convexity, starlikeness
and close-to-convexity.
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1 Introduction

H (A) the class of holomorphic functions in the unit disk A = {z € C: |z| < 1}. Let
H [a,1t] be the subclass of H (A) involving of functions of the formula ¢ (z) = a +
az" + a1 2"+ oo, and let Hy = #[0,1] and H = H[1,1]. The class ¥ of holo-
morphic functions is stated as:

0@ =2+ ) p7", ¢y
n=2

which are normalized (means that ¢(0) = ¢'(0) —1 = 0) in A.
A function ¢ in 2 is said to be starlike of order § in A,
zp ' (z
Re( ¢ ( )) > 4,
¢(2)
for somed(0 < § < 1) and forall z € A.
A function ¢ in 2 is said to be convex of order § in A, if ¢ satisfies the inequality:
z¢ " (2)
Rell+——F+=) >3,
¢'(2)
forsome 6(0 < 6 < 1) and forall z € A.
The ¢ is to be convex of order § in A if ¢ in U satisfies the inequality.
Re{p'(2)} > 6. (2)
A function ¢ in 2 is convex of order § & z¢ '(2) is starlike of order § in A, [1].
For —1<v<1andn=0a function ¢ € A is said to be in the class of n-
parabolic starlike function denoted by n — S*(v) if
7z ! !
Re{ @ (Z)—v}> z¢'(z)
@ (2) »(2)

1‘, zeAN
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The class S of starlike function is equal by S* = 5*(0). Bharti et al. [2]
Defined n — S*(v) to be the class of function ¢ with0 <n < ow,and0 <v <1
the satisfy the condition:

z¢'(z) z¢'(z) |
Re{ } > -1 +v.
¢(2) ¢(2)
The familiar wright function is given as [3]:
ZT‘l
w(r.ﬁ;z):Z]—n!F(m_l_ﬁ), (r>-1,B€0).

n=

In [4] Moureh et at. Imposed generalization Koebe function as:
< I'(u+ on)
Kuo(2) = z" (z,ueC, 0<R(o)) 3)

LTI+ "

This class n — S*(v) was considered in [5]. Most investigators are interested to
study and they introduced various classes of uniformly star-like and convex functions.
For instance, Breaz [6], Breaz el. at [7], Stanciu and Breaz in [8], Al-Janaby et. al [9],
Layth et.at [10]. Furthermore, in the last century, the use of special functions (SFs)
has been intensified productively because of its significance in the Geometric Func-
tion Theory (GFT). The reason that SFs attracted researchers is their use as a tool in
resolving Bieberbach's problem in 1984 by De Branges, [11]. Then, a number of im-
portant works on connections between analytic univalent and SFs have been intro-
duced by several complex analyses such as, Mahmoud et. al [12], Atshan et. al [13],
Elhaddad and Darus [14], Yan and Liu [15], Al-Janaby et. al [16], Oros [17] and
Layth et. al [18].

2.1 Imposed new Wright - Koebe Operator
The normalization of the Wright function and generalized Koebe-type function
given as:

C r
V(B wz) =2l (B)w(r,B;2) = z + Z e F([gﬁj — ) @
and, =2
r 1
Nuo@) = 2Hyo (D) =24 ) r(&;&(i 1)!)) z" (5)

By using convolution principle, equat}on (4) and (5), we imposed a function
Q,/5(2) given by

N r(B)r (W) .
Qup =2+ Z Tt oD@ rem-1) ' ©
Such that
No(2) * QT(2) = W(x, B; 2). @)

Therefore, from (6) we consider a new Wright-Koebe operator as: for ¢ €
A, and QZ:;:QI — A such that
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rgru)
I"(y +o(n— 1))F(ﬁ +t(n—1)

0,592 = Q5@ xp(2) =z + Z
n=2

For convenience,

) Prz" . (8)

H(B 0.1) = rrw
O Tt on— B +t(n—1)
Thus,
QIEp() =2+ ) H(B,10,0p, 2" ©)
n=2
The following specific cases related to operator QZ:Ego(z) introduced by (8) are in-
vestigated.

Remark 2.1 By assumption suitable special value of the parameters, 8, u, o, T, as:
- —o=T=R = 1,1 _ w 1 N
1- Foru=oc=1=B=1, the operator Q;'1¢(2) = z+ XL, D PrZ IS
yielded.
_ _ _ _ 1,2 _ e 1 .
2- Foru=oc=1=1,8=2, the operator Q;'7¢(2) = z+ Z":Zm pn 2z IS
gained.
— o= 1T () = o @
3- Foru= o=1, the operator Q;,¢(2) = z + X7, o Dree D Pr
operator in terms of normalized wright function is provided.

z" linear

4- Fort=pf =1, the operator QZ;}q;(z) =z+ Z,ﬁ‘;z% pn z" linear
operator by internal normalized Wright function yi(z, ;z) given in (4) is ob-

tained.
2.2 Uniformly Starlike Class
By employing Wright-Koebe operator given by (8), we establish and discuss the
following geometric class n — S, (8, u, o, T) namely univalent function defined as:

e [A2e@) ) A %e®)
0 pe@ | = 0,39 (@)
where0 <n<o,and0 <v < 1.
Let T represent the subclass of 2 including of functions ¢ in A of the formula:

@(z) =Z—Z PnZ", for (p, > 0and z € A) (11
n=2

— 1|+, (10).

Also let
U_TSJ(BIM:U:T) :S;(B!.M'O-'T)OT' (12)

3. Coefficient Bounds

In this section, some interesting geometric properties of the uniformly starlike
class

n—S;(B,u,0,7) are presented and investigated.

Theorem 3.1 A function ¢ defined by (11), then ¢ € n — S;(B, 1, o,7) if and on-
ly if

Z[n(n + D) -V+)IHB o, Dpy,<1—-v, (0=<v<1). (13)

n=2

69



Wasit Journal for Pure Science Vol. (2) No. (1)

Proof. Suppose that ¢ (z) given by (11) inn — TS; (8, u, o, T). So that choosing the
value of z on the positive real axis, the inequality (10) readily gains
1-3mHB o, Dp 2™ ¥ = DHB 10, Dpy 2"
1-3,HB wo,1)p, 2" 1=, HB uo,D)p zv |
letting z— 1~ along the real axis, we yield
1= nHB w0, 0p, Vs Yne2(t =D H(B, 1, 0,0)py
1=, HB mo,Opy " 1- 30, H B, 0,0p,

then

A —v) — Enmemtn + D - v+ mIHEB, k0, Dpn

1- T?=2H(ﬁ'.uv g, T)p‘ﬂ
Therefore, we yield assertion (13).
To prove converse, we consider that the inequality (13) holds right and let |z]| = 1.
It suffices to prove that

2(0r50@) | _ |e(eie@)

e B Rl T R
we gain,
2(Q750() I 0rE0@)
0,59 (2) 0, p®(2)
e Z(QE:}W)) | @ DG - DGO
Q,59(2) 1-X2HB, 1, 0,7)py

The last expression is bounded above by (1-v) if

Y+ 1) - @+ DIHB, w0, < 1V,

n=2

which is right by hypothesis. Therefore, we gain ¢(z) € n — TS, (B, i, 7, T).
1—
- a-v z", (n=2).
(n+1) =@ +m)HEB,p,0,7)
Corollary 3.1 Let the function g(z) be gained by (7) if p(z) € n — TS, (B, 1, 7, T)
then

p(z)=z

1—v

<
P D -G mHBmoD
The result is sharp for the following function:
(1-v) o
(n(TI + 1) - (V +T]))H(‘B,H, O',T) '
4. Growth Theorems
Theorem 4.1 Let the function @(z) defined by (11) be in the class n —
TS;(B,u,0,7), then

(n=2). (14)

p(z)=z (n=2). (15)
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1 —V)F(u+20)1“(ﬁ+2'[)| 2> 0@
C+n-wrere =%
A-v)r(u+20)r(B + 21)
2 +n—=vrp)ry)
with equality for

B _(1—V)F(/,L+20)F(ﬂ+21) 5 I
Lo\ =lel - —prgpra A = (17)
Proof: Let ¢(z) € n — TS; (B, u, o,7) By Theorem 3.1, and

E() = (n(1+m) - +m)HB 10,7,

|z| +

2 |z| -

|z|2. (16)

we yield
E2) z pu < z E(p, <(1—v),
n=2
that is
C (1-v)
Z h S 5
Therefore

o) = 121 - anIZ“I > || - |z|zzpn

1- V)I”(u + 20)C (B + 21) 12

2l oW

Similarly, we gain

X (1= +20r@+21)
|9 < I2] + 12 zzp R e e E
Thus, outcome is sharp for ¢(z)
A-»r+20)re+2m, , .
o) = |z| — |z|%, (z = Ir).

C+n-v)r(prw
Theorem 4.2 Let the function ¢(z) given by (11) be in the class n —
TS, (B,u,o,1), then
A-Vru+20)rp + 21

G o oreray A= 1@

B 2 —v)I'(u+ 20)r (B + 21)
h @+n—-vrprw)

with sharp for ¢ (z)
, _ _2(1—v)1"(,u+20)1"([3+2‘r) .

Proof: Let ¢(z) € n — TS; (B, u, 0,7) By Theorem 3.1, and ,
E(M) = (n(+ 1) = v +n)HB, 1,0,7),

E(Z)Z n_zoo @npn iE(n)PnS(l—V),
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that is

< 2(1 - )
<=7
Z"p“ =TEQ)
n=2
Therefore,
1@ Z 1= npla" = 1= 12| ) np,
n=2

L, 20-WG+t 2B + 27)
- Q+n—vri)rw

|z].

Similarly, we gain

lo'(2) <1+ |Z|ann < 1+2(1_V)F(H+20)F(ﬁ+21)

Z, @rn-wr@rw
The outcome is sharp for ¢(2) is
2 —v)I(u+ 20)r (B + 21)
lo' ()] =1- |z, (z =1n).

C+n-v)rprw
5. Radii, of Convexity Starlikeness, and Close to Convexity
In this section, radii of convexity starlikeness, and close to convexity for functions
belonging to the class n — TS, (8, u, o, T) are obtained.
Theorem 5.1 Let the function ¢(z) defined by (11) be in the class n —
TS, (B,u,o,1), then
1. @(z)isconvex of order 6(0 < 6§ < 1) in |z]| < ry, Wwhere

n
1
1-6 +1D)-@+n))HEB p o] T
 inf, (1-8nm+1) - +n)HEB,u0,1) 20)
nn—-686)1A—-v)
2. @(z) isstarlike of order (0 < § < 1) in |z| < 1, where
T2
1
1-6 +1D)-@w+n)HB, o)1
~inf, (1-8nm+1) - +n)HQB,u0,1) . 1)
=80 -v)
3. @(2)isclosed to convex of order (0 < § < 1) in |z| < r3, where
3
(n1 + 1) = O + )H B, o, DT
_ 1=+ -(+n 0, T
= inf,s, [ =) . (22)
Proof.(1) It is enough to show that
;’,’(()) <1-6, forl|z]<r,and8(0 <6< 1),

where 1, is given by (20) Indeed, we find from (11) that
29" (2)| _ Laan(n—Dpylz|"™!
¢'(2) 1-X2onpy lz™t

Thus, we note that
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29D s
'@ |~ '
which is equivalent to
S = 8pe
- - -1 <« .
YR < (23)

n=2

However, considering Theorem 3.1 we have
- + 1) —@W+m)HQB o,
Z(n(n )= +1n) (ﬂuaf)pn <1 24)
n=2 (1 B V)
Thus, ¢ is convex of order r; §(0 <6 < 1) if
Q-+ 1) - @+m)HPB,u0,7)
1-v) ’

nn—=28)|z|"t <
that is, if

1
(1 - 6)(“(” + 1) - (V + n))H(ﬁl u, o, T) -1
nn—-3586)(1—-v) ’

lz| < [ (n=2).

(2) It is enough to show that

PO _4|<1-6 forld <rand5O<5<1),

where 1, is given by (21). Indeed, we find from (11) that

z¢'(2) 1| < Iz = Dpylz|"™
»(2) 1= X2 Pn l2™

Thus, we note that
zp'(2)
®(2)

<1-54,

which is equivalent to

o]

Z(n —&pulzlt<1-6. (25)
n=2
But, in view of Theorem 3.1, we obtain it by (24).
Thus, ¢ is starlike r, if
1=-8nm+ 1)~ w+n))HB uo,1)
1-v) '

m—208)|z|"* <

that is, if

(n=2).

2l < A-8)mm+1)—Ww+n)HPB uo, T)]“*’

n=-6)(>0-v)

(3) Itis enough to show that

lp'(z) —1|<1-6, for|z|<r;,and§ (0 <6< 1).
Where 5 is given by (21) Indeed, we find from (11) that

0" (@) =11 = ) np, Iz,
n=2
Thus, note that
lp'(z) -1 <1-39,
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which is equivalent to

ann 2"t < 1- 6. (26)

n=2

But, by Theorem 3.1, we given it by (24)
Z (n(n + 1) - (V + U))H(ﬁ‘ o, T)
(1 _ V) pT‘l —_
n=2
Therefore, ¢ is closed to convex of r; if
1- 5)(11(7) +1D) -+ n))H([z’,u, 0,7)

nz|"t < a— \
that is, if
1
(1 - 6)(“(” + 1) - (V + n))H(ﬁ:lJ: O',T) -1
|Z|S[ M=3)1 =) . n=2)
6.Extreme points
Theorem 6.1 Let
©1(2) =z,
1-v)
¢0n(2) =z " (n = 2).

_ "
(n+ 1D~ @ +m)HB,p,0,7)
Then ¢(z) € n — TS, (B, u, o,7) if and only if it can be expressed in the following

form:

<P(Z) = Z VP
n=1

V=0, Zn=1-
=1

Proof. Let p(2) e n — TS, (B, u, 0,1), by_CoroIIary 3.1, we have
1-v)

where

=+ D - HEB w0 "=
set
n:(n(n+1)—((11t:7/)))H(5'“"”) o, (n>2)
yi=1- Z Ve
Thus, we gain -

0@ =) 1, @).

Conversely, consider that

o(z) = Z Y@ (2),
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=Z— iy (1 — V) Zn
LM+ D - v +mMHEB o)

Then ,form theorem 3.1, we yield

o 1-
([n(n MG T vy <(v ¥ :;)Hw k.o, 7) y")

2

n

=(1-M) p=0-Na-y)<1-v.
Then, ¢ (z) € 0 — TS: (8, 1, 0,7).

7. Conclusion:

In this current investigation, a discussion is presented about the new complex oper-
ator in terms of generalization of koebe type function and Write function and its in-
clusion in a new geometric class that is uniformly starlike class. In addition to that, a
study on the coefficient bounds, growth bound, distortion bound, radii of convexity,
star-likeness, and close-to-convexity are also yielded.
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