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1 Introduction  

ℋ(Λ) the class of holomorphic functions in the unit disk Λ = {z ∈ ℂ: |z| < 1}. Let 

ℋ[𝔞, 𝔫] be the subclass of ℋ(Λ) involving of functions of the formula 𝜑(𝑧) = 𝔞 +
𝔞𝔫𝑧𝔫 + 𝔞𝔫+1𝑧𝔫+1 + ⋯, and let ℋ0 = ℋ[0,1] and ℋ = ℋ[1,1]. The class 𝔄 of holo-

morphic functions is stated as: 

                                                         𝜑(𝑧) = 𝑧 + ∑ 𝜌𝔫 𝑧𝔫

∞

𝔫=2

,                                                 (1)   

which are normalized (means that 𝜑(0) = 𝜑′(0) − 1 = 0) in Λ. 

A function 𝜑 in 𝔄 is said to be starlike of order 𝛿  in Λ, 

ℛ𝑒 (
𝑧𝜑 ′(𝑧)

𝜑(𝑧)
) > 𝛿, 

for someδ(0 ≤ 𝛿 < 1) and for all 𝑧 ∈ 𝛬. 

A function 𝜑 in 𝔄 is said to be convex of order 𝛿 in Λ, if 𝜑 satisfies the inequality: 

                                  ℛ𝑒 (1 +
𝑧𝜑 ′′(𝑧)

𝜑 ′(𝑧)
) > 𝛿 ,                                 

for some δ(0 ≤ 𝛿 < 1) and for all 𝑧 ∈ 𝛬. 

The 𝜑 is to be convex of order 𝛿 in Λ if 𝜑 in 𝔄 satisfies the inequality. 

                                                                       ℛ𝑒{𝜑′(𝑧)} > 𝛿 .                                             (2)  
A function 𝜑 in 𝔄 is convex of order 𝛿 ⟺ z𝜑 ′(𝑧) is starlike of order 𝛿 in Λ, [1].  

For  −1 < 𝜈 ≤ 1  and 𝜂 ≥ 0  a function 𝜑 ∈ 𝔄 is said to be in the class of 𝜂 -

parabolic starlike function denoted by 𝜂 − 𝑆∗(𝜈) if  

            ℛ𝑒 {
𝑧𝜑 ′(𝑧)

𝜑(𝑧)
− 𝜈} > 𝜂 |

𝑧𝜑 ′(𝑧)

𝜑(𝑧)
− 1| ,        𝑧 ∈ 𝛬 
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The class 𝑆∗ of starlike function is equal by 𝑆∗ ≡ 𝑆∗(0). Bharti et al. [2] 

Defined 𝜂 − 𝑆∗(𝜈) to be the class of function 𝜑 with 0 ≤ 𝜂 < ∞, and 0 ≤ 𝜈 < 1  

the satisfy the condition:  

ℛ𝑒 {
𝑧𝜑 ′(𝑧)

𝜑(𝑧)
} ≥ 𝜂 |

𝑧𝜑 ′(𝑧)

𝜑(𝑧)
− 1| + 𝜈. 

The familiar wright function is given as [3]: 

                         ⱳ(𝜏, 𝛽; 𝑧) = ∑
     𝑧𝔫

   

 𝔫! 𝛤(𝜏 𝔫 + 𝛽)
,

∞

𝔫=0

                   (𝜏 > −1, 𝛽 ∈ ℂ).               

In [4] Moureh et at. Imposed generalization Koebe function as: 

                   𝒦𝜇,𝜎(𝑧) = ∑
Γ(μ + σ𝔫)

Γ(𝜇) Γ(𝔫 + 1)
 𝑧𝔫

∞

𝔫=0

,            (𝑧, μ ∈ ℂ;    0 < ℛ(σ) )             (3) 

This class 𝜂 − 𝑆∗(𝜈)  was considered in [5]. Most investigators are interested to 

study and they introduced various classes of uniformly star-like and convex functions. 

For instance, Breaz [6], Breaz el. at [7], Stanciu and Breaz in [8], Al-Janaby et. al [9], 

Layth et.at [10]. Furthermore, in the last century, the use of special functions (SFs) 

has been intensified productively because of its significance in the Geometric Func-

tion Theory (GFT). The reason that SFs attracted researchers is their use as a tool in 

resolving Bieberbach's problem in 1984 by De Branges, [11]. Then, a number of im-

portant works on connections between analytic univalent and SFs have been intro-

duced by several complex analyses such as, Mahmoud et. al [12], Atshan et. al [13], 

Elhaddad and Darus [14], Yan and Liu [15], Al-Janaby et. al [16], Oros [17] and 

Layth et. al [18]. 

 

2.1 Imposed new Wright - Koebe Operator  

The normalization of the Wright function and generalized Koebe-type function 

given as: 

    ψ(β, τ; z) = 𝑧𝛤(𝛽)ⱳ(𝜏, 𝛽; 𝑧) =  𝑧 + ∑
𝛤(𝛽)

(𝔫 − 1)! 𝛤(𝛽 + 𝜏(𝔫 − 1))

∞

𝔫=2

 𝑧𝔫  ,              (4) 

and,  

                      𝒩𝜇,𝜎(𝑧)  =  𝑧𝒦𝜇,𝜎(𝑧) = 𝑧 + ∑
     Γ(μ + σ(𝔫 − 1))   

Γ(𝜇) (𝔫 − 1)!
 𝑧𝔫

∞

𝔫=2

 .                      (5) 

By using convolution principle, equation (4) and  (5)  , we imposed a function 

𝒬𝜇,𝛽
𝜎,𝜏

(z) given by  

                  𝒬𝜇,𝛽
𝜎,𝜏 (𝑧) = 𝑧 + ∑

𝛤(𝛽)𝛤(𝜇)

𝛤(𝜇 + 𝜎(𝔫 − 1))𝛤(𝛽 + 𝜏(𝔫 − 1))
 𝑧𝔫 ,                        (6) 

∞

𝔫=2

 

Such that  

                                                           𝒩𝜇,𝜎(𝑧) ∗ 𝒬𝜇,𝛽
𝜎,𝜏 (𝑧) = ψ(τ, β; z).                             (7) 

Therefore, from (6) we consider a new Wright-Koebe operator as: for 𝜑 ∈
𝔄, and 𝒬𝜇,𝛽

𝜎,𝜏 : 𝔄 →  𝔄 such that 
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 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧) = 𝒬𝜇,𝛽

𝜎,𝜏 (𝑧) ∗ 𝜑(𝑧) = 𝑧 + ∑
𝛤(𝛽)𝛤(𝜇)

𝛤(𝜇 + 𝜎(𝔫 − 1))𝛤(𝛽 + 𝜏(𝔫 − 1))
 𝜌𝔫𝑧𝔫 .

∞

𝔫=2

 (8) 

For convenience,  

H(β, μ, σ, τ) =
𝛤(𝛽)𝛤(𝜇)

𝛤(𝜇 + 𝜎(𝔫 − 1))𝛤(𝛽 + 𝜏(𝔫 − 1))
  .  

Thus,  

                                       𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧) = 𝑧 + ∑ 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫 𝑧𝔫.                                    

∞

𝔫=2

(9) 

The following specific cases related to operator 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧) introduced by (8) are in-

vestigated.  

Remark 2.1 By assumption suitable special value of the parameters, 𝛽, 𝜇, 𝜎, 𝜏, as: 

1- For 𝜇 = σ = τ = β = 1 , the operator 𝒬1,1
1,1𝜑(𝑧) =  𝑧 + ∑

1

(𝔫−1)!(𝔫−1)!
 𝜌𝔫

∞
𝔫=2 𝑧𝔫  is 

yielded.  

2- For 𝜇 = σ = τ = 1, β = 2 , the operator 𝒬1,1
1,2𝜑(𝑧) =  𝑧 + ∑

1

(𝔫−1)!(𝔫)!
 𝜌𝔫

∞
𝔫=2 𝑧𝔫  is 

gained.  

3-  For 𝜇 =  σ = 1, the operator 𝒬1,𝛽
1,𝜏 𝜑(𝑧) =  𝑧 + ∑

𝛤(𝛽)

(𝔫−1)!𝛤(𝜏(𝔫−1)+𝛽)
∞
𝔫=2  𝜌𝔫 𝑧𝔫 linear 

operator in terms of normalized wright function is provided.  

4- For 𝜏 = 𝛽 = 1 , the operator 𝒬𝜇,1
𝜎,1𝜑(𝑧) = 𝑧 + ∑

𝛤(𝜇)

𝛤(𝜇+𝜎(𝔫−1))(𝔫−1)!
 𝜌𝔫 𝑧𝔫 ∞

𝔫=2 linear 

operator by internal normalized Wright function  ψ(𝜏, β; z) given in (4) is ob-

tained.  

2.2 Uniformly Starlike Class 

By employing Wright-Koebe operator given by (8), we establish and discuss the 

following geometric class η − 𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏) namely univalent function defined as:  

                                    ℛ𝑒 {
𝑧( 𝒬𝜇,𝛽

𝜎,𝜏
𝜑(𝑧))

′

 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧)

} ≥ 𝜂 |
𝑧( 𝒬𝜇,𝛽

𝜎,𝜏
𝜑(𝑧))

′

 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧)

− 1| + 𝜈,                      (10). 

where 0 ≤ 𝜂 < ∞, and 0 ≤ 𝜈 < 1. 

Let T represent the subclass of 𝔄 including of functions 𝜑 in Λ of the formula: 

                        𝜑(𝑧) = 𝑧 − ∑ 𝜌𝔫 𝑧𝔫
∞

𝔫=2
,             for (𝜌𝔫 > 0 𝑎𝑛𝑑  𝑧 ∈ 𝛬)                    (11) 

Also let  

                                  𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏) = 𝑆𝜈

∗(𝛽, 𝜇, 𝜎, 𝜏) ∩ 𝑇.                                    (12) 

3. Coefficient Bounds 

In this section, some interesting geometric properties of the uniformly starlike 

class  
𝜂 − 𝑆𝜈

∗(𝛽, 𝜇, 𝜎, 𝜏)   are presented and investigated.  

Theorem 3.1 A function 𝜑 defined by (11), then  𝜑 ∈  𝜂 − 𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏) if and on-

ly if 

           ∑[𝔫(η + 1) − (ν + η)]

∞

𝔫=2

𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫 ≤ 1 − 𝜈,      (  0 ≤ 𝜈 < 1).               (13) 
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Proof. Suppose that 𝜑(𝑧) given by (11) in 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏). So that choosing the 

value of z on the positive real axis, the inequality (10) readily gains 

1 − ∑ 𝔫 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫
∞
𝔫=2 𝑧𝔫−1

1 − ∑ 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫 𝑧𝔫−1∞
𝔫=2

− 𝜈 ≥ 𝜂 |
∑ (𝔫 − 1)𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫 𝑧𝔫−1∞

𝔫=2

1 − ∑ 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫 𝑧𝔫−1∞
𝔫=2

|, 

letting z→ 1− along the real axis, we yield 
1 − ∑ 𝔫∞

𝔫=2 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫

1 − ∑ 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫
∞
𝔫=2

− ν ≥ η
∑ (𝔫 − 1)∞

𝔫=2 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫

1 − ∑ 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫
∞
𝔫=2

 , 

 then  
(1 − 𝜈) − ∑ [𝔫(𝜂 + 1) − (𝜈 + 𝜂)]𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫

∞
𝔫=2

1 − ∑ 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫
∞
𝔫=2

  ≥ 0. 

Therefore, we yield assertion (13).  

To prove converse, we consider that the inequality (13) holds right and let |𝑧| = 1. 

It suffices to prove that  

ℛ𝑒 {
𝑧 ( 𝒬𝜇,𝛽

𝜎,𝜏 𝜑(𝑧))
′

 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧)

} ≥ 𝜂 |
𝑧 ( 𝒬𝜇,𝛽

𝜎,𝜏 𝜑(𝑧))
′

 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧)

− 1| + 𝜈, 

we gain,  

𝜂 |
z ( 𝒬𝜇,𝛽

𝜎,𝜏 𝜑(𝑧))
′

 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧)

− 1| −  ℛe {
z ( 𝒬𝜇,𝛽

𝜎,𝜏 𝜑(𝑧))
′

 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧)

− ν} 

≤ (η + 1) |
z ( 𝒬𝜇,𝛽

𝜎,𝜏 𝜑(𝑧))
′

 𝒬𝜇,𝛽
𝜎,𝜏 𝜑(𝑧)

− 1| ≤  
(𝜂 + 1) ∑ (𝔫 − 1)𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫

∞
𝔫=2

1 − ∑ 𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫
∞
𝔫=2

  . 

The last expression is bounded above by (1-𝜈) if 

∑[𝔫(η + 1) − (ν + η)]

∞

𝔫=2

𝐻(𝛽, 𝜇, 𝜎, 𝜏)𝜌𝔫 ≤ 1 − ν, 

which is right by hypothesis. Therefore, we gain φ(z) ∈ 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏). 

      𝜑(𝑧) = 𝑧 −
(1 − 𝜈)

(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)
𝑧𝔫 ,               (𝔫 ≥ 2).                            

Corollary 3.1 Let the function g(z) be gained by (7) if φ(z) ∈ 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏)  

then 

            𝜌𝔫 ≤
1 − 𝜈

(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)
  ,             (𝔫 ≥ 2).                            (14) 

The result is sharp for the following function: 

          𝜑(𝑧) = 𝑧 −
(1 − 𝜈)

(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)
𝑧𝔫 ,          (𝔫 ≥ 2).                  (15) 

4. Growth Theorems  

Theorem 4.1 Let the function φ(z)  defined by (11) be in the class 𝜂 −
𝑇𝑆𝜈

∗(𝛽, 𝜇, 𝜎, 𝜏), then  
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|𝑧| +
(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧|2 ≥ | 𝜑(𝑧)|

≥ |𝑧| −
(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧|2.                            (16) 

with equality for  

    | 𝜑(𝑧)| = |𝑧| −
(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧|2,          (𝑧 = 𝑟−

+ ).                       (17) 

Proof: Let 𝜑(𝑧) ∈ 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏) By Theorem 3.1, and  

Ε(𝔫) = (𝔫(1 + 𝜂) − (𝜈 + 𝜂)) 𝐻(𝛽, 𝜇, 𝜎, 𝜏), 

we yield  

Ε(2) ∑ 𝜌𝔫 ≤

∞

𝔫=2

∑ 𝛦(𝔫)𝜌𝔫 ≤

∞

𝔫=2

(1 − 𝜈), 

that is  

∑ 𝜌𝔫 ≤

∞

𝔫=2

 
(1 − 𝜈)

𝛦(2)
  . 

Therefore  

| 𝜑(𝑧)| ≥ |𝑧| − ∑ 𝜌𝔫|𝑧𝔫| ≥ |𝑧| − |𝑧|2

∞

𝔫=2

∑ 𝜌𝔫

∞

𝔫=2

≥ |𝑧| −
(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧|2. 

Similarly, we gain 

| 𝜑(𝑧)| ≤ |𝑧| + |𝑧|2 ∑ 𝜌𝔫 

∞

𝔫=2

≤ |𝑧| +
(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧|2. 

Thus, outcome is sharp for 𝜑(𝑧)  

| 𝜑(𝑧)| = |𝑧| −
(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧|2,               (𝑧 = 𝑟−

+ ). 

 Theorem 4.2 Let the function φ(z)  given by (11) be in the class 𝜂 −
𝑇𝑆𝜈

∗(𝛽, 𝜇, 𝜎, 𝜏), then  

             1 +
(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧| ≤  | 𝜑′(𝑧)|

≥ 1 −
2(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧|  .                                     (18) 

with sharp for 𝜑(𝑧) 

             | 𝜑′(𝑧)| = 1 −
2(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧| ,           (𝑧 = 𝑟−

+ ).              (19) 

Proof: Let 𝜑(𝑧) ∈ 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏) By Theorem 3.1, and , 

Ε(𝔫) = (𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏), 

we have  

𝛦(2)

2
∑ 𝔫 𝜌𝔫 ≤ ∑

𝛦(𝔫)

𝔫

∞

𝔫=2
𝔫 𝜌𝔫 =

∞

𝔫=2

∑ 𝛦(𝔫)𝜌𝔫 ≤

∞

𝔫=2

(1 − 𝜈), 
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that is  

∑ 𝔫 𝜌𝔫 

∞

𝔫=2

≤
2(1 − 𝜈)

𝛦(2)
  . 

Therefore, 

| 𝜑′(𝑧)| ≥ 1 − ∑ 𝔫 𝜌𝔫

∞

𝔫=2

|𝑧𝔫−1| ≥ 1 − |𝑧| ∑ 𝔫 𝜌𝔫

∞

𝔫=2

≥ 1 −
2(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧|. 

Similarly, we gain 

| 𝜑′(𝑧)| ≤ 1 + |𝑧| ∑ 𝔫 𝜌𝔫

∞

𝔫=2

 ≤ 1 +
2(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧| . 

The outcome is sharp for 𝜑(𝑧) is 

| 𝜑′(𝑧)| = 1 −
2(1 − 𝜈)𝛤(𝜇 + 2𝜎)𝛤(𝛽 + 2𝜏)

(2 + 𝜂 − 𝜈)𝛤(𝛽)𝛤(𝜇)
|𝑧| ,                 (𝑧 = 𝑟−

+ ). 

5. Radii, of Convexity Starlikeness, and Close to Convexity  

In this section, radii of convexity starlikeness, and close to convexity for functions 

belonging to the class 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏) are obtained. 

Theorem 5.1 Let the function φ(z)  defined by (11) be in the class 𝜂 −
𝑇𝑆𝜈

∗(𝛽, 𝜇, 𝜎, 𝜏), then 

1. 𝜑(𝑧) is convex of order 𝛿(0 ≤ 𝛿 < 1) in |𝑧| < 𝑟1, where  

                    𝑟1

= inf𝔫≥2 {[
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

𝔫(𝔫 − 𝛿)(1 − 𝜈)
]

1
𝔫−1

}.                              (20) 

2. 𝜑(𝑧) is starlike of order 𝛿(0 ≤ 𝛿 < 1) in |𝑧| < 𝑟2, where 

                          𝑟2

= inf𝔫≥2 {[
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(𝔫 − 𝛿)(1 − 𝜈)
]

1
𝔫−1

}.                            (21) 

3. 𝜑(z) is closed to convex of order 𝛿(0 ≤ 𝛿 < 1) in |𝑧| < 𝑟3, where 

                          𝑟3

= inf𝔫≥2 {[
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

𝔫(1 − 𝜈)
]

1
𝔫−1

}.                                  (22) 

Proof.(1) It is enough to show that 

                                   |
𝑧𝜑 ′′(𝑧)

𝜑 ′(𝑧)
| ≤ 1 − 𝛿,     for |𝑧| < 𝑟1, and 𝛿(0 ≤ 𝛿 < 1), 

where 𝑟1 is given by (20) Indeed, we find from (11) that  

|
𝑧𝜑 ′′(𝑧)

𝜑 ′(𝑧)
| ≤   

∑ 𝔫(𝔫 − 1)𝜌𝔫|𝑧|𝔫−1∞
𝔫=2

1 − ∑ 𝔫 𝜌𝔫 |𝑧|𝔫−1∞
𝔫=2

  .  

Thus, we note that  
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|
𝑧𝜑 ′′(𝑧)

𝜑 ′(𝑧)
| ≤ 1 − 𝛿, 

which is equivalent to  

                                                ∑
𝔫(𝔫 − 𝛿)𝜌𝔫

1 − 𝛿
|𝑧|𝔫−1 ≤

∞

𝔫=2

 1  .                                     (23) 

However, considering Theorem 3.1 we have 

                      ∑
(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(1 − 𝜈)

∞

𝔫=2

𝜌𝔫   ≤ 1 .                          (24) 

Thus, 𝜑 is convex of order  𝑟1 𝛿(0 ≤ 𝛿 < 1) if  

𝔫(𝔫 − 𝛿)|𝑧|𝔫−1 ≤
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(1 − 𝜈)
 , 

that is, if  

                        |𝑧| ≤ [
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

𝔫(𝔫 − 𝛿)(1 − 𝜈)
]

1
𝔫−1

,          (𝔫 ≥ 2).  

(2) It is enough to show that 

|
𝑧𝜑 ′(𝑧)

𝜑(𝑧)
− 1| ≤ 1 − 𝛿,     for |𝑧| < 𝑟2, and 𝛿(0 ≤ 𝛿 < 1) , 

where 𝑟2 is given by (21). Indeed, we find from (11) that  

|
𝑧𝜑 ′(𝑧)

𝜑(𝑧)
− 1| ≤

∑ (𝔫 − 1)𝜌𝔫|𝑧|𝔫−1∞
𝔫=2

1 − ∑ 𝜌𝔫 |𝑧|𝔫−1∞
𝔫=2

. 

Thus, we note that  

|
𝑧𝜑 ′(𝑧)

𝜑(𝑧)
| ≤ 1 − 𝛿, 

which is equivalent to  

                                        ∑(𝔫 − 𝛿)𝜌𝔫|𝑧|𝔫−1

 ∞

𝔫=2

≤ 1 − 𝛿.                                          (25) 

But, in view of Theorem 3.1, we obtain it by (24).  

Thus, 𝜑 is starlike 𝑟2 if 

(𝔫 − 𝛿)|𝑧|𝔫−1 ≤
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(1 − 𝜈)
,  

that is, if  

                    |𝑧| ≤ [
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(𝔫 − 𝛿)(1 − 𝜈)
]

1
𝔫−1

,                (𝔫 ≥ 2).  

(3) It is enough to show that 

|𝜑 ′(𝑧) − 1| ≤ 1 − 𝛿,     for |𝑧| < 𝑟3, and 𝛿 (0 ≤ 𝛿 < 1). 

Where 𝑟3  is given by (21) Indeed, we find from (11) that  

|𝜑 ′(𝑧) − 1| = ∑ 𝔫 𝜌𝔫 |𝑧|𝔫−1

∞

𝔫=2

. 

Thus, note that  

|𝜑 ′(𝑧) − 1| ≤ 1 − 𝛿, 
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which is equivalent to  

                                       ∑ 𝔫 𝜌𝔫 |𝑧|𝔫−1

∞

𝔫=2

≤ 1 − 𝛿.                                                                (26) 

But, by Theorem 3.1, we given it by (24) 

                    ∑
(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(1 − 𝜈)

∞

𝔫=2

𝜌𝔫   ≤ 1 .                 

Therefore, 𝜑 is closed to convex of  𝑟3 if  

𝔫|𝑧|𝔫−1 ≤
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(1 − 𝜈)
,  

that is, if  

      |𝑧| ≤ [
(1 − 𝛿)(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(𝔫 − 𝛿)(1 − 𝜈)
]

1
𝔫−1

.                      (𝔫 ≥ 2).  

6.Extreme points 

Theorem 6.1 Let  

φ1(𝑧) = 𝑧, 

                       φ𝔫(𝑧) = 𝑧 −
(1 − 𝜈)

(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)
𝑧𝔫,                     (𝔫 ≥ 2). 

Then 𝜑(𝑧) ∈ 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏) if and only if it can be expressed in the following 

form:  

𝜑(𝑧) = ∑ 𝛾𝔫𝜑𝔫

∞

𝔫=1

, 

where 

𝛾𝔫 ≥ 0,           ∑ 𝛾𝔫 = 1.

∞

𝔫=1

       

Proof. Let 𝜑(𝑧) ∈ 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏), by Corollary 3.1, we have  

                              𝜌𝔫 ≤
(1 − 𝜈)

(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)
 ,                             (𝔫 ≥ 2).  

set 

                                         𝛾𝔫 =
(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)

(1 − 𝜈)
 𝜌𝔫 ,                   (𝔫 ≥ 2). 

𝛾1 = 1 − ∑ 𝛾𝔫.

∞

𝔫=2

 

Thus, we gain  

𝜑(𝑧) = ∑ 𝛾𝔫𝜑𝔫

∞

𝔫=1

(𝑧). 

Conversely, consider that  

𝜑(𝑧) = ∑ 𝛾𝔫𝜑𝔫

∞

𝔫=1

(𝑧), 
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= 𝑧 − ∑ 𝛾𝔫

∞

𝔫=2

(1 − 𝜈)

(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)
𝑧𝔫. 

Then ,form theorem 3.1, we yield  

∑ ([𝔫(𝜂 + 1) − (𝜈 + 𝜂)]𝐻(𝛽, 𝜇, 𝜎, 𝜏)
(1 − 𝜈)

(𝔫(𝜂 + 1) − (𝜈 + 𝜂))𝐻(𝛽, 𝜇, 𝜎, 𝜏)
𝛾𝔫)

∞

𝔫=2

 

= (1 − 𝜈) ∑ 𝛾𝔫 =

∞

𝔫=2

(1 − 𝜈)(1 − 𝛾1) ≤ 1 − 𝜈. 

Then, 𝜑(𝑧) ∈ 𝜂 − 𝑇𝑆𝜈
∗(𝛽, 𝜇, 𝜎, 𝜏). 

 

7. Conclusion: 

In this current investigation, a discussion is presented about the new complex oper-

ator in terms of generalization of koebe type function and Write function and its in-

clusion in a new geometric class that is uniformly starlike class. In addition to that, a 

study on the coefficient bounds, growth bound, distortion bound, radii of convexity, 

star-likeness, and close-to-convexity are also yielded. 
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