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ABSTRACT: We classify the necessary and sufficient conditions to obtain the near-horizon
geometry of extremal supersymmetric rotating black holes embedded in 11d supergravity
which are associated to rotating M2-branes. Such rotating black holes admit an AdSy near-
horizon geometry which is fibered by the transverse spacetime directions. In this paper we
allow for the most general fibration over AdSs with a flux configuration permitting rotating
M2-branes. Using G-structure techniques we rewrite the conditions for supersymmetry in
terms of differential equations on an eight-dimensional balanced space. The 9d compact
internal space is a U(1)-fibration over this 8d base. The geometry is constrained by a master
equation reminiscent of the one found in the non-rotating case. We give a Lagrangian from
which the equations of motion may be derived, and show how the asymptotically AdS,
electrically charged Kerr-Newman black hole in 4d N' = 2 supergravity is embedded in
the classification. In addition, we present the conditions for the near-horizon geometry of
rotating black strings in Type IIB by using dualities with the 11d setup.
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1 Introduction

The idea of extremization principles playing a fundamental role in physics has a long history
since the advent of the Lagrangian and the principle of least action. More recently extremal
problems have also been shown to play a role in both quantum field theory and supergravity.
On the field theory side a-maximization [1], F-maximization [2], c-extremization [3, 4] and
Z-extremization [5] have been successfully used to compute observables in SCFTs in 4, 3,
2 and 1 dimension(s) respectively. Via AdS/CFT it is natural to conjecture that there
are dual extremization principles on the gravity side. Indeed such geometric extremization
principles have been found for all of the field theory principles mentioned above. In [6, 7] a
geometric dual to a-maximization and F-maximization was given whilst in [8] an analogous
proposal for c-extremization and Z-extremization was given for certain classes of theories.
The classes of solutions tackled in [8] and in the later works [9-15] are AdS3 solutions in



Type IIB and AdSs solutions in 11d supergravity. Subclasses of these arise as the near-
horizon of static black strings and black holes embedded in the respective theories.!

For example, the near-horizon limit of a static asymptotically AdS, extremal black
hole in 4d gauged supergravity contains an AdSs factor, see the review [17] and references
therein. The staticity of the black hole requires that the transverse directions of the
geometry are not fibered over AdSy but merely form a warped product. If one further
restricts to magnetically charged black holes and uplifts the near-horizon solution to 11d
supergravity, one obtains a supersymmetric solution with an AdS, factor and electric four-
form charge. Solutions of this form were classified in [18, 19] and later extended in [20, 21]
to include additional magnetic flux. The geometries are a warped product of AdSs with a
nine-dimensional internal manifold which is locally a U(1) bundle over a conformally Kéhler
space. To construct these geometries one places M2-branes in an asymptotic geometry of
R x C'Y5 and wraps them on a curve inside the Calabi-Yau five-fold. The near-horizon of
this setup then gives rise to the AdSe geometry which in turn is seen to be the near-horizon
of a black hole.

In order to obtain an AdSs solution it was important that the 4d black hole was both
static and only magnetically charged. Adding rotation to the four-dimensional black hole
leads to the internal space being fibered over the AdSs in the near-horizon, which will clearly
persist in the uplift. Though not as obvious, if the 4d black hole has electric charges which
are identified as arising from gauged flavour symmetries, this will also lead to a fibered
AdSs in the 11d uplift. A gauge field in the truncation can have two sources, either it
comes from gauging an isometry of the compactification manifold, or from the expansion
of a p-form potential on (p — 1)-cycles of the compactification manifold. The former gauge
fields are dual to flavour symmetries whilst the latter are dual to baryonic symmetries. For
the flavour symmetries the uplift will lead to the isometries being fibered over AdSs in the
11d solution. In summary, in order to incorporate more general black holes which rotate
and have electric charges, one must relax the product structure of the 11d solution and
allow for the internal manifold to be fibered over AdSs. In contrast, one of the essential
ingredients used in the works [18, 21], and more generally in AdS classifications, is that
the AdS factor is a direct product in the metric.

In this paper we will lay the groundwork for extending the geometric dual of Z-
extremization and c-extremization to theories arising from the near-horizon of rotating
black holes and black strings respectively. Concretely we will classify a large class of super-
symmetric solutions of 11d supergravity containing an internal manifold arbitrarily fibered
over AdS,. With such a general ansatz we cover the black holes considered in [22-26]. To
the best of our knowledge this is the first time in the literature this has been performed.?
We find that the 9d internal manifold is a U(1) fibration over an 8d space admitting a

!See also [16] for an extremization principle for N' = (0,4) AdSs solutions in Type IIB.

2There is the nice paper [27] where the embedding of static AdS4 black holes in 11d supergravity were
considered. In addition [28] considers the near-horizon geometries of 11d supergravity and prove using
Lichnerowicz type theorems that the horizons preserve an even number of supersymmetries. However,
they do not consider the specific type of geometries for the nine-dimensional transverse space which is the
motivation for this work.



balanced metric. The balanced metric satisfies a master equation which is the analogue of
the one found in the non-rotating case [18, 29], see also [20, 30-32] for further generaliza-
tions of these master equations. Through dualities we also classify a class of rotating black
string near-horizons in Type IIB.

The outline of this paper is as follows. In section 2 we study the necessary and
sufficient conditions for a supersymmetric solution with time fibered over the transverse
directions and consistent with preserving an SO(2,1) symmetry. In section 3 we give an
action from which the equations of motion found in section 2 may be derived. In particular
we show that when supersymmetry is imposed on the action it reduces to a simple form
which computes the entropy of the black hole/string. By way of exposition we show in
section 4 how the electrically charged AdS; Kerr-Newman black hole is embedded in the
classification. Section 5 discusses the conditions on the geometry of rotating black strings in
Type IIB by using dualities with the 11d geometry. We conclude in section 6. A discussion
on general black hole near-horizons and computing observables of the solutions is presented
in appendix A.

2 Setup

In this section we will explain the general procedure for obtaining the conditions for pre-
serving supersymmetry of near-horizon solutions of rotating black holes. In general the
conditions we find are necessary and sufficient conditions that must be satisfied by the
near-horizon of any rotating black hole in 11d supergravity arising from rotating M2-
branes. We will determine these conditions by using the results in [33] which classified all
11d supergravity backgrounds preserving supersymmetry and admitting a timelike Killing
vector. Using [33] we can reduce the 11d supersymmetry conditions into differential condi-
tions on a 10d base space. This base space must be non-compact and upon imposing the
natural condition that the 10d space is a cone we can reduce the conditions further to a
compact 9d base, Yy. This 9d base is a U(1) fibration over an 8d base, 5. In general the
8d base is not conformally Kéahler, which is true for the non-rotating AdSsy case studied
n [18], but instead is a conformally balanced space.

One of the guiding principles that we will use is to impose that the near-horizon solution
possesses an SO(2,1) symmetry dual to the conformal group in the 1d superconformal
quantum mechanical theory. Generally the ansatz that we will use when reducing the
supersymmetry conditions does not possess this full symmetry but only a subset of it.
However, from the point of view of imposing supersymmetry it is more convenient to work
with this more general setup and then further constrain the geometry to preserve the full
conformal group later. We will find that the additional constraints that we need to impose
for the existence of an SO(2,1) symmetry are specified by giving a constant vector with
entries corresponding to each of the Killing vectors of the metric. These constants are
related to the near-horizon angular velocities of the black hole along the Killing directions.

We begin this section by reviewing the conditions for a supersymmetric geometry in
11d supergravity to admit a timelike Killing vector following [33]. We discuss in detail the
ansatz we will use in performing the reduction and subsequently reduce the conditions to



an 8d base space. Up until this point we have not imposed the existence of an SO(2,1)
symmetry and in the final part of this section we discuss the additional constraints one
must impose for such a symmetry using the results in appendix A.

2.1 Timelike structures in 11d supergravity

In [33] the conditions for a solution of 11d supergravity to admit a timelike Killing spinor
were derived. Here we summarize the most important results for our purposes. The metric
takes the general form

ds? = —A%(dt +a)? + A Le*ds?, (2.1)

where A and e?? are functions defined on the 10d base. Note that we use a rescaling €2? of
the 10d metric compared to [33]. The 10d base admits a canonical SU(5) structure which
we denote by (j,w).> We normalize this structure such that

who= (-2 L. (2.2)

The exterior derivatives of the structure forms satisfy

1 1
dj = gw1- Im[w] + w3 + ez NG, (2.3)
1 52 1
dRe[w] = w1 A 51 +wa Aj— gWs A Re[w] . (2.4)

Here the w; are the torsion modules of the SU(5) structure: wy is a real (2,0)+(0, 2)-form,
wy a real primitive (3,1)4(1, 3)-form, ws a real primitive (2, 1)+(1,2)-form and w4 and ws
are real one-forms. The 11d four-form flux is decomposed into 10d fluxes as

Gy=(dt+a) A f3+ hy. (2.5)

Following the results of [33], imposing supersymmetry yields the following conditions
relating the fluxes to the structure forms

d(eZd)]) — f3 , (26)
2
d(AT32e5 Re[w]) = ®® %19 hy — e hy A j — &**da A % : (2.7)

Moreover it follows that the 11d flux takes the form
3 1
Gi = (dt +a) Ad(@*) — | 7 da®j + da® + da®?) + 3 dagl’”} Ae2?j
1 1
+ 56_% *10 d(A73/265? Re|w]) — 56_%) *10 {j A d(AT3/2e5¢ Re[w])} Ajo (28)
1 (2,2)

_ TGA_3/263¢ *10 ([w5 -+ 4’LU4 — 8d¢5] A\ RG[W]) + hO R

*In comparison to [33] one should identify (a,e??j,e®w,e®® Re[w])here < (W, 0, X)there-  In
particular this transforms the torsion modules as (e¢w1,e3¢w27e2¢w3,w4 + 8do,ws — 40dP)here >

(w17 w2, W3, Wy, w5)thcrc-



where da decomposes as da = da®j + da(()l’l) +da®9 +da©2) and h(()2’2) is the primitive
(2,2) part of hy and is unconstrained by supersymmetry. Additionally the torsion module
ws is fixed by supersymmetry to be

ws = —12dlog A + 40dé . (2.9)

For a supersymmetric solution to exist these conditions must be supplemented by the
Bianchi identity and Maxwell equation

dhy = —da A d(e*?), (2.10)
1
d(A73e %19 d(e??5)) = *?da A %10 by + gha Aha. (2.11)

The set of equations as given above are both necessary and sufficient for a solution to admit
a timelike Killing spinor.

Our main motivation is to obtain the near-horizon geometries of rotating M2-branes
wrapped on Riemann surfaces, which may give rise to the near-horizon of rotating black
holes. It is also possible to engineer black holes using M5-branes, see for example [26, 34-37]
however we will not consider this possibility in this work and restrict exclusively to solutions
without M5 branes. This implies that we must make some assumptions about the form of
the solution. It would be interesting in the future to relax these assumptions. To engineer
such solutions one should place the rotating M2-branes in an asymptotic geometry of the
form R; x C'Y5 and then wrap the M2-brane on a Riemann surface inside the Calabi-Yau
five-fold. Note that the rotation of the M2-brane leads to the non-trivial fibration of the 11d
spacetime, with the time direction fibered over the five-fold. Since the asymptotic geometry
is Calabi-Yau it is natural to expect that our 10d base space is complex, which requires
that w; = we = 0. This is indeed how the rotating M2-brane solution is embedded in the
classification of [33] however we have not been able to prove that restricting to just M2-
branes implies the complex condition. We will be satisfied with using the complex condition
as a well-motivated ansatz in the following though it would certainly be interesting to lift
this restriction. In addition to requiring the complex condition we also want to eliminate
the possibility of having flux sourcing M5-branes. For this reason we will remove any terms
appearing in the flux which are of Hodge type (4,0)+(0,4), since these would not come
from M2-branes wrapped on a Riemann surface.* From (2.8) and (2.9) we see that this
assumption implies wy = 3dlog A — 8d¢.

Under these assumptions the 10d torsion conditions are

d(62¢]) = f3 )
d(A™3e% 1) =0, (2.12)
d(AT32e52 ) = 0.

4Lifting this assumption would open up the possibility of studying the near-horizon of rotating asymp-
totically AdS7 black holes [34] arising from wrapping Mb5-branes on SLAG five-cycles in the Calabi-Yau
five-fold. This would give the 11d geometric setting for the computations performed in [26, 35-37].



The last unspecified torsion module is given by the primitive part of the three-form flux:
ws = e 2¢ f30. The 11d flux can now be succinctly written as

Gi = (dt + a) A d(e2) — %da(o)j 4 da®9 4+ 4q©02) 4 %dagl,l) A2 4 p3?
= —d[(dt + a) A e**j] + P (2.13)
where we define the shifted four-form flux
h(22) — hg + da A e2¢j ,

22) 1 j* 2 L),

The Bianchi identity (2.10) and Maxwell equation (2.11) can now be rewritten in terms of
B(22) a9

dh>?) =, (2.15)
1. .
d(A73e 5y d(e??5)) = §h(2’2) ARZ2) (2.16)
For future reference, we give a few useful identities containing h(%?2):
7 ; 7 1) J°
*10 B2 = B2 A j — 2 dal”) T 2% da(() DA TR (2.17)
joh2?) = 2620 dg) | (2.18)

Here da™V = da(®j + da(()l’l), i.e. we omit the (0,2) and (2,0) contributions.

2.2 Ansatz

To proceed we must now insert an ansatz for the 10d base space. It was shown in [33] that
the base is necessarily non-compact (the argument uses some smoothness conditions but
these should hold in the present setting), and so we impose that the base is conformally a
cone. The metric we take is

dsty = —A%(dt + a)? + A71e*?(dr? 4 r?dsj) . (2.19)

Next we need to specify how the scalar fields A, ¢, connection one-form a and fluxes scale
with respect to the radial coordinate. Ultimately we want to be able to recover a warped
AdS, factor and an r-independent 9d space. This fixes the scaling of A and ¢ to be

B+C e3B+C
A= e (2:20)

r r3

where we have introduced two new scalars B and C which are independent of the radial
coordinate. For general scalar C' this will not lead to a geometry admitting an SO(2,1)
isometry generating the conformal group in 1d. As discussed earlier one must impose



additional constraints. Rather than imposing them now it is more convenient to impose
them later and leave the scalar C' unconstrained for the moment.
The conical geometry naturally gives rise to an R-symmetry vector ¢ defined by

§=7-(roy). (2.21)

As can be easily checked by explicit computation the norm squared of the vector is 72.

On the link of the cone at » = 1 this translates to the existence of a unit-norm vector
generating a holomorphic foliation over an 8d base admitting an SU(4) structure inherited
from the parent SU(5) structure. We denote this 8d base by B. Introducing coordinates
for this vector

£E=0,, (2.22)

we can write the dual one-form as
n=dz+ P, (2.23)

where P is a one-form on B. We may now decompose the SU(5) structure (j,w) in terms
of the SU(4) structure, which we denote by (J,2), as

j=rnAdr4r2e 38708 1

. (2.24)
w = rte 6B-20/3 e?(dr —irn) A Q.

—3B=C/3 of the 8d base, and a phase along the z-direction. The

Here we include a scaling e
choice of scaling has been chosen so that the two form is balanced rather than conformally
balanced as will become clear in the following section. While the phase is required by
supersymmetry and implies that the holomorphic volume form has unit charge under the
vector €.

The scaling of the connection one-form appearing in the time-fibration is fixed to be
a=r(an+ A), (2.25)

where « and A denote an 8d scalar and one-form respectively. Note that we did not include
a term with a leg on dr in this decomposition because such a term could be absorbed by
redefinitions and coordinate changes for a near-horizon geometry. It will turn out that
imposing the SO(2, 1) symmetry will further constrain the one-form a and scalar C' however
we postpone this discussion to later. The field strength da is

da=adrAn+drhnA—rpAda+r(ady+dA). (2.26)

With these ansatze the 11d metric becomes

2
2 _ op|  oc(dt dr* 5 apcssgo
dsj; =e e " +an+A) + 2 +n°+e dsg| . (2.27)

We recover the non-rotating case by setting @ = 0, A =0 and >¢ = 1.5

5In comparison to [18] we identify Bhere <> Aghere, and comparing with [38] we identify Bhere >
_Bthcrc/g-



Finally we must fix the r-scaling of the flux. The scaling is fixed by regularity as r — 0
and preserving the SO(2, 1) symmetry which requires the radial dependence to only appear
in the one-forms

dt d
T oand L. (2.28)

r r

It follows that the 10d fluxes f3 and A2 decompose in terms of 8d fluxes as
d d
f3:r*17r/\77/\F1+7r/\F2+F3 : (2.29)
2 — e 9, (H®Y 4 HO2) 4y Ai(HZYD — g2 4 dr nAHD . (2.30)
r r

In principle one could include a piece of f3 with one leg on 1 and two legs on B, but we
omit it here because it will be put to zero by supersymmetry. Note that we keep track of
the Hodge type of the components of 722 where the holomorphic and anti-holomorphic
one-form associated with dr and n are given by e! = dr —irn and its conjugate respectively.

2.3 8d supersymmetry conditions

We can now derive the 8d conditions by reducing their 10d counterparts using the ansétze
presented in the previous section. Let us begin by reducing the SU(5) structure torsion
conditions to SU(4) structure conditions. From decomposing (2.12) we find

Fy = —de3BHC (2.31)
Fy=e3BtCdn — 2C8 (2.32)

F3 =d(e*/2 ), (2.33)

dJs? =0, (2.34)

dn A ‘5 — ¢ 3B-C/3 ’Z , (2.35)
de™3B=CB A gt =0, (2.36)
w0 —i(p+ Lec)na 2a)

Recall that € has unit charge under the vector 0, which is evident from (2.24). From these
equations we can deduce the SU(4) torsion modules W;. From (2.37) we immediately see
that the 8d base is complex: W7 = Wy = 0. Furthermore, from (2.34) we see that Wy = 0,
i.e. the base is balanced. Fixing the two-form to be balanced as opposed to conformally
balanced fixed the choice of scaling of the 8d base in (2.24). In particular the base is not
Kihler: the third torsion module is related to the primitive part of Fs as W5 = e2¢/3 F3.
However, for the Kerr-Newman electrically charged black hole that we consider in section 4
this part of the flux vanishes, and the 8d base is therefore Kahler. From (2.37) we find
Ws=—-4J - P — %dC’ and this fixes the Ricci-form of the base in terms of the connection P



and the scalar C' as we show below. Before proceeding it is useful to rewrite the three-form
flux f3 as

d ~ - .
fz=r"1 {T ANF— dF] , where F = —e?93]4d(e?B) (2.38)
T
which puts it into a form more reminiscent of the non-rotating case [18].
Let us turn our attention to the other identities following from (2.31)—(2.37). Firstly,
from (2.36) we find

Lee™3B=CSB =0, (2.39)

In fact, we will take ¢ to be a symmetry of each of the scalars B, C' individually, though
supersymmetry does not require this. This assumption is natural since we want £ to play
the role of the R-symmetry vector of the solution. Note that these conditions imply that it
is a Killing vector of the 10d space and by imposing L¢a = 0, it is in fact a Killing vector
for the full 11d metric. Taking the exterior derivative of (2.37) implies

dpAQ =0, (2.40)
hence dn is a (1, 1)-form on the base. Moreover from (2.35) we find that
Jadn = e 3B=C/3, (2.41)
Finally from (2.37) we can read off the Ricci form p on the 8d space to be
p=dn+ éddCC’. (2.42)

Note that the second term is exact since we require the scalar C' to be globally well-defined.

This in turn allows us to compute the Chern-Ricci scalar®

2
Re=2J.p=2e738-C _ 30C. (2.43)
The Chern-Ricci scalar is related to the more common 8d Ricci scalar via”
1 2
Rs = R¢o — §|dJ‘ . (2.44)

It is clear from the above relation that the two scalars coincide when the manifold is Kéhler.
So far we have only imposed supersymmetry and not the equations of motion. Inte-
grability of the Killing spinor equations implies that the Einstein equations are satisfied

SHere we find the d’Alembertian operator through the short computation:
J1dd°C = #(dd°C A *J) = xd (d°C AxJ) = xd * (d°C1J) = —xdxdC = -0C,

where we use that %dJ?’ =dx*xJ=0.
"Note that this is equivalent to the identity Rs = Rc — %|ch|2 that is also used in the literature.



so long as the Bianchi identity (2.15) and Maxwell equation (2.16) are imposed. Impos-
ing these gives us additional constraints on the geometry and fluxes. From reducing the
Bianchi identity we find

dH??) = —idn A (HZYD — g(1:2)) |

OHZY = g2 — ¢

Y

(2.45)
OHZY =12 = —% dnp A HOD |

dHMY = 0.

From this decomposition it is simple to show that the R-symmetry vector £ is not just a
symmetry of the metric, but also for the 10d flux 222 i.e.

Leh2? =0. (2.46)

In fact, we find that & is a symmetry for the full 11d flux G4 as well, since by using (2.26)
and that the scalar a has vanishing Lie-derivative along & one can show that

LeGy=0. (2.47)

This is then consistent with our interpretation of £ as being the Killing vector dual to the
R-symmetry of a putative dual field theory.
From the 10d Maxwell equation we find the set of equations

2
1
—d g de™3P7C 4 o723 dy A dy A % = 5H<22> ANH®Z2) (2.48)
1P Ay A s A7) = HED A (HED 4 HO) (2.49)
2
—dn A d<e—20/3 ;) = H®2D Ni(HZY — g2y (2.50)

2
—dd° <e—2C/3‘;> = HZD A HO) L oig@) A U2 (2.51)

It can be shown that the second and third equation are equivalent by acting with the
operator J- which acts by contracting the complex structure into each index of the form.
For a (p, ¢)-form this acts by multiplying the form by i?~9. By applying the 8d Hodge star
to (2.48), and by inserting (2.42) and (2.43), we can rewrite it as

2 1 2 2 1 2
— e20/3m(e—20/3 <Rc + 3DC>> +5 (Rc + 350) — Q‘p - goldcc

=20 g (H2D A H22) . (252)

This is the rotating version of the master equation [18, 29]. It reduces to the familiar
non-rotating master equation of [18] by setting ¢ = 1, H®2 = 0 and d.J = 0 (so that
Rc = Rg).

~10 -



One can be slightly more explicit with the form of the flux terms and determine them
up to primitive pieces. From (2.26) and by decomposing da in term of its Hodge type

we find
10 — §T71633+0/3 dA©) |
da®®) = 2! A (A —ida) + AR,
402 = 2" A (A 1 ida) + rdAC? (2.53)

4 1
dal"" = dr A (a g IO dA<0>> +r (a dy+ £ dAT + dAgL”)
1 1
+idfr/\(A—dcoz)—i-im/\(J‘A—da).
We can use these decompositions to reduce (2.18) which implies:

e 268 g = 24,
e 208 J H®Y =g + A0 (2.54)

e 203 JoHR?) — =3B-C gLl — 20q 411 4 20dy .

Therefore we may rewrite the fluxes as
gL — 1620/3&] + Hél’l)
2 )

H®Y = %620/32] A (ida+ ATO) + HPY

22 _ %J A (e3B=CBED 4 220/3( A0 4 adp))

1 _ 2,2
. §(2€2C/3dA(0) +e 3B+C/3a)J2 + Hé ),

(2.55)

where H(gp D denotes the primitive piece. In principle one could now substitute these ex-
pressions into the Bianchi identities and Maxwell equations however this is not particularly
enlightening and so we refrain from presenting them here. Note that the primitive pieces
are essential for satisfying the Bianchi identities.

2.4 Imposing the SO(2,1) isometry

So far our analysis has been for general scalars C, a and one-form A. However, in order
to construct the near-horizon of a black hole we need to impose that there is an SO(2,1)
isometry, which leads to constraints on these fields, see also [28] which proves that the
near-horizon of a black hole in M-theory necessarily has this symmetry. In appendix A we
have given the general metric for the near-horizon of a rotating black hole with a manifest
AdSs factor over which the internal manifold is fibered and seen the constraints that this
imposes on the geometry. In particular the fibration is governed by a vector of constants
k' associated to each Killing vector of the internal manifold fibered over AdS;. As we
reviewed in the appendix the necessity for these parameters to be constant arises in order

- 11 -



that there is an SO(2, 1) isometry. From the analysis of appendix A we find that the scalar
and one-form take the form®

a77+A = _kig(a@v ')7 e_QC =1+ ‘a77+A’gv (256)

where 0y, are the Killing vectors of the internal manifold and the metric g;; is the metric
on ds3, as defined in (2.19), restricted to the angular coordinates. Denoting by

i = g(adﬁz‘? ) ) (2'57)

the dual one-form of the Killing vector 0y, using the metric on ds3. Then the one-form a
is simply
a=r(an+ A) = —rk'n;. (2.58)

In the remainder of this section let us assume that the 8d base is Kéahler since this will
allow for more explicit expressions. In addition we will assume that the base is toric, with

the 9d space Yy admitting a U(1)® action with Killing vectors ds,.° We may write the one

form 7 as'®

n=2) wdd;, (2.59)

where the w; are the moment map coordinates of the cone restricted to Yg. Moreover the
Kaéhler two-form on the base may be expanded as

J =Y dx; Adg;, (2.60)

where z; are global functions on Yy since b1 (Yy) = 0 for a toric contact structure. Note that
8¢H J = —dxi . (2.61)

With this short (and very incomplete) review of toric geometry we may proceed with
writing the scalars and one-form in terms of the global functions of the toric geometry
defined above. It follows that

a=—k'dgan = —2k"w; . (2.62)
Next consider A, we find the simple result
A= —e3B=CBKigey, (2.63)
Finally we may evaluate (2.56) which implies

e~20 = 1+ (2kiw;)? + e~ 3BC/3|kideg, 2 (2.64)

$We use the math literature notation such that g(8y,, -) is a one-form.

9We need not require the full space to be toric for our arguments to hold, we merely do so for simplicity of
exposition. An interesting case to consider, which requires a minor generalization, is to consider a Riemann
surface embedded into Yy as Yy = O(ﬁ)zg Xy(1)s Yz with 7 a four-vector of constant twist parameters which
are the Chern numbers of the U(1) bundle over the Riemann surface [9].

1OWe follow the toric geometry notational conventions of [9].
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where | - |§ is the norm with respect to the Kéhler metric. In principle one could try to
solve this for the scalar C, however this is a sextic equation to solve. One could use (2.64)

3B=C/3 which appears ubiquitously in the geometry.

as defining the combination e~

Note that this last comment only applies when the gauge field A is non-zero. When
it vanishes and the fibration is only along the R-symmetry direction, it turns out that
C' is constant. To see this it is more insightful to use the parametrization employed in
appendix A where the z-coordinate is assigned its own constant k?, i.e. we do not use the
basis 0y, used previously in this section. In this basis the Killing vectors are the four U(1)
isometries of the base and the R-symmetry vector d,. It is then clear that for A to vanish
each of the four constants associated to the U(1)’s of the base must be zero. It follows

from (A.15) that « is precisely the constant —k?. Moreover e2¢ takes the constant value,
e 20 =14 (k*)2. (2.65)

The natural interpretation of this subcase is that of the near-horizon of a non-rotating
black hole equipped with an electric component for the graviphoton and possibly including
magnetic charges for each of the gauge fields in the 4d theory.

3 Action for the theory

One of the essential ingredients for performing the extremization in [8] was the existence
of an action which gave rise to the equations of motion of the theory. This action was
derived in [38] for the near-horizon geometry of static black holes and strings in M-theory
and Type IIB respectively. As a first step towards performing the extremization in the
rotating case we will construct the analogous rotating action. Thereafter we impose the
supersymmetry constraints on this action and show that it reduces to a simple and familiar
form. The action computes the entropy of these black holes.

3.1 Non-supersymmetric action

The simplest method for constructing an action for the 9d geometry is to reduce the 11d
action using our ansdtze. By construction the equations of motion of the resulting 9d
action will match the ones obtained in the section 2.3. We start from the action of eleven-

dimensional supergravity
1 1 1
511272/311*111—*94/\*1194—*C3/\g4/\g4- (3.1)
22, 2 6

Here Cs is the three-form potential and G4 = dCs is its field strength. Using the ansétze

ds?y = —A%(dt + a)* + A7 1e* ds?,

(3.2)
Gi=A7"e" A fs+ hy,
we reduce this action to 10d. The Bianchi identity dG4 = 0 implies that
dfs =0, dhgs+daAN f3=0. (3.3)
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We write these field strengths in terms of their potentials as

f3 =dcg, hy =des —daAcy. (3.4)
Now we can write G4 into the convenient form
Gy = —d[(dt +a) Aco] + A3 (3.5)
where we introduce the shifted four-form field strength
P2 = hy 4+ da A ey =des. (3.6)

Note that although we add a superscript to indicate that upon imposing supersymmetry
this field strength is a (2,2)-form, at the moment we have not imposed supersymmetry
yet so we have to treat (22 as a general four-form. The 11d potential C3 can now be
expressed in terms of the 10d potentials as

Cs3=—(dt+a)ANecy+cs. (3.7)
By using these ansitze and definitions, we find the 10d Lagrangian
Lo =AT3e3 (Ryg — 72(0,0)? — 18 V¢ — 12(9, log A)?
+7V2log A + 56 9,6 0" log A) %19 1
+ % €% da A %19 da + % A3 f3 A xig fz — % e?? B2 A w9 B2
+ €2 ey Ada A x19 h22) — % e?? ¢y Ada A #1g (ca Ada)

1 - . 1 - 1
+ 52 A h22) A p(22) 5 (¢2)? Ada A B2 4 6(cQ)?’ A (da)?. (3.8)

Next we want to consider the reduction of this Lagrangian to 9d, by using the cone ansatz
presented in (2.2). In addition, we want to split off the n-direction from the 8d space B
so that we end up with a 9d Lagrangian density of the form % = n A (...) where the

dots represent an expression in terms of fields defined on B. The relevant ansitze for this

reduction arel!

ds2y = dr? + 122 4 12 o—3B—C/3 ds?,

020 — =3 3B+C

)

A = r*l eB+C

da =7r(adn+dA)+drANA—rnpAda+adrAn, (3.9)
co=r'Co+r ' nACL+7r2Codr A,
f3:r_1F3—|—T_2d7“/\F2+T_177/\F2+7"_2dT/\77/\F17

p2Y = g2 L ptar A (HYD + HOD) pinpa (HEY — FO2) 4 p~Ldr Ag A HOD

"Note that we omitted the part of ¢ that has one leg on dr and one leg on B only. The reason for this
is that such a term can be absorbed in C3 by a gauge transformation.
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Performing this reduction is a lengthy but in principle straightforward calculation. We find
the 9d Lagrangian'?

9 7
Lo =nA KRS — 5(8MB)2 — 6(8MC)2 —~309,B0"C — 26330/3) xg 1
o %G3B+C/3 d’l’]/\ *8d77+ %6_334_50/3(12 xg 1+ %620/1/\ *g A
1
+ = e2%da A xgdor + 3 SPHTCB (avdn + dA) A ss(adn + dA)

1 1 2 2
e—(SB—QC'};11 A *SFl 4 5 6—3B_5C/3F2 A *8F2 + 5 6_3B_50/3F2 A *8F2

_l’_

+
NI RN RN RN~

e 1CI3 g A g Iy — %eBB-&-C HCD p g HC2) _ 96203 p (12

e 3BHCB L) Ay LD 4 3B+C ¢y A (adn+dA) A xg H (%2

+ §2C/3 (C1 A (adn+dA) — Cy Ada) A *S(H(Z’l) — H(1’2))
+ 2980y N AN xg(HPY 4+ HIY)
+e3BHOB (0 Cy + CL A A+ Cp (adn + dA)) A xgHY

1 1
-3 e3BHC Oy A (adn + dA) A xg(Co A (edn + dA)) — 3 e>Cl3Cy N AN #s(Co A A)

— %e%‘/ﬁ”(c1 A (adn +dA) — Oy Ada) A xs(C1 A (adn + dA) — Cz A da)

1
— B 6733+C/3 (a Co+Ci1NA+ C()(Oé d77+dA))/\*8 (Od Co+CiNA+Cy (a d77+dA))

_ Oy AHE2) A HOD Z2i0y A HED A HOD _ Loy g2 A g2
2

—Cy ANHPD A (H®D 4 g2y 4 % (Co)2 Ao HZ?

— % (Co)2 Ada A (H®D 4 HO2)) - %i(Cg)Q ANAN(HZD - g2
1

+3 (C2)? A (adn + dA) A HIY 4+ Cu Cy A (dny + dA) A HZ?

+Cy ANCLANANHPD £ Cy ACLA (adn+dA) A (HZD 4 H(12)

i

—(Co) ’ANCLANAN (adn +dA) 3(02)3/\a(ad77+dA)

1 1
— 5(02)3 NANda =2 Co (C2)? A (avdn + dA)?| . (3.10)
From this action one can derive the equation of motions that define the solutions discussed

in the previous section 2.3. Note that we have not imposed any supersymmetry in deriving
this action.

12YWe split off the r-coordinate as Lo = %o Ar~2dr. Splitting off dr on the left side would give an overall
minus sign.
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3.2 Supersymmetric action

Here we consider the restriction of the Lagrangian obtained above to off-shell supersym-
metric geometries. We say these 9d geometries are off-shell because we do not impose
the equations of motion such as (2.52), and supersymmetric since we do impose the su-
persymmetry constraints discussed in section 2. We will see that the Lagrangian (3.10)
becomes quite simple once supersymmetry has been imposed. The simplest method is to
impose supersymmetry in 10d and subsequently reduce to 9d, instead of starting from the
9d Lagrangian (3.10). We begin with the 10d non-supersymmetric Lagrangian

Lo = A3 (Ryg — 72(0,6)? — 18 V2 — 12(9, log A)?
+7V2log A + 56 9,6 9" log A) %19 1
+ %eﬁd’ da A *19da + % A3 f3s Ax19 fg — % 020 h(22) A *10 h(22) (3.11)
+ e ey Ada A %19 h22) — % e2? ¢y A da A #1g (c2 Ada)
+ % co AR A 22 % (c2)? Ada A RZ? + %(02)3 A (da)?.

Here we can readily plug in the susy conditions

co =27, fz =d(e*®j). (3.12)
Furthermore, we use the decompositions
da = da® j + da(()l’l) +da®Y + da®? | (3.13)
. . 1 22
RE2) = R 4 2 e dal® T 4 e dag A, (3.14)
to write out the Hodge stars
4 3 -3
J Ly J J
%10 da = da® o daé ) A ) + (da(z’o) + da(o’z)) A 37 (3.15)
0 J° wy , 42 2,0 0,2 j°
%10 (j A da) = 2da' >§—da0’ Nt (da®Y) + da(®2)) Ngps (3.16)
. ~ 3 2
10 h22) = L2 A j — €29 da® ‘;—' —2e% daél’l) A J2—' . (3.17)
By combining all these results, we find the 10d supersymmetric Lagrangian
ZRUY = A73e3 (Ryg — 80(8,¢)% — 12(9, log A)? + 62 9,6 0" log A
1 (3.18)
—~ V(18 ¢ — T log A)) 19 1 + 5 AT3839dj A wqody.
Here we also used that wy = jodj = 3dlog A — 8d¢.
We reduce this Lagrangian to 9d using the ansétze
ds?y = dr? +r?n? + 12 e 3B-C/3 ds?,
20 — =3 3BHC
(3.19)

A = 1eBTC

)

j:Tn/\dT+T26_3B_C/3J,
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and find (again using Z9 = % A r—2dr)
SUSY 3 1 2 _3B-C/3
Z =nA R8_§ O 3B+§C —1le xg 1 +2J Axgdn

+2e BB A T + % OBH2C/3 q(e73BCS ) A xg d(e 33 )

3.20
We simplify this expression using the supersymmetry conditions ( !
Jadn = e 3B=C/3
Wy=J1dJ =0, (3.21)
Re =2e7387C/ % oc,

as well as the relation between the Ricci and the Chern-Ricci scalar

Rc = Rg + % |dJ|*. (3.22)
This yields the surprisingly simple result
PSUSY . p o =3B=C/3 4

_ 77/\d77/\‘§. (3.23)

Note that this is the same expression for the 9d supersymmetric action as was obtained
in the non-rotating case in [8]. A subtle difference is that dn # p here, but rather p =
dn + %ddCC. However since the forms p and dn are in the same cohomology class this
distinction does not matter. Observe that

nAddCC’/\Jg:/ nA(d(dCCAJS>+dCCA‘U3):o, (3.24)
Yo 3! Yo 3! 3!

where the first term equality uses the fact that J,d.J and d°C are basic!® with respect to
the R-symmetry vector £, and the second equality follows since the first term is a total
derivative and the second vanishes because J is balanced. We conclude that we may replace
dn by p in expression (3.23) and therefore the integrals for computing the supersymmetric
action, and therefore the entropy

1
SpH = / FSUSY 3.25
T ve 0 (3:25)

in both the rotating and non-rotating cases are exactly the same.

Later in section 5 we will discuss how one can obtain near-horizon geometries of rotating
black strings in Type IIB from the 11d setup considered so far. In anticipation of this, let
us reduce the 9d action for geometries on the M-theory side to a 7d action for geometries

13A form f is basic with respect to £ if it satisfies both €18 = 0 and L¢3 = 0.
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on the Type IIB side. These 7d geometries can be obtained from the 9d geometries by
requiring that the 9d geometry admits a two-torus. By using the ansatz (5.2) we find the
supersymmetric Lagrangian for the 7d geometry to be

T

ZSUSY — o ndy A .

(3.26)

Let us point out that one can replace dn by p) in the 7d Lagrangian only when 7 is
constant. Namely, for a non-trivial axio-dilaton profile the term d@ appearing in (5.6) is
only locally exact, and therefore cannot be interpreted as a total derivative term as was the
case for the dd°C term. As studied in [15] it is more convenient to view these near-horizon
geometries from an 11d perspective rather than a 10d one. The central charge of the dual
2d SCFT is given by

- Ad /\J(ﬁ) 3.27
C_(igeg n/Adn ol (3.27)

4 Embedding of the AdS; Kerr-Newman black hole

Here we study the embedding of the supersymmetric limit of the AdS; Kerr-Newman
(KN) black hole solution found in [39] and further studied in [40, 41] into our classification
by using the uplift of minimal gauged supergravity on an arbitrary 7d Sasaki-Einstein
manifold. Note that we could have taken one out of the zoo of supersymmetric rotating
AdSy solutions, e.g. [34, 42—44]. We choose the KN solution since it is the simplest yet
contains all the necessary ingredients. Note that the Kerr-Newman black hole is one of
two classes of possible black holes [45], the other being the magnetic black holes. We have
checked that an example of the second class also fits into the classification however we will
not present the results here.'* In future work we will investigate how the 11d solution
differentiates between the two classes of solution in 4d.

4.1 Kerr-Newman solution

We begin by first considering the black hole in four dimensions before studying the full
eleven-dimensional solution. The four-dimensional black hole is given by

dsQZ—A’“(dt—’Ysm 9d¢) +W(dr d92>

w A Ag
Agsin? 6 2442 2
+esm<vdt— Ty d¢> , (4.1)
wW =
2m# sinh? § 29
A W;;/n@t ysin d¢> + gugedt (4.2)

where

7 =14 2msinh? 4,

A, =12+ 4% = 2mr + P2 (72 +47),

14We thank K. Hristov and S. Hosseini for discussions on this point.
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Ag=1—~%cos’0, (4.3)
=72 +~2cos? 0,

_/72'

m =

The solution is characterised by three constants (v,d,m) whilst the parameter agauge is
related to a pure gauge transformation and is therefore not a parameter of the solution.
The solution describes a non-extremal black hole provided that v? < 1 and m is bounded
from below. The exact value of the bound is not important for our purposes, but it is derived
in [46]. Without loss of generality we have m,d,y > 0. The black hole is characterized by
its energy F, electric charge ) and momentum J:

cosh 26, Q= m_ sinh 26 , J = mzz
G(4):

E—
G(4):.

m

= cosh 26 . 4.4
G9)=? -y
The Bekenstein-Hawking entropy of the black hole can be found by computing the area of
the outer horizon, resulting in

(i +7°)

S = —
G(4):

, (4.5)

r=r4

where r, denotes the largest positive root of A, = 0, and therefore describes the location of
the outer horizon. For arbitrary values of the parameters (v, d, m), the black hole is neither
extremal nor supersymmetric. The BPS limit is defined by first imposing supersymmetry
and then extremality. The supersymmetry is attained by imposing

2
e =14=. (4.6)
Y

The solution is now supersymmetric but not extremal, in fact it has timelike closed curves
and a naked singularity. To remedy this and obtain an extremal black hole we further
identify

m=y1+7)v2+7. (4.7)

There is now only a single parameter left in the theory, namely v. With these identifications
the function A, acquires a double root at

r*='y\/m(1+7—\/W) , (4.8)

with the other two roots becoming complex.

4.2 Near-horizon limit

We now want to take the near-horizon limit of the solution. It is convenient through
a change of coordinates to shift the double root location in A, to 0 and to rewrite the
function as

Ar=p2f(0), F(p) = (p+1" =1 )(p+1" =17, (4.9)

where
p=r—r". (4.10)
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Since we will need to evaluate the function f at the horizon often, we note that

fO)=1+~(6+7). (4.11)

In the metric, the change of the r to p coordinate results only in changes in the func-
tions (4.3), since the dr term is invariant. To simplify notation we will therefore shift the
functions such that an argument of 0 means we evaluate at the horizon. In particular we
now take

7(p) = p+r* + 2msinh?§, (4.12)

such that 7(0) is evaluating the function 7 at the horizon. Similarly W (0, 6) evaluates W
at the horizon; for notational convenience we denote the functions W(0,6) = W(6) and
f(0) = fo. Furthermore, in the BPS limit one can derive that #(0) = /7. To take the
near-horizon limit we perform the change of coordinates

t t
Io—>6p’ t_>7a ¢—>¢+I87a (413)
€ €

where (3 is a constant that we will determine shortly an then send € — 0. The near-horizon
limit is now obtained by taking € — 0 after making the above substitutions. The d§? term
will clearly be sent to W (6)/Ay, and we can ignore this term for time being. We find

- 92 2 2 - 92 2
A, <dt_’ysm 9d<;5> . p~fo <1_W> a2

W (r.0) = W) =
W(n 9) 2 W(G) dp2
dr® — —, 4.14
AT fO pQ ( )
Ay sin2 6 72 + ’y2 2 Ay sin? @ [dt ’F(€p)2 + ’)/2 v+ ’)’2 2
W(r0) <7dt - 5d¢> ~ W) L( - EB) - Ed¢]

In the last line we can expand 7(ep) ~ /7 + €pi'(0) + O(€?), resulting in a term which
diverges as e !, proportional to the constant

1
g (4.15)

—
—

1-—

The existence of this term is the reason we introduced the shift in the ¢ coordinate, and it
can be set to zero by fixing the constant 3 in the shift as

—
—
—

B

= . 4.16
1 _|_,7 ( )

Including this factor of S we can combine the results from above and write down the final
result for the near-horizon solution

0 dp?
Jfo P

W) .., sin?6A ('y + 72)2( 2,7 E )2
+ de* + - dop + —Y"—pdt] ,
Ao wo = )\ T TR’

(4.17)
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where, in order to make the AdSs factor manifest, we rescaled the time-coordinate

Y(1+7)
fo

Consider now the gauge field. Performing the same near-horizon limit and imposing the

t— t (4.18)

BPS limit, we find a divergent term in the gauge field, proportional to

dt
2 g =) (4.19)

This term is purely gauge and we can remove it without problem by making a suitable
choice for the gauge parameter. The resulting near-horizon vector field is

2 1 —W(o in%0
Ay = \/';f(e;rw(% f?/( )pol7f+7\ﬁ5S d¢>, (4.20)

where of course the time coordinate has been rescaled with the same factor (4.18) as in
the metric.

4.3 Uplift to 11d

Now that we have derived the near-horizon metric and gauge field of the AdS4 KN solution
in minimal supergravity we can consider the uplift to 11d supergravity. The uplift of the
metric and flux to eleven dimensions are given by

1 2
ds?, = ds? + (77 + 4A> +dsg,
5 , (4.21)
Gy = 2 dvol(AdSy) — - xa FAJ,

where F' = dA is the field strength of A, ds? is the near-horizon metric we just derived
in (4.17) and ds3 is the base of the Sasaki-Einstein manifold with = dz + ¢ dual to the
Reeb-vector 0,. The conventions are chosen such that dn = 2.J, where J is the Kéhler
form on ds2.

We now want to rewrite the metric and flux appearing in (4.21) in the form of our
classification as presented in section 2.3. To recover this form, we write the metric in (4.21)
such that it becomes a time-fibration over a base. It is also necessary to perform some
coordinate redefinitions

v(3+7)

2Jo (4.22)
d—d——=z.
Jo
After completing the straightforward but tedious rotations of the vielbeins and shifting the
coordinates, the metric we find is of the following form
2C fO

d 2
ds?, = 2B - %(dt +a)?+ %2 FP YO DS 4 A e Pasg) (4.23)
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We will now clarify the several notational conventions used in this metric. Firstly, we have
renamed the coordinate p to r, in order to conform with the conventions of the classification.
We have also introduced the function Y, D¢ and redefined 7 as

Y2 (3+7)? fo (1 —~%cos?f) sin? 6

YO = e o)
2=
. 2
n=dz+ 2fo_,, Jolysinf) D¢.

7B+ T E Y+ W)

Note that the coordinate shift we made in (4.22) was necessary to ensure that the metric
ends up with dz2, with its coefficient being exactly equal to one. The scalars ¢¢ and e®
are found to be

oC Y(1+7) cos@ (W(0) + 2v)
T Wovhwe (4.25)
B |W(9)
=\ T (4.26)

Recall that these scalars can also be used to compute A in (2.20). The last remaining
puzzle-piece in the metric is the fibration a, which is given by

_ 242%cos?f —~% — 1 v (34 7) tan?0 (42 cos? 6 — 1) fo
=V ((1+V) W) +27)" (1+7)E(W(0) +27)? ¢>

(4.27)

The fibration is of the expected form a = r(an + A), and this specification of a completes
the endeavour of writing the metric in the classification form. Now we can move on to
consider the flux; recall that in the classification we wrote it as

Gy =—d ((dt +a)A e2¢j) + h(22) ’

) (4.28)
(2 = de;y.

We have already found the fibration a in (4.27) and e?? is given in terms of the scalars e”

and e“, by making use of (2.20). The ten-dimensional complex structure form j can be
found from the vielbeins of the metric we found in (4.23). Our remaining tasks thus consists
of finding an expression for h(22) which in its turn is determined by the potential ¢5. The
only form we have thus not yet specified is the potential c3. After carefully rewriting the
flux we obtain from (4.21), the resulting potential is given by

VA (B +7) (3+7)(2y —W(9))
8E (2y+W(0)) v E cosb

c3 = (sin 0dO AnAD¢+ D¢ A d(Do)

'2 (4.29)
| Sin 0 (2y—W(0))

r foycosf

dr/\Dd)/\n) .

From the above expression we can immediately determine that all components of the flux
in (2.29) are turned on. Having obtained the potential, and thus its field strength, we have

- 29 —



completed our mission of embedding the AdS, black hole solution into the classification.
We have checked that the solution satisfies all the conditions of our classification, which is
a non-trivial check of the correctness of our results.

Another useful way to write the metric consists of explicitly showing the AdSs factor
we also obtained in (4.17), which will allow us to read off the values of the near-horizon
angular velocities, denoted by k’. These k' are needed to define the killing vectors, over
which we should integrate to find the angular momentum of the black hole. To obtain the
particular form of the metric, we undo the rotation of the vielbeins (or simply do not rotate
them in the first place). Instead of the time-fibration we then find a metric reminiscent of
the one written in (A.1)

d 2
ds? = 2B (—ertz + 2) + 9o d0? + ds%
r (4.30)

+ Y (A + MHP(0) o + KFrdt) (dY” + MY (0) o + EVrdt) ,

where the AdSs is now clearly visible. As before, dsg denotes the base of the Sasaki-Einstein
manifold and the one-form o is still defined on the Kéhler-Einstein space dsg such that
do = 2J. Apart from these already familiar notions we established several new notational
conventions; first of all we have introduced ~gg and M*#(0) as

W6
0= A ée) ) (4.31)
. 2fo
M = G1 (4.32)
6 _ 2=
TG (4.33)

Besides these coefficients we introduced indices p,v € {z, ¢}, along with a metric v, we
will specify below and, finally, defined dv as

Ay = (dz, dg). (4.34)

The metric (4.30) shows that only the ¢ and z coordinates are gauged over the AdSs
space. We could have expected this, since the original AdS4 black hole had rotation only
in the ¢ direction, and in (4.21) we have gauged the Reeb-vector with respect to the four-
dimensional gauge vector. The metric, v,,, we introduced for these two coordinates has
the following components

B 7? (1 + ) sin® 0 vy(1+~)N(0)
TR ) ( - 40w ) ’ 3
Y (1+7)sin?6 v (14~)N(9)
= o (" anw ) (430
3 2 sin?
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where, to alleviate the notational clutter, we have introduced the constant x and the
function N(0) as

o 1B+7)
2fo (4.38)
N(@) =1+~ —~%cos® —~ cos' .

Now that we have specified the v, in (4.30), the description of the metric is almost
complete. The last remaining unknowns are the constants k’ which specify the gauging
over the AdS,. We find

+_1_ _ 1—7

K=k _7ﬁ(3+7)‘ (4.39)
Note that the precise value of k% depends on how we scale the ¢ coordinate; the fact that
both k' are equal arises due to our conventions for the coordinates. Since the above &
are the only non-zero ones, it follows that the AdS4 black hole rotates only in the z and ¢
directions. We can now check the identifications (2.62) and (2.63). In order to do this we
need to compute the scalars w; and x; appearing in (2.59) and (2.60) for our solution. For
simplicity we use the basis of Killing vectors {z, ¢, 11, 12,13}, with the ¢; 23 the Killing
vectors of the 6d Kéhler-Einstein base of the Sasaki-Einstein space. In the following we
need only compute the scalars for z and ¢ since the solution only rotates in the z and ¢
directions. We find

533 4+ 4)(1 +4)V3(3 4 ycos? 0)'/3

LT = — 8= 2/3 ) Ty = 07
—J/0 (4.40)
v fosin? 6 1
Wy = w, = —.
¢ 7 25(3+ ycos2h) c2

It is then a simple matter of substituting these and the constants k' found in (4.39) to
see that both (2.62) and (2.63) are satisfied. Moreover using the results of section 3.2
and appendix A we can compute the entropy. With a little care in the definitions of the
periods it follows that the integral (3.25) is the same as (4.5) and therefore this serves
as another consistency check of our identification of the entropy and the supersymmetric
action in (3.25).

5 Black strings in type IIB

Having studied our 11d setup we now turn our attention to rotating black string solutions
in Type I1B supergravity. We take our 11d setup and require that the internal space admits
a two-torus, T2. The 8d balanced manifold then breaks up as a semidirect product of this
torus and a 6d manifold. Wherever 8d quantities split up in components on the torus
and the 6d manifold, we simply denote this with the subscripts (2) and (6). Under this
assumption of a torus in the internal space we can apply dualities to arrive in Type IIB,
where we find a classification of rotating black string solutions that can be interpreted as
rotating D3-branes wrapped on a Riemann surface.
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If we add a warp factor acting homogeneously on the torus, the balanced condition of
the 8d manifold implies that the 6d manifold is conformally balanced. For simplicity we
do not take into account such a warping which gives a balanced 6d manifold. As such we
take the metric ansatz

dt 2 dr?
ds?, =e?B { — e (r +an+ Ae) + A(2)> + T

1
2 43870/ (ds% + T—z(dx + mdy)? + ngy2>] , (5.1)

where 71 and 79 are scalars valued on the 6d base and the complex combination 7 = 7 +im
is a holomorphic function (97 = 0). In principle we can take the two U(1)’s of the two-
torus to be fibered over AdSs, i.e. in the language of appendix A we can introduce constants
k*, kY which are related to the angular momenta in these directions. However, introducing
these parameters leads to the system becoming unreasonably complicated'® once we arrive
in Type IIB, and therefore we shall just proceed with these parameters set to zero, which
in (5.1) implies that A;) = 0. In addition, we also assume that 7 has no dependence on
the T2. The final piece of the solution we need to specify is the dependence of the flux
on the torus: we take 7122 to have no legs along the torus directions.'® Note that this
is consistent with setting the rotation of the solution along the torus directions to zero,
through the condition (2.18). In addition to this, we assume that the scalars B,C are
independent of the torus coordinates, and are hence defined on the 6d base.

We now reduce the 8d conditions from section 2.3 with this assumption of a torus in
the internal space onto a set of conditions on the inherited 6d base space that has an SU(3)
structure. We decompose the two-form as

J = J(G) + J(Q) , J(Q) =dx Ady, (5.2)

which (using (2.34)) implies that J) is a balanced two-form: dJ(26) = 0. Furthermore
from (2.35) we find that

J?2 J3
(6) _ —3B—C/3 “(6)
dn A o1 =€ T (5.3)
which implies Jg)adn = e3B=C/3_ We write the holomorphic four-form as

1

15In Type IIB these extra parameters will lead to a further warping of the metric. In particular, the

dilaton will not be simply the dilaton one would get from the F-theory picture, i.e. 7'271‘ In addition, since
we must satisfy (2.18) it is clear that turning these on will lead to turning on additional fluxes other than
the self-dual five-form in Type IIB. It would be interesting to fully work out the details of this more general
case, but it deserves more than this small section in this paper and a full treatment of the most general
construction.

16The primitive piece of this part of flux (with legs on the torus) will give rise to a transgression term
like in [20, 47]. Again for our purposes such a term is an unnecessary complication, and so we set it to zero
here, although it is certainly interesting to consider.
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From (2.37) it now follows that

1
dQ) = i(P+ Fd°C - Q) A Q) (5.5)
3
where Q = —%dﬁ and we have used the holomorphicity of 7. This gives us the Ricci
form on the 6d space as
1

which is the generalization of equation (2.57) of [30] to the rotating case. The additional
term changes the expression for the Chern-Ricci scalar to

2 1
Rog) = 20728798 — “0sC + — |dr]*. 5.7
c(e) = 2€ 36 +2722|T| (5.7)
With our ansatz the 8d Bianchi identities (2.45) for the fluxes H®% remain the same
but should be understood as 6d conditions. The expansions of these fluxes as in (2.55)

require slight modifications in the numerical coefficients but are otherwise the same after
the replacement J — Jig). From reducing the Maxwell equations (2.48)—(2.51) we find

—d *g de 87 4 72 3dn A dy A Jig =0,
dn Ad(e™ ) =0,
dd(e 293 J4)) =0,

d g de_2c/3 — H(272) A H(Ll) + QiH(Q,l) A H(1’2) )

(5.8)

We can now proceed by reducing along the A-cycle (dz+71dy) of the torus to Type ITA
supergravity. Note that the Ricci form is independent of the T2-coordinates and therefore
so is the one-form 7. This leads to a standard reduction of 11d supergravity to massless
Type ITA. One finds that the metric in string frame is given by

dt 2 a2
st = 2203 (Tt A ) + T+ 0+ e A+ )

(5.9)
and is supplemented by
Abra/3 _ TiefoC/a, (5.10)
o = dey, (5.11)
3t =5 — e3B+C(C}f +an + A(G)) A (77 A % + e_3B_C/3J(6)) : (5.12)
BIA — 2€/3 (it + am + A(6)> Ady. (5.13)

Recall that we can decompose the 11d gauge potential as (3.7), where c3 is the potential
corresponding to h(2?), and ¢y = €2%j is fixed by supersymmetry.
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By performing a T-duality along the y-direction we land in Type IIB. The metric in
Einstein frame reads

o3B/2-C/6

2 2c (Al ? 20/3 2cy3 (A 2
dsiig = —e 7—1—0477—1—14(6) + e dy +e 7+an+A(6)

19 2,2, 3B-C/3 .2 }
+ (ar? + 72 (n? + e ds3))| - (5.14)

Here we have made explicit a cone in the geometry. It is useful to redefine the scalar B in
the form B = —B/3 4+ C/9 which puts the metric in the form

5 dt 2 dt 2
dstpg = e B/2 [ - eQC(T +oan + A(6)> +e26/3 (dy + %73 (r +an+ A(6)>>

+d77”2+ 2+e§720/3d2 5.15
72 n S6| - ( )

If we take C' = o = A(g) = 0, the first line gives precisely the metric for AdS3 written as a
U(1) fibration over AdSs. The effect of a non-trivial scalar C' and connection pieces a, Ag)
is to make the black string rotate. Note that this is precisely the form of the near-horizon
of the black string found in [25] uplifted to a 10d solution of Type IIB. The fluxes consist
of an axio-dilaton and five-form flux given by

CYIP e~ = 1y iy, (5.16)

FI® = (14 %10) d [C3 A (dy + 208 (dt Tomt A<6>)>

~ dt d B
_ o Bracys (r +m]+A(6)) A (UA 77" +eB—QC/3J(6)> /\dy} . (5.17)

Having given the metric and fluxes we now specify the supersymmetry conditions
that the geometry must satisfy. These can be derived from the 11d supergravity ones by
reducing them on the torus. Note that the cone appearing in the metric in (5.14) has
an SU(4) structure which is inherited from the SU(5) structure of our 11d solutions. We
denote the corresponding two-form by jg), and we can decompose it as

j) = Adr+r%eB72008 g (5.18)

where Jig) is the two-form that we found in the decomposition (5.2). This two-form cor-
responds to the balanced SU(3) structure of the 6d space. On this SU(3) structure, we
previously found the conditions:

dJi =0, (5.19)
1
dQ(G) = i<P + gdCC - Q) A 9(6) . (5.20)

The geometry must in addition satisfy the Bianchi identities and Maxwell equations that
we discussed earlier in this section subject to the potential c3 satisfying

j(g)_l des = 27‘7367§+4C/3da(1’1) . (5.21)
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The first of the Maxwell equations (5.8) is the master equation, which can be rewritten as

2 1
e2C/3 Ug <e20/3 (Rc(g) + §D6C T 52 ‘dTP))
2

1
3

2
— ;(Rc(ﬁ) + gDGC — 217_22 ‘dTP)
+2|pe) — 5dd°C +dQ|* = 0.
(5.22)
Note that the master equation is independent of the fluxes here. Further, notice that the
conditions reduce to those of [29] if one sets C' = a = A = c3 = 0.

The solutions in this classification may be interpreted as the near-horizon geometries of
rotating black strings. When one inserts a Riemann surface into the balanced 6d base it is
natural to interpret these as arising from the compactification of rotating D3-branes on the
Riemann surface. Moreover, this is not the most general setup that can be considered and
it would be interesting to further investigate extensions. A possible method for doing this
is to reduce the 11d setup studied here on a torus which is also fibered over the AdSs, as we
alluded to at the beginning of this section. This will necessarily lead to two free constants
in the Type IIB solution and also to more general fluxes. However, such solutions are far
more involved than the ones presented in this section.

6 Conclusions and future directions

In this paper we studied the geometry of supersymmetric solutions which may be inter-
preted as the near-horizon of rotating black holes and strings embedded in 11d supergravity
and Type IIB respectively. This generalizes the results of [18] and [29]. Due to the gen-
erality of our ansatz the black holes covered by our classification can include both electric
and magnetic flavour fluxes and angular momentum when viewed from 4d. Note that this
does not translate into magnetic fluxes in 11d but rather into fibrations of the manifold.!”
Similar statements apply for the 5d black strings in Type IIB that we considered.

One natural extension of our work is to consider a more general classification of the
black strings in Type IIB. In performing the duality chain we aimed for a simplified solution
consisting of only five-form flux and axio-dilaton. One could in fact include a complex three-
form flux in the setup. This may be achieved from 11d by allowing the flux components
of h(%2) to have legs along the torus directions. The minimal extension would be adding
in a transgression term of the form discussed in [20], however we expect that one can be
more general by also allowing for rotation along the T2-directions. A preliminary analysis
showed that this case is rather involved with all fluxes turned on and a non-holomorphic
axio-dilaton. For the sake of presentation we have given only the simpler case.

It would be interesting to formulate an extremization principle for these geometries
along the lines of [8]. This seems quite challenging though there are glimpses of hope. The
entropy of the black hole and string can be seen to be given by the same formula as in
the non-rotating case. In particular the actions presented in section 3.2 reduce to simple
integrals (3.25) and (3.27) which can easily be computed in the toric case. The difficulty

The role of baryonic symmetries is slightly more mysterious but we believe that these should also be
covered by our work.
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arises in evaluating the integrals which impose flux quantisation. One should be able to
compare with the field theory results in [24, 25] for rotating black holes and black strings.
We have preliminary results on this extremization problem and plan to present these in
the future.

Some alternative and intriguing avenues are to attempt to perform a similar analysis
for Euclidean black saddles [48], for other rotating black hole solutions and to include higher
derivative corrections [49-51]. There are many results with which one could compare for
black holes in other theories, for example [52-59]. It would also be desirable to understand
the connection with Sen’s entropy function [60-62] and whether one can perform a similar
classification for near extremal black holes [63-65].
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A Black hole near-horizons and observables

In this appendix we will study the general form of the near-horizon of a black hole. This
analysis serves two purposes. Firstly it will motivate the ansatz we take in section 2.2 for
the 11d supergravity solution, in particular the warping of the metric and the temporal
fibration. Despite this, in the main text we will use a more general ansatz to the one
motivated here purely for convenience of the notation. It is understood that one must
impose an additional constraint on the geometry in order for it to be the near-horizon of
a black hole as we will show later in this section.

The second purpose for this analysis is to determine how to evaluate the physical
observables for our solution. The parametrization of the metric which is most useful for
obtaining the conditions arising from supersymmetry is not the one that is most useful
for defining the observables such as the entropy and angular momentum of the black hole
where an explicit AdSs factor is used. The analysis of this section will allow us to translate
between the two view-points and compute observables easily from the form of the metric
obtained from supersymmetry.

A.1 General near-horizon metric

Following [66, 67] (see also [17] and references therein) consider a spacetime containing
a smooth degenerate Killing horizon, with future directed Killing field K. Let the cross
section of the Killing field be H and let the unique past-directed vector field be U. The
vector field U is tangent to the null geodesics orthogonal to the horizon cross section and
can be normalised so that K - U = 1. We will consider rotating black holes which imply
that the solution must admit at least one rotational U(1) symmetry, i.e. it is axisymmetric.
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™ ijsometry group which acts transitively on the

18

If, in addition, the spacetime has a U(1)
horizon the black hole near-horizon takes the form

dr? v
ds? =T(y) —r2dt2—|—T—Q+GMN(y)ddeyN—|—7W(y)(d¢“+k“rdt)(d¢ +kYrdt)| . (A1)

Here ¢ are periodic coordinates and k* are constants related to the near-horizon value of the
chemical potentials of the angular momentum of the black hole. The functions of the metric
all depend on the y coordinates and are independent of the ¢’s. We do not need to specify
the ranges of the indices M and p for the argument but let the range of p € {1,...,m}.!
Note that the first two entries of the metric are precisely the metric on AdSy with unit
radius. Moreover it is clear from this form that there is an SO(2,1) x U(1)™ isometry.?°

The metric in this form is useful for computing the observables of the black hole
however it is not as useful when trying to impose supersymmetry. Due to the gauging over
AdS, it is finicky to try to implement SUSY preservation in this form. It is known that
supersymmetry in 11d supergravity imposes that a metric admits either a timelike or null
Killing vector [33, 68]. Since the form of the metric we are considering above has a timelike
Killing vector we will focus on this case.?! It is then useful to rewrite the metric so that
the timelike Killing vector is manifest. This will lead to the time-direction being fibered
over the remaining directions. A small rearrangement puts the metric into the form

s )2 dr?
Y o - mn d ?’VLd n
1-—- r}/opko-kp + 7’2 + G (y) Y Y

kU’Yo,ukp’pr > L 1/:|
+ (fy,mu o Jagagt (A.2)

ds* =T'(y) [ — (1 — yrukTE™) <Tdt -

The metric now exhibits the timelike Killing vector in a simple form. It is then natural to

8We have made some trivial redefinitions to the form of the metric appearing in [67], in particular we
have changed coordinates on AdSs from Gaussian Null coordinates to Poincaré coordinates and extracted
an overall factor from each of the sub metrics.

19Note that n cannot be zero otherwise the black hole is not rotating and we fall into the class of solutions
given in [18].

20The SO(2,1) algebra of the metric in these coordinates is realised by the three Killing vectors

H=08;, D=td+r0,, K= +r2)0 —2trd, —2r 'k'dy ,

where the v; denote the U(1) symmetries of the internal manifold, see also [28]. Note that the generators
are twisted with respect to the U(1) symmetries of the internal manifold which are gauged over the AdS..
It is important that the twisting parameters, the k%’s are constant otherwise the SO(2,1) algebra is broken.
The Killing vectors satisfy the algebra

[H,D]=H, [K,D]=-K, [HK]=2D

which is precisely the algebra of the conformal group in 1d and commutes with the isometries of the internal
manifold.

210ne could also have attacked the problem using the null Killing vector of AdSs. The benefit of using
the timelike Killing vector is that it is transferable to the case of black strings in Type IIB and so we pursue
this choice here.

— 30 —



take as ansatz?2

at N\ dr?
ds? — 2B { _ e (r + A) + 7% + dsg] (A.3)

for the near-horizon, with A an r-independent one-form on the 9d base. In this rotated
form the AdSy factor is obscured, however as we mentioned previously this form is far
more amenable to imposing supersymmetry. However this ansatz does come with some
downsides. Firstly computing observables, such as the horizon area are not nearly as clear
as in the form given in the ansatz (A.1). Moreover it is not clear which solutions can be
identified with the near-horizon of a rotating black hole from the form in (A.3), in particular
the scalar C' is arbitrary in our ansatz whilst its analogue in (A.2) is constrained. We shall
study this constraint shortly however in the main text we shall refrain from imposing it for
as long as possible. We will see that we can proceed unabated in the classification without
needing to impose such a condition.

A.2 Constraints from the near-horizon

In this section we shall look at the additional constraints imposed on the metric ansatz
used in the main text which follow from it being the near-horizon of a black hole. We shall
compare our ansatz with the general form of the near-horizon given in the previous section,
rewriting the expressions in terms of quantities adapted to the metric in the form of the
classification. The classification implies that the metric takes the form

dt > dr?
ds? = e?P { —e2¢ (r +an+ A) + T% + Gon(y)dy™dy" + guderde” (A.4)

where we have written the metric with the same splitting as earlier. It is trivial to identify

ka'}/aykp')/pu
1 — YerkThe
(A.5)

B =1y, =1- |k:|3, —e_2ck“'yw,d¢” =an+A, Guw="Yw+

Note that we have defined |- |, to be the norm with respect to the metric +, similarly we
let |- |4 denote the norm with respect to g. Simple manipulations of these definitions gives

Gk = kR = e 2 e = (14 K2 (4.6)

Note that this implies we can constrain the scalar C' in terms of data of the fibration, in
particular

e =1+ ]an+ AJ. (A7)

Finally rewriting this in terms of the full metric of the classification we find the condition

e 20 = 14a% 4+ 2PHCP AP (A.8)

22We change the radial coordinate as r — r~! in order to write the transverse directions to the timelike
foliation as a cone in the main text.
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where the final norm is with respect to the metric on the balanced manifold. Let us further
analyse the condition on the fibration in the time-direction. We have

an+ A= —ktg,de”. (A.9)

Therefore in order to specify o and A we should specify 7, the metric g,, and a set of
constants k*. These constants k* are related to the near-horizon values of the chemical
potentials of the angular momentum of the black hole (when viewed from 11d). As a final
step let us rewrite the metric used in the arguments above so that the R-symmetry vector
is manifest. We want to identify

Grndy™dy" + g détde” = (dz + P)? +ePds. (A.10)

Clearly the G,,, part fits in trivially after extracting out the required warp factor. The
angular part can be written as

Gude!dd” = g..d2? + 2g,5dzde + gppdaFdz” (A.11)
= (dz + g.4d™)? + (gp0 — 92p920)dd'dp” (A.12)

where we have used that g,, = 1 and we should identify gzﬂdqb’l = P. Therefore we have
ds? = (dz + P)? + ePds} = (dz + P)? + Guundy™dy"™ + (gps — PuPy)d¢de” . (A.13)
Inserting the decomposition into the connection piece of the timelike fibration we have
kg, de” = k*dz + kg dz + klgupde” + kg pde? (A.14)
from which we find
—a(dz + P) — A = k'g,,d¢" = (k* + k" P,)(dz + P) + (gpp — PaPo)kPd¢” . (A.15)

Therefore given a vector of constants parametrising the rotation and the internal metric
one can construct an + A. In fact if one imposes that the internal manifold is toric one
may write the gauge field in a simple way as we have explained in section 2.4.

A.3 Observables

Let us now use the near-horizon solution to study what observables we can compute. The
three main observables are the entropy of the black hole, the angular momentum and its
electric/magnetic charges, all of which can be computed in the near-horizon. One may also
ask if it is possible to compute the electrostatic potential and angular velocity, however
these observables require some knowledge of the UV data since they are defined as

O = Onpg — Oco - (A.16)

In this section we will focus on rephrasing the computation of the entropy, electric charges
and angular momentum in terms of integrals over various cycles of the internal manifold.
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Entropy. First consider the entropy of the black hole. The entropy is given up to nor-
malization by the area of the horizon of the black hole. In order to compute the horizon
area one should write the metric so that a bona-fide AdSs factor appears in the metric and
the internal manifold is fibered over this. Clearly in order to compute the entropy in this
way the metric of use to us is the one given in (A.1) and not the one that naturally comes
out from supersymmetry. With this rewriting the horizon is manifest and the entropy is
given simply the surface area of the horizon which implies

1

R Al
SBH 4G2 ) ( 7)

where the Newton’s constant is that of a 2d theory admitting the AdS, near-horizon as
a vacuum solution. In order to compute the Newton’s constant (at leading order, we
will not make any comments about subleading corrections though these are certainly very
interesting) we should look at reducing the 11d Einstein-Hilbert term of 11d supergravity
on the AdS, background in (A.1). We have??

1 1 .
- Rdvol - Rodvol (N3 Jdet (G /det (v)dw A d
G11 Jw, Moo= gl v, 202 Yo ) \/ ( )\/ (v)dy A dg
1
= G72 RQdVOlQ s (A.18)

from which we identify

L y)%\/det(Q)y/det(v)dy A do
Go Gn
| 9 (A.19)
- I'(y)2dvolg .
G (y)2dvolg

Let us now translate this result into the notation of the metric arising from supersymmetry,
namely (A.2). We expect that the difference is precisely a warping of the volume form which
indeed turns out to be the case. To this end let us compute the volume of the internal
manifold. We distinguish between the two volume forms by writing dvolgygy for the volume
form in the form natural from supersymmetry. We have

dvolsysy = gq /d \/det 7/w i %wkka; ) dy Ade. (A.20)

We can expand the determinant second determinant. Using the fact that for an invertible

matrix A and vectors v, w one has

det(A +vw”) = det(A)(1 + wT A7), (A.21)
we have
kYo u kP
det | Vv E p>:dt ,,(1 k% gy kP V)
e (%t T kTR et(yu) {1+ 1= k" VoY K Vp
det(vuw)
= ——~ A.22
1 — YirkTk" (A.22)

#3To save cluttering the notation we let dy A d¢ denote A dy™ A A do*.
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It follows that

9
Ll
dvolsysy = LW)* Vdet(f)‘/det(” dy A dé (A.23)
L=9""Vur
and therefore 1
— = | T()?v1 -y k"k dvolsusy - (A.24)
Go Yo

Our proposal for computing the entropy is therefore

G — 1 / —3B-C/3 /\J4
B =an ¢ AT

, (A.25)

_ 1/ ndpn L
4Gy, T B

where we used (2.41) in the final equality. As discussed in section 3.2 this is precisely the

same formula as the entropy in the non-rotating case. One should view this section as a
proof that the quantity computed in section 3.2 really is the entropy of the black hole.

Electric charges. Next let us consider the quantization of the four-form flux which will
give rise to the electric charges of the theory. In the presence of a Chern-Simons term
there is more than one definition of a charge. One can consider the gauge-invariant but
non-conserved charge

1
= — G A.26
Q= Griy /27 s (4.26)
where we integrate over all compact seven-cycles of the geometry. Alternatively the Page
charge
1 1
= — Gy+ -Cs NG A.27
Q (27T€p)6 /27 <*11 4 + 2 3 4> ) ( )

is conserved by application of the Maxwell equation but is not gauge invariant due to the
bare potential appearing in the definition. In the following we will consider only the Page
charge since it defines a conserved charge. In order to be able to write this charge we
must be able to at least locally write the four-form flux in terms of a potential three-form.
This is equivalent to the requirement that h(>2) as defined in (2.14) can be written (at least
locally) in terms of a potential. In fact, if we demand that it is exact, i.e. that the potential
is a globally defined three-form, it follows that there is no M5-brane charge. Substituting
our ansatz into the Page charge we find

2
Q= T 1£ E / n A e 23dn A ‘% - %(0(2) AH®? 4 B Ade®
mp)° Jy;
1 e20/3 1 A (0(3) Ada — C® A (adn + dA)))] , (A.28)

where we have introduced the potentials
HOY = qc® |
i(H?Y — g2y = 40@ (A.29)
H®2 =dc® =dparc®.
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Angular momentum. We now want to find a similar formulation for computing the
angular momentum of the black hole. To such an end we may use the results of [27],
(see also [69] for the analogous computation for 5d black rings), which gives the formula
for computing the Komar integral for the Noether current of a Killing vector, £ in 11d
supergravity. By an abuse of notation we will also call the dual one-form £. The angular
momentum is then given by

_ 1
Ssusy

1
Jg /Y [*11 dé + (f . Cg) A *11G4q + §(€ . Cg) ANC3 NGy (A.30)
9
where the three-form potential Cs should be chosen so that it has vanishing Lie derivative
along the given isometry. Since this formula is dependent on the choice of Killing vector
we will refrain from writing this more explicitly and just include it for completeness.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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