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M. lyauk, kaHa. ¢pi3.-MaT. HAYK
Ymancokuti oeporcasruti nedazoiunuil yHigepcumem

JTOCJILKEHHSI HATIPYKEHO-IE®OPMOBAHOI'O CTAHY BLJIS
KYTOBOI TOUKH MEXKI HOALTY MATEPIAJIIB, 3 SIKOI
BUXOJINUTHh MI'KD®A3HA TPIIIIUHA

Pe3tome. B ymoeax nnockoi Oegopmayii 3a Oonomocor nepemgopenns Mennina 6uKoHaHo
PO3PAXYHOK NONIG HAnpyoiceHv | nepemiujens Ol epuiunu NIBHECKIHYEHHOI MidchasHoi mpiwuny, sKa
8UXO0UMb 3 KYMOGOI MOUKU JAMAHOI Medci noodiny 080X pizHux mamepianie. [Jocnioxceno eniug Kyma 3namy i
NPYJICHUX Napamempie 3'€OHanux mamepianié HA NOKAZHUK CUHSYIAPHOCMI @ OKONi GepuiuHu. 3HAUOeHo
Koeghiyienmu iHmeHcusHoOCmi HanpyjiceHv Ol GepULUHY MPIWUHU NpU HABAHMAdXCeHHI ii bepecie 3a0anum
HAnpYoCEeHHAM.

Knwuosi cnoea: misxcgasna mpiwyuna, Kymosa mouka medci nooiny mamepianie, koeghiyienm
IHMeHCUBHOCMI HANPYIICEHD.

M. Dudyk

INVESTIGATION OF THE STRESS-STRAIN STATE NEAR THE
CORNER POINT OF INTERFACE, FROM WHICH THE
INTERFACIAL CRACK IS INITIATED

Summary. Under the plane strain we consider the problem of the stress-strain state of piece-
homogeneous body at the semi-infinite interfacial crack tip threshold, initiated from the angular point of the
broken interface of two different isotropic elastic media. Part of the crack lips is loaded by given tangential and
tensile normal stresses. The ideal joint is expected to be on the interface. Having applied the Mellin integral
transformation to equations of equilibrium, condition of compatibility of strains, the Hooke’s law and boundary
conditions, we reduce the formulated static boundary problem of the elastic theory to the system of algebraic
equations, which determines the transforms of stresses and displacement at the crack tip threshold. By inverse
Mellin transformation of the found transforms we deduce the formulas for the asymptotic field of stresses and
displacements at the crack tip threshold as an expansion in terms of value of distance to the tip. These powers
are the roots of some transcendent algebraic equation, obtained during the solution of the problem. The
numerical analysis of roots of this characteristic equation of the problem for some elastic parameters of the
joined materials and the interfacial angles shows the presence of values with negative real part among them,
which causes the stress concentration at approaching to the crack tip. It is discovered that the singular
behaviour of stresses at the crack tip threshold differs from the root. Physically incorrect spatial oscillations
caused by the presence of imaginary part in the index of singularity superimpose on the power singularity of
stresses in some interval of interfacial angles depended on the elastic parameters of the joined materials. It is
supposed that the formation of area of contact of crack lips corresponds to this situation. The expression for the
crack opening at the tip threshold was found and the possible contact zone sizes were estimated. On the basis of
this expression the condition of correctness of the found problem solution was formulated.

By comparing the obtained expansion of stresses with the solution of analogical canonical problem
the similar formulas for the coefficients of intensity were deduced. The necessity of introduction of the two
coefficients of intensity due to the absence of symmetry in the structure of piece-homogeneous body with the
broken interface was substantiated. The obtained formulas were applied in the particular cases of the constant
stresses action on the part of the crack lips or the concentrated forces. The obtained results can be used for the
estimation of the fracture toughness of piece-homogeneous body with an interfacial crack for the calculations of
the pre-fracture zone at the crack tip threshold in particular.

Key words: interface crack, corner point of the interface, stress intensity factor.

Beryn. Po3Butox TpimuHONOMIOHNX Ae(eKTiB M0 MeXi NOUTYy pi3HUX MaTepiaiiB €
OJIHIEIO 3 HAUTIOMUPEHIIMUX MPUYAH PYHHYBAHHS KOMITO3UTIB, 3BapHUX 1 KJICEHHUX 3'€THAHbD,
TipChKUX MOPiA TOLIO. YBara mepeBakHOi OUIBIIOCTI JOCHITHUKIB MPUALISIIACS TPilIUHAM,
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MEXAHIKA TA MATEPIAJIO3HABCTBO

PO3TAIIOBaHUM Ha IUIOCKIH MeXi MOJiTy, TOJl SK Opakye po3B’s3KiB 3ajad Mpo Mix(pazHy
TPIIIHHY, III0 BUXOJUTH 3 KYTOBOI TOYKH JJAMaHOT MeXIi MOJIUTy cepeoBHI. 30KkpeMa, B [1] B
yMOBaxX IUIOCKOI Jedopmariii 3 BHUKOPUCTaHHSM MeToay MycxenmimBull  OTpUMaHO
XapaKTepPUCTHYHI PIBHSHHS /ISl BU3HAYCHHS [TOKA3HUKIB CHHTYIISIPHOCTI HApy>XeHb B OKOJI
BEpIIMHHU KyTa JJIs Pi3HUX TPAaHUYHUX YMOB Ha Oeperax TpimuHu. B pobotax [2,3] po3BuHeHi
YHCIIOBI METO/IM PO3PaxyHKY IMOKA3HHUKIB CHHTYJISIPHOCTI Y TOYIIl 3'€THAHHS KUIBKOX KIIHHIB,
SIK1 MOXYTh OyTH IPUCTOCOBaHi 710 GiMaTepiajbHOI IJIOMIMHY 3 JJAMAHOIO MEKEIO MOJILTY, 1110
MicTUTh  Mik(pa3Hy TpimuHy. Po3paxyHky HampyxeHO-Ie)OpMOBAHOTO CTaHy B
MyJbTUMAaTEPiaIbHUX KIMHOBUX CHCTEMaX 1 KyCKOBO-OJHOPITHHUX TiJIaX 3 HETJIQJKOI0 MEXKEI0
TTOJTUTY TIPUCBSTYCHI TUCepTaIliiHI JOCiKeHHs [4,5].

MeTtoro pobdoTH € 3HAXO/KEHHS TOJIiB HAPYKEHb 1 IepeMillleHb B OKOJIi BEpIINHU
KyTa JIaMaHOI MeXi MOJUTy TBOX NPY)KHHUX CEPEIOBHIN, 3 SKOI BUXOJWTH ITiBHECKIHUCHHA
Mixkda3Ha TpillMHA, BU3HAUEHHS KoedillieHTa IHTEHCHBHOCTI HamNpy>XeHb NpH MAil Ha il
Oeperax 3aJaHUX HOPMAJIBHOTO BIJIPUBHOTO Ta JOTHYHOTO HANPYXXEHb 1 JOCIIIKECHHS
3aJIeKHOCTI MapaMeTpiB HaIpPyKeHO-7e(OPMOBAHOIO CTaHy BiJ] XapaKTEPUCTUK 3’ €THAHUX
TiJ.

ITocTanoBka 3agaui. B ymoBax miockoi nedopmartii po3risaaeTbes 3aaada Mpo
HanpyXXeHo-1e(pOPMOBAaHUN CTaH KyCKOBO-OJHOPITHOTO Tija, IMO CKJIAAAEThCS 3 JBOX
JTiHIKRHO-TIPYXKHUX KJIUHIB 3 Mogyisamu OHra E;, E, i xoedinientamu [lyaccona vy, v,, ski
JIOHOBHIOIOTH OJIMH OJHOTO JI0 TIOBHOI IutomuHu. Ha amaniit MeXi moaiay 3 KyToM 37aMy o
y3I0BXK JiHIT € =0 Mae Micle igeayibHe 3'€THAHHSA, a Y3JIOBX IHIIOI ii YacTHHH
0 =—-aUr—a posramosana miBHecKiHYeHHa TpimuHa (puc.l), HaBaHTaXeHa 3aJAHUMM
JOTHYHHM 1 PO3TATYBAJIBHAM HOPMAJIbHUM HANPY>KCHHSMH. 3aBJIaHHS IIOJISITa€ y BU3HAUCHHI
KOoeiIieHTIB IHTEHCUBHOCTI HANpy>XeHb y BEpIIMHI TPIIIMHU, IO Nepeadadyae po3B'si3aHHS
CTaTHYHOI KPaoBO1 3a1a4i TeOpil MPYKHOCTI 3 TPAHUYHUMH YMOBAMU:

6=0: (05)=(t,6) =0, ) = Cutp) =0
O=-aU2r-a: oy=—0c(r), 7,,=7(r);
VO, r >w:0,r,0)0o1/r),r,,(r,0)0ol/r); (1)

< f > — cTpUOOK BETHYUHH | .

E.v
z(r) o) ! r
> > M0
<< < W 0
E5 v,

Pucynoxk 1. Po3paxyHkoBa cxema 3amadi

Figure 1. The calculation scheme of problem

IlobynoBa po3B's3ky 3amadi. 3acTOCyBaBIM JIO0 pIiBHSHb pPIiBHOBAard, yMOBH
cyMicHOCTI JnedopMmariii 1 3akoHy ['yKy iHTerpasibHe mepeTBopeHHs Memriaa [6]
o0
a ( p,H): I f (r,é’)rp dr , OTpUMaEMO HACTYIHI BHpa3d Uil TpaHC(POPMAHT HaANpPYyKEHb 1
0
MOXITHUX BiJl IEPEMIIlIECHb:
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ot' (p.0) = af (p)sin(p+1)0+ds (p)sin(p—1)0+d (p)cos(p+1)8+ak (p)cos(p-1)0,

£43 (p.0)=—[ a (p)(p + Dsos(p+ 10+ ()(p D cos(p~10 -

—ak (p)(p+1)sin(p+1)0 —d; (p)(p—1)sin(p - 1)d].

or | E(p-1)
~af (p)(p-x)sin(p+ 10— af (p)(p-Dsin(p-10 |,

k *
(%j =% o (p)(p- ;) cos(p+ 18+ d (p)(p 1) cos(p— 1) -

out Y 1 . |
( aurr j :_Ek:pvfl) [alk(p)(“"k)sm(P+1)49+a§(p)(p—l)sm(p—1)6?+

+al (p)(p+K)cos(p+D0+df (p)p-Deos(p-DO |, (@)

e af (p) (j=1,2,3,4) —HeBimomi (QyHKII, SKi BH3HAYAIOTHCS B XOJi pO3B’s3aHHS 3a/1adi

(k=1 gns mepmoro i k =2 [uis Ipyroro marepiaiy), k, =3—4v,.
[TincTapuBmm (2) B mepeTBOpeHi 3a MeuriHOM rpaHudHi ymoBH (1), mpuiiaemMo J1o
CUCTEMH JIHIHHHUX ajireOpaidHuX piBHSHB IS af (p), PO3B'SI30K SIKOT BHPAXKAETHCS Uepes

TpaHcOpMaHTH o (p) i 7 (p) 3aMaHKUX HA Geperax TPILMHY HAIPYKEHb:
o (p)=——[ (00" () + e (0D () . 3)
D(p)
D(p)=(1+x)"A +e*(+5,)* Ay —4(1—e)* A A, —2(1+ &) e(1+ K, As +
—4(1-e)(1+x))A sin? p27 —a) +4(1-e)e(l + &,)A, sin® per ,
A = p2 sin” & —sin? pa, A, = p2 sin® o —sin? pQRr-a),
£y 1+, |

A3:pzsinza+sinpasinp(2ﬂ—a)cos2pﬂ, e=—L :
E, 1+

alla = (p—l)[e2(1+1<2)2 sin pr -d, +2(1—e)2A1a’2 —(1+xy)e(l+x,)sin prr-dy +

+(1-e)1+x)A,; sin(2pr — pa+a)—0,5(1-e)e(1+x,) 1, },

al, =(p-D)| e’ (1+x,)" sin pr-ds =2(1- )’ (p~1)A S5 -
—(1+xpDe(l+x,)sin pr-dg +(1-e)(1+x7)A, cosQpr — pa+a)—0,51-e)e(1+x,) f5 ],
ay, =(1+x)* A sin2pr — pa+a)—0,25¢*(1+1,)* f —2(1—e* ) p+ DA, —
—(1+x)e(1+ Kz)(Alp2 +Bp+C)—(-e)1+x)Ad; =0,5(1-e)e(1+x,)g },
ay, =(1+K)* A, cosRprr — pa+ ) —0,25¢* (1+ K,)* g, +2(1— ) (p* —~1)A55 —
—(I+x))e(1+ 1(2)(/121172 +B,p+Cy)—(1-e)d+x)Adg —0,51—e)e(1+x,) g5 },
ay, =(p—1)[0,25e2(l+1<2)2f4 ~2(1-e)*(p+1DASs — (1 +x;)e(1+x,)sin pr -dy —
~(1=e)(1+K))A, cos(2pz — pa-+ @) +0,5(1-e)e(1+5,) /5 |,
al, = (p-D[-e*(1+ ;) sin pr-dyy ~2(1- )’ Ad, +
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+(1+x))e(l+x,)sin prr-dy +(1—e)(1+x))A, sinpr — pa+ o) —0,5(1-e)e(1+ x5) f4 },
dy, = (14K A cosRprr — pa+a)—0,25¢* (1+K,)* g, +2(1—e)*(p* —1)A, 55 —
—(I+xp)e(1+ Kz)(A2P2 =B, p+Cy)+(1—-e)(1+x)Ady, —0,5(1-e)e(1+k,)gs },
ay, =—(1+x,)* A, sinQR pz — pa +a) —0,25¢*(1+,)* £, +2(1—e)* (p—1D)Ad, +
+(1+x))e(1+K,) (A4 p° = B p+C) — (1= )1+ ) Ady; = 0.5(1— e)e(1+ ;) g ]
at =(p —1)[—0,25(1 + 1) Iy +2(1-e)* AyS, +(1+ & )e(1 + &) sin prr-d, +
+0,5(1—e)(1+ &) f3 + (1—e)e(1 + &) A, sin(p - Dar }
at = (p—1)[—0,25(1+ k)2 hy +2(1—e)*(p—1DA,S + (1+ & )e(l + &) sin prz - ds +
+0,5(1-e)(1+x7) fo —(1—e)e(1+ x,)A, cos(p —1)x },
a5, =—0.25(1+x,)* By, —2(1—e)* (p+1)A, 8, —e> (1+x,)* A, sin(p — e —
~(1+x)e(l+ 1, (Asp° + By p+C5) = 0,5(1—e)(1+ x) g7 — (1 - )e(1+ 1) Ay,
a5, =0,25(1+x,)* by —2(1—e)*(p* ~1)A,5 +e*(1+K,)* A, cos(p —ax —
~(1+x)e(1+1,)(Ayp* + B, p+Cy)—0.5(1—e)(1 + Kk1)gs +(1—e)e(l+x,)A,dys,
a = (p—l)[—0,25(1+1<1)2h5 +2(1—e)*(p +1) A8 + (14 &, )e(1+ &, ) sin pr - dj —
—0,5(1—e)(1+ ;) £y + (1—e)e(l + &) A, cos(p —Der }
a =(p —1)[—0,25(1 +x) 2 hs —2(1—e)* A8, —(1+ K))e(1+ &, ) sin pr-dyy —

—0,5(1-e)1+x)) f;; +(1-e)e(l+x,)A, sin(p-Da },
az, =0,25(1+x,)* by —2(1—e)* (P> —DA, S +e*(1+K,)* A, cos(p—1)or —
—(1+xp)e(l+ Kz)(A4P2 —B,p+Cy)—0.5(1-e)(1+x7)gy —(1-e)e(l+x,)Ardy 7,
a;, =—0,25(1+ &) hy +2(1—e)* (p— 1A, S, +e>(1+x,)> A, sin( p— 1o +
+(1+x)e(1+ 1, ) (A3 p” = Byp+C3) +0,5(1-e)(1+ 1) g1 — (1 - )e(l+ 1) Aydlyg;
d, = psinasin p(r —a)+sin p(2zx —a)sin(pr — ),
d, = psinacos p(2r —a)—cosasin p(2r — ),
dy = psinasin p(x —a)+sin pasin(pr + ),
dy = psinacos p(2r —a)+cosasin p2r—a),
ds = psinacos p(7 — o) —sin p(27 — o) cos(pr — ),
dg = psina cos p(r —a)+sin pacos(pr + ),
d; = psin(2prm — pa—a)+sin(2px — pa +a)+cosasin p(2x —a),
dg = pcos(2pr — pa—a)+cos(2prw — pa+a)—20s,
dy = psinacos p(7 — o) —sin pacos(pr + ),
dyy = psinasin p(r —a)—sin p(2x — a)sin( pr — ),
dy, = psinasin p(r —a)—sin pasin(pr + ),
dy, = pcos(2pr — pa—a)—cosacos p(2r —a)+36s,

di3 = psin(2pr — pa—a)—sinacos p(27r — o) —3cosasin p(27n — ),
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dy4 = psin(p+1)a+3cosasin pa —sina cos pa,
dy5 = pcos(p+1)a + 36 +cosacos pa,
dig = psinacos p(r —a)+sin p(2x —a)cos(pr — ),
dy; = pcos(p+1)a—35; —cosa cos pa,
dig = psin(p +1)a—3cosasin pa +sin a cos pa;
1, =4d, sin® pa —(p+1)5,5; + 25,65,
fr =86, =4(p-1dssin® pa+2(p-1)5,5,
S =(p+Docos(p—Da+2(p-1)0ssin(p-Da—2(p+1)d,,
J1=2(p+1)05 +264 cos(p—1)a+ 5 sin(p —-1ex,
fs = 4(p+1)35sin’ por+2(p +1)58; + 555,
fo =—4d,sin® pa—(p—1)8;3 +28,5.
J7=2(p-1)dy—2(p+1)0,sin(p—Dax—(p—1)0, cos(p -«
fy =48, sin? pQ2z —a)+(p +1)55, +2d,5,.
o =4(p-D)&sin” p27 — ) +d, 5y —2(p—1)555),.
Sio=—4(p+1)og sin® pQQr —a)-2(p+ 150y, +d, 0,5,
fiy=46,sin’ pQr—a)—(p =156, ~2d,6:
g =(p+1)’6,5—4(p+1d, sin® pa+2(p-135,
g = 2(p2 —1)0s +(p+1)d; sin(p —Da —2(p—-1)d4 cos(p -,
g5 =4(p* ~1)3ssin’ pa—(p+1)5,5,+2(p—1)* 55,
g4 = 2(p2 -1)05 —2(p +1)0, cos(p—Da +(p—-1)d; sin(p -1,
g5 =4(p” ~D3ssin’ pa—=2(p+1)> 8,6, +(p 185,
gs =4(p—1d, sin® pa+2(p+ 1)6,04 +(p —1)25758 ,
2, = (p+1)° 858, = 2(p ~1)3,,d, +4(p +1)3; sin” pQ27 — ),
g =4(p” ~Dsin® pQz —a)Sy +(p+ DSy +2(p=1)" 556
g =4(p” ~Dsin® pQr ~ )5y~ (p =Dy =2 p+1)* 555,
g1 = 4(p =13, sin’ pQr —a)=(p=1)* 556, +2(p+ Dy
hy =205 =0y cos(2pr — pa+a)—20,,sin(2pr — pa + ),
hy =2(p—1)0g + 6y sin(2pr — pa + ax) — 20, cos(2 pr — pa + ),
hy =(p+1)dycos(2pr — pa+a)—2(p-1)0,,sin(2pr — pa+a)—2(p+1)o;,
hy = (p+1)8ysin(2 pz — pac+ ) +2(p—1)8,, cos2 pr — pa +a) +2( p* —1)6,
hs =2(p +1)0g + 6y, sin(2prr — pa+ a) — 26, cos(2 pr — pa + @),
he = =204 + 01, cos(2pr — pa + o) + 26, sin(2 pr — pa + ),
hy = 2(p2 —1)0 +(p—1)6y, sin(2pr — pa+a) +2(p +1)0,, cos(2 prr — pa + ),

hy =2(p—-1)64 —(p—1)01, cos(2prm — pa+a)+2(p+1)d,,sin2pr — pa+a);
0, =psin2a—-sin2p(2n - ),

0, = psin2 o —sin’ pQr —a),
05 = psina cos pa +cosasin pa,

04 = psinacos pa —cosasin pa,
05 =sinasin p(27 — ),

O = psin2 o +sin’ pQr —a),
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0, = psin2a+sin2p(2r - ), 0g =sinasin pa,
0y = psin2a +sin2 pa, O = psin2 o —sin’ pa,
8,, = psin® a +sin’ pa, 0y, = psin2a —sin2 pa;

A4, =sinafcos p(27w —a)—cos prcos(pr — pa+2a)],
B, =cos pr[2 sin’ prsin( pr — pa + ) +sin p(2x — o) cos(pr —a) —sin cos p(r — )] —
—sin(2pr — pa—a),
C| =sin pa[cos2 pr cosa —cos prcos(3pr —2pa+ )],
4, =sinacos prsin( pr — pa +2a) - o,
B, =cos pr[-2 sin’ prcos(pr — pa+a)+sin p(2x —a)sin( pr — o) +sin asin p(r — a)],
C, =sin pa[cos prsin3pr —2pa+a)—sinacos2pr],
A4, =sina[cos pa —cos prcos(pr — pa+2a)],
B; =cos pr[2 sin? prsin(prr — pa + ) —sin pa cos(pr + o) —sin ax cos p(r — )|+
+sin(p+1),
C; =sin p(27 — a)[cos prrcos(pr —2 pa + ) —cosacos2 pr],
A4, =sinafsin pa +cos prsin( prr — pa+2a)],
B, =cos pr[-2 sin’ prcos(prr — pa+ ) +sin pasin( prr+ o) +sinasin p(r — a)],
C, =sin p(2r —a)[sinacos2pr —cos prsin(pr —2pa+a)].

[TincranoBka (3) B (2) NMpHU3BOAMTH JIO BUPA3iB IS TpaHCPOPMAHT, SIKIi MAIOTh

CTPYKTYpYy
1

* ,0)=— ,0 o (p)+ ,0 ' s
00 =5 1o (000" ()4 £ (.05 ()
ne f.(p.0), f,(p,0) — perymsapHi npu Oyap-akux p ¢ynkuii. OpuriHanu HampyxeHb i
MOXITHUX MEePEMIIeHb M0 » OTPUMAEMO 3BOPOTHHUM MEPETBOPEHHSIM MertiHa

fm@=§ffﬁ@ﬁV%%u
Tl

—jo0

. . . * . *
MPUITYCKAIOUX BIJICYTHICTH MOJIIOCIB y TpaHchopMmaHT o (p) 1 7 (p), 3a JOIOMOTOIO
TEOPEMH IIPO JIMILIKHU 3HAUIEMO

fr.0)=Y Cr", “4)
ne A; — KOpeHi piBHSIHHS
D(-1-x)=0 (5)

y miBmiomuHi Rex > —1; C; — Bigomi ¢yHKIIT KyTiB €, ¢ 1 IpyKHUX HapaMeTpiB 3'eAHAHUX
MaTepiajiiB, SKi BiIMTOBITAIOTH MTPaBUM YacTHHAM (Gopmyt (2) micis mijacTaHoBKH B HUX (3) i3
saminoto D(p) — D'(p)=dD(p)/dp ta p ——1-/,. 30KkpeMa, Hanpy>KeHHs HA MEKi MOy
JOPIBHIOIOTh

o, (r,0) = S(—1)+ZS(—1 A", 1,(r,0) = T(—1)+ZT(—1—/1,.)M , (6)
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S = s [ e ()]0 D)+ e (p) vl (0] ()

[ (p+Dal, (p)+(p=Ddl,(p) | () +] (P+ D, (p) +(p=Ds.(P) |7 ()
(P=DD'(p) '

AHaJli3 HaNpy:KeHo-1e¢()OPMOBAHOI0 cTAHYy Oijisi BepmuHU TpimuHu. 3 (4), (6)
BUIUIMBAE, IO TIOBEJIHKA HANpPYKeHb OIS BEPIIMHH TPIIMHA HOCUTAME CHHTYJISIPHHMA
XapakTep, SKIO piBHSHHS (5) MaTUMe KopeHi y cMmy3i —1<Rex<0. YucnoBuil aHami3
piBHsiHHSA (5), BUKOHaHUU B [7], moka3aB, IO TaKUX KOpeHiB Moxke Oytu 2 abo 3 (puc.2),

amax

I'(p)=

MPUYOMY ICHYE IHTEpBaJl KYTIiB 3J1aMy (amin, ), JUISL SIKUX PIBHSHHS (5) Mae y cMmysi

o

—1<ReA<0 Ba KOMIUIGKCHO CIpPSDKEHI KOpEHi. 3HaueHHS ¢, n

min» Pmax W11 OKPEMHX

rapaMeTpiB IPYKHUX CEPEIOBUIN HaBeACHI y Ta0uIi 1.

Ta6auus 1
[HTepBain KyTiB 371aMy MeXi Oy CepPEeIOBHUII, SKMUM BiIOBITAIOTh KOMIUIEKCHI KOpeHi

piBrsHHS (6) y eMy3i —1<Red <0 (v, =v,=0,3)

E,/E, 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9

A ,° 61 70 75 79 82 84 86 88 89

min *

a.. ° 252 255 258 260 262 264 266 267 268

max >
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PucyHok 2. 3anexHicTb NOKa3HUKA CUHTYIAPHOCTI HAaNpy>KeHb 4, BiJ KyTa 31amy Mexi nomimy
cepedoBuil o and vy =V, =0,3 i E;/E, =0,1 (cyuinbHi ninii), £,/ E, = 0,25 (IyHKTUpHI JiHii),
E,/ E, =0,5 (WTpUX-MyHKTUPHI JiHiT)

Figure 2. Dependence of the stresses singularity value A, on the interfacial angles « for v; =v, =0,3
and E,/E, =0,1 (solid lines), £,/ E, = 0,25 (dashed lines), E; / E, =0,5 (dash-dot lines)

Y moBemiHII HANpyKeHb NMPU HAOJIMIKEHHI JIO BEPIIMHH TPIIIUHU TOJIOBHY POJIb
BiJlirpaBaTUMYTh JIOJAHKH, IO BiJIMOBIAIOTh HAWMEHIMM, OJHM3bKUM 3a BEJIHYHUHOIO

KopeHsM 4 1 A, (puc.2), ToMy Ioje HampyXeHb Oils BEpUIMHU IIOBHHHO BU3HAYATHCS

TBOMa KoedillieHTaMH IHTEHCHBHOCTI HampyxeHb. HeoOximHicTh BBeneHHs nBoX KIH €
TUIOBOIO JUIsI MXK(a3HOi TPIIIMHU 1 3yMOBIIEHA BIJICYTHICTIO cUMeETpii y OyZ0BI KycKOBO-
oJiHOpiznHOrO TiNa, uepe3 mo K, i K, He npus'szytorbes 10 I i Il Mmog HaBanTaxeHH: [8].
KoeimieHTH iHTEHCHBHOCTI 3HANWEMO 3 MTOPIBHSIHHS OTPUMAHUX BHIIE aCHMIITOTHK
(6) 0y-(r,0) 3 BiTOMHUM aCUMITOTHYHUM DPO3B’S3KOM KAHOHIYHOI 3ajaui Teopii Mpy>KHOCTI

PO TiBHECKIHUEHHY MiX(a3Hy TpPINIHHY, SKa BUXOJHUTH 3 KYTOBOI TOYKH JIaMaHOT MEXi
MOJILTY IBOX Pi3HUX MartepiaiiB [7], mo nae taki Bupazu s KIH:

K =Qr) "S(-1-4)/ F(4), K,=Qr) 2S8(-1-2)/F(%). (7
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_ 1 e+K
4A\ 27 (1+exk,)

v, =(1-e)(A+2)sin A2z —a)~[(1-e) A+(1+x)) Jsin(A+2)(27 - a),
W, =2Asin’ asin(A+2)(27 — &) +cos(A +2)a sin 24z —sin A (27 - ).
W3 =sin /10([/1 cos2Ax +2cos(A+2)acos(A+2)2xr — a)] ,
A=(1+x)t;—-0,5e(1+x,)t; —(1—e)(Asin(A+2) 27 —x) -1, +sin Lo - 1s) ,

F(A) [26, +e(1+ 1) ((A+ 2w, —w3) ]

n=(A+ 1)2 sin? o —sin® (A + Da, t, = Asinacos(A+1)(27 — &) —sin dacos 247,
ty =(A+2)sin A2z —a) - Asin(A+2)27 - a), t,=(A+2)sin’ @ —sin*(A+1)a,
ts = (A+2)sin(A +1)27 — a)sin(A + ) —sin(A +2)(27 — a)sin(A +2) e .

V BumanKy KOMIUIEKCHO CHPSDKEHHX KOpeHiB 4 =4, = A, +i4,,, mo0 3abe3neuntu
JificHUI XapakTep HampykeHb, BBejeMo komruiekcHuit KIH [9]:

K =K, +iK, =2Qrz) " S(-1= A, —id, )L™ | F(A. +i4,)),  (8)

ne L — nmeskwii XapaKTepHHH PO3MIp Y JOCHIKYBAaHOMY Tii. TakuM YHHOM, CHHTYJISIpHA
YaCTHHA HOPMAJILHOTO HATIPYXKEHHS Ha MeXi Mo/Iiry HaOyBae BUTIISLY

oy(r,0)= K| (2751’)’17 cos(A, In(r/ L) +y), 9)

ne y =arctg(K, / K;) — dha3oBuii KyT HaBaHTa)KCHHSL.
3rizHo 3 (9) Ha cTemeHeBY CHHIYJSIPDHICTh HAlpyKeHb 3 TIOKa3HUKOM A,

HaKJIaJIa€ThCsl OCIIIIFOI0YA OCOOMBICTD 3 «94aCTOTOO» MPOCTOPOBUX ocumsmin A, In(r/ L),

IO 3pOoCTae 3a Jorapu(GMiYHEM 3aKOHOM IPH HAOJMKEHHI JI0 BepiwHHA. HasBHICTH Takumx
OCHWJISILIIN 3yMOBIIIOE MOXIIUBICTh (PI3UYHO HEKOPEKTHOTO EPEKPHUTTSI OeperiB TPIlUHH, 110
pOOUTH HE3aJOBUIPHUM 3HAWJCHWIA pO3B'S30K TpPH KyTax 3JlaMy MeEXi TOJUTY, SKHM
BIJIIOBIJIAIOTh KOMILJIEKCHI KopeHi piBHsSHHs (5). Jlis iX ycyHeHHs B Teopil MikdazHHX
TPIIIHMH Ha IJIOCKIM MEXi MOy IPHITYCKAETHCS iICHYBaHHS KOHTAKTy OeperiB Oijis BEpIIUHU
[10,11]. IIpoTe mpu mepeBakaHHI y 30BHIIIHBOMY HAaBaHTA)KEHHI BIJJPUBHUX HOPMAJIbHUX
HaIPY>XEeHb PO3MipH 00J1acTi KOHTAKTY € JIOCHTHh MAJIAMH TOPIBHSHO 3 L 1 CIIBPO3MIpHUMH 3
HaWOIBINOI0 BiJCTAaHHIO 7, <L BiJ BEepIIMHHU, Ha sKiii BinOyBaeTbcs HEpPEeTHH Oeperis.
3Haii1eMo ITf0 BiJICTaHb y JOCITIDKYBAaHOMY BHITQJIKy TPIIIMHU HA JJaMaHIi MeXi IOy, a 3a
HEO OI[IHMMO XapaKTepHi po3MipH KOHTaKTHOI 30HU, IO JTO3BOJIUTH BCTAHOBUTH OOMEKEHHS
Ha HABaHTKEHHS, 32 AKHUX il PO3MIPH € MAJIMMHU 1 JOIMYCTHMO BUKOPHUCTAHHS OTPHMAHOTO
PO3B'SI3KY.

k *
. u
3acToCcyBaBIIM 3BOPOTHE MEPETBOPEHHS MetiHa 10 TpaHc(OpMaHT (a_gj npu
r

f=—-a 1 0=27r—«@ Ta BUKOHABIIU IHTETPYBaHHS MO r, BU3HAYAMO PO3KPHUTTS OeperiB
TPIIIAHNA:

. (10)
p=—1-%

ug(razﬂ_a)_ug(n_a)=1+v1 ZUg(p)G (P)+U(P)T (D) -p

4E, -pD'(p)
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Uy (p) =+ )| aly (p)cos2pz - pa—a) - di, (p)sinpr - par—a) | -
—e(l1+ Kz)[alzo, (p)cos(p+1a + a320, (p)sin(p + l)a} ,
U, (p)=4(1-)D(p)+(1+ )| al, (p)cos(2pr - pa - ) — d, (p)sin(2 pr - pa - ) |-
—e(l1+x,) [alzr (p)cos(p+1a + a32, (p)sin(p + l)a} .

OCKiTbKM MM TpHUMMAaEMO, IO PO3MipH KOHTAaKTHOI 30HM Habarato MeHIIe XapaKTepHOTO
po3mipy Tina L, oomexumocs y (10) ymmre mepmmMu ABOMa J0JaHKaMu 3 A, A, =4, Ta,
MPHUPIBHSABIIA X CyMy 0 HYJs, 3HAXOIUMO JUIsI PO3IIYKYBaHOI BiJICTaHI MaKCHMajbHE
3HAUEHHS
T=2 U o (p)+U T _
r. = Lexp 2|, p=arg| YLe'lP) (p), (P)7 (D) ;-p
22 pD (p) p=—1=2,-ik,

m

3BijicH BHIUINBAE, 1[0 HEXTYBAaHHS KOHTAKTHOIO 30HOIO (7, << L), sKe Ja€ MiJCcTaBU BBaKaTH

OTPUMaHU# BHUINE PO3B'S30K NMPUHHITHAM ]IS KOMIUIGKCHMX KOpEHIB piBHSHHA (5) mpu
h, <<r<<L, wMoxnuBe mpu 3a0e3leyUeHHI MNPUKIAJCHUM HABAHTAXKEHHSIM YMOBH
(r-2¢)/24, <-1.

YacTHHHI BUNIAJKH HABAHTAKeHHsI. 3aCTOCYEMO OTPUMaHI pe3yJIbTaTH JI0 JESKUX
OKpeMUX BUTIAJIKIB O30Ty HABAaHTAXXCHHS Ha Oeperax TpiluHy.

A. Hexait Ha Oeperax TpimWHU Ha BiApi3Ky b <r<a Ji€ cTajle pO3TATYBAIbHE
HOpMaJlbHE HalpykeHHs O,y(r)=-0,<0, a Ha BUIpi3Ky d<r<c¢ — crajge JOTHYHE

HaIpyKeHHs 7,,(7') = 7,,. Binnosinni TpancdopmanT MetiHa JOpiBHIOIOTh

O'* (p)=;;::01|:bp+l_ap+l:|a 2_* (p)=%|:dp+l_cp+l:|'

Ix migcTanoska B (7) i (8) mae Taki Bupasu juis KoeillieHTiB iHTEHCHBHOCTI HANPyXKeHb Oi/Is
BEPIIMHH TPIIIAHA:

~ (2r) "
" AD(-1-2)F ()

—ty [l (1= 2) vl (1= ) [ - ]} (i=1.2)

{O‘o [Cléa(—l—/li)+a}‘a(_l_,zl_)][b—ﬂ, _a—1,i|_

y BUNAJKY IiCHUX KOpeHiB 4, A, piBHAHHA (5) i

2027) r
AD'(=1=2)F(2)

TR SR

K, +iK, = (o[ d(-1-D)+dly (-1-2) ][5 —a ]

A=, +iky,
y BUIQJKy KOMIUIEKCHO CIPSDKEHHX KOpeHiB 4 =4, = A4, +i4,, .

b. Busnaunmo koedinieHTH iHTEHCUBHOCTI HApy>Ke€Hb y BEPLIMHI TPIIIMHUA MPH il
Ha 11 Oeperu Ha BIJICTaHSIX @ 1 ¢ 30CepeKeHHX CHi iHTeHcuBHOCTI P 1 Q BimnosigHo. J{is
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BOTO y TIONEpPEeHIX BHpa3axX 3IHCHAMO TpaHWYHI mepexoad b —a 1 d — ¢, BUMaraoun
cTajuxX 3Ha4eHb 3ycuiib P =oy(b—a) 1 O =7,(d —c) . B pe3ynpTari orpumMaeMo

. —2a)h
©D(-1-2)F(4)

~Te 4 al (<1- A+l (-1 - ;t,.)]} (i=1 2)

{Pa‘ﬂ“"1 [al, (-1-2)+dl, (-1-2)]-

y BUIAJIKY JIACHUX KOPEHIB piBHIHHS (5) 1

K, +ikK,

202z) " Pa_l_ﬂ(a -
L

ii}’l?

—idy,
_Qc (%) [agr(—1 —A)+d) (-1- ;t)]

A= tidy

y BHIAJIKy KOMILIEKCHO CIpsDKeHUX KopeHiB. [lpu « =7, ¢ =a, moknanawodu XxapakTepHui
po3mip L = a, IpUXOJUMO JI0 BiIOMOTO pe3ynbTaty [§]

e+K

o) 1/2 , 1
2

BucnoBkn. B ymoBax miockoi agedopmariii 3a JIOIOMOTOI iHTErpaibHOTO
nepeTBOpeHHs MelTiHa 3HaiIeHO PO3B'SI30K 3aj1adi Mpo HampyKeHo-I1e(GopMOBaHUN CTaH
KYCKOBO-OJJHOPITHOTO Tijla OiJi1 BEpIIMHH IMiBHECKIHUEHHOI MiX(a3HOi TpIIIUHH, IO
BHUXOJIUTh 3 KYyTOBOI TOUKH JIaMaHOI MEXI IOAUTY JBOX PIi3HUX MPYKHUX 130TPOITHUX
CEepeIOBUII, IPU HABAHTAXKCHHI OEperiB TPIIMHU JOBIIBHUM PO3IOJIIJICHUM HAIPYKECHHSIM.
BeprmwHa TpIilUHA BUSBISETHCS KOHIIEHTPATOPOM HAIPYXKEHB 31 CTEIIEHEBOO OCOOJIMBICTIO,
BIIMIHHOIO BiJ KOpPEHEBOi, Ha sKy B JESIKOMY IHTEpBajli KyTIB 3JlaMy, 3aJIe)KHOMY BiJ
MPYXKHUX TTapaMeTpiB 3'€IHAHUX MaTepialliB, HAKIAIAfOThCS MPOCTOpPOBi ocmmismii. Ha
OCHOBI BHpa3y JJIsi PO3KPUTTS TPIIIMHU 3/11HCHEHO OI[IHIOBAHHS PO3MipiB 001acTi KOHTAKTy
OeperiB Ta ¢(hOpPMYITHOBAHO YMOBY KOPEKTHOCTI 3HAMICHOTO PO3B'S3KY 3aJ1a4i.

BuBenieHo (Gopmyiau po3BHHEHb HANPYXEHb Oilsl BEPIIMHU TPIIIUHM Ta BHUpA3d IS
Koe(iIieHTIB 1HTEHCHBHOCTI, fKi 3aCTOCOBAHO Yy BHUNAJKaxX Jii Ha Oeperax TpIlIMHA
PO3MOJIIEHHX CTAMX HaNpyXKeHb abo 3ocepe/keHNX cui. OTpuMaHi pe3yibTaTd MOXKYTb
OyTH BHKOPHUCTaHI TIpH OI[IHIOBAaHHI TPIMIMHOCTIHKOCTI KYCKOBO-OJHOPIJHOTO Tijda 3
MiK(}a3HOIO TPIMHOIO, 30KpeMa TIpH po3paxyHKaxX 30H NepelpyiHyBaHHS B OKOJi ii
BepmuHu [7,12].

Conclusions. Under the plane strain by Mellin's integral transformation, we found
the solution of the problem about the stress-strain state of piece-homogeneous body at the
crack tip threshold of the semi-infinity interfacial crack initiated from the angular point of the
broken interface of two different elastic isotropic media at loading of the crack lips by the
arbitrary stress. The crack tip was found to be the concentrator of stress with the power
peculiarity, which is different from a root peculiarity. The spatial oscillations on this
peculiarity are imposed in some interval of interfacial angles that depend on the elastic
parameters of the joined materials. On the basis of the expression for the crack opening the
estimation of the lips contact zone sizes is carried out and the condition of correctness of the
found solution of the problem is formulated.

The formulas of the stress expansions at the crack tip threshold and expressions for the
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coefficients of intensity are deduced. These formulas were applied in the cases of action of the
constant stress on the part of the crack lips or the concentrated forces. The obtained results
can be used for the estimation of the fracture toughness of piece-homogeneous body with an
interfacial crack, for the calculations of the pre-fracture zone at the crack tip threshold in
particular [7,12].
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