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PAKTOPH, 1O BINIMBAIOTH HA HIBUJAKICTD IIOBEPTAHHSA
HEPULEHTPA IIVIAHET

Pestome. Bepyuu 0o ysacu GIOMIHHOCMI PelsMUBICIMCLKO20 QOPMYNIOSAHHS 3AKOHY MSNCIHHA 6i0
KIAcuuno20 8 pobomi NOKA3aHO, WO WEUOKICING NOGEPMAHHA Nepuzeniio NIaHem MOXNCHA 3 00CMAmMHbLOIO
MOYHICMIO MOOETI08AMU | 8 PAMKAX PeTAMUBICIICOKOL MEXAHIKU.

Kniouoei cnosa: smiwenns nepueenito, 3aKon msAdiCiHH, peIAMUBICMCbKA MEXAHIKA.

R. Pasternak, M. Pasternak

FACTORS AFFECTING THE ROTATION RATE OF PLANETS
PERYCENTER

Summary. One of the most precise tools for studying gravitational properties of matter is the effect of
rotation of planets’ pericenter. Particularly, most of the spatial displacement of the perihelion of Mercury, which
is caused by mutual influence of the planets, was calculated by Le Verrier based on the Newton's law of inverse
squares, and the discrepancy was later explained within the framework of general relativity. As a specific result
is desirable to be obtained by the similar methods, there were attempts to apply the apparatus of relativistic
mechanics for solving this problem; nevertheless, the calculated century bias of perihelion was three times less
than observed one. However, in the relativistic problem of the bias rate of Mercury’s perihelion one should
account for not only the equations of motion, but also other factors such as oblateness of the Sun, the orbital-
rotational interaction of the planets, the redistribution of energy in the relativistic problem of two bodies, factors
associated with modification of Newton’s law of gravity eftc.

On the other hand, there is increasing interest to the drawbacks of the general theory of relativity.
Particularly, the latter cannot solve the problem of singularity with it internal contradictions with the field
theory, the problem of torsion field is waiting for its solution. It is therefore important to consider some
gravitational effects on related models, in particular within the framework of relativistic mechanics.

This paper shows that additional contribution to Mercury’s perihelion bias rate is caused by three main
factors: periodic relativistic change in mass of the planet, the difference between relativistic gravitational field
and Newtonian one, and the relativistic moment of force. The last two factors in the literature have not yet been
considered. The consequence of relativistic moment of force is to reverse the Lense—Thirring effect in special
relativity, i.e. it leads to rotation of the Sun.

This paper proves that within the framework of relativistic mechanics it is possible to calculate the rate of
Mercury’s perihelion rotation with sufficient accuracy. The analysis held has shown that with the consistent
observance of conservation laws there are no significant limitations in using the apparatus of relativistic
mechanics for the analysis of planetary motion.

Key words: perihelion bias, gravity law, relativistic mechanics.

Beryn. Ognum 13 HalOUIBII MPeUU3IMHUX 1HCTPYMEHTIB JOCITIIKEHHS TpaBiTaliitHIX
BJIACTUBOCTEH PEYOBHHHM BHUSBUBCSA €(DEKT MOBEPTAHHS MEPUIICHTPIB MIaHeT. binbiy yacTuny
IPOCTOPOBOTO 3MileHHs nepurenito Mepkypis (531",5£0",5 3a cromitTs [1]), o 3ymoBieHa
B3a€MHHMH BIUIMBAMH TUIaHET, po3paxyBaB JleBep’e Ha OCHOBI 3aKOHY OOCpHEHHX KBaJpaTiB
Herorona. Hep’sizky B 42",6+0",9 3romom Oyno MOSICHEHO B paMKax 3arajibHOi Teopii
BigHocHOCTI (3TB) [2]. OckinbKy KOHKPETHHIA pe3ynbTaT 0aKaHO OTPUMYBATH OJHOTUITHUMU
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MeTOoJIaMU, poOIHCs cipoOu 3aCTOCYBaTH A0 1€l 3a7adi anmapaT pelsTUBICTCHKOI MEXaHIKH,
IPOTE PO3paxOBaHE BIKOBE 3MIICHHS MEPUreITi0 0yI0 BTPpUYI MEHIIKUM 3a CIIOCTEPEIKYBAHE
[1]. OmHak y penaTUBICTCHKiN 3a1a4i PO MBUAKICTD 3MIMICHHS Tepureniro MepKypis, Kpim
piBHSIHB pyXy, HEOOXiTHO BpaxoByBaTu ¥ iHmi ¢axtopu. Hanpuknan, nposeneni P.I'. likke
TOYHI BHMIpH BUAMMOI CIUTFOCHYTOCTI ToBepxHi Conus mokaszamu [1], mo 30ypeHHS,
3YMOBJICHI aCHMETPI€I0 PO3MOAUTY HOTO MacH, MOKYTh JIaTH JOJATKOBE 3MIIIICHHSI IIEPUTEIIII0
Mepkypis B 3",4 3a cTomiTTa. ICHYIOTh TaKOX BIUIMBH, TIOB’53aHi 3 0pOiTAIbHO-00EPTAIEHOIO
B3a€MOJII€I0 MIaHeTH [3], mepepo3noAiioM eHeprii y pelsiTUBICTChKIN 3amaul ABOX Tin [3],
dakropamu, OB’ A3aHUMH 3 MO (IKALII€0 3aKOHY TsKiHHSA [ 1] Toto.

3 iHmoro OOKy, Bce yacTillleé 3BepTaloTh yBary Ha npobinemu camoi 3TB. [loci He
BJIAJIOCS] PO3B’SA3aTH MPOOJIEMY CHUHTYISIPHOCTI 3 ii BHYTPIIIHIM HPOTHPIYYSIM 13 TOIHOBUMU
TeopissMu [5], Yekae cBOro BUpIIICHHsS MmpobiemMa TOPCIOHHOCTI [6], 3 saBuiucs mpobiemu 3
epexrom Jlenze-Tippinra [7] Tomo. Came TOMYy BaKJIMBO PO3TJSIHYTH OKpEMi TIpaBiTamiiiHi
e(eKTH Ha CyIyTHIX MOJIENISAX, 30KpeMa y paMKax peIsITUBICTCHKOI MEXaHIKH.

Merta po6oru. [lokazatu, M0 B PEISATHBICTCHKIA 3aqadi MPO IMIBUAKICTH 3MIIICHHS
NIEPUIICHTPA TUIAHETH BPAaxXyBaHHS BIUIMBY PEJSATUBICTCHKOTO MOMEHTY CHJIM Ta BiIXHJICHHS
BiJ] 3aKOHY TsDKiHHS HbIOTOHA, TIOB’s13aHOTO 3 IE)EKTOM Mac 3B’s3aHOT CUCTEMH, JO3BOJISIOTh
OTPUMATH PE3YJIbTATH, aJICKBATHI CIIOCTEPEIKYBAHUM.

1. PeassTuBicTCbKMI MOMEHT CHJIM. Y PENATUBICTCHKIA MeEXaHilll PIBHSHHS PYyXY
MaTepiaabHOI TOUYKH Ma€ BUTIIAL [ 1]

av - 1= N\ -
m—=f-=(f V). (1)
dt ¢’
m, ) - . ) - )
Tyt m = —F——— — PCJMTHUBICTChKA Maca, V — JiiHiiiHa WBUIKICT, f — cuna, mo nie Ha
V1-vi/c
TinO, ¢ — (QyHaamMeHTanbHa MWBHUAKICTb. OCKUIBKM CHIa TKIHHA f=mg, ne g -—

HANpY>KEHICTh TPaBITAI[ITHOTO OIS, BUKOPUCTAHHS MPUHIMITY €KBIBAJICHTHOCTI 1HEPLIHHOT

Ta TpaBiTAIliiHOI Mac JO3BOJISIE B3aralli BUJIYYUTH Macy /m TUIAHETH 3 PO3TIISTY.
Jomuoxytoun (1) BekTopHO (37iBa) Ha paliyC-BEKTOp 7 IUTAHETH B LEHTPAIbHO-

CUMETPHUYHOMY II0JIi CHJI, 6aunMo, 110 B cuctemi CoHIle—TIIaHeTa ICHY€ HEHYJIbOBHI MOMEHT

CI/IHI/IMR
I R RS
mrXE—rXf—c—z(f‘V)‘rXV_MR. (2)

[le — uncTO penATUBICTCHKUN e(eKT, BIACYTHIN y KiIacuuHii MexaHii. OCKUTbKH HOro mosiBa
B 3aMKHEHIl CHUCTEeMi T CyNMEpeYuTh 3aKOHY 30€peKEeHHS MOMEHTY IMITYJIbCy, HEOOXiTHO
3HAWTH JIOTIOBHIOBAJIBHUK pPyX, IO KOMIIEHCYBaB Ou 1ii 3MiHM. CrpaBai, SKIIO 3MiHH
OpOITAILHOTO MOMEHTY IMIyJIbCy Yepe3 oOpOiTalbHO-00CpTANbHY B3aeMomiro  [3]
KOMIICHCYIOTBCSl 3MiHAMH BJIACHOTO MOMEHTY IMITYJIbCY TUTAHETH, TO 3 OOKY rpaBiTaliifHOro
MOJIs MOMEHT CHJIM O0OB’SI3KOBO TPHU3BEE J0 HEPaIiaJbHOCTI MOT0 CHJIOBHX JIIHIH — BOHO
CTae BUXPOBHM. Y pe3ylbTaTi 3a TMPUHIMIIOM JOMOBHIOBAIBHOCTI IS BiJAQJICEHOTO
croctepiraya I €KBIBaJIGHTHO TOMY, IO Ha OpOITy IJIaHETH Ji€ MOJBIMHMI MOMEHT

cum M, .

BpaxoByroun cumerpito 3agavi, 3amuiieMo BeKTOpHe piBHAHHA (1) cucremoro
CKISIPHUX Y TIOJSIPHUX KOOPJIWHATAX
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dr 1 ( dr T
——r= 1 _— — ’ 3
ar’ o R ©)
mr(2w£+rd—wj:—%ﬂmr2a}:MR. 4)
dt dt ¢ dt
Tyr @ — wuyacrora opOitampHOro pyxy. JonoBHuBmHM piBHSHHS (4) 10JaTKOBO

peJ'ISITI/IBiCTCLKI/IM MOMCHTOM CHJIHN MR’ OTpUMAEMO CHCTCEMY piBHHHB, 1o OIUCYKOTb

PENSTHBICTCHKHI PYyX IUIAHETH 3 ypaxyBaHHSIM 3aKOHY 30€pE)KEHHS MOMEHTY IMIYJbCy B
3aMKHEHIHM cucTeMi,

dr 1(arY

dt’ & czidtj ©®)
l@ﬁ{ug—f}@:o. 6)
od r c” | dt

IIpu po3B’sizyBanHi cuctemu piBHAHb (5), (6) iX HEOOXiIHO [OMOBHUTU SIBHOIO
dbopMyIIor0 JUISI HANpPYKEHOCTI g TpaBiTamidHoro mois. JlJis 3py4HOCTI IMOPIBHSHHS
pe3yNIbTaTIB pO3paxyHKIB TpaBiTariiiHy macy COHIM MojgaMo 4epe3 Horo rpaBiTarliiHUiA
paniyc 7, . Tonl Hanpys>keHiCTh g y 3aKOHI TsDKIHHS HbroTOHAa MaTume BUTTIAN

§=—77- (7

[lepm HiX po3B’s3yBaTu cuctemy piBHAHB (5), (6), monepeaHbO MpoBeneMoO il sKicHE
NOpiBHSHHS 3 cucTeMoio (3), (4). Y di3nyHmx 3a1a4ax TaKWil aHAII3 HE MEHII BaXKJIMBHH BiJ|
KUTBKICHOTO.

a. 3a BIOCYTHOCTI pENATUBICTCHBKOTO OOEPTAIBHOTO MOMEHTY CHIM YMOBOIO

HE3MIHHOCTI OpOITaJbHOTO MOMEHTY IMIYJIbCY TOYKOBOI IUIAHETH Ta MPOCTOPOBOL
¢ikcarii oci aricu opOITH € MOCTIHHICTh TEPMY

r’w=Z, = const, . (8)

b. BpaxyBaHHs MOMEHTY cuinu M, TpPU3BOIUTH 10 PIBHSAHHA (4), IHTETpyBaHHS SKOTO

J1a€ 3B’ SI30K

rza)exp( ﬁ) =7, =const,. 9)
r

7 7
3a yMOBH, KOJIH 7 >> 1, , BUPa3 €Xp (—0] ~1+-2, a cepenHs 4acTOTa OBEPTAHHS NIEPUIIEHTPA
r r

) ) N h2rx )
opOITH TOPIBHIOE <a)1> = —7, ne g —1ii mapamerp, a T — nepioj oOepTaHHS IIJIaHETH.

c. IuterpyBaHHs piBHSIHHS (6) Aa€ 3B’SI30K

7
rza)exp( 2—°j =Z, = const, . (10)
r
OTxe, MOKHA OYIKyBaTH, L0 1 HIBHJAKICTh MOBEPTAHHA MEpUIIEHTpa opOiTH Oyme BABIYi

0ib1I010, HIXK (a)l' > :
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Jnis po3B’s3yBaHHS (6) CKOpUCTaeMocsl cTaHgapTHuM migxogom [1]. [ns mporo
CHouaTKy nepeiiaemo y (6) Big mapameTpa ¢ 110 MOJSIPHOTO KyTa ¢

2
d’ 2( d ?
S Py R (11)
do r\de rTw
Tenep 3a cxemoro bine [1] mepeiinemo Bix » 10 rapMOHIYHOI 3MiHHOT
11
X=——+4—, (12)
roq
B pe3yJbTaTi 4YOT0 OTpUMAEMO nudepeHIliabHe PIBHIHHS
d’ 1 :
SR (13)

d(02 q (wr2)2 -

3 ypaxyBanssiM 3B 513Ky (10) 3Benemo piBHsiHHS (13) 10 BUTIISALY

2 2 40
d f+x—l+%e g = (). (14)
do q Z

JlineapmzyBaBm B (14) eKCIOHEHTY 31 3MIHHOKO X Ta BHOpPaBIIM IOCTIHHY

IHTErpyBaHHs Z, TaKoo, 0O BUKOHYBajIacs yMOBa

2 40
L FOZ‘; e, (15)
q 2
OTPUMYEMO PiBHSHHS TAPMOHIYHOTO OCIUJISATOpPA
d2
y )§+{1—4ﬁjx=0, (16)
@ q

q

KOHIKa OpOiTH, SIK 1 OYIKYBaJIOCS, 3MIIIYETHCS y IPSIMOMY HAIpsIMi 3 4aCTOTOIO

. ’ 7 7 ) .
BimHOCcHa yactota  [1—4-% ~1-2- KonuBaHb SKOTO He JOPiBHIOE oquHuLi. Lle o3Havae, mo
q

w =20 0. (17)
q

2. PeasituBicTchke (opMy/TIOBaHHSI 3aKOHY TSLKiHHA. Y cHcTeMax Tin, IO
B3a€EMOJIIIOTh, YaCTUHA E€HEprii MOke MepexXoquTu B eHeprito £ 3B’sa3Ky. Tino macowo m,

1o nepedyBae B CTalllOHAPHOMY IO CHJI TSDKIHHS, 3MIHIOBaTHME CBOIO €HEPTiI0 BiIMOBIAHO
1o ¢opmynu K. IToncene [4], 1 mi 3MiHM OyAYTh €KBIBICHTHHMH PEJISTHBICTCHKAM 3MiHAM
MacH Tina. Jlomyckarouu B epuioMy HaOIMKEHHI, IO CHJIA TSHKIHHS 3MIHIOETHCS 32 3aKOHOM
Hsrorona, orpumaemo

dE_ = f-dF = —%czmdr = ctdm. (18)

[aTerpyroun (18), oTpumMaeMo sSIBHY 3aJIeXKHICTh TpaBiTaliiHOro AeeKkTy Macu Bij BifcTaHi 7
IUTAHETH JI0 CHJIOBOTO IIEHTpa

)

Am:mo(r)—mw:mw e —1]. (19)

Tyt m_ — 3Ha4eHHS MacH CIOKOIO 71, NPH HECKIHUEHHIN BIACTAaHI 7 MIXK TiTaMu. 3HaKU B

(19) 3miHEHO BIANMOBIAHO 10 YMOBH, IO HIBHJAKICTh Tijla 3aJMIIAETHCS HE3MiHHOIO.
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(Haronmocumo, 110 1eeKT MacH € YUCTO PeNATUBICTCHKUM e(peKTOM, OB’ SI3aHUM i3 3aKOHOM
30epeKeHHs eHeprii).

I'paBiTamiiiHi 3MiHM MacH Tija MOXXHa MPUIMCATH CEKBIBAJICHTHUM 3MiHaM
HANpy>KEHOCTI rPaBiTAI[ifHOTO OIS

=— e’r. (20)

Ha BiamiHy BiJg CKOHCTpYHOBAaHMX CIELIadbHO TiA 3aJady PO 3MIIIEHHS TEePUTETII0
Mepkypis ¢opmyn b. Pimana, B. Beb6epa, II. I'epbepa [1], dopmyna (20) orpumana,
BUXOJIIYM 13 3aKOHY 30epekeHHs eHeprii. 3po0ieHi BUIIE TOCIIKEHHS HE CIIiJl PO3TJISIaT!
K CTpOre BUBEICHHS, a JUIIEe SK OJHY 31 CHpoO BKa3aTh Ha CYTTEBI BIIMIHHOCTI MIiX
KJIACHYHHM Ta PENIATUBICTCHKIM 3aKOHAMHU TSDKIHHSA, ajke K popmyna HeroToHa, Tak i (20) €
€BPUCTUYHUMH 1 TOTPEOYIOTh EKCIIEPUMEHTAIBHOTO ITiITBEPPKECHHSI.

3. HIBuaKiCTHL MOBePTAHHA MNEPULIEHTPA IUVIAHETH B PEJIATHBICTCHKOMY MOJi
TskinHg. [lincraBusmm y (5) ta (6) ssBHUI Bupas (20) 11 Hanpy»KEHOCTl g, TPpaBITalliiHOro

HOJISl, OTPUMAEMO CUCTEMY TU(epeHITiaTbHIX PIBHIHbD

d’r 5 o 2, (drjz
—or+—e’"|c—|— | |=0; 21

dr’ r dt @l
ldo 20, 5 7|9 _o (22)
odt r r dt

IuterpyBanns (22) nae 3B’5130K
or’ exp —2exp(ﬂj = Z, = const,, (23)
r

KUl y mepiomMy HaOIMKEHHI IIPH 7 >> 1, NEPEXOJUTh y BUpa3

wr’ exp(Zﬁj =7, = const,, (24)

r
1o 3a popmoro HiuuM He BiapizHsAeTbes Bia (10). Lle i 3po3ymino, agxke MOMEHT CHIIH, IO
noBeprae oci ancuja opOiTu He 3MiHUBCA. OmHAK 3MIHUBCA XapakTep MOJS CHI TSHKIHHS —
0ro Hampy KeHicTh NepecTasa 3MiHIOBATUCS 32 3aKOHOM 7, 110 HEYXUIHHO TIPU3BOIUTE JI0
HE3aMKHEHOCTI OpOiTH, OTKE, 1 0 MPOCTOPOBOTO 3MIIICHHS 11 IEPUIICHTPA.

[TeperBopuBmm (21) 3a cxemoro (11), (12), (13), orpumaemo piBHIHHS
2 2

d’ 1 o 20 d
S tx——+—C e e | Z2 | 0. (25)
do 7 (ar’) do
igcraBusmm y (25) sBHuii BUpa3s is @r”, OTpUMaHmii i3 (24), oTpuMaeMo
4> 1 o s gy Y
)§+x——+%e e —rer 2 2o, (26)
do q Z do

Jlineapu3syBaBIIU B (26) €KCIIOHEHTY 31 3MIHHOIO X Ta BUOpPaBIIM NOCTIHHY IHTETPyBaHHS Z,

TaKoI0, 00 BUKOHYBAJIAcsI yMOBa

—=1C e, 27)
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OTPUMYEMO HEeNliHIWHE PIBHSIHHS

2 Ty 2
df{l—sijx—roer(ﬂj - 0. (28)
do q do

3 oxHoro OoKy, 3MiHa (OpMyIHM s HampyXeHocTi mois TsokiHHsA 3 (7) Ha (20)
HPU3BOJUTH J0 TOJAaTKOBOIO MOMEHTY CHJIM, B PE3YJIbTaTi YOTrO LIBHIKICTh MOBEPTAHHS OCI

) ) 4 . .
arcuz opOiTH, K e BuruiuBae 3 (28), 30inbmyerses Ha 0,5-L@ . 3 iHIOro 60Ky, TPAEKTOPis
q

opOITH CTae HE3aMKHEHOIO, III0 BiAMOBIMA€ JOAATKOBIA IIBHJAKOCTI 3MIIIEHHS MEPUIICHTPA
op6iTn. HaOnmxkeHud 4YacTUHHUN PO3B’SI30K HEOJHOPITHOTO PIBHAHHA A€ JIOAATKOBY

. ) I .
IBUKICTH 3MilleHHs nepuieHTpa npudauzno 0,5-L@ . YV pe3yabraTi OTpuMyeMo, 10
o

q

3Bakarouu Ha 3B’5130K (24), 3HaliieMo cepelHio 3a nepion 7 MIBUIKICTb <a)3'> [IOBEPTAHHSA

o, ~3Lw (29)

HepUIeHTpa OpOiTH

2
(@)=~ ol =3i[1+8—J2—”. (30)
T°° q 2 )T

Bigmosigao mo (30) mns i3ompoBaHoi cuctemu CoHile—MepKypiii Iepuretiii 0CTaHHBOTO 32
100 poxkiB maB 6u 3mictutucs Ha 44",75. Jlonatoun croau Kyt nmoopoty 0”,4 3a ctomitts [3],
BUKJIMKaHUH HETOYKOBICTIO IJIAHETH, Ta BPaxOBYIOUHU BILIUB cIuitocHyTocTi CoHus B -3",4 3a
cromitts [1], orpumaemo moBepTanHs B 41”75 3a cTONmITTA, MO A00pe Y3TOMKYETHCS 3
ACTPOHOMIYHUMHM CIIOCTEPEKECHHSIMHU.

BucHoBku. bepyun 1o yBaru BiIMIHHOCTI PeNIITUBICTCHKOTO (POPMYIIIOBAHHS 3aKOHY
TSDKIHHA BiJl KJTACHYHOTO B pOOOTI JOBEACHO, IO B paMKaX PENIATUBICTCHKOI MEXaHIKW MOXKHA
3 JOCTaTHBOIO TOYHICTIO PO3PAaxOBYBaTH HIBHJKICTh MOBEPTAHHS TNEpHUTENir0 MepKypis.
AHai3 moka3as, IO MPH MOCIIIOBHOMY JOTPUMAaHHI 3aKOHIB 30€peKeHHS HE ICHYE JKOIHHUX
00MeKeHb Y BAKOPUCTAHHI armapary pesiITUBICTCHKOI MEXaHIKU JJISl aHAJI3y PyXY IUIaHET.

Conclusions. Taking into account the differences between the relativistic formulations
of the law of gravity and the classical ones it is proved that within the framework of
relativistic mechanics it is possible to calculate the speed of Mercury’s perihelion rotation
with sufficient accuracy. The analysis held has shown that with the consistent observance of
conservation laws there are no significant limitations in using the apparatus of relativistic
mechanics for the analysis of planetary motion.
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