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Jlyyvbkuii HayioHanbHUl MexHiYHUY YHigepcumem
NPYKHO-IIJIACTHYHA 3ATAYA JJ1SI OBMEXXEHOI IINIACTUHKHA
3 M’SAKUM EJIHITUYHUM BKJIIOYEHHSAM

Peztome Pozenanymo npyjicHo-niacmuuny 3a0auy Oas 00MelceHOi NAACMUHKY i3 M AKUM elinmuyHUM
BKNIOYEHHAM. Busnauenna nanpyscenozo cmamy npogeoeHo 3a 00NoMo2010 Memooié SpaHuyHUX elemMenmis ma
3MIHHUX napamempig. JJoChioNHceHo HAnpyslceno-0e)opmMosanuti cman NiIaACMUHOK 3ANENCHO 8I0 POSMIUEeHHs
BKNIIOYEHHS MA NPUKAAOCHO20 HABAHMAICEHHS 3 YDPAXYBAHHAM 3MIYHEHHA MAmMepiany.

Kniwouoegi cnosa: nanpysicenns, GKIIOUEHHS, NPYHCHO-NAACMULHUL CIMAH, MEMOO 3MIHHUX Napamempis.

V. Maksymovych, Ia. Pasternak, O. Prykhod’ko

ELASTO-PLASTIC PROBLEM FOR A FINITE PLATE WITH SOFT
ELLIPTIC INCLUSION

The summary. Experimentally it is found that most of the materials are more or less macroscopically
inhomogeneous. In particular, structural elements contain many inclusions, which can induce crack initiation.
When the stress is sufficient to deform permanently the material of a solid or an inclusion, elasto-plastic
deformations should be also accounted for, because plastic deformation involves the breaking of a limited
number of atomic bonds by the movement of dislocations. Thus, determination of the elasto-plastic state in the
vicinity of inclusion tips is essential in the study of the plate-like structural elements strength. Similar studies
were provided mainly for the truly elastic case, or for the infinite plates. However, in practice the size of
inclusions are often comparable with the size of the structural element. This significantly influences stress field
and stress concentration inside the inclusion and near it. This type of problems can be solved numerically,
however, for complex geometry it will require high computational performance and large amount of time. On the
other hand, the solution of elasto-plastic problem for a soft inclusion in the infinite plate is quite simple and is
easy-to-use in the engineering applications. Therefore, it is of considerable interest to test whether the latter can
be applied to the calculation of finite plates with inclusions.

This paper provides the analysis of elasto-plastic state of a soft inclusion embed into a finite square plate
and the stress/strain field of inclusion and a plate using the boundary element method combined with the method
of variable elastic parameters. In this approach, the problem of elastic-plastic deformation of the inclusion is
reduced to the solution of the sequence of linear algebraic equations for Mises stress inside the inclusion, which
is obtained based on the boundary element method, in which the kernels are related to that Mises stress by
constitutive relations of the method of variable elastic parameters. Based on the obtained numerical solution the
elastic-plastic state of plates with inclusions of different size and placement is analyzed. Stress/strain state of the
plate is studied depending on the position of inclusion and the applied load. Material hardening is accounted
for. Obtained results are compared with the solutions for infinite plates under the same input data.

1t is found that for the inclusion, which dimensions are two or more times smaller than that of a plate, the
divergence of the numerical results and the closed-form solution for infinite plate does not exceed 1%, which is
quite acceptable for engineering calculations. Critical load and orientation of the inclusion are studied as well.
Thus, it is found that the calculation of Mises stress inside the inclusion under relatively low loads can be
provided based on the solution for infinite plates. It is also found that the nature of the stress distribution in the
inclusion and the plate is different. In particular, the maximal Mises stress inside the inclusion are the greatest
for tension of the plate at an angle of ~55° relatively to the bigger semi-axis of the inclusion, and in the matrix
for the transverse tension.
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IMocTanoBka npodJjemu. Binomo, 1o B eneMeHTax KOHCTPYKIINA MPUCYTHI BKIFOYCHHS,
OUIS SIKUX, SIK TIPABUJIO, 3aPOJDKYIOTHCS TPITMHA. BU3HAYCHHS MPYKHO-TJIACTHYHOTO CTaHY B
OKOJTI MiCIIb MOXKJIMBOTO 3apO/KEHHSI IUX TPIIMH € HEOOX1THUM TP JOCIIKEHHI MIITHOCTI
IUTACTUHYACTUX €JIEMEHTIB KOHCTPYKITIH.

AHaJi3 ocTaHHiX AociailzkeHb i myOjikamiii. JlochikeHHS HaNpyXEHOro CTaHy
IUTACTUHOK 13 BKIIFOUEHHSAMHU 3/1HcHEH] y po0oTi [1]. 3a3HaunMo, 1110 OUIBLIICT BUKOHAHUX Y
[OMY HANpPSIMKY JTOCIIKeHb MPOBEECHI Ha OCHOBI MPY>KHOTO aHaNI3y HaMpyXeHb. Y Mparli
[2] 3ampoIOHOBAHO AHANITHYHUN MIIXiM MO JOCHIDKEHHS MPYKHO-TNIACTHYHOTO CTaHy
0C3MEXHHMX IUTACTUHOK 13 M’SKMMH CNINTHUYHUMH BKIIOYCHHSMH. Ha mpaktwimi dbacto
BUHUKAIOTh BUTIAJIKH, KO PO3MIpH BKIIOYECHB CITIBMIpHI 3 PO3MipaMH caMoi TJIACTHHKH 200
BKJIFOUCHHS PO3MIIIICHI OIS MEXi Tija. Y 3B’SI3KY 3 [IMM BHHHUKAE HEOOXITHICTh JOCITIDKEHHS
BIUIUBY OOMEXKEHOCTI pPO3MipiB TJIACTUHOK Ha HAmNpyKEeHHA Oiasd M SIKOTO MPYXKHO-
IUIACTUYHOTO BKIIOUeHHs. [Ipu 1ibomy, 3 orisiny Ha MPOCTOTY pO3B’A3KY [2], 3HaUHUM iHTEepec
CTaHOBUTH 3’CYBaTH MOXIIMBICTh HOTO 3aCTOCYBaHHS B I1HXKEHEPHUX pPO3paxyHKax ajis
00MeXEeHHX TIaCTUHOK.

Mera po6otu. JIOCHiTUTH TNPYKHO-IIACTHYHUN CTaH BKJIFOYCHHS Yy IIACTHHKAX
OOMEXEHHX PO3MIPIB B OKOJI TUIACTUYHOTO CIINTHYHOTO BKJIIOYCHHS. BcTaHOBUTH
MOYKJIMBICTh BUKOPUCTAHHS PO3B’S3KY, 3aIIPOMIOHOBAHOTO Y [2] B iH)KEHEPHUX pO3paxyHKax
JU1s1 OOMEKEHHUX TITACTHHOK.

IlocranoBka 3agaui. Po3rnsiHeMo mIocKy 3afady (IJIOCKUN HAmpyKeHWH CTaH) AJis
CKIHUEHHOTO TiJIa, 10 MICTUTH eJIINTHYHE BKIOUeHHA. Bubepemo cucremy koopaunar Ox,x,

Tak, mo0 ii MeHTp 1 HeHTp BKIIOUEHHS 30iranucs, Oiiblna MmiBBich Oylia HaXHMICHA i KyTOM
a po oci Ox, . IlpuiiMemo, 10 TLI0 HaBaHTa)KE€HE OJJHOBICHUMHU PO3TSTYBaJIbHUM 3YCHIUIIMU

N, mo aitote y Hampsmi oct Ox, (aus. puc. 1). IToznaunmo koediuient Ilyaccona, Moxyib

3cyBY 1 Moaysib FOHTa, BKIIOYEHHS Ta IIacTHHKH Yepe3 ', v/, E' i u", v", E" BiAmoBiaHo.

b
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£
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Pucynoxk 1

Figure 1
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BBaxxatuMemo, 110 TpaHUIS TEKYYOCTi BKIIOUEHHS € MEHIIOK0 33 TPAaHUII0 TEKYJOCTi
TiJa, @ TOMY IPUHAMEMO, 110 y TiJli BUHUKATUMYTh JIMIIE MPYXHI AedopMariii, a y BKIIIOYCHHI
MOXE€ MAaTH MICIe MPYXHO-IJIAaCTHYHE JedOopMyBaHHS. 3aaady pO3B’SI3yBaTHMEMO 3a
JOTIOMOTOI0 METOAY 3MiHHUX mapamerpiB biprepa. Ilpm 1mpomy 3amada 3BOAMTHCS 10
3HAXO/KEHHSI TPY)KHHUX PO3B’SI3KIB, sIKi 0a3yrOThCS Ha BpaxyBaHHI 3MIHHUX MEXaHIYHHX
XapaKTEePUCTHK BKIIOUYEHHS, 1110 3aJIeXKAaTh BiJl HAIIPY>KECHb.

3riiHO 3 UM METO/OM [7] BKIIFOUEHHS MOXKHA PO3IJIsIaTH NPYKHUM, B IKOMY MOJYJb
3cyBYy U, koepiuieHt [lyaccona v, monyns FOHra £ BU3HauaTuMeMo 3a (opMyamMu

’ 1_2/’1’ E’}/ '
lLl ﬂ + 2 ( }/)’ v 3_(1_2/1’)7/ Ta 7/’ ( )
e
y:y(ai):E'ga(ia-)’ 0,=\oi 0.0, +0; +31, :

O, — IHTEHCUBHICTb HalpyxeHb. TyT BBakaeThCsl, O Jiarpama Ae(pOpMyBaHHS IPU PO3TATY
CTPM)KHSA OIUCYETHCS 3AIEKHICTIO £ = g(a) , 16 O 1 & — HampyXeHHA ¥ BiJHOCHA

nedopmartis B CTpUXKHI.

JlJis HEeCKiHUEHHOTO Tijia 3 eNINTUYHUM BKIIOYEHHSIM IMpU OPYKHOMY JedopMyBaHHI
HANpPYKCHHs Y BKJIIOUEHHI € cTanuMu. ToMy Ha OCHOBI criBBijHOIIEHD (1) BUIITUBAE, 11O 1
Opyd TPYXKHO-TUIACTUYHOMY Je)OpMyBaHHI HANpYXEHHS Y BKIIOUEHHI OYAyTh TaKOX
CTamuMH. Y 3B’SI3Ky 3 LM pPO3B’S3YBaHHS 334adl IUIACTHYHOCTI IMPOBOJWUMO IUISXOM
MIOCJTIIOBHOTO PO3B’SI3yBaHHS 3aJad TeOpii MPYKHOCTI 31 CTAIMMHU XapaKTEPUCTHUKAMH IS
BKJTIOYEHHS, SIKI 3HAXOJUMO METOAOM IIOCHIJOBHUX HAOIMKEHb. BUKOHaHI pO3paxyHKH
HaNpy>KeHb y BKJIIOYEHHI MOKa3ald, IO NPYKHI HANpPYKEHHS B M SKOMY EIINTHYHOMY
BKJIIOUEHH] € MPAaKTUYHO CTAJIMMHU 1 Y BUIMAJIKy OOMEXKEHUX IJIACTHMHOK. Taky ocoOJIMBICTh
3aJa4l BpaXOBaHO y MOOYJ0BAaHOMY HHX4Y€ AITOPUTMI: NMPUHMAETHCS, L0 BKIIOYEHHS 1 B
nporeci MPYXHO-IUIACTUYHOTO  JeQOpMyBaHHS € TPYKHUM, B SKOrO MEXaHIuHI
XapaKTEPUCTHKH € He3aJEeKHUMHU BiJl KOOPANWHAT, 3HAYEHHS SKMX BU3HAYalOTh Jajli HA OCHOBI
BIJIOMHX ITEpalliiHUX MPOLICTYP.

Jlns BU3HAUCHHSI MPY)KHUX HANPYKCHb 32 YMOB 1/€AIBHOTO MEXaHIYHOTO KOHTAKTY
BKIIIOYEHHSI 1 cepeloBHINA (MaTpHili) pO3B’SI30K TIOCTABIEHOI 3a4adi 3BOAMUTHCS [0
PO3B’sI3yBaHHS CUCTEMH CHHTYJISIPHUX 1HTErpaJIbHUX PIBHIHB (AUB., HanpuKiam:, [3])

J.r[U; (X’é)ti (X) =T (x,é)ui (x)}dF(x) =¢y (é)”i (&)’
[V (26, (x)+ T (x.8)u (x) Jar (x) =, (2)w, (2)

ooa0 BHM3HAYCHHA HCBiI[OMI/IX KOMIIOHCHT BGKTOpiB KOHTAaKTHHUX HampyXeHb [, Ta

l

2)

nepeMillleHb ¥, Ha Mexi BKIodeHHs I Ta tina I™ 3a 3aganux kpaitoBux ymos (y ¢popmi

)

T, (x,&) O 0(1/ ||x—§||) — (¢yHIaMEHTallbHI PO3B’SI3KH U1l TEPEMIIIeHb 1 HaIlpyXKeHb,

Hipixne wu Helimana) wa wmexi tima. Tyr I=I'UI"; U, (xE)L O(ln||x—2’;|

IHTerpanu BiA SKUX OOYHCIIOITH Y CEHCI TOJIOBHOTO 3HAYEHHS; cl.l.(é):O.S U1 TJHAIKOI

Mexi. [HIeKcoM ,,m” MO3HAYEHO BEJTMYHUHH, IO CTOCYIOTHCSI MATPHII], a ,,1” — BKIIFOUCHHS.
Po3B’s13yBaHHs IHTETpaJbHUX PIBHAHB IS BKIIOYEHB ENINTUYHOI (OPMH MPOBEACHO 3
BUKOPHCTaHHAM po3poOneHux y [3] migxoniB. i MpakTUKW 3HAYHWUN 1HTEPEC CTAHOBHUTH
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TaK0 BHUIIQIOK TOHKUX BKIIFOUEHB, KOJIM BITHOIICHHS MiBOCEH BKIIFOUEHHS € MamuM (~1/100).
Jis Takoro BUIAAKY 3a YHCIOBOTO iHTErpyBaHHA (2) HEOOXiIHO BPaXxOBYBATH HE TLIBKH
CHHTYJISIpHI, a ¥ MaiKe CUHTYISIpHI iHTerpanu [4, 5]. i yCyHeHHsI CHHTYISIpHUX 1 Maibke
CHUHTYJISIPHUX 1HTETPaliB 3aCTOCYEMO JIO CHUCTEMH pPiBHSHB (2) mpoIlenypy peryispusarii,
onucany B [5]. [lng uporo okpemo Juisi MaTpHill Ta BKJIIOYEHHs Mi0epeMO Takuil MpOCTUH
Halpy>KeHUH CTaH, 3a SIKOT0 NepeMIIlleHHs JBOX TOYOK Mexi § Tay, L0 JieKaTh OJNMU3BKO

OJTHA JI0 OJIHOI, JOPIBHIOIOTH BiAMOBIIHUM IE€PEMILICHHIM ui(é)Ta ui(y) i 3anadi (2).
Jlerko mepecBiquUUTHCS, IO TTOJIE IePEMilleHb
ul (x)=u, (&) +Au,opr, (x%,8), (3)
ne Au,=u, (@)—uj (y); rk(x,g):xk(x) ( ) a koe(iIieHTH ¢, O3HaYeHi
(1 (y.8)=0). 0 (r(y.8)=0),
o =1=1/[2n(v.8)] Oﬂyé 20), ay=1-1[2:(v.8)] (7(r.8)#0),
“n(v8)  (n(v.8)=0); -n(v.8)  (5(v.8)=0)

3aJI0BOJIbHSE PIBHSHHS PIBHOBAard Ta CyMlCHOCTi, a TakoXX mocramiieHi ymoBH. Haxmamemo

0 4

iHTerpanpHe moaaHHs (3) OKpeMo ISl BKIIFOUEHHS Ta MaTpPUIll Ha piBHSAHHS cuctemu (2). B
pe3yJNbTari, K i B poOoTi [3], oTpuMaeMo CHCTeMy

07 (68 ()T (&) (- (@] Jr () rauy (g)=0,
fa[Ué(Xaé)tf(X)+Ti}(xaﬁ)[%(X)—ui(ﬁ)ﬂdF( x)-AuR; (&,y)=
Tyr R,(&.y) I[ x8) ey, (%,8)~U, (x.8)L ]dF — JIOJIAHOK, IO € TOTMPABKOO il

qaCc YHCIOBOI'O 1HT€I‘p}IBaHH$[ MaiiKe CHHTYJIAPpHHUX lHTGI‘pa.HiB 3a JOIIOMOI'OXO 3BUYAHIX

(X)a, +5,am, (x )+ain_i(x)} u v

KBaaparypuux  ¢dopmyn;, L, (x) = ,u[l 2‘;
' -2v

BIZIMOBITHO MOIydb 3CyBy Ta Koedimient Ilyaccona; ni(x) — KOMIIOHEHTH BEKTOpa

30BHIIIHBOT HOPMaJIl y TOULI X .
1 oOduciieHHs KPUBOJIHIMHMX iHTerpaniB posi6’emo minito I' Ha s ayr T,

N
(rpaHUYHUX EJEMEHTIB): F:UF,-- Ha xoxHili 3 HUX BHOEpEeMO 7 BY3JIOBUX TOYOK X7/
i=1

i+1,1 :
(p=], n) npuyomy x”" =x""'. Kpusi I, anmpokcuMyemo 3a JOMOMOIOK MapamMeTPUYHO

3aJlaHuX JIyT Fi :

roF = {&f & (1)= Zn:xj.”’N” (t).te [—l;l]}, (5)

pe N”(t) — mominomu Jlarparxa, o3HaueHi Ha npoMmikky —1<7<1. 3xilicHUBIIN TaKOX

IHTEPIOJISIIIO IYKAHUX 1 3a/1aHUX HAa MeX1 (PYHKII1i
Z(Xq)zzn:tf"’N"(t), Ei(xq): iuf’pr(t), (6)
p=l p=l

OTPUMAEMO CHCTEMY JIIHIHHUX areOpUYHHUX PiBHSHH CTOCOBHO BY3JIOBHUX 3HAYEHb HIYKAaHUX
BEJINYUH
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ke Wil ke , gk
:E:t? l&qur_- :E: ’:U? _-ufrjjynqpr_kzzlﬁuh]%? :(l
a.ki ' q.k.i ' i '

X4k e Pr

P T S AR e 2 AR =0 VX e r.

q.k.i q.k.i

Xk gh

(7)

1
mis cuctemu ByshiB &7 . Tyr {U,T}Z,kpr = J-{U,T}ij(x" (t),é””)N’c ()J,(t)dt; J, (1) —
i ’ i
AKOOIaH 3aMiHK 3MIHHUX Ha enemenTi I . [lonpaBKoBi BenmM4MHN R, MOXHA BU3HAYATH 5K 33

qhkpr . .o .
3HAYCHHSIMU {U , T }U , TaK 1 B OKpEMIH MIPOLIEAYPI.

3a pos3p’s3koM (7) mepeMillleHHS Ta HaNpyXeHHsS B MAaTpUlll BU3HAYAIOTHCS 3a
CaMOPETYJISIPU30BHUMU 3AJIEKHOCTSIMU [6]

u, (8) =, (v)+ [, U, (x8)8 (x) = T, (x.8) (14 (x) -2 (¥)) [T (x).
7,(8) =0, (y)+ [ Dy (x:8) (ks (%)= (x)) = Sy, (x.8) (b (x) ~ ¢ (x)) |aT ().,

ne & — Touka BCEpEIHHI ManHui; x,yel'; y — naiOmmkua g0 & Ttouka mexi [

g (x) =10 (y) + i ()5, () =%, (¥) ] 2 (%) = 0 (¥)n(x).

Po3B’si3yBanHA npymno-nnacanﬂo'l' 3aaavi. 3 orsAgy Ha Te, IO HANPYXEHHS €
NPaKTUYHO CTAJTUMH BCEpPEIWHI ENINTUYHOTO BKIIOYEHHS, TO BimmoBimHo 10 (7) simpa

l 1 . . . i .
U, (x,y) ta T;(X,y) 3aexaTuMyTh TAKOXK BiJl iHTGHCHBHOCTI HAPYXKEHb O y BKIIOYCHHI.

OT1xe, 3a NPYXKHO-IUIACTUYHOIO Ae(OpMyBaHHS BKIIIOYEHHS 3aJada 3BOJAUTHCS [0
PO3B’sI3yBaHHS HEINIHIHHOT CHUCTEMH DPIiBHSHb CTOCOBHO HANpYyXXeHb y BKIIOYeHHi. Jlnsa ii
pO3B’s3yBaHHs BUOpPaHO IOKPOKOBHUN @JITOPUTM pPO3B’A3YBaHHS IOCHIJOBHOCTI CHUCTEM
JIHIMHKX PiBHSIHL 3 (PIKCOBAaHMMM TapaMeTpaMH >KOPCTKOCTI BKIIFOYCHHS, SKHH J1a€e
MOXJIMBICTh NPOCIHIJIKOBYBAaTH Ipolec AehopMyBaHHA Ta OTPUMYBAaTH pO3B’SI30K 13
KOHTPOJILOBAHOIO TOYHICTIO. 3 II€I0 METOIO MOKIIAJAIH, [0 MPHUKIIAJACHE 3YCHIUII MOHOTOHHO
301IBIIY€THCSI, HAOYBarOUM 3HAYCHHS

(AN) (AN )seea(AN).
ae 0< A <A, <...<4, =1.

3HaueHHs MHOXXHHUKAa /4, BHOMpanM TakuM, MO0 HAmpyKEHHS Y BKIIOYEHHI Oymu
NPYKHUMH, a BEIMYMHA O, JOCSTajJa TPaHULl TEKydocTi o, . i 3HaXO/KEHHS IOTO
napamerpa BHKOpUCTOBYBanmu ¢opmyny (1), B skiii moknagamu E=E', G=G', v=V',

0, = 0, . [lo3HaunMo 3HalifieH] y BKIIOYEHHI HAIIPyKEHHs depes 0'“)

Jlani HanpyXeHHs 0' )y BKJIIOYEHHI, AKi BiJMOBIIAIOTh MHOXHHKY A, , 3HAXOMMIH i3

HABEJICHUX BHINE CITIBBIIHOIICHhL METOJOM ITOCTIOBHUX HAOJMMXKEeHb [7], KOJIU B SIKOCTI

1
MOYATKOBOTO HAOMIDKEHHS N MPYKHUX cranux y ¢opmynax (7) mnokiaganu (7;.).

AHaJIOTIYHO OTPUMYBAIM HANPYKCHHS y BKIIFOYCHHI 0';.") (k = 3, 4... n) Ha HACTYIIHUX

KpOKax.

PesyabTaTn gochaigkeHb. Po3paxyHKHM BHKOHAHI Ui BHUMAIKY, KOIW TPYXKHI
XapaKTePUCTUKNA MATPHIIl Ta BKIIOUYCHHS MPH TPYXKHOMY jaeGopMyBaHHI OJIWHAKOBI, a
TPaHUILS TEKYYIOCT] BKIFOYCHHS 3HAYHO MCHIIA 32 BEJIMYUHOKO, HIXK Y MATPHIII.
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VY npyxHo-TutacTHuHi obmacti ¢yHkmiro y ¢dopmyni (1), mo Bignoimae miarpami
negopMyBaHHs MaTepiany 3 JIIHIHHUM 3MIIIHEHHSIM, BUOHpAIIN y BUTJIISI
L, npu o <o,
7(o)= o
ko+(1-k)o,

(8)

b
, hpu © >0y

ne k — koedimieHT, SIKUA XapakTepusye 3MilHeHHS Marepiany. Llei koedimienT qopisHoE 1
JUTSL IPY’KHOTO MaTepiairy Ta kK =00 — sl 11eaIbHO MJIACTUYHOTO.

Po3paxyHkr BUKOHAaHO JJIsi KBaJpaTHOI IUIACTUHKHM 13 ILEHTPAJbHUM HAaXHICHUM
BKJIFOUCHHSIM. HaBaHTa)XeHHS Ha Kpasx IUIACTUHKH mpuiiMany piBHuM 220 MIla, npu mexi
TEKy4ocTi ans BkitodeHH o,=200 MIla. Pe3ynbratu po3paxyHKIiB IHTEHCHBHOCTI

HaNpPYXEeHb JJI TOHKOCTIHHOTO BKJIFOUEHHS 3 BiIHOIIEHHSAM miBoced b/a =100 3anexxHo Bif
KyTa Haxmwily BKJIIOUYEHHS « HaBeleHi Ha puc. 2. KpuBum /, 2, 3 BiANOBIIaOTh 3HAYCHHS
KoedilieHTa 3MilfHeHHS k& = 2, BigHOmeHHS H /a, Mo mopiBHIOE BiamoBigHO 5, 2, 1.1.
AHaJIOTIYHI pe3ylbTaTH PO3PaxyHKIB I KoedillieHTa 3MIiIHEHHS Marepiany k = 5
300pakeH0 KpuBHUMH J, 6, 7. Jlisg mopiBHAHHSA Ha rpadikax HaBEACHO pPE3YJbTaTH
PO3paxyHKiB JJIsl TNTACTHHKH HECKIHYEHHUX PO3MipiB: KpuBa 4 — ripu k = 2 Ta KpuBa 8 — s k
=5.

2H
P

0 10 20 30 40 50 60 70 20 20

PucyHok 2. 3anexxHicTh IHTCHCUBHOCTI HAalpy KeHb Y BKJIFOUCHHS BiJl iOro HaXuiry
Figure 2. Plots of Mises stress inside the inclusion versus its inclination

I3 puc.2 BumIMBae, MmO MaKCHMalbHa IHTEHCHUBHICTh HAIllPYyKeHb Yy BKIIIOYEHHI
jlocsTacThess Mpu Horo Haxwumi mig kyrom ~55° 1o oci Ox,. Ilpu 3MeHlIeHHI PO3MipiB

IUTACTUHKH 1HTEHCHBHICTh HANPYKEHb Y BKIIOYEHHI TaKOXX 3MeHIIyeTbes. [lpu 30inbiieHH1
KoedilieHTa 3MIITHEHHS BIUIUB PO3MIpIB IJIACTUHKU Ha HANIPYXKEHHS Y BKIIIOUEHH1 3pOCTaE.

I3 HaBenenux rpadikiB 6aunmo, mo npu H /a>2 HanpyxeHHs B 0OMeXeHil MIacTUHII
ONM3bKI 10 HANpY)KEHb Yy IJIACTHHII HECKIHYeHHHX po3MmipiB. [lpu mamux posmipax
wiactTuHku (npu H /a<2) po30DKHICTh pe3yNbTaTiB € TaKOXXK HE3HAYHOIO (HE MEpEeBUIILYE
1%). TakuM 4UHOM 3’SCOBAHO, 10 PO3PaXyHOK IHTEHCUBHOCTI HANPY>KEHb Y BKIIIOUEHH] MPU
BITHOCHO HEBHUCOKHMX HABAHTAXXCHHSX MOJKE MPOBOJUTHCS HA OCHOBI PO3TJISTY TUIACTHHKAMU

HECKIHYCHHHUX PO3MIpIB.
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MEXAHIKA TA MATEPIAJIO3HABCTBO

Bukonano PO3paxyHKH ITHTCHCHUBHOCT1 HAIIPY>XXCHb O; Y MaTpull Ol KIHIOA I'OCTpOro

KParo TOHKOCTIHHOTO BKJIFOYCHHS NP k=5. Po3paxoBaHi 3HAYCHHS 3aJICKHO BiJl KyTa HAXHITY
S BkiodeHHs 10 oci Ox, ans BinHomeHs H/a=1.5 ta H/a=5 300pakeHO Ha puc. 3 KPUBUMHU

11 2. Ha upoMy X puCYHKY KpUBUMH 3 1 4 300pa’keHO 3HAYCHHS IHTEHCUBHOCTI HAIPYXEHb Y

BKJIIOYEHHI.
Oj
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Pucynox 3. [HTCHCHBHICTD HANPy>KeHb Y MAaTPHUIli 0171 KiHIIS BKIFOYCHHS
Figure 3. Mises stress in matrix near the tips of the inclusion

Ha ocHOBI HaBeeHUX Ha pUC. 3 JaHUX MOKHA 3POOUTH BUCHOBOK IIPO T€, IO XapaKTep
pPO3MOJTYy HAampyXeHb Yy BKIIOYEHHI ¥ MaTpuili € pisHUM. 30KpemMa, MaKCHMallbHa

iHTEHCHBHICTb HATIPYXKEHb y BKJIIOYEHH] HAHOIIbIIA 32 PO3TATY IIACTHHKHM TIijl KyToM ~ 55°

BiZIHOCHO G1/IbIIOI MiBOCI BKIIFOUEHHS, a B MATPULI — 3a IoHepedyHoro posrary (mpu 90°).

BucHoBkH. Po3p00i1eHO alrOpuT™M BH3HAUCHHS HANPYKEHb Y OOMEKEHHUX IIaCTUHKAX
13 M’SIKHM TIPYKHO-TUTACTUYHUM BKJIFOYCHHSIM 32 JOIIOMOTOI0 METOAY TPAaHUYHUX CIIEMEHTIB
Ta METOJy 3MiHHUX NapameTpiB biprepa. HampyxxeHHs Oinsi BKIIIOUEHHS Ui IIMPOKOTO
Jiana3oHy pO3MIpiB IJIACTHHKHU 13 NPUMHATHOIO JJIS 1HKEHEPHUX PO3PAXyHKIB TOYHICTIO
MOXYTh OYTH 3HaiiieHI Ha OCHOBI pO3IJIAAYy MATpPUIll HeCKiHUeHHUX po3MipiB. [Ipu
30UIBIIICHH] 3MIIIHEHHS MaTepiaily BIUTMB PO3MIipiB IUITACTUHKU HA HANPY)KEHHS y BKIIIOUEHHI
3pocrae. MakcuMalbHa IHTEHCHBHICTh HANpyKeHb y BKJIIOUEHHI HaiOuIbIIa 3a po3Tsry
IUTACTUHKH TiJ KyTOM ~ 55° BigHOCHO OGiNBLIOT MIBOCI BKJIIOYEHHS, a B MaTpuIll — 3a
MOTIEPEYHOTO PO3TATY.

Conclusion. This paper presents the approach for determination of stresses in finite
plates with soft elasto-plastic inclusions using the boundary element method and the Birger’s
variable parameters method. It is proved that stress near the inclusion can be evaluated with
acceptable engineering accuracy using the analytical formulae derived from the solution for
infinite plate. With increase of inclusion’s material hardening the influence of the size of the
plate on stress inside the inclusion also increases. Maximal Mises stresses inside the inclusion

are obtained when the plate is stretched at an angle of ~55° to the bigger semi-axis of the
inclusion. Maximal stresses in the plate are observed for the transverse stretching.
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