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Physical Layer Network Coding:
An Outage Analysis in Cellular Network

Hironori Fukui*, Petar PopovskiT, and Hiroyuki Yomo*t
*Graduate School of Science and Engineering, Kansai University, Japan
TDepartment of Electronic Systems, Aalborg University, Denmark

Abstract—Physical layer network coding (PLNC) has been
proposed to improve throughput of the two-way relay channel,
where two nodes communicate with each other, being assisted by
a relay node. Most of the works related to PLNC are focused
on a simple three-node model and they do not take into account
the impact of interference from other transmissions. Unlike these
conventional studies, in this paper, we apply PLNC to a large-
scale cellular network in the presence of intercell interference
(ICI). In cellular networks, a terminal and a Base Station (BS)
have different transmission power, which causes different impact
of ICI on downlink (DL) and uplink (UL) phase. We theoretically
derive outage probability with a tractable approach based on
stochastic geometry which accurately models ICI. Moreover, we
compare the performance of PLNC with Direct and conventional
Relay scheme. With the obtained numerical results, we discuss
how the interference and the difference of transmission power
affect outage probability achieved by PLNC.

I. INTRODUCTION

Physical layer network coding (PLNC) offers performance
improvement in wireless networks for two-way (or multi-
way) communications flows, and has been extensively studied
in literature [1]-[7]. With PLNC, two nodes simultaneously
transmit packets to a relay. The relay processes the received
signal and broadcasts the result to the end nodes. The end
nodes extract the desired packets by using the signal forwarded
by the relay, information on the packet previously transmitted
by themselves, and channel state information (CSI) of the
relayed links. PLNC appears in several flavors, depending
on the operation done at the relay, such as Amplify-and-
Forward (AF) [1], Denoise-and-Forward (DNF) [2], Decode-
and-Forward (DF) [3], etc.

Most of the initial works related to PLNC were focused on
a simple three-node model with two-way relaying. In recent
years, some of the studies have attempted to employ PLNC
in wireless networks of a larger scale, taking into account
the fact that there can be other neighboring nodes that cause
interference. For instance, in [4][5], distributed medium access
control (MAC) protocols for PLNC have been introduced, and
the impact of interference from neighboring nodes has been
analyzed. On the other hand, several studies applied PLNC to
cellular networks without considering the impact of intercell
interference (ICI) [6][7]. The other works considered the
impact of ICI on PLNC[8], but not in a cellular setting. In this
work, we consider PLNC in cellular networks by taking into
account the ICI. In our model, a Terminal and a Base Station
(BS), which have different transmission (Tx) power, employ
PLNC in order to exchange their packets. In order to accurately
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Fig. 1. Transmission Schemes (a) Direct (b) Relay (c) PLNC

quantify the interference from neighboring nodes, a model of
positioning of interference nodes is necessary. Recently, spatial
point processes have been suggested for modeling the place-
ment of wireless network nodes [9]. Specifically, homogeneous
Poisson Point Process (PPP) is known as a point process that
accurately models the positioning of nodes in urban area, and
has been employed in many works since it offers a tractable
way of dealing with ICI [10]. Here we use PPP to theoretically
derive outage probability for several transmission schemes in
cellular networks. The numerical results provide insights into
how PLNC is affected by interference as well as difference if
the Tx power in uplink/downlink.

II. SYSTEM AND CHANNEL MODEL

Fig. 1 illustrates three transmission schemes considered in
this paper: Direct, Relay and PLNC. Fig. 1(a) and (b) show
the Direct and Relay scheme, respectively. In both schemes,
BS transmits a packet to Terminal in the downlink (DL) phase
without using the Relay. In the uplink (UL) phase if the Direct
scheme, the Terminal transmits a packet to BS without Relay
node; while in the UL of the Relay scheme, also called Relay
phase, the Terminal transmits a packet to BS through the Relay
node. Fig. 1(c) shows the PLNC scheme. In step 1, called
multiple access (MA) phase, both Terminal and BS transmit
signals simultaneously, and the signals are added at Relay
node through MA channel. In this paper, we focus on PLNC
with DF operation, such that Relay node decodes the received
signals and then uses bitwise XOR to generate the signal to
be forwarded in the next broadcast (BC) phase. Terminal and
BS attempt to derive their desired signal by applying bitwise
XOR operation to the received signal in BC phase.

The channel model consists of a path loss exponent o and
fading between that is assumed to be independent identically
distributed (i.i.d.) Rayleigh fading with a mean of 1. Moreover,
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we employ constant Tx power at the BS, Relay and Terminal
denoted by Pg (= pgp'), Pr (= pg') and Pr (= pzh),
respectively. The interference power at a receiver is the sum of
the received powers from all the undesired transmitters. The
additive white noise has a power of 2. The capacity of link
is denoted as:

C(SINR) = log,(1+ SINR) [bit/s/Hz]. (1)

where SINR is the Signal-to-Interference plus Noise Ratio.
In this work, all the nodes transmit with a rate that satisfies
a two-way end-to-end rate requirement of R [bit/s/Hz]. Let
Ts [s] be one slot length, as shown in Fig. 2. We allocate
the same slot length to DL, UL, Relay, MA and BC phases.
In the Relay phase, the Terminal first transmits to Relay in
the first half of its phase (duration T5/2 [s]), followed by the
transmission from Relay to BS in the second half.

We apply PLNC to a cellular network, where many nodes
(Terminals, BSs and Relays) access the shared channel. Fig. 3
shows a network model used for the analysis in this paper.
The cellular network consists of BSs arranged according to
homogeneous PPP of intensity A [BSs/km?] in the Euclidean
plane. The set of BSs is denoted by ®p. In this work,
we consider a Terminal (7p) located at the origin. All the
other Terminals are located according to homogeneous PPP of
intensity \ [T'erminals/km?). We assume that each Terminal
is associated with the closest BS. In Fig. 3, as T is associated
with BSy with their distance of r, the other BSs are located
outside the circle with the radius of 7, which is shown by the
solid line. We assume that all Terminals and BSs excluding Tj
and BSy transmit with the Direct scheme. This excludes the
interference from the other relay nodes that may occur during
the UL phase in the Direct/Relay scheme and the Broadcast

phase of PLNC. Therefore, in DL and MA phases, ICI is
caused by all BSs but B.Sy. Similarly, in UL, Relay, and
BC phase, all Terminals but 7 act as interferers. Moreover,
we assume that Ty is the closest Terminal to BSy, such
that the other Terminals are located outside the circle shown
by the dotted line in Fig. 3. Furthermore, Relay nodes are
also deployed according to homogeneous PPP of intensity Ar
[Relays/km?]. We denote Ry as the closest Relay to Tp. Here,
we define the interference power at Ty, BSy, and Ry as Ip,
Ip, and IR, respectively. The SINRs at links By-Tg, 1o-By,
Ro-By, To-Ry, and Ry-Ty are denoted as vpr, Y7B, YRB»
Yrr, and ygrr, respectively.

III. DERIVATION OF THE OUTAGE PROBABILITY

We focus on the transmission between T and B.Sy, and
analyze the outage probability of Direct, Relay, and PLNC
schemes. Before we calculate outage probability of two-way
end-to-end transmission, we calculate outage probability for
one-way transmission of DL, UL, and Relay phase. An outage
of one-way transmission occurs when the transmission rate is
larger than the link capacity.

A. Distance to the Closest BS

An important quantity is the distance r which is the distance
between Ty and BSy [9]. Since each Terminal communicates
with the closest BS, no other BS can be located closer than 7.
In other words, all the interfering BSs must be located farther
than r. The probability density function (pdf) of r can be
derived by using null probability, defined as the probability
that no BS other than By is closer than L and is expressed as
P[r > L] = exp(—ArL?). Then, the cumulative distribution
function (cdf) is calculated as Plr < L] = F.(L) = 1 —
exp(—ArL?). Therefore, the pdf of 7 can be calculated as

_dF.(r)
T dr

fr(r) = 27 Ar exp(—Anr?) . (2)

B. One-way Transmission

For calculating outage probability, we first evaluate coverage
probability, p.. In one-way transmission, coverage probability
is the probability that transmission rate becomes smaller than
the capacity. Then, we calculate outage probability as 1 —
pc. First, we calculate coverage probability of DL averaged
over the plane, p¢, conditioning on the closest BS being at a
distance r from T} as follows [10]:

PH(R, pp,a) = E[P[C(vpr) > R|r]]
_ /0 PIC(vur) > Rlrlf,(r)dr
(o[ gr™®
B /0 P[Uz + Ir

_ / T Plgs > br(0® + In)|r] fo(r)dr

>b

r} Fo(r)dr

—~

a

= /000 Erp [exp(—ppbr®(c® + Ir))|r] fr(r)dr

N
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® / exp(—uBbr“U2)£IT (upbr®) f.(r)dr, 3)
0

where gp is a random variable following an exponential
distribution with mean p5', and b is 2% — 1. (a) follows
from the fact that gp follows exponential distribution. (b)
follows from the definition of Laplace transform L, (s) =
E;.[exp(—sIT)]. Here, we define V; as the distance between
Ty and the ¢-th interfering BS, and gp; as the random variable
following an exponential distribution with mean ,ug,l. With
the assumption on the i.i.d. distribution of fading random
variables, we can calculate Ly, (s) as follows:

L (s) = Epp[exp(—slr)]

>

= E‘I)B7QB¢' lexp <_5 gBiVia>
ieq?’B\BSo

= E<1>B7ng‘ [ H eXp(—sgB,ﬂ/i*a)
i€<I>B\BS()
(@) “B
< Fo, H _
icwp\BS, B T sV

® exp <—27r/\/ (1 — 'uB_a)vdv>

r KB+ sv;

> 1
= exp<—27r)\/r 1+Mssvavdv), 4)

where (a) follows from the moment generating function
(MGF) of exponential distribution, and (b) follows from the
probability generating functional (PGFL) of the 2-D PPP[9],
which states for some function f(¢) that

25([110) —ew(~ [ (1= 10)a@). ©

ted
where A is an intensity measure. Moreover, as we employ
the 2-D homogeneous PPP, A(dt) = Adxdy. Plugging in s =

ppbre and changing the variable u = b=& (2)” result in

£IT (H/Bbra) = exp (—77)\7“2,0(19, a)) ’ (6)

where o 1
b,a)=ba —du. 7
by = bt [ )

Combining (2), (3) and (6), and employing the change of
variable 72 = v, we derive coverage probability as

pL(R, pp, ) = 7r/\/ ex;)(—y,Bb(rQ'z)% — v (1 + p(b, a)))dv. (8)
Jo

With a = 4, we can derive this coverage probability with a
quasi-closed form as follows:

PA(R, pp) 2 pL(R, up,4)

_ i - (T (1 + p(b)))? e[ AL () ©
v/ 4ppbo? 4ppbo? [iugbo? )’

where erfc(z) t2)dt and p(b) is defined as

= % f;o exp(—

p(b) 2 p(b,4) = JB(;T — tan™ <\}5>> (10)

(b)

(a)Transmission with Ry (b)Transmission without R

Fig. 4.
Hereafter, we assume a path loss exponent of 4. Next, we
evaluate coverage probability of UL in a similar way to DL. In
UL phase, interference is caused by the other Terminals which
transmit signal with Tx power of u;l. Therefore, coverage
probability is p¥ (R, ur) = p¢(R, ).

For the coverage probability of Relay phase, we denote h
as the distance between Ty and the closest Relay node, Ry, as
shown in Fig. 4. We assume that Tj is the closest Terminal to
Ry, and BSj is the closest BS to Ry. We denote the distance
between Ry and BSy: d?(r,h,0) = 72 + h%? — 2rhcosf.
Hereafter, we describe d(r, h, ) simply as d. If Ry is located
far from T}, the transmission through a Relay node does not
improve coverage probability and it is better for Tj to transmit
without relaying. Therefore, we introduce an area within which
Ty should transmit to BS, through Relay node. We assume
that if A is smaller than r/2, that is, if Ry is located within
a circle of radius r/2, Ty transmits through Ry, as shown in
Fig. 4(a). Otherwise, T transmits without Relay node (Direct
scheme), as shown in Fig. 4(b). When h is smaller than r/2,
coverage probability is expressed as

poY(R, pr) = Eppy o [P[C(yrR) > 2RN
C(yrB) > 2R|r,h,0,h < 7/2]P

27
_ / / / cap(—prbro®h — ppbro®d)Lr, (urbghd)
0 0
L1y (prbRAY)PIh < 7/2]frp6(r, h|h < r/2)d6dhdr, (1)

[h <r/2]]

where bp is 228 — 1, L1, (s) = Er,[exp(—sIr)], L1, (s) =

E;,[exp(—slIg)], Plh < r/2] = 1 — exp(—=Agrmr?/4) is the
cumulative probability of h and f, p, ¢(r, hlh < 7/2) is the
conditional joint probability density function (cjpdf) which is
expressed as [12]:

2nAAgrhexp(—Anr? —Armh?)
1—exp(—Ag7mr2/4)
0

ith<r/2
otherwise
12)
In order to satisfy the same end-to-end rate with Direct
scheme, when 7 transmits through Ry, Ty and R need to
transmit with the rate, 2R. On the other hand, if h is larger
than r/2, coverage probability is expressed as

f’r‘,h,B(Tv h|h < T/Q) = {

*(R,ur) = Ern,0[P[C(vrE) > Rlr,h,0,h > r/2]P[h > r/2]]

/ / /2” exp(—prbo®r) L, (prbr?)

Plh > 7/2]fr n.6(r, h|h > 7/2)dOdhdr, (13)

where P[h > r/2] = exp(—Ag7nr?/4) and fr.p(r,h|h >
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r/2) is expressed as

27 AAgrh exp(—Anr2—Agmh?)
exp(—Ag7r2/4)

it h>r/2

otherwise
(14)

Therefore, coverage probability of Relay, p?, is calculated as
Pe(R, pr) = piM (R, pr) + 2 (R, pr).

f'r',h,g(rv h|h > 7”/2) = {

C. Two-way Transmission

Based on coverage probability of one-way transmission
derived in the previous subsection, we derive the coverage
probability of two-way transmission, defined as the probability
that transmission rate becomes smaller than the capacity in
both DL and UL, DL and Relay, MA and BC phases. Then
we calculate outage probability by subtracting the coverage
probability from 1. First, we calculate coverage probability of
Direct scheme, p?. As we employ the fixed slot model, p”
can be calculated as

PP (R, pp, pr) = E[P[C(vsr) > RNC(yrE) > RIr]]
/0 P[C(vpr) > RN C(yrs) > Rlrlf(r)dr

- ( (mA(1 + 2p(b)))2> ot <m(1 +2p(b))

4pbo? [41bo? )’

15)
where 1 is pup + pr. Next, we derive coverage probability
of Relay scheme. When h < r/2, the coverage probability is
expressed as

3
T2\

\/4pbo? ¢

pE (R, g, pr) = Erpo[P[C(v8T) > RN C(yrR) > 2RN
C(yrB) > 2R|r,h,0,h < r/2|P[h < r/2]].

(16)
When h is larger than 7/2, it is calculated as
P (R, pp, pr) = Eppo[P[C(ypr) > RN
C(yrg) > R|r,h,0,h > r/2)Plh > r/2]]. (17)

Therefore, coverage probability of Relay scheme, pf, is calcu-
lated as pf*(R, pp, pr) = pE (R, pp, pr) + P2 (R, g, pir).-

Finally, we evaluate coverage probability of PLNC scheme.
As for the Relay scheme, we assume that PLNC is conducted
when h is smaller than r/2. Otherwise, Ty and B.Sj transmit
with Direct scheme. As shown in Fig. 5, the capacity region
of MA is a convex region. It is the set, S, which is com-
posed of all the rates (Rp, Rr) satisfying the following three

TABLE 1
SYSTEM PARAMETFTRS

Bandwidth 0 [MHz]
Terminal density: A 0.24[Terminals/km?]
BS density: A 0.24[BSs/km?]
Relay station density: Ar 5) [Relays/km?]
BS Tx power: Pp 45 [dBm]
Terminal Tx power: Pr 23 [dBm]
Relay Tx power: Pr 30 [dBm]
Noise power density -174 [dBm/Hz]
constraints [11]
gpd—*
Rp < C 02+1R>
grh™*
Ry < C( %2 (18)
gpd”*+grh™*
Rp+ Ry < C(W)

where gr is a random variable following an exponential
distribution with mean ,u;l, Rp and R are the transmission
rates of BSy and Ty, respectively!. Then the conditional
coverage probability of MA phase is calculated as [14]

gpd™*
k

P[(Rp, Rr) € S|r,h,0,h < /2] —P[RB <c( )mRT <

—4

d—4 h—4

A )ﬂRB+RT<C(—gB —]:gT )
ppd*

"l updt — prh?
prh?

ppd* — prht

rh, 0,k < r/2]
exp((—prh*brp + prh'br — ppd'bp)k)

exp((—ppd*brp + ppd*bp — ,UTh4bT)k)] ;
(19)
where k is 02+ Ig, bg, by and by are 288 —1, 287 — 1 and
2fts+Rr 1 respectively. Putting Rg = Ry = R we get:
P[(R,R) € S|r,h,0,h < 1r/2)
_ ppd* exp(=to®) L, (t) — prh? exp(—uo?) Ly, (u)
B ppd* — prht

i

(20)

where t = 28urh*b + ppd*b and u = 2% pupd*b + urh*b.
Therefore, coverage probability with PLNC scheme consider-
ing both MA and BC phase is calculated as

pEY(Roup, pr) = Erpo[P(R,R) € SN C(yrr) > RN
C(yrB) > Rlr,h,0,h <r/2]P[h <r/2]. (1)

When h > r/2, Ty and BSy communicate with Di-
rect scheme. Then, coverage probability is same as (17),
that is pP2(R, up, ur) = p®?(R, up, ur). Therefore, cov-
erage probability of PLNC scheme, p!, is calculated as
pE (R, g, pr) = pEH(R, ps, pr) + pE (R, s, pr).

IV. NUMERICAL RESULTS

The system parameters used for evaluations are given in
Table I, which are taken from studies analyzing performance
of outage probability considering ICI for an LTE-based cellular
network [10][15].

IStrictly speaking, the maximum rate of each node should be calculated
with C'(SINR) = log2(1/2 + SINR) instead of eq. (1)[13], however,
at high SINR region, the difference between C’(SINR) and C(SINR) is
negligible, so we employ eq. (1) for simplicity.
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Fig. 6 shows outage probability of DL, UL and Relay
against End-to-End rate, R. In this figure, the dotted lines
represent the outage probability when ICI is neglected, while
the solid lines indicate outage probability considering ICI as
derived in Sec. III-B. Without ICI, the outage probability of
DL is much lower than that of UL and Relay. In general, as
shown in Table I, Tx power of BS, Pg, is much larger than
Pr and Pg. This means that SNR (Signal-to-Noise Ratio)
at a DL receiver becomes larger than SNR at a UL and
Relay receiver. The outage probability for Relay is lower than
that of UL. This is because the Tx power of Relay, Pg, is
larger than Pr. Moreover, as Ry is deployed closer to T}
than BSj, despite small Tx power of Terminal, the received
power at Ry becomes large. Therefore, though 7y and Ry
need to transmit with higher rate, 2R, Relay outperforms UL.
When ICI is considered, outage probability on DL is extremely
deteriorated. This is because, in DL, ICI is caused by the other
BSs which transmit with large Tx power. On the other hand,
in UL and Relay, ICI is caused by Terminals which transmit
with lower Tx power than BSs. This means that the impact of
ICI on DL is larger than that on UL and Relay. Even when
ICI is considered, Relay is still superior to UL. This shows
the usefulness of Relay node.

Fig. 7 shows the outage probability of two-way transmission
derived in Sec. III-C. Dotted lines represent outage probability
without ICI, while the solid lines with ICI. It can be observed
that, without ICI, PLNC outperforms the other schemes, as
already shown in the prior work. Interestingly, when ICI is
considered, the superiority of PLNC vanishes. In the MA
phase, Ty and BSj transmit to Ry simultaneously while
interference is caused by the other BSs. Here, in PLNC, R,
needs to decode both signals transmitted by 7y and BSj.
However, as explained above, the impact of ICI caused by
BSs is large, and Tx power of Ty, Ppr, is lower than Tx
power of BSs, Pp. Therefore, the coverage probability on
MA phase derived from (20) becomes small, which results
in larger outage probability for PLNC compared to the other
schemes. This result clearly demonstrates the importance of
the interference on the schemes with PLNC.

V. CONCLUSIONS

In this paper, we have analyzed outage probability of Direct,
Relay and PLNC schemes considering the impact of ICI in
a large-scale cellular network. Without ICI condition, PLNC
is superior to the other schemes, which is the observation
shown in many literatures. However, when ICI is considered,
the superiority of PLNC is vanished. These results clearly

-a-PP(wlo IC)
AT o)
1o PPwio 1cn)
== P(with IC1)

1 |=PRwith 1c1)

~e=PP(with ICI)

Outage Probability

10 3 ") ‘,1 ‘0 !

107 10° 10 1 10
Two-Way End-to-End Rate (R) [bits/s/Hz]

Fig. 7.

demonstrate the importance of analysis of PLNC considering

the impact of interference.

Outage probability of two-way transmission

ACKNOWLEDGMENT

This work was partially supported by the Grant-in-Aid for
Scientific Research (A) No. 24240009. Part of this work has
been performed in the framework of the FP7 project ICT-
317669 METIS, which is partly funded by the European
Union. The authors would like to acknowledge the contri-
butions of their colleagues in METIS, although the views
expressed are those of the authors and do not necessarily
represent the project.

REFERENCES

[1] P. Popovski and H. Yomo, "Wireless Network Coding by Amplify-and-
Forward for Bi-directional Traffic Flows”, IEEE Communications Letters,
January 2007.

[2] P. Popovski and H. Yomo, “The anti-packets can increase the achievable
throughput of a wireless multi-hop network,” in Proc. IEEE International
Conference on Communication (ICC 2006), Istanbul, Turkey, June 2006.

[3] P. Popovski, and H. Yomo, "Physical network coding in two-way wireless
relay channels.” Communications, 2007. ICC’07. IEEE International
Conference on. IEEE, 2007.

[4] H. Yomo and Y. Maeda, "Distributed MAC Protocol for Physical Layer
Network Coding,” Proc. of WPMC 2011, Oct. 2011.

[5] H. Fukui, H. Yomo, and P. Popovski, “Physical layer network coding: A
cautionary story with interference and spatial reservation,” Proc. of IEEE
CoCoNet Workshop in conjunction with IEEE ICC 2013, June 2013.

[6] C. Thai, P. Popovski, M. Kaneko and E. Carvalho, ”Coordinated trans-
missions to direct and relayed users in wireless cellular systems,” in Proc.
IEEE ICC 2011, Jun 2011.

[7]1 H. Liu, P. Popovski, E. de Carvalho and Y. Zhao, "Four-way relaying in
wireless cellular systems,” IEEE Wireless Communications Letters, 2013.

[8] T. Q. Duong, H. A. Suraweera, H.-J. Zepernick and C. Yuen, "Beam-
forming in two-way fixed gain amplify-and-forward relay systems with
CCL” in Proc. IEEE ICC 2012, June 2012, pp. 3674-3679.

[9] M. Haenggi, “Stochastic geometry for wireless networks”, Cambridge
University Press, 2012.

[10] H. S. Dhillon, R. K. Ganti, F. Baccelli, and J. G. Andrews, "Modeling
and analysis of K-tier downlink heterogeneous cellular networks”, IEEE
Journal on Selected Areas in Comm., Apr. 2012.

[11] T. M. Cover and J. A. Thomas, "Elements of Information Theory”, John
Wiley and Sons Inc., 1991.

[12] A. Papoulis and S. U. Pillai, “Probability, Random Variables and
Stochastic Processes”, 4th ed., New York: Mc Graw Hill, 2002.

[13] W. Nam, S-Y. Chung, and Y. H. Lee, "Capacity Bounds for Two-Way
Relay Channels,” IEEE International Zurich Seminar on Communications,
2008.

[14] R. Narasimhan, “Individual outage rate regions for fading multiple
access channels,” in Proc. IEEE International Symp. Information Theory,
June. 2007.

[15] D. Lopez-Perez, 1. Guvenc, G. de la Roche, M. Kountouris, T. Quek,
and J. Zhang, "Enhanced intercell interference coordination challenges in
heterogeneous networks,” Wireless Communications, IEEE, vol. 18, no.
3, june 2011.

1137



