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This paper provides basic results of finite field theory which describe the struc-
ture of finite fields, trace function, characters and Gaussian sums in order to deter-
mine the bounds on the number of zeros in a linear recurrence sequence of irreducible

polynomial of given degree and order.

i



TABLE OF CONTENTS

Abstract . . . . . . L ii
List of Tables . . . . . . . . . . . iv
Introduction . . . . . . .. L 1
1 Basic results of finite fields . . . . . . .. ... 0oL 2
1.1 Structure of finite fields . . . . . . . ... ... 2
1.2 Trace function . . . . . . . . ..o 4
1.3 Characters . . . . . . . . . ... 8
1.4 Orthogonality relations for characters . . . . . . .. ... ... ... 14
1.5 Gaussian Sums . . . . ... 16
2 Bounds on the number of zeros in a linear recurrence sequence . . . . . . 21
3 The number of zeros of some linear reccurence sequences . . . . . . . .. 33
References . . . . . . . . . 40
Appendix . . . ... 40
Vita . . . 125

1ii



LIST OF TABLES

v



INTRODUCTION

This paper provides a basic treatment of finite field theory in order to determine
the bounds on the number of zeros in a linear recurrence sequence of irreducible
polynomial of given degree and order. The method discussed here is based on
Gaussian sums which leads to better estimates of the bounds.

Chapter 1 deals with the basic concepts of finite field theory such as the struc-
ture of finite fields, the trace function, characters and Gaussian sums. Also some of
the most important theorems regarding those topics and the proofs of most of the
theorems are presented here.

Chapter 2 which is the most important section, describes the linear recurrence
sequence in a finite field and some of its characteristics. Out of the basic theorems
which involves the linear recurring sequences discussed here, the most important
theorem is the one which determines the bounds on the number of zeros in a se-
quence of irreducible polynomial of given degree and order. This method is based
on Gaussian sums and the basic results of finite field theory which are explained in
the first chapter is heavily used here.

Chapter 3 provides results obtained by a MAPLE program written in order to
determine the number of zeros in sequences induced by irreducible polynomials over
the finite field of order 2, of degree 8 and order 85, degree 9 and order 73, degree 10

and order 93 under certain initial values.



CHAPTER 1
BASIC RESULTS OF FINITE FIELDS

1.1 STRUCTURE OF FINITE FIELDS

This chapter is adapted from [2].

Lemma 1.1.1. Let F' be a finite field containing a subfield K with q elements. Then

F has q"™ elements, where m = [F : K].

Proof. F is a vector space over K. Since F' is finite, it is finite-dimensional as a
vector space over K. Let [F : K] = m. Then F has a basis say, {b1,b2,...,b,}
over K which consists of m elements. Then every element b can be expressed in the
form,

b= aiby + asbs + ... + a,b,, where aq,as,...,a,, € K.

Since K has q elements, each a; can take g values. So F' has exactly ¢™ elements. [J

Lemma 1.1.2. If F' s a finite field with q elements, then every a € F' satisfies

al = a.

Proof. When a = 0, it is trivial that a? = a. When a # 0, the nonzero elements
in I form a group of order ¢ — 1 under multiplication. Then a? ! = 1 for every

a € F'\ {0}. If multiplied both sides by a this will give the result. O

Theorem 1.1.3. (Subfield Criterion) Let F, be the finite field with ¢ = p™ elements.
Then every subfield of ¥, has an order p™, where m is a positive divisor of n.
Conversely, if m is a positive divisor of n, then there is exactly one subfield of F,

with p™ elements. (Note that p is a prime.)

As a result of this theorem, it can be concluded that the finite field, I, is a

subfield of the finite field, Fy» and from Lemma 1.1.1, [Fyn : F;] = n.



Lemma 1.1.4. Let f € Flx] be an irreducible polynomial of degree m, over F,.

Then if f(x) divides x7" — x then m divides n.

Proof. Suppose f(x) divides 29" — x. Let a be a root of f in the splitting field of
f over F,. Then « is a root of 27" — x which implies a?" = a, so that o € Fyn.

Therefore F,(a)is a subfield of Fyn. Since [F,(a) : F,] = m and [Fp : F,] = n,
[Fon : Fo(a)][Fo(e) : Fy] = [Fygn : Fy
=n=[Fq:Fla)m
= m divides n. O

Theorem 1.1.5. If f is an irreducible polynomial in Fy[x] of degree m, then f has
a root o in Fym. Also, all the roots of f are simple and given by the m distinct

2 m—1
elements a, a4, a9, ... af of Fym.

Proof. Let o be a root of f in the splitting field of f over F,. Since the degree of f
is m, [F,(a) : Fy] = m. Also [Fym : F,] = m. Then by Lemma 1.1.1, F («) = Fym.
So a € Fym. Now we will show that if 8 € Fym is a root of f then so is 37. Let

f(z) = amax™ + ... + a1 + ag where a; € F, for 0 <i < m. Then
f(BY) =anf™+ ...+ a187 + ag
=al "+ ... +alf"+al  (By Lemma 1.1.2)

= (4" + ...+ a18 + ap)?

2 m—1
Soa,af, a?,...,a? = areroots of f. Now we have to show that these elements are

distinct. Let’s assume that it is not so. That is, there exist some integers j, k where



; ; quk quk
0<j7<k<m—1suchthat a? = a?". This implies that (oﬂ ) = (ozqk>

m—k+j m k+j

Then o = 4" = «a. Therefore a is a root of the polynomial z¢" "~ = z. Since

k+j

f(x) is the minimal polynomial of a, f(z) divides 27"’ = x. Then by Lemma
1.1.4, m divides m — k+ 5. But 0 < m — k + 7 < m which gives a contradiction.

2 m—1 . .
Hence a,a?, a9, ..., a1 are distinct. O

Definition. Let F;» be an extension field of F, and let o € Fym. Then the elements

a, 04,07, ..., a7 " are called the conjugates of o with respect to F,.

Remark. The conjugates of a € F,m are distinct if and only if the minimal poly-
nomial of a over F, has degree m (by Theorem 1.1.5). Otherwise the degree d of
the polynomial is a proper divisor of m. Then the conjugates of a with respect to

[F, are the distinct elements a, a4, . .. ,aqd_l, each repeated m/d times.

1.2 TRACE FUNCTION
Let us consider that the field F is a finite extension of the field K where

F =Fym and K =F,. Then F has a dimension m over K.

Definition. Let a € F. The trace Trp/k(a) of a over K is defined by

m—1

Trp/g(a) =a+al+ ... +al

If K is the prime subfield of F', then Trp k() is called the absolute trace of o and

it is denoted by Trp(«).

Remark. The trace of a over K is the sum of the conjugates of o with respect to

K.
Theorem 1.2.1. The trace of a over K is an element of K.

Proof. Let f € Klz| be the minimal polynomial of o over K where its degree is

d. Since K C K(a) C F, and since [F' : K] = m, d is a divisor of m. Then

4



g(x) = f(x)™? € K[x], which is of degree m is called the characteristic polynomial

d—1

of a over K. Then by Theorem 1.1.5, the roots of f in I are given by o, a4, ..., a4
Then (by the remark given below the definition of conjugates), the roots of g in F’

are the conjugates of a with respect to K. Therefore
g(r) = 2™ + apm 2™+ ..+ ag (1.1)
—(z—a)z—0a?) .. (z—a’") (1.2)
By comparing the coefficients of ™! in (1.1) and (1.2) gives that
Trpg(a) = —am— € K (Since g(z) € K|[x]).
[

Theorem 1.2.2. Let K =, and F' = Fgm. Then the trace function Trg i satisfies

the following properties:
(a) Trp/x(o+ B)=Trp k(o) +Trpy(B) for all o, € F;
(b) Trp/k(ca) = cTrp/k(a) forallc e K, o € F;

(¢) Trp/k is a linear transformation from F onto K, where both F and K are

viewed as vector spaces over K;
(d) Trrjx(a) =ma for alla € K;
(e) Trp/x(a?)=Trp/k(a) for all o € F.
Proof. (a) Let o, B € F. Then,

Tre(a+B)=a+ B+ (a+B)+... 4+ (a+ B

m—1 m—1

=a+f+a’+p7+...+a?  + 7

m—1 m—1

=a+...+a? +[0+...+ 57

= TrF/K(a) + TI'F/K(ﬁ)'



(b) Let ¢ € K. By Lemma 1.1.2, ¢ = ¢ for every r > 0. Therfore for any o € F,

m—1 m—1

Trp/k(ca) = ca+claf 4 ...+t of

m—1

=ca+ca?+...+cal
= cTrp/k ().

(c) By the properties (a) and (b) and by Theorem 1.2.1, it can be concluded that
Trp k() is a linear transformation from F' into K. To prove that this mapping is
onto, we will prove that there exist an o € F' such that Trp k(o) # 0.

[If we can prove this existence of a € F, then Trp/k(a) = ¢ # 0. Then for any

ke K,

Trp/x (kc’la) = kc’lTrF/K () (By property (b))
= ke e
= k.

Then Trp/x will be onto K|
Now Trp k(o) = 0 if and only if o +a? + ... + a?""" = 0 which is possible if and

m—1

only if « is a root of the polynomial = + 29 4 ... + 29" € K[z] in F. But this
polynomial can have only ¢™ ! roots in F' and F has ¢™ elements and this concludes
that there exist an element o € F such that Trp/x(a) # 0. This proves that the

mapping is onto K.

(d) Let a € K. Then

m—1

Trp/x(a) =a+a’+ ... +af

=a+a+...4+a (By Lemma 1.1.2)



(e) Since F has ¢™ number of elements, by Lemma 1.1.2, 7" = q, for every a € F.

So Tre/k (a9) = a+a% ...+ =af+a? ... +a= Trpx(a). O

Theorem 1.2.3. Let F be a finite field extension of the finite field K, both considered
as vector spaces over K. Then the linear transformations from F into K are exactly
the mappings Lg, B € F, where Lg(o) = Trp/k(Ba) for all o € F. Furthermore,

Lg # L., whenever 3 and vy are distinct elements of F.

Proof. By the properties of the trace function (property (c)), Trp/x(Ba) is a linear
transformation from F' into K and hence Lg is a linear transformation from F' into
K. Since Trp/x maps F' onto K, for every 3, € I’ where 3 # +, there is a suitable

a € F there exist an a € F' such that

Lg(a) — Ly(a) = Trp/x (Ba) — Trp i (va) = Trp (B8 — v)a) # 0.

So the mappings Lg and L, are distinct. If K = [F, and F' = Fym, F' has ¢™ distinct
elements and hence there are ¢ different Lg linear transformtions from F' into K.
On the other hand, let L be an arbitrary linear transformation from F' into K. Let
a € F. Since[F' : K] = m (Since F' = Fm and K = F) the basis of F' over K has

m elements. Let {aj,as,...,a,} be a basis for F' over K. Then
o = a1 + caas + ... + ¢pa,, for some cq,co, ..., ¢ € K.
Then
L(a) = L(ciay + caa9 + ... + cman) = c1L(ay) + coL(az) + ... + e L(am,)

and for each L(a;) wherei = 1,2, ...,m, it can take ¢ values (Since K has g elements)
and hence L(«) can have ¢ distinct values. Therefore there are only ¢™ number
of linear transformations from F into K. So the set of all Lz mappings will be the

only linear transformations from F' into K. ]



Theorem 1.2.4. (Transitivity of Trace) Let K be a finite field, and let F' be a finite

extension of K and E a finite extension of F'. Then,
TT’E/K(CY) = TT’F/K(TTE/F(Q))
forall a € E.

Proof. Let K =F,, let [F : K| = m and [E : F| = n. Then [E : K] = mn. For

a€el,

TI'F/K(TI"E/F(CY)) = TI'E/F(CY)q

|
Q

1.3 CHARACTERS

Definition. Let G be a finite abelian group (written multiplicatively) of order |G|
with the identity element 15. A character x of G is a homomorphism from G into
the multiplicative group U of complex numbers of absolute value 1. That is, a

mapping from G into U with x(g192) = x(91)x(g2) for all g1,92 € G.
Note that:
1. Since x(1g) = x(1¢)x(1g), then x(1¢) = 1.

2. (x(9)1€l = x(g!“l) = x(1¢) = 1 for every g € G and therefore the values of

are the |G|th roots of unity.



-1

3. x(9)x(97") = x(997") = x(1g) = 1 and so, (x(g9)) " = x(g) for every g € G

where the bar denotes the complex conjugation.

4. The trivial character denoted by g is defined by xo(g) = 1 for all g € G. (All

the other characters G are called nontrivial).

5. With each character y of GG, there is associated the conjugate character

defined by Y (g) = x(g) for all g € G.

6. If there are finitely many characters x1, x2, - - -, X» of G, then the product char-

acter x1xz - - - Xn can be obtained by (x1x2 - .- Xn)(9) = x1(9)x2(9) - - - Xn(g) for
all g € G.

7. If x1 =x2=...= xn = X, then the product yix2... X, can be written as x".

The set of characters of a group GG forms an abelian group under the above
defined multiplication of characters and the group is denoted by G”. Since the

characters of G can only be the |G|th roots of unity, G is finite.

Remark. Let G be a finite cyclic group of order n and let g be a generator of G.

Then for a fixed integer 7 such that 0 < j7 < n — 1, the function,

Xj(gk) = e?misk/n, where k£ =0,1,...,n—1

defines a character of G. (Since x;(g*¢") = (x;(g*)(x;(g") and e*™7*/™ is a nth root
of unity) Also, if y is any character of G, then x(g) must be an nth root of unity and
it will be of the form x(g) = €™/ for some j such that 0 < j < n — 1. Therefore,

X = X;. Hence G" consists exactly of the characters xo, X1, - - -, Xn—1-

Theorem 1.3.1. Let H be a subgroup of the finite abelian group G and let 1 be
a character of H. Then v can be extended to a character of G; i.e. there exists a

character of x of G with x(h) = (h) for allh € H.



Proof. Suppose H is a proper subgroup of G. Let ¢ be a character of H. Choose
a € G with a ¢ H and let H; be the subgroup of G generated by H and a. Let
m be the least positive integer for which a™ € H. Then every element g € H; can
be written uniquely in the form ¢ = a/h with 0 < j < m and h € H. Define a
function 1, on Hy by v1(g) = w4 (h), where w is a fixed complex number satisfying
w™ = 1h(a™). Let’s check whether 1, is indeed a character of H;. Let g; = a*h;,0 <

k < m,hy € H, be another element of H. If j + k < m, then
U1(gg1) = ¢ (a’ ha'hy)
= Y1 (a’Fhhy)
= Wty (hhy)
= WP (h)y(h)
= W p(h)w'y(hi) = ¥1(g)vr(g1)
If j+ k > m, , then ggi = a/**~™(a™hh,) and so
Di(gg) = WY@ hhy)
= W) (a™ ) (hhy)
= W 4p(hhn) = Pi(g)ir(g1)

For h € H, ¢1(h) = ¢(h). If H; = G then we are done. Otherwise, this process can
be continued until an extension of ¢/ to G is obtained. Since G is finite, this can be

done in finite number of steps. m

Theorem 1.3.2. For any two distinct elements g1, 9o € G there exists a character
X of G with x(g1) # X(g2)-

Proof. Let h = g1g5". So h # 1¢. Let H be the cyclic subgroup of order r generated
by h. Let j # 0. Then by the above remark, 1;(h) = e2™/" £ 1 where 1; is a

10



character of H. Then by the Theorem 1.3.1, there exists a character x of G such
that x(h) = v;(h) for all h € H. So x(h) # 1. So x(g195") # 1 and hence

x(g1) # x(g2)- 0

Theorem 1.3.3. If x is a nontrivial character of the finite abelian group G, then

> xlg) =0 (1.3)
geG

If g € G with g # 14 then,
> x(g)=0 (1.4)
XEGN

Proof. For the first part of the theorem, y is nontrivial. Then there exists h € G
with x(h) # 1. Then

x(h) Zx(g) = Zx(hg) = Zx(g) (Since if g runs through G, so does hg).

geG geG geG

Then we have

(x(h) =1)> x(g) =0.

geG
Hence (1.3).

For the second part, define the function ¢ such that g'(x) = x(g) for x € G".

This is a character of the finite abelian group G” since

9/(X1X2) = x1x2(9) = x1(9)x2(9) = gl(Xl)gl(X2)-

So for g € G such that g # 1g, by Theorem 1.3.2, there exists x € G such that
x(g) # x(1g) = 1. So ¢ is non trivial. So by the first part of this theorem applied

to G",

> g(x)=0

xEGN

= ) x(g) =0

xEGN

11



Theorem 1.3.4. The number of characters of a finite abelian group G is equal to

|Gl
Proof. By Theorem 1.3.3, (1.4),

Z Z x(g) = Z x(1g) = |G"| (Since x(1¢) =1, this gives the count of G")

geG xeGN XEGN

(1.5)
Z Z x(g) = Z Zx(g) = ZXO(g) (By (1.3) in Theorem 1.3.3)
geG xeGN X€GN geG geqG
= |Gl
Then by (1.5), |G"| = |G]. O

Definition. The set of all characters of G which annihilate a given subgroup H (i.e
characters x of G such that y(h) =1 for all h € H) is called the annihilator of H
in G".

Definition. Let F, be the finite field with ¢ elements. Let p be the characteristic
of Fy. Let Tr: F, — IF, be the absolute trace function from F, to [F,. Then the

function y; defined by
x1(c) = e2miTr@/p forall ceF,

is a character of the additive group of F,. The character x; is called the canonical

additive character of F,.

Theorem 1.3.5. For b € F,, the function x;, with xs(c) = x1(bc) for all ¢ € F, is

an additive character of ¥y, and every additive character of Fy is obtained this way.

Proof. For c1,co € TFy,
Xo(c1 + ¢c2) = xa1(bey + beg)
= x1(ber)xa(bes)
= xp(c1)xp(c2)

12



So the first part is proved. For the second part, by Theorem 1.2.2 (¢), Tr maps F,

onto F,. Hence x; is a nontrivial character. Therefore, for a,b € F, where a # b,

for suitable ¢ € IF,. So x, and x; are distinct characters. Therefore if b runs through
F,, we can get ¢ distinct additive characters in the form of x;. Also by Theorem
1.3.4, F, has exactly ¢ additive characters. So it can be concluded that all the

additive characters of IF, can be obtained on this way. O]

Remark. Let E be a finite extension field of F, and let x; be the canonical additive
character of IF,. Let py be the canonical additive character of £/ where the Tr is
replaced by the absolute trace function Trg from E to F,. Let 8 € E. Then by the
Theorem 1.2.4,

Trp(B) = Trg, (Trgw,(B)) forall e E.

Then,
X1 (TYE/Fq(ﬁ)) _ 2T (Tr e, (8)) /1
— 2miTre(B)/p
= pa(B)
Therefore,
x1 (Trgge,(8)) = m(B) (1.6)

Definition. Characters of the multiplicative group I} of F, are called multiplicative

characters of IF,.

13



1.4 ORTHOGONALITY RELATIONS FOR CHARACTERS

Proposition 1.4.1. Let x and v be characters of G. Then

. 0 forx#v
EOROEOE ' (1.7)

9e@ 1 forx =1

Proof. Let x and 9 be characters of G. When y = 1,

If x # v,

XU (g)

We check that ¢ is non-trivial. Suppose otherwise. Then

x¥(g) =1=x(g)¢(9) ' =1
= x(g9) =¢(g9) forevery g€ G

which contradicts with the fact that y # 1. Therefore yt is non trivial. So by

applying (1.3) in Theorem 1.3.3,

> x(g9)e(g) =D xd(g) =0
gelG geG

and hence ﬁ > gec X(9)¥(g) = 0. Therefore it can be concluded that,

1 0 for xy #v

9e@ 1 for x =1

14



Proposition 1.4.2. Let g and h be elements of G. Then

o 0 forg#h
EDIRCROE ! (1.8)

XEGM 1 forg=nh

Proof. Let g and h be elements of GG. If g = h then

x(9)x(h) = x(9)x(9) " =1

This imples that 7 >0, con X(9)x(h) = 1. If g # h, then

x(9)x(h) = x(9)x(h)™' = x(g)x(h™") = x(gh™")

Since g # h, gh™! # 1g. Then by (1.4) in Theorem 1.3.3,

é > xlg)x(h) = é > xlgh™) =0

XEGN XEGN
Therefore,
1 0 forg+#h
@ Z x(9)x(h) =
XeGn 1 forg=~nh

]

Applying the orthogonality relations in Proposition 1.4.1 and Proposition 1.4.2
to additive and multiplicative characters of I, the following fundamental identities
can be obtained. Let x, and x; be additive characters of F,. If a # b, then x4 # xs
and if @ = b then x, = xp. Then by (1.7),

0 fora#b

> xalex(e) = (1.9)
c€Fy q fora=1b
If a # 0, since xo = 1 and hence by (1.9),
> Xale) =0. (1.10)

cely

15



Furthermore, for elements ¢, d € [F, we obtain

0 forc#d
> xele)xld) = (1.11)

bel, g forc=d

Similarly, for multiplicative characters ¢» and 7 of I,

0 for o £ 7

> w(or(e) = (1.12)
cely g—1 foryp =71
Also
> () =0 for ¥ # 1. (1.13)
ceFy
If ¢, d € F}, then
0 f d
> w(e)w(d) = o7 (1.14)
¥ g—1 forc=d

where the sum is extended over all multiplicative characters ¢ of F,.

1.5 GAUSSIAN SUMS
Definition. Let ¢ be a multipliactive character and y an additive character of IF,.

Then the Gaussian Sum G(1,x) is defined by

G, x) = Y (e)x(c)
celFy
Before we discuss some properties of the Gaussian Sums, let’s assume that

and o are the trivial multiplicative character and trivial additive character of [F,

respectively.

Theorem 1.5.1. Let ¢ be a multiplicative and x an additive character of Fy. Then
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the Gaussian Sum G(1,x) satisfies
(

q—1 forv =1, x =x0

Gx) =9 =1 for = o, x # Xo (1.15)
0 for v # o, X = Xo

If ¢ # 4o and x # Xo, then
G0, x)| = ¢'/* (1.16)

Proof. If 1 = 19, x = Xo then G(¢,x) = ZCGF;¢(C)X(0) = Zcenr;;l —q—1.1If
¢ 7 o, x = xo then G(¥,x) = Xoer, V(O)x(€) = Xocep, ¥(¢). Then by (1.13),
ZCEFZ ¢(0) = 0. If ¢ = 1y, X # X0, then

G(vo,x) = Y x(¢) = Y x(e) = x(0) = ~1

celFy celFq

(Since ¥y = 1 and by (1.10)). If ¢ # 1o, x # X0 then
G0 = G, )G (¥, x)

— Z Z Y(e)x(c)w(er)x(er)

CEF; c1 EF;

=Y > vl ex(e — o)

CGF; c1 GIF;

If we substitute ¢ 'c; = d, then

G =) D dld)x(e(d 1))

CGF; c1 EF;

wa(anm;wg

=3 w(d) > x(eld— 1) = 3 w(d)
=) " e(d)> xle(d—1)) (By (1.13))
deF} c€Fy
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If d # 1, then by (1.10) (note that x is non trivial), > cp x(c(d — 1)) = 0. If
d =1 then } . x(c(d —1)) = g. Therefore, |G (v, X)|> = ¢(1)q = q and hence the

result. O

Theorem 1.5.2. Gaussian sums for the finite field F, satisfy the following proper-

ties:
(a) G(¢, Xab) = 1/’( )G (Y, xp) for a € F;,b € Fy;

(d) G, X)G(W, x) = ¥(—1)q for ¢ # o, X # Xo

(e) GWP, xp) = G, Xow)) for b € Fy, where p is the characteristic of Fy and
o(b) = bP.

Proof. (a) Let ¢ € F,. Then by the definition in Theorem 1.3.5,

Xab(c) = Xl(@bc) = Xb(ac)

and hence

G, Xab) = Y Y()Xab(c) = Y ¥(c)xs(ac)

cG]F cE]F

Now set ac = d. Then

G, Xa) = > W(a

dely

=4(a™h) Y v(d)x(d)

deF;

= Y(a)G (¥, xb)-
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(b) Since x is an additive character of F,, by the Theorem 1.3.5, x = x; for
a suitable b € F,. So since x is additive, X(c) = xs(—c) = x1(—bc) = x—p(c) for

ceF, SoX = x—p. Then by using a = —1 in (a),

(Since (~1)i(~1) = (1) = 1 = B(~1) = (1))
(¢) By (b), G(F,x) = B(~)G(®,%). Since H(~1) = 9(-1) = ¥(~1) and
CB.X) = S, WOX(E) = Soc VOX() = G0,

(d) By (c),

=1(—1)q (By 1.16)

(e) By Theorem 1.2.2, (e), Tr(a)=Tr(a?) for a € F,. So we have x1(a) = x1(a?).
(By the definition of the cannonical additive character). Let o(b) = b”. Then we
have x5(c) = x1(be) = xa((be)?) = x1(b"¢") = Xo@)(c”). Then
G, x) = Y _ VP ()x(c) = D b(")Xow
CE]F CG]F
But ¢ runs through F} as ¢ runs through Fy, and hence

GWP, xb) = Y U)oty () = G(U, Xow)-

cPely

]

Gaussian sums occur in a variety of contexts. This can be clearly seen from

the following propositions.
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Proposition 1.5.3. Let x be a additive character of F, and ¢ be a multiplicative

character of F,. Then,
1 x
= 52G(¢,y)x(c) for c € F:. (1.17)
X

Proof. If ¢,d € Fy, and if ¢ = d, then by (1.11), 37, xs(c)xs(d) = ¢. So,

Z ¥(d) Y xele)xeld)

CGIF belF,
= - E xs(c E Y(d)X(d
beIFq ceF;

for any ¢ € F;. By Theorem 1.3.5, every additive character of F, is of the form x;
where b € Fy and so } -, xs(c) = >_, x(c). Therefore

1
==Y G, X)x(c) for ¢ € F}.
q
X
where the sum is extended over all additive characters x of IF,. O]

Proposition 1.5.4. Let ¢ be a multiplicative character of F, and let x be a additive

character of F,. Then
q—lZG % for c e F. (1.18)

Proof. 1If ¢,d € F,, and if ¢ = d, then by (1.14), >, ¥(c)¥(d) = ¢ — 1. So,

= S ) Y (T
P

de]F*
1 - A *
=TT VE V@) forceF,
P deF;,
Then we obtain,
q—lZG forcEIF:';.
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CHAPTER 2
BOUNDS ON THE NUMBER OF ZEROS IN A LINEAR
RECURRENCE SEQUENCE

Here we will discuss a method to determine the bounds on the number of zeros
in a linear reccurence sequence of an irreducible polynomial of given degree and

order, which is based on Gaussian sums. This material is adapted from [2].

Definition. Let k be a positive integer, and let a, ag, ay, ..., ax_1 be given elements

of a finite field IF,. A sequence s, 51, ... of elements of [F, satisfying the relation
Spak = Qk—1Sptk—1 + Qf—2Sptk—2 + ...+ ags, +a for n=20,1,... (2.1)

is called a (kth-order) linear recurring sequence in F,. The terms sq, s1,...sk_1,

which determine the rest of the sequence uniquely, are refered to as the initial

values. A relation of the form (2.1) is called a (kth-order) linear recurrence relation.

We speak of a homogeneous linear recurrence relation if a = 0. Otherwise it is
inhomogeneous.
Definition. Let S be an arbitrary nonempty set and let sg, s1, ... be a sequence of

elements of S. If there exist integers » > 0 and ny > 0 such that s,,, = s, for all
n > ng, then the sequence is called ultimately periodic and r is called a period of
the sequence. The smallest number among all the possible periods of an ultimately

periodic sequence is called the least period of the sequence.
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Definition. Let sg, s1, ... be a kth order homogeneous linear recurring sequence in

[F, satisfying the linear recurrence relation
Spak = Qg_1Snt+k—1 + Qk—2Spik_2+ ...+ aoSy for n=0,1,... (2.2)

where a; € IF, for 0 < j < k — 1. The polynomial

flz) = k- ak_lxk_l — ak_gxk_z —...—ap € Fq[x]

is called the characteristic polynomial of the linear recurring sequence.

Definition. Let sg, s1, ... be a homogeneous linear recurring sequence in IF,. m(z) €
F,[z] is said to be the minimal polynomial of the sequence if it has the following
property: a monic polynomial f(z) € F,[z] of positive degree is a characteristic

polynomial of s, s1, ... if and only if m(z) divides f(z).

Definition. Let f € F,[z] be a nonzero polynomial. If f(0) # 0, then the least
positive integer e for which f(z) divides 2 — 1 is called the order of f and it is

denoted by ord(f).

Theorem 2.0.5. Let sg, s1, ... be a kth-order homogeneous linear recurring sequence
in K =T, whose characteristic polynomial f(x) is irreducible over K. Let o be a
root of f(x) in the extension field F' = F . Then there exists a uniquely determined
0 € F such that

sp = Trp/k (0a™) for n=0,1,...

Proof. Let sg, 51, . ..be a kth-order homogeneous linear recurring sequence in K = I,
and let F' = F,. « is a root of the irreducible polynomial f(x) of degree k, in F'.
Therefore

(K(a): K| =k

and

[F:K|=k (By Lemma 1.1.1).
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Then since K C K(a) C F,
[F: K(o)][K(a): K| =k
=[F:Ka)]=1
= F=K(a)
So {1,a,a?,...,a" 1} constitutes a basis of F over K. Define L : FF — K such that
L(a™) = sy, n=0,1,....,k—1

Then by the Theorem 1.2.3, there exist a uniquely determined ¢ € F' such that

Lg(y) = Trp/k (07) for all v € F. In particular,
Sp — TI'F/K ((90(”)

Now we have to show that the elements Trp/k (fa™), n = 0,1,..., form a homo-

geneous linear recurring sequence with characteristic polynomial f(z). If f(z) =

2% —ap_1281 — .. — ag € K[z], then by the properties of the trace function,

n+k71)

Trp/x (904”““) — ap—1Trp/K (9a — ... —agTrp/k (0a™)

= Trp/k (9@"“‘3 — ap_0a" TR aoea”)
= Trp/k (0" f(a))
=0
for all n > 0. ]

Theorem 2.0.6. Let s, s1, ... be a homogeneous linear recurring sequence in I, with

minimal polynomial m(x) € F,[x]. Then the least period of the sequence is equal to

ord(m(x)).
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Theorem 2.0.7. Let s, 51, ... be a homogeneous linear recurring sequence in I, with
least period r. Suppose the minimal polynomial m(x) of the sequence is irreducible
over F,, has degree k > 1, and satisfies m(0) # 0. Let h be the least common

multiple of r and ¢ — 1. Then,

(¢ =1)r 1 r r k/2
Z(0)— —- | < (1=~ ) |+~ —
' © ¢ =1 |- o) \n " ¢—-1)°
and
Z(b) — ¢t <(r__r . h=7 19\ k/2)-1
g -1~ \h ¢g-—-1 B¢ e
for b#0.

Proof. Set K =F,. Let F be the splitting field of m(x) over K. Le
m(z)=(r—o)(r—ag)...(r —ag), 0 € F (2.3)

Since [F : K] = k, by Lemma 1.1.1, F has ¢" elements and hence F' = F . Let «
be a fixed root of m(z) in F. Le there exist a i such that ay = a in (2.3). Since

m(0) # 0, a # 0. Then by Theorem 2.0.5, there exist a § € F' such that
$p = Trp/g(0a™) forn =0,1,... (2.4)

If @ = 0 then Trp = 0 =s,, for every n. This implies that the sequence is 0 where
the least period » = 1 which implies that degree of m(z) is 0. This contradicts
the hypothesis. Therefore 6 # 0. Let A\ be the canonical additive character of K.
[Le xi(c) = X (c) = 2™ @/P for every ¢ € F, where p = char(K)]. Let b € K.

Consider

(el =)

ceK

Since \'(0) = 1, if b = s, then
1 / 1
- A(0)=—(q) =1.
qE (0) = (a)
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If b # s, then

—Z)\ (b—s,) =-— le (b—sp)

cEK CEK

:_ZXI) sn

CEK
=0 (by the relation 1.10)

For each n =0,1, ...,

1 ek €K
1 ) ,
= acezK ()\ (ch) A (—csn)>
= é;{ (X(bc))\, (—cTrp/k (Qan))>
(By (2.4))
=3 (NooX (Tr (—ea™))  (25)

(By the properties of Tr in Theorem 1.2.2)
Z(b) is the number of occurrences of b in a full period of the linear recurring sequence

So by (2.5),(by considering a period)

ZZ)\ (be) A TrF/K( cha™))

n=0 ce K

(2.6)

Let A\ be the canonical additive character of . Then

N (Trey (B8)) = A (B)

for every § € F' (By the relation (1.6))
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Then by (2.6),

Z Z N (be) A (—cha™)

n=0 ceK
== Z > X (be) A
n=0 ceK
= - Z Z by bc A (cfa™)
n=0 ceK
1 r—1
== Z X (be) Y X (cha
q ceK n=0
1 B r—l_
- X (0) ( M0) )+ D N (be)
n=0
1 i r—1
= - 7’—1—2)\(1)0) A (cha
q ceK* n=0

So

\ is a additive character of F =

— 1
0 -

where the sum is extended over all multiplicative characters ¢ of F'. Then

G (@, X) v (), for everys € F*

X (cBan—1)

(SinceX (cha™) = A (c@a"))

A (c@a”)]

ceK* n=0

r—1
r+ Z X(bc)ZX(c@a )]
ceK* n=0
Fon. Then

Y (cha™)
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Then

iX cfa”) 1 G (¢, X) Z Y ()" (2.8)
=0 q -1 ¥ n=0
Sy (a)" is a finite geometric series, where
r—1
Zw(a)n—r when ¢ (a) =1
n=0
and
— n 1- 1/} (a)r
;wm) =T g e v(@#]

But ¢ (a)" =9 (a") =1(1) =1  [Since the order of m(x) = r (which is explained

later), order of a is 7).

r—1
Then Z@D (a)"  vanishes for ¥ (a) # 1 (2.9)
n=0

Take J to be the set of all characters ¢ for which ¢ (a)) =
— S L ()" =7 for every ¢ € J.

Then by (2.8),

r
T

X(cha™) = pr— > () G (P, N)

ed

n

-1
-0
Substituting this in (2.7)

Z(b) = -+ D EZK X (be) > b () G (&, X)

q e

=-+ (=D Zl/J(CW (0) G (¢, ) Z X' (be)

q ped ceK*
= 5 + m 1;]1/’ (9) G (w, /\) ceZK* A (bc)z/z(C)

Let 9" be the restriction of ¥ to K*.

Then

D BN (be) = Y W ()N (be)

ceK* ceK*

= > W (Since X(be) = 3(0))

ceK*
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/ /

Since A’ is the cannonical additive character, . ¥ (c)Ay(c) is the Gaussian sum

in K. Then
Z0) =4 ——— 30 (0) (¢ )\> (2.10)

¢ q(- - 1) )i
Now let us consider the case where b = 0. Then A\y(c) = 1 is the trivial additive
character of K. Then if ¥ is trivial,
G (¢ 0) = D vOne =a-1
ceK*
If ¢’ is nontrivial,

G (1//, A;) = Z Y'(c)=0 (By the relation (1.13))

ceK*

So let A C J such that for ¢ € A, ¢ is trivial. Then for every ¢ € A
G (@b/,)\;) =q—1and forevery v € J\ A, G (¢/,A;) =0

Then Z(0) = + ((qkl ) Speat (0)G (0, ) (By (2.10))
20) =+ m T [w (0)G (v, A) +;w<9>G (¥, ) (2.11)

[Note: ¢* is the trivial multiplicative character and the asterix on the summation
symbol indicates that the trivial multiplicative character is deleted from the range

of summation.



Then by (2.11),

ro@-1r| o <
Z(O)—q+q<qk 5 1+§€;¢(9)G(¢,A)]
Then
B ("t =1)r _(g—=Dr -
20~ = 7 )w;w(@)(; (. 3)
(qkil — 1) T q —1)r
Z(0) - Z¢ (2.12)
q 1/J€A
S Zw )G (@.3)]
wEA

_ (q—1)r B k/2

(By Theorem 1.5.1, ¢g ¢ A* and A # Ao = |G (¥, \)| = ¢*/?)

Let H be the smallest subgroup of F* which contains o and K*.

O(a)=r in F*

[Since ord(m(z)) = r, then 2" —1 = p(z)m(z) for some p(z) € K[z]. Thena"—1=0
(Since m(a)) = 0).Then " = 1. If O(a)=r; < 7. Then o = 1= o —1 = 0. Then
« is a root of ™ — 1. Therefore m(z)/z"~!. Therefore ord(m(x)) = 71, which is a
contradiction.]

The multiplicative group F* is cyclic. Then |H| = h = l.c.m(r,q — 1).

[Note: H is the subgroup generated by K* and «]

Furthermore, if 1) € A iff ¥ (5) for every 5 € H.

[ Proof: = Let v € A. Then v, = 1 and ¢(o) = 1. Let 8 € H. Then
f=afa8....af,a € K*U{a}

= Y () =¥ (aq)* Y (2)?... ¢ (ag)* =1 < Suppose ¢(5) = 1 for every 5 € H.
Then for every k € K*, (k) = 1 and ¢(a) = 1. Hence ¢ € A.]
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So A is the annihilator of H in (F*)A

= |A| = %
= ¢ -1
h
By (2.12),
(")

Now suppose b # 0.

By (2.10),
Z(b) = g + . (q’f— 0 Zzﬁ 0)G (¥, \) G (wl)\b> where )\, is a nontrivial.

= (w* 0)G (7, 3) & (4, +iw(9)e (%% G (¢’,A;)>

peJ

[Previously, G (¢*,\) = —1
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So

T T
Z(b>_5+Q(q—1 q—1;¢ (¢A>
k—1
:,Z(b)—jk_z_q Zzp <¢ A)
¢EJ

It was found earlier that if ¢’ is trivial then G (1/1 by ) = —1 and |G (@b A ){ =q/

. . o .
if ¢/ is non trivial.

'Z<b>—qq:_lq = wzej'w e @16 (+.5)]
- Sle@n|o(v.n)+ 3 }G(W)G@"AM

| veA PeI\A

T = DGR }G(W)(q”)]

| veA PEJ\A

BT (Al = 1) "% + (1| — |A]) ¢"/*¢"/?]

_ _ 1/21 k/2—-1
gy 4= L 0= 14D ]

J is the annihilator of the subgroup generated by « (in F*) in (F*)". Then

k_l *
U,:(q ) _1F|
r |l

r -1 f-1 f-1 12| k/2-1
S(qk—l)[(qh _1)+<qr _(qh )>q/]q/

r r h—r _
_ l_ _ 4 q1/2:| qk/2 1

]

These bounds are only useful for large r. For instance, if ¢ = 2 , £ = 10 and

the least period r = 33, we get
|Z(0) — 16.48| < 15.48
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=1<27(0) <31
In this case, the sequence has atleast one 0 and atleast two 1’s which is trivially

true. By other means (see [1]) one can show 11 < Z(0) < 21.
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CHAPTER 3
THE NUMBER OF ZEROS OF SOME LINEAR RECCURENCE
SEQUENCES

Here we present some results obtained by a Maple program written to determine
the number of zeros which occur in a full period of a linear recurrence sequence based
on an irreducible polynomial. We will discuss the monic irreducible polynomials of
degree 8 and order 85, degree 9 and order 73 and finally, degree 10 and order 93.
(Refer to the Appendix for the MAPLE codes). All the polynomials considered here
are over the finite field of order 2.

First we do the monic irreducible polynomials of degree 8 and order 85. The
list of all monic irreducible polynomials of degree 8 which are of order 85 are as
follows:

Pl=o®+2° + 2t + 23+ 22 +2+1
P2=a® + 2 + 25+ 2t + 22+ 2+ 1
P3=2® + 2 + 2 + 2t + 23+ 2+ 1
Pi=a® + 2" + 23+ 2 +1

Po=a® + 2" + 2"+ +1

P6=2%+ 2"+ 2° + 2t + 23 + 22 + 1
PT=2® + 2" + 2+ 2 + 2 + 2* + 1
P8=x8 + 2" + a8 + 2% + o' + 23 + 1

We computed the number of zeros in the sequences based on the polynomials
P1, P2, P3, P4, P5, P6, P7 and P8 for every possible initial sequence. (See Appendix
[-VIII). We obtained only two values for Z(0), namely 37 and 45. According to

Theorem 2.0.7, Z(0) should satisfy the following condition.

1 r T
<(1-=)(=- k2,
_< q><h qk—l)q
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Since all the irreducible polynomials considereded here are over Fy, the ¢ in Theorem
2.0.7, is equal to 2. Also by Theorem 2.0.6, r is equal to the order of the irreducible
polynomial, which is 85 in this case. The least common multiple of r and ¢ — 1 is
equal to r since ¢ = 2. Hence h in this case will be equal to 85. Since the degree

of the irreducible polynomials is 8, k = 8. Therefore @ -Ur _ 493333 Also

W 93333,
(1 - 5) (% . qkj) /% = 5.3333.....
So

1Z(0) — 42.333...| < 5.333...

=37 < Z(0) < 48.

Since all the Z(0)s are within these bounds, this verifies the Theorem 2.0.7.

The other main observation of these results is for every monic irreducible poly-
nomial of degree 8 and order 85, Z(0) can take only two values for every possi-
ble initial sequence. That is for each one of the 2 — 1 = 255 initial sequences
S0, S1, 2, S3, S4, S5, S, S7, the only possible values for Z(0) are 37 and 45. As a par-
tial explanation we will prove that all 8th order linear recurrences of least period 85
can have at most 3 values for Z(0). (See [1])

Let f be an irreducible polynomial (over Z,) of degree 8 and order 85. By the

Theorem 2.0.5, a linear recurrence sequence based on f has the form,
s, = Tr(68") n=12,..285

where 3 is a root of f and 6 € Fj. There are 2° — 1 = 255 many initial sequences
S0, S1, S2, 3, S4, S5, Se, S7, Where (s, $1, S, S3, S4, S5, S6, S7, ) # (0,0,0,0,0,0,0,0) and
255 many 6. Then there exist a bijection between the initial values and fs. Let this
sequence of s, be called S(0, f). Fix a primitive element « in Fjs. Since 3 has order

85 in the cyclic group Fj, we can write 3 = o** for some k relatively prime to 85.

Also 6 = ! for some ¢ such that 1 <t < 255. Then S(@, f) consists of the traces of
70, f) = {a'a®*" :n=1,2,...,85}.
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To determine the Z(0)s, the order of the terms in the sequence is not important.
We only need to know the number of elements in T'(6, f) that have the trace equal

to zero.

Theorem 3.0.8. Let f,g € Zs[x] be irreducible polnomials of degree 8 and order
85. Let 01 = o' and Oy = o*. If t = s (mod 3) then T(601, f)= T(02,9) and so

Z501,5)(0) = Z3(6,9)(0).

Proof. Let 81 = o®* be a root of f and 3, = o be a root of g. Note that (k, 85)=1
and (I, 85)=1. Pick n such that 1 <n < 85. Set r = (t —s)/3. Set m = "' (r + kn)
(mod 85). (I"! exists as (I, 85)=1.)

Then

ml=r+kn (mod 85)
3ml =3r + 3kn (mod 255)
3ml=t—s+3kn (mod 255)
s+3ml=t+3kn (mod 255)

as+3ml — at+3kn

025" = 6157

Therefore T'(61, f) C T(0s,g). The reverse inclusion can also be proved by a similar

argument. This completes the proof. O

Corollary Qwer all 8th order linear recurrences S of least period 85, there are

at most 3 values for Z(0).

Proof. Let f be a irreducible polynomial of degree 8 and order 85. For i = 0, 1,

2, set S; = S(a', f). Let S = S(6,g) be any sequence. Let § = a'. Then there

35



exist an ¢ such that ¢ = 0,1,2 such that ¢ = i (mod 3). Then by Theorem 3.0.8,

Zs(0) = Zs,(0). O

Now we will discuss the monic irreducible polynomials of degree 9 and order
93. The list of all monic irreducible polynomials of degree 9 which are of order 73
are as follows:
Ql=2"+z+1
Q=2+ 2* + 22+ 2 +1
Q3=2" + a8 + a2+ 2 +1
Q=2+ 25 +2° + 22+ 1
Q=2+ 2" +at+ 2% +1
Q6=2"+ 2% +1
Q7=2" +2® + a8 + 2341
Q8=a+ 2+ 2"+ 2° +1

Table 3.1 presents all the above given monic irreducible polynomials of degree
9 and order 73 and the last five columns give the corresponding values of the number
of zeros for each different initial sequence. (Note that each initial sequence given

here represents the order of sy s; $2 S3 S4 S5 S¢ S7 Ss.)
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polynomial | 111000000 | 111111111 | 101010101 | 100000000 | 100000011
Q1 45 45 45 45 37
Q2 37 33 37 33 33
Q3 45 33 33 45 33
Q4 33 33 33 37 37
Q5 37 33 33 37 37
Q6 37 45 45 45 45
Q7 33 33 33 45 37
Q8 33 33 37 33 37
Table 3.1.

Table 3.1 shows that the number of zeros for every polynomial considered here
have taken only three values, which are 33, 37 and 45, in all cases of initial sequences

that are taken into consideration. According to Theorem 2.0.7, Z(0) should satisfy

1 r T
<(1-==)(==——)¢"
_( Q><h qk—l)q

Since all the irreducible polynomials considereded here are over Fy, the ¢ in Theorem

the following condition.

(¢ = Dr

Z(O)_ qk—l

2.0.7, is equal to 2. Also by Theorem 2.0.6, r is equal to the order of the irreducible
polynomial, which is 73 in this case. The least common multiple of  and ¢ — 1 is
equal to r since ¢ = 2. Hence h in this case will be equal to 73. Since the degree of the

(¢" '~

irreducible polynomials in Table 3.2 is 9, k = 9. Therefore 7
Also (1 _ %) (i _ ) ¢/ = 9.6975.

DT _ 36.498571.....

-1

h qk—1

So
|Z(0) — 36.428571...] < 9.6975
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= 26.73107... < Z(0) < 46.12607....

Since the Z(0)s in Table 3.1 are within these bounds, this verifies the Theorem 2.0.7.
Finally, we will consider the set of all the monic irreducible polynomials of
degree 10 and order 93 which are given as follows:
Rl=z'" 4+ 2° + 2 + 2% + 1
R2=2"+ 28 + 23 + 2+ 1
R3=2" 4+ 2% + 25 + 2° + 1
R4=2 + 2% + 27 + 22 + 1
Ro=2"0+ 2+ 2"+ 25 +2? +z + 1
R6=2"+ 2" + 28+ 2° + 2 + 2+ 1
Table 3.2 gives all the above given monic irreducible polynomials of degree 10
and order 93 and the last five columns give the corresponding values of the number
of zeros for each different initial sequence. (Note that each initial sequence given

here represents the order of sy $1 Sy S3 S4 S5 Sg S7 Sg So.)

polynomial | 1101000001 | 1111111111 | 1010101010 | 1000000000 | 1000000111
R1 45 45 45 61 45
R2 61 45 45 45 45
R3 45 45 45 61 45
R4 61 45 45 45 45
R5 45 45 45 45 45
R6 61 45 45 45 45
Table 3.2.

Table 3.2 shows that the number of zeros for every polynomial considered here

have taken two values, which are 45 and 61, in all cases of initial sequences that
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are taken into consideration. According to Theorem 2.0.7, Z(0) should satisfy the

1 T T
<(1-—- A,
<(1-3) (G-

Since all the irreducible polynomials considereded here are over Fy, the ¢ in Theorem

following condition.

(¢ = Dr

20) -

2.0.7, is equal to 2. Also by Theorem 2.0.6, r is equal to the order of the irreducible
polynomial, which is 93 in this case. The least common multiple of » and ¢ — 1 is
equal to r since ¢ = 2. Hence h in this case will be equal to 93. Since the degree of the
irreducible polynomials in Table 3.2 is 10, K = 10. Therefore (qk(;—:lm = 46.4545.....
Also (1 - %) (f o ) g% = 14.5454....

h gk—1

So
|1Z(0) — 46.4545...| < 14.5454...

= 32 < Z(0) < 61.

Since the Z(0)s in Table 3.2 are within these bounds, this verifies the Theorem 2.0.7.
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APPENDIX I

MAPLE codes to determine the number of zeros based on the monic irreducible
polynomial P1 of degree 8 and order 85 in chapter 3, for every possible initial

sequemnce.

for k from 257 to 511 do

for n from 1 to 8 do

s[n] :=convert(k,base,2)[n];od:

for m from 9 to 85 do

s[m] :=s[m-3]4s[m-4]+s[m-5]+s[m-6]+s[m-7]+s[m-8] mod 2;

t :={};o0d:

for m from 1 to 85 do

if sfm]=0 then t :=t union {m} fi;od:

[s[1],5[2],5[3]5[4],5[5],5[6],[7],5[8],n0ps(t)];0d;

1,0,0,0,0,0,0,0, 45]
0,1,0,0,0,0,0,0, 45]
1,1,0,0,0,0,0, 0, 45]
0,0,1,0,0,0,0,0, 45]
[1,0,1,0,0,0,0, 0, 45]
0,1,1,0,0,0,0, 0, 45]
1,1,1,0,0,0,0,0, 37]
0,0,0,1,0,0,0,0, 45]
1,0,0,1,0,0,0,0, 45]
0,1,0,1,0,0,0,0, 45]
1,1,0,1,0,0,0,0,37]
0,0,1,1,0,0,0,0, 45]
[1,0,1,1,0,0,0,0, 37]
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0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
[0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,0, 0, 0, 45]
0,0, 0,0, 37]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 37]
0,1, 0,0, 45]

[1,0,0,0,0,
0, 1,0, 0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0,0,0,1,0,

1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
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[1,0,0,1,0,

[0, 1,0, 1,0,

[17 17 07 ]‘7 07

[0,0,1, 1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
11,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1, 1,
0,1, 1,1,
1,1, 1, 1,

[0, 0,0,0,0,

1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
0, 1, 0, 45]

[1,0,0,0,0,0,1,0, 37]

0,1,0,0,0,0, 1,0, 37]

1,1,0,0,0,0,1,0, 37]
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0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
[0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1, 1,

0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
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1,1,1,1,1,0, 1, 0, 45]

0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0,1,
0, 1,0, 1,
1, 1,0, 1,
0,0,1, 1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,

0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,

1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1,1, 0, 45]
1,1, 0, 37]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 37
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 37
1, 1,0, 45]
1, 1,0, 45]
1,1,0,37
1,1, 0, 45]
1, 1,0, 37
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0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0, 1, 1, 1,
1,1, 1, 1,
0, 0,0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,

1,1, 1,0, 45]
1,1, 1,0, 37
1,1, 1,0, 45]
1,1,1,0, 37
1,1, 1,0, 45]
1,1, 1,0, 37
0,0,0,1, 45]
0,0,0, 1, 45]
0, 0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 37]
0,0,0, 1, 45]
0,0,0,1, 37
0, 0,0, 1, 45]
0, 0,0, 1, 45]
0,0,0,1, 45]
0,0,0, 1, 45]
0,0,0, 1, 45]
0, 0,0, 1, 45]
0,0, 0,1, 37]
1,0, 0,1, 45]
1,0,0, 1, 45]
1,0,0, 1, 45]
1,0, 0,1, 45]
1,0,0, 1, 45]
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1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
1, 0,0,
0, 1,0,
11, 1, 0,
0,0, 1,
1,0, 1,1,
0, 1, 1,
1,1, 1,
0,0, 0, 0,

1,0,0, 1, 37]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0,1, 37
1,0,0, 1, 37]
1,0,0,1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]

0,1,0,1, 37

[1,0,0,0,0,
0,1,0,0,0,
[1,1,0,0,0,
[0,0,1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0, 0,0, 1,0,
[1,0,0, 1,0,
0,1,0,1,0,
1, 1,0, 1,0,
0,0,1, 1,0,
1,0, 1, 1,0,
0,1, 1, 1,0,

[1,1,1,1,0,

1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]



0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
[0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
0,1, 1, 45]

[1,0,0,0,0,0, 1, 1, 45]

0,1,0,0,0,0,1, 1, 45]

1,1,0,0,0,0,1, 1, 45]

0,0,1,0,0,0,1, 1, 37]

[1,0,1,0,0,0,1, 1, 45]

0,1,1,0,0,0,1, 1, 45]

[1,1,1,0,0,0,1, 1, 45]

0,0,0,1,0,0, 1, 1, 45]

[1,0,0,1,0,0, 1, 1, 45]

0,1,0,1,0,0,1, 1, 37
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1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1,1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
(1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,
0,0, 0,0,

0,0, 1,1, 45]
0,0, 1,1, 45]
0,0,1, 1, 37]
0,0, 1,1, 45]
0,0, 1,1, 45]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 37]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 37
0,1, 1,1, 45]

[1,0,0,0,0,
0, 1,0,0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,

1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
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0,1, 1,0,0,

[1,1,1,0,0,

[0,0,0,1,0,

[1,0,0,1,0,

[0, 1,0,1,0,

[1,1,0,1,0,

[0,0,1,1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,

1,1, 1, 37
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1,1, 37
1,1, 1, 45]
1,1, 1, 37
1,1,1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1,37
1,1, 1, 45]
1,1, 1, 37]
1,1,1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37]
1,1,1, 37
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APPENDIX II

MAPLE codes to determine the number of zeros based on the monic irreducible
polynomial P2 of degree 8 and order 85 in chapter 3, for every possible initial

sequemnce.

for k from 257 to 511 do

for n from 1 to 8 do

s[n] :=convert(k,base,2)[n];od:

for m from 9 to 85 do

s[m] :=s[m-2]4s[m-3]+s[m-4]+s[m-6]+s[m-7]+s[m-8] mod 2;

t :={};o0d:

for m from 1 to 85 do

if sfm]=0 then t :=t union {m} fi;od:

[s[1],5[2],5[3]5[4],5[5],5[6],[7],5[8],n0ps(t)];0d;

1,0,0,0,0,0,0,0, 45]
0,1,0,0,0,0,0,0, 37]
1,1,0,0,0,0,0, 0, 45]
0,0,1,0,0,0,0,0, 45]
[1,0,1,0,0,0,0,0, 37|
0,1,1,0,0,0,0, 0, 45]
1,1,1,0,0,0,0,0, 45]
0,0,0,1,0,0,0,0, 45]
1,0,0,1,0,0,0,0, 45]
0,1,0,1,0,0,0,0, 45]
1,1,0,1,0,0,0,0,37]
0,0,1,1,0,0,0,0, 45]
[1,0,1,1,0,0,0, 0, 45]
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0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
[0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,0, 0,0, 45]
0,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 37]
0,1, 0,0, 45]

[1,0,0,0,0,
0, 1,0, 0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0,0,0,1,0,

1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
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[1,0,0,1,0,

[0, 1,0, 1,0,

[17 17 07 ]‘7 07

[0,0,1, 1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
11,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1, 1,
0,1, 1,1,
1,1, 1, 1,

[0, 0,0,0,0,

1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
0, 1, 0, 45]

[1,0,0,0,0,0, 1,0, 45]

0,1,0,0,0,0, 1,0, 45]

[1,1,0,0,0,0, 1,0, 45]
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0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
[0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1, 1,

0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 37
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
1,0,1,0, 37
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0,1,0,37]
1,0, 1,0, 45]
1,0, 1,0, 37]

o4



1,1,1,1,1,0, 1, 0, 45]

0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0,1,
0, 1,0, 1,
1, 1,0, 1,
0,0,1, 1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,

0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,

1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 37
1, 1,0, 37
1,1, 0, 37]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 37
1, 1,0, 37
1,1, 0, 37]
1, 1,0, 45]
1,1,0,37
1,1, 0, 37]
1, 1,0, 45]

95



0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0, 1, 1, 1,
1,1, 1, 1,
0, 0,0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,

1,1, 1,0, 45]
1,1, 1,0, 37
1,1, 1,0, 37
1,1, 1,0, 45]
1,1, 1,0, 37
1,1, 1,0, 45]
0,0,0,1, 45]
0,0,0, 1, 37]
0, 0,0, 1, 45]
0,0,0,1, 45]
0,0,0, 1, 45]
0,0,0,1, 45]
0, 0,0, 1, 45]
0,0, 0,1, 37]
0,0,0,1, 45]
0, 0,0, 1, 45]
0,0,0,1, 37
0,0,0,1, 45]
0,0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 37]
0,0,0, 1, 45]
1,0, 0,1, 45]
1,0,0, 1, 37]
1,0,0, 1, 45]
1,0, 0,1, 45]
1,0,0, 1, 45]

o6



1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
1, 0,0,
0, 1,0,
11, 1, 0,
0,0, 1,
1,0, 1,1,
0, 1, 1,
1,1, 1,
0,0, 0, 0,

1,0,0, 1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0,1, 45]
1,0,0, 1, 37]
1,0,0,1, 45]
1,0,0,1, 37
1,0,0, 1, 45]
1,0,0,1, 45]

0, 1,0, 1, 45]

[1,0,0,0,0,
0,1,0,0,0,
[1,1,0,0,0,
[0,0,1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0, 0,0, 1,0,
[1,0,0, 1,0,
0,1,0,1,0,
1, 1,0, 1,0,
0,0,1, 1,0,
1,0, 1, 1,0,
0,1, 1, 1,0,

[1,1,1,1,0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]



0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
[0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
0,1, 1, 37]

[1,0,0,0,0,0, 1, 1, 45]

0,1,0,0,0,0,1, 1, 45]

[1,1,0,0,0,0, 1, 1, 37]

0,0,1,0,0,0,1, 1, 45]

[1,0,1,0,0,0,1, 1, 37]

0,1,1,0,0,0,1, 1, 45]

[1,1,1,0,0,0,1, 1, 45]

0,0,0,1,0,0, 1, 1, 45]

[1,0,0,1,0,0, 1, 1, 45]

0,1,0,1,0,0,1, 1, 45]

o8



1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1,1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
(1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,
0,0, 0,0,

0,0, 1,1, 45]
0,0, 1,1, 45]
0,0,1, 1, 37]
0,0,1,1, 37
0,0, 1,1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 37]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 37
0,1,1,1, 37]

[1,0,0,0,0,
0, 1,0,0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,

1,1, 1,37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]

29



0,1, 1,0,0,

[1,1,1,0,0,

[0,0,0,1,0,

[1,0,0,1,0,

[0, 1,0,1,0,

[1,1,0,1,0,

[0,0,1,1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,

1,1, 1, 37
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37
1,1,1, 37
1,1, 1, 37]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1,1, 37
1,1, 1, 37]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1,37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]

60



APPENDIX III

MAPLE codes to determine the number of zeros based on the monic irreducible
polynomial P3 of degree 8 and order 85 in chapter 3, for every possible initial

sequemnce.

for k from 257 to 511 do

for n from 1 to 8 do

s[n] :=convert(k,base,2)[n];od:

for m from 9 to 85 do

s[m] :=s[m-2]4s[m-3]+s[m-4]+s[m-5]+s[m-7]+s[m-8] mod 2;

t :={};o0d:

for m from 1 to 85 do

if sfm]=0 then t :=t union {m} fi;od:

[s[1],5[2],5[3]5[4],5[5],5[6],[7],5[8],n0ps(t)];0d;

1,0,0,0,0,0,0,0, 45]
0,1,0,0,0,0,0,0, 45]
1,1,0,0,0,0,0, 0, 45]
0,0,1,0,0,0,0,0, 45]
[1,0,1,0,0,0,0, 0, 45]
0,1,1,0,0,0,0, 0, 45]
1,1,1,0,0,0,0,0, 45]
0,0,0,1,0,0,0,0, 45]
1,0,0,1,0,0,0,0, 45]
0,1,0,1,0,0,0,0, 45]
1,1,0,1,0,0,0,0, 45]
0,0,1,1,0,0,0,0, 45]
[1,0,1,1,0,0,0, 0, 45]

61



0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
[0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,0, 0, 0, 45]
0,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
0,1, 0,0, 45]

[1,0,0,0,0,
0, 1,0, 0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0,0,0,1,0,

1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]

62



[1,0,0,1,0,

[0, 1,0, 1,0,

[17 17 07 ]‘7 07

[0,0,1, 1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
11,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1, 1,
0,1, 1,1,
1,1, 1, 1,

[0, 0,0,0,0,

1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
0, 1, 0, 45]

[1,0,0,0,0,0, 1,0, 45]

0,1,0,0,0,0, 1,0, 45]

[1,1,0,0,0,0, 1,0, 45]

63



0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
[0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1, 1,

0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 37]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 37
0,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0,1,0,37]
1,0, 1,0, 37]
1,0, 1,0, 37]

64



1,1,1,1,1,0, 1, 0, 45]

0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0,1,
0, 1,0, 1,
1, 1,0, 1,
0,0,1, 1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,

0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,

1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1,1, 0, 45]
1,1, 0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 37
1, 1,0, 37
1,1, 0, 37]
1, 1,0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 37
1, 1,0, 37
1, 1,0, 45]
1, 1,0, 37
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 37

65



0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0, 1, 1, 1,
1,1, 1, 1,
0, 0,0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,

1,1,1,0, 37
1,1, 1,0, 37
1,1, 1,0, 45]
1,1, 1,0, 45]
1,1, 1,0, 45]
1,1, 1,0, 45]
0,0,0,1, 45]
0,0,0, 1, 45]
0, 0,0, 1, 45]
0,0,0,1, 45]
0,0,0, 1, 45]
0,0,0,1, 45]
0, 0,0, 1, 45]
0,0,0, 1, 45]
0,0,0,1, 45]
0, 0,0, 1, 45]
0, 0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 45]
0,0,0,1, 37
0, 0,0, 1, 45]
0,0, 0,1, 37]
1,0, 0,1, 45]
1,0,0, 1, 37]
1,0,0, 1, 37]
1,0, 0,1, 45]
1,0,0, 1, 37]

66



1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
1, 0,0,
0, 1,0,
11, 1, 0,
0,0, 1,
1,0, 1,1,
0, 1, 1,
1,1, 1,
0,0, 0, 0,

1,0,0, 1, 45]
1,0,0, 1, 45]
1,0,0,1, 37
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0,1, 45]
1,0,0, 1, 37]
1,0,0,1, 37
1,0,0, 1, 37]
1,0,0, 1, 45]
1,0,0,1, 45]

0, 1,0, 1, 45]

[1,0,0,0,0,
0,1,0,0,0,
[1,1,0,0,0,
[0,0,1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0, 0,0, 1,0,
[1,0,0, 1,0,
0,1,0,1,0,
1, 1,0, 1,0,
0,0,1, 1,0,
1,0, 1, 1,0,
0,1, 1, 1,0,

[1,1,1,1,0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]



0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
[0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,

1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
0,1, 1, 45]

[1,0,0,0,0,0, 1, 1, 45]

0,1,0,0,0,0,1, 1, 45]

1,1,0,0,0,0,1, 1, 45]

0,0,1,0,0,0,1, 1, 45]

[1,0,1,0,0,0,1, 1, 37]

0,1,1,0,0,0,1, 1, 45]

[1,1,1,0,0,0,1, 1, 37]

0,0,0,1,0,0, 1, 1, 45]

[1,0,0,1,0,0, 1, 1, 45]

0,1,0,1,0,0,1, 1, 37

68



1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1,1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
(1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,
0,0, 0,0,

0,0,1,1, 37
0,0, 1,1, 45]
0,0, 1,1, 45]
0,0,1,1, 37
0,0, 1,1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 37
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 45]
0,1, 1,1, 45]

[1,0,0,0,0,
0, 1,0,0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,

1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
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0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,

0,
0,

1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
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APPENDIX IV

MAPLE codes to determine the number of zeros based on the monic irreducible
polynomial P4 of degree 8 and order 85 in chapter 3, for every possible initial

sequemnce.

for k from 257 to 511 do

for n from 1 to 8 do

s[n] :=convert(k,base,2)[n];od:

for m from 9 to 85 do

s[m] :=s[m-1]4s[m-5]+s[m-7]+s[m-8] mod 2;

t :={};o0d:

for m from 1 to 85 do

if sfm]=0 then t :=t union {m} fi;od:

[s[1],[2],5[3],s[4],[5],5(6],[7] s[8],nops(t)];0d;

1,0,0,0,0,0,0,0, 45]
0,1,0,0,0,0,0,0, 45]
1,1,0,0,0,0,0,0, 45]
0,0,1,0,0,0,0,0, 45]
[1,0,1,0,0,0,0, 0, 45]
0,1,1,0,0,0,0,0, 37]
1,1,1,0,0,0,0,0, 45]
0,0,0,1,0,0,0,0, 45]
1,0,0,1,0,0,0,0, 45]
0,1,0,1,0,0,0,0, 45]
1,1,0,1,0,0,0,0, 45]
0,0,1,1,0,0,0,0, 45]
[1,0,1,1,0,0,0,0, 37]
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0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
[0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,0, 0,0, 45]
0, 0,0, 0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
0,1, 0,0, 45]

[1,0,0,0,0,
0, 1,0, 0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0,0,0,1,0,

1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
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[1,0,0,1,0,

[0, 1,0, 1,0,

[17 17 07 ]‘7 07

[0,0,1, 1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
11,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1, 1,
0,1, 1,1,
1,1, 1, 1,

[0, 0,0,0,0,

1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
0, 1, 0, 45]

[1,0,0,0,0,0, 1,0, 45]

0,1,0,0,0,0, 1,0, 45]

[1,1,0,0,0,0, 1,0, 45]
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0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
[0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1, 1,

0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 37
0,0, 1,0, 37
0,0, 1,0, 37]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1, 0, 45]
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1,1,1,1,1,0,1, 0, 37]

0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0,1,
0, 1,0, 1,
1, 1,0, 1,
0,0,1, 1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,

0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,

1,1, 0, 37]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1,1, 0, 37]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1,1,0,37
1,1, 0, 45]
1, 1,0, 45]
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0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0, 1, 1, 1,
1,1, 1, 1,
0, 0,0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,

1,1, 1,0, 45]
1,1, 1,0, 37
1,1, 1,0, 45]
1,1,1,0, 37
1,1, 1,0, 37
1,1, 1,0, 37
0,0,0,1, 45]
0,0,0, 1, 45]
0, 0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 45]
0,0,0,1, 45]
0, 0,0, 1, 45]
0,0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 37]
0, 0,0, 1, 45]
0,0,0,1, 45]
0,0,0, 1, 37]
0,0,0, 1, 45]
0, 0,0, 1, 45]
0,0, 0,1, 37]
1,0, 0,1, 45]
1,0,0, 1, 37]
1,0,0, 1, 37]
1,0, 0,1, 45]
1,0,0, 1, 45]
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1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
1, 0,0,
0, 1,0,
11, 1, 0,
0,0, 1,
1,0, 1,1,
0, 1, 1,
1,1, 1,
0,0, 0, 0,

1,0,0, 1, 37]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0, 1, 37]
1,0,0, 1, 45]
1,0,0,1, 37

0, 1,0, 1, 45]

[1,0,0,0,0,
0,1,0,0,0,
[1,1,0,0,0,
[0,0,1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0, 0,0, 1,0,
[1,0,0, 1,0,
0,1,0,1,0,
1, 1,0, 1,0,
0,0,1, 1,0,
1,0, 1, 1,0,
0,1, 1, 1,0,

[1,1,1,1,0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]



0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
[0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
0,1, 1, 45]

[1,0,0,0,0,0,1, 1, 37]

0,1,0,0,0,0,1, 1, 45]

1,1,0,0,0,0,1, 1, 45]

0,0,1,0,0,0,1, 1, 37]

[1,0,1,0,0,0,1, 1, 45]

0,1,1,0,0,0,1, 1, 45]

[1,1,1,0,0,0,1, 1, 45]

0,0,0,1,0,0, 1, 1, 45]

[1,0,0,1,0,0, 1, 1, 45]

0,1,0,1,0,0,1, 1, 45]
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1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1,1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
(1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,
0,0, 0,0,

0,0, 1,1, 45]
0,0, 1,1, 45]
0,0, 1,1, 45]
0,0,1,1, 37
0,0, 1,1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37
1,0, 1, 1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 45]
0,1, 1,1, 45]

[1,0,0,0,0,
0, 1,0,0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,

1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
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0,1, 1,0,0,

[1,1,1,0,0,

[0,0,0,1,0,

[1,0,0,1,0,

[0, 1,0,1,0,

[1,1,0,1,0,

[0,0,1,1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,

1,1, 1, 45]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37
1,1,1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1,37
1,1, 1, 45]
1,1, 1, 37]
1,1,1, 37
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 37]
1,1, 1,37
1,1, 1, 37]
1,1, 1, 37]
1,1,1, 37
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APPENDIX V

MAPLE codes to determine the number of zeros based on the monic irreducible
polynomial P5 of degree 8 and order 85 in chapter 3, for every possible initial

sequemnce.

for k from 257 to 511 do

for n from 1 to 8 do

s[n] :=convert(k,base,2)[n];od:

for m from 9 to 85 do

s[m] :=s[m-1]4s[m-3]+s[m-7]+s[m-8] mod 2;

t :={};o0d:

for m from 1 to 85 do

if sfm]=0 then t :=t union {m} fi;od:

[s[1],[2],5[3],s[4],[5],5(6],[7] 5[8],nops(t)];0d;

1,0,0,0,0,0,0,0, 45]
0,1,0,0,0,0,0,0, 45]
1,1,0,0,0,0,0, 0, 45]
0,0,1,0,0,0,0,0, 45]
[1,0,1,0,0,0,0, 0, 45]
0,1,1,0,0,0,0,0, 37]
1,1,1,0,0,0,0,0, 45]
0,0,0,1,0,0,0,0, 45]
1,0,0,1,0,0,0,0, 45]
0,1,0,1,0,0,0,0, 45]
1,1,0,1,0,0,0,0, 45]
0,0,1,1,0,0,0,0, 37]
[1,0,1,1,0,0,0, 0, 45]
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0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
[0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,0, 0,0, 45]
0, 0,0, 0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
0,1, 0,0, 45]

[1,0,0,0,0,
0, 1,0, 0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0,0,0,1,0,

1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
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[1,0,0,1,0,

[0, 1,0, 1,0,

[17 17 07 ]‘7 07

[0,0,1, 1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
11,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1, 1,
0,1, 1,1,
1,1, 1, 1,

[0, 0,0,0,0,

1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
0, 1, 0, 45]

[1,0,0,0,0,0, 1,0, 45]

0,1,0,0,0,0, 1,0, 45]

[1,1,0,0,0,0, 1,0, 45]
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0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
[0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1, 1,

0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 37
0,0, 1,0, 37]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
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1,1,1,1,1,0,1, 0, 37]

0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0,1,
0, 1,0, 1,
1, 1,0, 1,
0,0,1, 1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,

0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,

1,1, 0, 37]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 37
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1,1,0,37
1,1, 0, 45]
1, 1,0, 45]
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0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0, 1, 1, 1,
1,1, 1, 1,
0, 0,0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,

1,1, 1,0, 45]
1,1, 1,0, 37
1,1, 1,0, 37
1,1, 1,0, 45]
1,1, 1,0, 37
1,1, 1,0, 37
0,0,0,1, 45]
0,0,0, 1, 45]
0, 0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 45]
0,0,0,1, 45]
0, 0,0, 1, 45]
0,0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 37]
0, 0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 45]
0,0,0, 1, 45]
0,0,0, 1, 37]
0,0,0, 1, 45]
1,0, 0,1, 45]
1,0,0, 1, 37]
1,0,0, 1, 37]
1,0, 0,1, 45]
1,0,0, 1, 45]
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1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
1, 0,0,
0, 1,0,
11, 1, 0,
0,0, 1,
1,0, 1,1,
0, 1, 1,
1,1, 1,
0,0, 0, 0,

1,0,0, 1, 45]
1,0,0, 1, 37]
1,0,0,1, 37
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0, 1, 45]
1,0,0,1, 37

0, 1,0, 1, 45]

[1,0,0,0,0,
0,1,0,0,0,
[1,1,0,0,0,
[0,0,1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0, 0,0, 1,0,
[1,0,0, 1,0,
0,1,0,1,0,
1, 1,0, 1,0,
0,0,1, 1,0,
1,0, 1, 1,0,
0,1, 1, 1,0,

[1,1,1,1,0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]



0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
[0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,

1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 37]
0,1, 1, 45]

[1,0,0,0,0,0,1, 1, 37]

0,1,0,0,0,0,1, 1, 45]

1,1,0,0,0,0,1, 1, 45]

0,0,1,0,0,0,1, 1, 37]

[1,0,1,0,0,0,1, 1, 37]

0,1,1,0,0,0,1, 1, 45]

[1,1,1,0,0,0,1, 1, 45]

0,0,0,1,0,0, 1, 1, 45]

[1,0,0,1,0,0, 1, 1, 45]

0,1,0,1,0,0,1, 1, 45]
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1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1,1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
(1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,
0,0, 0,0,

0,0,1,1, 37
0,0, 1,1, 45]
0,0, 1,1, 45]
0,0, 1,1, 45]
0,0,1,1, 37
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 37
0,1, 1,1, 45]

[1,0,0,0,0,
0, 1,0,0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,

1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
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0,1, 1,0,0,

[1,1,1,0,0,

[0,0,0,1,0,

[1,0,0,1,0,

[0, 1,0,1,0,

[1,1,0,1,0,

[0,0,1,1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,

1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 37]
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APPENDIX VI

MAPLE codes to determine the number of zeros based on the monic irreducible
polynomial P6 of degree 8 and order 85 in chapter 3, for every possible initial

sequemnce.

for k from 257 to 511 do

for n from 1 to 8 do

s[n] :=convert(k,base,2)[n];od:

for m from 9 to 85 do

s[m] :=s[m-1]4s[m-3]+s[m-4]+s[m-5]+s[m-6]+s[m-8] mod 2;

t :={};o0d:

for m from 1 to 85 do

if sfm]=0 then t :=t union m fi;od:

[s[1],5[2],s[3]5[4],5[5],5[6],[7],5[8],n0ps(t)];0d;

1,0,0,0,0,0,0,0, 45]
0,1,0,0,0,0,0,0, 45]
1,1,0,0,0,0,0,0, 45]
0,0,1,0,0,0,0,0, 45]
[1,0,1,0,0,0,0, 0, 45]
0,1,1,0,0,0,0, 0, 45]
1,1,1,0,0,0,0,0, 45]
0,0,0,1,0,0,0,0, 45]
1,0,0,1,0,0,0,0, 45]
0,1,0,1,0,0,0,0, 45]
1,1,0,1,0,0,0,0, 45]
0,0,1,1,0,0,0,0, 45]
[1,0,1,1,0,0,0, 0, 45]
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0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
[0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,0, 0,0, 45]
0, 0,0, 0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
0,1, 0,0, 45]

[1,0,0,0,0,
0, 1,0, 0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0,0,0,1,0,

1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
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[1,0,0,1,0,

[0, 1,0, 1,0,

[17 17 07 ]‘7 07

[0,0,1, 1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
11,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1, 1,
0,1, 1,1,
1,1, 1, 1,

[0, 0,0,0,0,

1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
0, 1, 0, 45]

[1,0,0,0,0,0, 1,0, 45]

0,1,0,0,0,0, 1,0, 45]

[1,1,0,0,0,0, 1,0, 45]
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0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
[0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1, 1,

0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 37
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1,0, 37]
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1,1,1,1,1,0, 1, 0, 45]

0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0,1,
0, 1,0, 1,
1, 1,0, 1,
0,0,1, 1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,

0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,

1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1,1, 0, 45]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 37
1, 1,0, 37
1,1, 0, 37]
1, 1,0, 37
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 37
1, 1,0, 37
1,1, 0, 37]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
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0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0, 1, 1, 1,
1,1, 1, 1,
0, 0,0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,

1,1,1,0, 37
1,1, 1,0, 37
1,1, 1,0, 45]
1,1, 1,0, 45]
1,1, 1,0, 45]
1,1, 1,0, 45]
0,0,0,1, 45]
0,0,0, 1, 45]
0, 0,0, 1, 45]
0,0,0,1, 45]
0,0,0, 1, 45]
0,0,0,1, 45]
0, 0,0, 1, 45]
0,0,0, 1, 45]
0,0,0,1, 45]
0,0,0, 1, 37]
0, 0,0, 1, 45]
0,0,0,1, 45]
0,0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 37]
0,0,0, 1, 45]
1,0, 0,1, 45]
1,0,0, 1, 45]
1,0,0, 1, 37]
1,0, 0,1, 45]
1,0,0, 1, 37]
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1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
1, 0,0,
0, 1,0,
11, 1, 0,
0,0, 1,
1,0, 1,1,
0, 1, 1,
1,1, 1,
0,0, 0, 0,

1,0, 0,1, 45]
1,0,0, 1, 37]
1,0,0,1, 37
1,0, 0,1, 45]
1,0,0, 1, 45]
1,0,0, 1, 45]
1,0,0, 1, 37]
1,0,0, 1, 45]
1,0,0, 1, 37]
1,0,0, 1, 37]
1,0,0, 1, 45]

0, 1,0, 1, 45]

[1,0,0,0,0,
0,1,0,0,0,
[1,1,0,0,0,
[0,0,1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0, 0,0, 1,0,
[1,0,0, 1,0,
0,1,0,1,0,
1, 1,0, 1,0,
0,0,1, 1,0,
1,0, 1, 1,0,
0,1, 1, 1,0,

[1,1,1,1,0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]



0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
[0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,

1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
0,1, 1, 45]

[1,0,0,0,0,0, 1, 1, 45]

0,1,0,0,0,0,1, 1, 45]

1,1,0,0,0,0,1, 1, 45]

0,0,1,0,0,0,1, 1, 37]

[1,0,1,0,0,0,1, 1, 45]

0,1,1,0,0,0,1, 1, 45]

[1,1,1,0,0,0,1, 1, 37]

0,0,0,1,0,0, 1, 1, 45]

[1,0,0,1,0,0, 1, 1, 45]

0,1,0,1,0,0,1, 1, 37
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1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1,1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
(1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,
0,0, 0,0,

0,0,1,1, 37
0,0, 1,1, 45]
0,0, 1,1, 45]
0,0,1,1, 37
0,0, 1,1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 37
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 45]
0,1, 1,1, 45]

[1,0,0,0,0,
0, 1,0,0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,

1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
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0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,

0,
0,

1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
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APPENDIX VII

MAPLE codes to determine the number of zeros based on the monic irreducible
polynomial P7 of degree 8 and order 85 in chapter 3, for every possible initial

sequemnce.

for k from 257 to 511 do

for n from 1 to 8 do

s[n] :=convert(k,base,2)[n];od:

for m from 9 to 85 do

s[m] :=s[m-1]4s[m-2]+s[m-4]+s[m-5]+s[m-6]+s[m-8] mod 2;

t :={};o0d:

for m from 1 to 85 do

if sfm]=0 then t :=t union {m} fi;od:

[s[1],5[2],s[3]5[4],5[5],5[6],[7],5[8],n0ps(t)];0d;

1,0,0,0,0,0,0,0, 45]
0,1,0,0,0,0,0,0, 45]
1,1,0,0,0,0,0,0, 37]
0,0,1,0,0,0,0,0, 45]
[1,0,1,0,0,0,0, 0, 45]
0,1,1,0,0,0,0, 0, 45]
1,1,1,0,0,0,0,0, 37]
0,0,0,1,0,0,0,0, 45]
1,0,0,1,0,0,0,0, 45]
0,1,0,1,0,0,0,0, 45]
1,1,0,1,0,0,0,0, 45]
0,0,1,1,0,0,0,0, 45]
[1,0,1,1,0,0,0, 0, 45]
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0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
[0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,0, 0,0, 37]
0,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 37]
1,0, 0,0, 37]
0,1, 0,0, 45]

[1,0,0,0,0,
0, 1,0, 0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0,0,0,1,0,

1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
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[1,0,0,1,0,

[0, 1,0, 1,0,

[17 17 07 ]‘7 07

[0,0,1, 1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
11,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1, 1,
0,1, 1,1,
1,1, 1, 1,

[0, 0,0,0,0,

1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 37]
0, 1,0, 37]

[1,0,0,0,0,0, 1,0, 45]

0,1,0,0,0,0, 1,0, 45]

[1,1,0,0,0,0, 1,0, 45]
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0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
[0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1, 1,

0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0,1,0, 37
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0,1,0,37]
1,0, 1,0, 37]
1,0, 1, 0, 45]
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1,1,1,1,1,0, 1, 0, 45]

0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0,1,
0, 1,0, 1,
1, 1,0, 1,
0,0,1, 1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,

0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,

1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 37]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 37
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 37
1,1,0,37
1,1, 0, 45]
1, 1,0, 45]
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0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0, 1, 1, 1,
1,1, 1, 1,
0, 0,0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,

1,1,1,0, 37
1,1, 1,0, 37
1,1, 1,0, 37
1,1, 1,0, 45]
1,1, 1,0, 37
1,1, 1,0, 45]
0,0,0,1, 45]
0,0,0, 1, 37]
0, 0,0, 1, 45]
0,0,0,1, 45]
0,0,0, 1, 45]
0,0,0,1, 45]
0, 0,0, 1, 45]
0,0, 0,1, 37]
0,0,0,1, 45]
0,0,0, 1, 37]
0, 0,0, 1, 45]
0,0,0,1, 37
0,0,0, 1, 45]
0,0,0, 1, 45]
0, 0,0, 1, 45]
0,0, 0,1, 37]
1,0, 0,1, 45]
1,0,0, 1, 45]
1,0,0, 1, 45]
1,0, 0,1, 45]
1,0,0, 1, 45]
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1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
1, 0,0,
0, 1,0,
11, 1, 0,
0,0, 1,
1,0, 1,1,
0, 1, 1,
1,1, 1,
0,0, 0, 0,

1,0,0, 1, 37]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0, 1, 37]
1,0,0, 1, 45]
1,0,0,1, 37

0,1,0,1, 37

[1,0,0,0,0,
0,1,0,0,0,
[1,1,0,0,0,
[0,0,1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0, 0,0, 1,0,
[1,0,0, 1,0,
0,1,0,1,0,
1, 1,0, 1,0,
0,0,1, 1,0,
1,0, 1, 1,0,
0,1, 1, 1,0,

[1,1,1,1,0,

1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]



0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
[0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,

1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
0,1, 1, 45]

[1,0,0,0,0,0, 1, 1, 45]

0,1,0,0,0,0,1, 1, 45]

[1,1,0,0,0,0, 1, 1, 37]

0,0,1,0,0,0,1, 1, 37]

[1,0,1,0,0,0,1, 1, 37]

0,1,1,0,0,0,1, 1, 45]

[1,1,1,0,0,0,1, 1, 45]

0,0,0,1,0,0, 1, 1, 45]

[1,0,0,1,0,0, 1, 1, 45]

0,1,0,1,0,0,1, 1, 45]
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1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1,1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
(1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,
0,0, 0,0,

0,0, 1,1, 45]
0,0, 1,1, 45]
0,0, 1,1, 45]
0,0,1,1, 37
0,0,1,1, 37
1,0, 1,1, 37
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 37
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1,1, 45]
0,1, 1,1, 45]

[1,0,0,0,0,
0, 1,0,0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,

1,1, 1,37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
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0,1, 1,0,0,

[1,1,1,0,0,

[0,0,0,1,0,

[1,0,0,1,0,

[0, 1,0,1,0,

[1,1,0,1,0,

[0,0,1,1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,

1,1, 1, 45]
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1,1, 37
1,1, 1, 37]
1,1, 1, 37
1,1,1, 37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1,37
1,1, 1, 45]
1,1, 1, 37]
1,1,1, 37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
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APPENDIX VIII

MAPLE codes to determine the number of zeros based on the monic irreducible
polynomial P8 of degree 8 and order 85 in chapter 3, for every possible initial

sequemnce.

for k from 257 to 511 do

for n from 1 to 8 do

s[n] :=convert(k,base,2)[n];od:

for m from 9 to 85 do

s[m] :=s[m-1]4s[m-2]+s[m-3]+s[m-4]+s[m-5]+s[m-8] mod 2;

t :={};o0d:

for m from 1 to 85 do

if sfm]=0 then t :=t union {m} fi;od:

[s[1],5[2],5[3]5[4],5[5],5[6],[7],5[8],n0ps(t)];0d;

1,0,0,0,0,0,0,0, 45]
0,1,0,0,0,0,0,0, 45]
1,1,0,0,0,0,0, 0, 45]
0,0,1,0,0,0,0,0, 45]
[1,0,1,0,0,0,0,0, 37|
0,1,1,0,0,0,0, 0, 45]
1,1,1,0,0,0,0,0, 45]
0,0,0,1,0,0,0,0, 37|
1,0,0,1,0,0,0,0, 45]
0,1,0,1,0,0,0,0, 37]
1,1,0,1,0,0,0,0,37]
0,0,1,1,0,0,0,0, 45]
[1,0,1,1,0,0,0, 0, 45]
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0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
[0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,0, 0,0, 45]
0, 0,0, 0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 37]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 45]
1,0, 0,0, 37]
1,0, 0,0, 45]
1,0, 0,0, 45]
0,1, 0,0, 45]

[1,0,0,0,0,
0, 1,0, 0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0,0,0,1,0,

1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
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[1,0,0,1,0,

[0, 1,0, 1,0,

[17 17 07 ]‘7 07

[0,0,1, 1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
11,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1, 1,
0,1, 1,1,
1,1, 1, 1,

[0, 0,0,0,0,

1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 37]
1,0, 0, 37]
1,0, 0, 45]
1,0, 0, 45]
1,0, 0, 45]
0, 1, 0, 45]

[1,0,0,0,0,0, 1,0, 45]

0,1,0,0,0,0, 1,0, 37]

[1,1,0,0,0,0, 1,0, 45]
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0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
[0,0,0,1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
[0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1, 1,

0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 45]
0,0, 1,0, 37
0,0, 1,0, 45]
0,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0,1,0, 37
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 37]
1,0, 1,0, 45]
1,0, 1, 0, 45]
1,0, 1,0, 45]
1,0, 1,0, 37]
1,0, 1, 0, 45]
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1,1,1,1,1,0,1, 0, 37]

0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0,1,
0, 1,0, 1,
1, 1,0, 1,
0,0,1, 1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,

0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,
0,

1,1, 0, 45]
1,1, 0,37
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 45]
1,1, 0, 37]
1, 1,0, 45]
1,1, 0, 37]
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 37
1,1, 0, 45]
1, 1,0, 45]
1,1, 0, 45]
1, 1,0, 45]
1, 1,0, 37
1, 1,0, 45]
1, 1,0, 37
1,1,0,37
1,1, 0, 37]
1, 1,0, 45]
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0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0,0, 0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0, 1, 1, 1,
1,1, 1, 1,
0, 0,0, 0,
[1,0,0,0,
0,1, 0,0,
1,1, 0,0,
0,0,1,0,

1,1, 1,0, 45]
1,1, 1,0, 37
1,1, 1,0, 45]
1,1,1,0, 37
1,1, 1,0, 45]
1,1, 1,0, 37
0, 0,0, 1, 45]
0,0,0, 1, 45]
0,0,0,1, 37
0, 0,0, 1, 45]
0,0,0, 1, 37]
0,0,0,1, 37
0,0,0, 1, 45]
0,0, 0, 1, 45]
0, 0,0, 1, 45]
0,0, 0, 1, 45]
0, 0,0, 1, 45]
0,0,0,1, 37
0,0, 0,1, 45]
0, 0,0, 1, 45]
0,0,0, 1, 37]
0,0, 0, 1, 45]
1,0, 0,1, 45]
1,0,0, 1, 45]
1,0,0, 1, 45]
1,0, 0,1, 45]
1,0,0, 1, 45]
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1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
1, 0,0,
0, 1,0,
11, 1, 0,
0,0, 1,
1,0, 1,1,
0, 1, 1,
1,1, 1,
0,0, 0, 0,

1,0,0, 1, 45]
1,0,0, 1, 45]
1,0,0,1, 37
1,0,0, 1, 45]
1,0,0,1, 45]
1,0,0,1, 45]
1,0,0, 1, 37]
1,0,0,1, 45]
1,0,0, 1, 45]
1,0,0, 1, 37]
1,0,0,1, 45]

0, 1,0, 1, 45]

[1,0,0,0,0,
0,1,0,0,0,
[1,1,0,0,0,
[0,0,1,0,0,
[1,0,1,0,0,
0,1, 1,0,0,
1,1, 1,0,0,
0, 0,0, 1,0,
[1,0,0, 1,0,
0,1,0,1,0,
1, 1,0, 1,0,
0,0,1, 1,0,
1,0, 1, 1,0,
0,1, 1, 1,0,

[1,1,1,1,0,

1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]



0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
[0,0,1,0,
1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1, 1,
0, 0,0,0,

0,

1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 45]
1,0, 1, 37]
1,0, 1, 37]
1,0, 1, 37]
0,1, 1, 45]

[1,0,0,0,0,0,1, 1, 37]

0,1,0,0,0,0,1, 1, 37

1,1,0,0,0,0,1, 1, 45]

0,0,1,0,0,0,1, 1, 45]

[1,0,1,0,0,0,1, 1, 37]

0,1,1,0,0,0,1, 1, 45]

[1,1,1,0,0,0,1, 1, 45]

0,0,0,1,0,0, 1, 1, 45]

[1,0,0,1,0,0, 1, 1, 45]

0,1,0,1,0,0,1, 1, 45]
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1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1,1, 1,1,
0,0, 0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0, 0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
(1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,
0,0, 0,0,

0,0,1,1, 37
0,0, 1,1, 45]
0,0, 1,1, 45]
0,0, 1,1, 45]
0,0,1,1, 37
1,0, 1,1, 37
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1, 1, 45]
1,0, 1,1, 45]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 45]
1,0, 1, 1, 37]
1,0, 1, 1, 45]
1,0, 1,1, 37
1,0, 1, 1, 37]
1,0, 1,1, 37
0,1,1,1, 37]

[1,0,0,0,0,
0, 1,0,0,0,
[1,1,0,0,0,
0,0, 1,0,0,
[1,0,1,0,0,

1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
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0,1, 1,0,0,

[1,1,1,0,0,

[0,0,0,1,0,

[1,0,0,1,0,

[0, 1,0,1,0,

[1,1,0,1,0,

[0,0,1,1,0,

[1,0,1, 1,0,

0,1, 1,1,0,

[1, 1,1, 1,0,

0, 0,0,0,
1,0, 0,0,
0,1, 0,0,
1,1, 0,0,
0,0, 1,0,
(1,0, 1,0,
0,1, 1,0,
1,1, 1,0,
0,0,0, 1,
[1,0,0, 1,
0, 1,0, 1,
1, 1,0, 1,
0,0, 1,1,
1,0, 1,1,
0,1, 1,1,
1, 1,1, 1,

1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 45]
1,1, 1, 37
1,1, 1, 37]
1,1, 1, 45]
1,1, 1, 37]
1,1, 1, 37]
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APPENDIX IX

MAPLE codes to determine the number of zeros of the sequence of irreducible

polynomials of degree 9 and order 73.

expli=2+ 2+ 1:
exp2i=2 + 2t + 2>+ +1:
expdi=2? + 25+ 23+ +1:
expdi=a + 2% + 25 + 2% +1:
expbi=2 + 2" + 2t + 2% +1:
expb:=2" + 28+ 1:
expli=2 + 28+ 28+ 2 + 22 + 2+ 1:
expS:i=a® + 28+ 27 +2°+1:
al:=[expl, exp2, exp3, exp4, exph, expb, exp7, exp8|:
s[0]:=1: s[1]:=1: s[2]:=1: s[3]:=0: s[4]:=0: s[5]:=0: s[6]:=0: s[7]:=0: s[8]:=0:
1:=8;

allil;

2+ a4+’ +ab 41
for n from 0 to 63 do
s[n+9]:=coeff(al[i],x,8)*s[n+8]+coeff(al[i],x,7)*s[n+7]+coeff(alli],x,6)*s[n+6] +co-
eff(al[i],x,5)*s[n+5]+coeff(alli],x,4)*s[n+4]+coeff(alli] x,3)*s[n+3]
+coeff(alli],x,2)*s[n+2]4coeff(alli],x,1)*s[n+1]+s[n] mod 2;0d:
t={};

ti= {)
for n from 0 to 72 do
if s[n]=0 then t :=t union n fi;od;

t;
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{3,4,5,6,7,8,10, 11, 12, 15, 17, 21, 27, 32, 35, 38, 39, 40,
42, 43, 44, 45, 48, 52, 53, 57, 60, 62, 64, 67, 68, 71, 72}

nops(t);

33
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APPENDIX X

MAPLE codes to determine the number of zeros of the sequence of irreducible

polynomials of degree 10 and order 93.

expli=2 + 2> + 2t + 22 + 1
exp2i=20 + 28 + 23+ +1:
expdi=x'® + 2% + 25 + 25+ 1:
expdi=20 + 2% 4+ 2"+ 22 +1:
expbhi=r0 +2° + 2" + b+ 24+ 1:
expbi=20 + 2 + 28+ P+ 2P+ +1:
al:=[expl, exp2, exp3, exp4, expd, expb|:
s[0]:=1: s[1]:=1: s[2]:=0: s[3]:=1: s[4]:=0: s[5]:=0: s[6]:=0: s[7]:=0: s[8]:=0:

allil;

0+ 4+t + S+t a1

for n from 0 to 82 do

s[n+10] :=coeff(al[i],x,9)*s[n+9]+coeff(alli],x,8)*s[n+8]+coeff(alli],x,7)*s[n+7]
+coeff(alli],x,6)*s[n+6]4coeff(alli],x,5)*s[n+5]+coeff(al[i],x,4) *s[n+4] +co-
eff(alli],x,3)*s[n+3]+coeff(alli],x,2)*s[n+2]+coeff(alli],x,1)*s[n+1] +s[n] mod 2;0d:

t={};

t={}

for n from 0 to 92 do

if s[n]=0 then t :=t union n fi;od;
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{2,4,5,6,7,8,10, 11, 13, 14, 15, 17, 18, 19, 20, 21, 23, 25,
26, 29, 32, 35, 37, 38, 39, 41, 42, 44, 46, 47, 49, 50, 51,

52, 53, 56, 57, 59, 60, 62, 65, 66, 68, 69, 70, 71, 72, 73,

74, 75, 77, 80, 81, 82, 83, 86, 87, 88, 89, 91, 92}

nops(t);
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