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Invariants of trace forms over finite fields of
characteristic 2

Robert W. Fitzgerald

Abstract

Let K be a finite extension of F». We compute the invariants of
the quadratic form Q(x) = tr,p, (x(2*" + 22")) and so determine the
number of zeros in K. This is applied to finding the cross-correlation
of certain binary sequences.

Set F'=F, and K = Fy. Let

with each ¢; € K. Our trace forms are the quadratic forms Q¥ : K — F
given by Q% () = trg/r(zR(z)). These trace forms have appeared in a
variety of contexts. They have been used to compute weight enumerators
of certain binary codes [1, 2], to construct curves with many rational points
and the associated trace codes [9, 4], as part of an authentication scheme [3],
and to construct certain binary sequences in [6, 7, 5.

In each of these applications one wants the number of solutions (in K) to
Q% (z) =0, denoted by N(Q%). This is easily worked out (see [8], 6.26,6.32)
in terms of the standard classification of quadratic forms:

N(QF) = 32" + MQF)V2k+w), (1)
where w 1s the dimension of the radical and

0, if QF ~ 22+ > miyi
A(Qg) =41 if Qﬂf = Z;jzl T;Yi
—1, fQE ~a?+yi+>  zy:
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However, there is no simple way to determine the dimension of the radical
or the invariant A. The one general result is due to Klapper [7] which only
covers the case when R consists of a single term. Here we consider the next
simplest case: R(z) = x?" + 2%, The computation depends on a general
reduction result which holds for any R with all ¢; € {0,1}. The formula is
applied to finding the cross-correlation of certain binary sequences and to
finding the size of the intersection of two conics.

We were also motivated by the hope that the formula for this simple
case would indicate the formula for general R. However, our expressions for
dimrad(Q%) and A(Q%) are quite complicated and suggest that a general
result would be too complex to be useful. By way of comparison (and because
we will use the result), we give Klapper’s result [7] on R with one term:

Theorem 0.1. Set Q,(z) = trg/p(z - 2*"). Then dimrad(Q,) = (2a,k) and

=1, ifvy(2a) < vy(k)
AMQa) = { +1, if va(2a) = va(k)
0, ifve(2a) > vo(k).

Here vy(m) denotes the highest power of 2 dividing m (that is, the 2-adic
valuation). To simplify notation, we will drop the K or the R (or both) from
Qg when the choice is clear. If £ = Fye and G = Fyy, we will write tr, for
trg,p and tre 4 for trg,q. Also let F denote the algebraic closure of F.

(¥
(Y

1 Computing the radical

If £ = F, we will write radgQ for the radical of QF. Set

2b 2b+a

R =2 +z

2b7a

+x + .
Lemma 1.1. 1. z € radpQ iff R*(x) = 0.
2. Fopra and Fy—a are in radp(@).

Proof: (1) is [5] Lemma 11. For (2), if # € Fysra then R*(z) = (22 +
)% 4+ (22" 4+ x) = 0. A similar factorization works for Fyo—a. O
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Lemma 1.2. Let L = Fyn and let v =vy(n) and V = 2V.

1. There exists an irreducible quadratic over L of the form x* + x + r,
where r € Fyv and tr,(r) = 1.
2. If o € Foon is a root of irreducible x* + x + r then

2" =« + (7)),

2m—1

where pp(r) =r+r2+rt4.

Proof: (1) Pick r € Fy with tr,(r) = 1. As [L : GF(2Y)] is odd,
tr,(r) = 1 also. By [8] Theorem 3.79, 2? + 2 + r is irreducible over L. (2) is
a simple induction. O

In general, set V,, = 2%2(") that is, the highest 2-power dividing n.

Lemma 1.3. Lete = (b—a,b+a).

1. Let o € Fypp-o) be a root of irreducible x* + x + w, where w € Fyv,_,
and try_q(w) = 1. Then aFsye C radpQ).

2. Let 3 € Fyura) be a root of irreducible x* +x + z, where z € F,v, ., and
tryra(2) = 1. Then BFy C radp@.

Proof: We only prove (1) as the proof of (2) is similar. Let u € Fye.
We compute R*(ua). Now u € GF(2'7?) so

b—a 2b b—a b+a b+a
u T =u our =) =

Hence using Lemma 1.2 (2) we get
R(ua) = (a+ py(w)u®™ + (@ + ppra(w))u®"™ + (o + pyo(w))u + au
= aR* () + (pa(w) + Pass(w))u® ™ + py_g(w)u.

Now u € radz@ so R*(u) = 0 by Lemma 1.1. And

2b7a71

Pa(w) = wH+w+w' 4w = trp_q(w) =1
b+a
pap(W) + pria(w) = pb—a(w)2 M=l
Hence R*(ue) = " +u =0, as u € Fyta also. O

Lemma 1.4. Keep the notation of Lemma 1.3.
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1. If va(b+ a) < ve(b— a) then radp is spanned by aFse, For—a and Fopra.
2. If va(b+ a) > va(b— a) then radp is spanned by BFse, For—a and Fopia.

Proof: Again we only do (1). Each of the three subspaces are in the
radical by Lemmas 1.1 and 1.3. Let V = 2v2(=9) the largest 2-power dividing
b — a. Now « is quadratic over Fyv, so that a € Fyvi1 \ Fyv while Fyr-a and
Fyra are contained in Fye, where £ = lem(b—a, b+a). As vy(b+a) < vy(b—a),
the maximal 2-extension inside Fiye is F,ov. Hence

O{FQS ﬂ <F2bfa,, F2b+a,> — O
Now
dim Fop—a + Fopra = (b—a) + (b+ a) — dim Foo—a N Fopsa = 2b —e.

Thus the span of the three subspaces has dimension 2b. On the other hand,
deg R* = 2% hence the radical has dimension 2b. So the two are equal. [

Theorem 1.5. Keep the notation of Lemma 1.3.
1. Suppose vo(b+ a) < va(b —a). Then radx@Q =

<F2(b—a,k), FQ(b+a,k)> if Ug(/{:) < Uz(b — a)
(Fyeny, Fov-ary, Fovrar) if va(k) > vo(b— a).

2. Suppose va(b+ a) > va(b — a). Then radx@ =

(Fy0-ak), Foprar) if va(k) < wva(b+ a)
(BF gy, Fow-ary, Fovrar) if va(k) > va(b+ a).

3. Let v = max{ve(b—a),va(b+a)}.

(b—a,k)+ (b+ak)— (e, k) ifve(k) <w

dim radxgQ = {(b —a,k)+ (b+a,k) if va(k) > .

Proof: Both Fyo N K = Fyo-ar and Fyia N K = Fyprar are in
radg@. Suppose v3(b — a) > va(b+ a) (the opposite case is similar). Then
(2(b—a),k) = (b—a,k). Then

OCFQ@ N K C F22(b7u) N K

= Foep-arn = Fhoan.
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But « is quadratic over Fyo—a SO0 aFhe N Fop-a = 0. Hence aFye N K = 0 and
radg () is spanned by the two fields described.
Now say va(k) > va(b—a). Againset V = 2%2(=%)_ Then, as « is quadratic
over Fyyv,
a€ Fova C F22v2(k) C For = K.

Hence
af NK = a(Fge N K) = aFyen.

This completes the proof of (1). (3) is a simple dimension count. O

2 (Q-value of the radical
Theorem 2.1. A(Q) =0 iff va(b —a) = va(b+ a) = va(k) — 1.

Proof: A(Q) =0 iff Q(rad(Q)) = 0. Suppose v2(b+ a) < va(b— a); the
opposite case is similar. First suppose v € F,-ak), one part of the radical.
Then

b—a b a
e AP 2L
Thus Q(v) = 0. Next say 7 € Fyptar), another part of the radical. Then
(72‘41 +72a+1)2a _ 72b+a+2a + 722%-2“ _ 72a+1 + (72a+1)2a'
Thus Q(7) = trx(v*" ™ + (v*"*1)*") = 0. Hence, by Theorem 1.5, if vy(k) <
v9(b — a) then Q(rad@) = 0.

We thus now assume vq(k) > v9(b — a). The third part of the radical is
aFyer where v € K is quadratic over Fyv, V' the largest 2-power dividing
b — a. Pick u € Fyex . Note that u € Fye C Fop—a. Hence

b—a b a
U2 = u2 +1:u2 +1'



Also

P Lot = (o + po(w)) + alo + pa(w))
= a(pa(w) + py(w))
a(w* + 0¥+ )
= aw+w+---+w 2 e
= a(tr_q(w )) =a.

Hence Q(ua) = try(au® ).

Now a and w are in Fysp—ar). If va(k) > va(b—a)+1 then vy(k) > ve(2(b—
a,k)) and [K : Fyp-aw] is even. Thus try(au?'T!) = 0 and Q(radQ) = 0 in
this case also.

We thus suppose that ve(k) = v2(b—a) + 1. Then [K : Fypan] is odd.
Thus Q(ua) = tragp—qp(au® ). Now w € Fyo-ap as 2°2079 divides both
b—a and k. Thus « is a quadratic over Fyu-ar satisfying 22 + 2 + w. So
tTo(b—ak), (b—ak) (@) = 1. We get Q(ua) = tr(b,ayk)(u?l*l), where u € Fyex) is
arbitrary.

If v3(b+ a) < va(b — a) then va(e) = vo(b+ a) < va(k). So va(e k) <
v2(b—a, k). Then [Fyo—an : Fyenm) is even and trg_q ) (u** ') = 0. So again
Q(rad®) = 0 in this case.

So lastly assume va(b + a) = vo(b — a) = va(k) — 1. Then wvy(e k) =
v2(b— a, k) and we get Q(ua) = trep (u** ™). Now e divides b—a and b+ a
so that e divides 2a. And b — a = 2"m, b+ a = 2'n for some odd m and n.
Thus 2a = 2Y(n —m). Thus v9(2a) > v + 1 and vy(a) > ve(e). So e|a. Thus

v =u and  Qua) = triep (u?) = trier (u),

which is not zero for all u € Fyer). O

3 A general reduction result

In this section we will consider more general R, namely, R(z) = > z?
where each ¢; € {0,1}. The key observation is that R(z?) = R(z)? for such
R. We write r(m) for dimrad(Q¥), where M = Fym, and A(m) for A(QY).



We will use the Jacobi symbol (#) and the well-known variation on Euler’s

Theorem: 5
2" = (—) (mod p),
pn

where p is an odd prime.

Lemma 3.1. Suppose R =) ez where each ¢; € {0,1}. Write k = p™m
where p is an odd prime and (p,m) = 1. Then:

AR)2" 5 = (%) A(m)  (mod p).

Proof: Note that Q(z?) = try(2?R(2?)) = trp(zR(z))? = Q(z). Let
M = Fym. If v € K\ M then the cyclotomic class of 7, namely, cyc(y) =
{v,7%,7%, ...}, has order deg(7). Q is constant on cyc(y). As F(y) is not a
subset of M, p divides deg(+). The zeros of @ in K consist of the zeros of @)
in M together with some of the cyc(y). So

N(QF) = N(@QY) (mod p)
2k 4 A(K)2UFrRD/2 = gm 4 A(m)20mtrm)/2 (mod p)
A(k)g(k—m)ﬂ Lor(k)—r(m))/2 — A(m) (mod p),

as 28 = 2P"m = 2™ (mod p). Lastly,

n 2\"
o(k=m)/2 _ om(p"—1)/2 — (E) (mod p),

which gives the result. O]

Definition 3.2. Let p be an odd prime.

(1) Suppose -1 is a power of 2 modulo p. Set n(p) = 1 and let w(p) be
the least positive w such that 2¥ = —1 (mod p).

(2) Suppose -1 is not a power of 2 modulo p. Set n(p) = 0 and let w(p)
be the least positive w such that 2 =1 (mod p).

Theorem 3.3. Suppose R = 3. ;2% where each ¢; € {0,1}. Write k =
2mp " py? - - - pi*t with each p; an odd prime. Set £ = 2" and k* = k/{. Then:

1. r(k) =3 2sw(pi) + r(0), for some s;.



A = (e (2) ),

Proof: We use induction on t. Set m = k/p{™. Then, by Lemma 3.1,

r(k)—r(m)

272 =41 (mod p).

Then r(k) = 2sjw(p1) + r((m), for some s, by the definition of w. Then

QMgMﬂE{GJV% it np) =1
1, if n(p1) = 0.
Hence .
M) = (110 (25} )
by
The general result follows by induction. O]

Corollary 3.4. Suppose k is odd and R(x) has an odd number of terms.
Then A(Q%) = 0.

Proof: Here ¢ = 1, N(Q%) = 1 and so A(1) = 0. Apply Theorem
3.3. O]

Example 3.5. We consider R(z) with an even number of terms.
(a) Say k =19. Then n(19) = 1, w(19) = 8 and 2 is not a square modulo
19. Then there are only two possibilities:

(dimrad(Qgr), A(Qr)) = (1,—-1) or (19,1).

R(z) = 2 4 2 gives the first possibility and R(z) = 22° 4 22" gives the
second.

Recall that every quadratic form on K arises as trg/p(zR(x)) for some
R(z) with coefficients in K ([4] Theorem 1.2) and so every odd number arises
as a dimrad(Q%). So the sharp restrictions on r(k) here are a surprising
consequence of restricting to those R(x) with all ¢; € {0,1}.

(b) Say k = 17. Then n(17) =1, w(17) = 4 and 2 is a square modulo 17,
There are three possibilities:

(dimrad(Qgr), A(Qr)) = (1,+1),(9,—1) or (17,+1).
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Particular examples are R(x) = 2% + 2%, 2% + 2* + 28 + 232 2250 + 2512
respectively.

(c) Say k = 21. Then w(3) = 1 and w(7) = 3. Here every odd r, at
most 21, can arise as r = 1 + 2s; + 6s,. However, a computer search shows
there is no R (with all ¢; = 0, 1) with dimrad(Q%) = 5. Thus there are more
restrictions on r(k) than those given by Theorem 3.3.

We return to our special case of R(x) = 2*" + z?’,

Lemma 3.6. Let p be an odd prime and write k = p™m where (p,m) = 1.
Set v~ =v,(b—a,p) and vt =v,(b+a,p). Then

or(k)=r(m))/2 — (2) (mod p),
p
where
min{n, max{v=,v"}}, if k is odd
u = min{n,v"} + min{n, v}, if k is even, b+ a is odd
0, if k 1s even, b+ a is even.

Proof: We will assume v~ < v™ (the other case is similar). There are
three cases:

(i)n <v” <ot (@ <n<ot (v <ot <n.

For each of s = a —b,a+b, e we have (s, k) = p'(s,m), for some ¢ depending
on s. The values of t are:

s= b—a b+a e

(i) n n n
(ii v” n v
(iii) o~ vt v

Further,

2((87k)7(s,m))/2 = <2(pt71)/2) (s,m)

[l
VR
| Do
~
@
2

=

o

[oN

=



First suppose k is odd so that each (s,m) is odd and r(k) = (b — a, k) +
(b+a,k) — (e, k) and r(m) = (b —a,m) + (b+ a,m) — (e,m) by Theorem
1.5. We obtain

3n
(mod p), in case (i)
207 +n
(mod p), in case (ii)

VRS
kSR IR RN

(k) —r(m))/2 — (
20"+t
(%) (mod p), in case (iii),

which gives the desired result.
Next suppose k is even and b 4 a is odd. Again, each (s,m) is odd but
now (k) = (b —a,k) + (b+ a,k) and r(m) = (b —a,m) + (b + a,m). We

obtain

2n
(%) (mod p), in case (i)
v 4+n
o(r(k)=r(m))/2 — <%> (mod p)7 in case (ii)

v +ot
(%) (mod p), in case (iii),

which gives the desired result.
Lastly, suppose k is even and b=+ a is even. Then each (s, m) is even and

5 t(s.m)
o (r(k)—r(m))/2 — (2)
p

1 (mod p).

We summarize:
Theorem 3.7. Write k = 2™m where m is odd.

1. If k is odd then A(k) = H(%) over odd prime divisors p of k with
vp(k) + min{v,(k), max{v,(b — a),v,(b+ a)}} odd.

2. If k is even and b+ a is odd then A(k) = H(%)A(Q“) over odd prime
divisors p of k with min{v,(k), v,(b — a)} + min{v,(k),v,(b+ a)} odd.

3. If k is even and b+ a is even then A(k) = A(2").

10



4 The invariant for 2-power k

We have reduced the computation of A(k) to the case of a 2-power k. So
throughout this section, k& = 2". Set ¢ = k/2 and L = Fy. Then K
is a quadratic extension of L. Write K = L(§), where §* = ¢ + y, with
y € L having tr,(y) = 1. Note that tri(L) = 0. We will use the following
observation: vy(a) # vg( b) iff vo(b—a) = ve(b+a). And we continue to write
vy for vy(b — a) and vy for ve(b+ a).

Lemma 4.1. Let M = max{v, ,v; }. Let a be as in Lemma 1.3.
1. If n < M then Q =0 and A(k) = +1.
2. Ifn=1+ M and vy # vy then

22
3. Ifn=1+ M and vy = vy then A(k) = 0.
4. If n>2+ M and vy, # vs then
rad(Q) = <0‘F22v57F o) C L.

222

5 Ifn>2+4 M and v; = vy then rad(Q) = Fpu+1 C L.

Proof: This follows easily from Theorems 1.5 and 2.1. [
We thus only need to treat the cases (2), (4) and (5).

Proposition 4.2. In case (2) we have A(k) = —1.

Proof: Here we have vy(a) = vo(b) and n = 14+ M. We suppose vy < vy
(the other case is similar). Thus ve(b+a) = v2(a) +1 < va(b—a), k =2-2%
and ¢ = 22. Then radQ = (F 2U5,5F22v5>. Note that L C rad(Q). Now
for u,v € L we have Q(u + vd) = Q(u) + B(u,vd) + Q(vd) = Q(vd). Hence
N(Q) = 2'N(Q(vd) = 0).

We compute:

Qvd) = try

tI‘k

(W y + 0+ pa(y)) + 07y + 5+ po(y)))
(ST 0¥ 4 02 () + 0¥ Ty (y)))
v2 +1 —1—112 +1 _sz Hp (y) —|—v2b+1pb(y))

= try(
= tro(v? M pa(y )—1—1}2 ().
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Here we used that v,y € L have tr, equal to 0 and that Q% = 0.
Write b — a = ¢m for some odd m. We have

b a+(b—a) a b—a a
'U2 - UQ - '02 '02 - U2

() = Pa(y) + P—a(®)” = paly) + 1.

We used that v € L so that v2° = v and that py(y) = tre(y) = 1. Hence

v py(y) = 0¥ (14 pa(y)) and Q(v8) = tr,(v*"+!) = Q% (v). By Klapper’s

result, Theorem 0.1, as vo(f) = va(b — a) > 1 + ve(a) = v2(2a), we have

A(k) = —1. O
We now turn to Case (4).

Proposition 4.3. In case (4) A(k) = —1.

Proof: Here va(a) = vy(b), call it v and set V' = 2¥. Also va(b+ a) =
v+ 1, v9(b—a) >v+1and va(k) > va(b —a) + 2. Now

—1, if sisodd
25V = ’ 1 ° ?S © (mod 2" + 1).
1, if 5 is even

As a/V and b/V are odd we have that 2 + 1 divides both 2% + 1 and 2° + 1.
For each 3 € K* of order 2V + 1 we have Q(3z) = Q(z). As k/V is even,
2V +1 divides 2¥ — 1 and so there are 2" + 1 such 3’s. Thus, counting = = 0,
we have

N@Q) =1 (mod?2” +1).
Now k/2V is even, V,_,/2V is even and Vj,,/2V is odd. Hence
Qk+VoatVora)/2 = _q (mod 2V + 1),

noting that dimrad(Q) = V,_o + Vjie. Hence

N@) = (2" + A(k)V2EVi—atVora)
= 1(1+A(k)(-1)) (mod2" +1).
Hence A(k) = —1. O

The one remaining case is Case (5). So for the remainder of this section
we assume that v9(b — a) = v2(b+ a) and that £ > 4V,_,. Now vy(a) # va(b)
in this case. We will assume vy(a) < v9(b) (the opposite case is similar). So
Vita = Vo <V and k > 4V,. We also have rad(Q)) = Fy2v, C L by Lemma
4.1.

12



Lemma 4.4. Suppose we are in case (5). Let t be the number of u € rad(Q))
such that Q(ud) = 0. Then

t=2""1 4+ A(k)20 L,
where r = r(k) and r = 2ry.

Proof: Set W =rad(Q). We have W C L and dim(L/W)* = (k—r)—
(0 —r) = { so that dim L+ = ¢ +r.

Set b(x,y) = 22"y + 21> + 22y +2y* . Then By(u,v) = tryb(u, v). Then,
as tr,(L) = 0, L C L*. Pick w; € L+ such that

or

Lt = Jwi + L).

i=1
Then pick v; € K \ L* such that

2t _or
K=L"U | (ui+1L)

i=1

Now Q(v; + L) = Q(v;) + B(v;, L) as Q(L) = 0. Since v; ¢ L+, exactly half
of the B(v;,{) are zero. So regardless of the value of Q(v;), exactly half of
the Q(v; + () are zero. Since the w; € L+ we have Q(w; + L) = Q(w;). Let t
be the number of w; with Q(w;) = 0. Then

N(Q) =t-204 (2F — 2727t = 2F 1 of (¢ — 2r 1),
Comparing this to the usual formula ¢t = 271 + A(k)270~1. O

Lemma 4.5. Continue to assume we are in case (5) and that va(a) < va(b).
For u € rad(Q) we have

Q(ud) = Q% (u) + try(u* Tpa(8) + u2b+1pb(5)).
Further, Q*(u) = 0 for all u € rad(Q) except when k = 4V,.
Proof: We have
Q(ud) = tr(ud(u® (6 + pa(9)) +u” (6 + py(9)))
(8 ('t 4 w2, (6) + u? iy (6)))
=t u® T Wy (6) + u? ()
= Q"(u) + tro(u¥ T pa(8) + w2 py(68)).

13



As u € rady)Q C L, we have u € rad,Q). By Theorem 2.1 this is zero
except when vy(b — a) = v2(b + a), thus case (5), and £ = 2 - 2"2=%) Hence
k = 2V,. O

Lemma 4.6. Let s be a 2-power. Then
1 tra(pa(0)) = 1.
2.
tre,s(pas(9))

{1, if \ is odd

0, if X is even.
Proof: We have

tres(ps(5)) = ps(8) + ps(8)* + -+ + py(6)*"

= tr(y) =1
And for (2)
Pas(0) = pa(0) +pu(0)% + -+ pu(6)F
tré,s(p)\s<5>) = ﬁtr@’s(ps(d)%
and apply (1). .

Lemma 4.7. Continue to assume we are in Case (5) and that ve(a) < va(b).
SetV =V,. Let u € Fyv. Then

2041, if Viy >4V
try (u2 ) 4 tryy (u), if Vi = 2V.

trg(u2a+1pa(5) +u2b+1pb(5)) _ {“ﬁ/(u

Proof: Write a = Vn where n = 2m + 1 is odd. Then a = 2Vm + V.

We have that .
a m 2
u = (qu ) — 2",

Note that
2V+1)2V—1 |

(u )
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if u# 0. Hence u2'+! € Fyv. Thus

tre(u? Mpa(6)) = tre(u? T'pa(0))
= trv(u2v+1tr4,v(Pa<5)))
_ trv(u2v+1),

by Lemma 4.6, as a/V is odd.
Next, b = 2Vm,, where m, is odd iff V, = 2V. Again v2* = u implies

u?’ = u. Hence
trg(uzbﬂpb(é)) = trg(u2pb(5)) = trgv(u%ﬂ'@,gv([)b(é)),
which is 0 if m, is even and is troy (u) if my is odd. O

Proposition 4.8. Continue to assume we are in Case (5) and that vy(a) <
va(b). Set V =1V,. Then A(k) = —1, except when

1. k>8V,V =1and V, =2 (that is, a is odd and b = 2 (mod 4)) in
which case A(k) = 1.

2.k =4V, V =1 and V, > 4 (that is, a is odd and 4|b) in which case
again A(k) = 1.

Proof: We use Lemma 4.4 to find A(k). We need to compute ¢, the
number of u € rad(Q) with Q(ud) = 0. First suppose that k& > 8V. For
u € rad(Q) = Fyv set

gu) = try (v ) and  ¢*(u) = q(u) + tray (u).

Then t is N(q) when V, > 4V and t = N(¢*) when V}, = 2V, by Lemmas 4.5
and 4.7. Now if V is even then

troy (u) = trv(u—l—u2v)
g (u) = trv<u+u2v+u2v+l)
= try(14+uw)(1+u?) +1)
= try (1 +w) (1 +w)?),
as V even implies try (1) = 0. Thus ¢*(u) = q(u + 1) and so N(¢*) = N(q).
When V =1 we get ¢*(u+ 1) = g(u) + 1 and so N(q*) + N(q) = 22".
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We now compute N(g). The map
GF(22) — GF(2V)" by zr2? !

has kernel of order 2 + 1. Hence each image in GF(2")* appears 2 + 1
many times. Of the images, 27! — 1 have trace 0. Hence (now including
7€ero)

N(g) =2 + 1)@V =)+ 1=2""1_2"1

When V, > 4V, we have t = N(q) and so A(k) = —1 by Lemma 4.4. When
V, = 2V, and V is even we have t = N(¢*) = N(q) and again A(k) = —1.
When V, =2V, and V =1 then

t — N(q*) — 22V _ N(q) — 22V—1 + 2V—1

and so A(k) = 1.
Lastly, suppose k = 4V. In this case

Q% (ud) = Q¥ (u) + tro(u> Hpa(8) + u® py(9)),

by Lemma 4.5. Now as in the proof of Lemma 4.7 «2* ™1 = «2" ! € Fyv and
w2 = w2 As £ = 2V we have QL (u) = tray (12 T 4+ u2) = tryy (u). Hence,
by Lemma 4.7, Q¥ (ud) is ¢*(u) if V3 > 4V, and q(u) if V, = 2V,. If V is
even then N(¢*) = N(q) so that regardless of the value of V;/V, we get the
same value of ¢ as above and so A(k) = —1. Finally, if V =1 and V, > 4V,
then t = N(q*) = 22V — N(q) so that A(k) = 1. If V = 1 and V}, = 2V, then
t = N(q) and A(k) = —1. O

We summarize:

Theorem 4.9. Let k = 2" and M = max{vy(b —a),vs(b+ a)}.

~

. Ifn < M then A(k) = +1.

. Ifn=1+ M and vy(b — a) # va(b+ a) then A(k) = —1.

2 (b—a) )

3. Ifn=14+ M and vy(b — a) = ve(b+ a) then A(k) = 0.
4. If n > 2+ M and ve(b — a) # va(b+ a) then A(k) = —1.
5. If n>24 M and vy(b — a) ( )

= U2
(a) If n = 2 and one of a,b is odd and the other is 2 (mod 4) then
A(k) = +1.
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(b) If n > 3 and one of a,b is odd and the other is divisible by 4 then
A(k) = +1.
(c) Otherwise, A(k) = —1.

5 Applications

Here we fix K and a primitive element a € K*. Set Qu(z) = trg/r(z - 2*"),
called a gap form in [5]. Let (Q,, denote what has been written as Qg,
namely, trg/p(z - (22 + 22")). We consider the sequence

S2 . st = Qa(ai),

for 0 < i < 2 — 1. These are the pull-backs of the geometric sequences in
[7]. The period of S* is m, = (2¥ —1)/(2% + 1,2¥ — 1). In particular, if
(224 1,2% — 1) = 1 then S? is an m-sequence. The cross-correlation of two
binary sequences A = (a;) and B = (b;) of period 7 is:

™

AB=) (—1)%th
i=1
Proposition 5.1. Suppose (24 + 1,28 —1) =d = (2°+1,2¥ — 1). Then the
cross-correlation of S2,SP is:
1
S2.8P = a[A(Aq,b)2<k+f>/2 —1],

where r = dimrad(Qg;)-

Proof: We have

2k_1
d(8*.8°) = ) (—1)@enrdle)
i=1
= [N(Qup) — 1] = [2° = N(Qup)]
= 2N(Qup) —2" -1
— A(Qa,b)Q(k+T)/2 — 1
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Example 5.2. Let a = 1, b = 3 and k£ be even, not divisible by 6. Then
(22 41,28 —1) =3 = (2*+ 1,2 — 1). By Theorem 1.5

2, 1fU2(l€)
r(k) =<4, if vy(k) =2
6, if vy(k) > 3.

Theorem 3.7 and Theorem 4.9, cases 1,2 and 4 give

1, ifw(k)=1
A(k‘) _ A(2’U2(k)) _ + ) 1 U2( )
—1, if va(k) > 2.
Let k = 2¢. The cross-correlation is then
+5(25 = 1), ifva(k) =1
ST.S% = ¢ 122+ 1), if va(k) =2
—%(2”3 +1), if ve(k) > 3.

For a quadratic form ¢ on a vector space V over F' = Fy, Z(q) denotes the
zeros of ¢ and N(q) denotes | Z(q)|. Klapper [7] has computed the cardinality
of a conic intersected with a hyperplane. Here we compute the intersection
of two conics.

Proposition 5.3. Let q1,q2 : V — F be quadratic forms. Then

Z(a1) N Z(g2)| = 5[N(q1) + N(g2) + N(a1 + q2) — [V[].

Proof: For w; € F, let N(wy,ws) denote the number of v € V' such
that ¢;(v) = w;, for i = 1,2. Then:

Sum the three equations, noting that N(0,0)+ N(0,1)+ N(1,0)+N(1,1) =
|V|, to get the desired formula. O

When ¢; = Q, and ¢ = Qp then ¢; + ¢2 = Qup, and so the intersection
can be computed.
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Example 5.4. Let a = 3, b = 102 and £k = 2" -3 -5-13. Note that
b—a=3*-11andb+a=3-5-7. Now r(k) = 15if n = 0 and r(k) = 18
if n > 1 by Theorem 1.5. Theorem 3.7 gives A(k) = (%) = —1 if n = 0 and
A(k) = (3)A(2") = —A(2") when n > 1. And Theorem 4.9, cases 1, 3, 5a, c,
gives:

1, ifn=0,2

A2 ={0, ifn=1
-1, ifn > 3.

Combining this with Klapper’s result, Theorem 0.1, and Equation 1 yields
1Z(Qa) N Z(Qy)| =

%[Qk — o(k+15)/2], itn=20

i[gk 4 2(k+6)/2] iftn=1

i[gk — Q(kH6)/2 4 o(k+12)/2 _ o(k+18)/2) ©if gy = 2

i[2kz o 2(k+6)/2 . 2(k+12)/2 + 2(k’+18)/2]7 if n Z 3.
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