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It is not necessary that the manifold be 3-dimensional or that there be only one
stable cigenvalue. We only need a means of assigning orientations to rectangles of a
Markov partition. We note that if A(¢) has only zeros, ones and #'s as entries, then
A(—1) is the structure maotriz of [1].

‘Two ribbon sets are fopologically equivalent if there is a homeomorphism between
them that preserves the flow direction. This leads us to define two twist matrices to be
twist-wise flow equivalent if they induce topologically equivalent ribbon sets. If A and
B are twist-wise flow equivalent we shall write A ¥ B. 1t is clear that PS (A(1)) and
BF(A(1)) are invariants in this category. In [11] it is shown that PS{A(~1)) is also
invariant. The purpose of this paper is to show that BF({A(—1)) is too (Theorem 3.1).
We develop an additional invariant by using a representation of Z; with 2 x 2 integer
matrices (Theorem 3.2). Section 4 gives a topological interpretation of this second
new invariant in terms of a double cover of the basic set. In Theorem 3.6 we show
that no additional information is gained by using other integer matrix representations
of Zo. Example 4.3 shows that these five invariants are not complete. These results
were announced in [12].

Remark 1.3. A femplote is a branched two-manifold with an expanding semi-flow that
is used to model hyperbolic invariant sets of flows on three-manifolds. A twist matrix
encodes some of the topology of a template whereas the incidence matrix contains
only dynamical data. Figure 2 shows a template for the suspended horseshoe map
of Figure 1. Invariants of twist equivalence can be seen as part of a program of
constructing topological invariants of templates. See [11] for examples and more on
this point of view.

Figure 2. Template for horseshoe flow
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2. MATRIX MOVES

Twist-wise flow equivalence (or fwist eguivalence for short) is generated by three
matrix moves [11]. That is two twist matrices are twist equivalent if and only if there
exists a finite sequence of these three moves taking one matrix to the other. The
three moves are called, the shiff move, the expansion move, and the fwist move, and
are denoted by ~, ~ and ,L, respectively. The first two generate flow equivalence [10].
We define them below.

Shift: A ~ B if there exists rectangular matrices R and S, over 272, such that
A=RS5 and B=5R.

Remark 2.1. For squarc martices over the nonnegative integers the shift move gener-
ates the strong shift equivalence relation, which can be defined for twist matrices as
well. Strong shift equivalence implies shift equivalence a weaker relation that we shall
not define here. However, for integer matrices shift equivalnce does imply strong shift
equivalence, a fact we shall use later. Sec [8] and also [9].

Expansion: A~ B if A = [4,,] and

0 Ay -~ Ay
1 0 - 0
B=|0 Ay -+ A
0 Anl e Ann
Twist: A~ B if 4 =[A;] and
Ay tAp .- tAy,
| tAa A e Agp
tAni A?n e Ann

The shift move includes relabelings, so the expansion and twist moves can be done
on other “locations” in the matrix. See [11] for geometric motivations.
Another set of matrix moves we shall use are listed below.

1. Exchanging two rows or two columns.
2. Multiply a row or column by —1.
3. Add an integer multiple of one row to another row, or of one column to another
column.
4. Delete the d-th row and i-th column if their only nonzero entry is a 1 on the
diagonal.
The first three are the standard moves of matrix equivalence; if two n x n integer
matrices are similar over the integers then they are equivalent in this sense. If two
square integer matrices, A and B, are related by a finite sequence of these four moves
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then the associated groups, Z"/AZ" and Z™/BZ™ are isomorphic. We shall denote
equivalence under these four moves by A ~ B.
Similarity over the integers is denoted by f%, and similarity over the rationals and

4 i
reals are denoted by 2 and ~, respectively.
To condense our exposition we adopt a few conventions for writing matrices. We

: 2 y 3 a b ; :
will sometimes write {a, b; ¢, d] instead of [ . jl or even abed if no confusion can

d
arise. Diagonal matrices may be written as diag(e, b, ..., z), and similarly for block
diagonal matrices. The direct sum of two square matrices, denoted A B, is just the
block diagonal matrix diag (4, B).

3. Mamww REsvuLrs

Theorem 3.1. Let A(t) and B(t) be twist matrices with A(t) % B(t). Then BF{A(-1))
= BF(B(-1)).

Proof. Suppose A(t) ~ B{t). Then A(-~1) is shift equivalent to B{—1) over the
integers. Hence, BF(A(—1)) ® BF(B(—1)) by Theorer 7.4.17 of [8].

Suppose A(t) ~ B(t). But then I — A(~1) can be transformed to / — B{-~1)
by multiplying the first row and the first column by —1. Hence, BF(A(-1)) =
BF(B(-1)).

Suppose A(t) ~ B{t). Let [A;;] = A(~1). Then

L =&y —Aas  —Aus F 8 — A
—1 1 0 0 cas 0
0 —Ay 1-—Axp —Ay e s N .
0 “““Ani “"““A?mfi 1 Ann
i 1 1~ A}l """“Alg ““Alg ""”Aln ]
=1 f] 0 0 0
0 —Ay 1—-Apn Ay — Aoy, -
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It would be nice if a counterexample to this conjecture could be found.
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