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Sums of Gauss Sums and Weights of
[rreducible Codes

Robert W. Fitzgerald
and
Joseph L. Yucas

Abstract

We develop a matrix approach to compute a certain sum of Gauss
sums which arises in the study of weights of irreducible codes. A lower
bound on the minimum weight of certain irreducible codes is given.

KEYWORDS: Gauss sums, codes, weights.

1 Introduction

Let d be a positive odd integer and set e = ordy(2), the order of 2 mod d. We
will let L denote the field Fae, and for a positve integer s, we set K = Fose.
For a multiplicative character, y : K* — C, the Gauss sum of x is defined

gr(x) = D (=1)"Ix(p),

BEK*

as

where tr denotes the usual trace map trgr,. Basic results on Gauss sums
may be found in [8] and [6].

Computing Gauss sums over K can be reduced to computing them over
L via the Hasse-Davenport Theorem [5].

Theorem 1.1. (Hasse-Davenport) Suppose A is a multiplicative charac-
ter on L. Let x be the multiplicative character on K defined by x = Ao N
where IV is the usual norm map Ng,r. Then



Generally, it is hard to determine Gauss sums explicitly. They have only
been computed when the subgroup generated by 2 in (Z/dZ)* has index 2 or
contains -1, see [15], [2], [11] and [7]. For applications of these computations
to irreducible codes see [2], [4], [3], [12] and [14].

Let ¢(z) be an irreducible polynomial over Fy of degree se and order
n = (2° — 1)/d. The irreducible code C based on c(z) is the cyclic code
generated by (z"—1)/c(z) over F. For background information on irreducible
codes see [9].

The code C may be described explicitly. Let € be a primitive n** root of
unity in K. There is one code word for each § € K, namely,

cw(B) = (tr(B),tr(80), ..., tr(60"~1)).
In [14], Van Der Vlugt has shown that

wilew(57) = 512 — 3" x(Bax ()]

where wt denotes the weight of the code word and where the sum is over all
non-trivial characters y satisfying y? = e.

The sum
> x(B)gx(x)

will be the main concern of this paper. In section 2 we develop a matrix
approach for computing this sum. We then use this matrix technique in
section 3 to obtain a lower bound for the minimal weight of C in the case
s = 2 and d = 2 — 1 for some positive integer k. In section 4 we discuss
applications of this sum in linear recurrences and diagonal equations.

Although we restrict our attention to binary codes, the methods of this
paper can also be applied to codes in odd characteristic.

2 The Matrix Approach

2.1 The sum

Define an equivalence relation on Z/dZ by: a ~ b iff a = b2" for some t € Z.
Let H be the subgroup of (Z/dZ)* generated by 2. The equivalence classes
of ~ have the form ¢cH = {ch : h € H}, for ¢ € Z/dZ. These are the
well-studied cyclotomic cosets .



The following theorem is well known. It follows for example from Theorem
2.47 of [8].

Theorem 2.1. (1) The number of equivalence classes of ~ is given by

Z ordf

When f =1 we take ¢(f)/ords(2) to be 1.
(2) For any 0 # ¢ € Z/dZ, |cH| = ords(2), where f = d/(c,d).
(3) For any b,c € Z/dZ, |bcH| divides |cH|.

Lemma 2.2. Let x be a multiplicative character of K. Then gx(x*) =
9x (X)-

Proof:

g () = Y (=D (2) = Y (=) Ix(@?) = gx(x),

reK* TeK*

since K2 = K.
[

Throughout, we fix a primitive root o of L and a primitive d* root
of unity, w. Let A\ denote the multiplicative character of L sending « to
w. Then the list of multiplicative characters of L with trivial d** power is:
2 YD D L)

Pick a primitive root d of K such that Nk, () = a. Set x = Ao NK/L
Then ! = Mo N &/1, and the characters of K with trivial dth power are x*
for 0 <i < d—1. The sums we want to compute then become

d—1

D X (6)gr(X):

i=1

We will let C denote a fixed and ordered set of representatives of the
cyclotomic cosets mod d.
For s > 0, define Sum(j, s) by

Sum(j, s) Z [Z MN(ad) ] gr(X\9)°.

0#ceC LiecH



Lemma 2.3.

d—1
D X (0gr(xX) = D [Z xi(5j)] gk (x°) by Lemma 2.2

i=1 0#ceC LiecH
= (=Y [Z xi(aﬂ')] gL(X)?
0#ceC LiecH

by the Hasse-Davenport Theorem. Now,

X (07) = N (Nig/1 (67)) = N ().

Proposition 2.4. Sum(2j,s) = Sum(j, s).
Proof: Let o
C(j,c) =Y N(dd).
Notice that
C0j.0) = 3 M) = Y u = Y ¥h) = €l
i€cH i€cH i€cH

since the sum is over cH and 2i € cH if and only if ¢ € cH. Hence, by the
Lemma 2.3 we have,

Sum(2j,s) = > C(2,0)gr(A*) = > C(j,e)gr(\*) = Sum(j, s).

0#£ceC 0#ceC

[
Consequently, we have now reduced the computation of the sums down
to computing just Sum(c, s) for ¢ € C.



Theorem 2.5. Let c(x) be an irreducible polynomial over Fy of degree se
and order n = (2° — 1)/d. Further, let C be the irreducible code based on
c(x).
(1) The mazimum number of distinct non-zero weights of C is NC(d).
(2)Assume that C has exactly NC(d) many distinct weights. Then the
number of codewords of weight

1 se S
%4 (2%°¢ + (=1)°Sum(c, s))

is |cH|n.

Proof: (1) is by Proposition 2.4. For (2) note that x¢ = ¢ implies x(§) =
1. Then for any integers ¢, h, j we have Sum(ch+ jd, s) = Sum(ch, s), which
is in turn equal to Sum(c, s) by Proposition 2.4. Then for each ch € cH and
each 0 < j < n, the codeword cw (6~ (") has weight

1
w, = ﬁ(Qse — (=1)*'Sum(c, 5)),
by van der Vlugt’s formula and Lemma 2.3. Let N(w.) denote the number
of codewords of weight w.. We have just shown N(w.) > n|cH|. Suppose
the w,.’s, as ¢ runs through C, are distinct. Then

2 — 1= N(w) > n|cH| =nd=2"—1

ceC ceC

We thus have equality throughout: N(w.) = n|cH].
]
The reason for the hypothesis in Theorem 2.5(2) is simply that sometimes,
for small s, it can happen that Sum(b, s) = Sum(c, s) for distinct b, c € C.
Then the frequency is the sum |[bH|n + |cH |n.

2.2 The matrix

As before, fix a primitive d* root of unity w € C. For b € Z/dZ, set

By = Z w”.

rebH



Lemma 2.6. Forb,c € Z/dZ

|CH| o bx
|bcH|ﬁbc - Z W
recH

Proof Map ¢ : ¢cH — bcH by x — bx. We Claim that if v,y € bcH
then |¢~1(y)| = |v~(y)|. Namely, suppose ¥~ (y) = {z1,72,... ,2,}. Now
Yy = yhg for some hg € H. Then x1hg, x2ho, ... ,,.hg are distinct elements of
cH and each is mapped to yhy = y'. Hence |1 (y)| < [¢71(y')|. Reversing
the roles of y and ¥’ gives the other inequality and proves the Claim.

Let Y be the common value of the [¢p~(y)|’s. Then |bcH| = Y|cH].
Thus:

D= ) W ||bcc]j{||z ||bdZI‘|

xecH yebcH zeyp—1(y)

Corollary 2.7. Forbe Z/dZ

H
sum(s,9) = Y L5 g0
ogecc 0¢H]

Proof: By Lemma 2.3 we have

Sum(b, s) Z [Z N ] gr(X9)°

0#ceC LiecH

Now \(a’) = w® so the result follows from Lemma 2.6.

Set, for ¢ € Z,

€
2d—1_1

Ac= D (=)™,

=0

We will write the range of summation in A, more simply as m = ¢

(mod d).

Lemma 2.8. For each non-zero b € C we have

H| ,
/\b |C c .



Proof: Let o generate L* and let w € C be a primitive d root of unity.
We have

2¢—-2 2¢—-2

(V) = 3~ al) = 3 (—1) e
i=0 =0
-1 [F-1

(—1)ue | Z A

t=0 m=0

We Claim that A; = As;, with the subscripts taken modulo d. Namely,

A = Z (_1)tr(a7”) _ Z (_1)tr(am)

m=t (mod d) 2m=2t (mod d)
= ) (e = N (<)) = Ay,
2m=2t (mod d) (=2t (mod d)

Thus there are at most |C| distinct A;’s, namely the A, for ¢ € C. Then

d—1
=D A =>"3" A
t=0

ceC jecH

, H
=D A W= Z "bcH|‘5bc,

ceC jecH

by Lemma 2.6.
For a, b, c € C define
D(a,b,c) = N(x +y = ¢),
the number of solutions to z + y = ¢ where x € aH and y € bH.

Lemma 2.9.

laH| |bH|
lamH | |bmH |

/Bamﬁbm Z ||C H| CL b C)ch



Proof: From Lemma 2.6 we have

|aH| bH] 4 ma
\amH!ﬁam|b H] Z Z o

r€aH yebH

_ Z Z W@ +Y)

rz€aH yebH

=> Y Na+y=zw

ceC z€cH

where N(z 4+ y = z) is the number of solutions with x € aH and y € bH.
For each z € cH, N(z 4+ y = 2) equals N(xz +y = ¢). We thus have

|aH| IbH| me |cH|

ceC zecH ceC

using Lemma 2.6 again.

Let r = |C|. Define the r x r matrix E by

E(a,c) = [cH] ZA;,D(@, b,c).

Lemma 2.10.

H
Bamgr O™ = S H 5,

ceC

Proof: Each of the following sums is over C.

bH
5amgL<)\m) = ﬁam Z ]l’)mf’ﬂ
b

ApBpm by Lemma 2.8

_mem afl| |bH] 5.5
B laH| " |lamH| |bmH| ™"
|amH| |cH|
:Z ol Z| a,b,¢)fBen by Lemma 2.9

lamH| |cH|
ApyD(a,b em
B Z lamH| |cH| |aH|
B laH| |emH| |cH]|

E(a, C)ﬂcma

8



which gives the result.

]
Theorem 2.11.
Sum(a,s+1) = Z E(a,c)Sum(c,s).
ceC
Proof Again each sum is over C.
Sum(a,s + 1) Z bH] —— Bugr(A?) - gL (\")* by Corollary 2.7
- abH]IE L :
|bH| |abH|
— Z @ bH| Z b E(a,c)fBp. by Lemma 2.10
b0
|bH| b
—N"F . s
2 B(a,0) ) i Pregr(N)
c b#0
= ZE(a, c)Sum(c, s),
by Corollary 2.7 again.
]

Let Ss be the (column) vector with entries Sum(c, s), over ¢ € C (includ-
ing ¢ = 0). Further, let v = (1 —d,1,...1).

Corollary 2.12. For all s > 0 we have
Ss = —ESU(),

Proof: By Theorem 2.11, it suffices to check only that vy = Sy. By our
definition of Sum(j, s) we have

d—1
Sum(b,0) Z ZX oﬂ Z Zwbi:Zwbi
y=1

0#ceC iecH 0#ceC iecH

which is d — 1 if b = 0 and -1 otherwise.

Combining this with Theorem 2.5 yields



Theorem 2.13. Let c¢(x) be an irreducible polynomial over Fy of degree se
and order n = (2° — 1)/d. Further, let C be the irreducible code based on
c(x). The non-zero weights of C are given by

1

2 (25— (1))

where j is the vector consisting of r 1’s.

2.3 Properties of E
Lemma 2.14. For a,b and ¢ € C, D(a,b,c) = |(c —aH) NbH]|.

Proof: D(a,b,c) is the number of pairs, z € aH, y € bH, such that
x+y=c. Thus D(a,b,c) =|(c—aH)NbH|.

[
Lemma 2.15. For a fixed pair a,c € C,
> " D(a,b,c) = |aH|.
beC
Proof: By the previous lemma,
> D(a,b,c)=>|(c—aH)NbH|.
beC beC
For each ah € aH, ¢ — ah is in exactly one bH hence the result follows.
[

For a,b and c € C, set
T(a,b,c) =|(a+bH)NcH].
Lemma 2.16. For a,b, and ¢ in C, T(a,b,c) = T(a,—c,—b)

Proof: T(a,b,c) is the number of solutions to a +y = z, with y € bH
and z € cH. T(a,—c,—b) is the number of solutions to a — z = —y, with
z € cH and y € bH. These are clearly the same.

[

10



Proposition 2.17. For a,b and c € C, we have

E(a,c) = Z AyT(a,b,c)

beC

. In particular, the entries of E are integers.

Proof; Let M(a,b,c) = {(z,y,2) :x+y=2z22€€aH,y € bH,z € cH}|.
Say aH = {ahy,ahs,...,ahy }. Then given z € (a + bH) N cH, multiply by
each h;, 1 < i < ty, to get a solution = + y = z counted by M(a,b,c). We
obtain

M(a,b,c) = |aH|T(a,b,c)
Similarly, if cH = {chy, chs, ..., chy,}, then given z € (a—cH)NbH, multiply
by each h;,1 < i < s, to get a solution = + y = z counted by M(a,b,c).
Hence,

M(a,b,c) = |cH|D(a,b,c).

cH 1
E(a,c) = \|aH|| ZAbD(a, b,c) = o] ZAbM(a,b, c) = ZAbT(a,b, c).
beC beC

[
Let 7 be the vector consisting of r 1’s.

Proposition 2.18. j is an eigenvector of E* corresponding to the eigenvalue
(=1)*.

Proof: It suffices to show that j is an eigenvector of E with eigenvalue
—1. The a'* coordinate of Ej is

(Ej)a=Y_ E(a,c)=>_ Y AT(abc)=Y A T(ab,c).
cec ceC beC beC  ceC
Now consider the sets {(a + bH) N cH} for ¢ € C. These are disjoint since
the cH’s are. Further,
Ula+bH)neH] = (a+bH) N | JeH = a+ bH.
ceC ceC
Hence,

> T(a,b,c) =Y |(a+bH)NcH| = |a+bH| = [bH|.

ceC ceC

11



We thus have,

11

Ej)e =3 Afor| = 3 oH] Z e

beC beC
S0 D SIS JE LT
beC yebH =0 peL*
[
Corollary 2.19. Evy = (—d[E*(a,0)]aec + (—=1)%5)7.
Proof: Let u be the vector with first entry —d and 0 elsewhere.
E*vg = E*(u+j) = E*(u) + E°(j) = (=d[E*(a,0)]acc + (=1))"
by the previous proposition.
[

Example 1: Using these techniques it was relatively straight forward to
write a computer program to compute the weights of the codewords of an
irreducible code. We ran this program for all d < 400 with e < 18 and the
program ran quickly. But of course the time increases as e does. Here is the
output for d = 51.

d=>51

H=1{1,2,4,8,16,32,13,26}
e=28

=

O Ut W = OIn

11

cO DN CO OO GO GO 0O

19

12



v=1[51,1,-3,-3,1,5,1]

5 8 8 -24 -24 8 10 8
1 4 4 0 0 -12 -2 4
1 -4 -4 8 -8 4 -2 4
p_| 1 4 4 0 0 4 -2 -1
-3 8 -8 0 0 0 2 0
-3 -8 8§ 0 0 0 2 0
5 -8 -8 8 8 -8 10 -8
| 1 4 -4 -8 8 4 -2 4|

With s = 2 the vector of non-zero weights, 2°¢j — (—1)*E*uvy, is
[704, 664, 648, 632, 640, 640, 672, 616]
and with s = 3 it is
(163584, 164448, 164768, 164064, 164480, 164736, 163968, 164640].

Note that when s = 2, one weight (640) occurs for two cyclotomic cosets
while for s = 3, the cyclotomic cosets have distinct weights. Hence, when
s = 2, we have n = 1285 and C has

# of codewords weight
In = 1285 704
8n = 10280 664
8n = 10280 648
8n = 10280 632
16n = 20560 640
2n = 2570 672
8n = 10280 616

Similarly, when s = 3, we have n = 328965 and C has

# of codewords  weight
1n = 328965 163584
8n = 2631720 164448
8n = 2631720 164768
8n = 2631720 164064
8n = 2631720 164480
8n = 2631720 164736
2n = 657930 163968
8n = 2631720 164640 .

13



[
Next, we illustrate the use this matrix technique in deriving a formula for
the weights of C in the case d = 2¥ 4 1. This formula also follows from the
work in [4].
Set Lo = {p € L :tr(B) =0}.

Lemma 2.20. Let d = 2¥ + 1, for some positive integer k. For ¢ € C, set
Ve = {a“tm U0} form =0,...,28—1. Then Vj is a subfield of L contained
in Ly and V,, for ¢ # 0, is a subspace of L with |V. N Ly| = 281,

Proof: First notice that 22* — 1 = (2¥ — 1)(2¥ + 1) = 0 (mod d), hence
e = 2k. Next we show that V; is a subfield of L contained in Ly. Suppose
0<m<28—1. (am)?1 = om@-D = (o* 1™ = 1. Hence, V; is a
subfield of L isomorphic to Fox.

tT(O[md) — oM + (amd)2 4t (amd)Q’“*1 + (amd)Qk 4t (amd)Qe*1
=™ 4 (Ozmd)Q 4t (Oémd)Q’“*1 + (amd) 4ot (amai)Zk*1 =0,

and thus Vy C Lg. To show V. is a subspace of L for ¢ # 0, suppose
0 <mm <2F—1. atmd 4 qetm'd = qc(qmd 4 o™'4) = afa™ ¢ for some
0 < m” < 2F—1 since V; is a subspace of L. Hence, a®t™md 4 qetm'd = getm”d
and V, is a subspace of L. Finally notice that since Ly is a hyperplane in L,
either V, C Lo or | V.N Ly |= 281 If V. C Lg then since V. NV, = {0}, we
would have the 2k-dimensional space V. 4+ V; contained inside the (2k — 1)-
dimensional space Lg, a contradiction.
n

Corollary 2.21. Let d = 2 + 1, for some positive integer k. For c € C, we

have
L[ =1 dfe=0
¢ —1  otherwise

Proof: Recall that

€
2d—1_1

Ac _ (_1)tr(o¢6+md).
i=0
In this case (2° — 1)/d = 2F — 1. The result now follows from the previous
lemma.
]

14



Theorem 2.22. Let d = 2% +1 for some positive integer k. Suppose c(x) is
an irreducible polynomial over Fy of degree 2ks and order n = (2% —1)/d.
Then the irreducible code C based on c¢(x) has two non-zero weights given by

1
_(225k o (_1)5231:) and —

1 2sk s sk
¥ — (27" 4+ (—=1)*(d — 1)2°%).

2d

Proof: We use the previous corollary in the following computation.

cH
a,c |’aH||ZAb (a,b,c)

beC
|cH]|
|aH|[ (a,0,c) ZD a,b,c)]
beC
|cH|

k c)—|a
= ]2 D(a.0.6) ~ la]),

by Lemma 2.15. Since

1 ifa=c
D(a,0,¢) = { 0 otherwise

we have W
—lcH| ifa=c
Efa,c) = { —|cH| otherwise

Now, for s > 0 set

Notice that
2kF(8) _ Z(_1>z2(s i+1)k _ F(S + 1) ( 1)s+17

so that
(2F—1)F(s)+2"F(s—1) = F(s4+1)—(=1)"" = F(s)+ F(s)—(—1)* = F(s+1).
That is, for s > 1, F satisfies the recurrence

F(s+1)= (2" =1)F(s) +2"F(s — 1).

15



We Claim that the first column of E®, for s > 1, is given by [F(s), —F (s —
1),...,—F(s —1)]". We prove this claim by induction on s. If s = 1, the
result is easy to check. For s > 1, notice that

E10,0) = (28 — 0H)F(s) + Y [cH|F(s — 1)
ceC\{0}
=2F —DF(s)+2F(s—1) = F(s+ 1),
and for a # 0,
E*Y(a,0) = —[0H|F(s) — 2"F(s — 1)+ Y |cH|F(s — 1)
ceC\{0}

= —F(s) = 2"F(s — 1)+ 2FF(s — 1) = F(s).

This proves the Claim.

Next, notice that

S S

2kF(S) - Z<—1)i2(s_i+1)k = 2(s+1)k + Z(_l)iQ(S—i+1)k

1=0 i=1

[y

_ 2(s+1)k + (_1>z’—12(s—z’)k _ 2(s+1)k . F(S) + <—].)S,

i

I
=)

so that
dF(s) = 26Tk 4 (—1)2,

By Corollary 2.19, we have
E*vy = [—d[E*(a,0)]acc + (—1)°5]"
= [—dF(s) 4+ (—1)*,dF(s — 1) 4+ (=1)*,...,dF (s — 1) + (=1)%]"
— [_2(8—0—1)]4:, 281{:7 o ’QSk]T.

The result now follows from Theorem 2.13.

3 Minimal Weights

3.1 Some results of Niederreiter

In this subsection we generalize some results of Niederreiter. These gener-
alizations will be needed in the next subsection to obtain a lower bound on
the minimal weight of C in the case d = 2¥ — 1.

16



We begin with p being a prime and ¢ being a power of p. For a non-trivial
additive character x of F, let ) denote the additive character obtained by
lifting x to an extension field Fjs.

For a,b € Fy, with ab # 0, and 3 € F}, define

Ks(x;a,b) = Z x(acB + be™).

ceFy

Theorem 3.1. There exist complexr numbers wy and ws(only depending on
X,a and b) that are either complex conjugates or both real such that for any
positive integer s we have

Ks(x;a,0) = —wf — w.

Proof: Note that if 3 = 1, this theorem is precisely Theorem 5.43 of [8].
The proof of [8] Theorem 5.43 will work here as well. Just replace line 6 of
page 277 with v5(g) = x(ac18 + bey_1c;. ), if ¢ # 0.

[

Corollary 3.2. The complex numbers wy and wy of Theorem 3.1 satisfy |wy+

Proof: As in the proof of Theorem 5.43 of [8], we have
L(z) =14+ Kgz + q2% = (1 — w12)(1 — wy2).

Hence wiwy = g and

|w1 +w2] S |w1| + |w2] = \/wlwg + \/Cdgwl = 2\/6

]
We will need these results only in the case when ¢ =2, a =b=s5=1
and Y is the character on L defined by x(3) = (—=1)"®. In this case we have

Corollary 3.3. There exists complex numbers wy and wo that are complex
conjugates or both real such that

Z <_1)tr(ﬂ7+fl) = —Wwp — Wwa.

yeL*

Further, |wy + wo| < 24/2¢.

17



For 3 € L, let W5 denote the linear map Vg : L — F, defined by Ug(7y) =
tr(By). Further, let L' = {71 € L* : B € Lo}.
The next proposition was inspired by the proof of [13] Theorem 2.

Proposition 3.4. For 3 € L*, we have

Lot N KerWg| > = ( —3—2V/2e).

Proof:
_ 1 . 1 o1
Lot N KerWg| = Z (5 Z(_l)vt (vﬁ))(§ Z(_l)bt (7))
’YEL* a€clFo belF,
S Z tr(’Yﬁ)H( 1)0 1 (_1)157«(7—1)]
'yEL
= 1 tT B) tr tr B4+y~1)
= 1O 1 Y () T (T 4 Y (1O
veLr - yelr yeL* veL*

[(2° =1+ (=1 + (=1) = (w1 + w2)]

(2 -3 -2v%)

> —(2° =3 — |wy +we|) >

»J;Ii—hkh—‘
>J>It—\

by Corollary 3.3.

3.2 The bound

We begin this section with d arbitrary but will later restrict d = 2¥ — 1, for
some positive integer k. This is a case where the Gauss sums have not been
computed.

For each a € C, define the r x r matrix ST, by ST,(b,c) = T(a,b, —c).
Notice that ST, (¢c,b) = T'(a,c, —b) = T(a,b, —c) = ST,(b, ¢), by Lemma 2.16.
Hence ST, is a symmetric matrix. Consider the quadratic form Q,(z) =
2T ST,z and recall that v = [A]pec.

Proposition 3.5. The first column of E is given by E(a,0) = A_, and the
first column of E? is given by E*(a,0) = Qq(v).

18



Proof: First notice that [0H| = 1 and

—aH| ifbe —aH

D(CL7 ba 0) = ’(O - CLH) N bH| - { ‘ 0 otherwise

Consequently,

0H 1
E(a)O) = | ‘ ZA[)D(G, b, O) = W(A,a‘ — GH’) = A,a.

For the second part notice that

E*(a,0) = > E(a,c)E(c,0)=> Y AA_T(a,b,c)

ceC ceC beC

by the first part of this proposition and Propostion 2.17. Consequently,

E*(a,0) =) > AA_T(a,bc) =) > AA_ST,(b,—c)

ceC beC ceC beC
= Z Z Ay ST, (b, c)A. = vT ST, v = Qu(v).
ceC beC
]
Lemma 3.6. Q,.(j) =d.
Proof: First notice that the b** entry of ST,j is
(STa.j)b = Z STa(b7 C) - Z T(CL, b7 _C) - Z T<a7 b7 C)
ceC ceC ceC
=> |(a+bH)NcH| = |a+bH| = [bH|.
ceC
Hence,
Qu(j) = j7ST.j = (STuj)y = Y |bH| = d.
bec beC
]

Now consider the case when d = 2¥ — 1 for some positive interger k. It is
easy to see that e = k in this case.

Proposition 3.7. v = [(—1)t7'(ah)]bec-
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Proof:

[(2°—1)/d]-1 0

e ab+di r aberi e ab
A= 3 (LT = Sy = (e,

=0 =0

]
Write v = j + 2v;, where v; = [—tr(a®)]pec. Further, set Cy = {c € C :
tr(a®) =0} and C; = {c € C : tr(a®) = 1}.

Theorem 3.8. The first column of E? becomes:
E%(a,0) =4(|Lg* N KerY,—o| — 2872) 4 3.
Proof:
E*(a,0) = Qua(v) = Qu(j + 201) = Qu(j) + 4Ba(j, v1) + 4Qa(v1)

=d +4(j7ST,vy +v] STyvy) = d + 4((57 +v)ST,v1) (*)

where we have used Lemma 3.6 for the fourth equality above. Now j7 vl =
[1 — tr(a®)]pec and

. by 0 lf tT(Oéb) =1
L—tr(e?) = { 1 iftr(a®) =0
hence
(jT + ’U?)STa = [Z STa(b7 C)}CEC
beCo
and

G+ o) STy = =) Y " STu(b,e) =D > |(a+bH) N —cH]
c€C1 beCo c€C1 beCo
= |{bh : tr(a®) = 0,a + bh € —cH for some ¢ with tr(a®) = 1}|
_[{f € Lj: a3t = 4 for some 5 ¢ Lo}| = {6 € Ly : tr(a26™Y) = 1}]
=21 1 - |{pe Ly tr(ap™) =0}
=21 1| Lyt N KerW, . (**)
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Combining (*) and (**) we obtain
E*(a,0) =d — 42" — |Lg' N KerW, | — 1)
=28 1 -2 4L N KerW, o] + 4
= -2" 4+ 4|Ly' N KerWy-o| +3
=4(|Ly' N KerWy-o| — 2872) + 3.
]

Theorem 3.9. Let ¢(z) be an irreducible polynomial over Fy of degree 2k
and order 28 +1. The minimal weight of the irreducible code C based on c(z)
is no smaller than the ceiling of 2F=1 — 28/2 11 /2,

Proof: From Theorem 2.14, we have that the non-zero weights of C are
given by 55(2°¢j — E*vg). Using Corollary 2.19 and Theorem 3.8 we obtain

53(25 — F*v0) = 5 (8% 4 A (0, 0)]ace — ) = 5((2* + 1)j + [F*(a,0)]ucc)

1
= [5(2’“ 14+ 4|Lg N Ker o] — 28 4+ 3)]aec
=24+ 2|Ly' N Ker¥,-al]ace-

Hence, the minimal weight of C is 2(|Ly' N KerWg| + 1), for some 3 € L*
But by Proposition 3.4, 2(|Ly' N KerW¥g| + 1) > 2(3(2° — 3 — 2v/2¢) + 1) =
12¢ —\/2¢ 4 1 = 2k=1 _2k/2 4 1 Gince the minimal weight is an integer, the
result follows.
[

Let B be the ceiling of 2¥~1 — 2#/2 4 1/2. We have computed the exact
minimal weight of C for &k = 2,...,10. For k = 3,5,7,9, the minimal weight
is B. For k =2,4,6,8, 10, the minimal weight is B + 1. Hence, we make the
following

Conjecture: The minimal weight of C is

B if k is odd
B+1 ifkiseven °

4 Other Applications

A kth order linear recurrence

(8) Stk = Qh—1Smik—1 T+ Q1Sm+1005m

21



(each a; € Fy) together with a vector of initial values I = (sg, S1,... , Sk_1)
determine an infinite sequence (s,1). We assume that the characteristic
polynomial ¢(z) of (s) is irreducible. Then (s, ) is periodic with period
n = ord(c(z)). We denote the terms of one period by (s, I).

Let m(x) be the reciprocal of ¢(z) and let C be the irreducible code
generated by (2" — 1)/m(x). Then the codewords of C are precisely the
periods (s, ) as I runs over %, a result that goes back at least to [1] and
can be found in [8], p. 485. We get immediately:

Theorem 4.1. Let (s) be an irreducible linear recurrence of order se and
period n = (2°¢ — 1)/d and let I be a non-zero vector of intial values. Then
the number of occurrences of 0 in one period of (s,I) isn—a , where « is a
non-zero weight of C.

Remark: [8] has bounds on Z4(0), the number of zeros in one period of
(s), namely,

(2¢71 — 1)n
2k — 1

n
2s¢ — 1

Z4(0) — < %(1 — )25¢/2,
This bound is excellent in the sense that both the upper and lower bounds
are achieved. However, relatively few of the values in this range arise as
Z(0).

Example 2: Suppose se = 10 and n = 341. Then d = 3,e = 2 and
s = 5. By Theorem 2.22, the non-zero weights of C are 176 and 160. Then
by Theorem 4.1, Z,(0) is 165 or 181. Compare this with the bound from [8],
which gives

159.7 < Z4(0) < 181.

Of the 22 values in this range, only two can occur as Z4(0). In fact, both
values of 165, 181 do occur. For

clx) =+ P+t + o +1
(which is irreducible of order 341) we get Z,(0) = 165. And for
clx) =2+t + 2+ 22+ 1

(also irreducible of order 341) we get Z4(0) = 181.
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Now we consider diagonal equations. Let N denote the number of solution
in K to the diagonal equation

s

Zx?:o.

i=1

In [16] and [17], Wolfman gives a direct connection between diagonal equa-
tions and irreducible codes. His result may be stated as:

Theorem 4.2. Let c¢(x) be an irreducible polynomial over Fy of degree se
and order n = (2°¢ — 1)/d. Further, let C be the irreducible code based on
c(x) and let n; be the number of codewords in C of weight i. Then

1 n
= 5 > ni(2% — 2di)”.

1=0

N

Example 3: From Example 1 we see that the number of solutions in
Fyi6 to the equation
x?l + a:gl
is then

1
ﬁ[1285(216 — 102 - 704)* + 10280(2'° — 102 - 664)*

+10280(2'° — 102 - 648)* + 10280(2'° — 102 - 632)*
+20560(2'% — 102 - 640)* 4 2570(2'° — 102 - 672)*
4+10280(2'% — 102 - 616)?] = 3276750,
and the number of solutuions in Fy21 to the equation
x‘;’l + $21 + xgl

is 25735845156840.
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