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Controllability and Local Accessibility—A Normal
Form Approach

Wei Kang, Mingging Xiao, and Issa Amadou Tall

Abstract—Given a system with an uncontrollable linearization the feedback in this paper is local, while the results from [16],
atthe origin, we study the controllability of the system atequilibria  [17], [19], and [20] are global. In addition, we do assume that
around the origin. If the uncontrollable mode is nonzero, we prove 1o system has a single uncontrollable mode and a single input.
that the system always has other equilibria around the origin. We Gi th id d | tin th It th f
also prove that these equilibria are linearly controllable provided a el . erapi . EVEIOpMEnt In the nofma’liorm gory_o Sys-
coefficient in the normal form is nonzero. Thus, the systemis quali- tems with multiple uncontrollable modes and multiple inputs,
tatively changed from being linearly uncontrollable to linearly con-  we hope that this restriction will be removed in the future.
trollable when the equilibrium point is moved from the origin to Given a system with a nonzero uncontrollable mode and a lin-
a different one. This is called a bifurcation of controllability. As g4y controllable part, we prove that there always exists an infi-
an application of the bifurcation, systems with a positive uncon- it ber of ilibri dthi int. M . tantly. it
trollable mode can be stabilized at a nearby equilibrium point. In _n' e NUmberor equiliona aro_u_n IS point. More importantly, |
the last part of this paper, simple sufficient conditions are proved IS proved that the controllability of a system could change when
for local accessibility of systems with an uncontrollable mode. Nec- the equilibrium point is varied. This qualitative change in con-
essary conditions of controllability and local accessibility are also trollability is called abifurcationof the control system [12]. As
proved for systems with a convergent normal form. a by-product of the bifurcation in controllability, a system with

Index Terms—Ltinearly controllable, nonlinear systems, normal  a positive uncontrollable mode at an equilibrium point may have
forms, stabilizable. infinitely many, arbitrarily close equilibrium points at which the

system becomes linearly controllable. Thus, the system can be
I. INTRODUCTION stabilized at a point sufficiently close to the desired equilibrium.

. In addition to the stabilization, we also proved a simple rela-
I T IS WELL known that a system with an uncontrollablgjonship between the normal form of a system and its local ac-

mode in the right-half plane is not stabilizable using smooissibility. Even if a system has uncontrollable mode, its local
feedback. Stabilization by nonsmooth or time-dependent feggkcessibility can be easily determined based on its normal form.
backs was studied by many researchers. A large number of pNicessary conditions for controllability and local accessibility
lications and elegant results can be found in the literature (S§ge also addressed.
for instance, [4]-[6], [9], [16], [17], and [19]-{22]). This paper is organized as follows. Sections Il and 11l focus

In this paper, we study the controllability, stabilizability anghn the bifurcation of controllability. Theorems are introduced
local accessibility of systems with a single uncontrollable modg, section II. They are proved in Section Iil. In Section IV, ex-
The termcontrollability is used in this paper to represent thgmples are introduced for the problem of feedback stabilization.
controllability of the linearized system. The viewpoint and aprhe feedback is designed based on the bifurcation of controlla-
proach adopted in this paper are fundamentally different frogjity. |n Section V, a partial result on the necessary condition
existing publications on nonsmooth or time-dependent feedbagk |inearly controllable systems is proved. In Section VI, the
stabilization. Instead of focusing on the stability of a single equiycal accessibility of nonlinear systems is addressed. Results on

librium point, we study the existence and the controllability gfoth sufficient and necessary conditions for local accessibility
all equilibria in a neighborhood of the point of interest. Thg e introduced and proved.

theoretical approach in this paper is based on the normal form
of nonlinear control systems, a relatively new theoretical tool
that has been actively developed during the last ten years. Dif-
ferent from the results in [16], [17], [19], and [20], we do not Before the introduction of the theory, we use the following
restrict our attention on homogeneous or generalized triangufiFPle example to illustrate some basic concepts and ideas.
systems. The original system is not required to have any tonsider the following system:

angular structure. On the other hand, the stability achieved by

II. EQUILIBRIUM SET AND CONTROLLABILITY

T =x—u’.
Manuscript received August 26, 2002; revised March 27, 2003 and April 28,

2003. Recommended by Guest Editors W. Lin, J. Baillieul, and A. Bloch. ' The Jinearization of the system has a positive uncontrollable
W. Kang is with the Department of Applied Mathematics, Naval Postgraduate

School, Monterey, CA 93943 USA (e-mail: wkang@nps.navy.mil). eigenvalue at the origim = 0. The system cannot be stabilized
M. Xiao is with the Department of Mathematics, Southern lilinois Universityat z = 0 by any state feedback becausg) approaches-oco

Carbondale, IL 62901 USA. , o ____if the initial condition satisfies;, < 0. On the other hand, the
I. A. Tall is with the Department of Mathematics, University of California, . . . N .

Davis, CA 95616 USA. origin is not the only equilibrium point of the system. In fact,
Digital Object Identifier 10.1109/TAC.2003.817924 given any initial stater, > 0, we define the control input as
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u = ,/zo. Then, the system has a constant solutiot) = zo, nates and linear feedback. With the linearization (2.4), the non-
i.e. zo is an equilibrium point of the system. Furthermore, thignear control system is in the following form:

linearization of the system &&, u) = (xo, /7o) is
Z=MXz+ f1[2+](2, x,u)

(4, B) = (1,~2/zo) i =2+ iy (2.2,0)

Ty = w3+ fQ[?;'](z./x,u)

which is controllable. Therefore, the system can be practically
stabilized at an equilibrium point close to the origin provided :
the initial state satisfieg, > 0. In this example, the set of equi- Ep—1 =u+ fQ[?ﬂl(z, z,u) (2.5)
librium points helps to practically stabilize the system when it
is impossible to asymptotically stabilize the solutior= 0 by where the superscript ifil’ " (z, z, u) implies that the Taylor
any state feedback. This is not an isolated case. In this paper.gxpansion of the functioff, starts with quadratic or higher de-
prove that a large family of uncontrollable systems has similgree terms. Equivalently
properties. We use the invariants of nonlinear control systems to
characterize the equilibrium set and the controllability of sys-
tems with an uncontrollable mode.
Consider a nonlinear system with a single input in the fol-
lowing form: The definition of the superscripts yff;’] is similar. It is proved
in this paper that the set of equilibria around the origin is a
&= f(z,u) (2.1) smooth curve. At two different equilibria, the controllability of
) ) ] the system may change. Following [12], ilqaalitative prop-
wherez € R is the state variable, and € R is the control gty such as controllability is changed, we say that the control
input. f: R+ — R" is assumed to be™ for sufficiently large system has a bifurcation. In this paper, we study the bifurcation

9 f1[2+]

[2+] —
fl (00/0)_0 0(2,71,7”)

(0,0,0) = 0. (2.6)

k. . ) . o _of the controllability around an uncontrollable point.
 Definition 1: A pointz. € R" is an equilibrium or equilib-  The analysis and proofs in this paper are based on the normal
rium point of (2.1) if and only iHu. € R so that form theory of control systems. In the case= 0, it is well
known from the Poincaré—Dulac theorem [1] that (2.1) can be
f(we,ue) = 0. (2.2) reduced to the canonical form
§=Fy+w(y) +O0y)™! (2.7)

System (2.1) is said to be linearly controllable &at,(u. ) if its

linearization by means of a formal change of variables: y+6(y), where all
monomials inw are resonant. Kang and Krener [14] initiated the
extension of the Poincaré normal form to control systems. More
general results on normal forms were obtained by several au-
thors (see [2], [7], [11], and [25]). The normal form theory cov-
ered a large family of systems including controllable, uncontrol-

z=F%+Gu (2.3)

is controllable where

F= M G = M . lable, continuous and discrete-time systems. In this paper, we
O (ze,ue) Iu (Teyue) study the controllability around a linearly uncontrollable equi-
librium of nonlinear systems by making use of the normal form
Without loss of generality, we assunfi€0, 0) = 0. from [2], [12], and [25]. We prove that the homogeneous terms

Assumption 1:We assume that(z, u) is C* for sufficiently in the normal form characterizes the controllability of a system
large k. We also assume that the linearizatidn, (G) at the at the points in the equilibrium set.
origin z. = 0 has one uncontrollable mode with eigenvalue Theorem 2.1:Consider a system (2.5). Suppose# 0.

A # 0. Then, in a neighborhood of the origin, its set of equilibrium
From Assumption 1, we adopt the following normal form fogonstitutes a smooth curve iR" which passes through the
the linearization at,. = 0: origin. Furthermore, the curve of equilibrium points can be

parameterized as a function of satisfying
A0 00 0 0 dz,
0010 0 0 z=2e(x1) 2.(0)=0 and " (0)=0
1
o 001 ---0 0 d
L N e P G s =aen(v1) we2(0)=0 and %(0) =0
000 0 1 0 o
00 0 0 0 1
Tn—1 :xﬁ,n—l(xl) xﬁ,n—l(o) =0
If the original linearization is not in this form, it is well known dTe -1
that it can be transformed to (2.4) by a linear change of coordi- and dz, (0)=0 (2.8)

Authorized licensed use limited to: Southern lllinois University Carbondale. Downloaded on January 22, 2009 at 14:32 from IEEE Xplore. Restrictions apply.
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i.e.,z1 is a parameter, ang -axis is the tangent line of the curve[25] that there exists a transformation under which (2.5) can
at(z,z) = (0,0). be transformed to

The proof of the theorem can be found in Section Ill. Ac- .
cording to Theorem 2.1, the existence of equilibrium points . 2 (s = d+1
around an uncontrollable point is guaranteed. The geometry of Aot D wiQ4(07) +015() + Oz )
the set of equilibrium points is illustrated by the parameteri-
zation. The following theorems are about the controllability of &, =z, + Z 23 Prj(2, %) + Oz, z,u)*!
these equilibrium points. In the next theorefarepresents the j=3
right-hand side of thé equation in (2.5), i.e.,

=1

o =23+ Zx?PQj(Z7j7j) + O(z, z,u)*H
j=4

fl = /\Z+.f1[2+](27$7u)'

. . . d+1
In (2.9), the variabler,, represents the control inputto sim- i =Tip1 + Z )+ O(z, 2, u)

plify the notation. J=it2
Theorem 2.2:Consider a control system (2.5) with a nonzero
uncontrollable mode.. Suppose

Bpo =Tn 1+ 2Py 0n(2,7n) + O(2, 2, u)* !
Eno1=u+ O(z,z,u)H (2.112)
O f1(z,m,2,) L 0% f1(z,m,2,) n ' ( )
dxy (0,0,0) dx10z2 (9,00 wherez; = (z1,72,...,2;)T (we also denote,,_; = = and
2f (2.1, z, T = 1), and
+/\n71 fl(z7l:7l ) ;é 0. (29) 1 1)
0x10xy, (0,0,0)

Qi(=7) =Q)" + Q' (= 3) + - -

[d-2], -

Then, there exists a neighborhood of the origin in which (2.5) is +Q; T(z 7))
linearly controllable at any equilibrium point except for z) = S(z) =8M(z) 4+ SP(2) +
(0,0). + Sl ()

The condition (2.9) is a sufficient condition for controlla- _ [0] . -
bility. It does not require the system to be in normal form. Pij(z,2j) =Py + Py (z,25) + -
However, if (2.9) is not satisfied, it is still possible for (2.5) to Pi[}l 2]( 7j). (2.12)
be controllable. In such a case, the conclusion of the theorem
is based on the normal form. In the following, the normal forfPnce again, the variabie, in (2.11) represents the control input
of control systems is introduced without proof (see [15] andg To simplify the notation, we use:(z) andw instead of £,
[25]). They play a key role in the proof of all the main theoZ) andx as the state variable and the input in the normal form.
rems. A system is equivalent to its normal form under chandécording to [11], the computation of the normal form for a
of coordinates and feedback. Therefore, to prove the main tigéen system is equivalent to solving systems of linear algebraic
orems about general control systems, it is enough to prove gruations. So, there is no fundamental obstacle toward the com-
result for systems in normal form, which significantly simplifutation of the normal form. Therefore, the computation of the
fies the proof of the theorems. According to [15] and [25], Bormal form can be carried out using the software equipped with
transformation consists of the following change of coordinatéi§ear algebraic equation solvers such as MAPLE, Mathematica,

and feedback: and Matlab.
Theorem 2.3: Consider a control system (2.5) with a nonzero

. Suppose the normal form of (2.5) is (2.11). Suppose there

N d ¢ K] . :
Zl _l=z] _ Z b1 (2, 7) exists an integek > 2 so that
I S Y A RE AR
a 5=210, 21) # 0. (2.13)
U=u-— Za[k](z,x,u) (2.10)
k=2 Then, there exists a neighborhood of the origin in which (2.5) is

linearly controllable at all equilibrium points except fef, z) =

where ¢ and al*! are homogeneous polynomials of degree The theorems state that under assumption (2.9) or (2.13), the
k in its argumentsgl” is a k — 1-dimensional vector whose system (2.5) is controllable at all equilibrium points in a neigh-
entries are homogeneous polynomials of degreEhe highest borhood of the origin, although the system is not linearly con-
degreed is selected to be large enough so that adequate trollable at(z, ) = (0,0). Thus the origin is an isolated uncon-
formation about the local performance of a system can bellable equilibrium point. It suggests that if a system is not lin-
extracted from the Taylor expansion. It was proved in [15] areharly controllable at this equilibrium, we can control the system

Authorized licensed use limited to: Southern lllinois University Carbondale. Downloaded on January 22, 2009 at 14:32 from IEEE Xplore. Restrictions apply.
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by stabilizing it at a nearby equilibrium. The proofs of the theo- In the following, we prove Theorem 2.3 first. Then, it will
rems are given in the next section. In the proof, it is shown thia¢ shown that Theorem 2.2 is a corollary of Theorem 2.3. The
[10] # 0 is equivalent to condition (2.9). So, (2.9) is more refollowing Lemma is used in the proof of Theorem 2.3.

strictive than (2.13). However, it is easy to check (2.9) becauseLemma 3.1: Consider a system in the normal form (2.11) of

the derivatives in (2.9) can be computed without transformirttegreed. Let kg, 2 < ko < d, be the smallest positive integer

the system into its normal form. Condition (2.13) requires thgo that

system to be transformed to normal form, which could be cum- (ko 2]

bersome for high degree terms. Nevertheless, Theorem 2.3 re- Q" 77(0,21) #0. (3.5)

veals an interesting fact: around an uncontrollable equilibriu%

of a nonlinear system, it is highly possible for the system to be

controllable at other equilibrium points in a neighborhood. The: — O(x1)™, en = O(x1)™, . ..

orem 2.3 is equivalent to the fact that a system not controllable . — O0(@1)", 4 = O(z1)*. (3.6)

in a neighborhood must satisfy the following infinite number of en—l 1o Te v

algebraic equations: Proof: Since the normal form of higher degree terms does
Q[k—z](o 21) =0 not appear in the proof, we consider the normal form to the

1 o degreék, only, i.e., consider the cage= k(. The equation

en the equilibrium set of (2.11) satisfies

forall k > 2. X
From Theorem 2.3, itis proved that (2.13) is a sufficient con- e+ O(2e, 81, e 2, Len—1,Ue)™ =0
dition for a system to be linearly controllable. In Section V, ifm lies that
is proved that (2.13) is also a necessary condition, provided tha
the normal form is convergent. U, = O(zp)*. (3.7)
IIl. PROOF OF THETHEOREMS From the equation af,,_» in (2.11), the nonlinear term in the

normal form containg:?. From (3.7), we have. ,,_1(z1) =

The proof of theorem 2.1Denote the right-hand side OfO(a,‘l)kO. Repeating this procedure, it can be proved that

(2.5) by f(z,z,u). It is easy to check that
Of(z,x,u) z; = O(z1)" (3.8)

Oz xg - Tp_1u)

(2,22, 20 —1,u)=(0,--,0) fori = 2,...,n — 1. Now we consider the first equation of
A0 0 0 (2.11). Suppose the lowest nonzero term in the Taylor expansion
010 of z, has degreé, i.e.
I I (3.1) o) e
000 1 ze(1) = 2l (1) + O(n) !
k .

Since\ # 0, the matrix has full rank. According to the implicitwhere £ (1) # 0. We must provely < k1. Consider the
function theorem, there exists a neighborhood afz, u) = equilibrium equation

(0,0,0) such thatf(z,z,u) = 0 has a unique solution

2z = Ze(ﬂh) )\Zﬁ—i_; xg,iQ(Zﬁv fg,i)-l-ll?ﬁJS(Ze)-i-O(Ze, Le, ue)kO—H =0

Ty =Tc2(21) (3.9
wherez. ; = z1. Equation (3.8) implies

Tn—1 :xgv"_l(g;l) $5,2Q2(287i8,i) +o xz,nlenfl(Ze-/je,i) = O(xl)ko-i—l;
u = uc(r1) (B2  ,15(z) = O(ay )t
satisfying Aze = AP () 4+ O(ay) o+ (3.10)
2e(0) =2c2(0) =+ =2 0n—1(0) = u.(0) =0. (3.3) and
Now we prove that the function.(z:) andz. ;(x1) consists 22Q(2, 1) =22Q(0,21) + O(z1)* 2

of quadratic and higher degree terms only. From (2.5) and the

_ 20 ko—2] kot
definition of equilibrium point =nQ (0,21) + O(21)

4] + O(z1)+2. (3.11)
Te,i(1) = = f5,21 (% (T1), 21, Te2(1), -+

Comor (1), ue(21)).  (3.4) If k1 < ko, then (3.10) and (3.11) imply that the only degige

termin (3.9) isin\z. Thus, (3.9) does not hold. Sk, > k¢..0

The right-hand side are terms Ofx1)2. So Remark: Actually, z. satisfies

dil?e,,; 1 _

ar, V=0 () = =3 QI 0wt (312)
fori =1,---,n— 1. Similarly, it can be proved that the deriva- <
tives ofz.(z1) andu.(x1) atz; = 0 equal zero. O Now, we are ready to prove Theorem 2.3.

Authorized licensed use limited to: Southern lllinois University Carbondale. Downloaded on January 22, 2009 at 14:32 from IEEE Xplore. Restrictions apply.
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The proof of theorem 2.3Consider a system (2.11) inTherefore D(z4) is not zero ifz; is small andr; # 0, provided
normal form. Suppose that = & is the smallest positive in- (3.5) holds. This implies that the system is controllable at all
teger so that (2.13) holds. We assurhe= kg in the normal equilibria around the origin. O

form because all terms of degree greater tharare not in-

Remark: If the eigenvalue corresponding to the uncontrol-

volved in the proof. Denote the right-hand side of (2.11) bkable mode is zero, more bifurcation analysis is needed. It is
f(z,z,u). Notice that (3.13) and (3.14), shown at the bottom gfroved in [12] that the set of equilibrium points may be either a
the page, hold, The equilibrium points satisfy; = O(z1)*,

single point set, or a smooth curve, depending on the nonlinear

fori = 2,...,n, andz, = O(z1)* (Lemma 3.1). Evaluating normal form of the system. The topology of the equilibrium set
(3.13) at an equilibrium point yields may change, which is addressed in [12] as a bifurcation of equi-
af librium sets. <
02,21, 1) In the following, Theorem 2.2 is proved as a corollary of The-
s Ul =z ma=ac o an=ren) orem 2.3. In the proof, we need the following lemma.
11 8$1 (le[kO 2]( )) 0 ---0 Lemma 3.2:Given a system (2.5), the value defined by the
0 0 1 ... 0 left-hand side of (2.9) is invariant under any transformation of
x| - : -, |[4O(zy)ke.  (3.15) the form (2.10).
('] 0 0 _ 1 Proof: In the following, £ is the operator defined as fol-
0 0 0 ... 0 lows:
At an equilibrium point 82 2,%,% 2 F (2.0
of : 3 (0,0,0) 11012 (0,0,0)
. 2
- = : +O($1)k0. (316) et )\n—l(9 f1(27$7$n) 3.19
au (227zlazc.2;"'1xc.n) (1) 817101” (07070) ( )
Thus, the controllability matrix is Its value is completely determined by the quadratic terms in
0 - 0 2 (x% [lko—zl(07x1)) (2, 2). Itis known thatp™!, i = 1, 2, in (2.10) withk > 2
0 ... 1 ! 0 N does not change the quadratic part of a system. Therefore, we
Lo . +O(z1)™. (3.17) only consider quadratic transformations in the following form:
5, _ 2
The determinant of the matrix is f = d)b](z’ 2
9 (5 lko—2] ko T=v=¢; (,7)
Da1) = ~ 5 (wl [ (0,:51)) L 0>, (3.18) imu— oz ), (3.20)
af
(2,21, Tp-1)
— n . 2 n 22 1Qnn
> T I
1=2 1=n—1 )
L oP; ; n 8.r?P1J L ('):r;Pl i L] .r?P j
Z xlz 0z Z I 1+ Z Oz (3% 11 )
71=3 71=3 7=3 71=3
n . P n 3.$§P71— ; n BmfP,l ; n—1 9 _.T-Jz_l—,n ;
Z ‘TLQ (‘)ZS Z Tf Z Oxo : Z (0327,713 )
j=n—1 j=n—1 j=n—1 j=n—1
L 0 i
+ O(z7y)k0 (313)
where
"L ,0Q; 85
c11 =A+ Z 2 Q
7] i
Cl12 = lel Z z Q (3.14)
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Applying (3.20) to (2.5) yields a new system. Suppose that the IV. EXAMPLES OF FEEDBACK STABILIZATION

uncontrollable part in the new system is We consider a nonlinear system

z=z+ ) + a2l

where+ - - - represents terms of degree three and higheg,in ( 1 =2
Z, anda). Then o =u (4.1)
fl2lrs ~ o~y g2z = - 25 ~ L .
1 (52,0) = fi (% %,0) + Ay (%, T) wherep, ¢ are positive integers greater than one. Note that in
ERIEN: ol (3, & this caseky = p and
at (;;Z’x)xz _ 9 0(2 x)(Aga: + Byit) (3.21) 0=F
g r—21(( = P72, 4.2
where Q ( 7:51) T ( )
010 ---0 0 The linearization of the system is uncontrollable at the origin.
0 1 -~ 0 0 Because the uncontrollable mode is positive, it is not stabilizable
Ag= |+ 1 By=|: at (0, 0, 0) by any smooth feedback. However, the system has
(') 0 0 1 0 infinite number of equilibrium points around the origin. The
equilibrium points are
0 00 0 (n—1)X(n—1) 1 n—1x1 q P
To prove the value of the left-hand side of (2.9) is invariant under ze = — 1y
the transformation, it is enough to prove Teo =0

£ (%) =2 (7). et )

First, let us assunm[f](z7x) =ay;2125,1 < j<n-—1.Then

The controllability matrix is

p—1

paf
o |. (4.4)
0

0 O

~ ~ 2]~ ~
o) olG@ 0 1
0z ozx 1o

= /\alji“li‘j - alji‘zi‘j - alji‘li’jJrl.

Az, 8) -

According to Theorem 2.3, if we choose # 0 but close to
Therefore zero, then the system is controllable and thus is stabilizable.
2. - o~ - To practically stabilize the system, we pick up an equilibrium
2,5 ~ 991 (2,7) 991 (2,2) | _ point that is different from the origin. Both linear and nonlinear
L A7 (5,%) — AZ — Asz | =0. i .
0z 0z feedbacks are designed to test the stability.
In the simulations, we define= ¢ = 4. An even number for

Next, if (:b[lz] is independent af;, then the expression P and(] makes the stabilization extl’emely difficult. In fact, ex-
isting results on stabilization of uncontrollable systems require
o - a¢[ ](~ i) 6¢[2]( i) the dominating nonlinear terms to have odd number degree, if
AT(2,8) = —5 A= — MA@ (3.22) the uncontrollable mode is positive. In this case, (4.1) cannot

be stabilized by any kind of feedback, no matter the feedback is

does not generate any term of the foimz;. Obviously, ap- smooth, continuous, or time dependent. However, all other equi-
plying £ to (3.22) yields zero. So, for any choicedﬂf], (3.21) libria of (4.1) are locally stabilizable because they are linearly
implies controllable. Therefore, it is possible to stabilize the system at
. a point close to the origin. Furthermore, we will show that the

L (fl[z]) =L (flm) . domain of attraction for (4.1) is unbounded. For example, con-

sider an equilibrium point around the origin
O

Proof of Theorem 2.2:Consider a system (2.5). From
Lemma 3.2,£(f1) is invariant, whereC is defined by (3.19). (Zes Tle, Toe, Ue) = 1/ \/> 0,0 | . (4.5)
So, its value equals the value computed using its normal form
(2.11). However, it is easy to check that the invariant number
computed from the normal form ", Therefore The first feedback that we use is a simple linear control stabi-

lizing the system at the equilibrium point. Let

2Q1(0,0) = £(f1).

4
Condition (2.9) implie:Q[lo] # 0. Then, Theorem 2.2 follows w=-24z+y <l> - 18 (:1:1 — f/I) — Txs.
the result of Theorem 2.3. O 4 4
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Then, the eigenvalues of the linearized system:zat £1., selected as the parameter. The linearization of the system at an
Z2., u) are{—1,—2,—3}. We set the initial condition to be equilibrium is
(2(0),21(0),22(0)) = (=0.2575,0.5857,0). Fig. 1 is a plot

of the trajectories(t) — z., z1(t) — z1. andza(t) — zo. It 1 <1 n 3(z‘1‘e+xée)> _2f. a3 0

shows that the system is stabilized at the equilibrium point. Iny _ | * = = = = lo

Fig. 1, we shift the equilibrium point (4.5) to the origin. 0 1 0 1
While the linear feedback is easy to design and easy to imple- 0 0 0

ment, the domain of attraction is small. Furthermore, as the equi- (4-.8)

librium point gets closer to the origin, the gain becomes high upposefy, k2, ks]is the feedback gain, then
In the following, a nonlinear feedback is designed to signifi-
cantly increase the size of the domain of attraction. Let us again u=—ki(Z = Z) = k221 — w10) — ko (4.9)
consider our previous example in the case ef ¢ = 4, i.e.,
In the original coordinates

t=z 4]+ 1, L
. u = —kl ((—Z)Z — 29) — kg(ili'l — {13'18) — k3$2. (410)
r1 =T9
T2 =U. (4.6) The feedback is continuous wheneverk 0. It is smooth at
all equilibrium points except for the origin. In this simulation,
It can be shown that(t) > 0 forall# > 0if z(0) > 0. Because the control gain i:; = —50.6092, k» = 36.4671, andk; =

all equilibrium points satisfy: < 0, we only consider the case13.1504, which are obtained by applying LQR to (4.8) with
of z(0) < 0. Definez = /—z. Then

R=1 Q=100]

F= ()T ()2 _ o . -
where is the 3 x 3 identity matrix. In the following sim-
_1 (=1 (=5* + o + ) ulation, the equilibrium is (4.5) and the initial condition is
4 2 e (—1.1574901, 0.6299605, 0). The trajectorie), z1(¢)
_1 (Z _ 71+ x%) (4.7) andz»(t) is shown in Fig. 2, in which the equilibrium point
4 z3 ' ' is transformed to the origin. In comparison with the linear

controller, the simulation using the nonlinear feedback has an
Hence, the set of equilibrium points of the new system is definadtial error of 1.0, while the initial error in Fig. 1 is less than

by the equation$z.| = |z1¢|, 22 = 0, u. = 0, wherez; is 0.11. For this particular example, numerical experiments using
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different initial conditions show that the nonlinear feedback Although (2.13) is based on the normal form, it is not neces-
has a larger domain of attraction than the linear feedback. sary to transform a system to its normal form to design a feed-

Once the system is stabilized at an equilibrium point, the stdiack. Based on Theorem 2.3, if a system is not linearly con-
of the system can be driven along the set of equilibrium. Foollable at(z,z) = (0,0), it is worthy to check the controlla-

instance, suppose the system is to be stabilized at bility of the system at other equilibrium points in a neighbor-
s o hood of the origin because they are likely to be controllable. If
(1077,1077,0) (411) the computation of the normal form for the given system is com-

which is very close to the origin. Under a feedback control, t E!\lcated, the computation of the controllability matrix is rela-

domain of attraction around the equilibrium point (4.11) is ver jvely straightforward, which does not require the normal form.

small. If the initial condition is not close to (4.11), we can sta¥Or example, consider the following system that is not in the
ormal form (2.11):

bilize the system at another equilibrium. Then, slowly move
the equilibrium point along the curve (4.3) in the direction of i=z—x2
(4.11). In the following simulation, we first stabilize the system
at the equilibrium (4.5), which has a much larger domain of at-
traction. Then, the equilibrium point is moved slowly from the
initial equilibrium point (4.5) toward (4.11). In the simulationClearly, the set of equilibrium points is = 22, xy = 0,
shown in Fig. 3, the initial condition of the system is (4.5), ang = —4:2. The system is not controllable at the origin. The con-
the feedback is (4.10) with; = —50.6092, k2 = 36.4671, trollability matrix at these equilibria is

andks = 13.1504. Every ten seconds, the value of,. in the

j?l = — T2
To :a:% + 179 + . (4.12)

controller (4.10) is reduced k¥ .. The value ok, is changed 0 01 2z, 413
accordingly. At the end of every iteration, the state of the system 0 - T o | (4.13)
1z 221 + o7

is driven closer to the origin than before. Several step sizes

_ . Thus, the system is controllable at the equilibrium points around
Az, = 0.1,0.05,0.01,0.005 the origin withz; # 0.

are used in the simulation. The step size 0.1 is used for the first
few iterations. As the state gets closer and closer to the origin,
the smaller and smaller step sizes are used. At 160, i.e., Theorem 2.3 is a sufficient condition for systems to be lin-
after 15 iterations, the state of the system is stabilized at tbarly controllable in a vicinity of the origin. Is the condition
destination equilibrium (4.11). Notice that the equilibrium setlso necessary? The answer depends on the convergence of the
(4.3) is unbounded. Therefore, the domain in which the systamarmal form. As we know that the Poincaré normal form may
can be driven to a neighborhood of the origin is unbounded. not converge as the degree approaches infinity. The same is true

V. NECESSARYCONDITION FOR CONTROLLABILITY
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for control systems. However, if the formal series of normahe system is not linearly controllable at any equilibrium point

form converges for a control system, then (2.13) in Theorem 2aBound the origin. O

is also a necessary condition for the controllability of nonzero Theorem 5.1 has two major limitations. It assumes a conver-

equilibrium points in a neighborhood of the origin. gent normal form as a power series. However, it is not easy
Theorem 5.1: Consider a system in normal form (2.11). Conto prove the convergence of a normal form. It is known that

sider the case in whiclh = o, i.e., the homogeneous parts ofPoincaré normal form does not always converge. The same is

all degrees are known. Suppose the normal form converges &sia for the normal form of control systems. In fact, the problem

power series in a neighborhood of the origin. If of convergence of a normal form for control systems is still
(k2] largely an open problem, although a lot of examples do have
1 (0,z1)=0 (5.1) convergent normal forms. Another limitation of the necessary

] ) .. condition is due to the fact that systems may not be analytic. If
forall & > 2, then there exists a neighborhodd, of the origin - e normal form is not analytic, then (2.13) is not a necessary
so that the system is not linearly controllable at all equilibriurg,ngition. This is proved in the following example.

points inV'. _ Example: Consider the system
Proof: If the normal form (2.11) contains all the homoge-

nous parts of arbitrary degree, théX{(z, z)¢*! is not in the

2 ; z=z+plz
normal form. Becaus€,(0,z,) = 0, the equilibrium set is . ple1)
simple 1 ="
:i?g =1U (53)
{(zyz)|]z=22=-=xp_1=0,21 =,e € R}. (5.2)
. . . . . . . Where
Now, consider the linearization matrix (3.13). Substituting any
equilibrium point (5.2) into the matrix yields -4
q p ( ) y p(:l?l): {6 Ly ‘T17é0 (54)
cpn 0 0 O --- O 0, 1 =0
o1 0 --- 0 S .
0 00 1 --- 0 The system has an equilibrium set defined by
0 00 0 --- 1 {(z,2)|z = —p(z1),22 = 0,21 = €, € R}.
o 0 0 0 --- 0

The functionp(z1) is C°°, but not analytic. Its Taylor expansion
The vectorB in the linearization i§0 0 ... 1]7.Itis easy is zero. Therefore, (5.3) satisfies (5.1). However, the system is
to check that the controllability matrix has ramk— 1. So, linearly controllable at all the equilibrium points except for the
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origin. This is true because of the following controllability mawhere

trix derived from (5.3) at any equilibrium poirt, z1, z2) = n—1 ,
(0767()) with e ?é 0, l[m]('z?x) = Zx?ng_ ](Z>j7j) + xls[m_l](z)
_ L j=1
0 0 l%e 1 n—1
01 0 : V) = 3 @2 (5, y)
1 0 0 J=i+2

form > 2andl < i <n - 3.
Theorem 6.1:Consider (6.2). Suppose

VI. LOCAL ACCESSIBILITY 0, z) # 0 (6.3)

Controllability and accessibility are fundamental propertid§" Some positive integer. > 1. Then, the distribution has
of nonlinear control systems. It is proved that the accessibilifg” rank at(z,z) = (0,0). Thus, (6.2) is locally accessible at
of a control system is closely related to the dimension of tiB€ origin.
accessibility distribution. However, for systems with uncontrol- From the normal form (6.2), the condition (6.3) is equivalent
lable linearization, the computation of the dimension of the at@ the existence of nonnegative integéys. .., in, with i +
cessibility distribution is not straightforward, if it is possible. Iri - + in > 2, Such that
this section, we prove a simple relationship between the normal guttin fy
form and its local accessibility for systems with a single nonzero m
uncontrollable mode. Based on this result, itis easy to check the, Mo = iy + iy + - + i, be the smallest positive integer

local agceSS|p|I|ty for syste_ms n f?o”"a' form. ._that satisfies the condition (6.4). Following differential geom-
In this section, we consider affine systems of the foIIowmgtry the vector field§ andg are also denoted by

form: P P
Y= f(x)+g(x)u z()eR” wu(-)elU (6.1) f(z2) :fl(z’x)a + or fa(z2)

(0,0) # 0. (6.4)

wherel( is the space of piecewise continuous functions also 9(z,2) :91(273?)@ + 9% - 92(7,2)
called admissible inputsThe vector fieldsf andg are either ,nere

smooth or analytic or of clags® for sufficiently largek. Given

astater,. LetV be a neighborhood afy. From [18], we denote 9 - e 9 0

RY (z0, T) the reachable set fromy, at timeT > 0, following dr  [O0ry dry  Owp
trajectories which remain far< 7 in V, and denote

In ,fl[m”] (z,x), the terms independent efform a new function,

RY(z0) = Ur<pRY (0, 7). denoted byf™!(z), i.e.,

Definition 6.1 [18]: The systenk: is locally accessible from . 1[m°](1') = fl[mO](Z»xNz:o-
wg if Ry (xo) contains a nonempty open setiff for all neigh- | et(, (=) be any function of£, x) satisfyingO, (0) = 0. Then,
borhoodV" of zy and allT" > 0. the functionf; (z, =) has the following form:

Denote byC the smallest Lie algebra of vector fields & (o] o1
containingf andg. Let A be the involutive distribution gener- fi(z,z) = fi7"(2) + Ou(2) + O(z,2)™ 7. (6.5)
ated byC, that is Because

n—1
A(z) =span{X(z), X € C}, foranyz € M. flmol () = Zx?Q[jmrQ](O?fi) £0
It is well-known thatX is locally accessible fromz, if i=1
dim A(zg) = n. let s be the largest positive integer so tig™ =2 (0, z,) # 0.

In the following, we assume that (6.1) is in the normal fornrherefore
defined by (2.11). Because (6.1) is affine in contugl,do not (mo]
appear in the nonlinear part of (2.11) (see [12]). In this section, ofi" (x) -0 if > s. (6.6)
the nonlinear normal form of degree less than or equaltas Oz ’

Esedhw?e”ren(_) isfan ir.1teger to be specified later. Thus, (6'1'}0 prove Theorem 6.1, we must derive the formulas for the vec-
as the following form: tOI‘Sad’JE(g). Given

z2=f1(z, )+ g1(z,7)u - B 5
1 mo [1 | f= (fl[ ](:E)—{—Ox(z) +0(z,1) :0+1> -
=Xz + ™ (z,x) + O(z, @, u)m™0 ! 9 2
1nz:=2 ' to (Az 4+ O(z,)?)
&= foz,2) + go(z,2)u 9 1o 5
=Ax + Bu + "z, x) + O(z,,u)™ " (6.2 Tn-1 & r
mX:;fé ( ) ( ) ( ) . O(Z,.Z')[mOJrl] (67)
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and the (6.6), it is straightforward to prove the following equa-  Proof of Theorem 6.1:Define the vector fieldf by the

tion: following equation:
(=Dad(g) =g, f] ) ) F =[hnes—1, hn—s]
= (02(2) + O(z,2)™) 5= + 5o— = (=)™ hady (),
n 83 - O(z,x) (6.8) (—1)"7Sad7}_5(9)] : (6.13)
T
if s < n — 1. Once again, based on (6.8) and (6.6), it can b&rom Lemma 6.1, we have
proved that o]
2 7 9 1m0 () mo—1 0
ad(g) = [~ady(g), f] f= — o7 + 0.(2) + O(z,z) 5
0 7] 0 3
= (0:(2)+0(z,z)™) —+ +—-0(z,x
(Oe(2)+0m)™) 5+ s T 0w 0% + 2 V() (6.14)
provideds < n — 2. In general, ift < n — s, we have o
9 9 whereV (z, z) is any vector field, which is not important for the
—1)%ady(g) = (Oz(2) + O(2, 2 oA — erivation that follows. Supposg, i, - - -,%s IS & sequence 0
(=D*adf(g) = (Ou(2) + O(z,2)™) o~ + 5= derivation that follows. S ' f
< n—k—1

nonnegative integers so that+ i + - - - + i, = mg and

0
+—-0(z,1), fork<n—s. (6.9
or ( ) ( ) 8m0f[m0]( )

Whenk = n—s—1, the vectorfieldzd}‘_s_1 has atern®/ox. Oxi Ozl .. Ol
By the definition ofs

£0. (6.15)

From the definition ofng and the structure of normal form, we

of™ (2) 20, know that the sequende , i», . . . , i, } exists and, > 2. From
Oz Lemma 6.1 and the (6.14), it is straightforward to derive the

Therefore, ift = n — s, we have following equation:

9 [mo] ~ ne — A
(~1)"ady~*(9) = (fT“’”) £0,(2) + o<z,x>mo> LD = [ tady ),

S 0 11" ()
d ] ] = [ ZA WL 0.(2) + Oz, 2)™02
xaz 07, + g -O(z,z). (6.10) ( ;022
In general, for any positive integérsatisfyingn — 2 > k > 9 (z,2) (6.16)
n—s 67 afC '
9 whereV (z, ) is any vector field. It is a different function from

~1)*adk(g) = (O(2)m~1 + O, O(z,2)™ ) = : : g
(=1)"ady(g) ( () + 0a(2) + O(2,2) )c’)z the vectorV in (6.14). However, because its value is not impor-
0 n 9 O(z,z). (6.11) tant for the_deri_vgtion, we keep the same notatign for the

OLp_k—1 Ox reason of simplicity.
In general, we have

_|_

The formula of the vector fieIde’;’(g) is summarized in the

following lemma. i i io 2
Lemma 6.1: Define the vector fields,. = (—1)*ad’(g), for . ( ady, _, ( ( ady, _._ 1(f)) ))
k=1,2,...,n—2,then mg flmol
ke k = L()_FO ( ) O(Z7$>mo 9
hi = (=1)"adj(g) Oz 0z ... 0y 0z
= (0,(2) + O(e)™) o + 50— ~
= (0,(z Z,T PR e + 3 V(z,x). (6.17)
+ 9. O(z,x), k<n-—s Denote this vector byt,,_1. At the origin(z,z) = (0,0), the
oz B B vectorsh, 1, hn—a, ..., h1, andg are
hp_s =(=1)"7% ad} *(9) .
oflm) (@) AN MEJFE V(0.0),
0 00 9
—l—%-O(z?m) Ox1’ Oz’ 7 Omp_1
hi = (—1)*ad}(g) respectively. From (6.15) and the definitior/gf, the dimension
0 of the distributionA is n at the origin, therefore, the system is
_ [mo—l] mo |\ 7
= (O(x> +0a(2) + O(z,2) ) D2 locally accessible froniz, ) = (0,0). O
7] 9] i The following remark is a partially converse result of The-
+ P + 37 O(z,x), k>n-—s. (6.12) orem 6.1
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Remark: Given a system in the form of

z :fl(zvil;)

i = Az + Bu+ O(z,z)% (6.18)
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