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Abstract

The independence polynomial originates in statistical physics as the partition function of
the hard-core model. The location of the complex zeros of the polynomial is related to phase
transitions, and plays an important role in the design of efficient algorithms to approximately
compute evaluations of the polynomial.

In this paper we directly relate the location of the complex zeros of the independence
polynomial to computational hardness of approximating evaluations of the independence
polynomial. We do this by moreover relating the location of zeros to chaotic behaviour of a
naturally associated family of rational functions; the occupation ratios.

2020 Mathematics Subject Classification: 37F10, 05C31 (Primary); 68Q17,
82B30 (Secondary)

1. Introduction

The independence polynomial of a graph G = (V , E) is defined by

ZG(λ) =
∑
I⊆V

λ|I|,

where the sum is taken over all independent subsets I of the vertex set V . Recall that I is said
to be independent if no two vertices in I are connected by an edge. Note that ZG(1) equals
the number of independent subsets of V .

In statistical physics the independence polynomial is known as the partition function of
the hard-core model. Of particular interest from a physics perspective is the location of the
zeros of the partition function for certain classes of graphs. Away from these zeros the free
energy is analytic, i.e. there are no phase transitions in the Lee–Yang sense cf. [YL52].

It turns out that exact computation of the independence polynomial for large graphs is
not feasible for most values of λ; it is a #P-Hard problem

1
, cf. [Gre00, Rot96, Vad01]. A

1 The complexity class #P may be seen as the counting version of the complexity class NP. For example,
the problem of deciding whether a graph on n vertices contains an independent set of size k is a problem in

C© The Author(s), 2023. Published by Cambridge University Press on behalf of Cambridge Philosophical Society.
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460 D. DE BOER ET AL.

Fig. 1. The cardioid �3.

question that has received significant interest is for which λ ∈C there exist polynomial time
algorithms that approximate ZG(λ), up to small multiplicative constants. See e.g. [ALG20,
Bar16, BGGŠ20, PR17, SS14, Wei06] and the references therein.

Surprisingly, much like absence of zeros implies absence of phase transitions (in the
Lee-Yang sense), absence of zeros implies the existence of efficient algorithms for this com-
putational problem. More formally, on the maximal simply connected open set containing
the origin on which the independence polynomial does not vanish for all graphs of a given
maximum degree � there exists an efficient algorithm for approximating the independence
polynomial [Bar16, PR17]. Let us denote this maximal ‘zero-free’ set by U�. For real val-
ues of λ in the complement of the closure of U�, approximating the partition function is
computationally hard [BGGŠ20, PR19, SS05, SS14]. In other words, the absence/presence
of complex zeros near the real axis marks a transition in the computational complexity of
approximating the independence polynomial of graphs of bounded degree � for real values
of λ. The transition point for positive λ coincides with the phase transition for the hard-core
model on the Cayley tree of degree �.

A natural question is whether a similar phenomenon manifests itself for non-real λ.
Bezaková, Galanis, Goldberg and Štefankovič [BGGŠ20] made an important contribution
towards solving this question, by showing that for any integer � ≥ 3 and non-real λ out-
side a certain cardioid

2
, ��, approximation of the independence polynomial for graphs of

bounded degree at most � is computationally hard. (In fact #P-hard.) See Figure 1 for a
picture of �3 and Definition 2·5 for the definition of ��. Earlier it was shown by two of the
authors of the present paper [PR19] that zeros of the independence polynomial of graphs
of maximum degree at most � accumulate on the entire boundary of ��. In particular the
‘zero-free’ set U� is contained in the cardioid; their intersections with the real axis in fact
coincide [PR19, SS05]. Buys [Buy21] however showed that �� does contain zeros of the

NP, while the problem of determining the number of independent sets of size k is in #P. See [AB09, Val79]
for further background.
2 Although the domain �� resembles a cardioid, it is formally not a cardioid. However, as discussed in
section 7, it plays an analogous role as the Main Cardioid of the Mandelbrot set, justifying our use of the
term cardioid.
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independence polynomial of graphs of bounded degree �. This in particular indicates that
the result of [BGGŠ20] does not fully answer the question how zeros relate to computational
hardness for non-real λ.

The goal of this paper is to solve this question by directly relating, for any fixed integer
� ≥ 3, the zeros for the family of graphs of maximum degree at most � to the parameters
where approximating evaluations of the independence polynomial is computationally hard.
Our result is obtained by studying a natural family of rational maps associated to this fam-
ily of graphs, using techniques and ideas from complex dynamics. We show that ‘chaotic
behaviour’ of this family is equivalent to the presence of zeros, and implies computational
hardness.

1·1. Occupation ratios

Given � ∈Z≥2, we define G� as the collection of finite simple rooted graphs (G, v) such
that the maximum degree of G is at most �. For i ∈ {1, . . . , �} we define Gi

� = {(G, v) ∈
G� : deg (v) ≤ i}. The occupation ratio, or ratio for short, of a rooted graph (G, v) is defined
by the rational function

RG,v(λ) := Zin
G (λ)

Zout
G (λ)

,

where “in” means that in the definition of ZG(λ) the sum is taken only over independent sets
I that contain the marked point v, while “out” means that the independent sets do not contain
v. The ratio is a very useful tool in studying the zeros of the independence polynomial, see
Lemma 2·1 below, and has been key in several of the aforementioned works. The ratio is
also relevant from a statistical physics perspective as it is closely related to the free energy.

When (G, v) is a rooted Cayley tree of depth n − 1 and down-degree d = � − 1, the ratio
satisfies

RG,v(λ) = f n
λ,d(0),

where

fλ,d(z) := λ

(1 + z)d

and throughout the paper we write f n for the nth iterate of the map f.
In this context it is therefore natural to consider λ as the parameter which determines

the orbit of the marked point 0. This type of setting is often studied in complex dynamical
systems, where one is interested in the sets where the parameter λ is active or passive.
A parameter λ0 is said to be passive if the family of rational functions {λ �→ f ◦n

λ,d(0)} is
normal at λ0, i.e. there exists a neighbourhood such that every sequence in this family has
a subsequence that converges uniformly. A parameter is active if it is not passive. The most
well-known activity-locus is undoubtedly the boundary of the Mandelbrot set, where the
iterates of the functions z2 + c are considered. Following this terminology we define the
activity-locus, A�, by

A� := {λ0 ∈C | {λ �→ RG,v(λ) | (G, v) ∈ G�} is not locally normal at λ0}.
Another notion of chaotic behaviour of the ratios appears in the proof of the result

of Bezaková, Galanis, Goldberg and Šefankovič [BGGŠ20]. An important step towards
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proving #P-hardness is showing that for every non-real λ outside of the closed cardioid
�� the set of values {RG,v(λ) | (G, v) ∈ G1

�} is dense in Ĉ. Motivated by this we define

D� := {λ ∈C | {RG,v(λ) | (G, v) ∈ G1
�} is dense in Ĉ}

and refer to the closure of D� as the density-locus. We will prove it is equal to the
activity-locus, thereby showing that these two notions of chaotic behaviour of the ratios
are essentially equivalent.

1·2. Main result

To state our main result connecting the presence of zeros to computational hardness, we
define the zero-locus as the closure of

Z� = {λ ∈C : ZG(λ) = 0 for some G ∈ G�}.
We informally define the #P-locus as the closure of the collection of λ for which approxi-
mating ZG(λ) is #P-hard for G ∈ G�. See subsection 1·3 below for a formal definition.

The main results of this paper can now be stated succinctly as follows.

THEOREM 1·1 (Main Theorem). For any integer � ≥ 3 the zero-locus, the activity-locus
and the density-locus are equal and contained in the #P-locus. In other words:

Z� =A� =D� ⊆ #P�.

We remark that the topological structure of the complement of the zero-locus is not yet
understood. We have the following conjecture.

CONJECTURE 1·2. For each integer � ≥ 3, the set C \Z� is connected.

Should this conjecture be true, then by Proposition 4·3 below, we know that the maximal
‘zero-free’ set containing 0, U�, equals the complement of the zero-locus. Since there exists
a polynomial time algorithm [Bar16, PR17] for approximating the independence polyno-
mial on U�, this would imply with our main theorem a complete understanding of the
computational complexity of approximating the independence polynomial in terms of the
location of the zeros as well as in terms of chaotic behaviour of the ratios.

Remark 1·3. We note that [PR20] and [BGPR22] combined implicitly contain similar
equivalent characterisations for the Lee–Yang zeros of the partition function of the ferro-
magnetic Ising model on bounded degree graphs. In that setting the complement of the
zero-locus is in fact connected when the edge interaction parameter is sub-critical.

1·3. Computational complexity

We formally state here the computational problems we are interested in. We denote by
Q[i] the collection of complex numbers with rational real and imaginary part. Let λ ∈Q[i],
� ∈N and consider the following computational problems.

Name #Hard-CoreNorm(λ, �)

Input A graph G of maximum degree at most �.
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Output If ZG(λ) 
= 0 the algorithm must output a rational number N such that N/1.001 ≤
|ZG(λ)| ≤ 1.001N. If ZG(λ) = 0 the algorithm may output any rational number.

Name #Hard-CoreArg(λ, �)

Input A graph G of maximum degree at most �.

Output If ZG(λ) 
= 0 the algorithm must output a rational number A such that |A − a| ≤
π/3 for some a ∈ arg (ZG(λ)). If ZG(λ) = 0 the algorithm may output any rational
number.

We can now formally define the #P-locus as the closure of the set

#P� := {λ ∈Q[i] : the problem #Hard-CoreNorm(λ, �) is #P-hard}.
We remark that in the definition of #P� we could also replace #Hard-CoreNorm(λ, �) by
#Hard-CoreArg(λ, �) without altering the validity of Theorem 1·1.

We moreover note that the constant 1.001 is rather arbitrary. It originates from [BGGŠ20].
As remarked there the constant can be replaced by any other constant. Let us quickly explain
the idea. If say #Hard-CoreNorm(λ, �) is #P-hard, but there would be a polynomial time
algorithm for the problem with 1.001 replaced by 1.0012, then we could run this algorithm
on the disjoint union of two copies of the same graph G obtaining an a 1.0012 approximation
to the norm of ZG∪G(λ) = ZG(λ)2. This would immediately gives us a 1.001-approximation
to the norm of ZG(λ). Since the number of vertices of G ∪ G is polynomial in the number
of vertices of G, we would thus also get a polynomial time algorithm for the problem with
constant 1.001.

Organisation. After introducing preliminary definitions and results in section 2, we treat
the degree � = 2 case in section 3. While the equalities between different loci are different
when � = 2, the explicit descriptions of the zero- and activity-locus will be used in the
higher degree cases.

In Section 4 we prove the equality of the zero-locus and the activity-locus. The inclusion
of the latter in the former is actually an immediate consequence of Montel’s Theorem, and
proved earlier in Corollary 2·12. We end that section by showing that connected components
of the complement of the zero-locus are simply connected.

In Section 5 we prove the equality of the activity- and the density-locus, and in Section 6
we prove that the density-locus is contained in the #P-locus.

We end our paper by discussing a special subclass of graphs: the finite Cayley trees of
fixed down-degree � − 1. In this setting classical results from complex dynamical systems
can be used to obtain a precise description of the zero- and activity-locus. While there zeros
do not lie in the activity-locus, the activity-locus equals the accumulation set of the zeros.

2. Preliminaries

In this section we collect some preliminary results and conventions that will be used in the
remainder of the paper. The results in this section are not necessarily new, but often cannot
be found in the literature in the exact way they are stated here. For convenience of the reader
we include proofs, especially when the methods are similar to those used later in the paper.

2·1. Ratios of graphs and trees

Recall that for a rooted graph (G, v) the occupation ratio is defined as the following
rational function in λ
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RG,v(λ) = Zin
G (λ)

Zout
G (λ)

.

We note that ZG(λ) = Zin
G (λ) + Zout

G (λ), which implies that ZG(λ) = 0 if and only if RG,v(λ) =
−1, unless Zin

G,v(λ) and Zout
G,v(λ) both vanish, in which case the value of the rational function

RG,v(λ) may not equal −1. The next lemma will show that we can often ignore this difficulty.
We will write G − v for the graph G with vertex v removed, and G − N[v] for the graph

with N[v] removed, where N[v] = {u ∈ V(G) : {u, v} ∈ E(G)} ∪ {v} is the closed neighbour-
hood of v. We observe that Zout

G,v(λ) = ZG−v(λ), and similarly Zin
G,v(λ) = λ · ZG−N[v](λ).

LEMMA 2·1. Let λ ∈C∗. The following three statements are equivalent.

(i) There exists a graph G of maximum degree at most � for which ZG(λ) = 0.

(ii) There exists a rooted graph (G, v) ∈ G� for which RG,v(λ) = −1.

(iii) There exists a rooted graph (G, v) ∈ G� for which RG,v(λ) ∈ {−1, 0, ∞}.
Proof. Assume that (i) holds, then there is a graph G of maximum degree at most �

for which ZG(λ) = 0. Without loss of generality we can assume G ∈ G� satisfies ZG(λ) = 0
and has a minimal number of vertices, i.e. for any graph H ∈ G� with ZH(λ) = 0 we have
|V(G)| ≤ |V(H)|. For any vertex v ∈ V(G) we have

0 = ZG(λ) = Zin
G,v(λ) + Zout

G,v(λ).

As |V(G − v)| < V(G) we have Zout
G,v(λ) = ZG−v(λ) 
= 0, which implies RG,v(λ) = −1. Thus

(ii) holds. Trivially, if (ii) holds then also (iii) holds. To complete the proof we will assume
(iii) holds and show that (i) follows.

Assume there is a rooted graph (G, v) ∈ G� for which RG,v(λ) ∈ {−1, 0, ∞}. If RG,v(λ) =
−1, we either have Zout

G,v(λ) = 0, in which case (i) follows, or Zout
G,v(λ) 
= 0, in which

case Zin
G,v(λ) = −Zout

G,v(λ) and (i) follows as well. If RG,v(λ) = ∞ we have Zout
G,v(λ) = 0. As

Zout
G,v(λ) = ZG−v(λ) we see (i) holds. The final case is RG,v(λ) = 0, in which case we have

0 = Zin
G,v(λ) = λ · ZG−N[v](λ). Now as λ 
= 0, we must have ZG−N[v](λ) = 0, which concludes

the proof.

Note that for λ = 0 we have RG,v(λ) = 0 and ZG(λ) = 1 for any graph G and any vertex
v ∈ V(G). Hence for λ = 0, statements (i) and (ii) in Lemma 2·1 are still equivalent, while
statement (iii) is not equivalent to (i) or (ii).

The following result due to Bencs [Ben18] will play an important role in this paper.

THEOREM 2·2. Let (G, v) ∈ Gi
� be a rooted connected graph. Then there is a rooted tree

(T , u) ∈ Gi
� and induced graphs G1, . . . , Gk of G such that:

(i) ZT = ZG
∏k

i=1 ZGi ;

(ii) RG,v = RT ,u.

The following result is a consequence.

LEMMA 2·3. Let λ ∈C and (G, v) ∈ G� with ZG(λ) = 0. Then there is a rooted tree
(T , u) ∈ G1

� such that ZT (λ) = 0 and RT ,u(λ) = −1.
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Proof. Note that for any graph G we have ZG(0) = 1, so we can assume λ 
= 0. By
Lemma 2·1 there exists a rooted graph (G, v) ∈ G� such that RG,v(λ) = −1. By
Theorem 2·2(i) we see there is a rooted tree (T , u) ∈ G� with ZT (λ) = 0. It follows there
is a tree T̃ of maximum degree � with a minimal number of vertices such that ZT̃ (λ) = 0.
For T̃ and any vertex v ∈ V (̃T) we have RT̃ ,v(λ) = −1. The lemma follows by choosing v a
leaf of T̃ .

At a later stage we will need to worry about the degree of the root vertex in our definition
of the activity- and density-locus. We therefore introduce some definitions to facilitate their
discussion.

Fix an integer � ≥ 2 throughout. For i = 1, . . . , � we denote the family of ratios with
root degree at most i by

Ri
� := {RG,v) | (G, v) ∈ Gi

�}.
We just write R� instead of R�

�. For a given λ ∈C, we denote the set of values of these
ratios by

Ri
�(λ) := {RG,v)(λ) | (G, v) ∈ Gi

�}.
Then we define Ai

� to be the collection of λ0 at which the family Ri
� is not normal. We just

write A� instead of A�
�. Finally, we introduce Di

� to be the collection of λ for which the set
Ri

�(λ) is dense in C. Note that we denote D1
� by D� (as opposed to the above convention).

2·2. Graph manipulations and definition of the cardioid

The recursion formula given in the following lemma is well known.

LEMMA 2·4. Let T = (V , E) be a tree and v a vertex of T. Suppose v is connected to d ≥ 1
other vertices u1, . . . , ud. Denote Ts for the tree that is the connected component of T − v
containing us. Then we have

RT ,v(λ) = λ∏d
s=1 (1 + RTs,us(λ))

. (2·1)

Proof. We have

Zin
T ,v(λ)

Zout
T ,v(λ)

= λ
ZT−N[v](λ)

ZT−v(λ)
= λ

d∏
s=1

Zout
Ts,us

(λ)

ZTs(λ)
= λ

d∏
s=1

Zout
Ts,us

(λ)

Zout
Ts,us

(λ) + Zin
Ts,us

(λ)
, (2·2)

where in the second equality we use that the partition function of a graph factors into the
partition functions of its connected components. By dividing for each s ∈ {1, . . . , d} the
denominator and enumerator of the right-hand side of equation (2·2) by Zout

Ts,us
(λ) we obtain

the desired formula.

This lemma implies the claim from the introduction that the ratios of Cayley trees are
given by iterating fλ,d(z) = λ/(1 + z)d. We refer to Section 7 for an in-depth discussion of
Cayley trees and their associated dynamics.

Definition 2·5. Define the cardioid �� as the closure of the set of parameters λ for which
fλ,d has an attracting fixed point.
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Fig. 2. The graph P̃n in Lemma 2·6.

Note that 0 ∈ ��. One can show, see [PR19, section 2·1], that

�� =
{

z

(1 − z)�
| |z| ≤ 1

� − 1

}
.

Taking z = −1
�−1 , we observe that

λ∗(�) = −(� − 1)�−1

��

is the intersection point of �� with the negative real line.
Let G = (V , E) be a graph and let (Gi, vi) be rooted graphs for i ∈ V . We refer to the graph

obtained from G and the Gi by identifying each vertex i ∈ V with vi as implementing the Gi

in G, see Figure 2. The next lemmas describe the effect on the ratios for various choices of
G and Gi.

LEMMA 2·6. Let Pn denote the path on n vertices. Let (Gi, vi) be rooted graphs for i ∈
{1, . . . , n} and denote μi(λ) = RGi,vi(λ). Let P̃n be the graph obtained by implementing the
Gi in Pn. Then

RP̃n,vn
(λ) = (fμn(λ) ◦ · · · ◦ fμ1(λ))(0),

where fμ(z) = μ/(1 + z).

Proof. We use induction on n. For n = 1, by definition we have RG1,v1 (λ) = μ1(λ) =
fμ1(λ)(0). As P̃1 = G1, we have RP̃1,v1

(λ) = RG1,v1(λ). The base case follows.
Suppose the statement holds for some n ≥ 1. The vertex vn+1 has 1 neighbour that is part

of the path Pn. Let us denote that neighbour as vn. It follows that

RP̃n+1,vn+1
(λ) =

Zin
P̃n+1,vn+1

(λ)

Zout
P̃n+1,vn+1

(λ)
= Zin

Gn+1,vn+1
(λ)

Zout
Gn+1,vn+1

(λ)
·

Zout
P̃n,vn

(λ)

ZP̃n,vn
(λ)

= RGn+1,vn+1(λ) ·
Zout

P̃n,vn
(λ)

Zout
P̃n,vn

(λ) + Zin
P̃n,vn

(λ)
= RGn+1,vn+1(λ)

1 + RP̃n,vn
(λ)

= fμn+1(λ)(RP̃n,vn
(λ)),

where in the second equality we use that the partition function of a graph factors into the
partition functions of its connected components.

By the induction hypothesis we have

RP̃n,vn
(λ) = (fμn(λ) ◦ · · · ◦ fμ1(λ))(0),
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from which it follows that

RP̃n+1,vn+1
(λ) = (fμn+1(λ) ◦ fμn(λ) ◦ · · · ◦ fμ1(λ))(0),

completing the proof.

Remark 2·7. Note that if the graphs Gi in Lemma 2·6 are all of maximum degree � and
the roots vi have degree at most � − 2 for i ∈ {2, . . . , n − 1} and at most degree � − 1 for
i ∈ {1, n}, then the graph P̃n is also of maximum degree �.

LEMMA 2·8. Let G = (V , E) be a graph and denote n = |V|. Let (H,v) be a rooted graph.
Let G̃ = (Ṽ , Ẽ) be obtained from G by implementing n copies of (H,v) in G. Then for any
w ∈ V we have

ZG̃,w(λ)

(Zout
H,v(λ))n

= ZG,w(RH,u(λ)) (2·3)

and

RG̃,w(λ) = RG,w(RH,v(λ)). (2·4)

Proof. We have

Zin
G̃,w

(λ)

(Zout
H,v(λ))n

=

∑
I∈I(G)

w∈I

Zin
H,v(λ)|I|Zout

H,v(λ)n−|I|

(Zout
H,v(λ))n

= Zin
G,w(RH,v(λ)) (2·5)

and

Zout
G̃,w

(λ)

(Zout
H,v(λ))n

=

∑
I∈I(G)

w
∈I

Zin
H,v(λ)|I|Zout

H,v(λ)n−|I|

(Zout
H,v(λ))n

= Zout
G,w(RH,v(λ)). (2·6)

Equality (2·3) follows from equalities (2·5) and (2·6) noting that for any graph W and any
vertex u of W we have ZW (λ) = Zin

W,u(λ) + Zout
W,u(λ). Equality (2·4) follows from equalities

(2·5) and (2·6) and the definition of the ratio.

We will also need the following slight variation on Lemma 2·4.

LEMMA 2·9. Let (G1, v1) and (G2, v2) be rooted graphs, and define the rooted graph
(G̃, ṽ) by identifying the roots v1 and v2. Then

RG̃,̃v(λ) = λ−1 · RG1,v1 (λ) · RG2,v2(λ).

Proof. We compute

RG̃,̃v(λ) =
Zin

G̃,̃v
(λ)

Zout
G̃,̃v

(λ)
= Zin

G1,v1
(λ) · Zin

G2,v2
(λ) · λ−1

Zout
G1,v1

(λ) · Zout
G2,v2

(λ)
= λ−1 · RG1,v1(λ) · RG2,v2 (λ).

2·3. The Shearer region

Denote the open disk around 0 with radius (� − 1)�−1/�� by B�. This region, also
known as the Shearer region, is the maximal open disk centered around 0 that is zero free
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for the independence polynomial of graphs of maximum degree � [She85, SS05]. We will
show the Shearer region is also disjoint from the activity-locus and the density-locus, which
will later be used to deal with the λ = 0 case in the proof of our main theorem.

LEMMA 2·10. Let � ≥ 2 be an integer. Then B� is disjoint from the activity-locus, the
zero-locus and the density-locus, i.e., we have B� ∩D� = B� ∩A� = B� ∩Z� = ∅.

Proof. We claim that for any rooted graph (G, v) ∈ G� and any λ ∈ B� we have

|RG,v(λ)| <
⎧⎨
⎩

1
�

if deg (v) ≤ � − 1,

1
�−1 otherwise.

By Theorem 2·2 we can equivalently work with rooted trees (T , v) ∈ G� instead of rooted
graphs.

We will proof the claim by induction on the number of vertices of T . If |V(T)| = 1, we have
deg (v) = 0 and therefore RT ,v(λ) = λ. The claim then follows as (� − 1)(�−1)/�� < 1/�

for all � ≥ 2. Suppose the claim holds for all rooted trees (T , v) ∈ G� with |V(T)| ≤ n for
some n ≥ 1. Let (̃T , ṽ) ∈ G� be a rooted tree with n + 1 vertices. Denote the d children of ṽ
as u1, . . . , ud and denote (Ti, ui) for the rooted subtree of T̃ with root ui. By Lemma 2·4 we
have

RT̃ ,̃v(λ) = λ∏d
i=1 (1 + RTi,ui(λ))

.

We note that each (Ti, ui) has at most n vertices, hence the induction hypotheses applies.
Furthermore in Ti we have deg (ui) ≤ � − 1 as T̃ has maximum degree at most �. Thus
we see

|RT̃ ,̃v(λ)| = |λ|∏d
i=1 |1 + RTi,ui(λ)| ≤ |λ|∏d

i=1 (1 − |RTi,ui(λ)|)

<
|λ|

(1 − 1
�

)d
= �d|λ|

(1 − �)d
<

(� − 1)�−1−d

��−d
.

Now if d ≤ � − 1, we see (� − 1)�−1−d/��−d < 1/� hence the claim follows for that
case. If d = � we have (� − 1)�−1−d/��−d = 1/(� − 1), which proves the claim.

It follows from the claim above that the family of ratios R� maps B� into the open unit
disk, for all � ≥ 2. So clearly B� ∩D� = ∅. As B� is open, we have B� ∩D� = ∅.

By Montel’s Theorem the family R� is normal on B�, so B� ∩A� = ∅. We showed for
all rooted graphs (G, v) ∈ G� that |RG,v(λ)| < 1/� − 1 ≤ 1, hence the ratio will never equal
−1. For λ 
= 0, we see by Lemma 2·1 that λ 
∈Z�. For λ = 0 we note that ZG(0) = 1 for any
graph G ∈ G�. It follows that B� ∩Z� = ∅. Again, as B� is open, we have B� ∩Z� = ∅.
This completes the proof.

Remark 2·11. We note that on the negative real line the Shearer region agrees with the
interior of the cardioid, i.e we have R≤0 ∩ B� =R≤0 ∩ int�� for all integers � ≥ 3.

Lemmas 2·10 and 2·1 together imply one of the inclusions in our main result.
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COROLLARY 2·12. For all � ≥ 2 the activity-locus is contained in the zero-locus, i.e.
A� ⊆Z�.

Proof. Equivalently, we want to show that for any λ ∈C \Z� the family R� is normal
at λ. By Lemma 2·10 this is the case for λ = 0 and thus we assume that λ 
= 0. Take a
sufficiently small neighbourhood U around λ such that 0 
∈ U and U ∩Z� = ∅. It follows
from Lemma 2·1 that the family R� avoids {−1, 0, ∞} for all λ′ ∈ U. Hence by Montel’s
Theorem the family is normal on U.

3. Graphs with maximum degree at most two

In this section we will deal with graphs of maximum degree at most two, in other words
graphs for which each component is a path or a cycle. We will show that

Z2 =A2 = (−∞, −1/4] and D1
2 =D2

2 = ∅.

An explicit description of Z2 was already known [HL72, SS05]; we provide a new proof for
the sake of completeness.

Note that this is in contrast to the situation for � ≥ 3 as stated in Theorem 1·1. It follows
from Lemma 2·3 that Z2 is equal to the set of λ for which there is a (T , v) ∈ G1

2 , with T a tree,
such that RT ,v(λ) = −1. The collection G1

2 consists of rooted graphs where the component
containing the root is a path rooted at an endpoint. Let (Pn, vn) denote a path on n vertices
rooted at an endpoint vn. If we let fλ(z) = λ/(1 + z) then it follows from Lemma 2·6 that
RPn,vn(λ) = f n

λ (0). For fixed λ the map fλ is a Möbius transformation and therefore we first
review some properties of Möbius transformation.

3·1. Möbius transformations

Everything that is done in this section can for example be found in [Bea95, section 4·3].
Let M denote the group of Möbius transformations with composition as group operation
and let GL2(C) denote the group of 2 × 2 invertible matrices with complex entries. The
following map is a surjective group homomorphism.

� : GL2(C) −→M,
(a b

c d

)
�→

(
z �→ az + b

cz + d

)
.

For any g ∈M take an element A ∈ �−1({g}) and define tr2(g) = tr(A)2/ det (A). This quan-
tity does not depend on the choice of A and thus tr2 is a well defined function on M. We say
that elements f , g ∈M are conjugate if there exists an h ∈M such that f = h ◦ g ◦ h−1.

LEMMA 3·1 ([Bea95, theorem 4·3·4]). Let f , g ∈M not equal to the identity. The maps
f,g are conjugate if and only if tr2(f ) = tr2(g). It follows that g is conjugate to:

(i) a rotation z �→ eiθ · z for some θ ∈ (0, π] if and only if tr2(g) ∈ [0, 4);

(ii) the translation z �→ z + 1 if and only if tr2(g) = 4;

(iii) a multiplication z �→ ξ · z for some ξ ∈C∗ with |ξ | < 1 if and only if tr2(g) ∈C \ [0, 4].

The map g is said to be elliptic, parabolic or loxodromic in these three cases respectively.

Observe that if f = h ◦ g ◦ h−1 then f n = h ◦ gn ◦ h−1. It follows that, to understand the
dynamical behaviour of a Möbius transformation g, it is enough to understand the dynamical
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behaviour of any element in the conjugacy class of g. If g is loxodromic then it has two
distinct fixed points in Ĉ, one of which is attracting and the other is repelling. Under iteration
of g the orbit of every initial value except for the repelling fixed point converges to the
attracting fixed point. If g is parabolic then g has a unique fixed point, and under iteration
of g all orbits converge to this fixed point. If g is elliptic then g is conjugate to a rotation
z �→ eiθ · z. We say that g is conjugate to a rational rotation if θ is a rational multiple of
π and otherwise we say that g is conjugate to an irrational rotation. If g is conjugate to
a rational rotation there is a positive integer n such that gn is equal to the identity. If g is
conjugate to an irrational rotation it has two fixed points, say p, q, and Ĉ \ {p, q} is foliated
by generalized circles on which g acts conjugately to an irrational rotation.

We end this subsection by classifying fλ in terms of its parameter.

LEMMA 3·2. The Möbius transformation fλ is:

(i) elliptic if λ ∈ (−∞, −1/4);

(ii) parabolic if λ = −1/4;

(iii) loxodromic if λ ∈C∗ \ (−∞, −1/4].

Proof. This follows from Lemma 3·1 and the fact that tr2(fλ) = −1/λ.

3·2. Determining the zero and activity-locus

In this subsection we we will show that both Z2 and A1
2 are equal to (−∞, −1/4]. By

definition we have A1
2 ⊆A2 and by Corollary 2·12 we have A2 ⊆Z2, hence it will follow

that A2 is equal to (−∞, −1/4] as well.

LEMMA 3·3. Zeros of ZG for graphs G ∈ G2 form a dense subset of the interval
(−∞, −1/4), hence Z2 = (−∞, −1/4].

Proof. We claim that λ ∈Z2 if and only if fλ is conjugate to a rational rotation.
First suppose that λ ∈Z2. Then, by Lemma 2·3, there is an n ≥ 1 such that for the path on

n vertices Pn rooted at the endpoint vn we have RPn,vn(λ) = −1 and thus f n
λ (0) = −1. Because

f 2
λ (−1) = 0 regardless of the value of λ we obtain that f n+2

λ (0) = 0. This means that 0 is a
periodic point of fλ of period strictly larger than 1. This can only occur if fλ is conjugate to
a rational rotation, as is explained in Section 3.1.

Suppose that fλ is conjugate to a rational rotation. Note that this implies that λ is not
equal to zero. Take the smallest positive integer n such that f n

λ is equal to the identity
and thus specifically f n

λ (0) = 0. Note that fλ(0) = λ and f 2
λ (0) = λ/(1 + λ) and thus n ≥ 3.

Since f −2
λ (0) = −1 we obtain that RPn−2,vn−2

(λ) = f n−2
λ (0) = −1. It follows from the proof of

Lemma 2·1 that λ is a root of ZPn−2 .
Parameters λ for which fλ is conjugate to a rational rotation lie dense in the set of

parameters for which fλ is conjugate to any rotation. It follows from Lemma 3·2 that
Z2 = (−∞, −1/4].

We remark that tr2 of the map that sends z to eiθ · z is equal to 2(1 + cos (θ)). By
comparing this to the value of tr2(fλ) it follows from the previous proof that
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Z2 =
{ −1

2(1 + cos (tπ))
: t ∈ (0, 1) ∩Q

}
.

We will now prove the final lemma needed to determine A2.

LEMMA 3·4. The family R1
2 is not normal around any λ ∈ (−∞, −1/4], in other words

(−∞, −1/4] ⊆A1
2.

Proof. Recall that

R1
2 = {RPn,vn : n ≥ 1} = {λ �→ f n

λ (0) : n ≥ 1}.
Take a λ0 ∈ (−∞, −1/4] and suppose for the sake of contradiction that there exists a neigh-
bourhood U of λ0 on which R1

2 is normal. We take U connected and sufficiently small so
that it does not contain 0, and 0 is not a fixed point of fλ for any λ ∈ U. Because R1

2 is
normal on U there exists a subsequence of {RPn,vn}n≥1 that converges locally uniformly to a
holomorphic function F : U → Ĉ. For λ ∈ U \ (−∞, −1/4] the map fλ is loxodromic, hence
f n
λ (0) converges to the attracting fixed point of fλ as n goes to infinity. This means that for
λ ∈ U \ (−∞, −1/4] we have fλ(F(λ)) = F(λ). Because U \ (−∞, −1/4] is non-empty and
open in U it follows from the identity theorem for holomorphic functions that the equality
fλ(F(λ)) = F(λ) must hold for all λ ∈ U. The set U contains a parameter λ1 for which fλ1 is
elliptic. The value 0 is not a fixed point of fλ1 and thus the distance of f n

λ1
(0) to both of the

fixed points of fλ1 is uniformly bounded below for all n by a positive constant. This means
that no subsequence of {RPn,vn(λ1)}n≥1 can converge to the fixed point F(λ1). We conclude
that R1

2 is not normal at λ0.

It follows from the previous two lemmas and Corollary 2·12 that

(−∞, −1/4] ⊆A1
2 ⊆A2

2 ⊆Z2 = (−∞, −1/4].

Therefore we can conclude that both A2 and Z2 are equal to (−∞, −1/4].

3·3. Determining the density-locus

Recall that for λ ∈C we defined Ri
�(λ) = {RG,v(λ) : (G, v) ∈ Gi

�}. Subsequently we
defined Di

� as the set consisting of those λ for which Ri
�(λ) is dense in Ĉ. It is thus clear

that D1
2 ⊆D2

2. To conclude the section we show the following.

LEMMA 3·5. There is no λ0 ∈C for which R2
2(λ0) is dense in Ĉ, i.e. D2

2 = ∅.

Proof. It follows from Theorem 2·2 that

R2
2(λ) = {RT ,v(λ) : (T , v) ∈ G2

2 with T a tree}.
A rooted tree (T , v) ∈ G2

2 can be viewed as a vertex v onto which two rooted paths (Pn, vn)
and (Pm, vm) are attached for n, m ≥ 0. It follows from Lemma 2·4 and Lemma 2·6 that

RT ,v(λ) = λ · 1

1 + f n
λ (0)

· 1

1 + f m
λ (0)

= 1

λ
· f n+1

λ (0) · f m+1
λ (0).

For a specific λ0 the right-hand side of this equality is not defined if f n+1
λ0

(0) and f m+1
λ0

(0)

take on the values 0 and ∞. Recall that if f n+1
λ0

(0) = ∞, then f n
λ0

(0) = −1, which implies
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that λ0 ∈Z2. If this is the case then Lemma 3·3 implies that λ0 is real, and thus R2
2(λ0) is

contained in R∪ {∞} and is not dense in Ĉ.
Assume that λ0 is not real. In this case we have the equality

R2
2(λ0) =

{
1

λ0
· f n+1

λ0
(0) · f m+1

λ0
(0) : n, m ≥ 0

}
.

The map fλ0 is loxodromic, hence the orbit of 0 converges to an attracting fixed point without
passing through ∞. Note that fλ0 (∞) = 0, therefore ∞ is not the attracting fixed point, and
thus there is a positive bound B ∈R>0 such that |f n

λ0
(0)| < B for all n. It follows that∣∣∣∣ 1

λ0
· f n+1

λ0
(0) · f m+1

λ0
(0)

∣∣∣∣ <
B2

|λ0|
for all n, m, and thus R2

2(λ0) is bounded and in particular not dense in Ĉ.

4. Equality of the zero-locus and the activity-locus for � ≥ 3�≥3

In this section we prove the equalities A1
� =A2

� = · · · =A�
� =Z� for � ≥ 3, thereby

proving that the activity-locus is equal to the zero-locus. Our strategy is similar to the � = 2
case. By definition we have A1

� ⊆A2
� ⊆ · · · ⊆A�

�. We will first show that A1
� =A2

� =
· · · =A�−1

� and subsequently we will show that Z� ⊆A�−1
� . Then Corollary 2·12, which

states that A�
� ⊆Z�, is enough to arrive at our desired conclusion.

LEMMA 4·1. The family R1
� is normal at λ0 ∈C if and only if R�−1

� is normal at λ0,
and hence A1

� =A�−1
� .

Proof. Recall that

Ri
� := {RG,v : (G, v) ∈ Gi

�}
and thus R1

� ⊆R�−1
� . It follows that if R�−1

� is normal at λ0 then the same holds for R1
�.

To show the other direction, assume that R1
� is normal at λ0. Note that the family R�

� is
normal at 0 by Lemma 2·10, hence we can assume λ0 
= 0. As R1

� is normal at λ0, there is a
neighbourhood U of λ0 on which R1

� is a normal family. We can take U such that 0 
∈ U. We
will show that R�−1

� is also a normal family on U. To that effect take a sequence of rooted
graphs {(Gn, vn)}n≥1 ⊆ G�−1

� . Construct the rooted graphs (Ĝn, v̂n) ∈ G1
� by attaching a root

v̂n to the root vn of Gn by a single edge. By assumption the sequence {RĜn,v̂n
}n≥1 has a

subsequence that converges locally uniformly to a function H : U → Ĉ. Let I ⊆N be the
indices belonging to this subsequence. By Lemma 2·6 we have RĜn,v̂n

(λ) = fλ(RGn,vn(λ)) for
every λ ∈ U. Because U does not contain 0, the Möbius transformation fλ is invertible for
every λ ∈ U. Therefore for these λ we have

lim
n→∞

n∈I

RGn,vn(λ) = lim
n→∞

n∈I

f −1
λ (fλ(RGn,vn(λ))) = lim

n→∞
n∈I

f −1
λ (RĜn,v̂n

(λ)) = f −1
λ (H(λ)).

Because the map U × Ĉ→ Ĉ that sends (λ, z) to f −1
λ (z) is continuous, we can conclude that

this limit converges locally uniformly on U. Therefore we have shown that the sequence

https://doi.org/10.1017/S030500412300052X Published online by Cambridge University Press

https://doi.org/10.1017/S030500412300052X


Zeros, ratios and complexity of the independence polynomial 473

{RGn,vn}n≥1 has a subsequence that converges locally uniformly to the holomorphic function
λ �→ f −1

λ (H(λ)), and thus R�−1
� is normal at λ0.

PROPOSITION 4·2. Let � ≥ 3. Then Z� ⊆A�−1
� , and hence the zero-locus is contained

in the activity-locus.

Proof. Let us assume λ ∈Z�. Then for any open neighbourhood V of λ there is a λ0 ∈ V
for which ZG(λ0) = 0 for some G ∈ G�. We will prove that the family R�−1

� cannot be
normal on V .

By Lemma 2·3 there is a a rooted tree (T , u) ∈ G1
� for which RT ,u(λ0) = −1. Consider the

rooted trees (Tn, v) obtained by implementing a copy of (T , u) in every vertex of the rooted
paths (Pn, v). It follows from Lemma 2·8 that

RTn,v = RPn,v ◦ RT ,u.

We note that in Tn the root v has degree 2 ≤ � − 1. Furthermore RT ,u maps a neighbourhood
of λ0 holomorphically to a neighbourhood of −1, since RT ,u is not constantly equal to −1.
Lemma 3·4 states that the family {RPn,v}n>0 is not normal at −1 and thus it follows that
{RTn,v}n>0 is not normal at λ0.

Summarising we have the following relations between sets

A1
�

(1)= A�−1
� ⊆A�

�

(2)⊆ Z�

(3)⊆ A�−1
� ,

where equality (1) is due to Lemma 4·1, inclusion (2) is due to Corollary 2·12 and inclusion
(3) is due to Proposition 4·2. It follows that A1

� = . . . =A�
�, and A� =Z� for all � ≥ 2.

4·1. The complement of the zero-locus

As an application of the equality of the zero-locus and the activity-locus, we show here
that each component of the complement of the zero-locus is simply connected. We recall
from the introduction that this implies that if the complement of the zero-locus is connected
(as we conjecture in Conjecture 1·2), then our main result gives a complete understanding
of the complexity of approximately computing the independence polynomial.

PROPOSITION 4·3. Let � ≥ 2 be an integer. Any connected component of the complement
of the zero-locus, C \Z�, is simply connected.

Proof. For � = 2 the statement follows directly by the exact characterization of the
closure of the zero-locus. We will therefore assume that � ≥ 3.

Let γ be a simple closed curve contained in the complement of the zero-locus, C \Z�. It
is sufficient to prove that the interior of γ , which we will denote by V , is zero free. Let us
suppose for the sake of a contradiction that this is not the case.

Let T be a minimal tree for which ZT (λ0) = 0 for some λ0 ∈ V . Let v be a leaf of T . Since
|T| is chosen minimal it follows that RT ,v(λ0) = −1. Denote the neighbour of v in T by w.
By minimality of T it also follows that RT−v,w(λ) 
= −1 for any λ ∈ V .

Note that V is necessarily bounded, as it is a subset of the cardioid, ��. Hence by
compactness of V it follows that RT−v,w is bounded away from −1 on V . Since

RT ,v(λ) = λ

1 + RT−v,w(λ)
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it follows that RT ,v is bounded on V . By the Open Mapping Theorem for holomorphic
functions it follows that there must be a λ1 ∈ ∂V = γ for which

RT ,v(λ1) ∈ (−∞, −1).

Use Lemma 2·6 to implement the rooted tree (T , v) in the paths Pn to obtain a sequence
of rooted graphs {(Gn, un)}n≥1 with

RGn,un = RPn,un ◦ RT ,v.

Since RT ,v(λ1) ∈ (−∞, −1), which is contained in the half-line where the family {λ �→
RPn,u(λ)}n∈N is not normal, it follows that the family of ratios {RGn,un} is not normal at
λ1. This contradicts the assumption that γ is contained in C \Z�, by the equivalence of the
activity-locus and the zero-locus.

5. Equality of the density-locus and the activity-locus for � ≥ 3�≥3

We first show the inclusion D� ⊆A� holds. Note that as A� is closed, it suffices to show
D� ⊆A�.

THEOREM 5·1. The density-locus is contained in the activity-locus. More precisely, we
have D� ⊆A� for all � ≥ 3.

Remark 5·2. Recall the remarkable Proposition 6 in [BGGŠ20], in which it is shown
that non-real λ ∈Q[i] outside the cardioid �� are contained in the density-locus. As a
consequence Theorem 5·1 implies that Z� is dense in the complement of the cardioid.

The proof of Theorem 5·1 is by contradiction. So we will assume that there is a λ0 ∈D�

with λ0 
∈A� and arrive at a contradiction. In order to do this, we state and prove three
helpful lemmas.

LEMMA 5·3. Let λ0 ∈C \A�. Assume the family R� is normal on some open neigh-
bourhood U of λ0 and that {RGn,vn(λ0)}n≥1 converges to −1 for a sequence {(Gn, vn)}n≥1 of
rooted graphs from G�. Then {RGn,vn}n≥1 converges to −1 locally uniformly on U.

Proof. It follows from the conclusion of Section 4, i.e. A� =Z�, that ZG(λ) 
= 0 for all
λ ∈ U and G ∈ G�. Suppose {RGn,vn}n≥1 does not converge to −1 locally uniformly on U.
Then, after taking a subsequence if necessary, we may assume that {RGn,vn}n≥1 converges
locally uniformly on U to a non-constant holomorphic function f . Clearly f (λ0) = −1. Since
zeros of holomorphic functions are isolated there exists ε > 0 so that B(λ0, ε) ⊂ U and such
that

δ := inf
λ∈∂B(λ0,ε)

|f (λ) + 1| > 0.

Let n be sufficiently large so that |RGn,vn − f | < δ uniformly on B(λ0, ε). Then

|(RGn,vn(λ) + 1) − (f (λ) + 1)| < δ < |f (λ) + 1| + |RGn,vn(λ) + 1|
for all λ ∈ ∂B(λ0, ε). There exists λ1 ∈ B(λ0, ε) for which RGn,vn(λ1) = −1 by Rouché’s
theorem. By Lemma 2·1 it follows λ1 is a zero of the independence polynomial ZG for
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some graph G of maximum degree at most �, which is a contradiction as we assumed
λ0 ∈C \A� =C \Z�.

LEMMA 5·4. Let λ0 ∈C \A�. Assume the family R� is normal on some open neigh-
bourhood U of λ0 and that {RGn,vn(λ0)}n≥1 converges to μ ≤ −1/4 for a sequence of rooted
graphs {(Gn, vn)}n≥1 in G1

�. Then {RGn,vn}n≥1 converges to μ locally uniformly on U.

Proof. If this is not the case then, as in the previous lemma, we may assume that
{RGn,vn}n≥1 converges locally uniformly to a non-constant holomorphic function f with
f (λ0) = μ. By Rouché’s theorem we can find λ1 ∈ U and n sufficiently large so that
RGn,vn(λ1) = μ, by the same argument as in the previous lemma.

Consider the family of rooted graphs {(G̃k, wk)} obtained by implementing (Gn, vn) in
every vertex of the rooted paths (Pk, wk), where Pk is the path with k vertices and wk is one
of its extreme vertices. Since vn has degree 1, the graph G̃k has maximum degree at most �.
Hence by Lemma 2·6 we have

RG̃k ,wk
(λ) = f k

RGn ,vn (λ)(0).

By Lemma 3·4 the family {RPk ,wk} = {λ �→ f k
λ (0)} is non-normal at λ = μ, and therefore the

family {RG̃k ,wk
} is non-normal at λ1, contradicting the fact that the family R� is normal

on U.

LEMMA 5·5. Assume there is a λ0 ∈D� with λ0 
∈A�. Denote U for an open neigh-
bourhood of λ0 on which the family R� is normal. Assume that {RGn,vn(λ0)}n≥1 converges
to μ ∈R for a sequence of rooted graphs {(Gn, vn)}n≥1 in G�−1

� . Then {RGn,vn}n≥1 converges
to μ locally uniformly on U.

Proof. If μ = −1 the result follows by Lemma 5·3. We may therefore assume that
μ 
= −1. Recall that we denote fλ(z) = λ/(1 + z). We will show for each μ ∈R there exists
μ1, μ2, μ3 ≤ −1/4 so that

fμm ◦ · · · ◦ fμ1(μ) = −1,

for some m ≤ 3. We distinguish between different cases:

(i) μ ≥ −3/4. Take μ1 = −1 − μ ≤ −1/4, one can check fμ1(μ) = −1;

(ii) μ < −1. Take μ1 = −1/4 and μ2 = 1 − fμ1(μ), then fμ1 (μ) > 0 > −3/4 and so μ2 ≤
−1/4. One can check fμ2 ◦ fμ1 (μ) = −1;

(iii) −1 < μ < −3/4. Take μ1 = μ2 = −1/4 and μ3 = 1 − fμ2 (fμ1(μ)), then fμ1(μ) < −1
so we see μ3 ≤ −1/4. One can check fμ3 ◦ fμ2 ◦ fμ1(μ) = −1.

We may assume that {RGn,vn}n≥1 converges locally uniformly on U to a holomorphic func-
tion f with f (λ0) = μ. We want to show f is constant on U. Since the set {RG,v(λ0) : (G, v) ∈
G1

�} is dense in Ĉ by assumption, we can choose sequences of rooted graphs {(Gi
n, vi

n)}n≥1

in G1
� so that {RGi

n,vi
n
(λ0)}n≥1 converges to μi for each i = 1, . . . , m. By Lemma 5·4 every

sequence {RGi
n,vi

n
}n≥1 converges locally uniformly on U to the constant function μi for

each i.
Consider for each n ≥ 1, the rooted graph (G̃n, vm

n ) obtained by implementing the rooted
graphs (Gn, vn), (G1

n, v1
n), . . . , (Gm

n , vm
n ) on the vertices of the path Pm+1 of length m. Note

that G̃n has maximum degree at most �.
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Fig 3. The rooted graph G̃n in the proof of Theorem 5·1.

It follows from Lemma 2·6 that

RG̃n,vm
n

(λ) = fRGm
n ,vm

n
(λ) ◦ · · · ◦ fR

G1
n ,v1

n
(λ) ◦ RGn,vn(λ).

By our choice of the μi the sequence of ratios {RG̃n,vm
n

(λ0)}n≥1 converges to fμm ◦ · · · ◦
fμ1(μ) = −1. Hence by Lemma 5·3 the sequence of ratios {RG̃n,vm

n
}n≥1 converges locally

uniformly to the constant function −1. Furthermore the sequence of ratios {RG̃n,vm
n
}n≥1

converges to the function F := fμm ◦ · · · ◦ fμ1 ◦ f . As fμm ◦ · · · ◦ fμ1 (z) is a non-constant
holomorphic function and F = −1 on U, it follows that f is constant on U, as desired.

We are now ready to prove Theorem 5·1.

Proof of Theorem 5·1. Assume for the purpose of a contradiction that there exists
λ0 ∈D1

� with λ0 
∈A�. We note that by Lemma 2·10 we know λ0 
= 0. Throughout the
proof denote U for an open neighbourhood of λ0 on which the family R� is normal; we
may assume 0 
∈ U by taking U small enough. Assume first that λ0 is not purely imaginary.
Consider the real number c = −|λ0|2/2Re λ0 and notice that

λ2
0

λ0 + c
= 2Re λ0 ∈R.

Choose two sequences of rooted graphs {Gn, vn}n≥1, {(Hn, wn)}n≥1 in G1
� so that the

sequences of ratios {RGn,vn(λ0)}n≥1 and {RHn,wn(λ0)}n≥1 converge to respectively 1 and c.
By Lemma 5·5 we must have that these sequences of ratios converge locally uniformly on
U to the respective constants 1 and c.

Consider the sequence of graphs G̃n≥1 constructed by merging vn and wn and by then
connecting this vertex to a vertex ṽn. See Figure 3 for an illustration.

It follows from Lemma 2·6 and Lemma 2·9 for all λ ∈ U that

RG̃n ,̃vn
(λ) = λ

1 + λ−1RGn,vn(λ) RHn,wn(λ)
,

where we use 0 
∈ U. Therefore the sequence of holomorphic functions {RG̃n ,̃vn
}n≥1 con-

verges locally uniformly on U to the function f (λ) = λ2/(λ + c) as n → ∞. Note that f is
not a constant function, and that f (λ0) ∈R, contradicting Lemma 5·5. This contradiction
completes the proof for λ0 not purely imaginary.

Assume instead that λ0 is purely imaginary and let (G, v) ∈ G1
� so that RG,v(λ0) is

not purely imaginary. For c ∈R to be determined later choose again two sequences of
rooted graphs {Gn, vn}n≥1, {(Hn, wn)}n≥1 in G1

� such that sequences {RGn,vn(λ0)}n≥1 and
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{RHn,wn(λ0)}n≥1 converge to 1 and c respectively. Define for each n ≥ 1, (G̃n, ṽn) as above
and let (Kn, vn) be the rooted graph obtained from the disjoint union of (G̃n, ṽn) and (G, v)
by identifying the vertex ṽn with v. It follows from Lemma 2·6 and Lemma 2·9 for λ ∈ U
that

RKn,vn(λ) = RG,v(λ)

1 + λ−1RGn,vn(λ) RHn,wn(λ)
,

where we use 0 
∈ U. Thus in order to follow the same argument as before we require c ∈R

for which

λ0 · RG,v(λ0)

λ0 + c
∈R.

It is clear that such real number c exists, hence the identical argument leads to the desired
contradiction.

We will now show the other inclusion A� ⊆ D� also holds for all � ≥ 3. We first show
the inclusion holds for non-real parameters λ ∈A�.

THEOREM 5·6. Let � ≥ 3 and suppose that the family R� is not normal in any neigh-
bourhood of λ0 ∈C \R≤0. Then there exists λ1 arbitrarily close to λ0 for which the set
{RG,v(λ1) : (G, v) ∈ G1

�} is dense in Ĉ.

Proof. Because Z� =A� there exists λ2 arbitrarily close to λ0 for which there is a graph
G of maximum degree at most � such that ZG(λ2) = 0. We claim that we can assume λ2 
∈R.
This is clear if λ0 
∈R. Moreover, if λ0 ∈R then λ0 is a strictly positive real number. Because
ZG(x) > 0 for any positive real number x, it follows that λ2 is necessarily not real as long as
it is sufficiently close to λ0.

By Lemma 2·3 there is a rooted tree (T , v) ∈ G1
� such that RT ,v(λ2) = −1. Since the ratio-

nal function λ �→ RT ,v(λ) is non-constant, it is an open map. The image of a neighbourhood
of λ2 therefore contains a small open real interval around −1. Recall that Lemma 3·2 states
that for μ ∈ (−∞, −1/4) the map fμ : z �→ μ/(1 + z) is conjugate to a rotation w �→ eiθ · w.
Furthermore, by comparing tr2 of both maps, it is not hard to see that those parameters μ

for which fμ is conjugate to an irrational rotation lie dense in (−∞, −1/4). Therefore we
can choose a λ1 ∈C \R arbitrarily close to λ2 such that for μ := RT ,v(λ1) the map fμ is
conjugate to an irrational rotation. From now on μ is fixed to be this value.

Let p, q be the two fixed points of the transformation fμ. In Section 3.1 we explained that
Ĉ \ {p, q} is foliated by generalized circles invariant under fμ, and on which fμ acts conjugate
to an irrational rotation. We denote the generalized circle through z by Cz, and write Cq and
Cp for {q} and {p} respectively. The map z �→ Cz is continuous as a map from Ĉ to the space
{K ⊆ Ĉ : K compact} equipped with the Hausdorff metric.

Our aim is to show that R1
�(λ1) is dense in Ĉ. We first claim that if w ∈R1

�(λ1), then
R2

�(λ1) ∩ Cw is dense in Cw.
To prove the claim, let (H, u) ∈ G1

� be a rooted graph such that RH,u(λ1) = w. Let G̃n as
follows be obtained from the path Pn+1 on n + 1 vertices, labeled v0 up to vn, by implement-
ing (H, u) at v0 and the rooted tree (T , v) at the remaining n vertices of Pn+1, see Figure 4.
Now by Lemma 2·6 we have

RG̃n,vn
(λ1) = f n

μ(RH,u(λ1)) = f n
μ(w).
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Fig 4. The graph (G̃n, vn) in the proof of the claim.

Fig 5. The generalised circles λ1 · R̂ and R̂ intersect in the points 0 and ∞. A region around 0 is
drawn. The open set U is shaded in gray. Examples of generalised circles Cw that intersect λ1 · R̂
transversely are drawn with dashed lines, while examples of circles that do not intersect λ1 · R̂
are drawn with dotted lines.

Observe that for each n ≥ 1 we have (G̃n, vn) ∈ G2
�. Because fμ acts conjugately to an

irrational rotation on Cw it follows that R2
�(λ1) ∩ Cw is dense in Cw.

Because μ ∈R1
�(λ1) and Cμ = R̂ := R∪ {∞} it follows from the claim that R2

�(λ1) ∩ R̂

is dense in R̂. Observe that fλ1 (R̂) = λ1 · R̂. So by attaching a vertex at the root with an edge,
we obtain that R1

�(λ1) ∩ λ1 · R̂ is dense in λ1 · R̂.
The set

U = {z ∈ Ĉ:Cz intersects λ1 · R̂ transversely}
is an open set in Ĉ, see Figure 5. Because λ1 
∈R we see that C−1 = R̂ intersects λ1 · R̂
transversely, and thus −1 ∈ U. The set U is contained in ∪w∈λ1·R̂Cw. Because R1

�(λ1) ∩
λ1 · R̂ is dense in λ1 · R̂, it follows that ∪w∈R1

�(λ1)Cw is dense in U. From the claim we

proved earlier, it follows R2
�(λ1) is dense in U. Attaching a vertex to the root of a tree in

G2
� with ratio r yields a rooted tree in G1

� with ratio fλ1 (r), and thus R1
�(λ1) is dense in the

neighbourhood U∞ := fλ1 (U) of ∞.
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For two rooted trees (T1, v1) ∈ G1
� and (T2, v2) ∈ G2

� with ratios r1 and r2 respectively
we can define the rooted tree (T3, v1) ∈ G2

� by adding an edge between the roots of T1 and
T2 and considering v1 the root of the obtained tree. By Lemma 2·6 the ratio of (T3, v1) is
given by

F(r1, r2) := fr1 (r2) = r1

1 + r2

under the assumption that this fraction is well defined, i.e., (r1, r2) 
∈ {(0, −1), (∞, ∞)}. It is
not hard to see that

F(U∞ × R̂ \ {(0, −1), (∞, ∞)}) = Ĉ.

Because R1
�(λ1) is dense in U∞ and R2

�(λ1) is dense in R̂ it follows that R2
�(λ1) is dense

in Ĉ. We finally conclude that R1
�(λ1) is dense in fλ1 (Ĉ) = Ĉ.

We can now finally prove the inclusion A� ⊆D� building on Proposition 6 of [BGGŠ20]
to deal with the real parameters λ ∈A�.

THEOREM 5·7. Let � ≥ 3. Then the activity locus is contained in the density locus, i.e.
A� ⊆D�.

Proof. Let λ0 ∈A�. If λ0 ∈C \R≤0, then λ0 ∈D� follows from Theorem 5·6.
We know Z� =A�. By Remark 2·11 we know that

Z� ∩R≤0 =R≤0 \ int(��)

for all � ≥ 3. Proposition 6 of [BGGŠ20] implies that C \ (R∪ ��) ⊆D� for � ≥ 3. Hence
it follows that R≤0 \ int(��) ⊆D�, which completes the proof.

6. Density implies #P-hardness

In this section we will show that the density-locus is contained in the #P-locus. To prove
our result we will need to to show ‘exponential’ density for ratios of a specific family of
trees: we need to get ε-close to a given point P ∈Q[i] with ratios of trees of size at most
O( log (1/ε) + size(P)). Here size(P) denotes the sum of the bit sizes of the real and imag-
inary part of P. Moreover, we denote for rational ε > 0 by size(ε, P) the sum of the the bit
size of ε and size(P).

Let λ0 ∈C \R. Then the Möbius transformation fλ0 is loxodromic (cf. Section 3.1) and
hence has a repelling fixed point, which we denote by z0.

Let

A := {z ∈C : 2π/3 − 0.01 < arg z < 2π/3, 1/17 < |z| < 1/16}. (6·1)

Let T = {(G1, v1), . . . , (GM , vM), (G1, v1), . . . , (GM , vM} be a family of rooted trees and U
an open disk containing z0. The pair (T , U) is called a fast implementer for λ0 if the ratios
μi := RGi,vi and χi := RGi,vi

are such that the maps gi := fμi ◦ fχi are loxodromic and satisfy:

(i) the attracting fixed point zi of gi lies in U for all i;

(ii) U ⊆ ⋃M
i=1 gi(U);

(iii) gi
′(z) ∈ A for all i and all z ∈ U;
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and the disk U is such that:

(i) U ⊂ fλ0 (U);

(ii) U does not contain the attracting fixed point of fλ0 ;

(iii) U has three rational points on its boundary.

We have the following results concerning fast implementers.

LEMMA 6·1. Let � ≥ 3 be an integer. Let λ0 ∈D�. Then there exists a fast implementer
(T , U) for λ0.

LEMMA 6·2. Let λ0 ∈C \R and assume that there exists a fast implementer

({(G1, v1), . . . , (GM , vM), (G1, v1), . . . , (GM , vM)}, U)

for λ0. Then, given P ∈C and ε > 0 there exists an algorithm that yields a sequence of
ratios

w1, . . . , wK ∈ {λ0} ∪
M⋃

i=1

{μi := RGi,vi , χi := RGi,vi
}

such that |(fwK ◦ · · · ◦ fw1 )(0) − P| < ε, wK = λ0 and K =O( max ( log (1/ε), log (|P|/ε))).
If λ0 ∈Q[i] and the input parameters P, ε are also in Q[i] then the algorithm runs in
poly(size(P, ε)) time.

We provide proofs for these lemmas in the next subsection, but first we collect some
consequences.

COROLLARY 6·3 Let � ≥ 3 be an integer. The set D� is an open set.

Proof. Let λ0 ∈D�. Let (T , U) be fast implementer, as guaranteed to exist by
Lemma 6·1. For λ nearby λ0 we still have that the repelling fixed point of fλ is contained in
U, its attracting fixed point does not lie in U and U ⊂ fλ(U). In other words (T , U) is a fast
implementer for λ. Therefore applying the algorithm of Lemma 6·2 to λ we obtain that the
collection of values {RG,v(λ) | (G, v) ∈ G1

�} is dense in Ĉ and hence λ ∈D�.

For our next corollary we first need a result about the set

E� := {λ ∈Q[i] | ZG(λ) = 0 for some G ∈ G�}.
LEMMA 6·4. Let � ≥ 3 be an integer. Then the collection E� is contained in the set

{
(a + ib)−1 | a, b ∈Z, 0 <

√
a2 + b2 ≤ ��

(� − 1)�−1

}
.

Proof. Let λ ∈ E�. Then there exists a graph G = (V , E) such that 1/λ is a root of P(z) :=
z|V|ZG(1/z). Now P is a monic polynomial and therefore 1/λ ∈Z[i] (since Z[i] is integrally
closed by Gauss’s lemma). We also know that |1/λ| ≤ ��/(� − 1)�−1 by Lemma 2·10.
This proves the lemma.
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COROLLARY 6·5. Let � ≥ 3 be an integer. Let λ0 ∈ (D� ∩Q[i]) \ E�. Then given P ∈
Q[i] and rational ε > 0 there exists an algorithm that generates a rooted tree (T,v) such that
|RT ,v(λ0) − P| ≤ ε and Zout

T ,v(λ0) 
= 0, and outputs Zin
T ,v(λ0) and Zout

T ,v(λ0) in time bounded by
poly(size(ε, P)).

Proof. We first perform a brute force, but constant time, computation to obtain a fast
implementer ({(G1, v1), . . . , (GM , vM), (G1, v1), . . . , (GM , vM}, U) for λ0. Denote for i =
1, . . . , M, μi := RGi,vi and χi := RGi,vi

and gi := fμi ◦ fχi .
The algorithm of Lemma 6·2 applied to P now returns in time poly(size(ε, P)) a sequence

of ratios ω1 . . . , ωK ∈ {λ0} ∪ ⋃M
i=1{μi, χi} that, by Lemma 2·6, correspond to the implemen-

tation of the trees Gi and Gi on a path with K =O( max ( log (1/ε), log (|P|/ε))) vertices.
The resulting rooted tree (T , v) has maximum degree at most � and root degree 1 and sat-
isfies |RT ,v(λ0) − P| ≤ ε. Denote the rooted tree corresponding to the sequence ω1, . . . ωi by
(Ti, ui). Then (Ti+1, ui+1) is obtained from (Ti, ui) by adding the edge {vi+1, ui} to Ti and
gluing a rooted tree (H, v) ∈ {K1, (Gj, vj), (Gj, vj) | j = 1, . . . , M} to ui+1 (here K1 denotes a
single vertex.) We then have(

Zin
Ti+1,ui+1

(λ0), Zout
Ti+1,ui+1

(λ0)
)

=
(

Zin
H,v(λ0)Zout

Ti,ui
(λ0), Zout

H,v(λ0)ZTi(λ0)
)

. (6·2)

Note that (6·2) describes a simple recurrence to compute Zin
T ,v(λ0) and Zout

T ,v(λ0) in time linear
in the number of vertices of T .

Finally, we remark that Zout
T ,v(λ0) 
= 0 since λ0 /∈ E� by assumption.

We can now prove the desired inclusion of the density-locus in the #P-locus.

THEOREM 6·6. For any integer � ≥ 3 the density-locus D� is contained in the #P-locus
#P�.

Proof. We will show that for any λ0 ∈ (D� ∩Q[i]) \ E� the computational problem
#Hard-CoreNorm(λ0, �) is #P-hard. Since D1

� is an open set and E� is finite, this implies
the theorem.

This in fact follows directly from the work of [BGGŠ20]. Let us briefly indicate why.
In [BGGŠ20, section 6] the authors show that a polynomial time algorithm for #Hard-
CoreNorm(λ0, �) combined with the statement of Corollary 6·5 for λ0 yields an algorithm
that on input of a graph G of maximum degree at most � exactly computes ZG(1), the
number of independent sets of G, in polynomial time in the number of vertices of G. (The
algorithm is obtained by cleverly utilising Corollary 6·5 for suitable choices of P and gluing
combinations of the obtained trees to G and applying the assumed algorithm for #Hard-
CoreNorm(λ0, �) to the resulting graph.) Since determining ZG(1) is a known #P-complete
problem, this implies that #Hard-CoreNorm(λ0, �) is #P-hard.

We note that our result does not allow us to say anything about the complexity of #Hard-
CoreNorm(λ0, �) for λ0 ∈ ∂(D�) ∩Q[i]. For example, for λ0 ∈ ∂(D�) ∩Q≤0 it follows
from [BGGŠ20] that the problem #Hard-CoreNorm(λ, �) is #P-hard. For λ ∈Q such that
λ ≥ λc(�) := (� − 1)�−1)/(� − 2)� we know from [BGGŠ20] that λ ∈ ∂(D�), while the
complexity of #Hard-CoreNorm(λc(�), �) is unknown. For λ > λc(�) the problem Hard-
CoreNorm(λ, �) is only known to be NP-hard [SS14], and unlikely to be #P-hard cf.
[BGGŠ20].
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6·1. Proofs of Lemma 6·1 and Lemma 6·2
The next lemma directly implies Lemma 6·1.

LEMMA 6·7. Given z0 ∈C \ {−1, 0}, a dense subset D of C∗ and a non-empty open sub-
set A of the unit disk D then there exists a finite set of tuples {(μi, χi)}M

i=1 ⊂ D × D and
an arbitrarily small open disk U ⊆C containing z0 such that the maps gi := fμi ◦ fχi are
loxodromic Möbius transformations and:

(i) the attracting fixed point zi of gi lies in U for all i;

(ii) U ⊆ ⋃M
i=1 gi(U);

(iii) gi
′(z) ∈ A for all i and all z ∈ U.

Proof. We denote gμ,χ = fμ ◦ fχ throughout this proof. Note gμ,χ is a Möbius transfor-
mation for μ, χ 
= 0. Without loss of generality assume that A is bounded away from 0.
Take α ∈ A such that α 
= z0/(z0 + 1). Note that χ0 = (z0 + 1)2α/(z0 − (z0 + 1)α) and μ0 =
z0(z0 + χ0 + 1)/z0 + 1 are nonzero and well defined as z0 
= −1, 0 and α 
= z0/z0 + 1, 0.
Furthermore we have gμ0,χ0 (z0) = z0 and gμ0,χ0

′(z0) = α.
Define F:(C∗)2 ×C→ Ĉ as F(μ, χ , z) = gμ,χ (z) − z. Now as ∂F

∂z (μ0, χ0, z0) = α − 1 
= 0,
the implicit function theorem gives an open neighbourhood W of (μ0, χ0) and a holomorphic
function h:W →C with h(μ0, χ0) = z0 and F(μ, χ , h(μ, χ)) = 0 for all (μ, χ) ∈ W. As h is
a non-constant holomorphic map, it is an open map and so h(W) is an open neighbourhood
of z0.

Let B ⊆ A be an open set in C with α ∈ B and B ⊆ A. Denote H(μ, χ , z) = (∂gμ,χ/∂z)(z) =
μχ/(1 + z + χ)2, note that H is continuous as a function on C3 \ {(μ, χ , z) : χ + z + 1 = 0}.
It follows there is an open neighbourhood C of z0 such that we have H(μ0, ξ0, z) ∈ B for all
z ∈ C. We have {(μ0, χ0)} × C ⊆ H−1(B) ⊆ H−1(A). As H−1(A) is an open subset of C3 \
{(μ, χ , z) : χ + z + 1 = 0} containing the set {(μ0, χ0)} × C, by a compactness argument it
follows that H−1(A) contains a set of the form L × C, for some open neighbourhood L of the
point (μ0, χ0). Hence the set Y := L ∩ W ∩ h−1(C) is an open neighbourhood of (μ0, χ0)
and so h(Y) is an open neighbourhood of z0.

Take U ⊂ h(Y) an open disk containing z0, such that U ⊂ h(Y). Note that we can take U
arbitrarily small. By construction, we have for all (μ, χ) ∈ Y that gμ,χ

′(z) ∈ A for all z ∈ U.
Furthermore, we have F(μ, χ , h(μ, χ)) = 0, so h(μ, χ) is the attracting fixed point of gμ,χ .
Note D × D is dense in h−1(U), hence the fixed points of gμ,χ for (μ, χ) ∈ h−1(U) ∩ (D × D)
lie dense in U. There is a uniform lower bound on the diameters of the disks gμ,χ (U)
for (μ, χ) ∈ h−1(U), because g′

μ,χ (z) ∈ A for all z ∈ U and A is bounded away from 0.
Therefore {

gμ,χ (U) : (μ, χ) ∈ h−1(U) ∩ (D × D)
}

is an open cover of U. As U is compact, there is a finite set of tuples {(μi, χi)}M
i=1 ⊆ h−1(U) ∩

(D × D) such that U ⊆ ∪M
i=1gμi,χi(U). We thus found the desired set of tuples in D × D and

the open disk U containing z0.

We next focus on proving Lemma 6·2. To this end let λ0 ∈C \R and let

({(G1, v1), . . . , (GM , vM), (G1, v1), . . . , (GM , vM)}, U)
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Fig. 6. An example of two orbits with the same initial value converging to zi under iteration of
two different maps. For the dark gray orbit converging horizontally to zi the derivative at zi is
real. For the light gray orbit the derivative at zi has the same magnitude, while its argument is a
little less than 2π/3.

be a fast implementer for λ0. We fix these throughout this section. We denote the repelling
fixed point of fλ0 by z0 and we denote for i = 1, . . . , M, μi := RGi,vi , χi := RGi,vi

and gi :=
fμi ◦ fχi . We distinguish between the case that P is close to the attracting fixed point of fλ0

and the case that it is not. In the first case the algorithm is much simpler.
Let a be the attracting fixed point of fλ0 . Because fλ0 (∞) = 0 we observe that ∞ is not

a fixed point and thus a ∈C. Suppose that |P − a| ≤ ε/2. Choose δ > 0 for which there is a
constant η < 1 such that |fλ0

′(z)| < η for all z ∈ B(a, δ). The point 0 is not a fixed point of fλ0

because fλ0 (0) = λ0 
= 0 and thus f n
λ0

(0) converges to a as n → ∞. It follows that there is a

constant N0 such that f N0
λ0

(0) ∈ B(a, δ). Note that the value of N0 does not depend on the input
parameters. Now let Nε = max {�logη ( ε

2δ
)�, 0} + 1. Then for any w ∈ B(a, δ) we have

|f Nε

λ0
(w) − a| < ηNε |w − a| < ε/2

and thus for K = N0 + Nε we have

|f K
λ0

(0) − P| ≤ |f Nε

λ0
(f N

λ0
(0)) − a| + |a − P| < ε/2 + ε/2 < ε.

Because K =O( log (1/ε)) this describes the algorithm when |P − a| ≤ ε/2.
The case that |P − a| > ε/2 is more involved and we will describe the algorithm as a

sequence of simpler subroutines. Just as in Lemma 6·7 let zi denote the attracting fixed point
of gi. We will show first show that, given a parameter Q that is at most distance ε away from
some zi, we only have to apply gi to the starting value 0 an O( log (1/ε)) number of times
to get ε close to Q. Morally, this should be true because after a fixed number of steps the
orbit of 0 converges exponentially quickly to zi and because zi is close to Q the orbit should
also get close to Q. The only way that this reasoning could be incorrect is if zi and Q are
almost ε apart and the orbit of 0 converges to zi from the wrong direction. An example of
this is given by the dark gray orbit in Figure 6. This is the reason that we required gi

′(zi)
to have an argument close to 2π/3 in which case the above reasoning is correct as the light
gray orbit in Figure 6 demonstrates. In the following proof most time is spent on making this
precise.
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LEMMA 6·8. There exists an algorithm that, given ε > 0, Q ∈C and i ∈ {1, . . . , M} such
that |Q − zi| < ε, yields an integer K such that |gK

i (0) − Q| < ε, where K =O( log (1/ε)). If
λ0 ∈Q[i] and the input parameters Q, ε lie in Q[i] then the algorithm runs in poly(size(Q, ε))
time.

Proof. Let δ be such that B(zi, δ) ⊆ U and let ε′ = min{ε/2, δ}. Note that gi(0) =
μi/(1 + χi) 
= 0 and thus 0 is not a fixed point of gi. Because zi is the attracting fixed
point of gi we can find (in a similar way as described above) a positive integer K̃ that
is O( log (1/ε′)) =O( log (1/ε)) such that |gK̃

i (0) − zi| < ε′. If |Q − zi| ≤ ε/2 we are done
because then

|gK̃
i (0) − Q| ≤ |gK̃

i (0) − zi| + |Q − zi| < ε′ + ε/2 ≤ ε.

So from now on we assume that |Q − zi| > ε/2. Define the following sector S of B(zi, ε′)

S = {zi + ξ ·
(

Q − zi

|Q − zi|
)

: |ξ | < ε′, −π/3 ≤ arg (ξ ) ≤ π/3}.

We claim that S ⊆ B(Q, ε). To show this note that∣∣∣∣Q −
[

zi + ξ ·
(

Q − zi

|Q − zi|
)]∣∣∣∣ = |Q − zi| ·

∣∣∣∣1 − ξ

|Q − zi|
∣∣∣∣ < ε ·

∣∣∣∣1 − ξ

|Q − zi|
∣∣∣∣ .

If ξ is as in the definition of S the complex number ξ/|Q − zi| has its argument between
−π/3 and π/3. Furthermore, because |ξ | < ε/2 and |Q − zi| > ε/2, its norm is bounded
above by 1. It follows that the norm of 1 − ξ/|Q − zi| is at most 1. Indeed, because
|1 − reiφ|2 = 1 + r2 − 2r cos (φ), the statement |1 − reiφ| ≤ 1 is equivalent to r = 0 or r ≤
2 cos (φ), and the latter is satisfied for all 0 ≤ r ≤ 1 and −π/3 ≤ φ ≤ π/3. The claim follows.

We now claim that for w ∈ B(zi, ε′) the intersection of {w, gi(w), g2
i (w), g3

i (w)} with S is
not empty. Note that because ε′ ≤ δ we have that B(zi, ε′) ⊆ U and thus g′(w) ∈ A for every
w ∈ B(zi, ε′). It follows that applying gi to w has the effect of rotating around zi with an angle
strictly between 2π/3 − 0.01 and 2π/3 and contracting towards zi. Therefore applying gi to
w three times has the effect of rotating w a little less than a full circle around zi, with steps
that are strictly less than 2π/3 radians. Because the internal angle of the sector S is 2π/3 the
orbit w, gi(w), g2

i (w), g3
i (w) cannot miss S.

To summarize the algorithm, define ε′ and determine K̃ such that gK̃
i (0) ∈ B(zi, ε′). Then

determine a j ∈ {0, 1, 2, 3} such that |gK̃+j
i (0) − Q| < ε. We have shown that there exists at

least one such j. The output of the algorithm is K = K̃ + j.

We shall now describe an algorithm that does the following. Given a disk D of radius ε

inside U, it returns an index i, a disk D̃ of radius at least ε containing zi and a sequence of
indices j1, . . . , jK such that (gj1 ◦ · · · ◦ gjK−1 )(D̃) ⊆ D. To describe the computational com-
plexity of this algorithm, we need a finite way to represent disks in the complex plane.
A pleasant way for our purposes is to represent an open disk D by three distinct points
P1, P2, P3 on its boundary. This is an unambiguous way to represent a disk because three
different points on a circle uniquely determine that circle. If P1, P2, P3 ∈Q[i] we say that
the disk D is rational and that size(D) = size(P1) + size(P2) + size(P3).

Recall that a Möbius transformation maps generalised circles (circles and straight lines)
to generalised circles. In what follows, we will apply Möbius transformations to disks in
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the complex plane. We shall make sure that the image of the disks involved is always again
a disk in the complex plane and not the complement of a disk or a half-plane as it could
in general be. Therefore, if D is a disk represented by P1, P2 and P3 and g is one of the
Möbius transformations, then g(D) will be a disk represented by g(P1), g(P2) and g(P3).
Note that if D is rational and g has rational coefficients then g(D) is a again rational. The
Möbius transformations that we will apply come from a fixed finite set and thus there is a
fixed constant C for which size(g(D)) ≤ C · size(D).

Let us denote Pj = xj + iyj for j ∈ {1, 2, 3}. The center cD = x + yi of the disk D is known
as the circumcenter of the triangle with vertices P1, P2 and P3. The coordinates of cD can be
calculated using the well known and easy to derive formulas

x = (x2
1 + y2

1)(y2 − y3) + (x2
2 + y2

2)(y3 − y1) + (x2
3 + y2

3)(y1 − y2)

2(x1(y2 − y3) + x2(y3 − y1) + x3(y1 − y2))
,

y = (x2
1 + y2

1)(x3 − x2) + (x2
2 + y2

2)(x1 − x3) + (x2
3 + y2

3)(x2 − x1)

2(x1(y2 − y3) + x2(y3 − y1) + x3(y1 − y2))
.

We note that if D is rational, then cD is rational and can be computed in time linear in
size(D). We can also decide whether a given point Q ∈Q[i] lies in a given rational disk D in
time linear in size(Q) and size(D).

We next need a lemma concerning a geometric construction involving disks.

LEMMA 6·9. There exists an algorithm that, given two disks A, B in the complex plane
for which the center of A is contained in B and B is not contained in A, returns a disk
D contained in both A and B, such that the area of D is at least 1/128 times that of A.
Furthermore, if A and B are rational then D is rational and both the running time of the
algorithm and size(D) are bounded by a fixed constant times size(A, B).

Proof. For a disk D we denote its center by cD and its radius by rD and recall that if D is
rational then cD is rational and can be computed efficiently. For two distinct points P, Q on
the boundary of D we denote the closed counterclockwise arc from P to Q by ArcD(P, Q)
and we denote the sector given by the convex hull of ArcD(P, Q) and cD by SecD(P, Q). We
note that the internal angle of both ArcD(P, Q) and SecD(P, Q) is given by the arclength of
ArcD(P, Q) divided by rD. We claim that either a sector of A whose internal angle is greater
than 2π/3 is contained in the closure of B or a sector of B whose internal angle is greater
than 2π/3 is contained in the closure of A.

If the boundaries of A and B either do not intersect or intersect in one point then A is
contained in B and the claim is obvious. Otherwise let S1, S2 be the two intersection points
such that ArcA(S1, S2) is contained in B and thus ArcB(S2, S1) is contained in A, see Figure 7.
Consider the quadrilateral �cBS1cAS2 and suppose towards contradiction that the internal
angles at both cA and cB are at most 2π/3, then the sum of the internal angles at S1 and S2 is
at least 2π/3 and since they are equal by symmetry the internal angle at S1 is at least π/3.
By then considering the triangle �cBS1cA it should follow that |cB − cA| ≥ |cB − S1| = rB,
which contradicts the assumption that cA is contained in B. We therefore find that either the
angle ∠S2cBS1 or ∠S2cAS1 is at least 2π/3. If the latter is the case then both ArcA(S1, S2)
and cA are contained in the closure of B and thus the same is true for SecA(S1, S2). If the
angle ∠S2cAS1 is less than 2π/3, then ∠S2cBS1 is at least 2π/3. It follows that ∠cAcBS1 is
the largest internal angle of the triangle �cBS1cA and thus |cA − cB| < |cA − S1| = rA, from
which it follows that cB is contained in A. So in this case SecB(S2, S1) is contained in A.
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Fig 7. An illustration of the disk A and B such that the arc along B between S2 and S1 is contained
in A and the arc along A between S1 and S2 is contained in B in the proof of Lemma 6·9.

Fig 8. An illustration of how the disk D sits inside SecA(Q1, Q2) in situation (i), on the left and
situation (ii), on the right.

For the algorithm we do not need to know whether a large sector of B is contained in A
or vice versa. Assume for simplicity that a sector S of A with internal angle at least 2π/3 is
contained in B. Take S to be as large as possible. In the case that A is contained in B we let
S = A. Let P0 denote one of the given (rational) points on the boundary of A. Now for i =
0, 1, 2 inductively define Pi+1 as Pi rotated around cA with an angle of π/2. Calculating these
points is computationally easy because Pi+1 = cA + i(Pi − cA). Now one of the following is
guaranteed to be the case:

(i) two consecutive points Pi and Pi+1 are contained in S;

(ii) there is a unique index i such that Pi ∈ S.

Determining which of the two cases is true is easy since checking membership of S is
equivalent to checking membership of B. In the first case we note that SecA(Pi, Pi+1) is
contained in both the closures of A and B. Now let R = (Pi + Pi+1)/2 and cD = (cA + 3R)/4
and let D be the disk with center cD and the point R on the boundary, see Figure 8. It can be
checked that D is now contained in SecA(Pi, Pi+1) and its area is 1/32 that of A.

In the second case note that the arc ArcA(Q1, Q2) containing Pi such that the internal angle
of both ArcA(Q1, Pi) and ArcA(Pi, Q2) is π/6 contained in S, otherwise, since the internal
angle of S is at least 2π/3, S has to contain two consecutive points Pi and Pi+1. Now let D
be the disk with center (cA + 3Pi)/4 containing Pi on its boundary, see Figure 8. It can be
checked that D is contained in SecA(Q1, Q2) and its area is 1/16 that of A.
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The algorithm above is only guaranteed to successfully return a disk contained in both
A and B if a large sector of A is contained in B. Therefore we have to run the algorithm
described above (and let it fail if neither of the two described cases is true) and run the same
algorithm with the roles of A and B reversed. If both instances of the algorithm return a disk,
say D1 and D2, then at least one of them is contained in both A and B but the other one might
not be. So in this case we have to run one final check to see which one of the two disks is
indeed contained in both A and B (which is computationally easy). If they both are we can
return either D1 or D2.

In conclusion we obtain a disk D contained in both A and B that is either at least 1/32
of the area of A or 1/32 of the area of B. Because the area of B is at least 1/4 that of A
(otherwise rB < rA/2 and cA ∈ B would imply B ⊆ A), we can conclude that the area of D is
at least (1/4) · (1/32) = 1/128 that of A.

LEMMA 6·10. There exists an algorithm that, given a disk D1 ⊆ U with radius ε, returns
an index i ∈ {1, . . . , M}, a sequence of indices j1, . . . , jK ∈ {1, . . . , M} and a disk DK such
that zi ∈ DK, the radius of DK is at least ε and (gj1 ◦ · · · ◦ gjK−1)(DK) ⊆ D1. Furthermore,
K =O( log (1/ε)). If λ0 ∈Q[i] and D1 and ε are both rational then DK is rational and the
algorithm runs in poly(size(D1, ε)) time.

Proof. For every index i let Ui = gi(U). Recall that we took U as a rational disk. Because
the derivative of gi is bounded on U, the image Ui is again a disk in the complex plane. If
λ0 is rational, the coefficients of gi are rational and then Ui is also rational. The point zi is
fixed for gi and contained in U, therefore, also contained in Ui. We describe a procedure
to generate a sequence of disks {Dn}n≥1, starting with the given disk D1. The sequence is
defined in such a way such that Dn ⊆ U for all n, which is, by assumption, the case for D1.

Suppose we have arrived at disk Dn ⊆ U. Check if there is any index i ∈ {1, . . . , M} such
that zi ∈ Dn, if there is stop the procedure and let K = n. Otherwise, let mn be the center of Dn

and determine an index jn ∈ {1, . . . , M} such that mn ∈ Ujn . Such an index must exist because
mn ∈ U and the disks U1, . . . , UM cover U. Because the center of Dn lies in Ujn but Ujn is
not contained in Dn (zjn does not lie in Dn) we can use Lemma 6·9 to generate a disk D̃n that
is contained in both Dn and Ujn whose area is at least 1/128 times that of Dn and which can
be assumed to be rational if Dn is. Now we define Dn+1 = g−1

jn
(D̃n). Because D̃n ⊆ Ujn the

disk Dn+1 lies in U and because D̃n ⊆ Dn the disk gjn(Dn+1) lies in Dn. Furthermore, by the
properties of the fast implementer, g−1

jn
is expanding the norm on Ujn with a factor at least

16, the area of Dn+1 is at least 162 · (1/128) = 2 times that of Dn. This means that the area
of Dn grows exponentially with n and thus, because the area of U is fixed, the procedure will
terminate after K =O( log (1/ε)) steps. Note that indeed zi ∈ DK for some i, the radius of
DK is at least that of D1 and (gj1 ◦ · · · ◦ jK−1)(DK) ⊆ D1.

Recall that we had defined a and z0 to be the attracting and repelling fixed point of fλ0

respectively. We have already described the algorithm in Lemma 6·2 when P is near a. What
follows is the final lemma needed to describe the algorithm when P is not near a.

LEMMA 6·11. There exists a fixed positive constant c and an algorithm that, given P ∈C

and ε > 0 such that |P − a| ≥ ε/2, yields a disk D ⊆ U and a positive integer K with f K
λ0

(D) ⊆
B(P, ε), such that the radius of D is at least c · min (ε, ε/|P|2) and K =O( log (1/ε)). If both
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λ0 and the input parameters are in Q[i] then D is also rational and both size(D) and the
running time of the algorithm is polynomial in size(P, ε).

Proof. Let V be a compact neighbourhood of a such that |fλ0
′(z)| < ξ < 1 for some con-

stant ξ for all z ∈ V . We first claim that there is an integer N such that the complement
of f N

λ0
(U) is contained in V . To show this let Un = f n

λ0
(U). Recall that we assumed that

U = U0 ⊆ U1 and thus inductively Un ⊆ Un+1. Under iteration of f −1
λ0

every initial point
that is not a converges to z0 and thus eventually lands in U. Therefore,

∞⋃
n=1

Un = Ĉ \ {a}.

For n large enough the point ∞ is contained in Un and from then on the sequence (Un)c

consists of nested disks, containing a, whose radii must necessarily converge to 0, proving
that there is an N such that (UN)c is contained in V . Note that N does not depend on the
input parameters. Let D0 be the interior of (UN)c, this is a rational disk whose size also does
not depend on the input, and let Di = f i

λ0
(D0) for i ∈ {1, 2, 3}. Let δ > 0 be a constant smaller

than the minimum distance between points on the boundary of Di and Di−1. From now on
we will assume that ε < δ. Finally let h = f −(N+3)

λ0
.

If P lies outside D2, then let D̃ be the disk of radius ε represented by P + ε, P + iε and
P − ε. Note that D̃ lies outside D3 and thus D = h(D̃) ⊂ U. Because the derivative of a
Möbius transformation of the form z �→ (az + b)/(cz + d) is z �→ (ad − bc)/(cz + d)2 there
is a constant c1 such that the radius of D is at least c1 · min (ε, ε/|P|2). In this case D and
K = N + 3 are the output of the algorithm.

If P lies inside D2 we determine N0 such that for PN0 := f −N0
λ (P) we have PN0 ∈ D1 and

PN0 
∈ D2. Because |P − a| ≥ ε/2 and D1 ⊂ V we find that N0 =O( log (1/ε)). Let D̃ be the
disk of radius ε represented by PN0 + ε, PN0 + iε and PN0 − ε. Note that again D̃ lies outside
D3 and thus D = h(D̃) ⊆ U. Furthermore, because D̃ ⊂ D0 ⊂ V and fλ0 is attracting on V it
follows that f N0

λ0
(D̃) ⊆ B(P, ε). Finally, if we let c2 be the minimum of |h′(z)| for z ∈ D0, we

find that the radius of D is at least c2 · ε. So in this case the output is the disk D together with
K = N0 + N + 3.

We are now ready to complete the proof of Lemma 6·2.

Proof of Lemma 6·2. Recall we had defined a to be the attracting fixed point of fλ0 and
that we already described the algorithm in the case that |P − a| < ε/2, therefore we assume
that |P − a| ≥ ε/2.

It follows from Lemma 6·11 that we can generate a disk D1 ⊆ U of radius r =
O( min {ε, ε/|P|2}) and whose size is polynomial in size(P, ε) together with a positive inte-
ger K1 that is O( log (1/ε)) such that f K1

λ0
(D1) is contained in B(P, ε). From Lemma 6·10 it

follows that we can find an index i ∈ {1, . . . , M}, a sequence of indices j1, . . . , jK2 and a disk
D2 such that zi ∈ D2, the radius of D2 is at least r, its size is polynomial in size(r, D1), which
is again polynomial in size(ε, P), and such that

(gj1 ◦ · · · ◦ gjK2
)(D2) ⊆ D1.

Furthermore K2 =O( log (1/r)) =O( max ( log (1/ε), log (|P|/ε))). Finally let Q be the cen-
ter of D2 and note that size(Q) is polynomial in size(D2). Then, because |Q − zi| < r, it
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follows from Lemma 6·8 that we can generate a K3 such that gK3
i (0) ∈ D2, where K3 =

O( log (1/r)) =O( max ( log (1/ε), log (|P|/ε))). Concluding, we find that

(f K1
λ0

◦ gj1 ◦ · · · ◦ gjK2
◦ ◦gK3

i )(0) ∈ B(P, ε).

Furthermore, adding the running times of the individual algorithms, we find that the final
algorithm runs in poly(size(P, ε)) time.

7. Activity and zeros for Cayley trees

For fixed � ≥ 2 notions such as the activity-locus and the zero sets can be considered
for subcollections of G�. Particularly interesting subcollections from a physical viewpoint
are given by subgraphs of regular lattices. However, it is notoriously difficult to rigorously
deduce the properties for such collections.

A much simpler collection of rooted graphs in G� is given by finite Cayley trees, and we
will describe the properties of those in this section. The trees are uniquely determined by
the conditions that every leaf has fixed distance n to the root vertex v, and every non-leaf has
down-degree d = � − 1. The root vertex therefore has degree d, while every other non-leaf
has degree �. We denote the Cayley tree of depth n by Tn, and its root by vn.

As an immediate consequence of Lemma 2·4 we obtain

RTn,vn(λ) = fλ,d(RTn−1,vn−1(λ)),

where fλ,d(z) = λ/(1 + z)d. Since the ratio of a single point is given by λ = fλ,d(0), it follows
inductively that

RTn,vn(λ) = f n+1
λ,d (0).

In fact, since

Zout
Tn,vn

(λ) = (
ZTn−1,vn−1(λ)

)d

and

Zin
Tn,vn

(λ) = λ
(

Zout
Tn−1,vn−1

(λ)
)d

it follows by induction on n that for λ ∈C \ {0} the polynomials Zin
Tn,vn

(λ) and Zout
Tn,vn

(λ)
cannot vanish simultaneously. For λ ∈C \ {0} it follows that ZTn(λ) = 0 if and only if
RTn,vn(λ) = f n

λ,d(0) = −1.
In what follows we deduce properties of the zeros of ZTn(λ) and the activity-locus of

f n
λ,d(0) from well-known results in the field of holomorphic dynamical systems, occasionally

adapting the proofs to our setting. We refer the reader to the standard references [CG93,
Mil06].

Observe that fλ,d(−1) = ∞ and fλ,d(∞) = 0, and f ′
λ,d(−1) = f ′

λ,d(∞) = 0. Thus if
f n
λ0,d(0) = −1 for some λ0 and n, then 0 is an attracting periodic cycle of period n + 2. This

cycle is stable under perturbations of λ0, i.e. the attracting cycle persists and in fact varies
holomorphically for nearby parameters λ ∼ λ0 by the implicit function theorem.

Recall that every attracting cycle attracts the orbit of a critical point. But fλ,d has only
one critical orbit: the orbit of −1, ∞ and 0. Thus whenever fλ,d has an attracting cycle,
the orbit f n

λ,d(0) converges to the attracting cycle. In fact, the convergence is uniform in a
neighbourhood of the parameter λ0, hence λ0 cannot lie in the activity-locus. The situation
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is therefore fundamentally different from the setting where the whole family of graphs G�

is considered, as there λ0 must lie in the activity-locus. The following however does hold:

PROPOSITION 7·1. The activity-locus of the family {Tn, vn} equals the collection of
accumulation points of the zeros of the collection {ZTn}.

Proof. If there are no zeros in a neighbourhood of some λ0, then the family {RTn,vn} avoids
the values 0, −1 and ∞, and is normal by Montel’s Theorem.

Suppose on the other hand that λ0 is an accumulation point of zeros λ1, λ2, . . .. Let
n1, n2, . . . be the minimal integers for which f ni(λi) = −1. Since for fixed n the zeros of
ZTn are isolated, we may assume that ni → ∞ and (ni) is strictly increasing.

When for a parameter λ the rational function f has an attracting periodic cycle, the unique
critical orbit {f n(0)}n≥1 must converge to this periodic orbit. Since attracting periodic cycles
are stable, i.e. they persist under small changes of the parameter λ, such parameters lie in a
passivity component, i.e., a maximal connected open subset where the family {λ �→ f n(0)}
is normal. The passivity component agrees exactly with the connected component where
the attracting periodic cycle persists, since by [MnSS83] the parameter must become active
when the periodic cycle becomes neutral.

Thus, λi lies in a connected component of the open set where the family {λ �→ f n(0)}
is normal, and associated to this component is the unique period ni + 2. Since the sequence
{ni}i≥1 is strictly increasing, the parameters λi must all lie in distinct connected components.
It follows that the limit parameter λ0 cannot lie in an open component where the family is
normal, and therefore λ0 must be an active parameter.

The activity-locus for Cayley trees of down degree d = 2, 3 and 4 is illustrated in Figure 9.
Each of these diagrams represents the spherical derivative of the function λ �→ f 120

λ,d (0).
It follows from Proposition 7·1 above, plus the observation that zeros do not lie in the

activity-locus for the Cayley tree setting, that the Cayley tree activity-locus never has inte-
rior. On the other hand, it follows from the universality of the Mandelbrot set, a result due
to McMullen [McM00], that the activity-locus must contain a quasiconformal image of
the Mandelbrot set of some degree. Therefore by Shishikura’s result [Shi98] the Hausdorff
dimension of the activity-locus is equal to 2 for any d ≥ 2.

It follows from the proof of Proposition 7·1 that the complement of the activity-locus
consists of infinitely many connected components. Each λ for which fλ,d has an attracting
periodic cycle lies in such a passive component, a so-called hyperbolic component associ-
ated to the period k. Whether all connected components are hyperbolic is an open question,
which is conjectured to hold for quadratic polynomials.

For any down-degree d there are two special connected components that can easily be
identified. The unbounded component is always a hyperbolic component of period 2. For
degree 2 this is the complement of the closed disk of radius 4. For down-degrees 3 and 4 the
boundary has respectively 1 and 2 singular points.

For each down-degree d = � − 1 there is a single hyperbolic component of period 1,
which contains of course the parameter λ = 0 and equals the cardioid ��.

Apart from these two special hyperbolic components, any hyperbolic component contains
a unique zero of the partition function, i.e. a unique parameter λ for which f n

λ,d(λ) = −1

for some n ∈N. Since f 2
λ,d(−1) = 0 and f −2

λ,d (0) = {−1}, these are exactly the parameters

https://doi.org/10.1017/S030500412300052X Published online by Cambridge University Press

https://doi.org/10.1017/S030500412300052X


Zeros, ratios and complexity of the independence polynomial 491

Fig 9. The activity-locus of Cayley trees for down-degrees 2, 3 and 4. For each pixel the spher-
ical derivative of the occupation ratio is computed for the Cayley tree of depth 120. Pixels for
which this derivative is sufficiently large are depicted in white, suggesting that the corresponding
parameter λ lies approximately on the activity locus.

λ ∈C \ {0} for which the unique critical orbit {f i
λ,d(0)}i∈N is periodic, i.e. for which fλ,d is

super-attracting.
For the family pc(z) = z2 + c the fact that every hyperbolic component of the Mandelbrot

set contains a unique super-attracting parameter is a consequence of the Multiplier Theorem,
due to Douady–Hubbard and Sullivan, see [Dou83].

Let us recall this fundamental result in the field. Let H be a hyperbolic component of the
Mandelbrot set, say of period n. For every parameter c ∈ H there exist an attracting periodic
cycle a0, a1, . . . , an = a0. The multiplier h(c) = (f n

c )′(a0) is independent from the choice of
an, and gives a holomorphic map from H to the unit disk.
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THEOREM 7·2 (Multiplier Theorem). For every hyperbolic component H the map c �→
h(c) gives a conformal bijection from H to the unit disk.

The proof of the Multiplier Theorem can be found in [CG93, theorem 2.1, p. 133], and
can be applied almost directly to our setting. We present a high-level discussion to outline
how the proof adapts to our setting.

Let H be a hyperbolic component of period at least 3. One easily sees that h(λ), the
multiplier of the attracting periodic cycle of fλ,d is a holomorphic and surjective map from the
hyperbolic component H to the unit disk D, hence is a branched covering. Let Z be the set of
super-attracting parameters in H, i.e. Z = h−1(0). If it can be shown that h : H \ Z →D \ {0}
is a covering map, it follows from the Riemann–Hurwitz Theorem that card(Z) = 1.

Thus, it needs to be shown that h is locally invertible near parameters λ0 ∈ H \ Z. Write
η0 = h(λ0) ∈D, and consider values of η near η0. Following the proof of the Multiplier
Theorem one applies quasiconformal surgery by modifying the ellipse field near the attract-
ing periodic cycle in order to obtain attracting periodic cycles with multipliers η. Using the
dynamics the ellipse field can be extended to the full basin of the attracting cycle, obtaining
an invariant ellipse field that is invariant under the map fλ0,d. The ellipse field corresponds
to a Beltrami coefficient, which can be extended to the entire Riemann sphere by setting it
equal to 0 outside of the basin of attraction. The Measurable Riemann Mapping Theorem
gives a holomorphic family of quasiconformal maps ϕη, with ϕη0 the identity. By compos-
ing with suitable Möbius transformations we can guarantee that the points −1, ∞ and 0 are
fixed under all ϕη.

Since each ellipse field is invariant under fλ0,d, conjugating fλ,d by ϕη yields a holomorphic
family of self-maps of the Riemann sphere gη,d, which are necessarily rational functions of
the same degree d. In fact, since each ϕη fixes the points −1, ∞ and 0, each rational function
fη,d must send −1 to ∞ and ∞ to 0, each with local degree d. It follows that the rational
function gη,d must be of the form

gη,d(z) = λ(η)

(1 + z)d
.

It follows that λ(η) gives a local inverse of the multiplier function h, completing this step of
the proof. This step guarantees that there exists a unique zero in each hyperbolic component
of period at least 3, which equals the super-attracting center of the hyperbolic component.
The proof of the Multiplier Theorem in our setting can be concluded by analyzing the local
degree near the center. We have therefore obtained the following description of the zeros of
the Cayley trees:

COROLLARY 7·3. Every λ ∈C for which ZTn(λ) = 0 for some n ∈N is the center of a
hyperbolic component of the complement of the activity locus. On the other hand: apart
from the two special hyperbolic components, the unbounded component and the component
containing 0, for each center λ of a hyperbolic component there exists an n ∈N for which
ZTn(λ) = 0. As a consequence zero-parameters are isolated.
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