
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Energy correlators on tracks
Resummation and non-perturbative effects
Jaarsma, M.; Li, Y.; Moult, I.; Waalewijn, W.; Zhu, H.X.
DOI
10.1007/JHEP12(2023)087
Publication date
2023
Document Version
Final published version
Published in
Journal of High Energy Physics
License
CC BY

Link to publication

Citation for published version (APA):
Jaarsma, M., Li, Y., Moult, I., Waalewijn, W., & Zhu, H. X. (2023). Energy correlators on
tracks: Resummation and non-perturbative effects. Journal of High Energy Physics, 2023(12),
Article 87. https://doi.org/10.1007/JHEP12(2023)087

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:27 May 2024

https://doi.org/10.1007/JHEP12(2023)087
https://dare.uva.nl/personal/pure/en/publications/energy-correlators-on-tracks(03f6209d-cdc0-4a72-b92c-51c2805535f4).html
https://doi.org/10.1007/JHEP12(2023)087


J
H
E
P
1
2
(
2
0
2
3
)
0
8
7

Published for SISSA by Springer
Received: September 6, 2023

Accepted: November 30, 2023
Published: December 13, 2023

Energy correlators on tracks: resummation and
non-perturbative effects

Max Jaarsma,a,b Yibei Li,c Ian Moult,d Wouter Waalewijna,b and Hua Xing Zhue

aNikhef, Theory Group,
Science Park 105, 1098 XG, Amsterdam, The Netherlands

bInstitute for Theoretical Physics Amsterdam and Delta Institute for Theoretical Physics,
University of Amsterdam,
Science Park 904, 1098 XH Amsterdam, The Netherlands

cZhejiang Institute of Modern Physics, Department of Physics, Zhejiang University,
Hangzhou, Zhejiang 310027, China

dDepartment of Physics, Yale University,
New Haven, CT 06511, U.S.A.

eSchool of Physics, Peking University,
Beijing 100871, China
E-mail: m.jaarsma@uva.nl, yblee777@zju.edu.cn, ian.moult@yale.edu,
w.j.waalewijn@uva.nl, zhuhx@pku.edu.cn

Abstract: Energy correlators measured inside high-energy jets at hadron colliders have
recently been demonstrated to provide a new window into both perturbative and non-
perturbative Quantum Chromodynamics. A number of the most interesting features of
these correlators, namely their universal scaling behavior and the ability to image the con-
finement transition, require precise angular resolution, necessitating the use of tracking
information in experimental measurements. Theoretically, tracking information can be in-
corporated into the energy correlators using track functions, which are non-perturbative
functions describing the fragmentation of quarks and gluons into charged hadrons. In this
paper, we apply our recently developed track function formalism to energy correlators,
and study in detail the interplay of track functions with perturbative resummation and
non-perturbative power corrections. We provide resummed results for the energy corre-
lators at collinear next-to-leading-logarithmic accuracy and compare with parton shower
Monte Carlo simulations. For the two-point correlator the use of tracking has a minimal
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correlators. Our results are crucial for the theoretical interpretation of recent experimental
measurements of the energy-energy correlators.
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1 Introduction

High-energy collider experiments provide unique insights into the microscopic dynamics
of the Standard Model, particularly Quantum Chromodynamics (QCD). The solutions to
many long-standing problems, ranging from the dynamics of confinement, the precise mass
of the top quark, to the phase structure of the quark gluon plasma (QGP), are encoded in
the asymptotic energy flux at colliders. Decoding this energy flux, and relating it to the
microscopic properties of the underlying quantum field theory, allows one to maximally
utilize the experimental data. This is similar to the situation in cosmology, where we learn
about early-time microscopic physics from the cosmic microwave background, or large-scale
structure.

One of the main developments at the LHC has been the ability to study the detailed
structure of energy flow within high-energy jets, a field referred to as jet substructure [1–3].
A key recent advance in this area has been the introduction of the energy correlator observ-
ables [4–7] to jet substructure [8–10]. This has opened the door to the use of sophisticated
theoretical techniques developed in the study of conformal field theories (CFTs) [11, 12],
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and provided new ways to extract physics from jets. For recent phenomenological applica-
tions, see refs. [13–23]. The energy correlators were first studied inside jets at hadron collid-
ers using Open Data [13], and were recently measured at both ALICE and STAR [24–26].

A key aspect in the ability to precisely measure jet substructure observables in the
hadron collider environment has been the use of tracking information. For applications of
tracking to jet substructure see e.g. [27–31] from ATLAS, [32, 33] from CMS, [34–37] from
ALICE and [38, 39] from LHCb. Tracks provide much better angular resolution, and will
be key to maximizing the physics potential of energy correlators in jet substructure. It is
therefore crucial to understand how the use of tracking information modifies the structure
of the energy correlator observables. This will ensure that they are correctly interpreted,
both for qualitative studies, and ultimately for precision measurements.

Tracks can be incorporated into theoretical calculations using the track function for-
malism [40, 41]. While track functions were introduced nearly a decade ago, it is only
within the last year that they have become practical for jet substructure calculations. This
is due both to an improved understanding of the non-linear structure of the renormaliza-
tion group (RG) evolution equations [42–45], and to the development of energy correlator
observables which are only sensitive to (a few) moments of the track functions, enabling
them track functions to be interfaced with higher order perturbative calculations [9, 42].
Despite this recent progress, the improved understanding of the track function formalism
has only been applied to event-based observables for e+e−, see in particular early work on
thrust [41], and not yet to jet substructure observables. This is particularly timely due to
the recent measurements of the energy correlators [24–26] using tracks.

In this paper we apply these recent advances in the track function formalism to study
the collinear limit of the energy correlator observables measured on tracks. We focus in
particular on the multi-point projected energy correlators [9], including both their pertur-
bative, and non-perturbative aspects. We find that the two-point energy correlator is al-
most identical (up to an overall normalization) whether measured on tracks or all particles,
throughout the entire distribution. This enables a clean interpretation of recent measure-
ments of the confinement transition on tracks. By contrast, the (projected) higher-point
correlators differ by a factor that has a non-trivial scale dependence. In the perturbative
region, the scaling behavior of energy correlators is modified by the logarithmic running
of the track functions, which can be computed systematically in perturbation theory. We
present resummed results for the scaling behavior of the projected energy correlators, and
also extract the leading non-perturbative corrections to these observables. We will see that
the factorization theorem for the energy correlator on tracks takes a simple form, depend-
ing only on moments of the track functions, illustrating that the track function formalism
can be combined with factorization formulae in a systematically improvable manner.

The outline of this paper is as follows: in section 2, we review the energy correlator
observables, the track function formalism, and present a factorization theorem for the
track-based energy correlators in the collinear limit. We provide a general overview of
differences between track-based energy correlators and all-hadron energy correlators in
section 3. We believe that the conclusions of this section are particularly important for
the interpretation of recent and forthcoming experimental measurements of the energy
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correlators on tracks. In section 4, we study perturbative resummation for the energy
correlators in the collinear limit with tracks, showing how the anomalous dimensions of
the track functions slightly modify their scaling behavior. In section 5, we investigate
the structure of non-perturbative power corrections for track-based energy correlators, and
show an interesting relation between the leading non-perturbative power correction for the
energy correlators with and without tracks. We conclude in section 6.

2 Energy correlators, tracks, and factorization

In this section we review both the energy correlator observables and the track function
formalism. We then combine them to present a factorization theorem describing the small-
angle limit of the energy correlator measured on tracks. Apart from the factorization
theorem, this section is primarily a review, and can be skipped by those familiar with
these prerequisites.

2.1 Review of energy correlators

Energy correlators are a class of observables that probe correlations in the asymptotic
energy flux in collider experiments. The two-point energy correlator was first defined in
e+e− collisions as [5, 6]

dσ
dz =

∑
i,j

∫
dσ EiEj

Q2 δ

(
z − 1 − cos θij

2

)
, (2.1)

where θij is the angle between particles i and j. This definition can be straightforwardly
generalized to multi-point correlation functions [23, 46, 47]. From a field-theoretic point
of view, the energy correlators are particularly convenient since they can be formulated in
terms of matrix elements of energy flow operators [11, 48–54]

E(n̂) = lim
r→∞

∫ ∞

0
dt r2 niT0i(t, rn̂) , (2.2)

where nµ = (1, n̂) is a light-like vector. These operators are also referred to as ANEC
(Average Null Energy Condition), or lightray operators [54] in the literature. Using this
formulation of the energy correlators, it was first conjectured in ref. [11] that energy cor-
relators should exhibit universal scaling behavior in the small-angle limit. This has since
been rigorously proven in CFTs [12, 55], and within perturbation theory in QCD [56, 57].
Furthermore, it has been observed inside high-energy jets at the LHC [13, 24–26].

In ref. [9], it was shown how the scaling behavior of higher-point correlators can be
extracted in an experimentally convenient way using the “projected N -point energy correla-
tors”. The projected N -point energy correlators are defined by integrating out the shape in-
formation of higher-point correlators, remaining differential only in the largest angular size,
xL. In terms of a measurement on particles, the projected energy correlators are defined as

dσ[N ]

dxL
=
∑
m

∑
1≤j1,...,jN≤m

∫
dσe+e−→Xm

∏N
k=1Ejk

QN
δ
(
xL − max{zj1j2 , zj1j3 , . . . , zjN−1jN }

)
.

(2.3)
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Here Xm denotes a m-particle final state, jk numbers the particles, Ejk
is the particle

energy and zjk = (1− n⃗j · n⃗k)/2 = (1− cos θjk)/2 is the two-particle angular distance. The
understanding of these observables in the small-angle limit, when measured on tracks, will
be the focus of this paper.

2.2 Review of track functions

Measurements at hadron colliders often use tracking information to improve their reso-
lution. Since track-based measurements are sensitive to quantum numbers (other than
energy) of the final-state hadrons, they are not infrared and collinear safe [58, 59] and can-
not be calculated purely in perturbation theory. In refs. [40, 41], a factorization theorem
for track-based observables was developed in terms of a universal non-perturbative function
called a “track function”. Track functions allow for a systematic separation of perturbative
and non-perturbative physics for jet observables measured on tracks.

Loosely speaking, the track functions, Tq (Tg) describe the energy fraction of all
hadrons with some property, R, arising from the fragmentation of a quark (gluon). The
most used experimental case is when R is the set of electrically-charged hadrons. The track
functions are defined as

Tq(x) =
∫

dy+dd−2y⊥e
ik−y+/2

×
∑
X

δ

(
x− P−

R

k−

) 1
2Nc

tr
[
γ−

2 ⟨0|ψ(y+, 0, y⊥)|X⟩⟨X|ψ̄(0)|0⟩
]
, (2.4)

Tg(x) =
∫

dy+dd−2y⊥e
ik−y+/2

×
∑
X

δ

(
x− P−

R

k−

) −1
(d− 2)(N2

c − 1)k− ⟨0|Ga
−λ(y+, 0, y⊥)|X⟩⟨X|Gλ,a

− (0)|0⟩.

The matrix elements describe the production of an unpolarized quark or gluon, whose large
light-cone momentum component k− is fixed by the Fourier transform of y+. The delta
function encodes the measurement of the momentum fraction x, with PR the momentum
of the states with quantum number R. The above definition is valid in light-cone gauge
and in general Wilson lines need to be included. Note that, compared with standard
fragmentation functions, track functions describe the total energy fraction carried by all
hadrons with property R, instead of a single hadron. This enables them to be used to
compute correlations on the energy flux of the hadrons with property R. This also means
that they contain in their RG evolution equations all the N -hadron fragmentation function
evolution equations, as shown in refs. [44, 45].

Much like standard fragmentation functions, track functions are non-perturbative, but
exhibit a perturbatively calculable RG. Due to the fact that they are sensitive to the energy
fraction on all hadrons of type R, this RG is non-linear. This has required developing
techniques to go beyond the standard DGLAP [60–62] paradigm, both for computing, and
solving the evolution equations. The evolution equation for the track functions is expressed
in terms of perturbatively calculable kernels, Ki→i1···ik

, which describe the mixing between
a track function Ti and a product of track functions Ti1 · · ·Tik

. These kernels were computed
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at next-to-leading order (NLO) in refs. [42–45], and the RG evolution to this order reads

d
dlnµ2Ti(x) = as

(
K

(0)
i→iTi(x)+[K(0)

i→i1i2
⊗Ti1Ti2 ](x)

)
(2.5)

+a2
s

(
K

(1)
i→iTi(x)+[K(1)

i→i1i2
⊗Ti1Ti2 ](x)+[K(1)

i→i1i2i3
⊗Ti1Ti2Ti3 ](x)

)
+O(a3

s) ,

where as = αs(µ)/(4π) is the coupling and i, ik denote quarks and gluon. Here one clearly
sees the non-linear evolution governed by the kernels K. The explicit form of these equa-
tions can be found in refs. [42–45], and a numerical code solving these integro-differential
RG equations was provided in refs. [44, 45], enabling their use in phenomenology.

A particularly convenient aspect of the energy correlator observables that we will study
is that they are only sensitive to the low moments of the track functions. Therefore, instead
of requiring a non-perturbative function, they only require a handful of non-perturbative
numbers. Furthermore, the moments of the track function satisfy simpler RG equations
than the full function. We note that for track-based observables there is no further compli-
cation when modifying the energy weighting in (2.3) from e.g. Ejk

→ E2
jk

. This change was
exploited in ref. [14] to suppress the contribution from soft radiation. However, when all
particles are summed over, this change causes the measurement to no longer be infrared-
and collinear safe.

We define the n-th moment of the track function Ti as

Ti(n, µ) =
∫ 1

0
dx xn Ti(x, µ) (2.6)

where a denotes parton flavors. The zeroth moment is fixed by the normalization condition

Ti(0, µ) = 1 , (2.7)

and as such is scale independent. Higher moments mix with products of lower moments,
exhibiting a non-linear evolution. Explicitly, we have

d
d lnµ2Ti(n) =

∑
N

∑
{ik}

∑
{mk}

γi→{ik}({mk})
N∏

j=1
Tij (mj , µ) ,

γi→{ik}({mk}) =
(

n

m1 m2 · · ·

)[ N∏
j=1

∫ 1

0
dzj z

mj

j

]
δ

(
1 −

N∑
j=1

zj

)
Pi→{ik}({zk}) . (2.8)

Here, the sum of the moments of the track functions on the right-hand side must equal n,
i.e. ∑k mk = n. Explicit anomalous dimensions for the first six moments, which are needed
to obtain our numerical results, can be found in refs. [42, 43].

2.3 Energy correlators on tracks in the collinear limit

The track function formalism provides the necessary non-perturbative matrix elements to
achieve factorization for energy correlators measured on a subset R of hadrons. In ref. [42]
this was used to calculate the two-point energy correlator in fixed-order perturbation theory
on tracks, where it was shown that the track function formalism interfaces nicely with
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perturbative calculations. In the small-angle limit of the energy correlator perturbative
resummation of logarithms of z is required, which in turn requires a factorization formula.
A factorization formula describing this limit was derived in conformal field theories [12,
63], and for general field theories [8]. Moreover, the factorization formula was extended
to general N -point projected correlators in ref. [9]. Here we incorporate the effects of
performing these measurements on tracks, showing that the track function formalism also
interfaces nicely with factorization theorems.

There are two approaches to deriving a factorization theorem for the projected correla-
tors on tracks in the small angle limit. One way is to start with a factorization theorem for
the general angle energy correlator on tracks. This factorization into perturbatively calcu-
lable matrix elements and track functions was used to perform the fixed-order calculation of
the energy correlator on tracks in ref. [42]. The perturbative matrix elements appearing in
this factorization theorem can then be refactorized in the small angle limit. Alternatively,
since the track function formalism applies to any IRC safe observable, in particular jet func-
tions, one can first apply collinear factorization to derive a factorization into a jet and hard
function. The jet function can then be factorized into a perturbative component and a non-
perturbative component described by moments of the track functions. The two approaches
result in the same factorization theorem. However, the second approach allows for a more
uniform notation for all n-point projected correlators, so we will follow this approach here.

We follow the factorization for the small angle limit of the energy correlator presented
in ref. [8], and generalized to n-point correlators in ref. [9]. Since the use of tracks only
modifies the infrared behavior of the measurement, it does not modify the hard-collinear
factorization. We can therefore factorize the cross section into an inclusive hard matching
coefficient that depends on the source, and a jet function that describes the measurement
of the energy correlators on a highly boosted quark or gluon state.

To avoid the use of distributions, it is convenient to work in terms of the cumulant of
the projected n-point correlator

Σ[n]
(
xL, ln

Q2

µ2 , µ

)
≡ 1

σ0

∫ xL

0
dz′ dσ

[n]

dxL

(
z′, ln Q

2

µ2 , µ

)
. (2.9)

Here the superscript n denotes that this is an n-point projected correlator, and σ0 is the
Born cross section. The hard-collinear factorized expression for the cumulant is

Σ[n]
(
xL, ln

Q2

µ2 , µ

)
=
∫ 1

0
dxxnJ⃗ [n]

(
ln xLx

2Q2

µ2 , µ

)
· H⃗
(
x, ln Q

2

µ2 , µ

)
, (2.10)

where H⃗ is the standard hard function for inclusive fragmentation, and J⃗ [n] is the jet
function, which contains the dependence on the energy correlator measurement. Both H⃗

and J⃗ [n] are vectors in flavor space, i.e. H⃗ = {Hq, Hg}t and J⃗ [n] = {J [n]
q , J

[n]
g } with t giving

the usual transpose of a matrix. The hard function obeys the RG equation

dH⃗
(
x, ln Q2

µ2 , µ
)

d lnµ2 = −
∫ 1

x

dy
y
P̂ (y, αs) · H⃗

(
x

y
, ln Q

2

µ2 , µ

)
, (2.11)
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where P̂ (y, αs) is the singlet timelike splitting matrix {{Pqq, 2nfPqg}, {Pgq, Pgg}}. The
hard-collinear factorization in (2.10) implies that overall RG evolution of the jet function
is DGLAP

dJ⃗ [n](ln xLQ2

µ2 , µ
)

d lnµ2 =
∫ 1

0
dy ynJ⃗ [n]

(
ln xLy

2Q2

µ2 , µ

)
· P̂ (y, αs) , (2.12)

due to renormalization group consistency, regardless of whether the measurement is per-
formed on tracks or not.

Since the jet functions are IRC safe, we can use the track function formalism to factorize
them into perturbatively calculable coefficients multiplying moments of the track function.
To write the jet functions, we follow the notation of ref. [43], where we define a vector
Tn of all the products of track function moments of a fixed total weight n. For example,
for n = 2, T2 = {Tg(2), Tq(2), Tq(1)Tq(1), Tg(1)Tq(1), Tg(1)Tg(1)}, where for simplicity of
notation, we consider the case in which quarks with different flavors have the same track
function Tq. We also make the assumption Tq = Tq̄, which is true for track functions of
electric charge, but not for other quantum numbers.

We can now write the jet function of the projected n-point energy correlator on tracks
as

J
[n]
i = j[n]

i · Tn , (2.13)

where j[n]
i are perturbatively calculable coefficients. Note that for each parton index i, these

coefficients are vectors in the track function space, which we will indicate by writing them
in bold. This provides a rigorous factorization theorem for the small angle limit of the
energy correlators, separating perturbative from non-perturbative physics. As compared
to previous factorization theorems for track-based observables [41], it involves only the
moments of the track function, which are numbers, as opposed to functions.

To illustrate the perturbative calculation of the matching coefficients in the energy
correlator jet functions, we present the results for the n-point correlators (n = 2, 3, 4, 5, 6)
at one-loop order. These coefficients will be used in our next-to-leading logarithmic (NLL)
resummation for the energy correlators. We write the jet function constants (i.e. the non-
logarithmic terms, as indicated by the subscript 0) as

J
[n]
i,0
(
αs(µ),Tn(µ)

)
=
∑

k

(
αs(µ)

4π

)k

J
[n],(k)
i,0

(
Tn(µ)

)
, (2.14)

where, as before, i = q, g is a flavor index, the superscript n denotes that this is the jet func-
tion for an n-point projected correlator, and k denotes the order in the αs expansion. The
arguments show that the µ-dependence arises from the running coupling as well as the track
functions. (More complete expressions are given in section 4.1.). The logarithmic terms
can be derived from the renormalization group evolution of the j[n]

i , which are fixed by the
known RGs of J⃗ [n] and Tn; then, with the up to order-αk

s jet function constant, beta func-
tion and DGLAP splitting kernels, as well as the track function evolution kernels (in Mellin
space) up to (k + 1)-loop order, one can achieve the (next-to-)kleading logarithmic (NkLL
for short) accuracy for the track jet function, which is the essential and sufficient ingredient
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for the NkLL energy correlators on tracks with the corresponding hard function. We will use
this fact in section 4.1 to perform the perturbative resummation in the small-angle limit.

Without accounting for tracks, the one-loop jet function constants were presented in
ref. [9] for any ν-point energy correlator, while the two-loop constants for the 2-point
correlator were given in ref. [8], and for the 3-point correlator in ref. [64]. With tracks,
following the normalization convention in ref. [9], the first order constants read

J
[n],(0)
i,0 = Ti(n) 1

2n
, (2.15)

At the one-loop order, we obtain for quarks

J
[2],(1)
q,0 =−CF

37
12Tg(1)Tq(1) ,

J
[3],(1)
q,0 =−CF

( 611
1200Tg(2)Tq(1)+ 541

300Tg(1)Tq(2)
)
,

J
[4],(1)
q,0 =−CF

( 89
600Tg(3)Tq(1)+ 43

150Tg(2)Tq(2)+ 91
90Tg(1)Tq(3)

)
,

J
[5],(1)
q,0 =−CF

( 839
15680Tg(4)Tq(1)+ 461

5880Tg(3)Tq(2)+ 2831
17640Tg(2)Tq(3)+ 811

1470Tg(1)Tq(4)
)
,

J
[6],(1)
q,0 =−CF

(
Tg(5)Tq(1) 629

29400 +Tg(4)Tq(2) 2519
94080 +Tg(3)Tq(3) 3013

70560 +Tg(2)Tq(4) 8311
94080

+Tg(1)Tq(5)1987
6720

)
, (2.16)

and for the case of gluons,

J
[2],(1)
g,0 = −CA

449
150Tg(1)Tg(1) − nfTF

7
25Tq(1)Tq(1) ,

J
[3],(1)
g,0 = −CA

449
200Tg(2)Tg(1) − nfTF

21
100Tq(2)Tq(1) ,

J
[4],(1)
g,0 = −CA

(8293
7350Tg(3)Tg(1) + 1083

3920Tg(2)Tg(2)
)
− nfTF

( 1028
11025Tq(3)Tq(1)

+ 1031
29400Tq(2)Tq(2)

)
,

J
[5],(1)
g,0 = −CA

(27757
47040Tg(4)Tg(1) + 361

1568Tg(3)Tg(2)
)
− nfTF

( 1027
23520Tq(4)Tq(1)

+ 1031
35280Tq(3)Tq(2)

)
,

J
[6],(1)
g,0 = −CA

( 81931
264600Tg(5)Tg(1) + 93991

846720Tg(4)Tg(2) + 26107
635040Tg(3)Tg(3)

)
− nfTF

( 4409
211680Tq(5)Tq(1) + 29

2160Tq(4)Tq(2) + 719
127008Tq(3)Tq(3)

)
. (2.17)

Here we have suppressed the renormalization scale dependence of the track function mo-
ments, and assumed Tq = Tq̄ for simplicity. The full Tq vs. Tq̄ dependence can easily be
restored using the charge conjugation invariance of the gluon state, and the quark flavor
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Ti(1) Ti(2) Ti(3) Ti(4) Ti(5) Ti(6)

Tq(N) 0.62 0.42 0.29 0.22 0.16 0.13

Tg(N) 0.62 0.40 0.26 0.18 0.13 0.090

Table 1. A summary of the numerical values of low moments of the track functions in QCD at
µ = 250 GeV, derived from the initial condition at µ0 = 100 GeV extracted from Pythia [40].
Differences between quarks and gluons appear primarily at higher moments.

information can be recovered through changing nf to ∑q. We see that the only difference
compared to the all-hadron jet function is the appearance of moments of the track func-
tions. However, the matching of the jet functions can still be performed systematically in
perturbation theory.

3 Phenomenological aspects of track-based energy correlators

Our main motivation for studying the structure of the energy correlator observable on tracks
is recent (and hopefully future!) experimental measurements of the energy correlators
on tracks [24–26]. These measurements focus both on the universal scaling behavior of
the energy correlators as a test of precision perturbative QCD, as well as on imaging the
non-perturbative confinement transition. The interpretation of these measurements relies
crucially on our understanding of how tracks modify the behavior of the energy correlators.

We therefore begin by discussing qualitative features of the track-based energy corre-
lators in both the perturbative and non-perturbative regimes. We will show that many
aspects of the energy correlators on tracks can be understood in terms of basic properties
of the moments of the track functions, providing a general view of how the use of tracks
modifies the observables. Quantitative studies of the modifications in the perturbative and
non-perturbative regions will then be given in the forthcoming sections.

3.1 Non-perturbative transition

One of the most interesting observed aspects of the energy correlators is their ability to
image the transition to confinement as an abrupt change in their scaling behavior [13]. We
therefore want to understand if and how this is modified through the use of tracks. This
is non-trivial due to the fact that tracking information is itself non-perturbative.

The energy correlators are characterized by a perturbative region, a transition region,
and a deeply non-perturbative region. In the perturbative region the track function formal-
ism applies, but will introduce new non-perturbative power corrections that will in general
also modify the transition region. In the deeply non-perturbative region, the track function
formalism completely breaks down, as it assumes perturbative energy scales. This makes
it particularly crucial to understand in detail how the perturbative, deep non-perturbative
and transition region are modified by the use of tracks, to ensure that the experimen-
tal measurements of the energy correlators on tracks are indeed measuring aspects of the
confinement transition in the energy correlators, and not artifacts from the use of tracks.
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Figure 1. The ratio of the N -point projected energy correlators as computed on charged hadrons
vs. all hadrons. (a) Results from Pythia using a c.o.m energy of Q = 250 GeV and N = 2, 3, 4, 5, 6.
The ratio shows a non-trivial transition between the perturbative region (far right), the transition
region (middle, shaded), and the deep non-perturbative region (left, dark shaded). (b) Comparison
with our analytic results at LL (light shaded) and NLL (dark shaded). The deviation between our
analytic results and Pythia as the curves approach the transition region is due to non-perturbative
power corrections discussed in section 5.

To gain a preliminary understanding of the projected energy correlators in the tran-
sition from the perturbative to the non-perturbative regime, we use the Pythia Monte
Carlo parton shower [65, 66] to simulate e+e− collisions. The simulation includes hadron
decays and we consider all charged particles for our track-based predictions. We will inter-
changeably use the words hadrons and particles when describing our results, even though
we always include non-hadronic particles. In figure 1 we plot the ratio of the track-based
energy correlators to the all-hadron energy correlators, for two-point up to six-point cor-
relators. In these plots, we see three regions as we go from right to left: a perturbative
region, a transition region, and a free hadron region. With the exception of the two-point
correlator, this ratio is not flat in any of the three regions (although it is quite flat in the
perturbative region due to the slow perturbative running of the track functions, as will be
discussed), illustrating that the use of tracking modifies the behavior of the observable.
Remarkably, we will be able to understand all the qualitative features of this plot using
simple arguments. A quantitative description will then be provided in the next sections.

We first begin with the perturbative region. In this region, the use of tracks only
modifies the scaling behavior of the energy correlators through the perturbatively calculable
logarithmic scaling of the track functions. This scaling (which we will describe in more
detail in section 4) is shown in figure 1b. The low moments of the track function have slow
RG evolution [42, 43], so that they only provide a weak modification of the scaling, leading
to a very flat ratio in the perturbative regime. The logarithmic scaling of the track functions
increases for higher moments, and therefore becomes sizable for higher-point projected
correlators. However, it can be reliably computed in perturbation theory. Therefore, apart
from the overall normalization, the use of tracks in the perturbative regime provides only
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a minor, and calculable modification of the scaling behavior. The overall normalization
of the ratio in the perturbative regime is governed by the non-perturbative parameter
∼ T (N−1)T (1) , for an N -point correlator. The values of T (N) are summarized in table 1,
and in figure 3 and figure 4 we show plots of the products of the track functions explicitly.1

We next consider the behavior of the deeply non-perturbative (free-hadron region),
and will argue that the ratio of the charged/all hadron correlators in this region should
be independent of N . This forces there to be a transition region for the ratio between the
perturbative and non-perturbative regime. In the free hadron region we can no longer use
the track function formalism. Instead, we can imagine a gas of free hadrons, each of which
has some probability of being charged. In the real world, this probability is ≈ 2/3. This is
also numerically approximately equal to the first moment of the track function, T (1) (Note
that the track functions have scale dependence, so that this relation is simply meant as an
approximate numerical relation when the track function is evaluated at a reasonable scale.).
In the extreme small angle limit, we should have a small probability of N > 2 hadrons
being together at small angles, and so we expect that the projected energy correlators are
dominated by the correlation of two-particles. The value of the ratio in this region is there-
fore the probability that both of these particles are charged,2 namely ≈ (2/3)2 ≈ T (1)2.
Using the values in table 1, we see that this agrees well with what is observed in Pythia.

This simple behavior in the deep non-perturbative regime has an interesting conse-
quence for understanding the transition region for the track-based energy correlators: in
the perturbative regime the energy correlators are determined by T (N − k)T (k) for k ≥ 1
and in the non-perturbative region by T (1)2. However, with the exception of N = 2, k = 1,
T (N − k)T (k) ̸= T (1)2, which means that generically the use of tracks modifies the tran-
sition region. We can now see that to have an approximately flat ratio between track and
all hadron based measurements of the N -point projected correlators requires the condition

(T (1))2 ≈ T (N − k)T (k), N ≥ 2 , (3.1)

which is equivalent to the condition∫ 1

0
dx dy xy T (x)T (y) ≈

∫ 1

0
dx dy xN−kyk T (x)T (y) , N ≥ 2 , 1 ≤ k ≤ N − 1. (3.2)

This is only satisfied if

T (x) ≈ δ(x) or T (x) ≈ δ(1 − x) , (3.3)
1In these plots we focus on the representative example of T (N − 1)T (1). The full perturbative result

is a sum of T (N − k)T (k)’s (1 ≤ k ≤ N − 1) and contributions involving more than two track functions.
The latter give a smaller contribution, and the numerical sizes of T (N − k)T (k)’s for 1 < k < N − 1 and
T (N − 1)T (1) are approximately equal in QCD for the higher point cases, and so these plots should be
meant as representative that the size of T (N −1)T (1) sets the behavior of the ratio. In our full perturbative
results, all combinations are included with appropriate perturbative coefficients.

2We emphasize that in the deep non-perturbative region the track function formalism does not apply.
Rather we have a sum over all correlations, which is dominated by pairs of hadrons. The only question
is how many of these pairs are charged, which is ≈ (2/3)2. It is then convenient for comparing to the
perturbative region to express this as (2/3)2 ≈ T (1)2.
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which is true as an equality if the subset of hadrons on which the energy correlators are
measured is all hadrons or no hadrons. In both of these cases the measurement reduces
to an IRC safe measurement. Higher-point projected correlators therefore “see” the non-
perturbative aspects associated with the track measurements, which modifies the transition
region. Using the numerical values for the moments of the track functions in table 1, this
also shows that the non-perturbative corrections using the track function formalism increase
as a function of N , as expected.

In the case of N = 2 there is an additional coincidental numerical relation between
T (2) (which appears in contact terms) and T (1)2, which further suppresses modifications
due to the use of tracks. If the track function is a delta function T (x) = δ(x − a) , then
it is infrared and collinear safe, as it just corresponds to a rescaling of the observable.
However, in this case T (2) = T (1)2, which are the moments probed by the two-point
energy correlator. This is very nearly true in QCD, as shown in table 1. Therefore, we
find that to a remarkable accuracy, the two-point correlator on tracks is almost identical
to the two-point correlator on all particles, including deep in the perturbative region, and
through the transition. This is also in agreement with the observation that for the use of
tracks for the thrust observable is nearly an overall rescaling [41], since thrust is nearly
(although not precisely) a two-point correlator.

3.2 Decays

Another interesting difference between the track-based and all-hadron energy correlators
is the treatment of decays of unstable hadronic states into neutral particles. These are not
included in the track-based observable. A relevant example is π0 → γγ. While decays in
general are not included in our analytic calculations, they could be relevant experimentally,
and so we comment on them briefly.

In figure 2a and figure 2c we show the hadronic-level two-point energy correlator mea-
sured in Pythia, with and without the decay of the π0. In figure 2b and figure 2d, we
show the corresponding ratio between the two-point energy correlator on tracks and on all
hadrons. We clearly see a sharp peak at an angle corresponding to the mass of the pion.3

Measurements of the energy correlators at small angles have so far been track based,
and have therefore not seen this feature. It would be extremely interesting to somehow
measure it, since it corresponds to a standard candle deep in the non-perturbative regime,
allowing for a conversion between the angles of the energy correlator, and mass scales.

4 Analytic predictions for track-based projected energy correlators

In this section we study the track-based energy correlators in the perturbative regime,
showing that the corrections to the scaling behavior of the energy correlators are logarith-
mic, and can be systematically computed from the renormalization group evolution of the
track functions.

3Regarding other figures in this paper, we turn off the π0 decay channel for the Pythia hadronic-level
data in order to focus on the flat behavior in the deeply non-perturbative region, as shown in figure 1a.
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Figure 2. The projected two-point energy correlator on all hadrons in (a) and (c), and the
corresponding ratio of charged to all hadrons in (b) and (d). Results are obtained using Pythia,
with the c.o.m energy of Q = 91.2 GeV (top) and 250 GeV (bottom).

4.1 Renormalization group analysis

In this section we discuss the perturbative resummation of the jet function in the small
angle limit. The renormalization group evolution of the jet function, with or without tracks,
is fixed to be DGLAP

dJ⃗ [n](ln xLQ2

µ2 , µ
)

d lnµ2 =
∫ 1

0
dy ynJ⃗ [n]

(
ln xLy

2Q2

µ2 , µ

)
· P̂ (y, αs) , (4.1)

After writing the jet function in terms of matching coefficients and track function moments

J
[n]
i = j[n]

i · Tn , (4.2)

the known renormalization group evolution of the track functions, which we write schemat-
ically as

d
d lnµ2 Tn = R̂n Tn , R̂n ≡

∞∑
L=1

(
αs

4π

)L

R̂(L)
n , (4.3)

then fixes the renormalization group evolution of the matching coefficients j[n]
i .
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Figure 3. The perturbative evolution at LO (solid) and NLO (dashed) of the track function
combinations Tg(1)Tq(N − 1) in (a) and Tq(1)Tg(N − 1) in (b), that appear in the study of the
energy correlators. Extremely slow RG evolution is observed, leading to minor modifications of the
scaling behavior of the energy correlators in the collinear limit.

To perform the RG evolution of these matching coefficients, we write an ansatz for the
jet function as

J
[n]
i

(
αs(µ),Tn(µ), ln xLQ

2

µ2

)
=

∞∑
L=0

(
αs

4π

)L[ L∑
m=0

j [n],(L)
i,m · Tn lnm

(
xLQ

2

µ2

)]
. (4.4)

Here i = q, g is the flavor index, and both j [n],(L)
i,m and Tn are vectors in the track function

space. This ansatz can then be substituted into eq. (4.1) to derive a recursive equation for
j[n],(L)
i,m , given the boundary values presented in section 2.3.

We express our results in terms of the timelike splitting function, which we expand as

Pij(z) =
∞∑

L=0

(
αs

4π

)L+1
P

(L)
ij (z) . (4.5)

Expressions for Pij(z) to order-α3
s can be found in ref. [67] (see also refs. [68–71]). We

similarly expand the β-function as

β(αs) = −2αs

∞∑
n=0

βn

(
αs

4π

)n+1
. (4.6)

Inserting the above expansions into eq. (4.4) and matching the leading logarithmic
terms, we find that for L ≥ 1

L j[n],(L)
i,L · Tn = j[n],(L−1)

i,L−1 · R̂(1)
n · Tn

− (L− 1)β0 j[n],(L−1)
i,L−1 · Tn −

∑
r

j[n],(L−1)
r,L−1 · Tn

∫ 1

0
dy ynP

(0)
ri (y) , (4.7)

– 14 –



J
H
E
P
1
2
(
2
0
2
3
)
0
8
7

ratio of PECs in Pythia

10-4 0.001 0.010 0.100 1

0.1

0.2

0.3

0.4

0.5

xL

Track Function Evolution

Q = 250 GeV
track function evo.

Figure 4. A comparison of the ratio between the projected energy correlators on tracks and on all
hadrons obtained using Pythia, with (the evolution of) the product of track functions. The band
for the track functions is computed by taking the envelope for Tg(1,√xLQ)Tq(N − 1,√xLQ) and
Tq(1,√xLQ)Tg(N − 1,√xLQ) which are shown in figure 3.

with i, r denoting the flavors. On the left hand side, we have j(L)
L and on the right, we have

j(L−1)
L−1 , allowing us to iteratively solve for the perturbative coefficients of the jet function

with the initial condition J [n],(0)
i,0 (see eq. (2.15)). We have highlighted the term arising from

the evolution of the track functions in red. Setting this term to zero and the track function
moment vector Tn to {1, 1, . . . , 1}t, the result reduces to the all-hadron projected energy
correlators, where the evolution comes from the β-function, and DGLAP evolution. Here
we see explicitly how the evolution of the track function modifies the single logarithmic
coefficients in the series for the projected energy correlator jet functions.

We can derive a similar recursive equation at NLL. We find that for L ≥ 2

(L−1) j[n],(L)
i,L−1 ·Tn = j[n],(L−2)

i,L−2 ·R̂(2)
n ·Tn + j[n],(L−1)

i,L−2 ·R̂(1)
n ·Tn

−
∑

r

j[n],(L−2)
r,L−2 ·Tn

∫ 1

0
dyynP

(1)
ri (y)−

∑
r

j[n],(L−1)
r,L−2 ·Tn

∫ 1

0
dyynP

(0)
ri (y)

−(L−1)
∑

r

j[n],(L−1)
r,L−1 ·Tn

∫ 1

0
dyyn ln(y2)P (0)

ri (y)

−(L−2)β1 j[n],(L−2)
i,L−2 ·Tn − (L−1)β0 j[n],(L−1)

i,L−2 ·Tn . (4.8)

Here, we have separated terms coming from the DGLAP evolution of the jet function,
the running coupling, and the contributions from the track function evolution (highlighted
in red). In addition to the higher order β function and splitting functions, we see the
appearance of logarithmic moments of the splitting functions (highlighted in blue), as was
first discussed in ref. [8]. With the evolution of the track function (in red) dropped and the
track function moment vector Tn taken equal to {1, 1, . . . , 1}t, the equation becomes the
recurrence relation for the coefficients of the all-hadron jet function.4 This illustrates how

4Indeed, j[n],(L)
i,m ·Tn is the counterpart of the coefficient for the aL

s lnm(xLQ2/µ2) term in the all-particle
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the track function evolution slightly modifies the perturbative coefficients in the evolution of
the jet function. One can derive similar recursive relations to any logarithmic order, which
will be interesting for exploring higher order perturbative resummation of the track-based
energy correlators. However, for our current purposes, NLL suffices.

In figure 3 we show the evolution of the combinations Tg(1)Tq(N−1) and Tq(1)Tg(N−1)
that appear in the energy correlators. One can see that these exhibit a remarkably slow
evolution (i.e. a weak scale dependence), due partly to cancellations in non-perturbative
QCD parameters, as discussed in detail in ref. [43]. This is particularly true for low
moments. The higher moments exhibit a faster evolution (stronger scale dependence).
Note that in the full perturbative result a sum of T (N − k)T (k)’s (1 ≤ k ≤ N − 1) and
contributions involving more than two track functions appears. The latter give a smaller
contribution, and the numerical sizes of T (N−k)T (k)’s for 1 < k < N−1 and T (N−1)T (1)
are approximately equal in QCD for the higher point cases, so these plots should be meant
as representative that the size of T (N − 1)T (1) sets the behavior of the ratio, and that the
running is slow. Therefore, while the evolution of the track functions is single logarithmic
and thus must be included in precision calculations of the energy correlators, it has a small
overall effect in modifying the scaling behavior in the collinear limit.

In figure 4 we compare the ratio between the projected energy correlators on tracks
and on all hadrons as computed in Pythia, with the product of track functions. The band
for the track functions is computed by taking the envelope of values for quarks and gluons
(i.e. the curves in the left and right plots of figure 3). We see that this ratio provides a
good description of the ratio in the perturbative region.

4.2 Numerical results

The ratios of the projected N -point correlators isolate the quantum scaling of the correla-
tors in the small angle limit. In this section we use our perturbative results of section 4.1
to study these ratios on tracks. In figure 5a and figure 5b we show the results, as computed
in Pythia, for the ratios of projected correlators on both all hadrons and on tracks. To
compare the different N -point correlators, we have rescaled them so that they are equal
to one in the deep non-perturbative region. In figure 5c and figure 5d, we compare with
our analytic calculations at NLL, both with and without tracks. The shaded bands corre-
spond to perturbative scale variations. In the panels of figure 6 we show each of the two
to six point correlators individually, along with the predictions at both LL and NLL, to
demonstrate the convergence.

We see that due to the weak running of the track functions, the use of tracks does
not significantly modify the elegant scaling behavior of the correlators. In particular, the
increase in slope of the ratios as a function of N , arising from the monotonicity of the
anomalous dimensions, occurs both with and without the use of tracks, as is clearly seen
in figure 5. However, at a quantitative level, the use of tracks modifies the logarithmic
scaling in a computable fashion. Overall, we see good agreement between our analytic
calculations and Pythia, particularly for smaller values of N . For larger N , due to the

jet function, as can be seen from eq. (4.4).
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Figure 5. The ratio of the N -point to two-point projected energy correlator on all particles in (a)
and (c), and on charged particles in (b) and (d). In the (a) and (b) we show results from Pythia,
with a c.o.m energy Q = 250 GeV and N = 3, 4, 5, 6. We have normalized the results in the free
hadron region. In (c) and (d) we compare with our analytic results at NLL. Our analytic results
are plotted only in the perturbative regime.

larger anomalous dimensions, we expect relatively larger higher-order corrections. Fur-
thermore, in figure 6 we see good convergence between the LL and NLL. Overall, we find
that perturbative region is well understood, and that the logarithmic modifications to the
scaling behavior can be incorporated perturbatively using track functions. This will enable
precision measurements of the scaling behavior to be used for extractions of the strong cou-
pling constant. Calculations of the ratio of the three-point/two-point projected correlators
on all hadrons were recently extended to NNLL, along with an investigation of prospects
for extracting the strong coupling [64]. It will be important to extend the track-based
calculations presented here to NNLL as well.
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Figure 6. The N -point/2-point ratio of energy correlators on all particles (left) and charged
particles (right) obtained using Pythia (blue dashed) and our analytic calculations at LL (orange),
NLL (green) order. In the shaded region the correlators are dominated by non-perturbative effects,
and our results should not be trusted.
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5 Non-perturbative power corrections

In this section we perform a simple phenomenological study of non-perturbative power
corrections to the track-based projected energy correlators. We begin by deriving the
power-law scalings of the leading non-perturbative power corrections for track-based energy
correlators, and fit for the values of these parameters using Pythia. We then apply these to
present numerical results for the resummed track-based energy correlators including lead-
ing non-perturbative power corrections. This section is primarily to illustrate some simple
observations we have made, and to draw attention to developing a better understanding of
the non-perturbative corrections to energy correlators. We hope that more detailed inves-
tigations will be performed in the future, particularly once high-quality data is available.

5.1 Structure of power corrections and fitting

A standard (but overly simplistic) method of studying non-perturbative corrections to ob-
servables in the absence of data is to compare the observables at parton level and hadron
level using a parton shower Monte Carlo program that implements a model of the hadroniza-
tion process. Unfortunately, this cannot be done for track-based observables, since they
are only defined at hadron level. This makes the comparison more subtle. Although one
can compare perturbative calculations incorporating track functions to a hadron-level par-
ton shower Monte Carlo, such comparisons can be misleading due to the fact that the
perturbative ingredients used in analytic calculations and in the parton shower are not
equivalent. Disagreements in these perturbative ingredients can then be misinterpreted as
non-perturbative corrections.

In the absence of data, we therefore take a pragmatic approach: we first adjust the
factorization scale in our perturbative calculation of the energy correlators on all particles
so as to achieve agreement with parton level Pythia. We then compare our track function-
based calculation to hadron-level Pythia. While this is imperfect, we believe that it is
the best we can do without data, and we will show that we are able to draw a consistent
picture from this approach. We hope that in the future a more detailed analysis can be
performed using higher-order perturbative calculations, and comparisons with real data.

For the all-hadron energy correlator it is known [50, 72–75] that the leading power
correction is additive, and has a 1/x1.5

L scaling law, namely

EEC(xL) = EECpert(xL) + Λ1
x1.5

L

. (5.1)

This was recently calculated using renormalon techniques [76]. Generalizing to the pro-
jected N -point correlator, which we denote with PNC,

PNC(xL) = PNCpert(xL) + Λ(n)
1
x1.5

L

. (5.2)

In addition to the relatively well-understood leading power correction, we expect there to
be a subleading power correction proportional to the transverse momentum scale of the
pair being correlated, corresponding to a scaling of 1/xL. This subleading power correction
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can potentially be important when making comparisons to calculations with tracks, since
we also expect 1/xL power corrections to the track function formalism. When fitting for
hadronization corrections for the projected energy correlators, we will therefore use the
following functional form

PNC(xL) = PNCpert(xL) + Λ(n)
1
x1.5

L

+ Λ(n)
2
xL

. (5.3)

We now consider the case of the projected energy correlators on tracks. Since the scal-
ing of the leading non-perturbative power correction is a result of boost invariance [50, 72–
75], we do not expect its power law scaling to be changed when measured on tracks, only
the value of the non-perturbative parameter. Similarly, we expect there to be power cor-
rections to the track function formalism that scale like the virtuality between the detected
particles and modify the 1/xL power correction. We therefore parameterize the leading
non-perturbative power corrections to the projected energy correlators on tracks as

PNCtr(xL) = PNCtr
pert(xL) +

Λ(n)
tr,1
x1.5

L

+
Λ(n)

tr,2
xL

. (5.4)

In this case PNCtr
pert is not strictly perturbative, since it also contains the track functions.

The non-perturbative power correction scaling like 1/xL has the same power law as
the perturbative component of the energy correlators (up to logarithms). It is for this
reason that it is essential that our perturbative results agree with parton level Pythia.
Otherwise, these disagreements will be absorbed into this non-perturbative parameter. We
tune the hard scale in our analytic calculations to achieve agreement between parton-level
Pythia and our analytic results. This is achieved by setting the hard scale to µ = Q/10
for the all-particle case and, which is then used for the charged-particle case as well. One
might worry that the use of such a low scale could complicate interpretations of our results
in terms of moments of the track functions, which are also now evaluated at much lower
scales. However, due to their extremely slow running, this is not a problem. In figure 8,
we show a comparison of the ratio of the charged/all-hadron projected energy correlators
using the scale µ = Q/10, illustrating good agreement.

In figure 7 we show results of our fits for the leading non-perturbative power corrections.
For both all hadron and charged hadrons, we compute the difference between Pythia and
our leading logarithmic calculation (which is denoted by Pythia−LL). We emphasize that
we only use this scale in this section for the specific reason of achieving agreement with
parton-level Pythia to extract non-perturbative parameters. Having achieved agreement
between our analytic results and partonic level Pythia, the residuals in figure 7 are then fit
to the power law form in eq. (5.3) to extract the values for the non-perturbative parameters.
We performed this fit for the N -point projected correlator with N = 2 to 6. The fitting
range is [0.00355, 0.0355] = [10(−2.45), 10(−1.45)] which is within the perturbative region (the
upper bound of the transition region is xL = 0.003). For the all-hadron case, we also show
the difference Pythia−Pythia partonic.

As discussed previously, it is crucial for our fitting procedure that our perturbative
result accurately reproduces the perturbative inputs of Pythia. Otherwise perturbative
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Figure 7. Fits (dashed) to the leading non-perturbative corrections for the N -point projected
energy correlators, obtained as the difference of Pythia and Pythia partonic (blue solid) or our
leading logarithmic calculation (orange solid), for all particles (left) and on tracks (right). The fit
is performed for the blue region, and the fitted parameters are given in table 2.
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Figure 8. A comparison of the ratio of the energy correlators computed on tracks and all hadrons,
obtained from Pythia and for our LL result with scale µ = Q/10, as is used in our fits for non-
perturbative corrections.

2-point 3-point 4-point

all-particle Λ(2)
1

x1.5
L

+ Λ(2)
2

xL

Λ(3)
1

x1.5
L

+ Λ(3)
2

xL

Λ(4)
1

x1.5
L

+ Λ(4)
2

xL

Λ(n)
1 0.00076 ± 0.00006 0.00044 ± 0.00004 0.000229 ± 0.000013

Λ(n)
2 7 × 10−9 ± 0.0005 1.0 × 10−9 ± 0.00028 0.000031 ± 0.00011

charged-particle Λ(2)
tr,1

x1.5
L

+ Λ(2)
tr,2
xL

Λ(3)
tr,1

x1.5
L

+ Λ(3)
tr,2
xL

Λ(4)
tr,1

x1.5
L

+ Λ(4)
tr,2
xL

Λ(n)
tr,1 0.000266 ± 0.000023 0.000106 ± 0.000013 0.000044 ± 0.000004

Λ(n)
tr,2 0 ± 0.00019 0 ± 0.00011 0 ± 0.00004

Λ(n)
tr,1/Λ

(n)
1 0.35 0.24 0.19

Table 2. The results of our fits for the leading non-perturbative power corrections for the projected
2-, 3- and 4-point energy correlators.

differences will appear as contributions to the non-perturbative parameters. We have found
that the agreement gradually gets worse as N is increased, and we were only able to achieve
sufficiently good agreement for N = 2, 3, 4, see figure 7. For this reason, we restrict to these
values of N when studying the non-perturbative power corrections. It would be interesting
to perform a more systematic study in the future.

The results of our fits for the non-perturbative parameters are shown in table 2. Cur-
rently there is no quantitative understanding of the structure of power corrections to the
track functions. Therefore, we focus only on understanding the relation between the leading
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(1/x1.5
L ) non-perturbative correction for the track-based vs. all-hadron energy correlator.

Intuitively, we expect these to be related to moments of the track function. Indeed, the
standard picture of the leading non-perturbative correction is that is comes from the emis-
sion of a “non-perturbative” gluon, on which one of the energy detectors is placed. In the
case of the projected energy correlators, only one detector can lie on this low energy gluon,
or else it will be further power suppressed. Therefore, one is led to conjecture that

Λ(n)
tr,1 = Tq(n− 1)Tg(1)Λ(n)

1 . (5.5)

This also agrees with what would be obtained by combining the recent renormalon cal-
culation of ref. [76] with track functions. Note that this is the same ratio that governs
the rescaling of the perturbative component of the distribution when one changes from
all hadrons to tracks, see figure 4. Therefore, if the effect of tracks is to rescale both the
perturbative component, and the leading non-perturbative correction by the overall factor,
then the dominant difference arises only at the level of the first subleading non-perturbative
power correction.

We see that the results of table 2 are consistent with the conclusion of eq. (5.5),
providing strong support to this picture. This result is particulary pleasing for the precision
study of ratios of the N -point/2-point energy correlators for precision measurements of the
strong coupling. At the all-hadron level, the dominant non-perturbative power corrections
largely cancel in this ratio. Once tracks are incorporated, since the perturbative part of the
distribution, and the leading non-perturbative power correction are rescaled by the same
factor, this cancellation continues.

One feature of the non-perturbative power corrections that we do not understand is
the results of the fitting for Λ(n)

2,tr, which were found to be very small (compatible with
zero), but with a large uncertainty. It is not clear if this is an artifact of our fitting proce-
dure, namely that it is difficult to disentangle the different power laws, or that they were
absorbed elsewhere. Indeed, the values of the moments of the track functions themselves
were obtained by fitting with Pythia, and so it is possible that certain non-perturbative
parameters were absorbed into that fit.

While this has only been a preliminary exploration, we believe that our results give
a general consistent picture of the structure of non-perturbative power corrections for
the track-based EEC. In particular, we believe that the leading non-perturbative power
corrections with and without track functions are related by moments of the track functions,
so that changes in the shape of the ratio are driven by subleading power corrections. It
would be interesting to understand these issues in detail.

5.2 Numerical results with power corrections

Having extracted the leading non-perturbative parameters, we are now able to make re-
summed predictions for the track-based EEC, including the leading power corrections. Due
to the fact that we were only able to do the extraction of the non-perturbative parameters
in a self-consistent way at LL accuracy, we will restrict ourselves to LL in this section. It
will be interesting to extract the non-perturbative parameter from data in the future when
experimental measurements become available.
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Figure 9. The projected energy correlators at LL with the hard scale set to µ = Q/10 as used
in our fitting procedure (orange), and incorporating the non-perturbative power correction (green)
compared to Pythia for all particles (left) and charged particles (right). In the shaded region the
correlators are dominated by non-perturbative effects, and our results should not be trusted.
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Figure 10. Ratios of the projected energy correlators incorporating the non-perturbative power
correction. The leading non-perturbative correction largely cancels in the ratio. In the shaded region
the correlators are dominated by non-perturbative effects, and our result should not be trusted.

In figure 9 we show results at LL+NP for the two-, three- and four-point projected
energy correlators, compared with results from Pythia. By construction the agreement
is good, since we have used Pythia for the fit. The predictive power comes from the fact
that we have fixed the power law describing the power corrections. Note that we have
not included uncertainty bands from scale variations, since we did not incorporate them
in our fitting procedure for the NP corrections. We see that the power corrections have a
non-negligible effect towards smaller angles, and it will certainly be important to include
them when comparing results to experimental measurements.

In figure 10 we show results for the ratios of projected energy correlators at LL, both
with and without the NP power corrections. Here we see a key benefit of the ratio of
the energy correlators, namely that the power corrections largely cancel in the ratio, and
are hence irrelevant (at least to the perturbative order that we are working). This was
highlighted in ref. [9], where these observables were introduced. Importantly, due to the
relation in eq. (5.5), this continues to hold for the track-based energy correlator (Note
that for higher point correlators it also relies on the fact that in QCD the product T (N −
k)T (k) is approximately the same for different values of k, as discussed previously). We
believe that this will be crucial for precision measurements of αs using jet substructure.
A key difficulty in such measurement has been linear power corrections. Here we are
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able to eliminate these by taking the ratio, and extend the observable to tracks, which
should enable extremely precise experimental measurements. This strongly motivates the
calculation of these observables at higher perturbative orders. See ref. [64] for a recent
extension to NNLL for the all-hadron case for N = 3.

6 Conclusions

Energy correlators have provided a variety of new ways to study the dynamics of QCD
inside high-energy jets at the LHC. To maximize their potential will require the use of
tracking information to achieve precise angular resolution in experimental measurements.
This has motivated significant recent theoretical development of the track function for-
malism, which enables tracking information to be incorporated into precision perturbative
calculations [40–45]. In this paper, we applied this formalism to understand the interplay
of the track function formalism with perturbative resummation and non-perturbative ef-
fects in the energy correlator observable. Our results are timely for interpreting recent
measurements of the energy correlators at ALICE and STAR [24–26], as well as future
measurements. Our results are the first combination of the NLO track functions with re-
summation in a physical observable, and illustrate that track functions are practical for
precision jet substructure calculations.

A few key takeaways of our study that are important for the interpretation of ex-
perimental results are as follows: first, the two-point energy correlator is almost identical
whether measured on tracks or all particles throughout the entire distribution. This allows
for a clean interpretation of recent measurements of the non-perturbative transition to con-
finement measured using the two-point energy correlator on tracks [24–26]. Second, in the
perturbative region, the scaling behavior of energy correlators is slightly modified by the
logarithmic running of the track functions, and these modifications can be captured system-
atically in perturbation theory. Interestingly, this modification is significantly weaker than
naively expected due to coincidences in the non-perturbative values of the track functions.

We also studied the leading non-perturbative corrections to the track-based energy
correlators. We argued that the leading non-perturbative power correction for the projected
energy correlators on tracks can be obtained from that on all hadrons by multiplication
by a product of track function moments. This relation is important, since it ensures that
the leading non-perturbative correction cancels in the ratio of N -point/2-point projected
energy correlators, even if the measurement is made on tracks. We believe that this will
have important applications for measurements of αs from jet substructure at the LHC.

Our results are a significant step towards precision jet substructure phenomenology at
the LHC, exploiting the full angular resolution of modern tracking systems. While here we
have focused on the projected correlators, it will be important to extend our results to the
full angle-dependent correlators to enable the study of non-gaussianities [22] on tracks. It
would also be interesting to understand in more detail the structure of power corrections
to the track function formalism.

The ability to perform precision calculations of observables on tracks significantly ex-
pands the scope of the jet substructure program. Recent theory developments strongly
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motivates the precise measurement of the moments of the track functions, and their asso-
ciated renormalization group flows, which we hope will be achieved in the near future.
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