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Conformal symmetry governs the behavior of closed systems near second-order phase transitions and is
expected to emerge in open systems going through dissipative phase transitions. We propose a framework
allowing for a manifest description of conformal symmetry in open Markovian systems. The key difference
from the closed case is that both conformal algebra and the algebra of local fields are realized on the space
of superoperators. We illustrate the framework by a series of examples featuring systems with quadratic
Hamiltonians and linear jump operators, where the Liouvillian dynamics can be efficiently analyzed using the
formalism of third quantization. We expect that our framework can be extended to interacting systems using an
appropriate generalization of the conformal bootstrap.

DOI: 10.1103/PhysRevB.108.064312

I. INTRODUCTION

Understanding different phases of matter and phase tran-
sitions is one of the central themes in contemporary physics.
In classical systems phase transitions are driven by thermal
fluctuations, whereas in quantum systems they can also occur
at zero temperature due to quantum fluctuations [1]. Phase
transitions in equilibrium quantum systems are associated
with a nonanalytic behavior of observables in the ground state
and with the closure of the Hamiltonian gap. The gap closure
signifies the absence of dimensional parameters, which results
in the scale invariance, unless the system exhibits a conformal
anomaly [2]. In physically relevant two-dimensional systems,
the conformal symmetry follows directly from the scale in-
variance [3,4]. Consequently, conformal field theories (CFTs)
can describe two-dimensional classical and one-dimensional
quantum systems at the critical point [2].

Dissipative systems display nonequilibrium phases of
matter with no equilibrium counterparts [5]. Notable exam-
ples include the dissipative phase transition described by
the Kardar-Parisi-Zhang equation [6–8], the measurement-
induced phase transitions [9–12], and dissipative time crystals
[13–19]. Dissipative phase transitions have also been experi-
mentally observed in Rydberg atom systems [20,21] and may
serve as a resource for precision measurements [22].

Similar to the case of isolated systems, phase transitions
in open systems are characterized by a nonanalytic behavior
of observables in the steady state and by the closure of the
Liouvillian gap [23,24]. We examined various approaches to
dissipative phase transition [5,25,26]. Scale invariance and
full conformal symmetry are expected to emerge in open
systems as well, potentially associated with nonunitary or
nondiagonalizable field theories [27,28]. Dissipative phase
transitions are also closely related to fixed points of the
nonequilibrium renormalization group [29–34]. The inves-
tigation of conformal symmetry in dissipative systems has

gained a lot of interest in recent years [35–38]. However, a
comprehensive description remains elusive thus far.

A state of an open quantum system, i.e., a system inter-
acting with an environment, is described by a density matrix.
Under the assumption of Markovianity, the evolution of the
density matrix is described by the Lindblad equation [39,40]

∂tρ = Lρ := −i[H, ρ] +
∑

k

(
LkρL†

k − 1

2
{L†

k Lk, ρ}
)

, (1)

where H is the Hamiltonian of the system and the jump oper-
ators Lk can be interpreted as elementary interactions with the
environment. The Liouvillian superoperator L is the generator
of time evolution and can thus be viewed as a generalization
of the Hamiltonian to open systems. Hereinafter, we refer to
linear maps on density matrices as superoperators and denote
them with bold symbols.

Importantly, the Liouvillian is not in general Hermitian
with respect to the Hilbert-Schmidt scalar product

〈〈ρ1|ρ2〉〉 := Tr ρ
†
1ρ2, (2)

hence its spectral properties are significantly different from
the unitary case. Below we briefly outline some of them.

Liouvillian evolution preserves the trace and hermiticity.
Trace-preserving condition can be written as 〈〈1|L|ρ〉〉 = 0,
where 1 is the identity matrix and ρ is an arbitrary state. This
implies that 1 is a left eigenvector with zero eigenvalue. In
turn, this ensures that there always is at least one right eigen-
vector ρ0 with zero eigenvalue Lρ0 = 0, which is referred to
as a steady state. The steady state does not evolve with time
and is a counterpart of the ground state for unitary dynamics.

As a consequence of hermiticity preservation, complex
eigenvalues of L come in conjugated pairs. Indeed, if ρi is
an eigenstate of L with eigenvalue λi, i.e., Lρi = λiρi, then
by direct conjugation of Eq. (1) it follows that ρ

†
i is also an

eigenstate with eigenvalue λ̄i. Real parts of all eigenvalues
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must be nonpositive [41,42]. In the absence of dissipation, the
spectrum of the Liouvillian is purely imaginary.

We restrict our scope to two-dimensional CFTs, where
conformal symmetry is described by the Virasoro algebra with
generators Ln and commutation relations

[Ln,Lm] = (n − m)Ln+m + c
n3 − n

12
δn+m,0. (3)

Here c is the central charge, a key characteristic of a Virasoro
algebra. There is a special class of local fields V�(z), called
primary, with straightforward behavior under conformal trans-
formations and simple algebraic correlation functions in the
vacuum state, e.g.,

〈0|V�(z1)V�(z2)|0〉 = 1

(z1 − z2)2�
, (4)

where � is the conformal dimension of the field V .
At first glance, generalizing this description to open sys-

tems faces technical and conceptual difficulties. Simple form
of correlation functions for primary fields relies on the special
symmetry properties unique to the vacuum state |0〉, namely
Ln|0〉 = 0 for n � −1. In open systems the steady state is
typically a mixed state, and constructing a mixed state that
mimics the symmetry properties of the vacuum state may not
look straightforward. More importantly, conformal symmetry
is not restricted to spatial dimensions but manifests itself
also in the time correlations. However, defining multitime
correlation functions in open systems can be subtle. Indeed,
recall that in the Heisenberg representation operators evolve
according to [41]

∂tO = L†O := i[H,O] +
∑

k

(
L†

kOLk − 1

2
{L†

k Lk,O}
)

.

(5)

Then, since the Liouvillian operator (5) is not guaranteed
to satisfy the Leibniz rule, i.e., in general L†(O1O2) �=
(L†O1)O2 + O1(L†O2), the evolution of composite opera-
tors in the Heisenberg picture does not factorize (O1O2)(t ) �=
O1(t )O2(t ), making multitime correlators ambiguous.

The Liouvillian evolution operator can be interpreted in
terms of doubling of degrees of freedom. The copies of the
same theory (however with opposite time propagation direc-
tions) are coupled by the jump term [the first term in the
dissipative part of Eq. (1)], whereas the {·, ·} part in Eq. (1)
can be combined with the Hamiltonian part thus making
it effectively non-Hermitian. Therefore, one possible field-
theoretical picture could be the following: Two non-Hermitian
field theories are coupled by the perturbation described by
the jump term. In principle, the appearance of nonunitary
models in 2D CFT is not an unusual phenomena. The earli-
est example perhaps is the Lee-Yang CFT [43,44] (see also
Ref. [45] for recent developments), namely, the Ising model
perturbed by the imaginary magnetic field. This induces the
renormalization group flow to the the nonunitary theory with
c = −22/5. Disordered Dirac fermions are also described by
nonunitary CFTs; see, e.g., Ref. [46]. Recently, complex CFTs
were discussed in the context of weak first-order phase transi-
tions [47]. Renormalization group flows of nonunitary CFTs
were also discussed in Ref. [48]. Thus, in principle one could

study the fixed points of these flows that would correspond to
conformal Liouvillians. The above proposal has however one
obvious caveat: It is not clear at the moment how to control
trace preserving and complete positivity properties along such
a flow.

In this work, we present a description that naturally re-
solves these tensions and clarifies how exactly conformal
symmetry can be realized in Markovian open systems. Our
proposal can be summarized as follows.

(i) Similar to unitary dynamics, translation-invariant gap-
less Liouvillian operators give rise to conformal symmetry in
open dynamics.

(ii) Both the Virasoro algebra and the algebra of local
fields are represented by superoperators.

(iii) Spatial conformal symmetry is manifest in correlation
functions of superoperators defined as〈〈∏

i

Oi

〉〉
ρ0 := Tr

(∏
i

Oi

)
ρ0, (6)

where the correlators are evaluated with respect to the steady
state ρ0.

(iv) Full space-time conformal symmetry arises in corre-
lation functions of time-dependent superoperators defined as

O(t ) := e−tL†OetL†

. (7)

The key feature here is to give superoperators the principal
role and reformulate other concepts from the unitary case
accordingly [49,50]. Let us now make a brief connection to
the usual operator language.

In some cases, correlation functions of superoperators (6)
can be simply related to correlation functions of ordinary
operators. For example, if Oi act as the left multiplication
by ordinary operators, Oiρ = Oiρ, then the correlator (6)
reduces to the standard mixed-state average, e.g.,

〈〈O1O2〉〉ρ = 〈O1O2〉ρ. (8)

Hereinafter, we denote 〈O〉ρ := Tr Oρ. In general, however,
there will be no such simple reduction.

Similarly, the time evolution (7) can sometimes be related
to the standard Heisenberg evolution (5). In particular, for the
two-point function of superoperators Oi that act as Oiρ =
Oiρ, one has the relation

〈〈O1(t1) O2(t2)〉〉ρ0 = 〈O1(t1 − t2)O2〉ρ0
, (9)

where O(t1 − t2) is a solution to Eq. (5). Again, no such
simple reduction to ordinary correlation function is available
in general.

The rest of the paper is essentially a series of examples
leading to and illustrating our proposal. In Sec. II we construct
a simple dissipative model with the steady state featuring
conformal equal-time correlations. Then, in Sec. III we briefly
review the formalism of third quantization for quasifree sys-
tems, which will be our key technique allowing for explicit
computations of correlations functions and Liouvillian spec-
trum. In Sec. IV we revisit the model introduced in Sec. II to
rederive its equal-time correlation functions, as well as define
and compute multitime correlators with the explicit space-
time conformal symmetry and associate it with the vanishing
Liouvillian gap. Guided by our basic model, in Sec. V we
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construct further nontrivial examples of dissipative dynamics
with conformal symmetry, including (i) a dissipative Luttinger
liquid, (ii) a model where only the full open dynamics is
conformal while the unitary dynamics in the absence of dissi-
pation is not, and (iii) the fermionic counterpart of our basic
model. Finally, in Sec. VI we conclude.

II. BASIC MODEL

The theory of a free massless boson field φ in two dimen-
sions, to be defined precisely below, is one of the simplest
CFTs [2]. Its central charge is c = 1 and primary fields are
the vertex operators eiαφ with conformal dimensions �(α) =
α2/4. Correlators of the vertex operators in the vacuum take
the characteristic conformal form (16). Can a mixed density
matrix preserve this conformal form of the correlation func-
tions? If we assume that a density matrix ρ exists such that (i)
ρ is Gaussian and (ii) the two-point function of the boson field
is the same as the vacuum correlator up to a constant factor
〈φ(x1)φ(x2)〉ρ = c〈0|φ(x1)φ(x2)|0〉 then correlation functions
of the vertex operators with respect to ρ will only differ from
the vacuum correlation functions by an effective rescaling
φ → √

cφ, which preserves the conformal invariance, yet
modifies the critical exponents. In this section we will con-
struct a simple dissipative dynamics of the free boson field
where the steady state satisfies the required conditions.

A. Unitary free boson

The Hamiltonian of the free boson CFT is given by [2,51]

H =
∑
n>0

ωna†
nan, (10)

where ωn = nω and an are bosonic ladder operators satisfying
the canonical commutation relations

[an, a†
m] = δnm, [an, am] = [a†

n, a†
m] = 0. (11)

The chiral boson field defined on a cylinder is constructed out
of the ladder operators as follows:

φ(x) = i
∑

n

1√
2n

(
ane−iknx − a†

neiknx
)
, (12)

where we denoted kn = kn = 2π
L n and L is the circumference

of the cylinder. In the Heisenberg picture, time-dependence of
the chiral field is given by

φ(x, t ) = eiHtφ(x)e−iHt = i
∑
n>0

1√
2n

(anz−n − a†
nzn), (13)

with the standard notation for the holomorphic coordinate

z = ei(kx+ωt ). (14)

Two-point vacuum correlation function of the chiral field
reads

〈0|φ(z1)φ(z2)|0〉 = − 1
2 log(z1 − z2). (15)

As a consequence, normal-ordered vertex operators are pri-
mary fields with the conformal correlation functions

〈0|
∏

i

eiαiφ(xi,ti )|0〉 =
∏
i< j

(zi − z j )
1
2 αiα j . (16)

We emphasize that this specific form of the correlation func-
tions is closely tied to the conformal symmetry of the theory
and to the symmetry properties of the vacuum state with
respect to which the correlators are computed.

B. Dissipative free boson

Let us now introduce the dissipation in such a way that
it does not break the conformal symmetry. We examine the
time evolution of the density matrix governed by the Lindblad
equation (1) with the free boson Hamiltonian (10) and the
jump operators

L1n = √
γ1ω an, L2n = √

γ2ω a†
n, (17)

where γ1 = γ (n̄ + 1)/2, γ2 = γ n̄/2. The jump operators cor-
respond to every mode being coupled to its own thermal bath
with the average number of excitations n̄ and the decay rate γ .
The sum in Eq. (1) is over all pairs L1n, L2n with n > 0.

The steady-state density matrix ρ0 reads

ρ0 =
∏
n>0

e−�a†
nan

1 − e−�
, � = log

n̄ + 1

n̄
. (18)

Note that ρ0 is properly normalized. If we interpret ρ0 in
Eq. (18) as a thermal density matrix, then each mode has
its own frequency-dependent temperature Tn = nω/�. As a
result, the density matrix does not introduce any energy scales
and is thus compatible with the conformal symmetry.

Indeed, it is straightforward to check that the only effect of
the density matrix (18) on the two-point function of the chiral
scalar field is the overall renormalization

〈φ(x1)φ(x2)〉ρ0
= (2n̄ + 1)〈0|φ(x1)φ(x2)|0〉, (19)

where we denoted

〈O〉ρ = Tr ρO. (20)

For a detailed calculation of the correlator (19) see Ap-
pendix A.

Note that since the density matrix (18) is Gaussian, the
Wick’s theorem applies and other correlators in the theory can
be derived by a mere rescaling of the fields, e.g.,〈

eiαφ(x1 )e−iαφ(x2 )
〉
ρ0

= (
eikx1 − eikx2

)− 1
2 (2n̄+1)α2

. (21)

More generally, for the product of the vertex operators one has〈∏
i

eiαiφ(xi )

〉
ρ0

=
∏
i< j

(
eikxi − eikx j

) 1
2 (2n̄+1)αiα j

. (22)

A remarkable conclusion is that the standard conformal form
of the vertex correlators is preserved by the steady state (18),
although the critical exponents are rescaled.

Equations (21) and (22) are equal-time correlators. Replac-
ing eikxi by the complex variables zi from Eq. (14) formally
accounts for the unitary time evolution (13). Physically this
can be realized by preparing the system in the steady state ρ0,
then switching off the interactions with the environment. One
may call it a dissipative quench. However, we are interested
in the full-fledged dissipation theory with the time evolution
governed by a Liouvillian with dissipation. We will address
this question Sec. IV D, after introducing the formalism of
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third quantization, which provides a natural framework to
clarify the structure of this model and go beyond.

III. THIRD QUANTIZATION OF QUASIFREE SYSTEMS

Quasifree systems feature a quadratic Hamiltonian and lin-
ear jump operators with respect to the ladder operators. In this
case, one can represent the Liouvillian as a quadratic form
of ladder superoperators, having the standard commutation
relations [49,52]. The formalism of third quantization will
be our main technical tool to address conformal symmetry in
open quasifree systems. In this section, we will briefly review
the framework following the notation of Ref. [53].

A. Quadratic form

For a system of bosonic modes a j satisfying the canoni-
cal commutation relations (11) we introduce their Hermitian
linear combinations

w j,+ = 1√
2

(a j + a†
j ), w j,− = i√

2
(a j − a†

j ). (23)

The Hamiltonian and the jump operators in the rotated basis
read

H =
∑

i, j,μ,ν=±
Hiμ, jνwiμw jν, (24)

Lk =
∑

i,μ=±
Lk,iμwiμ. (25)

By a slight abuse of notation, we will use the same letters H
and L both for the operators and their components. Because
the modes w j,± are Hermitian, the Hamiltonian matrix H can
always be chosen to be real and symmetric, H = H∗ = HT ,
whereas the vectors Lk are arbitrary.

Now introduce ladder superoperators (μ = ±)

b jμρ = 1√
2
{w jμ, ρ}, b′

jμρ = iμ√
2

[w j,−μ, ρ], (26)

which form two independent (mutually commuting) sets of
bosonic ladder operators

[biμ, b′
jν] = δi jδμν, [biμ, b jν] = [b′

iμ, b′
jν] = 0. (27)

It corresponds to the doubling of the degrees of freedom, when
we describe a system with a density matrix.

However, note that the superoperator b′
iμ is not the Her-

mitian conjugate of biμ. In other words, Eq. (26) is simply a
generating set of the superoperator algebra, satisfying ladder
commutation relations. The Liouvillian (1) can be written in
terms of ladder superoperators as

L =
∑

b′
iμXiμ, jνb jν +

∑
b′

iμYiμ, jνb′
jν, (28)

with the matrices X,Y given by

X = −2J
(
H − 1

2 Im{B}), Y = −J Re{B}J, (29)

where B is a Hermitian and positive-semidefinite matrix, ex-
plicitly given by

B =
∑

k

LkL†
k . (30)

In Eq. (29) we denoted by J the symplectic form for n bosonic
modes, which reads

J = iσy ⊗ 1n =
(

0 1n

−1n 0

)
. (31)

We assume that basis modes are ordered so that, e.g., b =
(b1+b2+ . . . b1−b2− . . .).

Using the superoperator formalism we were able to repre-
sent the Liouvillian as a quadratic form with respect to ladder
superoperators b, b′. It means that we can now ignore the
Liouvillian being a superoperator and treat it using standard
methods.

B. Liouvillian in the normal form

The Liouvillian (28) can be brought to the Jordan normal
form (JNF) whenever there is a real symmetric matrix � =
�∗ = �T that satisfies

X� + �X T + Y = 0, (32)

where X and Y are given by Eq. (29) and � is the covariance
matrix of the steady state, �iμ, jν = 1

2 〈wiμw jν + wiνw jμ〉ρ0 .
However, this is not important for our purposes.

Then, the Liouvillian JNF coincides with JNF of the matrix
X . Indeed, let ξ be the JNF of X , and let S represent the
corresponding similarity transformation

X = SξS−1. (33)

Then, in terms of the superoperators

d ′ = ST b′, d = S−1b − 2S−1�b′ (34)

the Liouvillian becomes

L = d ′ξd, (35)

while the canonical commutation relations (27) are preserved,
i.e., [d iμ, d ′

jν] = δi jδμν .

C. Steady state and correlation functions

The steady state ρ0 of the Liouvillian (35) is simultane-
ously annihilated by all operators d iμ, i.e., d iμρ0 = 0. The
steady state can also be reconstructed from this condition
[53], but this is unnecessary for our purposes. Note that the
superoperators b and b′ are not Hermitian conjugated to each
other with respect to the Hilbert-Schmidt inner product (2).
Instead, one has (biμ)† = biμ, (b′

iμ)† = −b′
iμ.

Note also that since b′ acts as a commutator (27), it follows
b′

iμ1 = 0 and hence by linearity (34) also d ′
iμ1 = 0, where 1

is the identity matrix. This leads us to identify ρ0 with the right
vacuum and 1 with the left vacuum. The existence of different
left and right vacuums is natural, because the state space
of density matrices is not a Hilbert space. Density matrices
form a convex subset of the trace class operator space. Its
dual space is the space of bounded operators B(H ), which
is not isomorphic to the space of density matrices. Hence, it
appears only natural that the left and right vacuums do not
coincide. Subsequently, we introduce the following notion of
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correlation functions for superoperators〈〈∏
i

Oi

〉〉
ρ0

:=
〈〈

1

∣∣∣∣∣
∏

i

Oi

∣∣∣∣∣ρ0

〉〉
= Tr

∏
i

Oiρ0. (36)

Unusual properties under the Hermitian conjugation render
representation theory for correlation functions (36) different
from the unitary case. However, for free systems considered
in this paper, the correlators can be computed in a purely
algebraic fashion, e.g., 〈〈1|d iμd ′

jν |ρ0〉〉 = δi jδμν .

D. Reverse engineering a Liouvillian

To construct examples with interesting open dynamics it is
useful to answer the following question—does a Liouvillian
with the desired properties exist, i.e., does it correspond to
some choice of the Hamiltonian and jump operators? A JNF
ξ defines a valid Liouvillian if there exists a similarity trans-
formation S and a matrix X such that

ξ = S−1XS, X = −2J
(
H − 1

2 Im{B}). (37)

Here H is the Hamiltonian in the basis (23), which must be
real and symmetric. However, since B is Hermitian, Im{B}
is real and skew-symmetric. It is not difficult to show that
within these constraints Im{B} can be made arbitrary by a
suitable choice of jump operators. Furthermore, since J is real
and invertible, matrix X can in principle be an arbitrary real
matrix. This implies that a JNF of any real matrix can define
the Liouvillian spectrum. A caveat here is that one must also
require the existence of a covariance matrix � = �∗ = �T

solving equation (32). Note that the real part of matrix B does
not affect the spectrum, but defines the steady state and the
diagonal basis (34).

Another interesting question to ask is whether some in-
equivalent unitary dynamics, augmented with appropriate
dissipation, can lead to the same JNF of the Liouvillian. Equa-
tion (37) can be solved for the Hamiltonian

H = 1
4 (X T J − JX ). (38)

Under a symplectic transformation w → βw with βT Jβ = J
the Hamiltonian is transformed to

H → βT Hβ = 1
4 [(β−1Xβ )T J − Jβ−1Xβ], (39)

which effectively redefines S → β−1S. In particular, a canon-
ical transformation does not affect the JNF because it can be
absorbed into a similarity transformation. However, not every
similarity transformation can be compensated by a canonical
transformation, as we will demonstrate by an explicit example
is Sec. V B.

IV. BASIC MODEL REVISITED

We now translate our basic model to the language of
third quantization, which will allow to rederive equal-time
correlation functions from a new perspective, explicitly de-
scribe the spectrum of the Liouvillian, and address multitime
correlators.

A. Diagonal form of the Liouvillian

Following the procedure outlined in Sec. III, the Liouvil-
lian for the free boson with the jump operators (17) can be
diagonalized. Details are delegated to Appendix A, the result
reads

L =
∑

n

(
−γ

4
+ i

)
ωnd ′

n−dn− +
∑

n

(
−γ

4
− i

)
ωnd ′

n+dn+,

(40)

where

id ′
n−ρ = [an, ρ], idn−ρ = −n̄a†

nρ + (n̄ + 1)ρa†
n,

id ′
n+ρ = [a†

n, ρ], idn+ρ = −(n̄ + 1)anρ + n̄ρan. (41)

One can check directly that these operators obey the canonical
commutation relations and that dn± annihilate the steady state
(A5). Note also that (dn±ρ)† = dn∓ρ and similarly (d ′

n±ρ)† =
d ′

n∓ρ ensuring that the Liouvillian preserves the hermiticity.
Algebraically, the Liouvillian (40) is a sum of two inde-

pendent free boson theories with complex spectra conjugated
to each other. There are twice as many degrees of freedom
in the Liouvillian because the underlying state space is that
of density matrices instead of pure states. For γ = 0 the
spectrum of the Liouvillian is purely imaginary, which corre-
sponds to the unitary dynamics. The real part of the spectrum
is negative in the physical regime γ > 0, as it should be.
Note also that the dissipative spectrum is explicitly gapless
in the thermodynamic limit, in line with the expected relation
between conformal symmetry and the Liouvillian spectrum.

B. Virasoro algebras

The theory described by the Liouvillian (40) features not
one but two c = 1 Virasoro algebras with the generators given
by the standard relation

Lnμ =
∑
m∈Z

m : d (n−m)μdmμ :, (42)

where we denoted d−n = d ′
n for n > 0. The two algebras with

different μ = ± mutually commute. However, they do not
combine into c = 2 algebra in the same way two unitary free
bosons do. The Liouvillian (40) can be written as

L = −γω

4
(L0− + L0+) + iω(L0− − L0+), (43)

hence it is not simply a sum of L0+ and L0−. The fact that
nontrivial coefficients are allowed is a peculiarity of the open
dynamics.

C. Equal-time correlators

It is natural to introduce the following chiral superfields by
analogy with Eq. (12):

φ±(x) = i
∑
n>0

1√
2n

(
e−iknxdn± − eiknxd ′

n±
)
. (44)

Equal-time correlators of vertex operators involving these su-
perfields then have the usual conformal properties, e.g.,〈〈

eiαφμ(x1 )e−iαφν (x2 )〉〉
ρ0

= δμν

(
eikx1 − eikx2

)− 1
2 α2

. (45)

Naturally, we will refer to the fields like eiαφ as primary.
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We can use this observation to rederive Eq. (21) in a simple
way. Left multiplication by an or a†

n can be expressed via
superoperators (41) as follows:

anρ = [−idn+ − in̄d ′
n−]ρ,

a†
nρ = [idn− + i(n̄ + 1)d ′

n+]ρ. (46)

These relations can be promoted to the level of the fields
−→
φ (x)ρ = [−i

−→
φ +(x) + in̄

←−
φ −(−x)]ρ,

←−
φ (x)ρ = [i(n̄ + 1)

←−
φ +(x) − i

−→
φ −(−x)]ρ. (47)

Here
←→
φ ,

←→
φ ± are creation and annihilation parts of the or-

dinary full chiral fields and superoperator full chiral fields,
respectively, see Appendix A 4 for precise definitions. There-
fore,〈

eiαφ(x1 )e−iαφ(x2 )
〉
ρ0

= 〈〈
eα

−→
φ +(x1 )eα(n̄+1)

←−
φ +(x2 )〉〉

ρ0

〈〈
eα

−→
φ −(−x1 )eαn̄

←−
φ −(−x2 )〉〉

ρ0

(48)

reproduces Eq. (21) in view of relations (A5). The correlator
factorizes since φ+ commutes with φ−. Also, negative signs of
coordinates −xi in the second correlator only produce trivial
factors and can be ignored here, but will become important
when we generalize to the time-dependent correlators.

D. Multitime correlators

It is natural to ascribe time-dependence to superoperators
by O(t ) = e−tL†OetL†

and define multitime correlation func-
tions accordingly,

〈〈O1(t1) . . .On(tn)〉〉ρ. (49)

For a conformal Liouvillian with primary superoperators Oi

the resulting correlation function in the steady state will re-
spect the full space-time conformal symmetry. For example,
in our current simple model〈〈

eiαφ±(x1,t1 )e−iαφ±(x2,t2 )
〉〉

ρ0
= (z±

1 − z±
2 )−

α2

2 , (50)

where we denoted

z± = eγωt/4eikx±iωt . (51)

These relations are a direct consequence of

d ′
n±(t ) = e−tL†

d ′
n±etL† = e−( 1

4 γ∓i)ωnt d ′
n±,

dn±(t ) = e−tL†

dn±etL† = e( 1
4 γ∓i)ωnt dn±. (52)

Using connection between the chiral field and primary
superfields (47) it is straightforward to compute a time-
dependent generalization of Eq. (48),〈〈

eiαφ(x1,t1 )e−iαφ(x2,t2 )
〉〉

ρ0
= (

z1e
γ

4 t1 − z2e
γ

4 t2
)−α2(n̄+1)/2

× (
z1e− γ

4 ωt1 − z2e− γ

4 ωt2
)−α2 n̄/2

.

(53)

Here zi are the standard holomorphic coordinates (14) and
vertex operators eiαφ in the original correlator should be un-
derstood as superoperators acting by left multiplication. Note

that different time-dependence in z± (51) combines with the
opposite x-dependence in Eq. (48) to produce holomorphic
dependence on zi in both terms.

Equation (53) can also be derived from representation (9).
In the Heisenberg picture, the ladder operators evolve as
an(t ) = e− γ

4 ωnt an, a†
n(t ) = e− γ

4 ωnt a†
n resulting in

φ(x, t ) = −→
φ

(
ze

γ

4 ωt
) + ←−

φ
(
ze− γ

4 ωt
)
. (54)

It follows that〈
eiαφ(x1,t1−t2 )e−iαφ(x2 )〉

ρ0

= 〈
eiα

−→
φ (x1,t1−t2 )e−iα

←−
φ (x2 )

〉
ρ0

〈
eiα

←−
φ (x1,t1−t2 )e−iα

−→
φ (x2 )

〉
ρ0

(55)

is equal to Eq. (53) in view of relations (A5).

V. FURTHER EXAMPLES

In this section we consider more examples of dissipative
models with conformal Liouvillian dynamics. Each model
is a simple quasifree system and illustrates the general phe-
nomenon in a new situation.

A. Dissipative Luttinger liquid

Let us revisit a model introduced in Ref. [54], which is
defined by the Hamiltonian

H =
∑
n∈Z

ωna†
nan, (56)

and the jump operators

Ln1 = √
ωn(

√
γ1an + √

γ2a†
−n), (57)

Ln2 = √
ωn(

√
γ1a−n + √

γ2a†
n), (58)

where γ1 = γ (n̄ + 1)/2, γ2 = γ n̄/2.
It is similar in spirit to our basic example considered in the

previous section, although the Hamiltonian includes both left-
and right-moving modes and the jump operators mix left and
right modes of equal energy. Following the procedure of third
quantization, this model can be diagonalized quite similarly to
our basic example (details are presented in Appendix B)

L =
∑
n∈Z

(
− 1

2
γ12 + i

)
ωnd ′

n−dn−

+
∑
n∈Z

(
− 1

4
γ − i

)
ωnd ′

n+dn+, (59)

where the superoperators act on the density matrix ρ as

id ′
n−ρ = [an, ρ],

idn−ρ = −n̄a†
nρ + (1 + n̄)ρa†

n −
√

n̄(n̄ + 1)[a−n, ρ]

n̄ − 4i/γ
,

id ′
n+ρ = [a†

n, ρ],

idn+ρ = −(n̄ + 1)anρ + n̄ρan −
√

n̄(n̄ + 1)[a†
−n, ρ]

n̄ + 4i/γ
. (60)

A key observation made in Ref. [54] is that equal-time
correlation functions of the right-moving fermion operators
�R(x) = ei

√
2φ(x) preserve their conformal form in the steady
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state, albeit with modified critical exponents. It takes a sim-
ple generalization of our basic example to confirm this fact.
Left multiplication by creation and annihilation modes can be
expressed as

anρ = −i

[
dn+ + n̄d ′

n− +
√

n̄(n̄ + 1)

n̄ + 4i/γ
d ′

(−n)+

]
ρ, (61)

a†
nρ = i

[
dn− + (n̄ + 1)d ′

n+ +
√

n̄(n̄ + 1)

n̄ − 4i/γ
d ′

(−n)−

]
ρ. (62)

The first two terms in each of these expressions coincide pre-
cisely with Eq. (46). Note that the last terms in both anρ and
a†

nρ contain only creation superoperators with negative index
d ′

(−n)±, which commute with each other and all other opera-
tors in both an and a†

n. Hence, these terms do not contribute
to the steady-state correlators of the chiral vertex operators.
Therefore, decomposition (47) still holds in this model up
to the terms that do not affect correlation functions of �R

alone. The result (21) then applies for the correlation function
〈�R(x1)�R(x2)〉ρ0 and matches precisely the correlator found
in Eq. [54] upon identification γ1 = η2, γ2 = 1.

B. Conformal symmetry from dissipation

In the examples we considered so far the unitary dynamics
was conformal, and the additionally introduced dissipation
preserved the symmetry. It is interesting to ask if an open evo-
lution can be conformal when the original unitary dynamics is
not. We answer this question affirmatively, by engineering a
simple model. Our construction is based on the observation
that the Liouvillian spectrum does not fully fix the Hamil-
tonian dynamics. Indeed, different choices of the similarity
transformation S in Eq. (33) correspond to the same Liouvil-
lian spectrum ξ , but to different unitary dynamics determined
via Eq. (38).

We construct a model involving two interacting modes
a±n. Apparently, for a single mode a similar example does
not exist, i.e., the similarity transformation can always be
compensated by a symplectic basis change. Consider the
Hamiltonian

H =
∑
n>0

[
ωn(a†

nan + a†
−na−n) + μ(n)ωn

2
(a†

na†
−n + ana−n)

]
(63)

and the jump operators

L1n =
√

ωn

2
√

2
[μ(n)(an + a†

n) − 2i(a−n + a†
−n)],

L2n =
√

ωn

2
√

2
[μ(n)(an − a†

n) − 2i(a−n − a†
−n)],

L3n = √
ωn(

√
γ1an + √

γ2a†
n),

L4n = √
ωn(

√
γ1a−n + √

γ2a†
−n). (64)

Here μ(n) is an arbitrary real function. This model is designed
for the diagonal form of the Liouvillian not to depend on μ(n).
Indeed, as detailed in Appendix C the diagonal Liouvillian
is exactly the same as written in Eq. (59). Therefore, the
Liouvillian dynamics is conformal with the Virasoro algebra
realized by Eq. (42). However, in the original unitary model

(63) the spectrum obviously depends on μ(n). This can be
seen by computing determinant

det(Hn − λJ ) =
(

λ + ω2
n

16
(4 − μ(n)2)

)
, (65)

where Hn is the Hamiltonian for modes an, a−n in the basis
(23) and J is the symplectic form (31). This determinant is
invariant under symplectic transformations and hence explicit
dependence on μ(n) shows that unitary models are not equiv-
alent. Choosing μ(n) to depend nontrivially on the energy one
can break conformal symmetry of the unitary model without
affecting properties of the Liouvillian dynamics.

C. Fermionic example

The models considered thus far involve bosonic fields,
but constructing examples of open fermionic systems with
conformal symmetries in the same way does not pose any sig-
nificant difficulties. As an illustration we will now present the
fermionic counterpart of our basic model. The Hamiltonian
and the jump operators are given by

H =
∑
n� 1

2

ωnc†
ncn, (66)

Ln1 = √
γ1ωncn, Ln2 = √

γ2ωnc†
n , (67)

with ωn = ωn and canonical fermionic commutation relations
{cn, c†

n} = 1, c2 = (c†)2 = 0. The steady state is given by

ρ0 =
∏
n� 1

2

e−�c†
ncn

1 + e−�
, � = log

γ1

γ2
. (68)

Similar to the bosonic case, the equal-time correlation func-
tions of chiral fermion operators

ψ (x) = ie−ikx/2
∑
n� 1

2

(
cne−iknx − c†

neiknx
)

(69)

are renormalized in the steady state with respect to the vacuum
correlators

〈ψ (x1)ψ (x2)〉ρ0
= γ1 − γ2

γ1 + γ2
〈0|ψ (x1)ψ (x2)|0〉

= γ1 − γ2

γ1 + γ2

1

eikx1 − eikx2
, (70)

due to the identities

〈cnc†
n〉ρ0 = 1 − 〈c†

ncn〉ρ0 = 1/(1 + e−�). (71)

We note that in contrast to the bosonic case, renormalization
of this correlator does not alter the critical exponents.

Third quantization for fermions is very similar to bosons,
yet with important technical distinctions as discussed in Ap-
pendix D. In particular, the Liouvillian acts differently on
density matrices with even or odd number of fermions. In the
even sector for our model one has

L =
∑
n� 1

2

(
−γ1 + γ2

2
+ i

)
ωnd ′

n−dn−

+
∑
n� 1

2

(
−γ1 + γ2

2
− i

)
ωnd ′

n+dn+, (72)
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where the jump operators act on the density matrix as

id ′
n−ρ = −cnρ − ρ�cn, idn−ρ = γ2c†

nρ − γ1ρ�c†
n

γ1 + γ2
,

id ′
n+ρ = c†

nρ + ρ�c†, idn+ρ = −γ1cnρ + γ2ρ�cn

γ1 + γ2
. (73)

Here ρ� = �ρ�, with � = ∏
n� 1

2
(−1)c†

ncn being the fermion
parity operator. In the odd sector the Liouvillian has the
same form with d ′ and d interchanged, details are given in
Appendix D.

Similar to Eq. (47) we find

−→
ψ (x)ρ =

[
−i

−→
ψ +(x) + i

γ2

γ1 + γ2
e−ikx←−ψ −(−x)

]
ρ,

←−
ψ (x)ρ =

[
i

γ1

γ1 + γ2

←−
ψ +(x) − ie−ikx−→ψ −(−x)

]
ρ. (74)

Using this identification the two-point correlator (70) is
straightforward to reproduce. Explicit form of the Liouvillian
shows that the open dynamics consists of two decoupled free
fermion models and thus exhibits the full space-time confor-
mal symmetry.

It would be also interesting to construct a nonunitary
fermionic CFT with the central charge c = −2. We discuss
this research direction in Appendix E.

VI. SUMMARY AND OUTLOOK

In this work, we proposed a general framework for de-
scribing conformal symmetry in Markovian open systems and
illustrated it with several examples. For quasifree systems, i.e.,
systems with quadratic Hamiltonians and linear jump opera-
tors, the formalism of third quantization allows us to cast the
Liouvillian as a quadratic form of ladder superoperators with
the usual canonical commutation relations. Spectral properties
of the Liouvillian and correlation functions of superoperators
are manifest in this description. Gapless Liouvillians can often
be related to simple unitary conformal Hamiltonians, and this
correspondence allows for direct construction of many famil-
iar conformal structures for the open systems.

Our analysis was restricted to algebraic properties of con-
formal Liouvillians which closely mimic those of conformal
Hamiltonians. However, the underlying state space and repre-
sentation theory will apparently be rather different. For one, in
contrast to the pure states forming a vector space, the density
matrices are only a convex subset therein. Furthermore, cre-
ation and annihilation superoperators b, b′ (26) as well as left
and right vacuum states are not Hermitian conjugates of each
other, which should make unitary representations different.
A close connection between dissipation and nonunitarity is
expected, but remains to be fully clarified.

All the models we introduced were based on quasifree
systems and led to quadratic Liouvillians. However, the core
proposal equally applies to interacting theories, and it would
be particularly interesting to construct explicit examples of
this kind. A direct approach could start with some CFT and
try designing the jump operators, perhaps building them from
local primary fields, that would lead to a conformal dissipative
theory. Investigating higher-dimensional models appear to be

another intriguing possibility. Quite generally, the framework
we introduced should allow to generalize the bootstrap
approach to CFT [55,56] to open systems, although coming
up with explicit solutions might require substantially new
methods.

Taking into the account that in the vicinity of a critical point
one can significantly increase measurement precision [22] our
findings could potentially be of interest in the field of quantum
technologies.
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APPENDIX A: BASIC BOSONIC MODEL

1. Chiral field and vacuum correlators

We write expansion of the chiral boson field as

φ(x) = −→
φ (x) + ←−

φ (x), (A1)

where
−→
φ (x) = i

∑
n

1√
2n

ane−iknx, (A2)

←−
φ (x) = −i

∑
n

1√
2n

a†
neiknx (A3)

are creation and annihilation parts of the chiral field, so that−→
φ (x)|0〉 = 0 and 〈0|←−φ (x) = 0. The basic vacuum propagator
(15) can be obtained by a straightforward computation

〈0|φ(x1)φ(x2)|0〉 = 〈0|−→φ (x1)
←−
φ (x2)|0〉

= 1
2 log

(
eikx1 − eikx2

)
. (A4)

Note that we have omitted the rigorous treatment of the zero
mode [2] in the equation above, since it is completely standard
and not important for our purposes.

2. Correlators in conformal steady state

In the ensemble (18) correlation functions of the creation
and annihilation parts of the chiral field are modified as fol-
lows:

〈−→φ (x1)
←−
φ (x2)〉ρ0 = (n̄ + 1)〈0|−→φ (x1)

←−
φ (x2)|0〉,

〈←−φ (x1)
−→
φ (x2)〉ρ0 = n̄〈0|−→φ (x2)

←−
φ (x1)|0〉, (A5)

due to the identities for thermal averages Tr a†
nanρ0 =

Tr ana†
nρ0 − 1 = 1/(e� − 1). We note that the fields ordering

in the second correlator is reversed. The full correlator then
reads

〈φ(x1)φ(x2)〉ρ0
= (n̄ + 1)〈0|φ(x1)φ(x2)|0〉

+ n̄〈0|φ(x2)φ(x1)|0〉
= (2n̄ + 1)〈0|φ(x1)φ(x2)|0〉. (A6)
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The last relation, acquiring Eq. (19), holds due to Eq. (A4)
and the fact that interchanging x1 ↔ x2 is a symmetry of the
vacuum correlator (up to an irrelevant additive constant).

3. Third quantization

As neither the Hamiltonian nor the jump operators in
model (1) involve interactions between different bosonic
modes, the problem splits into a direct sum of single-mode
problems indexed by n. The matrix Hn and the vectors L1n, L2n

defining the Hamiltonian and the jump operators in the basis
(23) for the nth mode are

Hn = ω

2
1, (A7)

L1n =
√

γ1ωn

2

(
1
−i

)
, L2n =

√
γ2ωn

2

(
1
i

)
. (A8)

Matrices Xn,Yn defining the quadratic Liouvillian superopera-
tor (29) are

Xn = −ωnγ

4
1 − iωnσy, Yn = γ (2n̄ + 1)ωn

4
1. (A9)

Here and below 1 is the 2 × 2 identity matrix and σx,y,z are the
Pauli matrices.

The matrix Xn can be diagonalized as X = SξnS−1 with

ξn = ωn

(− γ

4 − i 0

0 − γ

4 + i

)
, S =

(−i i
1 1

)
, (A10)

which gives us the Liouvillian spectrum (40). The explicit
form of diagonal superoperators (41) can be found from the
relation (34), by taking into account that the covariance matrix
of the steady state (32) is

�n = 2n̄ + 1

2
1. (A11)

4. Chiral superfield

Similar to the decomposition (A3) let us split the super-

fields (44) as φ±(x) = −→
φ ±(x) + ←−

φ ±(x), where
−→
φ ±(x) = i

∑
n

1√
2n

dn±e−iknx, (A12)

←−
φ ±(x) = −i

∑
n

1√
2n

d ′
n±e−iknx. (A13)

The key algebraic properties of these fields related to correla-

tor computations are
−→
φ ±ρ0 = 0,

←−
φ ±1 = 0.

APPENDIX B: DISSIPATIVE LUTTINGER LIQUID

Since the jump operators (58) only mix two modes, the
problem splits into a direct sum of two-mode problems in-
dexed by n > 0. For Hamiltonian and jump operators we find
the following matrix representations in the basis (23)

Hn = ωn

2
1, (B1)

L1n =
√

ωn

2

⎛
⎜⎜⎜⎝

√
γ1√
γ2

−i
√

γ1

i
√

γ2

⎞
⎟⎟⎟⎠, L2n =

√
ωn

2

⎛
⎜⎜⎜⎝

√
γ2√
γ1

i
√

γ2

−i
√

γ1

⎞
⎟⎟⎟⎠. (B2)

The matrices Xn,Yn defining the quadratic form of the Liou-
villian are given by

Xn = −γ1 − γ2

2
ωn 1 ⊗ 1 − iωn σy ⊗ 1,

Yn = γ1 + γ2

2
ωn 1 ⊗ 1 − √

γ1γ2ωn σz ⊗ σx. (B3)

The matrices Xn are diagonalized by a similarity transforma-
tion Xn = SξnS−1 with

ξn = −γ1 − γ2

2
ωn 1 ⊗ 1 − iωn σz ⊗ 1,

S =

⎛
⎜⎜⎜⎝

0 −i 0 i
−i 0 i 0
0 1 0 1
1 0 1 0

⎞
⎟⎟⎟⎠. (B4)

The spectrum of ξ defines the spectrum of the Liouvillian
(59). To find the explicit form of the diagonal operators (60)
one needs to use relation (34) and the covariance matrix � of
the steady state (32). The latter can be found to be

�n = γ1 + γ2

2γ12
1 ⊗ 1 −

√
γ1γ2γ12

γ 2
12 + 4

σz ⊗ σx − 2
√

γ1γ2

γ 2
12 + 4

σx ⊗ σx.

(B5)

Note that the covariance matrices �n and the similarity trans-
formation S do not depend on n.

APPENDIX C: CFT FROM DISSIPATION

For each pair of modes an, a−n in the model (63) the Hamil-
tonian in the basis (23) is given by

Hn = ωn

2
1 + μ(n)ωn

4
σz ⊗ σx, (C1)

and the jump operators read

L1n = √
ωn

⎛
⎜⎜⎜⎝

μ(n)
2

−i

0

0

⎞
⎟⎟⎟⎠, L3n =

√
ωn

2

⎛
⎜⎜⎜⎝

√
γ1 + √

γ2

0

−i
√

γ1 + i
√

γ2

0

⎞
⎟⎟⎟⎠,

L2n = √
ωn

⎛
⎜⎜⎜⎝

0

0

− iμ(n)
2

1

⎞
⎟⎟⎟⎠, L4n =

√
ωn

2

⎛
⎜⎜⎜⎝

0√
γ1 + √

γ2

0

−i
√

γ1 + i
√

γ2

⎞
⎟⎟⎟⎠.

(C2)

The matrices Xn,Yn defining the quadratic Liouvillian are

Xn = −γ12

2
ωn1 ⊗ 1 − iωnσy ⊗ 1

+ μ(n)ωn

2
σx ⊗ (σx − iσy),

Yn = γ1 + γ2

2
ωn1 ⊗ 1 −

√
γ1γ2

2
σz ⊗ 1

+ μ2(n)

4
ωn1 ⊗ (1 + σz ) + 1

2
ωn1 ⊗ (1 − σz ). (C3)
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The spectrum of the Liouvillian ξn coincides with that in
Eq. (B4) and the similarity transformation Sn reads

Sn =

⎛
⎜⎜⎜⎝

0 −i 0 i
−i iμ(n) i −iμ(n)
0 1 0 1
1 0 1 0

⎞
⎟⎟⎟⎠. (C4)

APPENDIX D: BASIC FERMIONIC MODEL

1. Third quantization

Third quantization for fermions is analogous to bosons
albeit with some technical differences. For n fermionic modes
c1, c†

1, . . . , cn, c†
n we define 2n Majorana modes by

wk = ck + c†
k√

2
, wk+n = i

ck − c†
k√

2
, 1 � k � n, (D1)

so that {wi,w j} = δi j . The state space can be split into the
even and odd sectors according to the eigenvalue of the
fermion parity operator � = ∏

k (−1)c†
k ck . Then, the quadratic

Liouvillian in the even sector is given by

L = b′Xb + ib′Y b′, (D2)

with ladder superoperators defined as

b′
i = 1√

2
(wiρ + ρ�wi ), bi = 1√

2
(wiρ − ρ�wi ), (D3)

so that they obey the canonical commutation relations
{b′

i, b j} = δi j , {b′
i, b′

j} = {bi, b j} = 0. Here ρ� = �ρ�.
In the odd sector the Liouvillian has the same form with b′

and b interchanged. The matrices X and Y are defined by

X = −2iH − Re{B}, Y = Im{B}, (D4)

with H = H† = −HT being the fermionic Hamiltonian in the
Majorana basis and the matrix B defined in Eq. (30). The
steady-state covariance matrix � is defined as a solution to
Eq. (32) satisfying � = �∗ = −�T . Note that for the fermion
systems the solution always exists.

The Liouvillian (D2) can be brought to the JNF ξ by a
similarity transformation X = SξS−1, and it reads

L = d ′ξd. (D5)

The similarity transformation is induced by the linear trans-
formation of ladder superoperators preserving the canonical
commutation relations

d = S−1b − 2iS−1�b, d ′ = ST b′. (D6)

2. Explicit computations

For the model (67) we find

Hn = ωn

2
σy, (D7)

L1n =
√

ωnγ1

2

(
1
−i

)
, L2n =

√
ωnγ2

2

(
1
i

)
, (D8)

and hence

Xn = −γ1 + γ2

2
ωn1 − iωnσy, Yn = i

γ1 − γ2

2
ωnσy, (D9)

�n = i
γ1 − γ2

2(γ1 + γ2)
σy. (D10)

Diagonal form of ξn of Xn = SξnS−1 and the corresponding
similarity transformation are given by

ξn = −ωn(γ1 + γ2)

2
1 − iωnσy, S =

(−i i
1 1

)
. (D11)

Explicit form of diagonal superoperators (73) follows from
relation (D6).

3. Fermionic fields

We introduce creation and annihilation parts of the stan-
dard fermionic field (69)

−→
ψ (x) = ie−ikx/2

∑
n� 1

2

cne−iknx,

←−
ψ (x) = −ie−ikx/2

∑
n� 1

2

c†
neiknx, (D12)

so that we have ψ (x) = −→
ψ (x) + ←−

ψ (x) and
−→
ψ (x)|0〉 =

〈0|←−ψ (x) = 0.
Similarly, we introduce their superfield counterparts

−→
ψ ±(x) = ie−ikx/2

∑
n� 1

2

dn±e−iknx,

←−
ψ ±(x) = −ie−ikx/2

∑
n� 1

2

d ′
n±eiknx, (D13)

which feature in relations (74) and satisfy
−→
ψ ±(x)ρ0 = 0 and

1
←−
ψ ±(x) = 0.

APPENDIX E: SYMPLECTIC FERMIONS
IN LINDBLAD FRAMEWORK

We aim to investigate a logarithmic CFT in the context of
Lindbladian dynamics. Naively, it appears that a logarithmic
CFT being nonunitary should describe a dissipative system.
However, a general dissipative system exhibits a completely
positive time evolution generated by a Lindbladian. However,
an abstract Hilbert space representing the state space of a con-
formal field theory lacks essential structure. In Lindbladian
dynamics we work with a state space realized by density ma-
trices, allowing the definition of positive density matrices—a
convex subset of all density matrices. Starting with an abstract
Hilbert space, we can select a certain class of linear function-
als to define positivity, but multiple ways of doing it exist.
Moreover, we need a specific linear functional to realize trace
operation on density matrices. We can also apply Hermitian
conjugation to the operators, which is not inherently defined
on a Hilbert space. Without defining density matrix positivity
and Hermitian conjugation by hand it does not make sense
to talk about whether the evolution is completely positive,
preserves the Hermitian density matrices, or preserves the
trace.
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Subsequently, the Hilbert space of typical CFTs lacks this
structure. Therefore, we need to add it by hand. The general
question of possible density matrix structures consistent with
the Hilbert space is too complex to discuss in this Ap-
pendix. Thus, we focus on a specific case, searching for
representations π of a CFT algebra in a density matrix space.
Naturally, different representations will emerge. However, it
is not evident that the chosen density matrix structure will
be sufficiently “good.” In other words, it is not guaranteed
that the time evolution dynamics governed by π (L0) will
be completely positive and/or preserve the hermitian density
matrices.

In this Appendix we consider this problem illustrated by
symplectic fermion model [28]. Being one of the simplest
logarithmic CFT, it is a good toy model to illustrate the issues
we are talking about. The algebra of symplectic fermions can
be defined by two currents,

J±(z) =
∑

n

J±
n

zn
, (E1)

with the commutation relations

{J+
n , J−

m } = nδn+m,0, {J+
n , J+

m } = {J−
n , J−

m } = 0. (E2)

The zero Virasoro generator has the following form:

L0 = J−
0 J+

0 +
∑
n�1

(J−
−nJ+

n − J+
−nJ−

n ), (E3)

where n runs over integers in the case of the periodic boundary
conditions.

As symplectic fermions realize a logarithmic CFT due to
the zero mode being nondiagonalizable, below we examine
only the zero mode. It allows us to avoid dealing with infinite-
dimensional space and make the argument more simple and
transparent.

We employ the method of third quantization [49] to realize
symplectic fermions as superoperators acting on density ma-
trices of ordinary Majorana fermions ψ, ψ̄ . Hereinafter, we
denote by π the mapping of symplectic fermions to superoper-
ators. However, we aim to demonstrate that any representation
of symplectic fermions cannot satisfy all the requirements for
the dissipative theory. Thus, we intend to investigate not only a
single representation, but an entire class of superoperator rep-
resentations. Namely, we want to examine representation of
the form πS (·) = Sπ(·)S−1, where S is an arbitrary nondegen-
erate matrix. This approach is motivated by fermion algebra
symmetry, and encompasses all possible symplectic fermion
representations on ordinary fermion single-mode density
matrices.

Conventional definition of π is (the single mode parity
operator has a simple form � = iψψ̄):

π(J−)ρ = ψρ + �ρ�ψ = ψρ + ψψ̄ρψ̄, (E4)

π(J+)ρ = ψ̄ρ + �ρ�ψ̄ = ψ̄ρ − ψψ̄ρψ, (E5)

where ρ is a fermion zero mode density matrix.
Using Pauli matrices for fermion ψ, ψ̄ representation, we

can write an explicit matrix for π(L0), where L0 is one of
the Virasoro generators. However, the matrix by itself is not
particularly interesting. Its JNF is more important, because
it is invariant under similarity transformation. As a result it

remains the same for the all representation πS:

TSπS (L0)T −1
S = T π(L0)T −1 =

⎛
⎜⎜⎜⎝

0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎟⎠, (E6)

where TS and T are appropriate transformation matrices.
Consequently, if we want to work with πS (L0) directly,

then we need to look only at matrices with the JNF as in
Eq. (E6). However, the matrices A with this JNF can be
expressed as Ai j = ξiη j , where

∑
ξiηi = 0. Thus, we have

eight parameters to describe all possible representations of
L0 (actually, only seven independent parameters, because one
can simultaneously rescale ξ �→ λξ and η �→ λ−1η without
affecting the form of A).

Taking into account that we work with superoperators, it is
more convenient to use a “supermatrix” basis indexed by four
indices for the density matrices. In this basis, superoperator
matrices have the following elements: A = ∑

Ai j,kl Ei j,kl . It
reflects the fact that a superoperator acts on density matrices
with two indices. Therefore, we will write a rank-1 Liouvillian
as

πS (L0) = ξi jηkl , (E7)

where both ξ and η depend on S.
Next, we want to express the requirements of the her-

miticity preservation, the trace preservation, and the complete
positivity in terms of the parameters ξ and η.

First, we consider how to treat the hermiticity preservation
requirement. For an arbitrary density matrix ρ its Hermitian
conjugation can be trivially written as ρ† = CPρ, where C is
the complex conjugation operator, and P is the transposition
operator (Pρ)i j = ρ ji.

Therefore, for πS (L0) to preserve hermiticity, it needs
to satisfy CPπS (L0)CP = πS (L0), or element-wise ξ ∗

jiη
∗
lk =

ξi jηkl .
Second, we want the time evolution generated by πS (L0)

to preserve the trace tr[exp πS (L0)tρ] = trρ. Using the nilpo-
tency of the Liouvillian we obtain exp[πS (L0)t] = 1 +
πS (L0)t . Therefore, the superoperator L0 has to satisfy
tr[πS (L0)t] = 0. In other words, the image of πS (L0) needs
to contain only traceless density matrices. But the image of
πS (L0) is just a linear span of ξ . It means that ξ needs to
be traceless, or ξ11 = −ξ22, which is another condition on
parameters ξ, η.

Finally, we study the requirement of πS (L0) being com-
pletely positive. To examine the complete positivity of πS (L0)
we use use Choi’s theorem [57]. It states that for a super-
operator acting on n × n-dimensional density matrices to be
completely positive, the following n2 × n2 dimensional Choi
matrix C has to be positive

C =
∑

Ei j ⊗ L(Ei j ), (E8)

where (Ei j )pq = δpiδq j is a density matrix basis.
We then plug the rank-1 decomposition of πS (L0) from

Eq. (E7) into the Choi matrix (E8): Ci j,kl = ηikξ jl . Using
Sylvester’s criterion for nonnegative matrices we are able to
rewrite the requirement of πS (L0) being completely positive
as a system of inequalities on parameters ξ, η.

064312-11



ANATOLIY I. LOTKOV et al. PHYSICAL REVIEW B 108, 064312 (2023)

As solving the system of requirements on the param-
eters ξ, η is rather straightforward, we do not describe
it explicitly. It turns out that we cannot satisfy the three
requirements simultaneously. Moreover, it appears that
the trace preservation is inconsistent with the complete
positivity.

Thus, it seems impossible to realize symplectic fermions
as Liouvillian dynamics. Generally, the results of this Ap-
pendix illustrate that not every nonunitary theory can be
mapped onto Markovian dissipative dynamics. Further studies
of logarithmic CFTs in the context of dissipative physical
systems remains a subject for future research.

[1] S. Sachdev, Quantum Phase Transitions, 2nd ed. (Cambridge
University Press, Cambridge, UK, 2011)

[2] P. Di Francesco, P. Mathieu, and D. Senechal, Conformal Field
Theory, Graduate Texts in Contemporary Physics (Springer-
Verlag, New York, NY, 1997).

[3] J. Polchinski, Scale and conformal invariance in quantum field
theory, Nucl. Phys. B 303, 226 (1988).

[4] Y. Nakayama, Scale invariance vs conformal invariance,
arXiv:1302.0884.

[5] M. Vojta, Quantum phase transitions, Rep. Prog. Phys. 66, 2069
(2003).

[6] M. Kardar, G. Parisi, and Y.-C. Zhang, Dynamic Scaling of
Growing Interfaces, Phys. Rev. Lett. 56, 889 (1986).

[7] J. Krug, Origins of scale invariance in growth processes, Adv.
Phys. 46, 139 (1997).

[8] T. Halpin-Healy and Y.-C. Zhang, Kinetic roughening phenom-
ena, stochastic growth, directed polymers and all that: Aspects
of multidisciplinary statistical mechanics, Phys. Rep. 254, 215
(1995).

[9] D. Aharonov, Quantum to classical phase transition in noisy
quantum computers, Phys. Rev. A 62, 062311 (2000).

[10] Y. Li, X. Chen, and M. P. A. Fisher, Measurement-driven en-
tanglement transition in hybrid quantum circuits, Phys. Rev. B
100, 134306 (2019).

[11] B. Skinner, J. Ruhman, and A. Nahum, Measurement-Induced
Phase Transitions in the Dynamics of Entanglement, Phys. Rev.
X 9, 031009 (2019).

[12] J. Iaconis, A. Lucas, and X. Chen, Measurement-induced phase
transitions in quantum automaton circuits, Phys. Rev. B 102,
224311 (2020).

[13] Z. Gong, R. Hamazaki, and M. Ueda, Discrete Time-Crystalline
Order in Cavity and Circuit QED Systems, Phys. Rev. Lett. 120,
040404 (2018).
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