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CONSTRUCTIONS OF NEW ¢-CRYPTOMORPHISMS

EIMEAR BYRNE, MICHELA CERIA, AND RELINDE JURRIUS

ABSTRACT. In the theory of classical matroids, there are several known equivalent axiomatic sys-
tems that define a matroid, which are described as matroid cryptomorphisms. A g-matroid is a
g-analogue of a matroid where subspaces play the role of the subsets in the classical theory. In this
article we establish cryptomorphisms of g-matroids. In doing so we highlight the difference between
classical theory and its g-analogue. We introduce a comprehensive set of g-matroid axiom systems
and show cryptomorphisms between them and existing axiom systems of a g-matroid. These axioms
are described as the rank, closure, basis, independence, dependence, circuit, hyperplane, flat, open
space, spanning space, non-spanning space, and bi-colouring axioms.

1. INTRODUCTION

The concept of a g-matroid goes back to Crapo [5], although it has only recently been taken
up again as a research topic, having been rediscovered in [9]. As the term suggests, it arises as a
g-analogue of matroid theory, wherein subspaces play the role of the subsets in the classical theory.
The definition of a ¢g-matroid with respect to a rank function can be read in [9]: a g-matroid consists
of a vector space F together with an integer-valued, bounded, monotonic increasing, semi-modular
rank function on the lattice of subspaces of E (see Definition 3). There have been a few other recent
papers on this topic, especially in relation to rank metric codes. In [8, 13] the authors independently
introduced the g-analogue of a polymatroid, namely a ¢-polymatroid. Their properties have been
further studied in [2, 6].

In the theory of classical matroids, there are several known equivalent axiomatic systems that
define a matroid, which are described as matroid cryptomorphisms. A full exposition of these is
given in [3, 11]. This array of cryptomorphisms offers both insight to the structure of a matroid
and versatility in applications: one description of a matroid may make it more amenable to a given
application than another.

In this article we seek to establish a comprehensive collection of cryptomorphisms of ¢g-matroids.
In doing so we highlight the difference between classical theory and its g-analogue. Some crypto-
morphisms have already been shown in [9]. In [4], it was shown that the axioms defining a collection
of flats defines equivalently a g-matroid and conversely that a g-matroid with a given rank function
determines a collection of flats. As an application, it was shown that a g-Steiner system yields a
g-matroid (in fact a g-perfect matroid design) determined by a collection of flats and this was used
to construct new subspace designs.

In Figure 1, twelve different equivalent axiom systems of g-matroids are shown, which are g¢-
analogues of classical axiomatic systems. As we show in this paper, these systems all equivalently
define a g-matroid and hence form a family of g-cryptomorphisms. These axioms are labelled as
the rank, closure, basis, independence, dependence, circuit, hyperplane, flat, open space, spanning
space, non-spanning space, and bi-colouring axioms.

Cryptomorphisms between the rank, independence and bases axioms were already proven in [9)].
For independence and bases, it turns out there is an extra axiom needed in addition to the classical
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case: simply taking a straightforward g-analogue of the classical axioms is sometimes insufficient
to find axioms for a g-matroid. A cryptomorphism between the rank and flat axioms was shown
in [4] and that g-matroidal bi-colourings and the rank axioms equivalently define a g-matroid was
shown in [1]. That the rank axioms imply the closure axioms was shown in [9], while at that time
it was not clear that those closure axioms were sufficient to define a g-matroid. We answer this
question affirmatively by showing that the closure and independence axioms are cryptomorphic.

It was shown that the circuit axioms proposed in [9] can be deduced from the independence
axioms. Here we establish the converse by proving that the circuit and dependence axioms are
cryptomorphic and that the dependence and independence axioms are cryptomorphic. However,
we need a different axiom for the circuits than the one proposed in [9]. This is again an illustration
that taking straightforward g-analogues of classical axioms is sometimes insufficient. We see this
problem also arising in the case of the open space axioms. We furthermore show that the flat
and hyperplane axioms are equivalent, from which we easily obtain cryptomorphisms with the
open space axioms and the circuit axioms by dualization (and also via equivalence with the rank
axioms).

In [11], various families are defined with respect to a given family of subsets, such as its upper
cone, lower cone, dual, opposite, max and min families (see Definition 1). In Figure 2, we illustrate
the relations between the different axiom systems in the context of these notions. These follow
exactly as for subsets, although for the dual of a family, we take the orthogonal complement with
respect to an inner product. Another difference to note is that for the left side of the diagram —
bases, independence and spanning — four axioms are needed, contrary to the three axioms in the
classical case. This difference between the classical case and the g-analogue does not appear for
the other axiom systems in the diagram.

This paper is organised as follows. In Section 2 we outline all the different axiomatic systems that
we will consider in this work. In Section 3 we present an infinite family of representable g-matroids
derived from an Fym-linear code and explicitly describe its bases, independent spaces, flats, circuits
etc. In Section 4 we describe some variations on the independence, hyperplane and rank axiom
systems. The remaining sections go through the various pairwise cryptomorphisms in turn. In
Section 5 we show that the independence and closure axioms are cryptomorphic. In Sections 6 and
7 we prove cryptomorphisms between the closure function axioms and the independence and rank
function axioms, respectively. In Sections 8 and 12 we establish the equivalence of the flat axioms
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and the hyperplane and open space axioms respectively. In Sections 9 and 10, the dependence
axioms are shown to be cryptomorphic to the independence and the circuit axioms, respectively.
In Section 11 we note the cryptomorphism between the hyperplane axioms and circuit axioms and
discuss cocircuits of a matroid. Finally, in Section 13, we deduce the spanning and non-spanning
space axioms from the other axiom systems. In the appendix we list all relations between the
various notions associated to g-matroids.

2. PRELIMINARIES

Throughout this paper, n denotes a fixed positive integer and we denote by E a fixed n-
dimensional vector space over an arbitrary field F. We recall that if A is a subspace of F, its
codimension in E is given by codim(A) = dim(E) — dim(A). We denote by L(E) the lattice of
subspaces of E, for which the join of a pair of subspaces A and B is defined to be their vector space
sum A + B while their meet is defined to be their intersection An B. For any A, B € L(FE) with
A ¢ B we denote by [A, B] the interval between A and B, that is, the lattice of all subspaces X
with A< X ¢ B. For A c E we use the notation £(A) to denote the interval [{0}, A].

For any subspace X € L(E) we denote by X* the orthogonal complement of X in FE with respect
to the standard dot product:

X*ti={yeFE:xz-y=0Vre X},

where -y := Z;’;l xyy; for any x = (x1,...,20),y = (y1,...,Yn) € E.
Definition 1. Let A< L(E). We define the following families of subspaces of E.
upp(A) ={X eL(F):3Ac A, Ac X},
low(A):={X eL(F):3Ac A X c A},
max(A)={XeA: X ¢ Aforany Ac A, A+ X},
min(A) ={XeA:A¢ X forany Ae A, A+ X},
opp(A) = {X € L(E): X ¢ A},
At = (X1 X e A}
Definition 2. Let A be a collection of subspaces of E. For any subspace X € L(F), we define the
collection of maximal subspaces of X in A to be the collection of subspaces
max(X,A):={AeA:AcX and Bc X,Be A = dim(B) <dim(A4)}.

In other words, max(X, .A) is the set of subspaces of X in A that have maximal dimension over all

such choices of subspaces.
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The following defines a g-matroid in terms of a rank function (see [9]).

Definition 3. A ¢g-matroid M is a pair (E,r) where r is an integer-valued function defined on the
subspaces of E with the following properties:

(R1) For every subspace A€ L(E), 0<r(A) <dim A.

(R2) For all subspaces Ac Be L(E), r(A) <r(B).

(R3) For all A,B, r(A+B)+r(AnB)<r(A)+r(B).
The function r is called the rank function of the g-matroid.

Definition 4. Let (E,r) be a ¢g-matroid. A subspace A of FE is called an independent space of
(E,r) if
r(A) =dim A.
We write Z, to denote the set of independent spaces of the g-matroid (E,r):
L, :={I e L(E):dim(I) =r(I)}.

A subspace that is not an independent space of (E,r) is called a dependent space of the
g-matroid (F,r). We call C € L(FE) a circuit if it is itself a dependent space and every proper
subspace of C'is independent. A spanning space of the g-matroid (F,r) is a subspace S such that
r(S) = r(E). A non-spanning space of the g-matroid (E,r) is a space that is not a spanning
space. We write S, to denote the set of spanning spaces of (E,r) and we write N, to denote its
set of non-spanning spaces. A subspace is called an open space of (F,r) if it is a (vector space)
sum of circuits. We write O, to denote the set of open spaces of (E,r).

Definition 5. Let (E,r) be a g-matroid. For each A € L(E), define C,(A) :={x e L(E):r(A+x) =
r(A),dim(x) = 1}. The closure function of a g-matroid (E,r) is the function defined by

cl: L(E) > L(E):Awc,(A)= ) =
zeCr(A)

Definition 6. A subspace A of a g-matroid (E,r) is called a flat if for all 1-dimensional subspaces
x € L(F) such that x ¢ A we have
r(A+z)>r(A).
We write F, to denote the set of flats of the ¢g-matroid (£, r), that is
Fr={AecL(E):r(A+z)>r(A) Ve e L(E),z ¢ A, dim(z) =1}.

A subspace H is called a hyperplane if it is a maximal proper flat, i.e., if H #+ E and the only
flat that properly contains H is E. We write H, to denote the set of hyperplanes of the g-matroid
(E,r), that is

H,={AeL(E):r(A)=r(M)-1and r(A+z)>r(A) Ve e L(F),z ¢ A, dim(x) = 1}.

We now present several axiom systems. Some of these, such as the independence axioms, flat
azioms, circuit axioms and closure axioms have been presented before, while others (namely the
axioms of open spaces and dependent spaces) have not. In later sections we will establish that these
are all cryptomorphisms of a g-matroid.

Definition 7. Let Z ¢ L(E). We define the following independence axioms.
(M) Z+w.
(I2) For all I,J e L(E), if JeZ and I € J, then I € Z.
(I3) For all I, J € 7 satisfying dim I < dim J, there exists a 1-dimensional subspace z ¢ J, x ¢ I
such that I +z € Z.
(I4) For all A,Be L(F) and I,J € L(E) such that [ e max(Zn L(A)) and J € max(Z n L(B)),

there exists K € max(Z n L(A+ B)) such that K c I+ .J.
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If 7 satisfies the independence axioms (I1)-(I4) we say that (F,Z) is a collection of independent
spaces.

Definition 8. Let B c L(E). We define the following basis axioms.

(Bl) B+w

(B2) For all By, B € B, if By € By, then B = Bo.

(B3) For all By, By € B and for every subspace A of codimension 1 in Bj satisfying By n Bs € A,
there is a 1-dimensional subspace y of By such that A +y € B.

(B4) For all A,Be L(FE), if I and J are maximal intersections of some members of B with A and
B, respectively, there exists a maximal intersection of a basis and A + B that is contained
inI+J.

If B satisfies the bases axioms (B1)-(B4) we say that (E,B) is a collection of bases.

Definition 9. Let A< L(FE). Let A,B ¢ A. We say that B covers A in A if A< B and for any
C € A such that Ac C ¢ B, then either A=C or B=C.

Definition 10. Let F < L(FE). We define the following flat axioms.
(F1) EeF.
(F2) If F1 e F and F2 Gf, then F1 ﬂFQ e F.
(F3) For all Fe F and x € L(F) a 1-dimensional subspace not contained in F, there is a unique
cover of F' in F that contains x.

If F satisfies the flat axioms (F1)-(F3) we say that (E,F) is a collection of flats.

Definition 11. Let O ¢ L(FE). We define the following open space axioms.
(01) {0} €O.
(O2) For all 01,0 € O it holds that O1 + O3 € O.
(03) For each O € O and each X € L(E) such that O ¢ X and codimg(X) = 1, there exists a
unique O’ € X n O such that O is a cover of O’ in O.

If O satisfies the open space axioms (01)-(03) we say that (F,Q) is a collection of open spaces.

Definition 12. Let H ¢ L(F). We define the following hyperplane axioms.
(H1) E¢H.
(HQ) For all Hy, Hy € H, if H1 € Ho, then Hy = Ho.
(H3) For all distinct Hy, Hy € H, for each 1-dimensional space x € L(E) there exists H3 € H such
that (H1 N HQ) +x C Hs.
If ‘H satisfies the axioms (H1)-(H3), then we say that (E,H) is a collection of hyperplanes.

Definition 13. Let D ¢ L(E). We define the following dependence axioms.
(D1) {0} ¢ D.
(D2) For all Dy, Dy € L(FE), if D1 € D and D1 € Dy, then Dy € D.
(D3) For all Dy, Dy € D satisfying D1 n Dy ¢ D, if D is a space of codimension 1 in Dy + Ds, then
DeD.
If D satisfies the dependence axioms (D1)-(D3) we say that (£, D) is a collection of dependent
spaces.

Definition 14. Let C ¢ L(FE). We define the following circuit axioms.
(C1) {0} ¢C.
(02) For all Cl,CQ eC,if C; € Cy Cy =Ch.
(C3) For distinct C1,C5 € C and any X € L(F) of codimension 1 there is a circuit C5 ¢ C such
that C3 ¢ (C1 +Cy) n X.
If C satisfies the circuit axioms (C1)-(C3), we say that (E,C) is a collection of circuits.
5



Note that the axiom (C3) listed here is different from the axiom (C3) as defined in [9, Theorem
64]. We will explain this in Section 11.

Definition 15. Let cl: L(E) - L(E) be a map. We define the following closure axioms.

(Cl1) For every A e L(E) it holds that A c cl(A).
(Cl2) For all A,Be L(FE), if Ac B, then cl(A) c cl(B).
(ClI3) For every A e L(E) it holds that cl(A) = cl(cl(A)).
(Cl4) For all z,y, A € L(E) such that dim(x) = dim(y) =1, if y € cl(A+x) and y ¢ cl(A), then
zccl(A+y).
If cl: L(E) - L(F) satisfies the closure axioms (CI1)-(Cl4) , then we call it a closure function.
We write (E, cl) to denote a vector space E together with a function cl satisfying the closure axioms.

Definition 16. Let S ¢ L(FE). We define the following spanning space axioms.

(S1) FeS.

(S2) Forall I,Je L(E),if JeS and J < I, then I €S.

(S3) For all I,.J €S such that dim J < dim I, there exists some X € L(E) of codimension 1 in E
satisfying J € X, I ¢ X, and In X € S.

(S4) For all A,B e L(F) and I,J € L(E) such that I e min(Sn[A, E]) and J e min(Sn[B, F]),
there exists K € min(Sn[An B, E]) such that InJc K.

If S satisfies the independence axioms (S1)-(S4) we say that (E,S) is a collection of spanning
spaces.

Definition 17. Let N ¢ L(FE). We define the following non-spanning space axioms.
(N1) E¢N.
(NQ) For all Ny, N ¢ ﬁ(E), if Ny e N and Ny € Np, then Ny eN.
(N3) For all Ny, Ny € N satisfying N1+ No ¢ N, if N is a space such that N n Ny has codimension
1in N, then N e N.

If \V satisfies the dependence axioms (N1)-(N3) we say that (E,N) is a collection of non-spanning
spaces.

Definition 18. Let £ be a lattice. Intervals of length 1 in £ are called coverings and intervals of
length 2 are called diamonds. A bi-clouring of £ is a function £ — {red, green} that associates
a colour (red or green) to every covering of L.

Definition 19. A bi-colouring of the lattice L(F) is called matroidal if and only if each diamond
is one of four types:

One All coverings are red.
Mixed Exactly one lower covering is green, and the covering above it is the only upper red covering.
Prime All lower coverings are red, all upper coverings are green

Zero All coverings are green

o

(o) o (o) . (o) o (o)

N\

N/

o o

I\



We conclude this section with the notion of a dual matroid, which we will use in Sections 11, 12
and 13.

Definition 20. Let M = (E,r) be a g-matroid. Then M* = (E,r*) is also a g-matroid, called the
dual ¢g-matroid, with rank function

r*(A) =dim(A) - r(E) +r(A").
We recall the following theorem from [9, Theorem 45].

Theorem 21. The subspace B € L(E) is a basis of the g-matroid M if and only if B* is a basis of
the dual g-matroid M*.

3. AN INFINITE FAMILY OF REPRESENTABLE ¢-MATROIDS

We present a construction of an infinite family of g-matroids. For a specific choice of parameter
sets, we will identify its independent and dependent spaces, spanning and non-spanning spaces,
its circuits, hyperplanes, open spaces, bases, flats and characterize the rank and closure of each
subspace. Before starting, we define what a representable ¢-matroid is.

Definition 22. Let M = (E,r) be a g-matroid of rank k over a field F. Let Ac E and let Y be a
matrix with column space A. We say that M is representable over F if there exists a k xn matrix
G over a finite extension field L/F such that r(A) is equal to the matrix rank of GY over L.

We recall now a standard construction of a representable g-matroid over a finite field (see [9]).
Let E = F; and let k,m be positive integers. Let h : Fjm — F’gjm be an Fym-epimorphism. We
define the function

r:L(E) — No: A r(A):=dimg,, (h(A)).

Then (E,r) is a g-matroid with rank function r; the rank of a subspace A is the dimension of
its image under the epimorphism h. We have r(E) = k. The epimorphism h can be equivalently
represented by a matrix G with respect to some choice of basis for Fgm and ]qu“m, while for each
subspace A € L(FE), we have that 7(A) is the Fym-rank of the matrix product GY for any matrix
Y whose columns form a basis of A. We will denote this g-matroid by M[G].

As a preparation for our construction, we describe the following setting. Let m = ps for coprime
integers p and s and let a be a primitive element of Fym. Define e := "1 5o that o has

qs_l 9
order ¢° -1 in Fim and in particular is a generator of the subfield Fys. Consider the Fg-spaces
s—1 o
Gi = (o, o', ... ot (571e) ¢ [Fgm, defined for 1 <i < e. There exist f; € F, such that Z fa7¢=0,
§=0

if and only if a is a root of a polynomial of degree at most s — 1. This is clearly impossible, since
af is a primitive element of Fys, and so its minimal polynomial over F, has degree s. It follows
that G; has F,-dimension equal to s. Moreover, the spaces G; have trivial intersection. Indeed,

s—1 . s—1 . o e
for 1 <i,j < e, there exist fx, g € Fy satisfying )’ fraltter = > gra? ™t if and only if o™ = fcia%

k=0 k=0 «
for some polynomials f(z),g(x) € Fy[«]. This holds only if o'~/ € Fgs, which holds if and only if
(i-7)(¢°-1) =0 mod ¢™ -1, in which case we must have i = j. Therefore, the collection of spaces
G:={G;:1<i<e} form a spread in Fym. In fact G is a Desarguesian spread and this construction
is well-known [12]. We will use G to characterise the ranks of spaces associated with an infinite
family of representable ¢g-matroids. Before we characterise this family, we will consider a particular
example.




Example 23. Let s € N be an odd integer and let m = 2s. Let o € Fgm a primitive element. Take

2 a25—1

as a basis for Fym over I, the elements 1,c, 07, ..., and consider the matrix

1 « a? ... 251

T e (00)? L (@)

G

As outlined above, G determines a g-matroid (IFZ, r), which clearly supports only the possible ranks

0,1,2, as G itself has rank 2, so in particular, r(Fjx) = 2. As G has no all-zero columns, every
1-dimensional space of F,m over F, has rank 1. Let e = ‘Z;:__ll =

subspaces G; = (a®, ", ... ,a(8_1)€+i>]12‘q, for 1 <i < e form a spread of Fym as a vector space over
F,. As will be shown in Theorem 25, r(G;) =1 for each ¢, while every other s-dimensional space
has rank 2. Let us specify our example in a very small case. For m =6, q = 2 we get a g-matroid Mg
with ground space Fys over Fo. The spread G is a collection of e = 23 +1 = 9 spaces of Fy-dimension
3 and rank 1, which we denote by G1,...,Gg. We list these as the following binary vector spaces.

G1={(0,1,0,0,0,0),(0,0,0,0,1,1),(0,1,1,1,1,0))p,,
((0,0,1,0,0,0),(1,1,0,0,0,1),(0,0,1,1,1,1))p,,
((0,0,0,1,0,0),(1,0,1,0,0,0),(1,1,0,1,1,1))g,,
((0,0,0,0,1,0),(0,1,0,1,0,0),(1,0,1,0,1,1))p,,
((0,0,0,0,0,1),(0,0,1,0,1,0),(1,0,0,1,0,1))
{ )
( )
( )
{ )

q°+1. The collection of s-dimensional

Fa»

(1,1,0,0,0,0),(0,0,0,1,0,1),(1,0,0,0,1,0))p,,
(0,1,1,0,0,0),(1,1,0,0,1,0),(0,1,0,0,0,1))r,,
(0,0,1,1,0,0),(0,1,1,0,0,1),(1,1,1,0,0,0))p,,
(0,0,0,1,1,0),(1,1,1,1,0,0),(0,1,1,1,0,0))p,.

~— ' — "~ — ~— ~—r

Go
G3
Gy
Gs
Gs
Gr
Gs
Gy

FEach space G; contains 7 distinct 2-dimensional spaces and no space is contained in two spread
elements, so in total we have 63 2-dimensional spaces contained some (G;, which we denote by
Dy,...,Dgs. Clearly r(D;) =1 for each i € {1,...,63}.

In Table 1, we tabulate how the subspaces of each dimension in Fg are distributed, according to
the different cryptomorphic definitions of a ¢g-matroid. The closure function, independent spaces,
circuits etc are all defined with respect to the given rank function.

As can be seen in Table 1, every space of dimension at most 1 has rank equal to its dimension,
and so is independent. The zero space is also a flat, being equal to its closure, and is also a
non-spanning space. The closure of a one dimensional space is exactly one space from among the

G1,...,Gg, namely the specific spread element G; that contains it.
As regards the spaces of dimension 2, they all have rank 2 and are independent, bases and
spanning spaces, except for the 63 subspaces of the spread, Dy,..., Dgs, which are circuits and so

are dependent, non-spanning, and open spaces.

Every 3-dimensional space is dependent, having dimension exceeding its rank. In particular, as
noted before, each G; has rank 1, while the remaining 3-spaces have rank 2. Among the 1395 spaces
of dimension 3, 1332 are circuits except those 63 spaces that contain some D; as a subspace. All
spaces apart from Gi,...,Gg are spanning spaces. The spaces GGy, ...,Gyg are flats, non-spanning
and are also the only hyperplanes of Mg. Any open space of dimension 3, being a sum of circuits,
is either a circuit of dimension 3 or has the form D; + D;, which must therefore be a spread element
since any two D;, D; are either contained in the same spread element, or have trivial intersection.

The 4- and 5-dimensional spaces are all dependent of rank 2 and there are no circuits nor flats
among them. They are all spanning spaces. The 4-dimensional open spaces are the sum of open

8



dim
0 1 2 3 4 5 6
crypt
2 except 2 except
Rank 0 1 2 2 2
T(Dl):"':T(DfSB):l T(Gl):"':T(GQ):l
Closure cl(z) = G; | Gy ifTcG; G ifT=G;
of a Space 0 for x ¢ G el(T) = E  else el(T) = E  else B E E
Independent es all all except none none | none | no
Spaces Y Dy,...,Dg3
all except
Bases no none none none | none | no
D17 ey D63
Spanning all except all except
Spaces 1o none Dy, ..., Dgs3 Gi,...,Go all all | yes
Circuits no none Dq,...,Dg3 T such that D; ¢ T none | none | no
Desppe;lc(iesznt no none Dy, ..., Dgs all all all | yes
Non-spanning ] Al D D a a
Spaces yes a. 15---9 1763 1y---5G9 none | none | no
Flats yes none none G1,...,Gog none | none | yes
G1,...,Gg and
Open Spaces | yes none Dy, ..., Dg3 T such that D; ¢ T all all | yes
Hyperplanes | no none none G1,...,Go none | none | no

TABLE 1. Defining Spaces of the ¢-Matroid.

spaces of dimension 2 and 3. Each one contains some D; since every 4-space intersects some spread
element in dimension at least 2, so all 4-dimensional sets are open. The 5-dimensional spaces are
also all open, because they are sums of open spaces of dimension 2 and 3. Finally, the whole ground
space is a dependent space of rank 2 and is not a circuit, but is a flat, a spanning space and an
open space.

We will now illustrate the multiple axiom systems for this example. Some axioms are straight-
forward to check directly for all possibilities, but we do not go through all the details. In other
cases we pick some of the more illuminating examples.

Rank: (R1) and (R2) clearly hold. Let us see an example for (R3), using G and G3. We know that
G1+Gy = E and G1nGs = {0}. Therefore, r(G1+G2)+r(G1nG2) = 2+0 =2 < r(G1)+r(G2) = 1+1 = 2.

Closure: That axioms (Cl1)-(Cl13) hold is immediate, as we can see from the table shown in Table
1. We'll show that (Cl4) holds. Let A,z,y be subspaces of F§ such that dim(z) = dim(y) = 1.
Suppose that y ¢ cl(z + A) and that y ¢ cl(A). As observed in Table 1, for any subspace T" we
have cl(T") = E unless T is contained in a spread element G, in which case we have cl(T") = G.
Therefore, since y ¢ cl(A), y and A are not both contained in the same spread element and hence
cl(y+ A) = E. It follows that = C cl(y + A).

Independence: It is clear from Table 1 that (I1) and (I2) hold. We’ll show that (I3) holds. All
the independent spaces determined by the rank function of Mg have dimension at most 2, so we

need only consider some 1-dimensional subspace I and a two-dimensional space J, different from
9



Dy, ..., Dgs. Since J # D; for any i, it is not contained in any spread element. In particular, J ¢ G
where G is the unique spread element containing I. Therefore, there exists a 1-dimensional space
xcJ,r¢G and x+1 is a 2-dimensional space not contained in GG, which is therefore independent.

Consider now (I4). Let A, B be subspaces of IFS and let I, J be maximal independent subspaces
of A and B, respectively. Then r(A) = dim(I) and r(B) = dim(.J). Any independent subspace of
A + B has dimension at most 2. If dim(7) = dim(J) = 1, then r(A) =r(B) =1, so from Table 1, A
and B are each contained in some spread element.

We have dim(I + J) = 2 and further, I + J is independent if and only if I + J # Dy for any ¢. If
A and B are contained in distinct spread elements, then I + J # Dy for any ¢ and so I + J gives
the required maximal independent subspace of A+ B. If A, B ¢ G for a spread element G, then
r(A+ B) =1 and both I and J are maximal independent subspaces of A+ B. If dim(/) = 2, then
I is a maximal independent subspace of A + B. This proves that (I4) holds for the independent
spaces of the g-matroid Mg.

Bases: That (B1) and (B2) hold is easy to see. Let By # By be a pair of distinct bases of the
g-matroid Mg. Then the B; are 2-dimensional spaces different from D1,..., Dg3. Let [ = BinBy. If
dim(7) = 1, then [ is the only space of codimension-1 in B; that contains I, so set A = I. Otherwise,
let A be any 1-dimensional space in By. In order to find a basis and see that (B3) holds, it is enough
to add any 1-dimensional space not contained in the same spread element as A.
We illustrate an instance of (B4). Let A =((1,0,0,1,0,0)) and let

B ={((1,0,0,1,0,0),(1,0,0,0,0,1),(1,0,0,0,0,0)). The maximal intersection of A with a basis is
I = A, while the maximal intersection of B with a basis is J = ((1,0,0,1,0,0),(1,0,0,0,0,1)) (J is
a basis since it is a space of dimension 2 not contained in a spread element). Then I +.J = J, which
gives the required maximal intersection of a basis with A+ B=1+ B =B.

Circuits: The axioms (C1) and (C2) are trivially satisfied. We’ll show an example of the axiom
(C3). Let Cy =((0,0,0,0,0,1), (0,0,1,0,1,0)) and Cs = {(0,0,0,0,0,1),(1,0,0,1,0,0)). Let H =
((0,0,0,0,0,1))*. Then (Cy + C3) n H contains the circuit, C3 = ((0,0,1,0,1,0),(1,0,0,1,0,0)), as
required.

Dependence: (D1) and (D2) hold trivially. To illustrate (D3), take for example, two dependent
spaces D;, Dj, 1 <1,j <63. Being circuits, their intersection is independent. If D;, D; come from
the same spread element (G, then their sum is G; itself and any codimension-1 space in such a sum
is dependent. If they come from two different spread elements Gj, G,,, their intersection is {0},
which is independent. Their sum has dimension 4 and hence any subspace of codimension 1 in
D; + Dj is dependent.

Flats: From Table 1, E is a flat (so (F1) holds), {0} is a flat and G1,..., Gy are flats. This shows
(F2) directly: the intersection of a flat F' with E is F itself, the intersection with {0} or between
two spread elements is {0}. As regards (F3), if F' = {0} and we take a 1-dimensional space z, the
unique cover of F' + x = z is the unique spread element containing x. If we choose F' from among
the spread elements G1,...,Gg and pick any 1-dimensional space x ¢ F' the cover of x + F' is F.

Hyperplanes: Since the only hyperplanes of the g-matroid Mg are the spread elements Gy, ..., Gy,
which are pairwise disjoint, axioms (H1) and (H2) hold vacuously. For any 1-dimensional space x
and any 4, j we have (G; N G;) + x = x, which is contained in some spread element G/.

Open Spaces: It is easy to see that (O1) and (O2) hold. As regards (O3), consider an open space
O of dimension 3. Let X ¢ E of codimension 1. If O = G;, then On X = D;, which is an open space
covered by O. Otherwise, O does not contain any D;, hence O n X also does not. In that case we
have that {0} cOn X and O covers {0}.

Spanning Spaces: (S1) and (S2) are easy to verify by looking at Table 1. Let us look at (S3). We
verify it in the case J =((0,1,0,0,0,0),(0,0,1,0,0,0)) and I = J +((0,0,0,1,0,0)). It is enough to
take, as an example, X = J +((0,0,0,0,1,0),(0,0,0,0,0,1),(0,1,1,1,0,0)). Of course J € X and
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I'¢ X. Since XnI = J we actually have a spanning space, as required by (S3). A very easy example
for (S4) is given by taking A = ((0,1,0,0,0,0)), B =((0,0,1,0,0,0)), which are both contained in
J ={((0,1,0,0,0,0),(0,0,1,0,0,0)), their minimal containing spanning space. Their intersection is
{0} and the required minimal space is J itself.

Non-spanning Spaces: (N1), (N2) are easily read from the table. For (N3), we have that the only
way for two non-spanning spaces Ny, No to have N1+ Ny ¢ N is if Ny and N are in different spread
elements. So Ny n Ny = {0} and N is a 1-dimensional space, which is a non-spanning space. o

We now continue with the characterization of our infinite family of representable g-matroids.
First we require a well-known lemma [10, Lemma 3.51].

Lemma 24. Let ay,...,aqp € Fgm. We have:

q q q -1 J
Q Q Q
1 2 14
: : : =041H H (aj+1_ chak)-
q(@_l) q(@_l) q([_l) j:l Cl,...,CjGFq k=1
aq g @y
In particular, this determinant is nonzero if and only if ax, ..., oy are linearly independent over F,.

We now describe the ¢g-matroid M[G] = (E,r) with rank function defined by r(A) = rank(GY)
for any matrix Y with column space equal to A.

Theorem 25. Let p,s be a pair of coprime positive integers and let m = ps. Let £ =Fm and let

1 « o? a™ 1

1 o o2 .. qm-De”
G = . . . N .

1 aq(P—l)S aQq(P—l)S a(m—l)q(p‘l)s

Let e:= (¢™—1)/(¢° = 1) and for each i€ {1,... e}, let G; = (o}, a, .. .,a(s_l)e”)Fq. Let (E,r)
be the g-matroid M[G]. Let A be a subspace of Fgm over Fy, let B be a basis of A over Fy, and let
S:={je{l,...,e}: BnG; #3}. Let p:= diquS((O/ :£e8)). Then r(A) = min(p,u).

Proof. For each element 6 € Fym, we write I'(#) to denote the expression of 6 as a vector of length
m in F, with respect to the basis {1,a,...,a™ '}, We also define I'(S) := {T'(s) : s € S} for any
S cFym. Let f(z) = Y0 fir® € Fy[x]. Then f(at) = (1,a,...,a™ DY (fo,..., fm-1) for any
integer t. In particular, for the vector f e Fi', (Gf); = f(aq(j_l)s) for 1 < j < p. Now consider

the space G; = (o’ a/*®, ... a/*(71e) ¢ Fym. Let Y be the m x s matrix whose j-th column is
. - . S
['(a/*0U=1¢). Then, using the fact that (a)? = a®, we have
ot atte ai+(s—1)e ot atte ai+(s—1)e
id” Qe =)o) id" Qg e . gid+(s=De
GY = . . . =
aiq(P—l)S a(i+e)q(P—1>S a(i+(s_1)e)q(l’—1)s aiq(P—l)S aiq(l’—l)<5+e aiq(l’—l)s+(s_1)e
az ai e ai
ot ot o' ) ~
= . : . dlaglg(l,oze7oz2€,...,04(S 1)‘9)7
iq(P—l)S Oéiq(lﬂ—l)S aiq(l'—l)s

which clearly has rank 1 over Fgm. Let V' be an IFg-subspace of Fym of dimension ¢ and let B
be a basis of V over F,. Each element of B is contained in exactly one spread element G; €
11



G. Write B = B;, u---u B;,, where B;, c G;, and the G;, are distinct. In particular, we have

S = {i1,...,i¢}. Each element of B;, has the form ) f,a™ ™ = o' f(a®) for some f(z) € Fy[z].
p=0

Let B;, = {a™*f&1(a%),...,a% fF%(a®)} for some f*I(x) e F,[z] where B;, has order f;. Let

Yy, = [[(a™ 51 (af)),. .., D(a™ fF (a°))], for each k. Then

(GYk)]J'L _ aikq(jfl)s fk,h(aeq(jfl)s) _ aikq(j* fk’h(Oée).

Now let Y be the m x ¢ matrix in F, defined by Y = [Y7|--[Y;], so that GY = [GY}]---|GY;]. We have

1)s

ail fl,l(ae) ail fl,tl (ae) Ozit ft,l(ae) Ozi‘ fl,él (ae)
oy - ailqsfl,l(ae) ailqsfl,tl (ae) aikqsft,l(ae) aikqs ft,ét (ae)
atdT LI (ge) g Lt ge) | | ind TN () L a7 plle (e
Since fHh(a®) %0 for all k, h, GY is column equivalent to the matrix:
all 0 - 0 a®? 0 - 0 alt 0 - 0
of1d’ 0 - 0| a2 0 - 0F-- o4’ 0 -« 0
1" g o] a2 o ol QY o 0

Now let S = {s1,...,5,} €S such that {a®!,...,a®} is a basis of (a’: (€ S)r,s- Then by Lemma
24,

asl aSQ asl
S S S
as1d 24 sl
aslqs(f—l) aSQqs(Z—l) OZSqu(Z—l)
where ¢ = min(p, u). The result now follows. O

4. EQUIVALENT AXIOM SYSTEMS

In a number of cases a particular axiom system may have more than one equivalent set of axioms.
This is certainly the case for the rank axioms, the hyperplane axioms and the independence axioms.
Identifying these equivalences can be convenient for various proofs. Alternative axiom systems for
the independent spaces and the bases were already given in [9, Propositions 16 and 40].

4.1. Independent spaces. We start with equivalent formulations of the independence axioms:
we will show that (I4) can be replaced by either of the following alternative axioms.

(I4’) Let Ae L(FE) and let I € max(A,Z). Let B € L(E). Then there exists J € max(A + B,T)
such that in J < I+ B.

(I4”) Let A e L(F) and let I € max(A,Z). Let z € L(E) be a 1-dimensional space. Then there
exists J € max(x + A,Z) such that in J cz + I.

These statements are Propositions 14 and 13 of [9], respectively. The proofs in that paper assume
the rank axioms, while here we will only use the independence axioms.

Theorem 26. Let T be a collection of subspaces satisfying (11)-(13). Then the axiom systems
(11)-(14), (11)-(14°) and (I1)-(1}”) are pairwise equivalent.

Proof. Note first that by (I3), if A € L(E) and I,J € max(L(A) nZ), then dim(I) = dim(J).

Therefore, max(L(U) nZ) = max(U,Z) for all U € L(E). It is thus clear that (I4) implies (I4’),

which implies (I4”). Suppose that (I4”) holds. We will show that (I4’) holds. Let A, B e L(E)

and let I € max(A,Z). Suppose that (I4’) holds for all subspaces of dimension less than dim(B).
12



Let C be a subspace of B of codimension 1 in B and write B = x + C. By hypothesis, there exists
J e max(A+C,T) such that J c I+C. By (I4”) there exists J' € max(A+C +x,Z) = max(A+ B,T)
such that J'cJ+xcI+C+x=1+B.

Now suppose that (I4’) holds. Let A, B e L(FE), let I ¢ max(A,Z) and let J € max(B,Z). We
claim there is member of max(A + B,Z) that is contained in I + J. Since J € max(B,Z), by (I4’)
these exists N e max(I + B,Z) such that N ¢ I +J. Again by (I4’), there exists M € max(A+ B,Z)
such that M < I+ B. But M € max(I + B,Z), and hence M and N have the same dimension. It
follows that N is the required maximal subspace of A + B that is contained in I + J and so (I4")
implies (I4). The result follows. O

We will use (I4”) to establish a cryptomorphism between the independence axioms and the
closure axioms in Section 5.

The next lemma can be established by repeated applications of (13). Its proof shows in particular
that if I, J are subspaces of a collection Z ¢ L(FE) that satisfies the first 3 independence axioms,
then if dim(J) > dim([/) there exists a subspace U ¢ J such that [ +U e€Z, Un1 = {0}. This yields
an axiom that is equivalent to (I3).

Lemma 27. Let Z be a collection of spaces satisfying (I1)-(13). Let I € A e L(E) and let I € T.
Then there exists a subspace M in T of maximal dimension in A, such that I € M.

Proof. By (I1), max(A,Z) is non-empty. Let J € max(A,Z). If dim(I) = dim(J), then [ itself is
the required maximal subspace of A in Z, so suppose that dim(/) < dim(J). Then by (I3), there
exists © € J,x ¢ I such that z+ 1 € Z. If dim(xz + I) = dim(J), then z + I is the required maximal
subspace of A in Z that contains I. Otherwise, iterative applications of (I3) yields a maximal
subspace M =1+U eZ of A, with U ¢ J and InU ={0}. O

We mention another result that doesn’t introduce new equivalent independence axioms, but will
arise later in Sections 5 and 9, when we establish cryptomorphisms between the independence and
closure axioms and also between the independence and dependence axioms.

Lemma 28. Let Z be a collection of subspaces satisfying (11)-(13). Let A be a subspace of E and
let xe L(E),z ¢ A be a 1-dimensional space. Let I €e max(A,Z) and let M € max(x + A,Z). Then
dim(M) <dim(]) + 1.

Proof. Clearly, dim(/) < dim(M). If dim(/) = dim(/), then there’s nothing to prove, so suppose
that dim(/) < dim(M). By Lemma 27, we may assume that I ¢ M. Let m be a 1-dimensional
space such that m € M,m ¢ I. By (I12), m+ [ € Z. By the maximality of I in A, we must have
m¢Aandso A¢gm+Acx+ A, Therefore, m+ A =x + A.

We claim that m+ I = M. Suppose otherwise and let m’ be a 1-dimensional subspace of M that
is not contained in m + I. Again by (I2), m+m’ + I € Z and by the maximality of I in A we have
m'+m¢A Then Agm’'+m+Acz+A, som’"+m+A=x+A=m+A and hence m’ ¢ m + A.
Therefore, m’ = (m + a) for some m € m and a € A. If m = 0, then we get the contradiction
m' ¢ A. If a = 0, then we arrive at the contradiction m’ = m. Therefore, m+m/+I =m+a+1
for some 1-dimensional subspace a € A,a ¢ I, which by (I2) means that a + I € Z, with contradicts
I emax(A,Z). It follows that M =m + I and that dim(M) = dim(7) + 1. O

4.2. Rank function. The following theorem gives an alternative set of axioms for the rank func-
tion. This will be used in Section 7 to show the cryptomorphism between the rank and closure
functions. Throughout this section, let r be an integer-valued function defined on the subspaces of
E. We have the following axioms.
(R1’) r({0}) =0.
(R2) r(A)<r(A+z)<r(A)+1.
13



(R3") If r(A) =r(A+x)=r(A+y), then r(A+z +y) =r(A).
These axioms are sometimes called local rank axioms, which explains why we will use a lot of
mathematical induction to get to the global versions.

Before proving the equivalence between these axioms and the axioms of the rank function of a
g-matroid, we state and prove some preliminary results. The first lemma is Proposition 6 from [9)].
However, the proof in that paper assumes r satisfies (R1), (R2), (R3). Here, we want to use the
lemma to prove these axioms, so we re-do the proof of the lemma using (R1’), (R2’), (R3’) instead.

Lemma 29. Let r be an integer-valued function defined on the subspaces of E satisfying (R1’),
(R2’), (R3’). Let A,B e L(E). If r(A+x) = r(A) for all 1-dimensional spaces © € B, then
r(A)=r(A+B).

Proof. We prove this by induction on k = dim B-dim(An B). For k =0, 1,2 we have 1-dimensional
spaces x,y € B such that A+ 2z +y = A+ B (the sum does not need to be direct). Suppose
r(A+z) =r(A) for all 1-dimensional spaces = € B, so in particular, 7(A) =r(A+z) =r(A+y). By
(R3’), this means r(A) =r(A+z+y) =r(A+ B). Now assume the lemma holds for all A, B with
dim B — dim(An B) < k. Suppose (A +x) = r(A) for all 1-dimensional spaces = € B. Let B’ ¢ B
of codimension 2 and let x,y ¢ B 1-dimensional subspaces such that A+ B=A+ B’ +xz +y. Apply
the induction hypothesis to A and B’: this gives r(A+ B’) =r(A). Apply the induction hypothesis
also to A and B’ + x and to A and B’ +y, this gives r(A) =r(A+ B’ +z) =r(A+ B'+y). Now we
can use (R3’) on z, y and A + B’, giving

r(A)=r(A+B")=r(A+B' +2)=r(A+ B +y)=r(A+ B"+2+y) =r(A+ B).
This proves the induction step, and thus the lemma. ]
The next Lemma is the g-analogue of Lemma 2.47 of [7].

Lemma 30. Let r be an integer-valued function defined on the subspaces of E satisfying (R1°),
(R2’), (R3’). Let A,B e L(E). If Ac B, then for all 1-dimensional subspaces x € L(E) we have
that r(A+x) —r(A) 2r(B+z)-r(B).

Proof. We will prove this statement for dim B = dim A + 1, and the general statement then follows
by induction. Let B = A +y. From (R2’) we know that both sides of the inequality are either 0
or 1. If the left hand side is 1, the inequality is always true, so assume r(A +x) = r(A). We will
show that r(A+y+z)-r(A+y)=0. By (R2"), r(A+y) is equal to either r(A) or r(A) + 1. If
r(A) =r(A+y), then by (R3’) 7(A) =r(A+y+x) so in particular, r(A+y+z)-r(A+y)=0. If
r(A+y) =r(A)+1, then we have r(A) + 1 =r(A+x)+1=r(A+y) <r(A+y+x). On the other
hand, again by (R2’), r(A +y +x) is either equal to (A + z) or to (A +z) + 1. We conclude that
r(A+y+z)=r(A+z)+1and again r(A+y+z)-r(A+y)=0. O

We now prove the alternative rank axioms.

Theorem 31. Let r be an integer-valued function defined on the subspaces of E. Then r is the
rank function of a g-matroid (E,r) if and only if r satisfies the azioms (R1’), (R2’), (R3’).

Proof. To prove this theorem, we have to prove that (R1), (R2), (R3) < (R1), (R2’), (R3’).
First, assume r satisfies (R1), (R2), (R3). (R1’) follows directly from (R1) with A = {0}. From
(R2) it follows that r(A) < r(A + z). Lemma 3 from [9] in combination with (R1’) gives that
r(A+x) <r(A)+1. Together this proves (R2’). (R3’) is Proposition 7 from [9].
Now we consider the other implication. Assume r satisfies (R1’), (R2’), (R3’).
For (R1’), let A =x1 + 22+ -+ x, with n = dim A. Start with (R1’) and apply (R2’) n times. We
do something similar for (R2): let B = A+ x1 + -+ + 2} with k = dim B — dim A. Now apply (R2’) k
times.
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We will prove (R3) by induction on dim B —dim(An B) = k. Denote AnB=C.

First, let k =0, so C ¢ A. Then we have r(A+C) +r(AnC) =r(A) +r(B) so (R3) holds. Next,
assume that (R3) holds for all A and B with dim B —dim(An B) < k. Let B’ ¢ B of codimension
1 such that An B = An B’ and let 2 be a 1-dimensional subspace such that B’ + z = B. Then, by
the induction hypothesis and the lemma above, we have

r(A+B)+r(AnB) = r(A+B +z)+r(An (B +1x))
r(A+B +z)+r(AnB’)

< r(A+B'+2)-r(A+B")+r(A) +r(B")
< (B +z)-r(B)+r(A)+r(B)
= r(A)+r(B).
This proves (R3), and thus completes our proof. O

4.3. Hyperplanes. We prove a stronger version of the hyperplane axiom (H3). We will use this
axiom in Section 8 when we prove the cryptomorphism between flats and hyperplanes.
Let H be a collection of subspaces of E.
(H3’) For each Hy,Hs € H, Hy + Hs, let x,y € E be 1-dimensional spaces with = ¢ Hy, Hy and
y € Hy, y ¢ Hy. Then there is an hyperplane H3 such that (Hy; n Hy) + 2 € Hs and y ¢ Hs.

Theorem 32. Let H be a family of subspaces of E.
The family H satisfies the azioms (H1), (H2), (H3) if and only if it satisfies (H1), (H2), (H3’).

Proof. One direction is clear, since (H3’) implies (H3). We will show the converse. Suppose that
axioms (H1), (H2), (H3) hold for 1. We proceed by induction on the codimension of Hy n Hj.

It cannot be that codim(H; n Hs) = 0 since if so, then Hy = Hy = E, which violates (H1). Similarly,
codim(H; n Hy) # 1, since then one of Hy, Ho must be equal to E. The assertion holds void then in
these two cases. Suppose now codim(H; n Hz) =d > 2 and that for codimension d -1 the assertion
holds true. Let us prove it for codimension d.

Let Hy,Hy € H, H + H5 and let x,y two spaces of dimension one such that x ¢ Hy, Hy and y € Ho,
y ¢ Hy. Using (H3) we can say that there is a hyperplane Hs 2 (Hy n Hy) +x. If y ¢ H3 we are
done, so therefore we suppose y € Hs. This implies codim(Hy n H3) < codim(H; n Hy). Moreover,
since Hy ¢ Hs, there is a one-dimensional subspace z € Hy such that z ¢ Ho, H3. Therefore, we can
apply the induction hypothesis, finding H4 € H such that © ¢ Hy 2 (Hon H3) + z. Since x ¢ Hy, Hy,
y € Hy, y ¢ Hy and codim(H; n Hy) < codim(H;, n Hy) we can use (H3’) again by the induction
hypothesis, and we get a new hyperplane Hs € H such that y ¢ Hs 2 (Hyn Hy) +x 2 (Hyn Hy) +x,
from which the result follows. O

Remark 33. In the case of classical matroids, the statement of (H3’) is often formulated as follows:
(H3’) For every Hy, Hy € H such that Hy #+ Ho and for every « ¢ Hy U Hy, y € Ho \ H; there exists
Hs € H such that y ¢ H3 2 (Hyn Hy) u.
The condition = ¢ Hy U Hs in the classical case is equivalent to saying that = ¢ H; and x ¢ Ho.
However, in the g-analogue, saying that = ¢ Hy + H is clearly not the same as saying x ¢ H; and
x ¢ Hy. We point out that the latter is what we consider in the g-analogue.

5. INDEPENDENT SPACES AND THE CLOSURE FUNCTION

The goal of this section is to prove that a function satisfying the closure axioms of Definition
15 gives rise to a family of independent spaces satisfying the independence axioms of Definition 7.
We use this to prove a cryptomorphic description of a g-matroid in terms of its closure function,
As might be expected, the generalisation of the cryptomorphism in the g-analogue is non-trivial in
this case.
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Lemma 34. Let cl be a closure function on E and let A,B € L(E). If Accl(B), thencl(A) c cl(B).
In particular, if B< A ccl(B), then cl(A) = cl(B).

Proof. By (Cl2), we have that cl(A) ¢ cl(cl(B)). By (Cl13), cl(cl(B)) = cl(B). Combined with
applying (CI2) to A ¢ B, we get equality cl(A) = cl(B). O

Lemma 35. Let x € L(E) be a 1-dimensional space. If x € cl(A), then cl(A) = cl(A+x).

Proof. We have z ¢ cl(A) and also A ¢ cl(A), hence A +x € cl(A). This implies cl(A + z) < cl(A).
But since A ¢ A + x, we have also that cl(A) € cl(A + x). Hence equality holds. O

We will apply Lemmas 34 and 35 frequently and not necessarily with direct reference to them.

Definition 36. Let cl be a closure function on E. We say that [ € L(F) is an independent space
of (E,cl) if, for each subspace A ¢ I with codim;(A) =1, we have cl(A4) # cl(I). We write Z to
denote the set of independent spaces of (F,cl).

Lemma 37. Let cl be a closure function on E and let I,J € L(E),I ¢ J satisfy dim(J) = dim(7)+1.
If I €Ty and J ¢ Iy, then cl(I) = cl(J).

Proof. Since J ¢ I, there is a subspace A ¢ J such that codim;(A) = 1 and cl(A4) = cl(J). If
I = A we are done, so suppose therefore that A # I and let U = AnI. Then codim;(U) = 2 and
codim(U) = codimy(U) = 1, so there exist 1-dimensional spaces =,y ¢ J such that I = U +y and
A=U+z. Now, yccl(J)=-cl(A) =cl(U +x). On the other hand, since I is independent, by
definition we have cl(U) ¢ cl(1). If y € cl(U), then cl(U) = cl(U+y) = cl(I), yielding a contradiction.
So y ¢ cl(U). By (Cl4) we have

yccl(x+U) and y ¢ cl(U) = zccl(U +y) =cl(1),
which implies that cl(I) = cl({ + x) = cl(J). The result follows. O

Lemma 38. Let [ € L(E).
(1) I €Ty if and only if every proper subspace U of I satisfies cl(U) & cl(1).
(2) Let Ac I such that codimy(A) = 1. If there exists x € I, satisfying [ =z + A and x € cl(A),
then I ¢ 1.

Proof. Let U ¢ I. There exists a subspace W of co-dimension one in I such that U € W c I. Then
by (CI12) we have cl(U) c cl(W) ccl(I). If I € Z, then cl(U) c cl(W) ¢ cl(I). Conversely, if every
proper subspace of I has closure strictly contained in cl(I), then in particular this is true of every
subspace of co-dimension 1 in I, and so I € Z.; by definition. This establishes (1).

Let x be a 1-dimensional subspace of I such that z+ A = 1. If z ccl(A), then cl(A) =cl(z+A) =
cl(I), and hence I ¢ Z,;. This establishes (2). O

Theorem 39. Let (E,cl) be a closure function. Then (E,Z.) satisfies the axioms (I11)-(14).

Proof. Consider first (I1): the space {0} does not have any subspaces of codimension 1, so the
property in the definition of independence holds vacuously. Hence {0} € Z.; and thus (I1) holds.

We now show (12). Let I € Z and I' ¢ I. We will show that I’ € Zy. Let A’ c I’ be a subspace
of codimension one. Let A € I be a subspace of codimension one satisfying A’ = An I'. There is a
1-dimensional space x € I', x ¢ A such that I’ = A"+ 2 and I = A+x. We claim that cl(A") = cl(I").
Suppose not. Then cl(I") = cl(A") c cl(A) by (C12). Since z € I', it follows that x ¢ cl(A). But
then cl(A) = cl(A + x) = cl(I), which contradicts the fact that I € Z.. Therefore, cl(I") # cl(A")
and I' € 7.

Now Let I, J € Z. such that dim J > dim I. We will show that there exists a 1-dimensional space
xS J, x ¢ such that x + I € Z.). This will establish (I3).
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Suppose that (I3) fails for the pair I,.J. That is, suppose that for any 1-dimensional x ¢ J,
x ¢ I, we have x + I ¢ Z,. Then from (Cl1) and Lemma 37 (which requires (Cl4)), we have that
cl(x + 1) =cl(I) and so in particular, z C cl(I) for every x € J, x ¢ I. Tt follows that J ¢ cl(/) and
hence cl(J) ccl(1), by (Cl2). Now suppose further that dim(Z n.J) is maximal over all such pairs
that fail (I3).

We first note that I ¢ cl(U) for any proper subspace U of J, since otherwise by the independence
of J we would have I ¢ cl(U) ¢ cl(J), which yields the contradiction cl(J) ¢ cl(I) ¢ cl(J). Since
dim(J) > dim([7), there exists a subspace A of codimension 1 in J such that InJ = I n A.
Since I ¢ cl(A), there exists some b € I, b ¢ cl(A). We claim that b+ A € Z;. As A ¢ J, by
(I2) A is independent. If b+ A is not independent, we may apply Lemma 37 to deduce that
becl(b+ A) =cl(A), which contradicts our choice of bc I,b ¢ cl(A). Write J' =b+ A. Then as we
have just shown, J' € Z, and dim(J’) = dim(J) > dim(I). Now b ¢ cl(A), so in particular, b ¢ A
and hence b ¢ AnT =.JnI. Moreover, we have b+ (JnI)=b+(AnI)c (b+A)nI=JnlI,
from which we deduce that dim(J' nI) > dim(J nI). By the maximality of dim(J nI) in our
hypothesis, it must now be the case that J' and I satisfy (I3). That is, there exists z € J', x ¢ T
such that x + I is independent. Now 2 € .J' = b+ A, so x = (b+a) for some b e b, and @ € A. Then
z+I=(b+a)+I=a+1 for some ac Ac.J,since bc I. But this contradicts our assumption that
(I3) fails for I and J. We deduce that (I3) holds for I and J and hence holds true in general.

We will establish that (I4”) holds. By Lemma 26, this will show that (Cl1)-(Cl4) are sufficient
to prove that the axiom (I4) holds for Z.

(I4”) Let Ae L(FE) and let I € max(A,Z). Let z € L(F) be a 1-dimensional space. We will show
that x + A has a maximal independent subspace contained in x + I.

If A =1, then any subspace of x + A is a subspace of x + I, so the result holds. Suppose then
that I ¢ A. If x ¢ A, then max(x + A,Z,) = max(A,Z,) and so I is the required member of
max(x + A, Zy) contained x + I. Therefore, for the remainder we assume that ¢ A. Again by the
maximality of I in A, a+ [ ¢ Z for every 1-dimensional space a € A,a ¢ I. Therefore, by Lemma
37, cl(a+1I)=cl(I) for every a € A and so by (Cl2) and (Cl13), A ccl([).

Let M € max(x + A,Z.). By Lemma 27, we may choose M such that I ¢ M. If M = I, then
I itself gives the required subspace of x + I in max(x + A,Z), so assume that I ¢ M, i.e. that
dim(M) > dim(7). In particular, this means that M ¢ A, by the maximality of I in A.

By Lemma 28, dim(M) = dim(I) + 1. If x + I € Z, then dim(x + I) = dim(M), so z + I €
max(z + A,7) and (I4) holds. We now assume that x + I ¢ Z.

Since x + I ¢ Zq, by Lemma 37, we have cl(xz + I) = cI(I). Therefore x € cl(I) and as we showed
above, A ccl(I) and so x+ A c cl(I). In particular, M =m+1 cx+Accl(l) and so cl(M) = cl(]),
which by Lemma 37 contradicts the independence of M. We deduce that x + I € Z.; and hence (14)
holds. 0

Corollary 40. Let (E,cl) be a closure function and let (E,T) be a collection of independent spaces.

(1) (E,cl) determines a q-matroid (E,r) whose set of independent spaces is I and whose
closure function satisfies cl, = cl.

(2) Define a function r7 : L(E) — Z : A » max{dim([) : [ € Z,I ¢ A}. Then (E,rz) is a
q-matroid whose closure function is clz and whose set of independent spaces is I.

Proof. We have a closure function (F,cl), which from Theorem 39 yields a collection of independent

spaces (E,Z.). From [9, Theorem 8|, (E,Z) yields a g-matroid (FE,r) with rank function defined

by r(A) := max{dim I : I € Z.,I ¢ A} for each A € L(F), and whose independent spaces coincide

with Z. Recall that the closure function of (E,r) is defined by cl.(A) = ¥,cc, (a) 2, Where

Cr(A)={z e L(E):dim(x) =1,r(A+x) =r(A)}. We claim that cl,(A) = cl(A) for each A e L(F).

Let Ae L(E) and let I e max(A,Zy). Then r(A) = r(I) = dim(I) by definition. Also, I +a ¢ Z) for
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any a € A,a ¢ I and so from Lemma 37 we have a € cl(a+ 1) = cl(I). Since a was chosen arbitrarily
in A, by (C12) we get cl(A) = cl(I).

Let x be a 1-dimensional space such that = ¢ cl(A), x ¢ A. Clearly x S cl(I) =cl(A), so x+1 ¢ I
and hence by (I4), I € max(z + A,Zy). Then r(A) = r(I) =dimI = r(A+z) and so x ¢ cl.(A).
Therefore cl(A) ¢ cl,.(A). Now suppose that x € cl.(A),x ¢ A. Then r(I) = r(A) =r(A+z) >
r(I+z)>r(I)and so x + I ¢ Z. Again by Lemma 37 we have z C cl(z+ A) = cl(I) = cl(A) and so
cl(A) =cl.(A). This proves (1).

By [9, Theorem 8], (E,rz) is a g-matroid with collection of independent spaces equal to Z. Define
a map clz :=cl,. By [9, Theorem 68], clz is a closure function, which proves (2). O

6. FLATS AND THE CLOSURE FUNCTION
We now establish that the flat axioms and the closure axioms are cryptomorphic.

Definition 41. Let (E,F) be a collection of subspaces containing E. For each subspace A € L(E),
we define
clp(A):=(({F:FeF,Ac F}.

Lemma 42. Let (E,F) be a collection of subspaces satisfying (F1) and (F2) and let A be a subspace
of E. Then clp(A)eF.

Proof. By (F1), E € F and A € L(F), so clg(A) is well defined. Observe that clz(A) is a finite-
dimensional subspace of E. Define F4 := min({F € F: Ac F'}). Clearly,

dp(A)=({F:FeF,AcF}=({F:FeFa}

since every member of {F' € F : A ¢ F} contains a member of Fy. Let Fy,F» € F4. Then
A,clg(A) € Fi, Fy and by (F2), Fy n Fy € F. This implies F} = Fy, so |Fa| < 1. If Fy is empty,
then for any subspace F' € F that contains A there exists a subspace F' ¢ F, F' ¢ F and so we
could construct the infinite chain of subspaces of E, which contradicts the fact that E is finite
dimensional. Therefore, clg(A) = F for the unique F' € F satisfying F4 = {F'}. O

Before stating and proving the cryptomorphism, we prove a result about closure that will also
be used later on in the cryptomorphism between rank and closure.

Lemma 43. Let cl be a closure function on E and let A,B € L(E). If cl(A) € cl(B) ¢ cl(A +z),
then cl(A) = cl(B) or cl(B) =cl(A +x).

Proof. First, note that if z ¢ A, then cl(A) = cl(A + ) by Lemma 35. This implies cl(A) = cl(B) =
cl(A + x) and proves the statement.

Assume z ¢ A and suppose, towards a contradiction, that cl(A) ¢ cl(B) ¢ cl(A + z). Assume also
that « ¢ cl(B). Since A ¢ cl(A) < cl(B), we have A+ z ¢ cl(B). Then Lemma 34 gives that
cl(A+x) ccl(B) ¢ cl(A+z), a contradiction. So it needs to be that x ¢ cl(B).

Let y € L(E) be a 1-dimensional space such that y ¢ cl(B), y ¢ cl(A). Then y ¢ cl(A + z) and
axiom (Cl4) gives that € (A +y). On the other hand, since both A ¢ cl(B) and y < cl(B), we
have that A +y ¢ cl(B) and Lemma 34 gives cl(A +y) ¢ cl(B). This gives a contradiction with
x € cl(B). In the end, we conclude that it can not happen that cl(A) ¢ cl(B) ¢ cl(A + x), hence
the lemma holds. O

Theorem 44. Let (E,cl) be a closure function and let Foy:={F € L(E):cl(F) =F}. Then (E,Fq)
is a collection of flats.

Proof. We will show that F, satisfies (F1), (F2), and (F3). The condition (F1) holds trivially. Now

let FI,FQ € .7:01. Clearly FinFyc Cl(Fl N Fg) Now FynFyc Fl,Fg, SO by (012) and (013) we have

cl(Fin Fy) € cl(Fy) = Fi,cl(Fy) = Fy. Tt follows that Fy n Fy = cl(Fy n Fy) and hence (F2) holds.
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Now let F € F.j and let z € L(F),x ¢ F have dimension 1. By Lemma 43, the flat cl(F + z) is a
cover of F.

We claim that cl(z + F') is unique. Let F; be a cover of F that contains x. Let y ¢ Fy, y ¢ F.
Then y + F' € Fy, so by (C12) it follows that cl(y + F') € Fy, and since F # cl(y + F') it follows that
Fy =cl(y + F). We now claim that cl(z+ F)ncl(y + F) = F. Let z be a 1-dimensional subspace of
cl(z+ F)ncl(y+ F) and suppose that z ¢ F'. Then by (Cl4) we have z c cl(z+ F') and z ¢ F, which
implies that = ¢ cl(z + F'). Similarly, y € ¢l(z + F'). But then, applying (C12) and (CI3) , we have
c(z+F)ccl(z+ F),cl(y+ F)ccl(z+ F), and so cl(x+ F) =cl(y+ F) = cl(z + F'). We deduce that
cl(z + F) is the required unique flat of F that contains z and covers F'. Therefore (F3) holds. O

Theorem 45. Let (E,F) be a collection of flats and let cly : L(E) - L(E) be the map defined by
clr(A):=N{F eF:AcF} for each subspace A€ L(E). Then (E,clx) is a closure function.

Proof. We will prove that clr satisfies the axioms (Cl1)-(Cl4). Clearly Ac {FeF:AcF} =
clr(A) for any subspace A € L(E), so (CI1) holds. If A ¢ B are subspaces of E, then any flat
F' containing B also contains A so clg(A) ¢ clg(B) and thus (Cl2) holds. Let A be a subspace
of E. We claim that clg(clr(A)) = clr(A). By Lemma 42, clg(A) is itself a flat. In particular,
clp(F) = F for any F € F. Therefore clg(clr(A)) = clr(A) and so (Cl13) holds.

Let x,y € L(E) be subspaces of dimension 1. Suppose that y € clg(A+x), y € clx(A). We claim
that x ¢ clz(A +y). Suppose to the contrary that = ¢ cly(A +y). Then clr(A) ¢ clg(x + A) and
clr(A) ¢ cl(y+ A). By (F3) there is a unique flat F' € F that covers A and contains z. By (CI2)
and (Cl3) we have A+z cclp(A+x) c F and so F = clg(A+z). Similarly clz(A+y) is the unique
cover of A that contains y.

Now y c clp(A+z) and y < clg(A) by hypothesis and clearly y ¢ clz(A + y), so in particular
y is contained in two flats that cover A. Again by (F3), this means that clz(A +z) = clg(4 +y),
contradicting x ¢ clz(A+y). We deduce that x € clz(A+y). This establishes that (Cl4) holds. O

Lemma 46. Let (E,cl) be a closure function and let (E,F) be a collection of flats.
(1) For each subspace A € L(E), it holds that cl(A) =N{B e L(E): Ac B,B =cl(B)}.
(2) For each subspace F' € L(E), it holds that Fe F < F=N{K e F:Fc K}.

Proof. Let A be a subspace of E. Let A:={B e L(E): Ac B,B =cl(B)}. Since A c cl(A)
by (Cl2), and since cl(cl(A)) = cl(A) by (CI3), we have cl(A) € A and hence N{B : B € A} ¢
cl(A). Conversely, if B € A, then A ¢ B and cl(B) = B. Therefore, by (C12) and (Cl3) we have
cl(A) € cl(B) = B, so cl(A) is contained in the intersection of all members of A and we have
cl(A) =N{B: B e A}. This shows that (1) holds.

For each subspace A € L(E), define F(A) ={K e F:Ac K}. If FeF, then F ¢ F(F) and
so {K : K € F(F)} ¢ F. On the other hand, every member of F(F') contains F, by definition,
so F c {K : K € F(F)}. Therefore, if F ¢ F, then FF = N{K : K ¢ F(F)}. Conversely,
F=N{K:KeF(F)} is a flat by Lemma 42. This shows that (2) holds. O

Definition 47. Given a family of flats (E,F) the function
rFE: [,(E ) — 7
is defined as follows. For any A € L(E), rz(A) is the length of the longest chain between clz({0})
and clz(A).
We recall the following result from [4, Theorem 3].

Theorem 48. Let (E,F) be a family of flats and let (E,r) be a g-matroid. Then (E,rg) is a
g-matroid whose family of flats is equal to F. Conversely,
Fr={AecL(E):r(A+z)>r(A)Vxe L(F),dim(z) =1,z ¢ A},
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is a collection of flats for the matroid (E,rg,).

Corollary 49. Let (E,cl) be a closure function and let (E,F) be a collection of flats. Let F. and
cly be defined as in Theorem 44 and 45.

(1) (E,cl) determines a q-matroid with closure function cl and collection of flats Fe.

(2) (E,F) determines a q-matroid with collection of flats F and closure function clr.

Proof. We have a closure function (FE,cl), which from Theorem 44, yields the collection of flats
(E,Fq) . By Theorem 49 (E, F.1) determines a g-matroid (F,r) with flats F, = Fy = {F € L(E) :
cl(F) = F}. We claim that cl = cl,. Let A be a subspace of E. Recall that cl.(A) := ¥,cc,(a) 7,
where Cr(A) = {z € L(F) : dim(x) =1,7(A+2z) =r(A)}. It is thus clear that cl,(A) € F, = Fq. If
Ac F e F,, then cl,(A) € cl,(F) = F, by the definition of F;. Therefore, by Lemma 46 (1), we
have cl,(A) = N{F e Fa:cl,(A) c F} =N{F € Fq : Ac F}. On the other hand, from Lemma 46
(2) we have cl(A) =N{B e L(E):cl(B)=B,Ac B} =N{B e Fq:Ac B}, and so cl,(4) = cl(A).
This proves (1).

We have a collection of flats (E,F), which by Theorem 44 (2) determines a closure function
(E,clg), with clg(A) :=={F e F: Ac F} for A e L(E). By Corollary 40, (E,clr) determines a
g-matroid (E,r) such that cl,. = clx. Now any A € F, if and only if A =cl.(A) =clr(A) and so A
is a flat of (E,r) if and only if A=n{F € F: Ac F}, which by Lemma 46 (2) holds if and only if
F e F. Tt follows that (E,F) and (F,clg) determine the same g-matroid with flats F and closure
function clz. This proves (2). O

7. THE RANK AND CLOSURE FUNCTIONS

In this section we prove the cryptomorphism between rank and closure. The main task is to
describe the rank function in terms of the closure function.

Definition 50. Let cl be a closure function on E. Define a function rq : L(E) - L(FE) by
rel(A) = min{dim(7) : cl(I) = cl(A),I ¢ A}.

Definition 51. Let A € L(E). A space I ¢ A such that cl(I) = cl(A) and r¢(A) = dim I is called
a basis for A.

Let us prove some partial results we need in the proof of the cryptomorphism.
Lemma 52. Let cl be a closure function on E and let A€ L(E). Then rq(A) = rq(cl(A)).

Proof. We have that rq(cl(A)) = min{dim I : cl(I) = cl(cl(A)),I € cl(A)} = min{dim T : cl(I) =
cl(A),I ccl(A)}. On the other hand, r¢(A) = min{dim I : cl(I) = cl(A),I € A}. The set in the
definition of r¢(A) is a subset of the set in the definition of r¢(cl(A)) and because of (Cl1), the
elements of minimal dimension are the same. So r(A4) = ra(cl(A)). O

Lemma 53. Let cl be a closure function on E and let A,B € L(E). If A< B and cl(A) = cl(B),
then A contains a basis for B.

Proof. Let I be a basis for A, so cl(I) = cl(A). Since also cl(A) = cl(B), we have that cl(I) = cl(B).
Also, by the previous lemma, 7¢(A) = rq(B) =dim 1. So [ is a basis of B. O

Lemma 54. Let cl be a closure function on E and let A e L(E). If I is a basis for A and J is a
basis for B, then A+ B has a basis contained in I + J.

Proof. This statement follows directly from the proof of Theorem 39. There we use the closure
axioms to prove (I4), which is the same statement as this lemma. O

We now have all ingredients for the cryptomorphism between closure and rank.
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Theorem 55. Let (E,cl) be a closure function. Then (E,rq) satisfies the axioms (R1)-(R3).

Proof. Recall that we proved in Theorem 31 that the axioms (R1),(R2),(R3) are equivalent to
(R17),(R2’),(R3’). We will prove the latter.

It follows straight from the definition that r¢({0}) = 0, because {0} only has subspaces of dimension
0. This proves (R1’). For (R2’) we have to show that r¢(A) <ra(A+z) <rq(A4)+1.

First, suppose there is a basis J of A+ x such that J ¢ A. Then cl(J) ¢ cl(A) because of (CI2) but
cl(J) = cl(A + x) by definition, so again by (Cl2) we have that cl(A) = cl(A + z). This means that
also r¢(cl(A)) = ra(cl(A +x)) and because of Lemma 52 we have that r¢(A) = rq(A + ).

Next, assume that there is no basis J of A+ z such that J ¢ A. Then, without loss of generality,
we can write J = J' +x with J' = Jn A. We claim that J' is a basis for A. Assuming this claim,
we have that rq(A+x) =dimJ = dim(J") + 1 = r(A) + 1. Together with the case J ¢ A we have
proven (R2’).

We must prove the claim that J’ is a basis for A. We do this is two steps: first we show that
cl(J') = cl(A), then we show dimJ’ = ry(A). Because J' ¢ A, we have that cl(J') ¢ cl(A).
Suppose, towards a contradiction, that there is a 1-dimensional subspace y such that y € cl(A) but
y¢cl(J). Thenyccl(A+z) =cl(J'+z) but y ¢ cl(J'), so according to (Cl4) z < cl(J'+y). Because
J"+y c cl(A), this means z € cl(A). But if both x and J’ are in cl(A), also J' +x = J ¢ cl(4),
and then we would have the equality cl(A) = cl(A + z). However, we assumed there was no basis
for A+ x contained in A. This means we have a contraction, so there is no y ¢ cl(A) that is not in
cl(J"). Hence cl(J') = cl(A).

Now all that is left to show is that dim J" = 7, (A). Because cl(J") = cl(A), we have that dim J’ >
r(A). Assume, towards a contradiction, that dim J' > r¢(A), so J' is not a basis for A. According
to Lemma 53, there is an I ¢ J' that is a basis for A. We have that cl(I) = cl(A) and z ¢ cl(A) by
assumption, so cl(A) ¢ cl(I+x). On the other hand, cl(I+x) € cl(J'+x) = cl(J) = cl(A+x). Together
this gives that cl(A) ¢ cl(I +x) € cl(A + x) and by Lemma 43, this implies cl(I + x) = cl(A + z).
But this is a contradiction with J’ + 2 = J being a basis of A+ z. Hence, dim J' = r,(A) and J' is
a basis for A, as was required to be shown.

Finally, we show that if rq(A) = rq(A + ) = rq(A +vy), then rq(A+x +y) = rq(A). We need
only show this for dim(A + x + y) = dim(A) + 2 as the other cases clearly hold. Suppose r¢(A) =
ra(A+x) =rg(A+y). Then by the proof of (R2’), A, A+x and A+y have a common basis I ¢ A.
Apply Lemma 54 to A+ x and A + y: this gives that A + x + y has a basis contained in [ +1 = 1I.
Hence rg(A+xz+y) <ra(A+z) =rq(A+y) and by (R2’), equality holds. This proves (R3’). O

Corollary 56. Let cl be a closure function and let rq be defined as in Definition 50. Then (E,r¢)
is a q-matroid with closure function cl, = cl. Conversely, if (E,r) is a q-matroid, then (E,cl,) is
a closure function and r =1, .

Proof. 1t is proven in [9, Theorem 68] that if (E, ) is a g-matroid, then (E, cl,) is a closure function.
From Theorem 55 we know that if (E,cl) is a closure function, then (E,rq) is a g-matroid with
rank function as in Definition 50. The only thing that remains to be proved is that rank and closure
compose correctly, namely cl - r — cl’ implies cl = ¢I’ and r» — ¢l — " implies r = 7. The first of
these compositions was proven in Corollary 49. For the second composition, given a rank function
r, define cl,(A) as in Definition 5. Then let 7'(A) = rq, (A) = min{dim([) : cl,(I) = cl,(A4),I c A}.
Let J ¢ A be such that r(A) = dim(J) = r(J). We know that J has minimal dimension with
this property. Then J < cl,.(A) and cl,.(J) = cl,(A) by Lemma 34. So by minimality of J,
r'(A) =dim(J) = r(A). O

8. FLATS AND HYPERPLANES

In this section, we prove the cryptomorphism relating flats and hyperplanes. We start with

assuming a collection of flats and deriving a collection of hyperplanes.
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Definition 57. Let (E,F) be a collection of flats. We define a collection of subspaces of E by
Hr:={HeF:3H eF suchthat H¢ H ¢ E and H # E}.

Our first aim is to prove that Hx is a collection of hyperplanes. We first recall the following
result from [4, Section 3].

Proposition 58. The members of a collection of flats form a semimodular lattice under inclusion,
where for any two flats Fy and Fy the meet is defined to be Fy A Fy := Fy n Fy and the join Fy v Fy
is the smallest flat containing Fy + Fy. This implies that the lattice of flats satisfies the Jordan-
Dedekind property, that is: all mazimal chains between two fixed elements of the lattice have the
same finite length.

We will show some partial results that we use in the proofs of Theorem 62 and Corollary 70.
Lemma 59. Let F e F. Then F ¢ Hx if and only if F' has at least two covers in F.

Proof. Tt follows directly from the definition that if H € H#, then is has only the cover E, since F
is the maximal element in the lattice of flats. For the other direction, suppose that F' € F has only
one cover. By axiom (F3) there is a unique cover of F for every x ¢ F' that contains x. If there is
only one cover, this cover needs to contain all x € E, x ¢ F, as well as F itself. This means the one
cover of F'is E, and hence F € Hr. O

Proposition 60. Let F € F. Then F is the intersection of all H € HF such that F ¢ H.

Proof. We follow the proof for the classical case as given in [7, Proposition 2.56]. For every F € F,
let F=Fy¢ F; ¢ ¢ F, =F be a maximal chain between F' and E. The length of a maximal
chain is well defined by Proposition 58 and we denote this length it by n(F'). (This is in fact the
corank or nullity of F.) We proceed by induction on n(F).

If n(F) =0, then F = FE and it is the intersection of an empty subset of Hxz. If n =1, then F € Hr.
Now let F' € F with n(F) =k+1, k > 1 and assume that every flat with n(F’) < k is the intersection
of the members of ‘Hr containing it. Let I € Hx be the collection of members of Hx containing F'.
Clearly F € Nyger H. We will prove the other inclusion by contradiction.

Suppose there is a 1-dimensional x ¢ F such that z € H for all H € [ and x ¢ F. Because F is
not in Hx, it has at least two covers by Lemma 59. Since x is contained in a unique cover of F
by axiom (F3), there is a cover F' of F' that does not contain z. Let J ¢ Hx be the members of
‘Hr that contain F’. Then J ¢ I, because every member of Hr that contains F’ contains F' ¢ F’
as well. Clearly, n(F") = k, so by the induction hypothesis, F’' = Ngc; H. Since x ¢ F’, there is an
H € J such that x ¢ H. But this is a contradiction of the fact that x is contained in all members
of I and J € I. We conclude that F' € Ny H and hence equality holds. ]

The above shows that the lattice of flats is co-atomic. We point out the next direct consequence
of the proof of Proposition 60.

Lemma 61. Let F e F and F #+ E. Then there exists an H € Hx containing F'.
Now we can conclude the first part of our goal, the cryptomorphism from flats to hyperplanes.

Theorem 62. Let (E,F) be a collection of flats and define a collection Hx as in Definition 57.
Then (E,HF) is a collection of hyperplanes.

Proof. We will show that H r satisfies the axioms (H1), (H2), (H3). By definition, E is not contained

in Hz, which proves (H1). For (H2), let Hy, Ho € Hr satisfy Hy ¢ Hy. Towards a contradiction,

assume Hy ¢ Hy. Since E ¢ Hr by (H1) and Hy € Hr by assumption, we have that Hs # E. So for

Hy, we have H; ¢ Hy ¢ F¥ and therefore H; ¢ Hx. This is a contradiction, so Hy = Hs.

Now we will prove (H3). Consider two distinct members Hy, Hy of Hr and a 1-dimensional subspace
22



x € L(F). We need to find an Hs € Hz such that (Hy n Hs) + x € Hs. By construction of Hx
we have that Hy, Hy € F and so by (F2), FF:= HinHye F. If x € F, then F +x = F and this is
contained in some Hs € Hx by Lemma 61. If z ¢ F,, then by (F3) there is a unique F' € F covering
F and containing x. Since F” is a flat, again by Lemma 61 it is contained in some H3 € Hr. This
proves that Hs € Hr satisfies (H3). O

Conversely, we will start with a collection of hyperplanes and show that this collection determines
a collection of flats.

Definition 63. Let (E,#) be a collection of hyperplanes. Define a collection of subspaces of E:

fyzz{ﬂ%':’}-{’g”ﬂ}.

We will prove that Fy satisfies axioms (F1)-(F3), having proved some preliminary results. Until
stated otherwise, we will assume that # is a collection of hyperplanes.

Lemma 64. Let H',H" c H. Suppose H' € H" and let Fy :=NH' and Fy:=NH". Then F» c F}.

Proof. By construction, we have that

B=NH"= (ﬂ H’) N (ﬂ(%” N ’H’)) =Fin (ﬂ(’H” N H’))

and thus Fy € F}. ]

Lemma 65. Let Fy, Fy € Fy with Fy ¢ Fy. Let H' € H be such that Fy = NH'. Then there is a
H'" < H such that Fo=NH" and I c J.

Proof. Let H" be the subset of H such that F, ¢ H for all H € H". Since all the elements of H
containing F; form a subset of all elements of H containing F, and H' is a subset of all elements
of H containing Fy, we have that H' ¢ H". O

Proposition 66. Let F, Fs € Fyy where Fy is a cover of Fo in Fy. Then there is an H € H such
that Fr=InH.

Proof. Let H' be the set of all elements of H containing F so we can write F; =N H'. By Lemma
65 there is a H" such that Fy, = NH" and H' ¢ H". Because H' contains all the members of H
containing F| and Fy ¢ Fy, H' is a proper subset of H”. Let H be a member of H”\H' and let
F'=F nH. Then F' ¢ F} because H does not contain Fy. Write H""" = H' u{H}, so F' =OH"".
By Lemma 64 we have that Fy ¢ F’. Combining gives that Fy ¢ F' ¢ F|. But F, ¢ F} is a cover, so
Fy=F' and thus Fb = Fi1n H. O

Note that the converse of this statement is not true: if £y n H = Fy, then F; need not cover Fj.
The following example illustrates this.

Example 67. Let us consider E = (F3)° and denote by e;, 1 <i <5 the element in the canonical
basis of E with 1 in position ¢ and zeroes in all the other positions. Consider the uniform g-matroid
Uss(F2) of rank 4 on E (see [9, Example 4]). Clearly all 3-subspaces are hyperplanes. If we
consider F} = (e1, e, e3) this is then a hyperplane and so also a flat. Take then Hj = (es, 3, e4) and
Hjy = (ea,eq,e5). Let F':= F1n Hy and Fy := F1 n Hy. Then we have F; ¢ F’ ¢ F; and the number
of hyperplanes over F5 is one more the number of hyperplanes over F;. Therefore F} # F5 and F}
is not a cover of F5. 2
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In the next lemma we use the hyperplane axiom (H3’). Recall that in Theorem 32 it is proven
that the axioms (H1), (H2), (H3’) are an equivalent set of axioms for a collection of hyperplanes.

Lemma 68. Let F' € Fy and let H" € H be the set of elements of H containing F. Let x be a
1-dimensional space not contained in F. Let H' € H" be the set of all elements of H" containing
x. For each H e H'~H', let F'=(NH')nH'. Then F'=F.

Proof. Suppose by contradiction that there is H' € H" \ H', with F’ # F. In particular F' 2 F
and there should be a y, dim(y) = 1, such that y ¢ F but y € F'. Since F' = (NH') n H', then
y € H for each H e H' and y ¢ H'. For H', then, we know that does not contain x but it contains
y. All the H contain y too. But y is not in F so there is some H, € H"” ~\ H' such that y ¢ H,.
Consider H and H,. We know that « ¢ H',H, and y ¢ H', y ¢ H,. By (H3’) there is a hyperplane
H containing (H, n H') + z, but y ¢ H. Therefore H contains I and x so it should be an element
of H’', contradicting that all elements of H' contain . O

After all this ground work, we can now prove the cryptomorphism from hyperplanes to flats.

Theorem 69. Let (E,H) be a collection of hyperplanes and define a collection F as in Definition
63. Then (E,Fy) is a collection of flats.

Proof. We will prove that Fy, satisfies the flat axioms (F1),(F2),(F3). E is a flat since it is the
empty intersection of hyperplanes, hence (F1) holds. Let Fy := NH' and F5 := NH" two elements
in Fy. Then Fy n Fy = Ngenronr H and so Fy n Fy € F. This proves (F2).

Now we come to (F3). We have a flat F' € Fy and = ¢ F. We want to prove the existence of a
unique F” which contains z and covers F'. We take H", the set of all hyperplanes containing F' and
we consider the intersection F'’ of all the hyperplanes in H” which also contain z. Now we can use
the Lemma 68 to see that such a flat is a cover: being x ¢ F' there is also an element of H” not
containing x but for all of them the intersection is F.

The uniqueness of the flat covering F' and containing = can be easily proved by contradiction.
Suppose there is another flat F” covering F' and containing x. Then, by (F2), F""":= F'nF" is a
flat, which obviously contains F' and x and it is contained in F’ and F"'. This contradicts the fact
that F' covers F. We therefore conclude that F’ is unique. This completes the proof of (F3). O

Corollary 70. Let (E,F) be a collection of flats and let (E,H) be a collection of hyperplanes.

(1) (E,F) determines a q-matroid with collection of flats F and collection of hyperplanes H .
(2) (E,H) determines a q-matroid with collection of hyperplanes H and collection of flats Fp.

Proof. To prove (1), we show that Fp, = F. Let F' ¢ F. We have to prove that F e Fy.,.
From Proposition 60 we know that F'is the intersection of all members of Hr containing F'. This
intersection is in F3, by definition, so F' € Fy,.

For the other inclusion, start with F' € F3,.. We can find a finite chain FF ¢ F1 ¢ F5 ¢ - ¢ Fp, ¢
of flats of Fy, by using axiom (F3) multiple times. By Proposition 66 we can find a hyperplane
H, € Hx such that F' = F1 n H;. In the same way we find H; € Hx such that F;_y = F; n H; for
all 1 <4 < k. This gives that F' = Ny, k) Hi, a finite intersection. By applying the axiom (F2)
multiple (but a finite number of) times, we get that F' € F. This shows Fy,, € F and hence equality
holds.

To show M, = H for part (2), let H e i and let I = {H} ¢ H. Then H = Npgrey H' hence H € Fy.

We need to show that H € Hz, . This is the case if there is no flat in F; that covers H and is

not equal to E. This is impossible, since H is the intersection of only one hyperplane. Therefore,

H < Hz,,. Now suppose that H € Hz,,. Then H is a maximal element of Fy = {Npger : 1 € H}.

But then in particular, H € H. It follows that Hz, = H.

We know from Theorem 48 that (E,F) determines a g-matroid with » = rz and F = F,,. It
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follows from the above that also (FE,H) defines a g-matroid with H = H .. It follows directly from
Definition 6 that Hz, = H,. Hence we have a g-matroid in both parts (1) and (2). O

9. DEPENDENCE AND INDEPENDENCE

We now establish that the independence axioms and the dependence axioms are cryptomorphic.
It is worth noting at this point that while we require the four axioms (I1)-(I4) in order to define a
g-matroid, the three dependence axioms (D1)-(D3) are sufficient.

Theorem 71. Let (E,Z) be a collection of independent spaces. Let D = opp(Z). Then D is a
collection of dependent spaces.

Proof. By (I1), 7 is non-empty. Let I € Z. Then 0 € Z by (12), so 0 ¢ D and (D1) holds. Let Dy € D
and let D1 € Dy € L(E). Then Dy ¢ T by (12), so (D2) holds.

Now let Dy, D € D such that Dy n Dy € Z. By Lemma 27, there exist I; € max(D1,Z) and I €
max(Ds,T) such that DynDs € I, I and clearly I; ¢ D; for i = 1,2. Then we have D1nDsy = I1n1s.
Moreover, dim(/;) < dim(D;) - 1 and dim(I3) < dim(Ds) — 1 since I; ¢ D for i =1,2.

Let D € D; + D5 have codimension one in D + Dy. Suppose now, towards a contradiction, that
D eZ. By (I4), D; + Dy has a maximal independent subspace V' contained in I + 2, which, by
maximality, satisfies dim(V') > dim(D) = dim(D; + D3) - 1. Therefore, dim(D; +D3) -1 < dim(V') <
dim(D1 + Dy) — 1, and so dim(D; + D3) - 1 = dim(V) < dim(7; + I2). We have

dim(D; + Do) -1 < dim(I; + Is),
=dim(/;) + dim(I2) - dim(; n I3),
<dim(Dy) +dim(D3) - dim(D; n Da) -2,
= dim(Dy + Dy) - 2,
yielding the required contradiction. It follows that (D3) holds. O

Theorem 72. Let (E,D) be a collection of dependent spaces. Let T = opp(D). Then I is a family
of independent spaces.

Proof. Since {0} ¢ D, {0} € Z and so (I1) holds. If J €Z and I ¢ J, then from (D2) it must be the
case that I € Z, so (I12) holds.

Now let I,J € Z such that dim(I) < dim(.J). We will apply induction on dim(I/(I nJ)). If
dim(I/(InJ)) =0, then I ¢ J and so clearly (I3) holds for the pair I,J. Now let k be a non-
negative integer and suppose that (I3) holds for all subspaces U,V € T satisfying dim(V") > dim(U)
and dim(U/(UNV)) < k. Suppose that dim(I/(InJ)) = k+1. We claim that there exists x € J,z ¢ I
such that z+ I eZ.

Let I; be a subspace of codimension one in [ that contains I n.J. Then I; nJ =1nJ, dim(J) >
dim(7;) and by (I12), I; € Z. Since

dim(L1/(I; n J)) = dim(I}) - dim(f; n J) = dim(I) - 1 - dim(I n J) = k,

by the induction hypothesis (I3) holds for the pair I, J; that is, there exists a 1-dimensional space
a < J,a ¢l such that Iy =a+1; € Z. Wehavea< J,a ¢l andsoa ¢ I1nJ =1nJ. Clearly,
dim(l2) = dim(I). We have bnJ = (a+L1)nJ =a+(L1inJ)=a+({InJ),and a ¢ InJ, so
dim(IynJ) =dim(I nJ) + 1. Therefore,
dim(lz/(IznJ)) =dim(I3) —dim(I;nJ) =dim(]) —dim(I nJ) -1 = k,

hence again by hypothesis, there exists a 1-dimensional space b € J, b ¢ I» such that Is=b+ I» € 7.
Clearly, a ¢ I. Also, bc J,b ¢ I and since a+ (I nJ) = IsnJ, it follows that b ¢ a + I. Therefore,
a+1I b+ and so we have (a+I)n(b+1)=1¢€eZ. If both a+I,b+1 € D, then by (D3) every subspace

of codimension 1 in a+b+1 is dependent. Now dim(a+b+1) = dim(/)+2 and dim(/3) = dim(/;)+2,
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so codimg 4, 7(I3) = 1, so in particular this implies that I3 € D, which contradicts I3 € Z. We deduce
that at least one of a+ I or b+ I is in Z. This establishes (I3).

Let A be a subspace of E and let x € L(E) be a 1-dimensional space. Let I € max(A,Z). We
claim that there exists a member of max(x + A,7Z) contained in z + I. This will prove that (14)
holds, by Lemma 26. If A = I, then any subspace of x + A is a subspace of x + I, so the result
holds. Suppose then that I ¢ A. If z ¢ A, then max(x + A,Z) = max(A,Z) and so I is the required
member of max(x + A,Z) contained x + I. Therefore, for the remainder we assume that = ¢ A.

Let M € max(x + A,Z). By Lemma 27, we may choose M such that I ¢ M. If M = I, then I
gives the required subspace in max(x + A,7), so assume that I ¢ M, i.e. that dim(M) > dim(7).
In particular, this means that M ¢ A, by the maximality of I in A. Furthermore, y + I ¢ Z for any
1-dimensional space y € A,y ¢ I.

By Lemma 28, dim(M) = dim(]) + 1 and so M =m + I for some 1-dimensional space m ¢ A.

If z ¢ M, then as x ¢ I and since codimy;(I) = 1, we have M =m + [ =z + I and M gives the
subspace satisfying (I4), so suppose that © ¢ M. If z+1 € Z, then z + I € max(z + A,Z), so suppose
otherwise, i.e. that x + I € D. We have m + I €e max(x + A,Z) and m € x + A, m ¢ A. Therefore,
m = (Z +a) for z = (Z) and a 1-dimensional subspace a = (@) € A. By the maximality of I in A,
a+IeD. Now (z+I)n(a+1)=1¢€Z, since x ¢ A and I has codimension 1 in both a+1I and x + I.
Then by (D3), every subspace of codimension 1 in a+x+1 is a member of D. But asm+I Cz+a+1
is independent, by assumption, and as it has codimension 1 in x+a+ I, we arrive at a contradiction.

We deduce that dim(M') = dim(/) and so (I4) holds. O

Corollary 73. Let (E,Z) be a collection of independent spaces and let (E,D) be a collection of
dependent spaces. Suppose that D = opp(Z). Then (E,T) and (E,D) each determine the same q-
matroid (E,r) such that D is the collection D, of dependent spaces of (E,r) and T is the collection
of independent spaces I, of (E,r).

Proof. By [9, Theorem 8], (F,Z) determines a g-matroid (E,r) such that Z = Z,.. Since D = opp(Z),
we have D € D if and only if D ¢ 7, and in particular D must be the set of dependent spaces of
(E,r). O

10. DEPENDENT SPACES AND CIRCUITS
Recall that for a collection of subspaces S of E that min(S) ={Ae¢S: B¢ A, any BeS, A+ B}.

Lemma 74. Let (E,D) be a collection of dependent spaces. Let C = min(D). Then (E,C) is a
collection of circuits of E.

Proof. Since C = min(D), we have C € D. Therefore, {0} ¢ C by (D1), which gives (C1). Let
C1,C5 € C such that C7 ¢ Cy. By the definition of min(D), Cy is not properly contained in any
other member of C. It follows that Cy = Cy so that (C2) holds.

Now let C1,Cs € C with Cy # Cy we claim that every space of codimension 1 in C; + Cy contains
a circuit. Since Cy # Cy, we have C; n Cy ¢ C1,Cy, therefore, by (C2) we have C; n Cs ¢ C and
in particular is not a dependent space. Then by (D3), there is a space D € D of codimension 1 in
C1+ (5. Let C3 € D be a subspace of D such that no member of D is contained in C'3. Such a space
clearly exists since E has finite dimension. Then C5 € min(D) = C and so (C3) holds. O

Lemma 75. Let (E,C) be a collection of circuits. Let D =upp(C). Then (E,D) is a collection of
dependent subspaces of E.

Proof. By (C1), {0} ¢ C and so in particular {0} ¢ D and so (D1) holds. If D; € Dy and D; € D,
then there exists C' € C contained in Dy, by the definition of upp(D), and so C' € Dy which gives
Dy € D. This shows that (D2) holds. Now let Dy, Dy € D such that D1 n Dy ¢ D. Let H be a
subspace of codimension 1 in E. We claim that (D; + D2)n H € D.
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There is no circuit contained in Dy n Dy by definition of upp(C). Let C; and Cs be circuits
contained in Dy and Do, respectively. We have Cy # C5, since otherwise D1 n Dy contains a circuit.
By (C3), there exitst a circuit C3 € (C; + C2) n H. Then clearly (D1 + D2) n H € D, since
C3c(C1+Cy)nHc(Dy+Dso)n H implies (D1 + D) n H € upp(C) = D. O

Corollary 76. Let (E,D) be a collection of dependent spaces and let (E,C) be a collection of
circuits such that D = upp(C). Then (E,D) and (E,C) both each determine a q-matroid (E,r)
whose collection of dependent spaces is D and whose collection of circuits is C.

Proof. By Corollary 73, (E,D) determines a g-matroid whose dependent spaces comprise D. The
result now follows since C = min(D). O

11. HYPERPLANES AND (CO)CIRCUITS

We will prove a cryptomorphism between cocircuits and hyperplanes, implying a cryptomorphism
between hyperplanes and circuits. We call C* the family of cocircuits of a ¢g-matroid.

Theorem 77. Let C* and H be two families of subspaces of E such that C* =H*. Then (E,H) is
a collection of hyperplanes if and only if (E,C*) is a collection of circuits.

Proof. Suppose H is a collection of hyperplanes, so it satisfies the hyperplane axioms. Since C* = H*,
we get that C* satisfies the circuit axioms by taking orthogonal complements in all the hyperplane
axioms. Since (H*)* = H, we get the other implication by taking orthogonal complements again. [J

Remark 78. Recall that in Theorem 32 we proved that the axioms (H1), (H2), (H3) are equivalent
to the axioms (H1), (H2), (H3’). From the theorem above it follows that the axioms (C1), (C2),
(C3) are equivalent to the axioms (C1), (C2), (C3’), with (C3’) equal to the following:

(C3’) For distinct C1,C5 € C and any X,Y € L(FE) of codimension 1 with X 2 Cy,C, Y 2 (4,
Y 2 C9, there is a circuit C5 € C such that C5¢ (C1+Ce)n X and Y 2 Cs.

Corollary 79. Let (E,H) be a collection of hyperplanes and let (E,C*) be a collection of cir-
cuits such that C* = H*. Then (E,H) and (E,C*) both each determine a q-matroid (E,r) whose
collection of hyperplanes is H and whose collection of cocircuits is C*.

Proof. By Corollary 70, (E,H) determines a g-matroid whose hyperplanes comprise . The result
now follows since C* = H*. O

As the result above suggest, cocircuits are closely related to circuits. This is made precise by the
results below. First we prove a small lemma.

Lemma 80. A hyperplane is a maximal space with respect to not containing a basis.

Proof. A hyperplane H has rank (M) — 1 and is rank-maximal because it is a flat. This means
that for all 1-dimensional spaces ¢ H we have that r(H +xz) =r(H) +1=7(M) and thus H + x
contains a basis. O

Proposition 81. The circuits of the matroid M are the cocircuits of the dual matroid M*.

Proof. We follow Proposition 3.18 of [7]. We use that for subspaces if A € B, then B* ¢ A*. The
following are equivalent (see Theorem 21 and Lemma 80):

C'is a circuit of M < ('is a minimal dependent space in M

C' is minimal with respect to not being contained in any basis B of M

C* is maximal with respect to not containing any B*

C* is maximal with respect to not containing a basis B* of M*

C* is a hyperplane of M*

C is a cocircuit of M* O
27

N



From this proposition it follows directly that the circuits of a g-matroid are a collection of circuits.

Corollary 82. Let (E,C*) be the collection of cocircuits of a q-matroid M. Then (E,C) is the
collection of circuits of M*.

Remark 83. In [9, Theorem 64] the following statement, which is a variation on (C3), is proven
for a g-matroid:

(C3) For distinet Cq,C4 € C and any 1-dimensional subspace = ¢ C; nCy, there is a circuit C3 € C
such that C3 ¢ Cy + Cy and x ¢ Cs.

This is, at first sight, a more straightforward g-analogue of the axiom for classical matroids. For
classical matroids, the two statements are equivalent, but we will see that for ¢g-matroids they are
not. We will see a similar issue with the axiom (O3) for open spaces in Remark 89.

However, m is a weaker version of the axiom (C3) we have proven above, as we will show. Let
C1,C5 be distinct circuits and let  be a 1-dimensional space contained in C; N Cy. Then there is
a space X € L(F) of codimension 1 that intersects trivially with z. Apply (C3) to C1,Cs and X:
this gives a circuits C3 ¢ (C + C2) n X. This is clearly a circuit contained in C; + Cy that does
not contain z. So (C3) implies (C3). The implication does not go the other way: it can be that
C1,02 ¢ X but C1nCy € X. In that case, the statement above does not imply the existence of a
circuit C5 ¢ (C1 + C2) n X. We illustrate this in the next example.

Example 84 (Example 10 of [9]). Let F =4 and let I € £L(E) be the subspace given by
10 01
I_< 0110 )

Let Z be the family of subspaces of FE that contains I and all subspaces of I. As is pointed out in
[9], T satisfies the independence axioms (I1)-(I3) but not (I4). Let Cz = min(opp(Z)), that is, the
family of ‘circuits’ implied by Z. Let us examine Cz. It contains all 1-dimensional subspaces of E
that are not in I; we call them loops. Any 4- and 3-dimensional subspace of E contains a loop,
hence none of these is a member of Cz. Every 2-dimensional subspaces of F either contains a loop,
or is equal to I, so none of these is a member of Cz. Hence Cz only contains loops.

It is clear that Cz satisfies the circuits axioms (C1) and (C2). Since all pairs of members of Cz
intersect trivially, Cz satisfies (C3) as well. This shows that (C1), (C2) ,(C3) can not be a full
axiom system for a g-matroid, as was also noted in the discussion after [9, Theorem 64].

The family of subspaces Cz does not satisfy the axiom (C3): for a counter example, take Cy =
(1100), Co = (0011) and X = (1001)*. Then (Cy + C3) n X = (1111) and this does not contain a

member of Cz. This shows that (C3) is a stronger axiom than (C3).

12. OPEN SPACES AND FLATS

In this section, we discuss the axiomatic definition of open spaces and prove the cryptomorphism
between open spaces and flats. We follow the same approach as in the previous section and call O*
the family of co-open spaces of a g-matroid.

Theorem 85. Let O and F be two families of subspaces of E such that O* = F*. Then (E,F)
is a collection of flats if and only if (E,O%) is a collection of open spaces.

Proof. Suppose (E,F) is a collection of flats, so that it satisfies the flat axioms. Since O* = F*, we
get that O satisfies the open space axioms by taking orthogonal complements in all the flat axioms.
Since (F*)* =F, we get the other implication by taking orthogonal complements again. O

The fact that a collection of co-open spaces determines g-matroid is the content of the following
corollary.
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Corollary 86. Let (E,0%) be a collection of open spaces and let (E,F) be a collection of flats.
Suppose that O = F*+. Then both (E,0*) and (E,F) each determine the same q-matroid (E,r)
such that O is the collection of co-open spaces of (E,r) and F is the collection of flats of (E,r).

Proof. By Theorem 48, (E, F) is a g-matroid whose family of flats is equal to F. The result now
follows since O* = F*. O

As with cocircuits and circuits, co-open spaces are open spaces of the dual ¢g-matroid.

Proposition 87. The flats of a g-matroid M = (E,r) are the orthogonal spaces of the open spaces
of the dual g-matroid M*.

Proof. In [4], it was proved that the lattice of flats is semimodular with the meet of two flats F, F»
defined to be Fy A Fy := Fy n F5 and the join F} v F is defined to be the minimal flat containing
Fy + Fy, which is cl,.(F} + F5). The maximal flats of M are the hyperplanes.

Dualizing to co-open sets, we have an anti-isomorphism and we have a semimodular lattice of open
spaces, where, if O1, 02 € O, O1 AO2 = O1 + O3, while their meet is the maximal subspace contained
in their intersection. Since the orthogonal complements of hyperplanes are cocircuits, it follows
that every co-open space is the sum of cocircuits. By Proposition 81, cocircuits are circuits in M*,
hence sums of cocircuits are sums of circuits in M* and these are by definition open spaces. ([l

From this proposition it follows directly that the open spaces of a ¢g-matroid are a collection of
open spaces.

Corollary 88. Let (E,0%) be a collection of co-open spaces of a q-matroid M. Then (E,O) is
the collection of open spaces of M*.

Remark 89. Consider the following open set axioms for classical matroids, for a collection O of
subsets of some ground set S of finite cardinality n.

(O1) The empty set is a member of O.

(OQ) If 01, 02 € O, then 01 U 02 €.

(03) For each O € O and each subset X c S of cardinality n — 1 such that O ¢ X, there exists a
unique set O’ € O, such that O’ ¢ X n O and O’ is covered by O in O.

(03) For each O € O, if Oy,...,0; € O are all the sets in O covered by O in O, then NEL O =2.

The direct g-analogue of the axioms (O1)-(O3) given above are given by the open spaces axioms of
Definition 11, while the axioms (O1), (02) and (O3) are the usual classical open space axioms. In
fact, as we now show, the open set axioms (O1), (02), (03), are equivalent to (01), (02), (O3).
Let M be a matroid with ground set S of size n and let O be a collection of subsets of S.

(0O3) = (03): Assume that (O3) holds. Let O € O and let Oq,...,Oy be all the open sets covered
by O in O. Suppose that ﬂle O; is non-empty and so contains some element h. Let X' =S~ {h}.
By (03), there exists a unique open set O’ € X' n O = O ~ {h} that is covered by O in O. By
construction, this set O’ does not contain h, which contradicts the assumption that A is contained
in the intersection of all such sets.

(03) = (03): Now assume that (O3) holds. Let O € O and let X be a subset of S of cardinality
n—1 such that O ¢ X. Then S = X u{h} for some h € S. Now suppose, towards a contradiction,
that there is no subset of X N O that is covered by O in O. Then in particular, there no such set
contained in X, so all sets covered by O in O contain h. However, this contradicts (O3), which we
have assumed by hypothesis. We deduce that (O3) holds.

A direct g-analogue of (@) is given by the following for a collection O of subspaces of E.
(03) For each O € O, if Oy,...,0; € O are all the subspaces in @ covered by O in O, then

iy Oi = {0}
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However, even though (03) and (O3) are equivalent in the classical case, this cannot be said of
their g-analogues, as the following example shows.

Example 90. We give an easy counterexample, coming from the g-matroid Mg, namely the dual
of Mg from Example 23. By dualizing the flats in Table 1, we see that the open spaces of the
g-matroid Mg are O,Fg and the orthogonal complements of Gy, ...,Gy, namely Gy, ...,Gj.

It can be easily observed that the set Lor = {{0},G7,...,Gg, F$}, which is the set of open spaces

of Mg excluding Gjy, satisfies (O1), (02), and (03), as we now show. Clearly, {0} € Los. Since the

1:-..,Gg all have trivial pairwise intersections, their pairwise vector-space sums are all equal to
F§ and clearly the sum of any member Lo with {0} or F§ is contained in Lo so that (O2) holds.
Also (&) holds; the only nontrivial case to consider is that involving the open spaces covered by
IFS, which are G1,...,Gg and have trivial intersection. We will now show that Los does not satisfy
(03). Let O =F$ and let X := G§ +((1,0,0,1,0,0),(1,0,0,0,0,1)). Then X has codimension 1 in
Fg and clearly X n O = X. The only space in Lo in X that is not covered by O is the zero space
and in particular, it is not true that there is a unique open space covered by O in X n O = X.
Therefore (O3) fails for the collection Loy.

13. SPANNING AND NON-SPANNING SPACES

In this short section, we discuss spanning and non-spanning spaces. We follow the same approach
as the previous two sections. Therefore we prove the duality between independent and spanning
spaces between and dependent and non-spanning spaces.

Proposition 91. The orthogonal complements of the independent spaces of M are the spanning
spaces of M™.
Proof. By definition, an independent space I has r(I) = dim(I). Applying the dual rank function
to I+ and FE gives that
r* (1Y) =dim(I*) - r(E) +r(I)

=dim(F) - dim([) - r(E) + dim(I)

=dim(F) -r(E)

=r"(E)
and this is exactly saying that I* is a spanning space of M*. ([l

In a similar fashion as the previous two sections, we can now prove that S* = Z* is a collection
of spanning spaces, and in combination with the proposition above we arrive at the following.

Corollary 92. Let (E,S) be a collection of spanning spaces and let (E,I) be a collection of
independent spaces. Suppose that St =Z. Then both (E,S) and (E,T) each determine the same
g-matroid (E,r) such that S is the collection of spanning spaces of (E,r) and I is the collection of
independent spaces of (E,r).

We can repeat the very same reasoning for non-spanning spaces. In particular, spanning sets
should be substituted by non-spanning spaces and independent spaces should be replaced by de-
pendent spaces. We get then the following.

Proposition 93. The orthogonal complements of the dependent spaces of M are the non-spanning
spaces of M™.

Proof. Let N* be the non-spanning spaces of M*. Then opp(N*) = S* are the spanning spaces

of M™. By Proposition 91, these are the orthogonal complements of the independent spaces of M.

The result now follows because Z = opp(D). See also Figure 2. O
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Corollary 94. Let (E,N) be a collection of non-spanning spaces and let (E,D) be a collection
of dependent spaces. Suppose that N* = D. Then both (E,N) and (E,D) each determine the
same q-matroid (E,r) such that N is the collection of non-spanning spaces of (E,r) and D is the
collection of dependent spaces of (E,r).
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APPENDIX A. A SUMMARY OF RELATIONS

In this section we summarize all known relations between various notions associated to g-
matroids. Some follow directly from a cryptomorphism, others are either direct or proven elsewhere.

(1) Independent spaces in terms of
(a) Bases: all bases and all their subspaces;
(b) Rank: subspaces of E whose rank equals the dimension;
(c) Circuits: all proper subspaces;
(d) Closure: subspaces I of E whose codimension-1 subspaces have the same closure as [;
(e) Spanning spaces: orthogonal complements of spanning spaces of the dual ¢g-matroid,;
(f) Dependent spaces: all spaces that are not dependent;
(g) Bi-colouring: all coverings downwards from the subspace are red.
(2) Rank function in terms of
(a) Independent spaces: maximal dimension of independent subspaces of the given space
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(b) Closure: maximal dimension of all subspaces whose closure equals the closure of the
given space;
(c) Bi-colourings: number of red coverings in a chain from {0} to the given subspace.
(3) Circuits in terms of
(a) Independent spaces: spaces that are not independent and whose proper subspaces are
all independent;
(b) Dependent spaces: minimal dependent spaces;
(c) Hyperplanes: orthogonal complements of hyperplanes of the dual g-matroid.
(4) Bases in terms of
(a) Independent spaces: maximal independent spaces;
(b) Rank: minimal spaces B such that r(B) =r(M);
(¢) Bi-colouring: all coverings downwards from the subspace are red and all coverings
upwards from the subspace are green.
(5) Spanning spaces in terms of
(a) Independent spaces: orthogonal complement of independent spaces of the dual ¢-
matroid;
(b) Rank: subspaces S such that r(S) = r(M);
(¢) Bi-colouring: all coverings upward from the subspace green.
(6) Dependent spaces in terms of
(a) Independent spaces: all spaces that are not independent;
(b) Rank: subspaces D such that (D) > dim D;
(c) Circuits: all subspaces containing a circuit;
(d) Non-spanning spaces: orthogonal complements of non-spanning spaces of the dual ¢-
matroid.
(7) Hyperplanes in terms of
(a) Rank: maximal spaces with r(H) =r(M);
(b) Bases: maximal space with respect to not containing a basis;
(c) Circuits: orthogonal complements of circuits of the dual g-matroid;
) Flats: maximal proper flats.

Flats: intersection of all flats containing the given space.

Bi-colouring: maximal subspace of L(E) that can be reached from the given subspace

going upwards using only green coverings.

lats in terms of

a) Closure: a space equal to its own closure;

b) Rank: spaces whose rank increases by one by adding any 1-dimensional space not
already in the given space;

(¢) Hyperplanes: intersections of hyperplanes;

(d) Open Spaces: orthogonal complements of open spaces in the dual g-matroid;

(e) Bi-colouring: all coverings upwards from the subspace are red.

(

(10)

(11) Open spaces in terms of
a) Circuits: sums of circuits;

(b) Flats: orthogonal complements of flats in the dual g-matroid.
(12) Bi-colourings in terms of

(a) Rank: green if the rank does not increase, red otherwise.
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